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1 Introduction

The D1-D5-P system in type IIB string theory on T 4 × S1 (or K3× S1) provides a set-up

for the study of BPS black holes in five spacetime dimensions, both microscopically and

macroscopically. It can be described as an asymptotically flat three-charge 1/8 BPS black

hole solution of 5D N = 8 supergravity (or 1/4 BPS in N = 4 supergravity). The entropy

can be computed microscopically from a 2D (4, 4) CFT dual to the near horizon geometry

of the black hole [1]. This system has U-dual formulations in terms of F1 and NS5-branes,

and in terms of intersecting D3-branes.

It is interesting to consider extensions of this to black holes in theories with less su-

persymmetry. Black holes in compactifications preserving eight supersymmetries in five

dimensions can be constructed in M-theory on CY3 [2] or in F-theory on CY3 × S1 [3, 4].

In these cases, the microscopic field theory dual to the black hole horizon geometry is a 2D

(0, 4) CFT. These CFTs are considerably more complicated than the (4, 4) CFTs on the

symmetric product of T 4 (or K3) as they have less supersymmetry [1].

In this paper, we consider a different way to reduce supersymmetry, namely string com-

pactifications with a duality twist [5], which are the lifts to string theory of Scherk-Schwarz

reductions in supergravity [6, 7]. Such compactifications allow for partial supersymmetry

breaking and include string vacua preserving no supersymmetry at all (though this won’t

be the focus in this work). This gives rise to 5D Minkowski vacua preserving N = 6, 4, 2, 0

supersymmetry. We investigate 5D supersymmetric black holes in these theories that lift

to 10D systems of branes in the string theory picture. An important point is that we

choose the twist inducing the supersymmetry breaking to be a duality transformation that

leaves the original system of branes invariant, and so the 5D black hole solution of the

untwisted theory remains a solution of the twisted theory. The fields sourcing the system

of branes are invariant under the twist, so that the fields appearing in the solution remain

massless and the same solution remains as a solution of the twisted theory. This makes it

possible to consider the effect of the twist on the corresponding CFT and so to investigate

the microscopic aspects of these black holes.

This work is a follow-up to the ideas proposed earlier in [8] in an M-theory setting

in which supersymmetry is completely broken. Completely broken supersymmetry is not

a well controlled situation, and for that reason we will focus on the twists preserving

some supersymmetry. The current work studies string vacua with partial supersymmetry

breaking and the macroscopic supergravity description of black holes in such vacua. The

microscopic description of the dual CFTs is left for future study.

Scherk-Schwarz reduction of supergravity theories has been extensively studied in the

literature; see e.g. [5–7, 9–17] and references therein. IIB supergravity compactified on T 4

gives maximal N = (2, 2) supergravity in six dimensions which has a Spin(5, 5) duality

symmetry. The maximal compact subgroup of this global symmetry is Spin(5) × Spin(5);

we shall refer to this as the R-symmetry group. (Note that this global R-symmetry should

not be confused with the Spin(5)× Spin(5) local symmetry that is introduced in some for-

mulations of the theory.) The 6D scalar fields take values in the coset Spin(5, 5)/Spin(5)×
Spin(5). We will be interested in the Scherk-Schwarz reduction of this theory to five
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dimensions, which has been considered previously in [11, 12]. This uses ansätze of the

type ψ̂(xµ, z) = g(z)ψ(xµ) where z is the S1 coordinate and g(z) is a local element of

Spin(5, 5). On going round the circle z → z + 2πR, the fields pick up a monodromy

M = g(2πR) ∈ Spin(5, 5). Such a reduction gives a consistent truncation to a 5D gauged

supergravity theory for the fields ψ(xµ), in which there is a Scherk-Schwarz potential for

the scalar fields and mass terms are generated for all fields charged under the monodromy.

If the twist g(z) is compact, i.e. it is an element of the R-symmetry group, then the

potential is non-negative and has stable five-dimensional Minkowski vacua [5]. Such a twist

can be specified by four parameters m1,m2,m3,m4 which become mass parameters in the

reduced theory. The amount of supersymmetry that is preserved in the vacuum depends on

the number of parameters mi that are equal to zero: if r of the parameters mi are zero, then

N = 2r supersymmetry is preserved. This yields 5D supergravities with N = 8, 6, 4, 2, 0

Minkowski vacua [12] (where the case r = 4 is the untwisted reduction to 5D N = 8

supergravity, and the case r = 0 is the twisted reduction that breaks all supersymmetry).

This reduction is a straightforward generalization of the Scherk-Schwarz reduction of 5D

N = 8 supergravity to 4D with four mass parameters and N = 8, 6, 4, 2, 0 vacua [9].

The lift of these supergravity reductions to full compactifications of string theory in-

volves a number of subtle features [5]. These have been worked out in detail for compacti-

fications of IIA string theory on K3 or the heterotic string on T 4 followed by a reduction

on a circle with a duality twist in [16, 17]. Here we draw on these and the results of [5]

for our construction, which is IIB string theory compactified on T 4 × S1 with a U-duality

twist around the circle. Type IIB on T 4 has a Spin(5, 5) supergravity duality symmetry

that, on the level of the full string theory, is broken to the discrete U-duality subgroup

Spin(5, 5;Z) by quantum corrections [18]. The moduli space is the scalar coset space

Spin(5, 5)/[(Spin(5) × Spin(5))/Z2] identified under the action of Spin(5, 5;Z). A key re-

quirement for there to be a lift to string theory is that the Scherk-Schwarz monodromy

lies in the U-duality group Spin(5, 5;Z), imposing a ‘quantization’ condition on the twist

parameters mi [5, 19].

There is still an action of the continuous group Spin(5, 5) on the theory, but only the

subgroup Spin(5, 5;Z) is a symmetry. Reduction of the theory on a circle with a duality

twist introduces a monodromy M which is required to be an element of Spin(5, 5;Z). If

the monodromy acts as a diffeomorphism of T 4, which requires that it is in a GL(4;Z)

subgroup of Spin(5, 5;Z), then this corresponds to compactification of the IIB string on a

T 4 bundle over S1. If the monodromy acts as a T-duality of T 4, which requires that it is

in an SO(4, 4;Z) subgroup of Spin(5, 5;Z), then this constructs a T-fold background, while

for general U-duality monodromies this is a U-fold [20].

A point in the scalar coset will be a minimum of the scalar potential giving a stable

Minkowski vacuum if and only if it is a fixed point under the action of the monodromy

M ∈ Spin(5, 5;Z) [5]. The monodromy will then generate a Zp subgroup of Spin(5, 5;Z)

for some integer p. Furthermore, at this critical point the construction becomes a Zp
generalized orbifold of IIB string theory on T 5, where the theory is quotiented by the Zp
generated by M acting on the IIB string on T 4 combined with a shift by 2πR/p on the

circle. When the monodromy is a T-duality, this is a Zp asymmetric orbifold.

– 2 –
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Regarded as an element of Spin(5, 5), the monodromy is conjugate to an R-symmetry

transformation: M = kRk−1 for some R ∈ Spin(5) × Spin(5) and k ∈ Spin(5, 5) [5].

The rotation R conjugate to a given monodromy is specified by four angles, which are

given by the four parameters mi. For N = 2 supersymmetry to be preserved, one of the

parameters must be zero so that R in fact lies in an SU(2)× Spin(5) subgroup. For N = 4

supersymmetry to be preserved, two of the parameters must be zero so that R lies either in

a Spin(5) subgroup or a SU(2)× SU(2) subgroup (with one SU(2) factor in each Spin(5)).

These two options lead to theories that have the same massless sector, but differ in their

massive sectors. We use the notation (0, 2) and (1, 1) to distinguish these two N = 4

theories, reflecting whether the massive states are in (0, 2) or (1, 1) BPS supermultiplets,

using the terminology of [21]. Lastly, for N = 6 supersymmetry to be preserved, three of

the parameters must be zero so that R lies in an SU(2) subgroup of the R-symmetry.

As mentioned above, ifM is a perturbative symmetry (i.e. a T-duality) in Spin(4, 4;Z),

the theory in the Minkowski vacuum is an asymmetric orbifold. In general this will not

be modular invariant, and further modifications are needed to achieve modular invariance.

For perturbative monodromies, the shift in the circle coordinate z must be accompanied by

a shift in the coordinate of the T-dual circle [17, 22, 23]. Put differently, the quotient intro-

duces phases dependent on both the momentum and the winding number on the circle, and

on the charges of the state under the action ofM [17]. For non-perturbative monodromies,

the arguments of [17, 24] lead to phases dependent on other brane wrapping numbers.

Quantum effects can lead to corrections to the coefficients of the five-dimensional

Chern-Simons terms A ∧ F ∧ F at the two-derivative level and A ∧ R ∧ R at the four-

derivative level. There have been indications in the literature (see e.g. [25]) that the

A∧R∧R term can be supersymmetrized in the N = 4 (0, 2) theory but not in the N = 4

(1, 1) theory, nor in the N = 6 theory. In the N = 2 theory the supersymmetrization is

known [26]. Our results are in agreement with these claims. That is, we find corrections

only in the cases where supersymmetric Chern-Simons terms are expected. The corrections

to the Chern-Simons coefficients modify the black hole solutions in supergravity [27, 28]

and therefore also the entropy. We compute the quantum corrections to the Chern-Simons

coefficients and the resulting modifications to the black hole entropies from supergravity

and the Kaluza-Klein modes from the circle compactification, using results in the literature

for 5D N = 2 supergravity [27, 28]. Similar calculations have been done in different setups,

see [29, 30].

As a by-product of our analysis, we present in detail the supergravity reduction of type

IIB on T 4. While the general techniques and results are known in the literature [31], the

explicit relation between the 10D and 6D fields has not been given, to the best of our knowl-

edge. We present this calculation in section 2; the results are relevant for understanding

which black holes survive which twist in subsequent sections.

In section 3, we perform the Scherk-Schwarz reduction to five dimensions, starting

from the maximally supersymmetric 6D (2, 2) supergravity. We construct mass matrices

and decompose the 5D field content into massless and massive multiplets. By simply

truncating to the massless sector, we can embed known BPS black holes in these five

dimensional theories. In section 4, we work out which choices of Scherk-Schwarz twist

– 3 –
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preserve the D1-D5-P black hole, the F1-NS5-P black hole and the D3-D3-P black hole.

By tuning the mass parameters, we can find twists that preserve more than one black hole

solution (e.g. we find the twists that preserve both the D1-D5-P and the F1-NS5-P black

holes). In section 5, we study one-loop effects by integrating out the massive fields. We

compute the corrections to the Chern-Simons terms and to the entropy of 5D BPS black

holes. Finally, in section 6, we discuss how to embed our supergravity model in string

theory and discuss the quantization conditions on the parameters mi of the twist.

2 Duality invariant formulation of IIB supergravity on T 4

Reducing type IIB supergravity on a four-torus gives six-dimensional maximal supergravity.

This theory has N = (2, 2) supersymmetry and a Spin(5, 5) duality symmetry group. The

goal of this section is to write this supergravity theory in a form in which both the type

IIB origin of the six-dimensional fields and the Spin(5, 5) symmetry are manifest. We do

this explicitly for the scalar and tensor fields.

2.1 Ansätze for reduction to 6D

We start from type IIB supergravity. Written in Einstein frame, the bosonic terms in the

Lagrangian read

LIIB =

(
R(10) − 1

2
|dΦ|2 − 1

2
e−Φ

∣∣H(10)
3

∣∣2 − 1

2
e2Φ |da|2 − 1

2
eΦ
∣∣F (10)

3

∣∣2 − 1

4

∣∣F (10)
5

∣∣2) ∗ 1

− 1

2
C

(10)
4 ∧H(10)

3 ∧ F (10)
3 ,

(2.1)

where the field strengths are given by

H
(10)
3 = dB

(10)
2 ,

F
(10)
3 = dC

(10)
2 − a dB

(10)
2 ,

F
(10)
5 = dC

(10)
4 − 1

2
C

(10)
2 ∧ dB

(10)
2 +

1

2
B

(10)
2 ∧ dC

(10)
2 .

(2.2)

The superscripts (10) indicate that the fields live in 10 dimensions. The field equations are

supplemented by the self-duality constraint

F
(10)
5 = ∗F (10)

5 . (2.3)

In our compactification to six dimensions, the coordinates split up as XM = (x̂µ̂, ym)

with M = 0, . . . , 9, µ̂ = 0, . . . , 5 and m = 1, . . . , 4. We now present the ansätze that

we use in our reduction. In order to arrive in Einstein frame in 6D, we decompose the

ten-dimensional metric as

gMN =

(
g
−1/4
4 gµ̂ν̂ + gmnAmµ̂ Anν̂ gmnAmµ̂

gmnAnν̂ gmn

)
, (2.4)

– 4 –
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where g4 = det(gmn). The compact part of the metric, gmn, we parametrize in terms of

scalar fields φi (i = 1, . . . , 4) and Amn (m < n) by

gmn =



e
~bm·~φ +

∑
k<m

e
~bk·~φ (Akm)2 for m = n

e
~bm·~φAmn +

∑
k<m

e
~bk·~φAkmAkn for m < n

gnm for m > n .

(2.5)

Here ~φ = (φ1, φ2, φ3, φ4) and the vectors ~bm are given by

~b1 =

(
− 1√

2
,− 1√

2
,− 1√

2
,

1

2

)
,

~b2 =

(
− 1√

2
,

1√
2
,

1√
2
,

1

2

)
,

~b3 =

(
1√
2
,

1√
2
,− 1√

2
,

1

2

)
,

~b4 =

(
1√
2
,− 1√

2
,

1√
2
,

1

2

)
.

(2.6)

From this, it can be computed that g4 = e2φ4 , so the scalar φ4 parametrizes the volume of

the T 4.

We reduce the 10D form-valued fields by simply splitting into components with different

numbers of indices on the torus. For example, the Kalb-Ramond field B
(10)
2 decomposes as

B
(10)
2 =

1

2
BMN dXM ∧ dXN

=
1

2
Bµ̂ν̂ dxµ̂ ∧ dxν̂ +Bµ̂m dxµ̂ ∧ dym +

1

2
Bmn dym ∧ dyn

= B
(6)
2 +B

(6)
1,m ∧ dym +

1

2
Bmn dym ∧ dyn ,

(2.7)

where B
(6)
2 , B

(6)
1,m and Bmn are 2, 1 and 0-forms defined on the six-dimensional non-compact

space. The ten-dimensional scalars are simply equal to their six-dimensional descendants,

e.g. Φ(10) = Φ(6) = Φ. For this reason, we usually drop the superscript (D) for scalar fields.

Reduction of the self-dual five-form field strength. To find the fields that descend

from the RR four-form C
(10)
4 we need to be a bit careful, since it has a self-dual field

strength: ∗F (10)
5 = F

(10)
5 . Because of this self-duality, the action (2.1) does not properly

describe the dynamics of the RR four-form. So instead of reducing the action, we should

reduce the corresponding field equations along with the self-duality constraint. The ac-

tion (2.1) with field strengths (2.2) yields the following equation of motion and Bianchi

identity

d
(
∗F (10)

5

)
= dB

(10)
2 ∧ dC

(10)
2 , (2.8)

dF
(10)
5 = dB

(10)
2 ∧ dC

(10)
2 . (2.9)

– 5 –
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We see that, because of the self-duality of F
(10)
5 , these two equations are identical, so

we only have to reduce one of them. In what follows, we choose to reduce the Bianchi

identity (2.9). Subsequently, we reduce the self-duality equation and use it to rewrite

the six-dimensional Bianchi identities to a system of Bianchi identities and equations of

motion. By integrating this system of equations to an action, we find the proper result of

the reduction of C
(10)
4 . Below, we work out this reduction in detail for the scalars and the

two-forms.

First, we consider the scalars. In 6D, massless four-forms can be dualized to scalars,

so we need to consider the components of F
(10)
5 that have either zero or four legs on the

torus. The Bianchi identities for these components following from (2.9) read

dP
(6)
1 =

1

2! 2!
εmnpq dBmn ∧ dCpq ,

dP
(6)
5 = dB

(6)
2 ∧ dC

(6)
2 .

(2.10)

Here we have introduced the notation P
(6)
1 = 1

4! ε
mnpq F

(6)
1,mnpq and P

(6)
5 = F

(6)
5 . Next, we

write down the relevant components that follow from the reduction of the self-duality con-

straint. By using the metric ansatz (2.4), and ignoring interactions with the graviphotons

Amµ̂ , we find

P
(6)
5 =

1

g4
∗ P (6)

1 . (2.11)

We now use this constraint to eliminate P
(6)
5 from (2.10). In this way, we find the following

Bianchi identity and equation of motion for the one-form field strength P
(6)
1

dP
(6)
1 =

1

2! 2!
εmnpq dBmn ∧ dCpq ,

d
(
e−2φ4 ∗ P (6)

1

)
= dB

(6)
2 ∧ dC

(6)
2 .

(2.12)

From the first equation, we can find an expression for P
(6)
1 in terms of the corresponding

scalar field that we denote by b. The second equation can be integrated to an action that

contains both the kinetic term for b and interaction terms between b and other scalar and

two-forms fields. These expressions can be found in (2.16) and (2.17).

Next, we look at the two-forms coming from C
(10)
4 . We are interested in the action

for the six-dimensional two-form fields and their interactions with scalar fields. We will

ignore interactions with six-dimensional one-forms. The relevant components that follow

from the reduction of (2.9) read

dF
(6)
3,mn = dBmn ∧ dC

(6)
2 + dB

(6)
2 ∧ dCmn

= d
(
Bmn dC

(6)
2 − Cmn dB

(6)
2

)
.

(2.13)

These are Bianchi identities for six tensors in six dimensions. We want to eliminate half

of these fields in exchange for equations of motion for the residual ones. We choose to

retain the components F
(6)
3,mn for mn = 12, 13, 14 and to eliminate the ones with indices

– 6 –
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mn = 23, 24, 34. For this, we again use the reduced self-duality constraint. The relevant

components are

F
(6)
3,mn =

1

2

√
g4 εmnpq g

prgqs ∗ F (6)
3,rs . (2.14)

Due to the summations over the r and s indices, each component of this equation contains

a linear combination of all the dual field strengths ∗F (6)
3,rs (recall that the metric on T 4 is

given by (2.5)). Consequently, solving (2.14) for three of the six field strengths results in

unwieldy expressions. We choose not to write down these expressions here, but instead to

give a step-by-step outline of the way we use them to find an action for the 6D tensors.

First, we introduce a new notation for the field strengths that we plan on retaining:

P
(6)
3; 1 = F

(6)
3,12, P

(6)
3; 2 = F

(6)
3,14 and P

(6)
3; 3 = F

(6)
3,13. Here the first subscript indicates that these

are three-forms, and the second subscript labels the three distinct field strengths (we will

sometimes drop this label when we are talking about all three of them). The expressions

for these field strengths in terms of the corresponding two-form fields can be deduced

from (2.13). For example,

P
(6)
3; 1 = dR

(6)
2; 1 +B12 dC

(6)
2 − C12 dB

(6)
2 , (2.15)

where R
(6)
2; 1 is then one of the two-forms that arise from compactifying the ten-dimensional

4-form. Similar expressions can be found for P
(6)
3; 2 and P

(6)
3; 3 in terms of fields that we call

R
(6)
2; 2 and R

(6)
2; 3 respectively.

Next, we solve the six equations in (2.14) for F
(6)
3,mn and ∗F (6)

3,mn (for mn = 23, 24, 34) in

terms of the field strengths P
(6)
3 and their duals ∗P (6)

3 . By substituting these expressions

in the components of (2.13) for mn = 23, 24, 34, we find the equations of motion for the

tensor fields R
(6)
2 purely in terms of the (dual) field strengths P

(6)
3 and ∗P (6)

3 , and fields

that don’t descend from the RR four-form C
(10)
4 . These field equations are quite unwieldy,

but with some careful bookkeeping they can be integrated to an action. We will not write

down this awkward version of the action here. Instead, we write down a more elegant

version of the action for the six-dimensional tensor fields and their interactions with scalar

fields in subsection 2.3.

2.2 6D scalars

The field content of maximal six-dimensional supergravity contains 25 scalars. In terms

of their origin in type IIB, these are Φ, φi, Amn, Bmn, Cmn, a and b. We find the action

for these scalar fields by using the methods and ansätze described in the previous section.

This yields

e−1
(6) Ls = −1

2
|dΦ|2 − 1

4
|dφ4|2 −

1

2
|dgmn|2 −

1

2
e−Φ

∣∣H(6)
1,mn

∣∣2
− 1

2
e2Φ |da|2 − 1

2
eΦ
∣∣F (6)

1,mn

∣∣2 − 1

2
e−2φ4

∣∣P (6)
1

∣∣2 . (2.16)

Note that the absolute values apply both to the 6D Lorentz indices and to the indices

on the torus. For example, |H(6)
1,mn|2 = 1

2! Hµ̂mnH
µ̂mn = 1

2! Hµ̂mn g
mpH µ̂

pq gpn. The field
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strengths in (2.16) are given by

H
(6)
1,mn = dBmn ,

F
(6)
1,mn = dCmn − a dBmn , (2.17)

P
(6)
1 = db+

1

8
εmnpq (Bmn dCpq − Cmn dBpq) .

These 25 scalar fields together parametrize the coset Spin(5, 5)/(Spin(5) × Spin(5)) [31].

The action above has a global Spin(5, 5) and a local Spin(5) × Spin(5) symmetry. In its

current form, these symmetries are not visible, so we will now write this action in a form

that makes both symmetries manifest.

In order to do this, we construct a generalized vielbein (or coset representative) V
from the scalar fields. This vielbein is an element of Spin(5, 5) and it transforms as V →
U VW (x̂), with U ∈ Spin(5, 5) and W (x̂) ∈ Spin(5)×Spin(5). We now define the Spin(5)×
Spin(5) invariant field H = V VT , that transforms as H → U HUT under global Spin(5, 5)

transformations.1 We can now write the scalar Lagrangian in terms of H as

e−1
(6) Ls =

1

8
Tr
[
∂µ̂H−1∂µ̂H

]
. (2.18)

In this formulation, the Lagrangian is manifestly invariant under the U-duality group

Spin(5, 5).

We now specify the way we build V from the 25 scalar fields so that the two La-

grangians (2.16) and (2.18) are equal to one another. We choose to build V ∈ Spin(5, 5) in

τ -frame, i.e. it satisfies VT τ V = τ (for the definition of τ , see appendix B.1). The exact

construction is as follows:

V = exp
[
b T b

]
× exp

[ ∑
1≤m<n≤4

(
Bmn T

B
mn + Cmn T

C
mn

)]
× exp

[
a T a

]
×
( ∏

1≤m<n≤4

exp
[
Amn T

A
mn

])
× exp

[
ΦH0 +

4∑
i=1

φiHi

]
.

(2.19)

Here the T ’s and the H’s are generators of so(5, 5) that span the subspace of so(5, 5)

that generates the coset Spin(5, 5)/(Spin(5) × Spin(5)). The precise expressions for these

generators are given in appendix B.1. All the scalar fields appear under the same name as

in (2.16).

Because we construct our vielbein (2.19) in τ -frame,2 the transformation matrices U

and W are also written in τ -frame. Henceforth, we use this frame whenever Spin(5, 5) and

Spin(5)× Spin(5) groups appear (unless mentioned otherwise).

1In this section we suppress Spin(5, 5) indices, but we will need them later on. With indices, H is written

as HAB and it transforms as HAB → U C
A HCD

(
UT

)D
B

. The inverse of H is written with upper indices:

H−1 = HAB .
2For the convenience of the reader, it might be useful to mention how this convention is related to those

of other authors. The following relations hold: V = X U[Tanii]X where U[Tanii] is the vielbein that is used

in [31], and V = V[BSS]X where V[BSS] is the vielbein that is used in [32]. The matrix X is a conjugation

matrix that is defined in appendix B.1.
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2.3 6D tensors

The field content of maximal supergravity in six dimensions contains five 2-form tensor

gauge fields. Collectively, we denote these fields by A
(6)
2,a (a = 1, . . . , 5), and their field

strengths by G
(6)
3,a = dA

(6)
2,a. The Lagrangian for these fields reads [31, 32]

Lt = −1

2
KabG

(6)
3,a ∧ ∗G

(6)
3,b −

1

2
LabG

(6)
3,a ∧G

(6)
3,b . (2.20)

Here Kab and Lab are functions of the scalar fields. We define a set of dual field strengths

G̃
(6)a
3 = Kab∗G(6)

3,b+LabG
(6)
3,b so that we can write the Lagrangian in the more compact form

Lt = −1

2
G

(6)
3,a ∧ G̃

(6)a
3 . (2.21)

In this notation, we write the Bianchi identities and the equations of motion as dG
(6)
3,a = 0

and dG̃
(6)a
3 = 0. We can combine these in the more compact notation dG

(6)
3,A = 0, where

G
(6)
3,A is defined as

G
(6)
3,A =

(
G

(6)
3,a

G̃
(6)a
3

)
. (2.22)

The Spin(5, 5) duality symmetry acts on this ten-component vector as

G
(6)
3,A → U B

A G
(6)
3,B , U B

A ∈ Spin(5, 5) . (2.23)

Only the subgroup GL(5) ⊂ Spin(5, 5) is a symmetry of the action. The full symmetry

group is only manifest on the level of the field equations.

When we decompose our coset representative in 5 × 5 blocks as V =
(
a b
c d

)
, we can

write the matrices Kab and Lab as

K =
1

2
((c+d)(a+b)−1−(c−d)(a−b)−1) , L=

1

2
((c+d)(a+b)−1+(c−d)(a−b)−1) . (2.24)

Now, by making the identification

A
(6)
2,a =

(
R

(6)
2; 1 , R

(6)
2; 2 , R

(6)
2; 3 , C

(6)
2 , −B(6)

2

)
, (2.25)

the Lagrangian (2.21) is exactly equal to the one that we find by explicit reduction from

type IIB supergravity using the ansätze given in subsection 2.1. The advantage of (2.21)

is that we have made the duality symmetry manifest.

Doubled formalism. It is a common feature of supergravity actions in even dimensions

that only a subgroup of the duality group is a symmetry of the action. In such cases, one

can use the so-called doubled formalism [33] to construct an action that realizes the full

symmetry group. In order to do this, one needs to introduce twice the original amount of

form-valued fields as well as a constraint that makes sure that the doubled theory does not

contain more degrees of freedom than the original theory.
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We apply this formalism to our 6D tensor fields. We promote the G̃
(6)a
3 to field strengths

that correspond to the doubled fields, i.e. we write them as G̃
(6)a
3 = dÃ

(6)a
2 . These doubled

fields Ã
(6)a
2 are now treated as independent fields. We write down the doubled Lagrangian as

L
(doubled)
t = −1

4
HAB G(6)

3,A ∧ ∗G
(6)
3,B . (2.26)

In this formulation we have ten field strengths G
(6)
3,A that satisfy the Bianchi identities

dG
(6)
3,A = 0 and the equations of motion d

(
HAB ∗G(6)

3,B

)
= 0. Furthermore, these fields are

subject to the self-duality constraint

G
(6)
3,A = τABHBC ∗G(6)

3,C . (2.27)

By imposing this constraint on the field equations, we see that they reduce to the ones

that correspond to the undoubled action. Thus we have found a proper doubled version

of (2.21). Both the action (2.26) and the constraint (2.27) are invariant under the full

Spin(5, 5) duality group. This can be seen directly from the way that these transforma-

tions work on the fields:

HAB →
(
U−T

)A
C
HCD

(
U−1

) B

D
, G

(6)
3,A → U B

A G
(6)
3,B , U B

A ∈ Spin(5, 5) , (2.28)

where we use the notation U−T = (U−1)T .

3 Scherk-Schwarz reduction to five dimensions

In a Scherk-Schwarz reduction, one considers a (D + 1)-dimensional supergravity theory

with a global symmetry given by a Lie group G that is compactified to D dimensions.

The difference between ‘ordinary’ Kaluza-Klein and Scherk-Schwarz reduction lies in the

compactification ansatz. Consider a field ψ̂ in the (D + 1)-dimensional theory that trans-

forms as ψ̂ → gψ̂ with g ∈ G (for scalars, this is typically a non-linear realization, while

some fields such as the metric in Einstein frame will be invariant). The Scherk-Schwarz

ansatz then gives ψ̂ a dependence on the coordinate z on the circle, which has periodicity

z ' z + 2πR, given by

ψ̂(xµ, z) = exp

(
Mz

2πR

)
ψ(xµ) , (3.1)

where M lies in the Lie algebra of G. This ansatz is not periodic around the circle, but

picks up a monodromy M = eM ∈ G. The Lie algebra element M is sometimes called

the mass matrix because it appears in mass terms in the D-dimensional theory. For more

details, see [5–7, 9–17, 34] and references therein. A conjugate mass matrix

M ′ = gMg−1 , (3.2)

with g ∈ G, gives a conjugate monodromy

M′ = gMg−1 . (3.3)
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This conjugated monodromy gives a massive theory that is related to the one for the

monodromy M by a field redefinition, so that it defines an equivalent theory. Thus the

possible Scherk-Schwarz reductions are classified by the conjugacy classes of the duality

group [5].

In our case, we reduce from 6D to 5D on a circle with a Scherk-Schwarz twist. We

denote the coordinates on the five-dimensional Minkowski space by xµ and the coordinate

on the circle by z. The compact coordinate is periodic with periodicity z ' z + 2πR. The

metric (in Einstein frame) is inert under the duality group, so we choose the conventional

Kaluza-Klein metric ansatz:

gµ̂ν̂ =

(
e−
√

1/6φ5 gµν + e
√

3/2φ5 A5
µA5

ν e
√

3/2φ5 A5
µ

e
√

3/2φ5 A5
ν e

√
3/2φ5

)
. (3.4)

The factors in the exponents are chosen so that we arrive in Einstein frame in five dimen-

sions and the scalar field φ5 is canonically normalized [35].

The result of our reduction is a gauged N = 8 supergravity theory in five dimensions

in which a non-semi-simple subgroup of Spin(5, 5) is gauged. The gauge group contains an

important U(1) subgroup for which A5
µ is the corresponding gauge field. For each twist, the

theory has a vacuum (partially) breaking the supersymmetry where it can be described

by an N < 8 effective field theory. This reduction from 6D to 5D has been considered

previously in [11, 12]. An important feature is that reducing self-dual 2-form gauge fields

in 6D can result in massive self-dual 2-form fields in 5D [11]. See [14, 34] for further details.

3.1 Monodromies and masses

In six dimensions the global symmetry is G = Spin(5, 5), so in principle we can choose

the mass matrix to be any element of the Lie algebra of G. However, our goal is to

obtain a Minkowski vacuum with partially broken supersymmetry, so, as discussed in the

introduction, we restrict our twist to be conjugate to an element of the R-symmetry group

USp(4)L ×USp(4)R = Spin(5)L × Spin(5)R , (3.5)

that preserves the identity in Spin(5, 5). We take then a monodromy

M = gM̃g−1 , g ∈ Spin(5, 5) , M̃ ∈ USp(4)L ×USp(4)R ⊂ Spin(5, 5) . (3.6)

By a further conjugation, we can bring M̃ to an element M̄ of a maximal torus T = U(1)4

of the R-symmetry group USp(4)L ×USp(4)R

M̃ = hM̄h−1 , h ∈ USp(4)L ×USp(4)R , M̄ ∈ T ⊂ USp(4)L ×USp(4)R . (3.7)

The element M̄ of a maximal torus T = U(1)4 is then specified by four angles, which we

denote m1,m2,m3,m4; we take 0 ≤ mi < 2π. Writing

M̄ =
(
Musp(4)

L ,Musp(4)
R

)
, Musp(4)

L ∈ USp(4)L , Musp(4)
R ∈ USp(4)R , (3.8)
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we can take the monodromies to be in the SU(2)× SU(2) subgroup of USp(4) for both the

left and right factors (note that SU(2) ∼= USp(2)):

SU(2)L1
× SU(2)L2

× SU(2)R1
× SU(2)R2

⊂ USp(4)L ×USp(4)R . (3.9)

We can then take, for example,

Musp(4)
L = em1σ3 ⊗ em2σ3 , Musp(4)

R = em3σ3 ⊗ em4σ3 , (3.10)

where σ3 is the usual Pauli matrix. Other choices of the monodromy are related to this by

USp(4)L ×USp(4)R conjugation.

The six-dimensional supergravity fields fit into the following representations under the

R-symmetry group (see e.g. [12, 31]):

scalars : (5,5) ,

vectors : (4,4) ,

tensors : (5,1) + (1,5) ,

gravitini : (4,1) + (1,4) ,

dilatini : (5,4) + (4,5) .

(3.11)

We have an equal number of self-dual and anti-self-dual 2-form tensor fields, and an equal

number of fermions of positive and negative chirality. In terms of the R-symmetry rep-

resentations above, the self-dual tensors B+
2 transform in the (5,1) and the anti-self-dual

tensors B−2 transform in the (1,5). The positive chiral gravitini ψ+
µ and dilatini χ+ trans-

form in the (4,1) and (5,4) respectively, and the negative chiral gravitini ψ−µ and dilatini

χ− transform in the (1,4) and (4,5).

These representations determine the charges (e1, e2, e3, e4) of each field under

U(1)4 ⊂ USp(4)L ×USp(4)R. A field with charges (e1, e2, e3, e4) will then be an eigen-

vector of the mass matrix with eigenvalue iµ and will have z-dependence eiµz/2πR where

µ =

4∑
i=1

eimi . (3.12)

The resulting mass for the field will turn out to be |µ|/2πR.

3.2 Supersymmetry breaking and massless field content

The R-symmetry representations (3.11) decompose into the following representations under

the SU(2)4 subgroup (3.9):

scalars : (5,5) → (2,2,2,2)+(2,2,1,1)+(1,1,2,2)+(1,1,1,1) ,

vectors : (4,4) → (2,1,2,1)+(2,1,1,2)+(1,2,2,1)+(1,2,1,2) ,

tensors : (5,1)+(1,5) → (2,2,1,1)+(1,1,2,2)+2(1,1,1,1) ,

gravitini : (4,1)+(1,4) → (2,1,1,1)+(1,2,1,1)+(1,1,2,1)+(1,1,1,2) ,

dilatini : (5,4)+(4,5) → (2,2,2,1)+(2,2,1,2)+(2,1,2,2)+(1,2,2,2)

+(2,1,1,1)+(1,2,1,1)+(1,1,2,1)+(1,1,1,2) .

(3.13)
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This then determines the four charges ei under the U(1)4 subgroup: each doublet gives

charges ±1 and each singlet gives charge 0. For example, the sixteen vector fields in the

(4,4) → (2,1,2,1) + (2,1,1,2) + (1,2,2,1) + (1,2,1,2) (3.14)

have charges

(e1, e2, e3, e4) = (±1, 0,±1, 0) + (±1, 0, 0,±1) + (0,±1,±1, 0) + (0,±1, 0,±1) . (3.15)

These charges then determine the masses through (3.12). The eight gravitini (symplectic

Weyl spinors) in the (4,1) + (1,4) representation of the R-symmetry group USp(4)L ×
USp(4)R decompose into four pairs, each of which has a different mass |mi|/2πR, with

i = 1, 2, 3, 4. The number N of unbroken supersymmetries is then given by the number of

massless gravitini, which is N = 2r where r is the number of parameters mi that are zero.

The different values of r give rise to 5D supergravities with N = 8, 6, 4, 2, 0 Minkowski

vacua, corresponding to twisting in 4 − r of the SU(2) factors in (3.9).

In general, all fields that are charged, with at least one of the ei 6= 0 corresponding to

an mi 6= 0, become massive in 5D. Below we give the massless field content of reductions

with twists that preserve N = 8, 6, 4, 2, 0 supersymmetry in the Minkowski vacuum and

check that they fit into the relevant supermultiplets of 5D supergravities [36].

• N = 8

We start with the untwisted case, mi = 0, where all fields remain massless. Apart

from the 5D graviton, the spectrum contains 8 gravitini, 27 vectors, 48 dilatini and

42 scalars (all massless). As expected, these fields make up a single gravity multiplet

of maximal 5D supergravity.

• N = 6

In order to end up with N = 6 supergravity, we take only one of the four mass

parameters to be non-zero so that we twist in only one of the four SU(2) subgroups.

The massless spectrum from such a reduction contains a graviton, 6 gravitini, 15

vectors, 20 dilatini and 14 scalars. These fields form the gravity multiplet of the

N = 6 theory.

• N = 4

We obtain N = 4 supergravity by twisting in two SU(2) groups, with two mass

parameters zero. This can be done in two qualitatively different ways: either with

a chiral twist, say in SU(2)R1
and SU(2)R2

with m1 = m2 = 0, or with a non-chiral

twist, for example in SU(2)L2
and SU(2)R2

with m1 = m3 = 0. Both types of twists

result in the same massless spectrum: the graviton, 4 gravitini, 7 vectors, 8 dilatini

and 6 scalars, although as we shall see, they result in different massive spectra.

In the N = 4 theory, the gravity multiplet contains the graviton, 4 gravitini, 6

vectors, 4 dilatini and a single scalar field, and the vector multiplet contains 1 vector,

4 dilatini and 5 scalars [37]. We see that our massless spectrum consists of the gravity

multiplet coupled to one vector multiplet.
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• N = 2

We end up with minimal 5D supergravity by twisting in three of the four SU(2)

subgroups, with just one of the mass parameters zero. The massless field content

after such a twist contains the graviton, 2 gravitini, 3 vectors, 4 dilatini and 2 scalars.

For N = 2 supersymmetry, the gravity multiplet contains the graviton, 2 gravitini,

and 1 vector field, and the vector multiplet contains 1 vector, 2 dilatini and 1 scalar

field. Thus, the field content that we find from this reduction forms a gravity multiplet

coupled to two vector multiplets.

• N = 0

By twisting in all four SU(2) groups, with all four mass parameters non-zero, we

break all supersymmetry. The only fields that are not charged under such a twist are

the graviton and the singlets which are completely uncharged, with all ei = 0. As a

result, the massless spectrum in 5D consists of the graviton, 3 vectors and 2 scalars.

Note that all fermions become massive.

3.3 Massive field content

The charges (e1, e2, e3, e4) following from (3.13) determine the massive spectrum for the re-

duced theory in five dimensions. This spectrum is summarized in table 1. The spectrum of

table 1 has been previously derived from Scherk-Schwarz reduction in [12] and corresponds

to a gauging of N = 8 five-dimensional supergravity.

We now give the supermultiplet structure of the massive spectra that follow from the

various twists preserving different amounts of supersymmetry. All fields that acquire mass

also become charged under the graviphoton A5
1 with covariant derivatives of the form

Dµ = ∂µ − iq gA5
µ . (3.16)

Here the gauge coupling is g = 1/R, and the charge q of each 5D field is equal to 1/g = R

times its mass. Because the massive fields are charged, the real fields that follow from the

reduction have to combine into complex fields. In the spectra that we give below, we list

the number of complex fields (unless stated otherwise). Furthermore, when we give the

mass of a field or collection of fields we only write down |µ|. In order to find the actual

mass, this needs to be divided by 2πR.

The massive multiplets we find are all BPS multiplets in five dimensions; these mul-

tiplets were analyzed and classified in [21] and are labeled by two integers (p, q). For N
supersymmetries in five dimensions (with N even), the R-symmetry is USp(N ). For a

(p, q) massive multiplet, the choice of central charge breaks the R-symmetry to a subgroup

USp(2p) × USp(2q), i.e. the subgroup of USp(N ) preserving the central charge, where

2p + 2q = N . The nomenclature was chosen such that a massless supermultiplet of (p, q)

supersymmetry in six-dimensions has, after reducing on a circle, Kaluza-Klein modes that

fit into (p, q) massive supermultiplets in five dimensions. The physical states of a (p, q)

massive multiplet in five dimensions then fit into representations of

SU(2)× SU(2)×USp(2p)×USp(2q) , (3.17)
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Fields Representation |µ| = Mass (multiplied by 2πR)

Scalars (5,5)
∣∣±m1 ±m2 ±m3 ±m4

∣∣∣∣±m1 ±m2

∣∣∣∣±m3 ±m4

∣∣
0

Vectors (4,4)
∣∣±m1,2 ±m3,4

∣∣
Tensors (5,1)

∣∣±m1 ±m2

∣∣ , 0

(1,5)
∣∣±m3 ±m4

∣∣ , 0

Gravitini (4,1)
∣∣±m1,2

∣∣
(1,4)

∣∣±m3,4

∣∣
Dilatini (5,4)

∣∣±m1 ±m2 ±m3,4

∣∣∣∣±m3,4

∣∣
(4,5)

∣∣±m1,2 ±m3 ±m4

∣∣∣∣±m1,2

∣∣
Table 1. This table gives the value of |µ(mi)| for the 5D fields coming from the different types

of 6D fields. The mass of the field is then |µ(mi)|/2πR. The notation mi,j indicates that both

mi and mj occur. There is no correlation between the ± signs and the ij indices, so that e.g.

(±m1 ±m2) denotes 4 different combinations of mass parameters, and (±m1,2 ±m3,4) denotes 16

different combinations. For example, the 5 tensors in the (5,1) representation consist of two with

mass |m1 +m2| , two with mass |m1 −m2| and one with mass 0.

where SU(2)× SU(2) ∼ SO(4) is the little group for massive representations in five dimen-

sions. The representations of the little group SU(2) × SU(2) that arise include (3, 2) and

(2, 3) for massive gravitini and (2, 2) for massive vector fields. The representation (3, 1)

corresponds to a massive self-dual two-form field satisfying the five-dimensional duality

condition

dB2 = −im ∗B2 , (3.18)

while the (1, 3) representation corresponds to the anti-self dual case with dB2 = im ∗
B2. In the following, we consider the cases in which the Scherk-Schwarz reduction breaks

the supersymmetry to N = 6, 4, 2. The massless states are in the N supersymmetry

representations given in the previous subsection, and we now give the N supersymmetry

representations of the massive fields. It was already pointed out in subsection 3.2 that there

are two qualitatively different twists that result in a theory with N = 4 supersymmetry:

a chiral one and a non-chiral one. Both theories have the same massless spectrum (see

subsection 3.2), but their massive spectra are different. The non-chiral twist gives massive

fields fitting into (1, 1) multiplets and we will refer to this as the (1, 1) theory. The chiral

twist leads to (0, 2) supermultiplets and we will refer to this as the (0, 2) (or (2, 0)) theory.
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• N = 6

In order to break to N = 6, we twist with just one of the four mass parameters

non-zero. Without loss of generality, we take m1 6= 0 and the other three parameters

equal to zero. The physical states will then fall into representations of

SU(2)× SU(2)×USp(2)×USp(4) . (3.19)

The massive field content from such a twist contains 1 gravitino, 2 self-dual tensors,

4 vectors, 13 dilatini and 10 scalars. All these fields are complex, and their mass is

equal to |m1|. This is a (1, 2) BPS supermultiplet with the representations

(3, 2; 1, 1) + (3, 1; 2, 1) + (2, 2; 1, 4) + (1, 2; 1, 5) + (2, 1; 2, 4) + (1, 1; 2, 5) . (3.20)

• N = 4 (0, 2)

We obtain the (0, 2) theory by taking chiral twist with m1,m2 6= 0 and m3,m4 = 0.

The physical states will then fall in representations of

SU(2)× SU(2)×USp(4) . (3.21)

From the reduction we find two massive (0, 2) spin-3
2 multiplets, one with mass |m1|,

and the other with mass |m2|. Each consists of 1 gravitino, 4 vectors and 5 dilatini,

which are in the representations

(3, 2; 1) + (2, 2; 4) + (1, 2; 5) . (3.22)

Furthermore, we find two massive (0, 2) tensor multiplets with masses |m1 +m2| and

|m1 − m2|. Each of these contains one self-dual 2-form satisfying (3.18), 4 dilatini

and 5 scalars [21], fitting in the representations

(3, 1; 1) + (2, 1; 4) + (1, 1; 5) . (3.23)

We note at this point that a part of the massive spectrum above can be made massless

by tuning the mass parameters. That is, if we choose m1 = ±m2, one of the two

(complex) tensor multiplets becomes massless. This gives two additional real vector

multiplets in the massless sector of the N = 4 theory (see subsection 3.2).

• N = 4 (1, 1)

For the non-chiral twist, we choose m1,m3 6= 0 and m2,m4 = 0 in order obtain the

(1, 1) theory. There are two massive (1, 1) vector multiplets, one with mass |m1 +m3|
and one with mass |m1 −m3|. Each consists of 1 vector, 4 dilatini and 4 scalars [21]

corresponding to a representation of

SU(2)× SU(2)×USp(2)×USp(2) , (3.24)

given by

(2, 2; 1, 1) + (2, 1; 2, 1) + (1, 2; 1, 2) + (1, 1; 2, 2) . (3.25)
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In addition, there are two massive (1, 1) spin-3
2 multiplets, one with mass |m1|, and

one with mass |m3|. Each consists of 1 gravitino, 2 (anti-)self-dual tensors, 2 vectors,

5 dilatini and 2 scalars. The one with mass |m1| is in the representation

(3, 2; 1, 1) + (3, 1; 2, 1) + (2, 2; 1, 2) + (1, 2; 1, 1) + (2, 1; 2, 2) + (1, 1; 2, 1) , (3.26)

and the one with mass |m3| is in the representation

(2, 3; 1, 1) + (1, 3; 1, 2) + (2, 2; 2, 1) + (2, 1; 1, 1) + (1, 2; 2, 2) + (1, 1; 1, 2) . (3.27)

As in the (0, 2) theory, we can tune the mass parameters in such a way that a part of

this spectrum becomes massless. For m1 = ±m3, one of the massive vector multiplets

becomes massless, and so we get two more real vector multiplets in the massless sector

of the theory (again see subsection 3.2). Note that, even though the massive tensor

multiplet of the (0, 2) theory and the massive vector multiplet of the (1, 1) theory

contain different fields, they give the same field content in the massless limit.

• N = 2

We choose m1,m2,m3 6= 0 and m4 = 0 to obtain the N = 2 case with massive (0, 1)

multiplets in representations of

SU(2)× SU(2)×USp(2) . (3.28)

There are four massive hypermultiplets with masses |m1 ±m2 ±m3| consisting of 1

complex dilatino and 2 complex scalars in the

(2, 1; 1) + (1, 1; 2) (3.29)

representation. The four vector multiplets with masses |m1,2±m3| consist of 1 vector

and 2 dilatini in the

(2, 2; 1) + (1, 2; 2) (3.30)

representation. Furthermore, we find two tensor multiplets (1 self-dual tensor, 2

dilatini, 1 scalar) with masses |m1 ±m2| in the following representation of (3.28):

(3, 1; 1) + (2, 1; 2) + (1, 1; 1) . (3.31)

There are also two spin- 3
2 multiplets, one with mass |m1| and one with mass |m2|,

containing 1 gravitino, 2 vectors and 1 dilatino in the

(3, 2; 1) + (2, 2; 2) + (1, 2; 1) (3.32)

representation. We also find another multiplet containing a spin- 3
2 field: 1 gravitino,

2 anti-self-dual tensors, 1 dilatino and 2 scalars with mass |m3|. This is reducible,

giving one massive hypermultiplet consisting of 1 dilatino and 2 scalars with the

representation (3.29) and one multiplet consisting of 1 gravitino and 2 anti-self-dual

tensors in the representation:

(2, 3; 1) + (1, 3; 2) . (3.33)
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As for the N = 4 theories, we can tune the mass parameters in order to obtain extra

massless fields. Choosing m1 = ±m2 or m1,2 = ±m3 would make either a tensor

multiplet or a vector multiplet massless. Both of these would give two real massless

vector multiplets. Another choice would be to set m1 = ±m2 ±m3 so that one of

the massive hypermultiplets becomes massless.

3.4 Mass matrices

The monodromiesMusp(4)
L ∈ USp(4)L andMusp(4)

R ∈ USp(4)R in (3.8) are the exponentials

of mass matrices in the Lie algebra of USp(4):

Musp(4)
L = exp(M

usp(4)
L ) , Musp(4)

R = exp(M
usp(4)
R ) . (3.34)

For the monodromies (3.10), the mass matrices are given by

M
usp(4)
L = m1σ3 ⊕m2σ3 , M

usp(4)
R = m3σ3 ⊕m4σ3 . (3.35)

By conjugating, as in (3.7), by an element h of the SU(2)4 subgroup (3.9), we can bring

this to the form

M
usp(4)
L = m1(n1 · σ)⊕m2(n2 · σ) , M

usp(4)
R = m3(n3 · σ)⊕m4(n4 · σ) , (3.36)

for any four unit 3-vectors ni. Here σ is the 3-vector of Pauli matrices.

The Lie algebra of USp(4) consists of anti-hermitian 4× 4 matrices MA
B (M † = −M)

such that MAB = ΩACMC
B is symmetric (MAB = MBA), where ΩAB = −ΩBA is the

symplectic invariant; see appendix B.2 for more details. In a basis in which Ω = σ2 ⊕ σ2

and the subgroup (3.9) is block diagonal, we have the 4 × 4 matrix representation

M
usp(4)
L =

(
m1(n1 · σ) 0

0 m2(n2 · σ)

)
, ΩAB =

(
σ2 0

0 σ2

)
. (3.37)

However, for our purposes, it will be useful to have mass matrices in a basis in which

ΩAB =

(
0 12

−12 0

)
. (3.38)

In this basis, we can take for example

M
usp(4)
L =


0 0 −m1 0

0 0 0 −m2

m1 0 0 0

0 m2 0 0

 , (3.39)

and a similar expression for M
usp(4)
R that can be found by replacing m1 → m3 and m2 → m4.

The monodromy for the above mass matrix is given by

Musp(4)
L =


cos(m1) 0 − sin(m1) 0

0 cos(m2) 0 − sin(m2)

sin(m1) 0 cos(m1) 0

0 sin(m2) 0 cos(m2)

 , (3.40)
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and there is a similar expression for Musp(4)
R . We can use the isomorphism usp(4) ∼= so(5)

to map (3.39) to the corresponding generator in the Lie algebra of SO(5). This yields

ML =


0 −(m1 +m2) 0 0 0

m1 +m2 0 0 0 0

0 0 0 0 −(m1 −m2)

0 0 0 0 0

0 0 m1 −m2 0 0

 , (3.41)

and a similar expression for MR where we replace m1 → m3 and m2 → m4 (see ap-

pendix B.2 for more information on the isomorphism usp(4) ∼= so(5)). The corresponding

SO(5) monodromy is given by

ML =


cos(m1 +m2) − sin(m1 +m2) 0 0 0

sin(m1 +m2) cos(m1 +m2) 0 0 0

0 0 cos(m1 −m2) 0 − sin(m1 −m2)

0 0 0 1 0

0 0 sin(m1 −m2) 0 cos(m1 −m2)

 . (3.42)

The USp(4) monodromy is of course a double cover of the SO(5) monodromy: taking e.g.

m1 = m2 = π gives ML = 1 but Musp(4)
L = −1.

We can use the mass matrices ML and MR in the algebras of SO(5)L and SO(5)R to

create an so(5, 5) mass matrix. In the basis in which the SO(5, 5) metric takes the form

τAB =

(
0 15

15 0

)
, (3.43)

(see appendix B.1) this so(5, 5) mass matrix is given by

M
B

A =
1

2

(
(ML +MR) b

a (ML −MR)ab
(ML −MR)ab (ML +MR)a b

)
∈ so(5, 5) . (3.44)

It is this matrix that appears explicitly in the bosonic action, as we shall see in the following

subsections.

In section 4, we consider various brane configurations that result in five-dimensional

black holes. For each of these systems, we choose ML and MR in such a way that the

fields that charge the black hole remain massless in 5D. All of these are conjugate to the

ones given here. In particular, they all have the same eigenvalues and so give the same

mass spectrum.

3.5 5D scalars

In this section, we go through the reduction of the 6D scalar fields in detail. The goal

is to compute the mass that each of the 25 scalar fields obtains in 5D. For notational

convenience, we set R = 1
2π here and in the next subsection where we reduce the 6D

tensors. Consequently, the masses that we compute here carry an ‘invisible’ factor 1
2πR

that can be reinstated by checking the mass dimensions.
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The scalar Lagrangian in six dimensions reads (see subsection 2.2)

e−1
(6) Ls =

1

8
Tr
[
∂µ̂H−1∂µ̂H

]
. (3.45)

The global Spin(5, 5) transformations act as H → U HUT with U ∈ Spin(5, 5). This

leads us to the following Scherk-Schwarz ansatz:

H(x̂µ̂) = eMzH(xµ) eM
T z , (3.46)

where M is the mass matrix defined in (3.44). By substituting this ansatz in (3.45), we

find the five-dimensional Lagrangian

e−1
(5) Ls =

1

8
Tr
[
DµH−1DµH

]
− V (H) . (3.47)

Matter that is charged under the monodromy becomes charged under the U(1) symmetry

corresponding to the graviphoton A5
1 in 5D. The covariant derivative on H is given by

DµH = ∂µH−A5
µ

(
MH+HMT

)
. (3.48)

The potential in (3.47) is given by

V (H) =
1

4
e−
√

8/3φ5 Tr
[
M

2 +MTH−1
MH

]
. (3.49)

For an R-symmetry twist, such potentials must be non-negative [5]; consequently, a global

minimum can be found by solving V = 0. We find such a minimum by putting all 25

scalar fields to zero, so that H = 1. By realizing that our mass matrix is anti-symmetric,

M
T = −M, we immediately see that this gives V = 0.

We now compute the masses of the scalar fields in this minimum. We denote the

collection of all 25 scalar fields by σi, with i = 1, . . . , 25, and compute the mass matrix as3

mij =
∂2V

∂σi∂σj

∣∣∣∣
σk=0

. (3.50)

We diagonalize this mass matrix as mij = Q k
i mdiag

kl Ql j , where mdiag is a diagonal matrix

and Q is a conjugation matrix built from an orthonormal basis of eigenvectors. In this way,

we find the mass that corresponds to each of the redefined fields σ̃i = Qijσ
j .

We have computed these masses explicitly for the mass matrices that preserve the

various 6D black string configurations that we consider in section 4. Tables are provided

in appendix C.

3.6 5D tensors

In this section we work out the reduction of the six-dimensional tensor fields in detail,

following [11, 34]. Just like in the previous subsection, we set R = 1
2π and neglect the

Kaluza-Klein towers for notational convenience.
3The kinetic term of the sigma model is diagonal at the minimum of the potential, i.e. it takes the form

− 1
2
gij(σ

k) ∂µσ
i∂µσj with gij(0) = δij .
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The Lagrangian for the six-dimensional tensor fields reads

L
(doubled)
t = −1

4
HAB G(6)

3,A ∧ ∗G
(6)
3,B . (3.51)

The ten three-form field strengths G
(6)
3,A transform as in (2.28), so we choose our Scherk-

Schwarz ansatz to be

G
(6)
3,A(x̂µ̂) =

(
eMz

) B

A

(
G

(5)
3,B(xµ) + G

(5)
2,B(xµ) ∧

(
dz +A5

1

))
, (3.52)

where G
(5)
3,A and G

(5)
2,A are five-dimensional field strengths that are independent of the circle

coordinate z. As usual for self-dual tensor fields, we don’t compactify the Lagrangian of

the theory but rather its field equations. We start by reducing the six-dimensional Bianchi

identities dG
(6)
3,A = 0. We find

dG
(5)
3,A + d

(
G

(5)
2,A ∧ A5

1

)
= 0 ,

dG
(5)
2,A −M B

A

(
G

(5)
3,B +G

(5)
2,B ∧ A5

1

)
= 0 .

(3.53)

From these we deduce expressions for the five-dimensional field strengths in terms of the

corresponding two-form and one-form potentials:

G
(5)
3,A = dA

(5)
2,A −G

(5)
2,A ∧ A5

1 ,

G
(5)
2,A = dA

(5)
1,A +M B

A A
(5)
2,B .

(3.54)

Normally at this point, we would like to shift A
(5)
2,A → A

(5)
2,A − (M−1) B

A dA
(5)
1,B so that the

field strengths in (3.54) would lose their dependence on A
(5)
1,A. This is not possible, however,

because our mass matrix M B
A is not invertible. We therefore need to diagonalize M B

A

and split the indices that correspond to zero and non-zero eigenvalues. In the most general

case where the combinations m1 ±m2 and m3 ±m4 are non-zero, this splitting goes like

A→ (α, α̇) with α̇ ∈ {i, i+5}, where i is the index that corresponds to the row and column

that we set to zero in ML and MR. For example, for the reduction of the D1-D5 system

(see (4.8)) we have α̇ ∈ {4, 9}. The index α takes the other eight values of the original

index A. The second equation in (3.54) now separates into

G
(5)
2,α = dA

(5)
1,α +M β

α A
(5)
2,β ,

G
(5)
2,α̇ = dA

(5)
1,α̇ .

(3.55)

The matrix M β
α is invertible, so now we can shift A

(5)
2,α → A

(5)
2,α − (M−1) β

α dA
(5)
1,β . After

this shift, the five-dimensional field strengths read

G
(5)
3,α = dA

(5)
2,α −G

(5)
2,α ∧ A5

1 , G
(5)
3,α̇ = dA

(5)
2,α̇ −G

(5)
2,α̇ ∧ A5

1 ,

G
(5)
2,α = M β

α A
(5)
2,β , G

(5)
2,α̇ = dA

(5)
1,α̇ .

(3.56)

The six-dimensional field strengths are subject to the self-duality constraint

G
(6)
3,A = τABHBC ∗G(6)

3,C . (3.57)

– 21 –



J
H
E
P
0
7
(
2
0
2
0
)
0
8
6

We now compactify this constraint. First, we need to reduce the six-dimensional Hodge

star to five dimensions. By using the metric decomposition (3.4), we find

∗(6)G
(6)
3,A =

(
eMz

) B

A
∗(6)

(
G

(5)
3,B + G

(5)
2,B ∧

(
dz +A5

1

))
=
(
eMz

) B

A

(
e
√

2/3φ5 ∗(5)G
(5)
3,B ∧

(
dz +A5

1

)
− e−

√
2/3φ5 ∗(5)G

(5)
2,B

)
.

(3.58)

This result allows us to write down the 5D self-duality constraint that follows from (3.57) as

G
(5)
3,A = − e−

√
2/3φ5 τABHBC ∗G(5)

2,C . (3.59)

Recall for the derivation of this result that HAB with raised indices is the inverse of the

matrix H as defined in subsection 2.2. Consequently, we use the inverse of (3.46) as

Scherk-Schwarz ansatz.

Mass spectrum. In order to find the mass spectrum of the fields that descend from

G
(6)
3,A, we put all other fields in (3.59) to zero. In particular, this means that HAB = δAB.

We find

dA
(5)
2,α = − τ β

α M
γ

β ∗A
(5)
2,γ , dA

(5)
2,α̇ = − τ β̇

α̇ ∗ dA
(5)

1,β̇
, (3.60)

where we use the notation τ β
α = ταγ δ

γβ and an analogous expression for the dotted indices.

These are massive and massless five-dimensional self-duality conditions. From these, we

can deduce the equations of motion for the corresponding fields (following [38]). They read

d
(
∗ dA

(5)
2,α

)
= −

(
τMτM

) β

α
∗A(5)

2,β , d
(
∗ dA

(5)
1,α̇

)
= 0 . (3.61)

So in 5D, we end up with eight massive tensors and two massless vectors (again, this is

for the case where m1 ±m2 and m3 ±m4 are non-zero). The self-duality constraint (3.59)

eliminates the massless tensors A
(5)
2,α̇ and makes sure that the massive tensors A

(5)
2,α carry

only half their usual degrees of freedom. The masses of the fields A
(5)
2,α are determined by the

mass matrix −
(
τMτM

) β

α
. By diagonalizing this matrix, we find the mass corresponding

to each field.

Just as for the scalar fields, we have computed these masses explicitly for the mass ma-

trices that we use for the reduction of the D1-D5 system and the dual brane configurations

in section 4. These masses can be found in appendix C.

Graviphoton interactions. We now pay some extra attention to the interactions be-

tween the graviphoton and the vector and tensor fields that we find in this subsection.

They will prove to be very important in section 5. As it turns out, there is a difference in

the result that we find for the reduction of a self-dual 6D tensor and an anti-self-dual 6D

tensor. We illustrate this difference with two simple examples.

Consider a six-dimensional (anti-)self-dual tensor field B̂2 with field strength Ĥ3 = d̂B̂2

(here hats denote 6D quantities). The field equations and self-duality constraint for this

field read

d̂Ĥ3 = 0 , ∗̂ Ĥ3 = ± Ĥ3 . (3.62)
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By decomposing this field (strength) as Ĥ3 = H3 +H2 ∧ (dz +A1), and by using straight-

forward reduction techniques and the conventions of this paper, we find the following 5D

Lagrangian:

L = − 1

2
H2 ∧ ∗H2 ±

1

2
A1 ∧H2 ∧H2 , (3.63)

with H2 = dB1. We see that a self-dual and an anti-self-dual tensor give a Chern-Simons

interaction term with the graviphoton with an opposite sign.

Now take a real doublet of (anti-)self-dual tensor fields, that we Scherk-Schwarz reduce

from 6D to 5D with the ansatz

Ĥ3 = exp

[(
0 −m
m 0

)
z

] (
H3 +H2 ∧ (dz +A1)

)
, (3.64)

(apart from the ansatz and the fact that we are considering a doublet this set-up is similar

to the previous one). Going through this reduction gives a complex massive tensor B2 in

five dimensions subject to the self-duality equation

dB2 − imA1 ∧B2 ± im ∗B2 = 0 . (3.65)

Again, the ± sign indicates the difference between the result for the reduction of a self-

dual and an anti-self-dual tensor from six dimensions. Now, this sign is not in front of

the interaction with the graviphoton, but we can still flip it by redefining A1 → −A1. To

see this, recall that the field B2 is complex so that we also have the complex conjugate

of (3.65). By flipping the sign of the graviphoton, we effectively switch the particle and

the anti-particle B2 ↔ B̄2 in order to protect the sign in the covariant derivative. The

± sign in the mass term of the equation for B̄2 is flipped with respect to (3.65), and so

we see that redefining A1 → −A1 effectively interchanges the result for a self-dual and an

anti-self-dual tensor.

3.7 Conjugate monodromies

We have so far considered monodromies in the R-symmetry group Spin(5)L × Spin(5)R

preserving the identity in the coset Spin(5, 5)/Spin(5)L × Spin(5)R, which is the point in

the moduli space at which all scalar fields vanish. Then this point in moduli space is a fixed

point under the action of the Spin(5, 5) transformation ψ →Mψ given by the monodromy,

and as we have seen this point is a minimum of the Scherk-Schwarz potential giving a

Minkowski vacuum. Conjugating by an element of the R-symmetry group

M→ hM̄h−1 , h ∈ USp(4)L ×USp(4)R (3.66)

will then preserve the fixed point in the moduli space and the minimum will remain at

the origin.

However, for the embedding in string theory (see subsection 6.1), we will need to

consider monodromies that are related to an R-symmetry transformation by conjugation

by an element of Spin(5, 5)

M = gM̃g−1 , g ∈ Spin(5, 5) , M̃ ∈ USp(4)L ×USp(4)R ⊂ Spin(5, 5) . (3.67)
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This change of monodromy can be thought of as the result of acting on the theory twisted

with monodromy M̃ by a transformation ψ → gψ. For the supergravity theory, this

is just a field redefinition giving an equivalent theory, but as we shall see later this has

consequences for the embedding in string theory. The fixed point is now at the coset

containing g, [g] = {gh | h ∈ Spin(5)L × Spin(5)R}, and this is now the location of the

minimum of the potential [5]. At this point, the kinetic terms of the various fields are

not conventionally normalized. On bringing these to standard form, the masses become

precisely the ones given earlier for the theory with monodromy M̃. This was of course to

be expected: a field redefinition cannot change physical parameters such as masses.

3.8 Gauged supergravity and gauge group

The result of the Scherk-Schwarz reduction is a gauged N = 8 supergravity theory in which

a subgroup of the E6 duality symmetry of the ungauged 5D theory is promoted to a gauge

symmetry. In this subsection we discuss this gauged supergravity and its gauge group.

We start with the case in which the twist is a T-duality transformation in the T-duality

subgroup Spin(4, 4) of Spin(5, 5). Consider first the bosonic NS-NS sector of the ten-

dimensional supergravity theory, consisting of the metric, B-field and dilaton. Compacti-

fying on T 4 gives a 6D theory with SO(4, 4) symmetry. There is a 6D metric, B-field and

dilaton, together with 8 vector fields AAµ̂ in the 8 of SO(4, 4) (with A = 1, . . . , 8 labelling the

vector representation of SO(4, 4)) and scalars in the coset space SO(4, 4)/SO(4) × SO(4).

The Scherk-Schwarz compactification of this on a circle with an SO(4, 4) twist with mass

matrix NA
B was given in detail in [14]. In 5D, there are then 10 gauge fields: eight AAµ aris-

ing from the 6D vector fields, the graviphoton vector field A5
µ from the metric and a vector

field B5
µ from the reduction of the 6D B-field. Then (AAµ ,A5

µ,B5
µ) are the gauge fields for a

gauge group with 10 generators TA, Tz, Tz̃ respectively. After the field redefinitions given

in [14] to obtain tensorial fields transforming covariantly under duality transformations,

the gauge algebra is [14]

[Tz, TA] = NA
B TB , [TA, TB] = NAB Tz̃ , (3.68)

with all other commutators vanishing. Here NAB = NA
CηCB where ηAB is the SO(4, 4)-

invariant metric, so that NAB = −NBA as the mass matrix is in the Lie algebra of SO(4, 4).

This then represents a gauging of a 10-dimensional subgroup of SO(4, 4), which has a U(1)2

subgroup generated by Tz, Tz̃. A further U(1) factor can be obtained by dualising the 2-

form bµν to give an extra gauge field and the generator t of this U(1) factor commutes with

all other generators.

Next, consider reintroducing the R-R sector. In six dimensions, there are a further

8 one-form gauge fields Cαµ̂ transforming as a Weyl spinor of Spin(4, 4) (α = 1, . . . , 8),

which combine with the 8 NS-NS one-form gauge fields to form the 16 of Spin(5, 5). There

are also a further 4 two-form gauge fields, which split into four self-dual ones and four

anti-self dual ones that transform as an 8 of SO(4, 4). These combine with the degrees of

freedom of the NS-NS 2-form to form the 10 of Spin(5, 5). The mass matrix acts on the

spinor representation through Nα
β which is given as usual by Nαβ = 1

4NAB(γAB)αβ where

– 24 –



J
H
E
P
0
7
(
2
0
2
0
)
0
8
6

Nαβ = Nα
γηγβ and ηαβ is the symmetric charge conjugation matrix. The structure in the

spinor representation is related to that in the vector representation by SO(4, 4) triality.

The gauge algebra then gains the terms

[Tz, Tα] = Nα
β Tβ , [Tα, Tβ ] = Nαβ Tz̃ , (3.69)

to give an 18-dimensional gauge group. This corresponds to gauging an 18-dimensional

subgroup of E6. For generic values of the parameters mi, the two-form gauge fields in the

8 of SO(4, 4) become massive, while the 5D NS-NS two-form remains massless and can

again be dualized to give a further U(1) factor with generator t. For special values of the

parameters, some of the two-forms in the 8 of SO(4, 4) can become invariant under the

twist and so become massless as well. These can be dualized to give further U(1) factors.

The gauge algebra can now be written

[Tz, Ta] = Ma
b Tb , [Ta, Tb] = Mab Tz̃ , (3.70)

with all other commutators vanishing, where Ta = (TA, Tα) and

Ma
b =

(
NA

B 0

0 Nα
β

)
. (3.71)

There is a U(1)3 subgroup generated by t (if the NS-NS two-form is dualized) with possible

further U(1) factors coming in if some of the R-R two-forms remain massless.

In the generic case in which Ma
b has no zero eigenvalues, then the vector fields Aa

corresponding to the generators Ta all become massive, while the gauge fields corresponding

to the generators Tz, Tz̃, t remain massless. Then the gauge group is spontaneously broken

to the U(1)3 subgroup generated by Tz, Tz̃, t. For special values of the parameters mi

such that Ma
b has some zero eigenvalues, there will be more massless gauge fields and the

unbroken gauge group will be larger.

In subsection 4.2, we will consider a twist of this kind in the compact Spin(4)×Spin(4)

subgroup of the Spin(4, 4) T-duality group. The other twists we will consider are all

related to this one by conjugation (see subsection 3.7 and 4.2) and will give isomorphic

gauge groups.

One can argue what part of the matter content is charged under each of these gener-

ators of the gauge group by Scherk-Schwarz reducing the 6D gauge transformations and

seeing how the 5D fields transform under these reduced transformations. The 6D gauge

transformations can be found in [31, 32]. The generators Ta come from the gauge transfor-

mations corresponding to the 16 vector fields in 6D. These transform the 6D vectors and

the 6D tensors, so the 5D descendants of these fields can become charged under generators

Ta. The generators Tz̃ and t come from the gauge transformation that correspond to the

6D tensor field that is a singlet under the twist. This transformation acts only on this

tensor field, so after reduction no matter becomes charged under the resulting 5D trans-

formations Tz̃ and t. The generator Tz (corresponding to the graviphoton A5
1) comes from

6D diffeomorphisms in the circle direction. By explicit reduction of these diffeomorphisms,

we find that all fields that become massive in 5D carry U(1) charge under Tz.
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3.9 Kaluza-Klein towers

In the previous subsections, we have constructed 5D theories with both massless and mas-

sive fields from Scherk-Schwarz reduction. However, this is not the whole story: if we

consider a compactification on S1, then each field picks up an infinite Kaluza-Klein tower.4

We choose Scherk-Schwarz ansätze including Kaluza-Klein towers on the S1 of the form

ψ(xµ, z) = exp

(
Mz

2πR

) ∑
n∈Z

einz/R ψn(xµ) , (3.72)

where we use ψ as a schematic notation for any field in the theory that transforms in some

representation of the R-symmetry group. Then if ψ has charges ei, it is an eigenvector of

M with eigenvalue iµ given by (3.12), Mψ = iµψ, so that

ψ(xµ, z) =
∑
n∈Z

exp
(
i
( µ

2π
+ n

) z
R

)
ψn(xµ) . (3.73)

Clearly, shifting µ
2π by an integer r can be absorbed into a shift n→ n−r and so corresponds

to changing the n’th Kaluza-Klein mode to the (n − r)’th one while leaving the sum

unchanged. From table 1, we see that shifting the mi by 2πri for any integers ri shifts all

the µ
2π by an integer and so leaves the above sum (3.73) unchanged. For this reason, there

is no loss of generality in taking mi ∈ [0, 2π).

Without loss of generality, we can restrict the mi’s further by realizing that all eigen-

values iµ appear with a ± sign in front of them. By taking into account two towers of

the form (3.73), one of them with a minus sign in front of µ, we see that the combination

of these towers is unchanged under µ
2π → 1 − µ

2π . Consequently, we can take mi ∈ [0, π]

without loss of generality.

The Scherk-Schwarz ansatz is a truncation of (3.73) to the n = 0 mode. This gives a

consistent truncation to a gauged five-dimensional supergravity theory, which is sufficient

for e.g. determining which twists preserve which brane configuration in section 4. The full

string theory requires keeping all these modes, together with stringy modes and degrees of

freedom from branes wrapping the internal space.

The mass of the n’th KK-mode is given by∣∣∣ µ

2πR
+
n

R

∣∣∣ , n ∈ Z , (3.74)

and the value of µ(mi) for each field can be read off from table 1. As an example, we

check this for the reduction of the 6D tensors. If the whole tower is taken into account,

the Scherk-Schwarz ansatz (3.52) is extended to

G
(6)
3 (x̂µ̂) = exp

(
Mz

2πR

) ∑
n∈Z

einz/R
(
G

(5)
3,n(xµ) + G

(5)
2,n(xµ) ∧

(
dz +A5

1

))
. (3.75)

4Of course, even this is not the whole story. There are also Kaluza-Klein modes that come from the

reduction from 10D to 6D on the four-torus, plus stringy degrees of freedom. We will return to these in

section 6, where we discuss the full string theory.
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Note that we have restored the circle radius R in this ansatz; from now on, we will keep it

manifest in all our equations. Furthermore, in (3.75) the Spin(5, 5) indices are suppressed

for clarity. It can be seen directly that this extended ansatz essentially changes the mass

matrix M as we used it in subsection 3.6 to(
M

2πR
+
in1

R

)
, n ∈ Z . (3.76)

We can now use that the eigenvalue of M is iµ with µ given by (3.12) to see that the masses

of the Kaluza-Klein modes are given by (3.74).

Note that the modes with n = 0 that are kept in the Scherk-Schwarz reduction are not

necessarily the lightest modes in the tower. In particular, if the parameters mi are chosen

so that µ(mi)
2π is an integer, µ(mi)

2π = N , then the mode with n = −N will be massless. As

an example of this, we can choose

m1 = m2 =
π

2
, m3 = π , m4 = 0 . (3.77)

By using table 1, we can see which additional massless fields arise. In this case, there are

four scalars and two spin- 1
2 fermions that become massless, which form a hypermultiplet of

N = 2 supergravity. For further discussion of such accidental massless modes, see [5, 16].

4 Five-dimensional black hole solutions

In this section, we consider several 10D brane configurations that we compactify to give

black holes in 5D. We do this in two steps. First, we reduce the brane configuration to

a black string solution of (2, 2) supergravity in six dimensions. This solution will not be

invariant under the whole Spin(5, 5) duality group, but will be preserved by a stabilizing

subgroup. If we then do a standard (untwisted) compactification of this on a circle with

the black string wrapped along the circle, we obtain a BPS black hole solution of N = 8

supergravity in five dimensions. This reduction can be modified by including a duality

twist on the circle. If the duality twist is in the stabilizing subgroup, the same black

hole solution will remain a solution of the gauged supergravity resulting from the Scherk-

Schwarz reduction, and of its truncation to an effective N < 8 supergravity describing the

massless sector. This is because the only fields that become massive as a result of the

Scherk-Schwarz twist are the ones that are trivial (zero) in the black hole solution. As a

consequence, the black hole will also be BPS and preserving (at least) four supercharges.

Indeed, it descends from a BPS black string solution in six dimensions, and the duality

twist preserves the supercharges and Killing spinors of the truncated theory that has the

black hole as a solution.

Primarily, we focus on the D1-D5 system, but later in this section we also consider the

dual F1-NS5 and D3-D3 systems.

4.1 The D1-D5-P system

The D1-D5 system, sometimes more accurately called the D1-D5-P system, consists of

D1-branes, D5-branes and waves carrying momentum. The ten-dimensional configuration
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is as follows:

R1,4 S1 T 4︷ ︸︸ ︷ ︷︸︸︷ ︷ ︸︸ ︷
t r θ ϕ1 ϕ2 z y1 y2 y3 y4

D1 − · · · · − · · · · · · · · · · · ·
D5 − · · · · − − − − −
P − · · · · − · · · · · · · · · · · ·

Here a line (−) denotes an extended direction, a dot ( · ) denotes a pointlike direction,

and multiple dots (· · · ) denote a direction in which the brane or wave is smeared.

We start from the ten-dimensional solution and reduce it to 5D with the ansätze that

are given in previous sections. The D1-D5 solution of type IIB supergravity in Einstein

frame reads

ds2
(10) = H

− 3
4

1 H
− 1

4
5

[
− dt2 + dz2 +K(dt− dz)2

]
+H

1
4
1 H

3
4
5

[
dr2 + r2dΩ2

3

]
+H

1
4
1 H

− 1
4

5

[
dy2

1 + dy2
2 + dy2

3 + dy2
4

]
eΦ = H

1
2
1 H

− 1
2

5

C
(10)
2 = (H−1

1 − 1) dt ∧ dz +Q5 cos2θ dϕ1 ∧ dϕ2 ,

(4.1)

where dΩ2
3 = dθ2 + sin2θ dϕ2

1 + cos2θ dϕ2
2 is the metric on the three-sphere written in Hopf

coordinates. The harmonic functions corresponding to the D1-branes, the D5-branes and

the momentum modes can be written in terms of their total charges as

H1 = 1 +
Q1

r2
, H5 = 1 +

Q5

r2
, HK = 1 +K = 1 +

QK
r2

. (4.2)

Reduction to six dimensions. We compactify the metric in (4.1) to 6D using the

ansatz (2.4). The metric on the torus, gmn, is diagonal in (4.1) so we find that

e
~bm·~φ = H

1
4
1 H

− 1
4

5 , m = 1, . . . , 4 . (4.3)

By using the expressions for the vectors ~bm given in (2.6), we can solve for the individual

scalar fields φi. We find that only one of them is non-zero in the 6D solution:

eφ4 = H
1
2
1 H

− 1
2

5 , φ1 = φ2 = φ3 = 0 . (4.4)

The rest of the reduction is straightforward. The six-dimensional Einstein frame metric

is related to the ten-dimensional one by a Weyl rescaling with g
1/4
4 = H

1
4
1 H

− 1
4

5 , which

is incorporated in the ansatz (2.4). The dilaton Φ and the R-R two-form C
(10)
2 have no

non-zero components on the torus, so they reduce trivially. The result reads
ds2

(6) = H
− 1

2
1 H

− 1
2

5

[
− dt2 + dz2 +K(dt− dz)2

]
+H

1
2
1 H

1
2
5

[
dr2 + r2dΩ2

3

]
eφ+ = H

√
1
2

1 H
−
√

1
2

5

C
(6)
2 = (H−1

1 − 1) dt ∧ dz +Q5 cos2θ dϕ1 ∧ dϕ2 .

(4.5)
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Here, we have defined the scalar field φ+ = 1√
2
(φ4 + Φ). This solution describes a black

string in six dimensions.

When we use the doubled formalism (see subsection 2.3) we can rewrite the solution

above in terms of the doubled tensor fields. To derive the contributions of these doubled

fields to the black string solution, recall that the dual field strengths are defined as G̃
(6)a
3 =

Kab ∗ G(6)
3,b + LabG

(6)
3,b . By putting all scalar fields except φ+ to zero, this reduces to

G̃
(6)a
3 = Kab ∗ G(6)

3,b with Kab = diag (1, 1, 1, e
√

2φ+ , 1). Hence, we find that the doubled

tensors to which the black string solution couples are given by

C
(6)
2 = (H−1

1 − 1) dt ∧ dz +Q5 cos2θ dϕ1 ∧ dϕ2 ,

C̃
(6)
2 = (H−1

5 − 1) dt ∧ dz +Q1 cos2θ dϕ1 ∧ dϕ2 .
(4.6)

In the doubled formalism, the degrees of freedom of both these fields are halved by the

self-duality constraint (2.27) so the total number of degrees of freedom of the fields that

the black string couples to remain unchanged.

Scherk-Schwarz reduction to five dimensions. The last step is to Scherk-Schwarz

reduce the six-dimensional black string solution, which results in a black hole in five dimen-

sions. We choose the twist matrices to be in the stabilizing subgroup of the R-symmetry

group, i.e. the subgroup of the R-symmetry that preserves the solution. As a result, all the

fields that are non-constant in the black hole remain massless.

For the D1-D5 system, we choose the following usp(4) mass matrices:

M
usp(4)
L =


0 0 −m1 0

0 0 0 −m2

m1 0 0 0

0 m2 0 0

 , M
usp(4)
R =


0 0 −m3 0

0 0 0 −m4

m3 0 0 0

0 m4 0 0

 . (4.7)

Here m1, m2, m3 and m4 are real mass parameters, each corresponding to one SU(2) in

the R-symmetry subgroup (3.9). The isomorphism usp(4) ∼= so(5) of appendix B.2 maps

these to so(5) mass matrices. We find

ML =


0 −(m1 +m2) 0 0 0

m1 +m2 0 0 0 0

0 0 0 0 −(m1 −m2)

0 0 0 0 0

0 0 m1 −m2 0 0

 ,

MR =


0 −(m3 +m4) 0 0 0

m3 +m4 0 0 0 0

0 0 0 0 −(m3 −m4)

0 0 0 0 0

0 0 m3 −m4 0 0

 .

(4.8)

The embedding of these so(5) matrices in the so(5, 5) mass matrix M B
A is given in (3.44).
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We can now follow the techniques of subsection 3.5 and 3.6 to determine the masses

that each of the scalar and tensor fields acquires due to this twist. The results of these

calculations for the mass matrices (4.8) are presented in appendix C.1. In particular, we find

that the fields that appear in the six-dimensional black string solution (φ+, C
(6)
2 and C̃

(6)
2 )

do not become massive in this Scherk-Schwarz reduction, as required. This means that the

reduction of the solution (4.5) to a 5D black hole is the same as in the untwisted case.

The two self-dual tensors that charge the black string solution, C
(6)
2 and C̃

(6)
2 , yield

two tensors and two vector fields in 5D. We denote these by C
(5)
2 , C

(5)
1 , C̃

(5)
2 , C̃

(5)
1 . We now

consider the self-duality conditions for these fields from (3.59), where we only take along

fields that are non-zero in the 5D black hole solution. We find that they are pairwise dual

by the relations

dC
(5)
1 = e

√
2/3φ5 e−

√
2φ+ ∗ dC̃

(5)
2 , dC̃

(5)
1 = e

√
2/3φ5 e

√
2φ+ ∗ dC

(5)
2 . (4.9)

We use these to write the contributions of C
(5)
2 and C̃

(5)
2 to the black hole solution in

terms of the dual one-forms. In doing so, we move to an undoubled formalism. The full

five-dimensional black hole solution is then given by



ds2
(5) = −(H1H5HK)−

2
3 dt2 + (H1H5HK)

1
3
[
dr2 + r2dΩ2

3

]
eφ+ = H

√
1
2

1 H
−
√

1
2

5

eφ5 = H
−
√

1
6

1 H
−
√

1
6

5 H

√
2
3

K

C
(5)
1 = (H−1

1 − 1) dt

C̃
(5)
1 = (H−1

5 − 1) dt

A5
1 = (H−1

K − 1) dt .

(4.10)

Here C
(5)
1 and C̃

(5)
1 are full vector fields, meaning that they are not subject to a self-

duality constraint and carry the usual number of degrees of freedom. Note that this

compactification can be generalized by adding angular momentum in directions transverse

to the 10D branes to give a rotating black hole in five dimensions.

This three-charge black hole has been well studied in the literature. Its charges are

quantized as Qi = ciNi, where Ni are integers and the basic charges are given by [39]

c1 =
4G

(5)
N R

πα′gs
, c5 = α′gs , cK =

4G
(5)
N

πR
. (4.11)

The entropy of this black hole can be computed with the Bekenstein-Hawking formula,

which yields

SBH =
A

4G
(5)
N

=
π2

2G
(5)
N

√
Q1Q5QK = 2π

√
N1N5NK . (4.12)
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4.2 Dual brane configurations

The F1-NS5-P system. We now study the F1-NS5-P system, which consists of F1 and

NS5-branes arranged as follows

t r θ ϕ1 ϕ2 z y1 y2 y3 y4

F1 − · · · · − · · · · · · · · · · · ·
NS5 − · · · · − − − − −

Again there are waves with momentum in the z-direction. This system is related to

the D1-D5 system via S-duality. As in the previous case, we start by considering the

supergravity solution in ten dimensions. It can be written in Einstein frame as

ds2
(10) = H

− 3
4

F H
− 1

4
N

[
− dt2 + dz2 +K(dt− dz)2

]
+H

1
4
FH

3
4
N

[
dr2 + r2dΩ2

3

]
+H

1
4
FH

− 1
4

N

[
dy2

1 + dy2
2 + dy2

3 + dy2
4

]
eΦ = H

− 1
2

F H
1
2
N

B
(10)
2 = (H−1

F − 1) dt ∧ dz +QN cos2θ dϕ1 ∧ dϕ2 ,

(4.13)

where we have the harmonic functions

HF = 1 +
QF
r2

, HN = 1 +
QN
r2

, (4.14)

and HK is as before. Note that this solution can be obtained from the D1-D5 solution (4.1)

by an S-duality transformation, which sends Φ→ −Φ and C
(10)
2 → B

(10)
2 . After reduction

on T 4, we obtain a very similar six-dimensional solution, given by (4.5) with the replace-

ments φ+ → φ− = 1√
2
(φ4−Φ) and C

(6)
2 → B

(6)
2 . In the doubled formalism, the black string

couples to the two-forms

B
(6)
2 = (H−1

F − 1) dt ∧ dz +QN cos2θ dϕ1 ∧ dϕ2 ,

B̃
(6)
2 = (H−1

N − 1) dt ∧ dz +QF cos2θ dϕ1 ∧ dϕ2 .
(4.15)

Again these fields carry only half their usual degrees of freedom due to the self-duality

constraint (2.27).

To reduce to five dimensions, we need to specify the mass matrices. We choose the

Scherk-Schwarz twist to be in the stabilizing subgroup of the R-symmetry group. Since

the F1-NS5 system couples to B2 instead of C2, the twist is chosen to preserve B2. We

choose the so(5) matrices

ML =


0 −(m1 +m2) 0 0 0

m1 +m2 0 0 0 0

0 0 0 −(m1 −m2) 0

0 0 m1 −m2 0 0

0 0 0 0 0

 , (4.16)
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and MR similar with m1 → m3 and m2 → m4. By using the isomorphism in appendix B.2,

these map to usp(4) generators of the form

M
usp(4)
L =


0 0 −m1+m2

2
m1−m2

2

0 0 m1−m2
2 −m1+m2

2
m1+m2

2
−m1+m2

2 0 0
−m1+m2

2
m1+m2

2 0 0

 . (4.17)

The masses of the scalar and tensor fields that follow from the reduction with these mass

matrices are given in appendix C.2.

The resulting five-dimensional black hole is given by (4.10) with the field redefinitions

φ+ → φ−, C
(5)
2 → B

(5)
2 and C̃

(5)
2 → B̃

(5)
2 . It is not surprising that these black holes are

related by field redefinitions. After all, the D1-D5 and F1-NS5 systems are related by

U-duality, and the corresponding mass matrices are related by conjugation

MF1-NS5 = CMD1-D5C
−1 , C ∈ Spin(5, 5) . (4.18)

This conjugation matrix C is given by

C =

(
c 0

0 c

)
, c =


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

0 0 0 1 0

 . (4.19)

Essentially this conjugation matrix interchanges the fourth and fifth row and column and

the ninth and tenth row and column in the mass matrix (and monodromy).

The D3-D3-P systems. Finally, we consider the reduction of the D3-D3-P system of

branes. We specify the brane configuration:

t r θ ϕ1 ϕ2 z y1 y2 y3 y4

D3 − · · · · − − − · · · · · ·
D3′ − · · · · − · · · · · · − −

As before, we also have momentum in the z-direction. We start with the supergravity

solution in ten dimensions, in Einstein frame it can be written as
ds2

(10) = H
− 1

2
3 H

− 1
2

3′
[
− dt2 + dz2 +K(dt− dz)2

]
+H

1
2
3 H

1
2
3′
[
dr2 + r2dΩ2

3

]
+H

− 1
2

3 H
1
2
3′
[
dy2

1 + dy2
2

]
+H

1
2
3 H

− 1
2

3′
[
dy2

3 + dy2
4

]
C

(10)
4 = (H−1

3 − 1) dt ∧ dz ∧ dy1 ∧ dy2 + (H−1
3′ − 1) dt ∧ dz ∧ dy3 ∧ dy4 ,

(4.20)

where the harmonic functions are given by

H3 = 1 +
Q3

r2
, H3′ = 1 +

Q3′

r2
. (4.21)
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On compactifying to six dimensions on T 4 by taking the coordinates y1, . . . , y4 periodic,

this brane configuration is related to the D1-D5 system by T-duality. This means that

the black string solution for the D3-D3 system can be obtained from that for the D1-D5

system (4.5) by a field redefinition. We find this field redefinition as C
(6)
2 → R

(6)
2; 1 and

φ+ → φ1. In the doubled formalism, the six-dimensional black string arising from the

D3-D3 system couples to the two-forms

R
(6)
2; 1 = (H−1

3 − 1) dt ∧ dz +Q3′ cos2θ dϕ1 ∧ dϕ2 ,

R̃
(6)
2; 1 = (H−1

3′ − 1) dt ∧ dz +Q3 cos2θ dϕ1 ∧ dϕ2 .
(4.22)

Different D3-D3 systems can be constructed by arranging the D3-branes differently on the

torus. These would be charged under the two-forms coming from the reduction of C
(10)
4 in

such systems. All of these systems are related by T-duality.

In the last step of the reduction we need to ensure the fields that are non-trivial in

the black hole solution remain massless in 5D. For this twisted reduction we choose so(5)

mass matrices of the form

ML =


0 0 0 0 0

0 0 0 −(m1 +m2) 0

0 0 0 0 −(m1 −m2)

0 m1 +m2 0 0 0

0 0 m1 −m2 0 0

 , (4.23)

which results in R
(6)
2; 1 remaining massless. In usp(4) this mass matrix reads

M
usp(4)
L =


0 0 −m1−m2

2
i(m1+m2)

2

0 0 i(m1+m2)
2

m1−m2
2

m1−m2
2

i(m1+m2)
2 0 0

i(m1+m2)
2 −m1−m2

2 0 0

 . (4.24)

The scalar and tensor masses that follow from the reduction with these mass matrices are

given in appendix C.3. The resulting five-dimensional black hole is given by making the

field redefinitions φ+ → φ1, C
(5)
2 → R

(5)
2; 1 and C̃

(5)
2 → R̃

(5)
2; 1 in the solution (4.10). The

mass matrices are again conjugate to those of the dual D1-D5 and F1-NS5 solutions. The

relation is similar to the F1-NS5 result in (4.18), except now the matrix C switches the

first and fourth rows and columns instead of the fourth and fifth ones.

4.3 Preserving further black holes by tuning mass parameters

In the previous subsection, we chose twist matrices with four arbitrary real parameters mi.

For each black hole solution (D1-D5, F1-NS5, D3-D3), we chose this matrix in such a way

that the fields that source the black hole are left unchanged by the Scherk-Schwarz twist.

Consequently, the black hole remains a valid solution of the 5D theory for all values of the

mass parameters.

Here, we treat the special cases in which the mass parameters can be tuned in such a

way that, in addition to the original black hole, other black hole solutions are also preserved
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by the same twist. For example, we consider twists that preserve both the D1-D5 and F1-

NS5 black holes. As it turns out, this can only be done in the N = 4 (0, 2) theory and in

the N = 0 theory. Since we are interested mostly in partial supersymmetry breaking, we

treat an example of the N = 4 (0, 2) case in detail below.

Preserving D1-D5 with T-duality twist in N = 4 (0, 2). For this example, we

consider mass matrices of the form given in (4.16) that preserve the F1-NS5 black hole

solution. In order to twist to theN = 4 (0, 2) theory, we choose m1,m2 6= 0 andm3,m4 = 0.

Suppose that, in addition to the F1-NS5 solution, we also want to preserve the D1-D5

solution with this twist. Then the fields{
φ+ =

1√
2

(φ4 + Φ) , C
(5)
2 , C̃

(5)
2

}
(4.25)

have to remain massless as well. The masses of these fields for this twist matrix can be found

in appendix C.2. By setting m3,m4 = 0, we see that each field either becomes massive

with mass |m1 −m2| or remains massless. It is therefore straightforward to tune the mass

parameters in such a way that all of these fields remain massless by taking m1 = m2.

We thus see that the D1-D5 solution can be preserved in a reduction to N = 4 (0, 2)

with the twist matrix that was originally proposed to preserve the F1-NS5 solution, simply

by taking the two mass parameters to be equal. This particular example offers some in-

teresting possibilities. On the one hand, we note that the twist that preserves the F1-NS5

solution lies in the perturbative SO(4, 4) subgroup of the duality group. From the perspec-

tive of the full string theory this is a T-duality twist. Since T-duality is a perturbative

symmetry, we can in principle work out the corresponding orbifold compactification of the

perturbative string theory explicitly. On the other hand, the microscopic description of the

D1-D5 black hole, the D1-D5 CFT, is understood reasonably well. Therefore, it should be

possible to study this particular reduction thoroughly both from the perspective of the full

string theory, and from the perspective of the black hole microscopics. We will return to

this elsewhere.

Other possibilities in N = 4 (0, 2). By taking m1 = m2 in the example above, we

managed to keep the fields that couple to the D1-D5 black hole massless, and so we could

preserve this particular solution. It turns out, however, that this choice kept more fields

massless than just the ones that charge the D1-D5 solution. In particular, the fields{
φ3 , R

(5)
2;3 , R̃

(5)
2;3

}
(4.26)

also remain massless (as can be checked from the tables in appendix C.2). These are exactly

the fields that are non-trivial in one of the three possible D3-D3 black holes. So not only

the D1-D5 and F1-NS5 black holes, but also one of the D3-D3 black holes is preserved in

this reduction.

Suppose now that, instead of m1 = m2, we choose m1 = −m2 in this reduction to

N = 4 (0, 2). This choice does not preserve the D1-D5 solution and the D3-D3 solution

charged under R
(5)
2;3, but instead other solutions are preserved. Now the fields coupling to
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the two other D3-D3 black holes remain massless:{
φ1 , R

(5)
2;1 , R̃

(5)
2;1

}
and

{
φ2 , R

(5)
2;2 , R̃

(5)
2;2

}
. (4.27)

These are all the possibilities for preserving multiple black hole solutions with a T-duality

twist to the N = 4 (0, 2) theory. The same game can be played, however, with the other

twist matrices given in subsection 4.1 and 4.2. For each case, we find that taking either

m1 = m2 or m1 = −m2 in the reduction to N = 4 (0, 2) results in the preservation of two

additional black hole solutions.

Preserving further black holes in N = 0. The only other theory in which we can

preserve several black hole solutions by tuning mass parameters is the one in which we

break all supersymmetry: the N = 0 case. Now all four mass parameters are non-zero. As

an example, let’s consider the geometric F1-NS5 twist (4.16) again. If we take m1 = m2

and m3 = m4 in this reduction, all fields (4.25) that are non-trivial in the D1-D5 black hole

solution remain massless. Consequently, the D1-D5 solution is preserved. Other examples

can be worked out for similar reductions to N = 0.

5 Quantum corrections

So far, we have considered five-dimensional supergravity theories with both massless and

massive fields. For the purpose of finding black hole solutions in these theories, we truncated

(consistently) to the n = 0 modes of the Kaluza-Klein towers and identified black hole

solutions in the massless sector after this truncation.

Under certain conditions, which we discuss in the next section, the black hole solutions

we have been considering lift to solutions of the full string theory. In the string theory,

the effective supergravity theory receives quantum corrections. In particular, there are

quantum corrections to the coefficients of the 5D Chern-Simons terms which in turn lead to

modifications of the black hole solutions and hence to quantum corrections to their entropy.

In this section, we consider corrections to the coefficients of the 5D Chern-Simons

terms that result from integrating out the massive spectrum. It is a little unusual that

it is massive fields that contribute to these parity-violating terms. This is because in five

dimensions massive fields can be in chiral representations of the little group SU(2)×SU(2)

and so can contribute to the parity-violating Chern-Simons terms. First, we consider these

quantum corrections in a general setting and then discuss their origins and consequences

for the entropy of the black holes solutions of section 4. Subsequently, we compute the

quantum corrections to the Chern-Simons terms from integrating out massive supergravity

fields. This is of course not the full story: there are in principle further corrections from

stringy modes; these will be considered elsewhere.

5.1 Corrections to Chern-Simons terms

In five dimensions massive fields can be chiral as they are in representations (s, s′) of the

little group SU(2)×SU(2), and we will refer to them as chiral if s 6= s′. In the supergravity

theory we have been discussing, the chiral massive field content consists of the gravitino
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in the (3, 2) representation, the self-dual two-form field in the (3, 1) representation and the

spin-half dilatino in the (2, 1) representation (together with their anti-chiral counterparts

(2, 3), (1, 3) and (1, 2)). As we have seen in subsection 3.3, these massive fields fit into (p, q)

BPS supermultiplets. By integrating out this chiral matter, we can obtain corrections to

the 5D Chern-Simons terms [40]. In principle, one would need to integrate out the entire

chiral massive spectrum; the fields that we found in our supergravity calculation, as well

as massive stringy modes. We focus on the supergravity fields here.

From the fields that we obtain in our duality-twisted compactification of 6D supergrav-

ity, only the self-dual tensors, gravitini (spin- 3
2 fermions) and dilatini (spin- 1

2 fermions) con-

tribute to the Chern-Simons terms. Integrating out other types of massive fields does not

yield Chern-Simons couplings [40]. The origin of this lies in parity: since the Chern-Simons

terms violate parity, they can only be generated by integrating out parity-violating fields.

The non-abelian gauge symmetry of the 5-dimensional gauged supergravity is spon-

taneously broken to an abelian subgroup with massless abelian gauge field one-forms AI

with field strengths F I = dAI , with the index I running over the number of massless vec-

tor fields in the theory. The pure gauge and the mixed gauge-gravitational Chern-Simons

terms involving these fields are of the form

SAFF =
− g3

48π2

∫
kIJKA

I ∧ F J ∧ FK , SARR =
− g

48π2

∫
kIA

I ∧ Tr (R ∧R) (5.1)

for some coefficients kIJK , kI . Here g denotes the gauge coupling and R denotes the

curvature two-form. Integrating out the chiral massive fields yields quantum corrections

to the coefficients kIJK , kI .

Consider first the Chern-Simons terms in the classical 5D supergravity obtained by

Scherk-Schwarz reduction from maximal 6D supergravity. By explicit reduction, we find

that there are no A ∧ R ∧ R terms. There are A ∧ F ∧ F terms present however. For

example, in the reduction with the Scherk-Schwarz twist that preserves the D1-D5 black

hole, we find the term
1

2κ2
(5)

∫
A5

1 ∧ dC
(5)
1 ∧ dC̃

(5)
1 , (5.2)

so that we have kIJK = − 4π2

κ2
(5)
g3

for the indices I, J,K corresponding to the three gauge

fields in (5.2). This Chern-Simons term (and other similar terms) can be found from the

reduction of the 6D tensor fields (following subsection 3.6). There are also Chern-Simons

terms coming from the reduction of the 6D vectors.

Quantum corrections to the Chern-Simons terms are only allowed for certain amounts

of unbroken supersymmetry. The coefficients of the A ∧ F ∧ F term are fixed for N > 2

supersymmetry, so corrections to this terms are only allowed in the N = 2 (and 0) theories.

For N = 2, the supersymmetric completion of the A∧R∧R term exists and is known [26],

but this is not the case for theories with more supersymmetry. However, in the chiral

N = 4 (0, 2) theory a A ∧ R ∧ R term is generated by quantum corrections, leading to

the conjecture that a supersymmetric completion of this term should exist [25]. There

is no such quantum A ∧ R ∧ R term for the non-chiral N = 4 (1, 1) theory, nor for the
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N = 8, 6 theories. We will see in subsection 5.3 that the corrections that we find from

integrating out the massive fields that come from our duality-twisted compactification of

6D supergravity (including the Kaluza-Klein towers from the circle compactification) are

in agreement with the above: we find corrections to the A ∧ F ∧ F term only for N = 2

supersymmetry and a quantum A ∧ R ∧ R term is induced only for N = 2 and the chiral

N = 4 (0, 2) theory.

For our purposes, we will focus on the Chern-Simons terms A5∧dA5∧dA5 and A5∧R∧
R that involve the graviphoton A5. This is because the black holes that we consider couple

only to the graviphoton and to vectors descending from the 6D tensors (see section 4).

The chiral massive field content that we find from duality-twisted compactification is not

charged under the gauge symmetries corresponding to the vectors that descend from 6D

tensors, so for the purposes of studying corrections to the black hole solutions we only need

to consider couplings of this chiral matter to the graviphoton; these then lead to corrections

to the coefficients of the A5 ∧ dA5 ∧ dA5 and A5 ∧R ∧R terms.

We introduce the notation kAFF for the coefficient of the A5 ∧ dA5 ∧ dA5 term and

kARR for the coefficient of the A5 ∧R ∧R term. Neither of these terms are present in the

classical theory — there is no A5 ∧ dA5 ∧ dA5 term for the graviphoton. As a result, both

kAFF and kARR have no classical contributions and arise only from quantum corrections.

5.2 Corrections to black hole entropy

We now study the effect that the corrections to the Chern-Simons terms have on the black

holes that we studied in section 4. As it turns out, both the coefficients kAFF and kARR
affect the black hole solutions. In particular, the entropy of these black holes is modified

by the corrections to these coefficients.

In [27, 28] general BPS black hole solutions were found for N = 2 supergravity with

both pure gauge and gauge-gravitational Chern-Simons terms (5.1). These general results

then give BPS black hole solutions for our N = 2 supergravity models, with the specific

values of the Chern-Simons coefficients obtained in the next subsection. In particular, these

BPS black holes are preserved by four supersymmetries, and these are the black holes for

which we compute the entropy.

We can also apply this to the black holes in the N = 4 (0, 2) theory. As discussed in

the previous subsection, the N = 2 and N = 4 (0, 2) theories are the only ones for which

corrections to the Chern-Simons coefficients are allowed, and so these are the only theories

in which we find corrected black hole solutions.

Consider the N = 4 (0, 2) theory. By integrating out the massive field content we

obtain a non-zero coefficient kARR for the gauge-gravitational Chern-Simons term. In

order to compute corrected BPS black hole solutions in this theory, we use the framework

of [27, 28] for N = 2 supergravity. We can consistently truncate this N = 4 theory to an

N = 2 theory by decomposing fields into representations of an USp(2)×USp(2) subgroup

of the R-symmetry group and removing all fields that transform non-trivially under one

of these USp(2)’s. For each of the black hole solutions we have considered, we make a

corresponding choice of the embedding of the USp(2) × USp(2) subgroup so that all the

fields that are non-trivial in the black hole solution survive the truncation. As a result, the
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black hole solutions of the effective theory with an A∧R∧R term given in [27, 28] will also be

solutions of the quantum-corrected N = 4 (0, 2) theory that we have been considering here.

We now briefly review the procedure to compute the entropy of BPS black holes in

these quantum corrected theories. It is given by the formula [27, 28]

S =
π

6
kIJK X

IXJXK , (5.3)

where XI are the (rescaled) moduli corresponding to the three gauge fields AI that couple

to the black hole charges and kIJK are the Chern-Simons coefficients from (5.1). The values

of these moduli in the solution are found by solving the attractor equation, which in the

near-horizon limit is

− 1

2
kIJK X

JXK =
π

2g G
(5)
N

QI + 2 kI . (5.4)

More comprehensive studies of these solutions can be found in [27, 28].

We now apply this to our setup. When we solve (5.4) and compute (5.3) for general

coefficients kAFF and kARR (to the Chern-Simons terms that contain the graviphoton A5),

we find the entropy of the corrected D1-D5-P black hole solution in terms of its three

charges to be

SBH =
2π2

4G
(5)
N

√√√√√√√√√√Q1Q5Q̂K

2

(
1+

√
1+kAFF

4G
(5)
N

πR3
Q1Q5

Q̂2
K

+kAFF
4G

(5)
N

3πR3
Q1Q5

Q̂2
K

)2

(
1+

√
1+kAFF

4G
(5)
N

πR3
Q1Q5

Q̂2
K

)3 . (5.5)

Here the charge arising from momentum in the z direction is shifted

Q̂K = QK +
4G

(5)
N

πR
kARR . (5.6)

It can easily be checked that for kAFF = kARR = 0 this expression for the black hole

entropy reduces to the uncorrected result

SBH =
π2

2G
(5)
N

√
Q1Q5QK . (5.7)

Just as was done for the uncorrected expression for the entropy, we can express the three

charges in terms of integers Ni times the basic charges as Qi = ciNi with the basic charges

ci as given in (4.11). This yields

SBH = 2π

√√√√√√√√N1N5N̂K

2

(
1 +

√
1 + kAFF

N1N5

N̂2
K

+ 1
3 kAFF

N1N5

N̂2
K

)2

(
1 +

√
1 + kAFF

N1N5

N̂2
K

)3 , (5.8)

where the shifted momentum charge number is given by

N̂K = NK + kARR . (5.9)
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k

A5
1(p1) A5

1(p2)

A5
1(p3)

Figure 1. This diagram generates corrections to the A ∧ F ∧ F Chern-Simons coupling. The

external lines represent the graviphoton whilst the solid internal lines represent a massive self-dual

tensor, gravitino or dilatino running in the loop.

self-dual tensor B2 gravitino ψµ dilatino χ

kAFF −4 cB q
3 5 cψ q

3 cχ q
3

kARR cB q −19
8 cψ q

1
8 cχ q

Table 2. The coefficients of the Chern-Simons couplings that are induced by integrating out the

different types of massive chiral fields, as computed in [40].

The expression (5.8) can be expanded for small kAFF as

SBH = 2π

√
N1N5N̂K +

π

12
kAFF

(
N1N5

N̂K

) 3
2

+O
(
k2
AFF

)
. (5.10)

The first term is equal to the uncorrected black hole entropy (4.12) and the second term

is the correction to first order in kAFF .

5.3 One-loop calculation of the Chern-Simons coefficients

In this section we compute the contributions to kAFF and kARR that come from integrating

out chiral massive fields arising from the duality-twisted compactification of 6D supergrav-

ity. While this is a well-defined calculation, some caution is needed since there will also be

contributions from the chiral spectrum of stringy modes to the Chern-Simons coefficients.

The coefficients that we compute here come purely from the supergravity modes.

Contributions are only obtained from integrating out massive self-dual tensors, gravi-

tini (spin-3
2 fermions) and dilatini (spin- 1

2 fermions). The relevant diagrams for corrections

to the couplings (5.1) have been computed in [40]. As an example, we show the diagram

that contributes to the A ∧ F ∧ F term in figure 1. The diagrams that contribute to the

A∧R∧R term can be found in [40]. The results of these computations are shown in table 2.

We see that the contribution of a massive field to each of the Chern-Simons couplings

consists of three parts: a prefactor that depends on the field type, a constant cfield (equal

to ±1) that depends on the field’s representation under the massive little group, and the

field’s U(1) charge q under the graviphoton A5
1.

In order to find the corrections to the Chern-Simons terms that are induced by the

massive spectra of our 5D theories, we need to know two things about each of the massive

fields: the sign of cfield and the charge q. We always take q ≥ 0 and absorb any minus signs

into the corresponding cfield.
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The conventions in this work are such that 5D tensors that descend from 6D self-dual

tensors and 5D fermions that descend from 6D positive chiral fermions have cfield = −1,

while tensors descending from 6D anti-self-dual tensors and fermions descending from 6D

negative chiral fermions have cfield = +1. In terms of the six-dimensional R-symmetry

representations, the signs of cfield of the corresponding five-dimensional massive fields are

(5,1) : cB = −1 , (1,5) : cB = +1 ,

(4,1) : cψ = −1 , (1,4) : cψ = +1 , (5.11)

(5,4) : cχ = −1 , (4,5) : cχ = +1 .

We know from subsection 3.9 that each 6D field produces a Kaluza-Klein tower of 5D

fields for which the sum of the charges is given by

∞∑
n=−∞

∣∣∣∣µ(mi)

2π
+ n

∣∣∣∣ . (5.12)

We need to regularize such sums (and similar sums in which we take the sum of the cube

of the charges). Following [41], the regularized expressions are

s1[m] =

∞∑
n=−∞

∣∣∣m
2π

+ n
∣∣∣ =

∣∣∣m
2π

∣∣∣ (2k + 1)− k(k + 1)− 1

6
, (5.13)

s3[m] =
∞∑

n=−∞

∣∣∣m
2π

+ n
∣∣∣3 =

∣∣∣m
2π

∣∣∣3 (2k + 1)− 3
(m

2π

)2
(
k(k + 1) +

1

6

)
+ 3

∣∣∣m
2π

∣∣∣ (k(k + 1)(2k + 1)

3

)
− k2(k + 1)2

2
+

1

60
. (5.14)

Here we use the notation

k ≡
⌊∣∣∣m

2π

∣∣∣⌋ ,
where bxc is the integer part of x.

We now have all the information that we need to compute the corrections to the Chern-

Simons terms (5.1) that are generated by integrating out our massive five-dimensional

spectra. Now, for a general twist (i.e. all twist parameters are turned on) we find the

correction to the pure gauge term

kAFF = 4
(
− s3[m1]− s3[m2] + s3[m3] + s3[m4]

+ s3[m1 +m2] + s3[m1 −m2]− s3[m3 +m4]− s3[m3 −m4]
)

− s3[m1 +m2 +m3]− s3[m1 +m2 −m3]− s3[m1 −m2 +m3]

− s3[m1 −m2 −m3]− s3[m1 +m2 +m4]− s3[m1 +m2 −m4]

− s3[m1 −m2 +m4]− s3[m1 −m2 −m4] + s3[m1 +m3 +m4]

+ s3[m1 +m3 −m4] + s3[m1 −m3 +m4] + s3[m1 −m3 −m4]

+ s3[m2 +m3 +m4] + s3[m2 +m3 −m4] + s3[m2 −m3 +m4]

+ s3[m2 −m3 −m4] ,

(5.15)
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and the correction to the mixed gauge-gravitational term

kARR =
5

2

(
s1[m1] + s1[m2]− s1[m3]− s1[m4]

)
− s1[m1 +m2]− s1[m1 −m2] + s1[m3 +m4] + s1[m3 −m4]

+
1

8

(
− s1[m1 +m2 +m3]− s1[m1 +m2 −m3]− s1[m1 −m2 +m3]

− s1[m1 −m2 −m3]− s1[m1 +m2 +m4]− s1[m1 +m2 −m4]

− s1[m1 −m2 +m4]− s1[m1 −m2 −m4] + s1[m1 +m3 +m4]

+ s1[m1 +m3 −m4] + s1[m1 −m3 +m4] + s1[m1 −m3 −m4]

+ s1[m2 +m3 +m4] + s1[m2 +m3 −m4] + s1[m2 −m3 +m4]

+ s1[m2 −m3 −m4]
)
.

(5.16)

The above formulae give the contributions from summing over all Kaluza Klein modes

arising from the reduction from 6D to 5D. The Scherk-Schwarz reduction to 5D supergrav-

ity keeps only the n = 0 modes and not the whole KK-towers, and on restricting to the

n = 0 modes the functions s1 and s3 reduce to

s1[m] =
∣∣∣m
2π

∣∣∣ , s3[m] =
∣∣∣m
2π

∣∣∣3 . (5.17)

Then the quantum corrections to the Chern-Simons coefficients kAFF and kARR from inte-

grating out only the massive modes of the 5D supergravity that arises from Scherk-Schwarz

reduction are given by (5.15) and (5.16) with the simpler expressions (5.17) for s1, s3.

The expressions (5.15) and (5.16) are the quantum corrections for general values of

the mass parameters. The results for twists that preserve supersymmetry can be found by

taking certain parameters in (5.15) and (5.16) equal to zero. We work out some interesting

cases below.

• N = 8, N = 6 and N = 4 (1, 1)

By twisting to any of these cases we find that kAFF = 0 and kARR = 0, as can be

checked straightforwardly by setting the appropriate mass parameters equal to zero

in (5.15) and (5.16). This is consistent with expectations based on supersymmetry

and chirality, as was explained earlier in this section.

• N = 4 (0, 2)

For the case where we choose a chiral twist to the N = 4 theory, say with m1,m2 6= 0

and m3 = m4 = 0, we find that kAFF vanishes but kARR does not. For such a twist,

we find the correction from the n = 0 modes to be

kARR =
1

2π

(
3 |m1|+ 3 |m2| −

3

2
|m1 +m2| −

3

2
|m1 −m2|

)
, (5.18)

and by taking into account the Kaluza-Klein towers as well we find

kARR =
1

2
+ 3 s1[m1] + 3 s1[m2]− 3

2
s1[m1 +m2]− 3

2
s1[m1 −m2] . (5.19)
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• N = 2 (0, 1)

In the minimal N = 2 theory corrections to both the Chern-Simons coefficients are

allowed, and the supersymmetric extension of the A ∧ R ∧ R term is known [26].

The coefficients kAFF and kARR can be computed from the general formulas (5.15)

and (5.16) by taking m4 = 0 and the other parameters non-zero. The general ex-

pressions are quite unwieldy, but if we take m1 = m2 = m3 = m they simplify

substantially. For this choice of mass parameters the corrections due to the n = 0

modes are

kAFF = 36
∣∣∣m
2π

∣∣∣3 , kARR =
9

4

∣∣∣m
2π

∣∣∣ , (5.20)

and the corrections due to both the n = 0 modes and the Kaluza-Klein towers read

kAFF =
1

6
− 15 s3[m] + 6 s3[2m]− s3[3m] , (5.21)

kARR =
13

24
+

33

8
s1[m]− 3

4
s1[2m]− 1

8
s1[3m] . (5.22)

The expressions for the coefficients kAFF and kARR that we found in this subsection are

computed from the supergravity fields that come from the duality-twisted compactification.

A more thorough calculation would be needed to include all the stringy modes as well.

The embedding into string theory is discussed in the next section. The full string theory

calculation of the coefficients kAFF and kARR, however, is beyond the scope of this paper

and left for future study.

6 Embedding in string theory

So far we have considered a supergravity setup in which we studied BPS black holes in a

Scherk-Schwarz reduced theory. In some cases, Scherk-Schwarz reductions can be lifted to

string theory as compactifications with a duality twist. We study such lifts in this section.

6.1 Quantization of the twist parameters

The Scherk-Schwarz reductions we have been considering have lifts to string theory (or

M-theory) only for special values of the parameters mi. We now investigate the lifts of

Scherk-Schwarz reductions to full string theory constructions. The supergravity duality

symmetry is broken to the discrete U-duality symmetry Spin(5, 5;Z) [18], and the Scherk-

Schwarz monodromy has to be restricted to be in this discrete subgroup [5, 19].

We then have three conditions on the monodromy, similar to the three conditions

in [16, 17].

1. The monodromy is a U-duality

M∈ Spin(5, 5;Z) . (6.1)

2. The monodromy is conjugate to an R-symmetry

M = gM̃g−1, g ∈ Spin(5, 5), M̃ ∈ USp(4)L ×USp(4)R ⊂ Spin(5, 5) . (6.2)
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This ensures that there is a Minkowski vacuum and implies that the monodromy is

in fact conjugate to an element of a maximal torus (3.7) parameterised by four angles

mi. Note that the conjugation is by an element g of the continuous group Spin(5, 5).

3. At least one of the parameters mi is zero, so that the monodromy is conjugate to a

subgroup of the R-symmetry

M̃ ∈ SU(2)×USp(4) ∈ USp(4)×USp(4) . (6.3)

This condition ensures that some supersymmetry is preserved.

Conditions (1) and (2) imply that M satisfies Mp = 1 for some integer p, so that M
generates a cyclic group Zp [5]. As a result, the phases eimi are all p’th roots of unity,

so that

mi =
2πni
p

, i = 1, . . . , 4 , (6.4)

for some integers ni. This can be thought of as a quantization of the parameters mi.

The point in the moduli space given by the coset [g] of the group element g ∈ Spin(5, 5)

in (6.2) is a fixed point under the action of the Zp generated byM, and this is the point at

which the scalar potential has its minimum [5]. The corresponding low energy supergravity

description is as described in subsection 3.7.

The general solution to these three requirements is not known. Consider, however, the

special case in which

M∈ SL(2;Z)× SL(2;Z)× SL(2;Z)× SL(2;Z) ⊂ Spin(5, 5;Z) . (6.5)

This subgroup arises from considering

Spin(2, 2)× Spin(2, 2) ⊂ Spin(4, 4) ⊂ Spin(5, 5) , (6.6)

and the isomorphism

Spin(2, 2) ∼= SL(2;R)× SL(2;R) . (6.7)

Then taking

M = M1 ×M2 ×M3 ×M4 ∈ SL(2;Z)× SL(2;Z)× SL(2;Z)× SL(2;Z) , (6.8)

there are solutions in which each Mi ∈ SL(2;Z) is an element of an elliptic conjugacy class

of SL(2;Z) [5]. Each Mi is then conjugate to a rotation:

Mi = kiR(mi) k
−1
i , (6.9)

where

ki ∈ SL(2;R) , R(mi) =

(
cosmi − sinmi

sinmi cosmi

)
. (6.10)

The angles mi must each take one of the values

mi ∈
{

0,
π

3
,
π

2
,

2π

3
, π

}
, (6.11)
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and each Mi generates a Zni subgroup of SL(2;Z) with each ni being one of 1, 2, 3, 4, 6 (the

lowest number such that R(mi)
ni = 1). The monodromy M then generates a Zp where

p is the least common multiple of the ni (i = 1, . . . , 4) and so is equal to 2, 3, 4, 6 or 12

(excluding the trivial case M = 1).

The quantization condition on the parameters mi then provides a condition on the

corrections to the coefficients of the Chern-Simons terms. We have checked that for the

values of the mi given by (6.11), the corrections to the coefficients of the Chern-Simons

terms satisfy the appropriate quantization conditions.

6.2 Orbifold picture and modular invariance

The point in moduli space at which there is a minimum of the scalar potential is a fixed point

under the action of the Zp generated by the U-duality transformation M. At this point,

the construction can be realized as a generalized orbifold of IIB string theory compactified

on T 4×S1 [5]. The full string construction is then IIB string theory on T 4×S1 quotiented

by the Zp generated by the monodromy M combined with a shift on the S1 given by

z → z + 2πR/p.

The T-duality subgroup of the U-duality group is a particular embedding of

Spin(4, 4;Z) ⊂ Spin(5, 5;Z), and when the monodromy is a T-duality, this orbifold con-

struction becomes a conventional asymmetric orbifold [22, 23]. However, this asymmetric

orbifold is not modular invariant in general. The remedy is straightforward [17, 22, 23]:

modular invariance can be achieved if the shift in the circle coordinate z is accompanied

by a shift in the coordinate of the T-dual circle. The T-dual circle has radius α′/R, and

its coordinate z̃ undergoes a shift z̃ → z̃ + 2πnα′/pR for a particular integer n which is

determined as in [17, 23]. This can also be understood in momentum space. The quotient

introduces phases dependent on both the momentum and the winding number on the circle,

and dependent on the charges ei under the action of M; see [17] for further discussion.

This then gives an exact conformal field theory formulation of the duality twisted theory

in its Minkowski vacuum [5].

Acting on this asymmetric orbifold with a U-duality transformation will take the mon-

odromy to a conjugate U-duality monodromy that will in general not be a T-duality.

It will then take the phase depending on the winding number to a phase depending on

brane wrapping numbers, giving a non-perturbative construction similar to the ones given

in [17, 24].

7 Conclusion

In this paper we have studied duality twists and their effect on black holes in string theory.

Our set-up was type IIB string theory compactified on T 4 and then further compactified

on S1 with a duality twist along the circle. If the twist is with a diffeomorphism of T 4,

this gives T 4 bundle over S1, but for a U-duality twist this gives a U-fold, which is a

non-geometric generalization of this bundle [20].

We have given the relations between the 6D fields of the duality-invariant formulation

of 6D N = 8 supergravity and the 10D fields of type IIB supergravity on a four-torus
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explicitly. We then reduced this six-dimensional theory on a circle with a duality twist.

For this reduction we have chosen a monodromy in the R-symmetry, depending on four

independent twist parameters. This reduction yields gauged 5D N = 8 supergravity, with

Minkowski vacua preserving N = 6, 4, 2, 0 supersymmetry. The amount of supersymmetry

that is preserved depends on the number of the twist parameters that are equal to zero.

This Scherk-Schwarz reduction in supergravity can be embedded in string theory as

a compactification with a duality twist. For such an embedding to exist, the monodromy

must be an element of the discrete U-duality group Spin(5, 5;Z). As a consequence, the

twist parameters were constrained to take certain discrete values, and could hence be

thought of as being quantized. The minimum of the Scherk-Schwarz potential in such

compactifications is a fixed point under the action of the monodromy. When the duality

twist is a T-duality, the theory arising at the minimum of the potential is an asymmetric

orbifold of the type IIB string theory and so has an exact CFT description. In this case, the

stringy quantum corrections can be calculated exactly. For more general twists in which

the twist is a non-perturbative symmetry, the result is a generalized orbifold of the type

IIB string theory in which it is quotiented by a U-duality symmetry.

One of our main objectives was to study black holes in this set-up with partially broken

supersymmetry. Here we considered several brane configurations — D1-D5, F1-NS5 and

D3-D3 — that result in five-dimensional black holes after standard (untwisted) dimensional

reduction. In each case, we compactified on T 4 to a 6D solution and then chose the twist

in such a way that all the fields that source the 6D solution remain massless in 5D. This

ensures that the original black hole solution remains a solution of the twisted theory with

partially broken supersymmetry.

Our reduction scheme yielded a rich spectrum of massive modes. In 5D, massive BPS

multiplets can be chiral. For twists that yield chiral BPS multiplets, integrating out the

chiral fields gives quantum corrections to the coefficients of the pure gauge and mixed gauge-

gravitational Chern-Simons terms. This gives an EFT with both pure gauge and mixed

gauge-gravitational Chern-Simons terms and these terms led to modifications of the BPS

black hole solutions and in particular modifies the expression for the black hole entropy.

Several interesting directions for follow-up research remain. One is to investigate the

microscopic side of the macroscopic story laid out in this work. This would involve studying

the effects of the duality twist on the CFT dual of the black holes in our set-up. Of these,

the D1-D5 CFT has been studied the most in the literature and therefore seems to be the

most practical option for this. In general, one might expect that similar supersymmetry

breaking patterns arise in the dual superconformal CFT, from (4,4) supersymmetry to

e.g. (4,2), (2,2) or (4,0) supersymmetry. D-branes and their world-volume theories in

backgrounds with a duality twist have been discussed in [42] and it will be interesting to

apply the results found there to the configurations discussed here.

Another open question is the computation of the Chern-Simons coefficients in the full

string theory. That is, including modes that we don’t see from the supergravity point of

view (such as winding modes). For twists that lie in the T-duality group, this can be worked

out in detail as an asymmetric orbifold compactification of perturbative string theory. As

we have seen in this work, it is possible to choose a T-duality twist that preserves the
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Space Coordinate Indices

D = 10 XM =
(
x̂µ̂, ym

)
M,N, . . . = 0, 1, . . . , 9

D = 6 x̂µ̂ = (xµ, z) µ̂, ν̂, . . . = 0, 1, . . . , 5

D = 5 xµ µ, ν, . . . = 0, 1, . . . , 4

T 4 ym m,n, . . . = 1, . . . , 4

Table 3. This table summarizes our notational conventions for coordinates and indices.

D1-D5-P black hole in reductions to the N = 4 (0, 2) theory. In this reduction it may

be possible to combine the detailed study of the full string theory with the microscopic

calculation.

Finally, it would be interesting to extend this work to the study of four-dimensional

black holes in string compactifications with duality twists. For this, one could take for

example the four-charge D2-D6-NS5-P black hole of type IIA string theory or a dual brane

configuration. Another possibility would be to study five-dimensional black rings and their

reduction to four dimensional multi-center black hole solutions [43].
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A Conventions and notation

Throughout this work, we set c = ~ = kB = 1, and we work in the ‘mostly plus’ convention

for the metric, i.e. ηµν = diag(−,+, . . . ,+). The notations that we use for the coordinates

and indices in various dimensions are summarized in table 3.

In general, we denote form-values fields as A
(d)
p , where p is the rank of the form and d

is the dimension in which it lives. We define the Hodge star operator on forms as

∗A(d)
p =

1

p!(d− p)!
√
g(d) εµ1...µpν1...νd−p A

µ1...µp dxν1 ∧ . . . ∧ dxνd−p . (A.1)

We use the subscript or superscript (d) more often to indicate the number of spacetime

dimensions where necessary, e.g. R(d), e(d), etc. In all dimensions, we normalize Lagrangians

such that the corresponding actions are given by

S(d) =
1

2κ2
(d)

∫
L (d) , (A.2)

where κ2
(d) = 8πG

(d)
N is the d-dimensional Newton’s constant.
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We use A,B, . . . = 1, . . . , 10 to denote Spin(5, 5) indices that transform in τ -frame (as

explained in appendix B.1), and we use a, b, . . . = 1, . . . , 5 for indices transforming under

the subgroup GL(5) ⊂ Spin(5, 5). For example, in 6D we have ten tensor fields (subject to

a self-duality constraint), whose field strengths we write as

G
(6)
3,A =

(
G

(6)
3,a

G̃
(6)a
3

)
. (A.3)

The GL(5) subgroup works on the index a of the (dual) field strengths G
(6)
3,a and G̃

(6)a
3 . For

more information on how this subgroup works, see appendix B.1.

B Group theory

B.1 The group SO(5, 5) and its algebra

In this appendix we discuss some details and our conventions concerning the group SO(5, 5)

and its algebra so(5, 5). In particular, we construct two bases in which SO(5, 5) can be

written down; we call these the η-frame and the τ -frame. Furthermore, we build an explicit

basis for the algebra that we use to construct a vielbein V ∈ SO(5, 5) in the main text.

Canonically, an element g ∈ SO(5, 5) is represented by a 10× 10 matrix, satisfying the

conditions

gT η g = η , η =

(
15 0

0 −15

)
, (B.1)

and det(g) = 1. Henceforth, we refer to group elements satisfying these conditions as

being written in the η-frame of SO(5, 5). In the η-frame, a generator of the Lie algebra

M ∈ so(5, 5) can be written in 5× 5 blocks as

M =

(
a b

bT c

)
, (B.2)

where a and c are antisymmetric and b is unconstrained.

There is another (isomorphic) way of writing down the group SO(5, 5). We construct

this other basis by conjugating the group elements as g̃ = X−1gX, where X is the matrix

X =
1√
2

(
15 15

15 −15

)
. (B.3)

Note that X = X−1 = XT . We can now rewrite (B.1) in terms of g̃, which yields the

following conditions on the conjugated group elements:

g̃T τ g̃ = τ , τ =

(
0 15

15 0

)
. (B.4)

We see that the conjugated matrices g̃ preserve the matrix τ (instead of η), and therefore

we refer to these matrices as being written in the τ -frame of SO(5, 5). It is clear from the
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conjugation relation g̃ = X−1gX that the two frames are isomorphic. The general block

structure for generators of the Lie algebra so(5, 5) in the τ -frame is of the form

M̃ =

(
A B

C −AT

)
. (B.5)

Here A is unconstrained and B and C are antisymmetric.

There is a subgroup GL(5) ⊂ SO(5, 5) that is embedded diagonally in the τ -frame

matrices g̃. Generators of GL(5) can be represented by unconstrained 5 × 5 matrices, and

these can be embedded diagonally in the block structure (B.5) by taking B = C = 0 and A

equal to the gl(5) generator. By exponentiating, we find the corresponding group element

to be of the form (
P 0

0 (P T )−1

)
∈ GL(5) ⊂ SO(5, 5) , (B.6)

where P is an invertible five by five matrix. The embedding in the η-frame can be found

by conjugating (B.6) with the matrix X given in (B.3).

A basis for the algebra so(5, 5). Using the general form of M , we build a basis of

generators. Since so(5, 5) has rank five, we have five Cartan generators, denoted by Hn

(n = 0, . . . , 4). We choose the Cartan subalgebra to be block-diagonal in the τ -frame,

so that when written in the form (B.5), they all have B = C = 0. Furthermore, for

convenience we choose the following form for the A matrices for the Hn:

AH0 =
1

2
diag (0, 0, 0,−1, 1)

AH1 =
1√
2

diag (−1, 0, 0, 0, 0) ,

AH2 =
1√
2

diag (0,−1, 0, 0, 0) ,

AH3 =
1√
2

diag (0, 0,−1, 0, 0) ,

AH4 =
1

2
diag (0, 0, 0,−1,−1) .

Apart from these Cartan generators, there are 20 root generators with B = C = 0. We

denote them by EA,+nm and EA,−nm (n,m = 1, . . . , 5 and n < m). The EA,+nm together fill the

upper triangular part of A and the EA,−nm fill the lower-triangular part. They do so in such

a way that
(
EA,+nm

)T
= EA,−nm . For example, we have

A
EA,+12

=


0 −1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 and A
EA,−12

=


0 0 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 . (B.7)
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Finally, there are ten root generators EBnm with A = C = 0, and ten root generators ECnm
with A = B = 0. The generators EBnm have

BEB12
=


0 1 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 , BEB13
=


0 0 1 0 0

0 0 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 , etc. (B.8)

The generators ECnm are constructed in the same way as EBnm, but now we have B = 0 and

C 6= 0. The matrix C that corresponds to ECnm is equal to the matrix B that defined EBnm
in the construction above. Note that this implies that

(
EBnm

)T
= −ECnm.

The set of matrices defined above
{
Hn, E

A,+
nm , EA,−

nm , EB
nm, E

C
nm

}
gives a complete

basis of generators of so(5,5). When we mention EAmn below we always mean EA,+mn .

Let us now discuss the notation TFij used in the text. These matrices T are cer-

tain generators of the so(5,5) algebra described above. In particular if we let ~TFij :=

(TF12, T
F
13, . . . , T

F
34), then we have the following definitions for T :

~TAij =
(
EC23, E

C
12, −EC13, −(EA13)T , −(EA12)T , −EA23

)
~TBij =

(
EA14, E

A
34, E

A
24, −EC24, E

C
34, −EC14

)
~TCij =

(
EA15, E

A
35, E

A
25, −EC25, E

C
35, −EC15

)
(B.9)

T a = EA45

T b = EC45

B.2 The isomorphism usp(4) ∼= so(5)

The group USp(4) is the group of 4 × 4 matrices g satisfying

g† = g−1 , Ω gΩ−1 =
(
g−1
)T

(B.10)

where Ω is the symplectic metric, given by the block matrix

ΩAB =

(
02×2 12×2

−12×2 02×2

)
. (B.11)

The Lie algebra usp(4) is represented by 4× 4 matrices M B
A satisfying

M † = −M, ΩM Ω−1 = −MT , (B.12)
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The isomorphism USp(4) ∼= Spin(5) can be made explicit by introducing five 4 × 4

gamma matrices, that satisfy the Euclidean Clifford algebra

{Γa,Γb} B
A = 2 δab δ

B
A . (B.13)

Here a, b = 1, . . . , 5 are the indices corresponding to Spin(5), and A,B = 1, . . . , 4 are the

indices corresponding to USp(4). An explicit basis of (Hermitian and traceless) gamma

matrices, that satisfies (B.13), is given by

Γ1 =


0 i 0 0

−i 0 0 0

0 0 0 −i
0 0 i 0

 , Γ2 =


0 0 0 i

0 0 −i 0

0 i 0 0

−i 0 0 0

 , Γ3 =


0 0 0 1

0 0 −1 0

0 −1 0 0

1 0 0 0

 ,

Γ4 =


1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1

 , Γ5 =


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

 . (B.14)

It can easily be checked that the gamma matrices with upper indices, defined as (Γ̃a)
AB =

ΩAC(Γa)
B

C , are antisymmetric,5 i.e. (Γ̃a)
T = −Γ̃a. Using this, we deduce that

(Γa)
T = (Ω−1Γ̃a)

T = −Γ̃a (Ω−1)T = Ω Γa Ω−1. (B.15)

Hence, the symplectic metric Ω acts on the gamma matrices as a charge conjugation matrix.

We now define Γab = 1
2 [Γa,Γb]. From (B.15) and the Hermitian property of the Dirac

matrices, it follows directly that Γab satisfies the conditions (B.12). Furthermore, using the

Clifford algebra, it is straightforward to check that the commutator of Γab reads[
Γab,Γcd

]
= −2 δacΓbd + 2 δadΓbc + 2 δbcΓad − 2 δbdΓac. (B.16)

This is exactly the commutator of the basis elements of the so(5) algebra. We conclude

that the ten matrices Γab form a set of generators of USp(4) ∼= Spin(5). Using these gamma

matrices the explicit form of the isomorphism between the algebras can be derived [44]

Mab = −1

2
Tr
[
M B
A (Γab)

C
B

]
. (B.17)

The special orthogonal Lie algebra so(5) consists of real antisymmetric matrices. We

can check these properties for the found generators (B.17). The antisymmetry follows

immediately from the antisymmetry in the gamma matrices Γab = −Γba. To prove the

reality condition we use that both M B
A and (Γab)

B
A satisfy the conditions (B.12). Using

these constraints we find

(Mab)
∗ = −1

2
Tr
[
M ∗(Γab)

∗]
= −1

2
Tr
[
ΩM Ω−1 Ω Γab Ω−1

]
= −1

2
Tr
[
M Γab

]
= Mab.

(B.18)

5This property is used in what follows, but it is not generally true for other choices of Ω and Γa.
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Thus we find that Mab, as given in (B.17), is a real antisymmetric matrix, and there-

fore a suitable generator of SO(5). For completeness we also mention the inverse of the

isomorphism (B.17) which maps so(5) to usp(4):

MA
B =

1

4
Mab (Γab)AB . (B.19)

C Scalar and tensor masses after Scherk-Schwarz reduction

C.1 The D1-D5 system

Here we show the masses of the fields for the D1-D5 set-up, corresponding to the mass

matrices shown in (4.7) and (4.8). The scalar masses are as follows:

Field σ̃i Mass
1√
2
(φ4 + Φ) 0

1
2(φ4 − Φ +

√
2φ3) |m1 −m2 −m3 +m4|

1
2(φ4 − Φ−

√
2φ3) |m1 −m2 +m3 −m4|

1√
2
(φ1 + φ2) |m1 +m2 −m3 −m4|

1√
2
(φ1 − φ2) |m1 +m2 +m3 +m4|

1
2(A12 +A34 + C12 + C34) |m1 +m2 −m3 +m4|
1
2(A12 +A34 − C12 − C34) |m1 +m2 +m3 −m4|
1
2(A12 −A34 + C12 − C34) |m1 −m2 +m3 +m4|
1
2(A12 −A34 − C12 + C34) |m1 −m2 −m3 −m4|
1
2(A14 +A23 + C14 − C23) |m1 −m2 +m3 +m4|
1
2(A14 +A23 − C14 + C23) |m1 −m2 −m3 −m4|
1
2(A14 −A23 + C14 + C23) |m1 +m2 −m3 +m4|

1
2(−A14 +A23 + C14 + C23) |m1 +m2 +m3 −m4|

A13 |m1 +m2 −m3 −m4|
A24 |m1 +m2 +m3 +m4|
C13 |m1 −m2 +m3 −m4|
C24 |m1 −m2 −m3 +m4|

1√
2
(B12 +B34) |m1 +m2|

1√
2
(B12 −B34) |m3 +m4|

1√
2
(B13 +B24) |m3 −m4|

1√
2
(B13 −B24) |m1 −m2|

1√
2
(B14 +B23) |m1 +m2|

1√
2
(B14 −B23) |m3 +m4|
1√
2
(a+ b) |m1 −m2|

1√
2
(a− b) |m3 −m4|
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The tensor masses are given by:

Field A
(5)
2,A Mass

C
(5)
2 0

C̃
(5)
2 0

1√
2

(
B

(5)
2 + B̃

(5)
2

)
|m1 −m2|

1√
2

(
B

(5)
2 − B̃(5)

2

)
|m3 −m4|

1√
2

(
R

(5)
2; 1 + R̃

(5)
2; 1

)
|m1 +m2|

1√
2

(
R

(5)
2; 1 − R̃

(5)
2; 1

)
|m3 +m4|

1√
2

(
R

(5)
2; 2 + R̃

(5)
2; 2

)
|m1 +m2|

1√
2

(
R

(5)
2; 2 − R̃

(5)
2; 2

)
|m3 +m4|

1√
2

(
R

(5)
2; 3 + R̃

(5)
2; 3

)
|m1 −m2|

1√
2

(
R

(5)
2; 3 − R̃

(5)
2; 3

)
|m3 −m4|

C.2 The F1-NS5 system

For the reduction of the F1-NS5 system, we chose mass matrices as in (4.16) and (4.17).

The scalar masses are:

Field σ̃i Mass
1√
2
(φ4 − Φ) 0

1
2(φ4 + Φ +

√
2φ3) |m1 −m2 −m3 +m4|

1
2(φ4 + Φ−

√
2φ3) |m1 −m2 +m3 −m4|

1√
2
(φ1 + φ2) |m1 +m2 −m3 −m4|

1√
2
(φ1 − φ2) |m1 +m2 +m3 +m4|

1
2(A12 +A34 +B12 +B34) |m1 +m2 −m3 +m4|
1
2(A12 +A34 −B12 −B34) |m1 +m2 +m3 −m4|
1
2(A12 −A34 +B12 −B34) |m1 −m2 +m3 +m4|
1
2(A12 −A34 −B12 +B34) |m1 −m2 −m3 −m4|
1
2(A14 +A23 +B14 −B23) |m1 −m2 +m3 +m4|
1
2(A14 +A23 −B14 +B23) |m1 −m2 −m3 −m4|
1
2(A14 −A23 +B14 +B23) |m1 +m2 −m3 +m4|

1
2(−A14 +A23 +B14 +B23) |m1 +m2 +m3 −m4|

A13 |m1 +m2 −m3 −m4|
A24 |m1 +m2 +m3 +m4|
B13 |m1 −m2 +m3 −m4|
B24 |m1 −m2 −m3 +m4|

1√
2
(C12 + C34) |m1 +m2|

1√
2
(C12 − C34) |m3 +m4|

1√
2
(C13 + C24) |m3 −m4|

1√
2
(C13 − C24) |m1 −m2|

1√
2
(C14 + C23) |m1 +m2|

1√
2
(C14 − C23) |m3 +m4|
1√
2
(a+ b) |m3 −m4|

1√
2
(a− b) |m1 −m2|
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The tensor masses are:

Field A
(5)
2,A Mass

B
(5)
2 0

B̃
(5)
2 0

1√
2

(
C

(5)
2 + C̃

(5)
2

)
|m1 −m2|

1√
2

(
C

(5)
2 − C̃(5)

2

)
|m3 −m4|

1√
2

(
R

(5)
2; 1 + R̃

(5)
2; 1

)
|m1 +m2|

1√
2

(
R

(5)
2; 1 − R̃

(5)
2; 1

)
|m3 +m4|

1√
2

(
R

(5)
2; 2 + R̃

(5)
2; 2

)
|m1 +m2|

1√
2

(
R

(5)
2; 2 − R̃

(5)
2; 2

)
|m3 +m4|

1√
2

(
R

(5)
2; 3 + R̃

(5)
2; 3

)
|m1 −m2|

1√
2

(
R

(5)
2; 3 − R̃

(5)
2; 3

)
|m3 −m4|

C.3 The D3-D3 system

For the D3-D3 brane set-up that we consider in subsection 4.2, we use the mass matrices

given in (4.23) and (4.24). The scalars acquire the following masses:

Field σ̃i Mass

φ1 0

1
2(Φ +

√
2φ2 + φ4) |m1 +m2 −m3 −m4|

1
2(Φ +

√
2φ3 − φ4) |m1 −m2 +m3 −m4|

1
2(Φ−

√
2φ3 − φ4) |m1 −m2 −m3 +m4|

1
2(Φ−

√
2φ2 + φ4) |m1 +m2 +m3 +m4|

1
2(b+ a+A12 −A34) |m1 −m2 −m3 −m4|
1
2(b− a−A12 −A34) |m1 +m2 +m3 −m4|
1
2(b− a+A12 +A34) |m1 +m2 −m3 +m4|
1
2(b+ a−A12 +A34) |m1 −m2 +m3 +m4|

1
2(C23 − C14 −B24 +B13) |m1 −m2 −m3 −m4|
1
2(C23 + C14 +B24 +B13) |m1 +m2 +m3 −m4|
1
2(C23 + C14 −B24 −B13) |m1 +m2 −m3 +m4|
1
2(C23 − C14 +B24 −B13) |m1 −m2 +m3 +m4|

B14 |m1 +m2 +m3 +m4|
B23 |m1 +m2 −m3 −m4|
C13 |m1 −m2 +m3 −m4|
C24 |m1 −m2 −m3 +m4|

1√
2
(C12 + C34) |m3 −m4|

1√
2
(C12 − C34) |m1 −m2|

1√
2
(A13 +A24) |m3 +m4|

1√
2
(A13 −A24) |m1 +m2|

1√
2
(A14 +A23) |m1 −m2|

1√
2
(A14 −A23) |m3 −m4|

1√
2
(B12 +B34) |m3 +m4|

1√
2
(B12 −B34) |m1 +m2|
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The tensors masses are:

Field A
(5)
2,A Mass

R
(5)
2; 1 0

R̃
(5)
2; 1 0

1√
2

(
C

(5)
2 + C̃

(5)
2

)
|m1 +m2|

1√
2

(
C

(5)
2 − C̃(5)

2

)
|m3 +m4|

1√
2

(
B

(5)
2 + B̃

(5)
2

)
|m1 −m2|

1√
2

(
B

(5)
2 − B̃(5)

2

)
|m3 −m4|

1√
2

(
R

(5)
2; 2 + R̃

(5)
2; 2

)
|m1 +m2|

1√
2

(
R

(5)
2; 2 − R̃

(5)
2; 2

)
|m3 +m4|

1√
2

(
R

(5)
2; 3 + R̃

(5)
2; 3

)
|m1 −m2|

1√
2

(
R

(5)
2; 3 − R̃

(5)
2; 3

)
|m3 −m4|
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[17] Y. Gautier, C.M. Hull and D. Israël, Heterotic/type-II Duality and Non-Geometric

Compactifications, JHEP 10 (2019) 214 [arXiv:1906.02165] [INSPIRE].

[18] C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109

[hep-th/9410167] [INSPIRE].

[19] C.M. Hull, Massive string theories from M-theory and F-theory, JHEP 11 (1998) 027

[hep-th/9811021] [INSPIRE].

[20] C.M. Hull, A Geometry for non-geometric string backgrounds, JHEP 10 (2005) 065

[hep-th/0406102] [INSPIRE].

[21] C.M. Hull, BPS supermultiplets in five-dimensions, JHEP 06 (2000) 019 [hep-th/0004086]

[INSPIRE].

[22] K.S. Narain, M.H. Sarmadi and C. Vafa, Asymmetric Orbifolds, Nucl. Phys. B 288 (1987)

551 [INSPIRE].

[23] K.S. Narain, M.H. Sarmadi and C. Vafa, Asymmetric orbifolds: Path integral and operator

formulations, Nucl. Phys. B 356 (1991) 163 [INSPIRE].

[24] S. Ferrara, J.A. Harvey, A. Strominger and C. Vafa, Second quantized mirror symmetry,

Phys. Lett. B 361 (1995) 59 [hep-th/9505162] [INSPIRE].

[25] F. Bonetti, T.W. Grimm and S. Hohenegger, Exploring 6D origins of 5D supergravities with

Chern-Simons terms, JHEP 05 (2013) 124 [arXiv:1303.2661] [INSPIRE].

[26] K. Hanaki, K. Ohashi and Y. Tachikawa, Supersymmetric Completion of an R2 term in

Five-dimensional Supergravity, Prog. Theor. Phys. 117 (2007) 533 [hep-th/0611329]

[INSPIRE].

[27] A. Castro, J.L. Davis, P. Kraus and F. Larsen, 5D Black Holes and Strings with Higher

Derivatives, JHEP 06 (2007) 007 [hep-th/0703087] [INSPIRE].

[28] B. de Wit and S. Katmadas, Near-Horizon Analysis of D = 5 BPS Black Holes and Rings,

JHEP 02 (2010) 056 [arXiv:0910.4907] [INSPIRE].

[29] T.W. Grimm, H. het Lam, K. Mayer and S. Vandoren, Four-dimensional black hole entropy

from F-theory, JHEP 01 (2019) 037 [arXiv:1808.05228] [INSPIRE].

– 55 –

https://doi.org/10.1088/1126-6708/2003/10/034
https://arxiv.org/abs/hep-th/0308133
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0308133
https://doi.org/10.1088/1126-6708/2004/06/018
https://arxiv.org/abs/hep-th/0406018
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0406018
https://doi.org/10.1002/prop.200900076
https://arxiv.org/abs/hep-th/0503114
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0503114
https://doi.org/10.1088/1126-6708/2008/08/043
https://doi.org/10.1088/1126-6708/2008/08/043
https://arxiv.org/abs/0711.4818
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0711.4818
https://doi.org/10.1088/1126-6708/2009/09/014
https://arxiv.org/abs/0902.4032
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0902.4032
https://doi.org/10.1007/JHEP11(2017)084
https://arxiv.org/abs/1710.00853
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.00853
https://doi.org/10.1007/JHEP10(2019)214
https://arxiv.org/abs/1906.02165
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.02165
https://doi.org/10.1016/0550-3213(94)00559-W
https://arxiv.org/abs/hep-th/9410167
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9410167
https://doi.org/10.1088/1126-6708/1998/11/027
https://arxiv.org/abs/hep-th/9811021
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9811021
https://doi.org/10.1088/1126-6708/2005/10/065
https://arxiv.org/abs/hep-th/0406102
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0406102
https://doi.org/10.1088/1126-6708/2000/06/019
https://arxiv.org/abs/hep-th/0004086
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0004086
https://doi.org/10.1016/0550-3213(87)90228-8
https://doi.org/10.1016/0550-3213(87)90228-8
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB288%2C551%22
https://doi.org/10.1016/0550-3213(91)90145-N
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB356%2C163%22
https://doi.org/10.1016/0370-2693(95)01074-Z
https://arxiv.org/abs/hep-th/9505162
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9505162
https://doi.org/10.1007/JHEP05(2013)124
https://arxiv.org/abs/1303.2661
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1303.2661
https://doi.org/10.1143/PTP.117.533
https://arxiv.org/abs/hep-th/0611329
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0611329
https://doi.org/10.1088/1126-6708/2007/06/007
https://arxiv.org/abs/hep-th/0703087
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0703087
https://doi.org/10.1007/JHEP02(2010)056
https://arxiv.org/abs/0910.4907
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0910.4907
https://doi.org/10.1007/JHEP01(2019)037
https://arxiv.org/abs/1808.05228
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.05228


J
H
E
P
0
7
(
2
0
2
0
)
0
8
6

[30] C. Couzens, H. het Lam, K. Mayer and S. Vandoren, Black Holes and (0, 4) SCFTs from

Type IIB on K3, JHEP 08 (2019) 043 [arXiv:1904.05361] [INSPIRE].

[31] Y. Tanii, N = 8 Supergravity in Six-dimensions, Phys. Lett. B 145 (1984) 197 [INSPIRE].

[32] E. Bergshoeff, H. Samtleben and E. Sezgin, The Gaugings of Maximal D = 6 Supergravity,

JHEP 03 (2008) 068 [arXiv:0712.4277] [INSPIRE].
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