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ABSTRACT: We consider 5D supersymmetric black holes in string theory compactifications
that partially break supersymmetry. We compactify type IIB on T* and then further
compactify on a circle with a duality twist to give Minkowski vacua preserving partial
supersymmetry (N = 6,4,2,0) in five dimensions. The effective supergravity theory is
given by a Scherk-Schwarz reduction with a Scherk-Schwarz supergravity potential on the
moduli space, and the lift of this to string theory imposes a quantization condition on the
mass parameters. In this theory, we study black holes with three charges that descend
from various ten-dimensional brane configurations. For each black hole we choose the
duality twist to be a transformation that preserves the solution, so that it remains a
supersymmetric solution of the twisted theory with partially broken supersymmetry. We
discuss the quantum corrections arising from the twist to the pure gauge and mixed gauge-
gravitational Chern-Simons terms in the action and the resulting corrections to the black
hole entropy.
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1 Introduction

The D1-D5-P system in type IIB string theory on 7% x S! (or K3 x S!) provides a set-up
for the study of BPS black holes in five spacetime dimensions, both microscopically and
macroscopically. It can be described as an asymptotically flat three-charge 1/8 BPS black
hole solution of 5D N = 8 supergravity (or 1/4 BPS in A/ = 4 supergravity). The entropy
can be computed microscopically from a 2D (4,4) CFT dual to the near horizon geometry
of the black hole [1]. This system has U-dual formulations in terms of F1 and NS5-branes,
and in terms of intersecting D3-branes.

It is interesting to consider extensions of this to black holes in theories with less su-
persymmetry. Black holes in compactifications preserving eight supersymmetries in five
dimensions can be constructed in M-theory on CY3 [2] or in F-theory on C'Y3 x St [3, 4].
In these cases, the microscopic field theory dual to the black hole horizon geometry is a 2D
(0,4) CFT. These CFTs are considerably more complicated than the (4,4) CFTs on the
symmetric product of T (or K3) as they have less supersymmetry [1].

In this paper, we consider a different way to reduce supersymmetry, namely string com-
pactifications with a duality twist [5], which are the lifts to string theory of Scherk-Schwarz
reductions in supergravity [6, 7]. Such compactifications allow for partial supersymmetry
breaking and include string vacua preserving no supersymmetry at all (though this won’t
be the focus in this work). This gives rise to 5D Minkowski vacua preserving N' = 6,4,2,0
supersymmetry. We investigate 5D supersymmetric black holes in these theories that lift
to 10D systems of branes in the string theory picture. An important point is that we
choose the twist inducing the supersymmetry breaking to be a duality transformation that
leaves the original system of branes invariant, and so the 5D black hole solution of the
untwisted theory remains a solution of the twisted theory. The fields sourcing the system
of branes are invariant under the twist, so that the fields appearing in the solution remain
massless and the same solution remains as a solution of the twisted theory. This makes it
possible to consider the effect of the twist on the corresponding CFT and so to investigate
the microscopic aspects of these black holes.

This work is a follow-up to the ideas proposed earlier in [8] in an M-theory setting
in which supersymmetry is completely broken. Completely broken supersymmetry is not
a well controlled situation, and for that reason we will focus on the twists preserving
some supersymmetry. The current work studies string vacua with partial supersymmetry
breaking and the macroscopic supergravity description of black holes in such vacua. The
microscopic description of the dual CFTs is left for future study.

Scherk-Schwarz reduction of supergravity theories has been extensively studied in the
literature; see e.g. [5-7, 9-17] and references therein. IIB supergravity compactified on T4
gives maximal N' = (2,2) supergravity in six dimensions which has a Spin(5,5) duality
symmetry. The maximal compact subgroup of this global symmetry is Spin(5) x Spin(5);
we shall refer to this as the R-symmetry group. (Note that this global R-symmetry should
not be confused with the Spin(5) x Spin(5) local symmetry that is introduced in some for-
mulations of the theory.) The 6D scalar fields take values in the coset Spin(5,5)/Spin(5) x
Spin(5). We will be interested in the Scherk-Schwarz reduction of this theory to five



dimensions, which has been considered previously in [11, 12]. This uses ansétze of the
type ¥(z*, 2) = g(z)¥(a*) where z is the S' coordinate and g(z) is a local element of
Spin(5,5). On going round the circle z — z + 27 R, the fields pick up a monodromy
M = g(27R) € Spin(5,5). Such a reduction gives a consistent truncation to a 5D gauged
supergravity theory for the fields 1 (z*), in which there is a Scherk-Schwarz potential for
the scalar fields and mass terms are generated for all fields charged under the monodromy.

If the twist g(z) is compact, i.e. it is an element of the R-symmetry group, then the
potential is non-negative and has stable five-dimensional Minkowski vacua [5]. Such a twist
can be specified by four parameters mq, mo, ms, mg4 which become mass parameters in the
reduced theory. The amount of supersymmetry that is preserved in the vacuum depends on
the number of parameters m; that are equal to zero: if r of the parameters m; are zero, then
N = 2r supersymmetry is preserved. This yields 5D supergravities with N' = 8,6,4,2,0
Minkowski vacua [12] (where the case r = 4 is the untwisted reduction to 5D N = 8
supergravity, and the case r = 0 is the twisted reduction that breaks all supersymmetry).
This reduction is a straightforward generalization of the Scherk-Schwarz reduction of 5D
N = 8 supergravity to 4D with four mass parameters and N' = 8, 6,4, 2,0 vacua [9].

The lift of these supergravity reductions to full compactifications of string theory in-
volves a number of subtle features [5]. These have been worked out in detail for compacti-
fications of ITA string theory on K3 or the heterotic string on 7% followed by a reduction
on a circle with a duality twist in [16, 17]. Here we draw on these and the results of [5]
for our construction, which is IIB string theory compactified on 7% x S with a U-duality
twist around the circle. Type IIB on T% has a Spin(5,5) supergravity duality symmetry
that, on the level of the full string theory, is broken to the discrete U-duality subgroup
Spin(5,5;Z) by quantum corrections [18]. The moduli space is the scalar coset space
Spin(5,5)/[(Spin(5) x Spin(5))/Zs] identified under the action of Spin(5,5;Z). A key re-
quirement for there to be a lift to string theory is that the Scherk-Schwarz monodromy
lies in the U-duality group Spin(5,5;Z), imposing a ‘quantization’ condition on the twist
parameters m; [5, 19].

There is still an action of the continuous group Spin(5,5) on the theory, but only the
subgroup Spin(5,5;Z) is a symmetry. Reduction of the theory on a circle with a duality
twist introduces a monodromy M which is required to be an element of Spin(5,5;Z). If
the monodromy acts as a diffeomorphism of 7%, which requires that it is in a GL(4;7Z)
subgroup of Spin(5, 5;Z), then this corresponds to compactification of the IIB string on a
T* bundle over S'. If the monodromy acts as a T-duality of T*, which requires that it is
in an SO(4, 4; Z) subgroup of Spin(5, 5;Z), then this constructs a T-fold background, while
for general U-duality monodromies this is a U-fold [20].

A point in the scalar coset will be a minimum of the scalar potential giving a stable
Minkowski vacuum if and only if it is a fixed point under the action of the monodromy
M € Spin(5,5;Z) [5]. The monodromy will then generate a Z, subgroup of Spin(5, 5;7Z)
for some integer p. Furthermore, at this critical point the construction becomes a Z,
generalized orbifold of IIB string theory on 7°, where the theory is quotiented by the Ly,
generated by M acting on the IIB string on 7% combined with a shift by 27 R/p on the
circle. When the monodromy is a T-duality, this is a Z, asymmetric orbifold.



Regarded as an element of Spin(5,5), the monodromy is conjugate to an R-symmetry
transformation: M = kRk~! for some R € Spin(5) x Spin(5) and k € Spin(5,5) [5].
The rotation R conjugate to a given monodromy is specified by four angles, which are
given by the four parameters m;. For N' = 2 supersymmetry to be preserved, one of the
parameters must be zero so that R in fact lies in an SU(2) x Spin(5) subgroup. For N = 4
supersymmetry to be preserved, two of the parameters must be zero so that R lies either in
a Spin(5) subgroup or a SU(2) x SU(2) subgroup (with one SU(2) factor in each Spin(5)).
These two options lead to theories that have the same massless sector, but differ in their
massive sectors. We use the notation (0,2) and (1,1) to distinguish these two N = 4
theories, reflecting whether the massive states are in (0,2) or (1,1) BPS supermultiplets,
using the terminology of [21]. Lastly, for N' = 6 supersymmetry to be preserved, three of
the parameters must be zero so that R lies in an SU(2) subgroup of the R-symmetry.

As mentioned above, if M is a perturbative symmetry (i.e. a T-duality) in Spin(4, 4;7Z),
the theory in the Minkowski vacuum is an asymmetric orbifold. In general this will not
be modular invariant, and further modifications are needed to achieve modular invariance.
For perturbative monodromies, the shift in the circle coordinate z must be accompanied by
a shift in the coordinate of the T-dual circle [17, 22, 23]. Put differently, the quotient intro-
duces phases dependent on both the momentum and the winding number on the circle, and
on the charges of the state under the action of M [17]. For non-perturbative monodromies,
the arguments of [17, 24] lead to phases dependent on other brane wrapping numbers.

Quantum effects can lead to corrections to the coefficients of the five-dimensional
Chern-Simons terms A A F' A F at the two-derivative level and A A R A R at the four-
derivative level. There have been indications in the literature (see e.g. [25]) that the
AN RA R term can be supersymmetrized in the N' =4 (0,2) theory but not in the N' =4
(1,1) theory, nor in the N/ = 6 theory. In the A/ = 2 theory the supersymmetrization is
known [26]. Our results are in agreement with these claims. That is, we find corrections
only in the cases where supersymmetric Chern-Simons terms are expected. The corrections
to the Chern-Simons coefficients modify the black hole solutions in supergravity [27, 28]
and therefore also the entropy. We compute the quantum corrections to the Chern-Simons
coefficients and the resulting modifications to the black hole entropies from supergravity
and the Kaluza-Klein modes from the circle compactification, using results in the literature
for 5D N = 2 supergravity [27, 28]. Similar calculations have been done in different setups,
see [29, 30].

As a by-product of our analysis, we present in detail the supergravity reduction of type
IIB on T*. While the general techniques and results are known in the literature [31], the
explicit relation between the 10D and 6D fields has not been given, to the best of our knowl-
edge. We present this calculation in section 2; the results are relevant for understanding
which black holes survive which twist in subsequent sections.

In section 3, we perform the Scherk-Schwarz reduction to five dimensions, starting
from the maximally supersymmetric 6D (2,2) supergravity. We construct mass matrices
and decompose the 5D field content into massless and massive multiplets. By simply
truncating to the massless sector, we can embed known BPS black holes in these five
dimensional theories. In section 4, we work out which choices of Scherk-Schwarz twist



preserve the D1-D5-P black hole, the F1-NS5-P black hole and the D3-D3-P black hole.
By tuning the mass parameters, we can find twists that preserve more than one black hole
solution (e.g. we find the twists that preserve both the D1-D5-P and the F1-NS5-P black
holes). In section 5, we study one-loop effects by integrating out the massive fields. We
compute the corrections to the Chern-Simons terms and to the entropy of 5D BPS black
holes. Finally, in section 6, we discuss how to embed our supergravity model in string
theory and discuss the quantization conditions on the parameters m; of the twist.

2 Duality invariant formulation of IIB supergravity on 7%

Reducing type IIB supergravity on a four-torus gives six-dimensional maximal supergravity.
This theory has NV = (2,2) supersymmetry and a Spin(5,5) duality symmetry group. The
goal of this section is to write this supergravity theory in a form in which both the type
IIB origin of the six-dimensional fields and the Spin(5,5) symmetry are manifest. We do
this explicitly for the scalar and tensor fields.

2.1 Ansatze for reduction to 6D

We start from type IIB supergravity. Written in Einstein frame, the bosonic terms in the
Lagrangian read

1 L 102 1 1 e 102
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where the field strengths are given by

Hélo) — 4By

A" = acl” — aaB{? (2.2)

1

1
B = acy'” - Sy naBg® + 0By nacy'?.

The superscripts (10) indicate that the fields live in 10 dimensions. The field equations are
supplemented by the self-duality constraint

A = <10 (2.3)

In our compactification to six dimensions, the coordinates split up as XM = (2, y™)
with M = 0,...,9, o = 0,...,5 and m = 1,...,4. We now present the ansitze that
we use in our reduction. In order to arrive in Einstein frame in 6D, we decompose the

ten-dimensional metric as

“1A m An m
JMN = g4 g,UJ/ + grzn AM Ay Imn AM ’ (24)
Imn A,; Imn



where g4 = det(gmn). The compact part of the metric, gpn,, we parametrize in terms of
scalar fields ¢; (i =1,...,4) and Ay, (m < n) by

ebmd 4 Z eb-é (Apm )? for m=n
k<m
Imn = e?™? A, + Z e A A for m<n (2.5)
k<m
Gnm for m > n.

Here ¢ = (p1, P2, @3, ¢4) and the vectors by, are given by
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From this, it can be computed that g4 = €2?4, so the scalar ¢4 parametrizes the volume of
the T4.

We reduce the 10D form-valued fields by simply splitting into components with different

numbers of indices on the torus. For example, the Kalb-Ramond field Bélo) decomposes as

1
B{Y = 5 By dXM A dx ™

1 . ; p 1
=3 By dat A da” + By, dat A dy™ + 5 B dy™ A dy" (2.7)

6)
,m

1
= BéG) + B§ Ady™ + 3 B dy™ A dy™,
6)
m

where BéG), B%
space. The ten-dimensional scalars are simply equal to their six-dimensional descendants,

and By, are 2, 1 and 0-forms defined on the six-dimensional non-compact

e.g. d19) — ) = @. For this reason, we usually drop the superscript (D) for scalar fields.

Reduction of the self-dual five-form field strength. To find the fields that descend
from the RR four-form C’ilo) we need to be a bit careful, since it has a self-dual field
strength: *Félo) = Félo). Because of this self-duality, the action (2.1) does not properly
describe the dynamics of the RR four-form. So instead of reducing the action, we should
reduce the corresponding field equations along with the self-duality constraint. The ac-
tion (2.1) with field strengths (2.2) yields the following equation of motion and Bianchi
identity

a (+F) = aB{® nacg?, (2.8)
dFM = aB{" A dc$? . (2.9)



We see that, because of the self-duality of F5(10), these two equations are identical, so
we only have to reduce one of them. In what follows, we choose to reduce the Bianchi
identity (2.9). Subsequently, we reduce the self-duality equation and use it to rewrite
the six-dimensional Bianchi identities to a system of Bianchi identities and equations of
motion. By integrating this system of equations to an action, we find the proper result of
the reduction of 0410 . Below, we work out this reduction in detail for the scalars and the
two-forms.

First, we consider the scalars. In 6D, massless four-forms can be dualized to scalars,

(10)

so we need to consider the components of F; " that have either zero or four legs on the

torus. The Bianchi identities for these components following from (2.9) read

©) _ 1 _mnpg
dP(” = o € d By A dCyq (2.10)
dP!% = aB® nact? .

Here we have introduced the notation P1(6) i! gmnpd Fl(i)mpq and P5(6) = F5(6). Next, we
write down the relevant components that follow from the reduction of the self-duality con-
straint. By using the metric ansatz (2.4), and ignoring interactions with the graviphotons

AZI, we find

P = — PO (2.11)
94

(6)

We now use this constraint to eliminate P; "’ from (2.10). In this way, we find the following

Bianchi identity and equation of motion for the one-form field strength P1(6)
aP® = L cmmagp 2 qc
212! P (2.12)
d(e2%t % PO) = aB” nacy® .

From the first equation, we can find an expression for P( ) in terms of the corresponding
scalar field that we denote by b. The second equation can be integrated to an action that
contains both the kinetic term for b and interaction terms between b and other scalar and
two-forms fields. These expressions can be found in (2.16) and (2.17).

Next, we look at the two-forms coming from CSO)

. We are interested in the action
for the six-dimensional two-form fields and their interactions with scalar fields. We will
ignore interactions with six-dimensional one-forms. The relevant components that follow

from the reduction of (2.9) read

= By AACYY + dBE A dCn
= d(Byn dC§” — G aBYY) .

dr®

3mn

(2.13)

These are Bianchi identities for six tensors in six dimensions. We want to eliminate half
of these fields in exchange for equations of motion for the residual ones. We choose to
retain the components Féb;zm for mn = 12,13,14 and to eliminate the ones with indices



mn = 23,24,34. For this, we again use the reduced self-duality constraint. The relevant
components are

1 6
FS(,mn = 5\/9TL Emnpq g g% * F?S,r)s . (2.14)

Due to the summations over the r and s indices, each component of this equation contains
a linear combination of all the dual field strengths *Fé?s (recall that the metric on T* is
given by (2.5)). Consequently, solving (2.14) for three of the six field strengths results in
unwieldy expressions. We choose not to write down these expressions here, but instead to
give a step-by-step outline of the way we use them to find an action for the 6D tensors.
First, we introduce a new notation for the field strengths that we plan on retaining;:
P3(;6 % = Féﬁ)g, PPE;G% = F3(,61)4 and P?ff 3) = Fgfﬁ)g. Here the first subscript indicates that these
are three-forms, and the second subscript labels the three distinct field strengths (we will
sometimes drop this label when we are talking about all three of them). The expressions
for these field strengths in terms of the corresponding two-form fields can be deduced

from (2.13). For example,
P’ = dRY) + B12 dCYY — C12 dBY (2.15)

where RéG)l is then one of the two-forms that arise from compactifying the ten-dimensional
4-form. Similar expressions can be found for P( % and P( ) in terms of fields that we call
Ré?)Q and Ré;% respectively.

Next, we solve the six equations in (2.14) for F9 and xF%

3.mn 3.mn (for mn =23,24,34) in
terms of the field strengths PS(G) and their duals *P?E ), By substituting these expressions
in the components of (2.13) for mn = 23,24, 34, we find the equations of motion for the
tensor fields RéG) purely in terms of the (dual) field strengths P3(6) and *PéG), and fields
that don’t descend from the RR four-form Cilo). These field equations are quite unwieldy,
but with some careful bookkeeping they can be integrated to an action. We will not write
down this awkward version of the action here. Instead, we write down a more elegant
version of the action for the six-dimensional tensor fields and their interactions with scalar

fields in subsection 2.3.

2.2 6D scalars

The field content of maximal six-dimensional supergravity contains 25 scalars. In terms
of their origin in type IIB, these are ®, ¢;, Amn, Bmn, Cmn, @ and b. We find the action
for these scalar fields by using the methods and ansatze described in the previous section.
This yields

oL =5 \d@P -~ \d¢4\2 -5 \dgmnP 5 e‘q’ |H

lmn‘

(2.16)

20 2 6 12 1 o 6) 2
—5e |da|* — € ‘thm —5¢ ¢4|P1()‘.

Note that the absolute values apply both to the 6D Lorentz indices and to the indices

2 = L Hyp H™ = 1 Hppny g™ H g g7 The field

on the torus. For example, |H o1 Hp

1,mn



strengths in (2.16) are given by

H), = dBun
F{ = dCpp — adByy, (2.17)

6 1 mn,
Pl( ) — db+ gg Pq (andcpq _CmndBPQ) .

These 25 scalar fields together parametrize the coset Spin(5,5)/(Spin(5) x Spin(5)) [31].
The action above has a global Spin(5,5) and a local Spin(5) x Spin(5) symmetry. In its
current form, these symmetries are not visible, so we will now write this action in a form
that makes both symmetries manifest.

In order to do this, we construct a generalized vielbein (or coset representative) V
from the scalar fields. This vielbein is an element of Spin(5,5) and it transforms as V —
UV W (z), with U € Spin(5,5) and W (Z) € Spin(5) x Spin(5). We now define the Spin(5) x
Spin(5) invariant field H = V VT, that transforms as % — U H UT under global Spin(5, 5)

1

transformations.” We can now write the scalar Lagrangian in terms of H as

- 1 P
q&%:§ﬂﬁﬂlwm. (2.18)

In this formulation, the Lagrangian is manifestly invariant under the U-duality group
Spin(5, 5).

We now specify the way we build V from the 25 scalar fields so that the two La-
grangians (2.16) and (2.18) are equal to one another. We choose to build V € Spin(5,5) in
r-frame, i.e. it satisfies V7V = 7 (for the definition of 7, see appendix B.1). The exact
construction is as follows:

V =exp|b Tb] X exp Z (B B + Coun Tgn) x explaT"]
1<m<n<4
, (2.19)
X ( H exp [AmnTn’;‘n] ) x exp | ® Hy +Z¢1H’] .
1<m<n<4 i=1

Here the T7s and the H’s are generators of so(5,5) that span the subspace of so(5,5)
that generates the coset Spin(5,5)/(Spin(5) x Spin(5)). The precise expressions for these
generators are given in appendix B.1. All the scalar fields appear under the same name as
in (2.16).

Because we construct our vielbein (2.19) in 7-frame,? the transformation matrices U
and W are also written in 7-frame. Henceforth, we use this frame whenever Spin(5, 5) and
Spin(5) x Spin(5) groups appear (unless mentioned otherwise).

In this section we suppress Spin(5, 5) indices, but we will need them later on. With indices, # is written
as Hap and it transforms as Hap — UAC Hep (UT)DB . The inverse of H is written with upper indices:
HL=HAB,

2For the convenience of the reader, it might be useful to mention how this convention is related to those
of other authors. The following relations hold: V = X Ujranijj X where Ujranij) is the vielbein that is used
n [31], and V = Viggg) X where Viggg] is the vielbein that is used in [32]. The matrix X is a conjugation
matrix that is defined in appendix B.1.



2.3 6D tensors

The field content of maximal supergravity in six dimensions contains five 2-form tensor
gauge fields. Collectively, we denote these fields by AS?C)L (a = 1,...,5), and their field

strengths by G:(fi = dA(Q(z. The Lagrangian for these fields reads [31, 32]

a

1 1
L=~ K™ Gy A+ Gl - D LGy NG (2.20)

Here K% and L are functions of the scalar fields. We define a set of dual field strengths
Gg(j)a =K ab*G:(sﬁg + L G:(fg so that we can write the Lagrangian in the more compact form

1 ~(6)a
L= G nGP". (2.21)

(

In this notation, we write the Bianchi identities and the equations of motion as dGy C)L =0
and dégj)a = 0. We can combine these in the more compact notation ngi)4 = 0, where

Géi)éx is defined as
(6)
6 G5
GY) = (é(?g)a> . (2.22)

3

The Spin(57 5) duality symmetry acts on this ten-component vector as
G;fi; = U,” G;(fj)g, U5 € Spin(5,5). (2.23)

Only the subgroup GL(5) C Spin(5,5) is a symmetry of the action. The full symmetry
group is only manifest on the level of the field equations.

When we decompose our coset representative in 5 x 5 blocks as V = (‘cl Z), we can
write the matrices K and L as

K= S((etd)a+) " —(c-d)(a—b)"), L= ((c+d)(ath) +(e—d)a—b)). (224)

Now, by making the identification
6 6 6 6 6 6
A;,C)L = (R(27?[ b Ré7)2 ) Rg729) ) Cé )7 _Bé )> ) (225)

the Lagrangian (2.21) is exactly equal to the one that we find by explicit reduction from
type IIB supergravity using the ansétze given in subsection 2.1. The advantage of (2.21)
is that we have made the duality symmetry manifest.

Doubled formalism. It is a common feature of supergravity actions in even dimensions
that only a subgroup of the duality group is a symmetry of the action. In such cases, one
can use the so-called doubled formalism [33] to construct an action that realizes the full
symmetry group. In order to do this, one needs to introduce twice the original amount of
form-valued fields as well as a constraint that makes sure that the doubled theory does not
contain more degrees of freedom than the original theory.



We apply this formalism to our 6D tensor fields. We promote the égﬁ)a to field strengths
that correspond to the doubled fields, i.e. we write them as é:(f)a = dfi§6)a. These doubled
fields Ag@a are now treated as independent fields. We write down the doubled Lagrangian as

doubled 1 6 6
LD = HAB G A G (2.26)

In this formulation we have ten field strengths G:(,)6I)4 that satisfy the Bianchi identities

dGz(,)GI)4 = 0 and the equations of motion d(’HAB * G:(SGJ)B) = 0. Furthermore, these fields are
subject to the self-duality constraint

G = tap HPC « G (2.27)

By imposing this constraint on the field equations, we see that they reduce to the ones
that correspond to the undoubled action. Thus we have found a proper doubled version
of (2.21). Both the action (2.26) and the constraint (2.27) are invariant under the full
Spin(5,5) duality group. This can be seen directly from the way that these transforma-
tions work on the fields:

HAE 5 (U MO (Y, PGP UL PGy, ULP e Spin(5,5),  (2.28)

where we use the notation U~7 = (U~1)T,

3 Scherk-Schwarz reduction to five dimensions

In a Scherk-Schwarz reduction, one considers a (D + 1)-dimensional supergravity theory
with a global symmetry given by a Lie group G that is compactified to D dimensions.
The difference between ‘ordinary’ Kaluza-Klein and Scherk-Schwarz reduction lies in the
compactification ansatz. Consider a field ¢ in the (D + 1)-dimensional theory that trans-
forms as 1) — giﬂ with g € G (for scalars, this is typically a non-linear realization, while
some fields such as the metric in Einstein frame will be invariant). The Scherk-Schwarz
ansatz then gives 1[1 a dependence on the coordinate z on the circle, which has periodicity
z~ z+ 27 R, given by

Bat.2) = exp (o ) i), )

where M lies in the Lie algebra of G. This ansatz is not periodic around the circle, but
picks up a monodromy M = eM € G. The Lie algebra element M is sometimes called
the mass matrix because it appears in mass terms in the D-dimensional theory. For more
details, see [5-7, 9-17, 34] and references therein. A conjugate mass matrix

M' =gMg™, (3.2)
with g € G, gives a conjugate monodromy

M =gMgt. (3.3)
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This conjugated monodromy gives a massive theory that is related to the one for the
monodromy M by a field redefinition, so that it defines an equivalent theory. Thus the
possible Scherk-Schwarz reductions are classified by the conjugacy classes of the duality
group [5].

In our case, we reduce from 6D to 5D on a circle with a Scherk-Schwarz twist. We
denote the coordinates on the five-dimensional Minkowski space by z* and the coordinate
on the circle by z. The compact coordinate is periodic with periodicity z ~ z + 27 R. The
metric (in Einstein frame) is inert under the duality group, so we choose the conventional
Kaluza-Klein metric ansatz:

o (e—\/1/6¢5 G + €V3295 AS A5 V31205 AZ)
nwy — .

T2 g /7255 (34

The factors in the exponents are chosen so that we arrive in Einstein frame in five dimen-
sions and the scalar field ¢ is canonically normalized [35].

The result of our reduction is a gauged N’ = 8 supergravity theory in five dimensions
in which a non-semi-simple subgroup of Spin(5,5) is gauged. The gauge group contains an
important U(1) subgroup for which AZ is the corresponding gauge field. For each twist, the
theory has a vacuum (partially) breaking the supersymmetry where it can be described
by an N < 8 effective field theory. This reduction from 6D to 5D has been considered
previously in [11, 12]. An important feature is that reducing self-dual 2-form gauge fields
in 6D can result in massive self-dual 2-form fields in 5D [11]. See [14, 34] for further details.

3.1 Monodromies and masses

In six dimensions the global symmetry is G = Spin(5,5), so in principle we can choose
the mass matrix to be any element of the Lie algebra of G. However, our goal is to
obtain a Minkowski vacuum with partially broken supersymmetry, so, as discussed in the
introduction, we restrict our twist to be conjugate to an element of the R-symmetry group

USp(4);, x USp(4)g = Spin(5);, x Spin(d)y , (3.5)
that preserves the identity in Spin(5,5). We take then a monodromy
M=gMg™',  g€Spin(5,5), M ecUSp(4), x USp(4)g C Spin(5,5).  (3.6)

By a further conjugation, we can bring M to an element M of a maximal torus T = U(1)*
of the R-symmetry group USp(4);, x USp(4)g

M=hMh™",  heUSp4), x USp(4)y, M€eTCUSp(4), x USp(4)g. (3.7)

The element M of a maximal torus T = U(1)* is then specified by four angles, which we

denote mi, mo, m3, my; we take 0 < m; < 2w. Writing

M= (MPOAGPD) - M@ e uspla),,  MEPY e USp(A),  (38)
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we can take the monodromies to be in the SU(2) x SU(2) subgroup of USp(4) for both the
left and right factors (note that SU(2) = USp(2)):

SU(2);, x SU(2)y, x SU(2)g, X SU(2)r, C USp(4), x USp(4)y . (3.9)

1
We can then take, for example,

MUSP(4) M3 @ M208 Mlﬁﬁp(‘l) = 373 (g M43 (3.10)

where o3 is the usual Pauli matrix. Other choices of the monodromy are related to this by
USp(4);, x USp(4)R, conjugation.

The six-dimensional supergravity fields fit into the following representations under the
R-symmetry group (see e.g. [12, 31]):

scalars : (5,5),

vectors : (4,4),

tensors : (5,1) + (1,5), (3.11)
gravitini : (4,1) + (1,4),

dilatini : (5,4) + (4,5)

We have an equal number of self-dual and anti-self-dual 2-form tensor fields, and an equal
number of fermions of positive and negative chirality. In terms of the R-symmetry rep-
resentations above, the self-dual tensors By transform in the (5,1) and the anti-self-dual
tensors B, transform in the (1,5). The positive chiral gravitini ¢, and dilatini x* trans-
form in the (4,1) and (5, 4) respectively, and the negative chiral gravitini ¢, and dilatini
X~ transform in the (1,4) and (4, 5).

These representations determine the charges (ej,es,e3,e4) of each field under
U(1)* C USp(4);, x USp(4)g. A field with charges (e1,e2,e3,e4) will then be an eigen-

vector of the mass matrix with eigenvalue i and will have z-dependence e#/2mR where
4
w= Z eim; . (3.12)
i=1

The resulting mass for the field will turn out to be |u|/27R.

3.2 Supersymmetry breaking and massless field content

The R-symmetry representations (3.11) decompose into the following representations under
the SU(2)* subgroup (3.9):

scalars : (5,5) —(2,2,2,2)+(2,2,1,1)+(1,1,2,2)+(1,1,1,1),

vectors: (4,4) - (2,1,2,1)+(2,1,1,2)+(1,2,2,1)+(1,2,1,2),

tensors: (5,1)+(1,5) — (2,2,1,1)+(1,1,2,2)+2(1,1,1,1), (3.13)
gravitini:  (4,1)+(1,4) — (2,1,1,1)+(1,2,1,1)+(1,1,2,1)+(1,1,1,2),

dilatini:  (5,4)+(4,5) — (2,2,2,1)+(2,2,1,2)+(2,1,2,2)+(1,2,2,2)

+(2,1,1,1)+(1,2,1,1)+(1,1,2,1)+(1,1,1,2).
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This then determines the four charges e; under the U(1)* subgroup: each doublet gives
charges +1 and each singlet gives charge 0. For example, the sixteen vector fields in the

(4,4) — (2,1,2,1)+(2,1,1,2) + (1,2,2,1) + (1,2, 1,2) (3.14)
have charges
(e1,e2,e3,e4) = (£1,0,£1,0) + (£1,0,0,£1) + (0, £1,£1,0) + (0, £1,0,£1).  (3.15)

These charges then determine the masses through (3.12). The eight gravitini (symplectic
Weyl spinors) in the (4,1) + (1,4) representation of the R-symmetry group USp(4); x
USp(4)g decompose into four pairs, each of which has a different mass |m;|/27R, with
i =1,2,3,4. The number A of unbroken supersymmetries is then given by the number of
massless gravitini, which is N' = 27 where r is the number of parameters m; that are zero.
The different values of r give rise to 5D supergravities with N' = 8, 6,4, 2,0 Minkowski
vacua, corresponding to twisting in 4 — r of the SU(2) factors in (3.9).

In general, all fields that are charged, with at least one of the e; # 0 corresponding to
an m; # 0, become massive in 5D. Below we give the massless field content of reductions
with twists that preserve N' = 8,6,4,2,0 supersymmetry in the Minkowski vacuum and
check that they fit into the relevant supermultiplets of 5D supergravities [36].

e N =38

We start with the untwisted case, m; = 0, where all fields remain massless. Apart
from the 5D graviton, the spectrum contains 8 gravitini, 27 vectors, 48 dilatini and
42 scalars (all massless). As expected, these fields make up a single gravity multiplet
of maximal 5D supergravity.

e N =6

In order to end up with N' = 6 supergravity, we take only one of the four mass
parameters to be non-zero so that we twist in only one of the four SU(2) subgroups.
The massless spectrum from such a reduction contains a graviton, 6 gravitini, 15
vectors, 20 dilatini and 14 scalars. These fields form the gravity multiplet of the
N = 6 theory.

e N =4

We obtain N' = 4 supergravity by twisting in two SU(2) groups, with two mass
parameters zero. This can be done in two qualitatively different ways: either with
a chiral twist, say in SU(2)g, and SU(2)g, with m; = mg = 0, or with a non-chiral
twist, for example in SU(2);, and SU(2)g, with m; = m3 = 0. Both types of twists
result in the same massless spectrum: the graviton, 4 gravitini, 7 vectors, 8 dilatini
and 6 scalars, although as we shall see, they result in different massive spectra.

In the N/ = 4 theory, the gravity multiplet contains the graviton, 4 gravitini, 6
vectors, 4 dilatini and a single scalar field, and the vector multiplet contains 1 vector,
4 dilatini and 5 scalars [37]. We see that our massless spectrum consists of the gravity
multiplet coupled to one vector multiplet.
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e N =2

We end up with minimal 5D supergravity by twisting in three of the four SU(2)
subgroups, with just one of the mass parameters zero. The massless field content
after such a twist contains the graviton, 2 gravitini, 3 vectors, 4 dilatini and 2 scalars.

For N/ = 2 supersymmetry, the gravity multiplet contains the graviton, 2 gravitini,
and 1 vector field, and the vector multiplet contains 1 vector, 2 dilatini and 1 scalar
field. Thus, the field content that we find from this reduction forms a gravity multiplet
coupled to two vector multiplets.

e =0

By twisting in all four SU(2) groups, with all four mass parameters non-zero, we
break all supersymmetry. The only fields that are not charged under such a twist are
the graviton and the singlets which are completely uncharged, with all e; = 0. As a
result, the massless spectrum in 5D consists of the graviton, 3 vectors and 2 scalars.
Note that all fermions become massive.

3.3 Massive field content

The charges (e1, e2, e3, e4) following from (3.13) determine the massive spectrum for the re-
duced theory in five dimensions. This spectrum is summarized in table 1. The spectrum of
table 1 has been previously derived from Scherk-Schwarz reduction in [12] and corresponds
to a gauging of N' = 8 five-dimensional supergravity.

We now give the supermultiplet structure of the massive spectra that follow from the
various twists preserving different amounts of supersymmetry. All fields that acquire mass
also become charged under the graviphoton A3 with covariant derivatives of the form

Dy, =0, —iqg A, (3.16)

Here the gauge coupling is ¢ = 1/R, and the charge ¢ of each 5D field is equal to 1/g = R
times its mass. Because the massive fields are charged, the real fields that follow from the
reduction have to combine into complex fields. In the spectra that we give below, we list
the number of complex fields (unless stated otherwise). Furthermore, when we give the
mass of a field or collection of fields we only write down |u|. In order to find the actual
mass, this needs to be divided by 27 R.

The massive multiplets we find are all BPS multiplets in five dimensions; these mul-
tiplets were analyzed and classified in [21] and are labeled by two integers (p,q). For N
supersymmetries in five dimensions (with N even), the R-symmetry is USp(N). For a
(p, q) massive multiplet, the choice of central charge breaks the R-symmetry to a subgroup
USp(2p) x USp(2q), i.e. the subgroup of USp(N) preserving the central charge, where
2p + 2q = N. The nomenclature was chosen such that a massless supermultiplet of (p,q)
supersymmetry in six-dimensions has, after reducing on a circle, Kaluza-Klein modes that
fit into (p, q) massive supermultiplets in five dimensions. The physical states of a (p,q)
massive multiplet in five dimensions then fit into representations of

SU(2) x SU(2) x USp(2p) x USp(2q), (3.17)
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Fields Representation | |u| = Mass (multiplied by 27 R)

Scalars (5,5) ‘i m1 £ mo £ms + m4‘
‘:I:ml img‘
‘:I:mg :|:m4‘

0

Vectors |+ ma 2 & ma 4

|£mi+ms|, 0
, 0

Tensors

‘:I:my,:l:m4

‘:l: TR374‘

(4,4)
(5,1)
(1,5)
Gravitini (4,1) |+ ma |
(1,4)
(5,4)

Dilatini |4 My + ma £ mg 4
‘:I: m374‘
(4,5) ‘j:mm:tmg:tmz;}

£

Table 1. This table gives the value of |u(m;)| for the 5D fields coming from the different types
of 6D fields. The mass of the field is then |u(m;)|/2rR. The notation m, ; indicates that both
m; and m; occur. There is no correlation between the & signs and the ;; indices, so that e.g.
(£ m1 £ mg) denotes 4 different combinations of mass parameters, and (+my 2 £ m3 4) denotes 16
different combinations. For example, the 5 tensors in the (5,1) representation consist of two with
mass |my + ms|, two with mass |m; — mg| and one with mass 0.

where SU(2) x SU(2) ~ SO(4) is the little group for massive representations in five dimen-
sions. The representations of the little group SU(2) x SU(2) that arise include (3,2) and
(2,3) for massive gravitini and (2,2) for massive vector fields. The representation (3,1)
corresponds to a massive self-dual two-form field satisfying the five-dimensional duality
condition

dBQ = —im * Bg y (318)

while the (1,3) representation corresponds to the anti-self dual case with dBy = im
Bs. In the following, we consider the cases in which the Scherk-Schwarz reduction breaks
the supersymmetry to N' = 6,4,2. The massless states are in the N supersymmetry
representations given in the previous subsection, and we now give the N supersymmetry
representations of the massive fields. It was already pointed out in subsection 3.2 that there
are two qualitatively different twists that result in a theory with N' = 4 supersymmetry:
a chiral one and a non-chiral one. Both theories have the same massless spectrum (see
subsection 3.2), but their massive spectra are different. The non-chiral twist gives massive
fields fitting into (1, 1) multiplets and we will refer to this as the (1,1) theory. The chiral
twist leads to (0, 2) supermultiplets and we will refer to this as the (0,2) (or (2,0)) theory.
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e N =6

In order to break to N/ = 6, we twist with just one of the four mass parameters
non-zero. Without loss of generality, we take m1 # 0 and the other three parameters
equal to zero. The physical states will then fall into representations of

SU(2) x SU(2) x USp(2) x USp(4) . (3.19)

The massive field content from such a twist contains 1 gravitino, 2 self-dual tensors,
4 vectors, 13 dilatini and 10 scalars. All these fields are complex, and their mass is
equal to |m;|. This is a (1,2) BPS supermultiplet with the representations

(3,2:1,1) + (3,152, 1) + (2,2:1,4) + (1,2:1,5) + (2,1;2,4) + (1,1;2,5) . (3.20)

e N'=4(0,2)

We obtain the (0,2) theory by taking chiral twist with mj, me # 0 and ms, my = 0.
The physical states will then fall in representations of

SU(2) x SU(2) x USp(4). (3.21)

From the reduction we find two massive (0, 2) spin—% multiplets, one with mass |m1],
and the other with mass |ms|. Each consists of 1 gravitino, 4 vectors and 5 dilatini,
which are in the representations

(3,2:1) + (2,2:4) + (1,2;5). (3.22)

Furthermore, we find two massive (0, 2) tensor multiplets with masses |mj +mz| and
|my — ma|. Each of these contains one self-dual 2-form satisfying (3.18), 4 dilatini
and 5 scalars [21], fitting in the representations

(3,1;1) + (2,1;4) + (1, 1;5). (3.23)

We note at this point that a part of the massive spectrum above can be made massless
by tuning the mass parameters. That is, if we choose m; = 4 mo, one of the two
(complex) tensor multiplets becomes massless. This gives two additional real vector
multiplets in the massless sector of the N' = 4 theory (see subsection 3.2).

o N =4(1,1)

For the non-chiral twist, we choose mi, m3 # 0 and mo, mg4 = 0 in order obtain the
(1,1) theory. There are two massive (1, 1) vector multiplets, one with mass |m +mg|
and one with mass |m; — mg|. Each consists of 1 vector, 4 dilatini and 4 scalars [21]
corresponding to a representation of

SU(2) x SU(2) x USp(2) x USp(2), (3.24)

given by
(2,2;1,1)+(2,1;2,1) +(1,2;1,2) + (1,152, 2). (3.25)
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In addition, there are two massive (1,1) spin—% multiplets, one with mass |m4|, and
one with mass |m3|. Each consists of 1 gravitino, 2 (anti-)self-dual tensors, 2 vectors,
5 dilatini and 2 scalars. The one with mass |m;| is in the representation

(B2L1)+ G L2 1)+ (221,24 (L2311 + (2122 + (L121), (3.26)
and the one with mass |ms| is in the representation
(2,3;1,1) + (1,3;1,2) + (2,2:2,1) + (2, 1; 1, 1) + (1,2:2,2) + (1,1;1,2) . (3.27)

As in the (0,2) theory, we can tune the mass parameters in such a way that a part of
this spectrum becomes massless. For m; = &+ mg, one of the massive vector multiplets
becomes massless, and so we get two more real vector multiplets in the massless sector
of the theory (again see subsection 3.2). Note that, even though the massive tensor
multiplet of the (0,2) theory and the massive vector multiplet of the (1,1) theory
contain different fields, they give the same field content in the massless limit.

e N =2
We choose mq, ma, m3 # 0 and my = 0 to obtain the N' = 2 case with massive (0,1)
multiplets in representations of

SU(2) x SU(2) x USp(2). (3.28)

There are four massive hypermultiplets with masses |m; 4+ mg & ms| consisting of 1
complex dilatino and 2 complex scalars in the

(2,1;1)+ (1,1;2) (3.29)

representation. The four vector multiplets with masses |m; 2 £ms3| consist of 1 vector
and 2 dilatini in the
(2,2;1)+(1,2;2) (3.30)

representation. Furthermore, we find two tensor multiplets (1 self-dual tensor, 2
dilatini, 1 scalar) with masses |mj 4+ ma| in the following representation of (3.28):

(3,1;1)+(2,1;2) + (1,151) . (3.31)

There are also two spin-3 multiplets, one with mass |m;| and one with mass [ms],
containing 1 gravitino, 2 vectors and 1 dilatino in the

(3,2:1) +(2,2;2) + (1,2; 1) (3.32)

representation. We also find another multiplet containing a Spin-% field: 1 gravitino,
2 anti-self-dual tensors, 1 dilatino and 2 scalars with mass |mg|. This is reducible,
giving one massive hypermultiplet consisting of 1 dilatino and 2 scalars with the
representation (3.29) and one multiplet consisting of 1 gravitino and 2 anti-self-dual
tensors in the representation:

(2,3;1) + (1,3;2). (3.33)
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As for the N = 4 theories, we can tune the mass parameters in order to obtain extra
massless fields. Choosing m; = £mg or mj12 = £m3 would make either a tensor
multiplet or a vector multiplet massless. Both of these would give two real massless
vector multiplets. Another choice would be to set m; = £ ms + mg so that one of
the massive hypermultiplets becomes massless.

3.4 Mass matrices

The monodromies ./\/lispw € USp(4),, and let{ﬁp(4) € USp(4)g in (3.8) are the exponentials
of mass matrices in the Lie algebra of USp(4):

MY = exp(MFD), MY = exp(Mi ). (3:34)

For the monodromies (3.10), the mass matrices are given by

MESM) =m103 ® mao3, Mﬁﬁpw = m303 D Mmyo3 . (3.35)

By conjugating, as in (3.7), by an element h of the SU(2)4 subgroup (3.9), we can bring
this to the form

MPPY =iy (ny o) @ma(na-0),  MEPY =ms(ng - 0) @ ma(ng - o), (3.36)

for any four unit 3-vectors n;. Here o is the 3-vector of Pauli matrices.

The Lie algebra of USp(4) consists of anti-hermitian 4 x 4 matrices M4? (Mt = —M)
such that MAB = QACM:P is symmetric (MAZ = MB4), where Q48 = —QF4 is the
symplectic invariant; see appendix B.2 for more details. In a basis in which Q = g9 @ 09
and the subgroup (3.9) is block diagonal, we have the 4 x 4 matrix representation

M = (ml(nl'a) 0 > . QB = ("2 0> : (3.37)

0 mQ(HQ-U) 0 g2

However, for our purposes, it will be useful to have mass matrices in a basis in which

1
om0 12} (3.38)
~1y 0

s 0 0 0 —my
MW = N E (3.39)
0 mo 0 0

(4)

and a similar expression for Mﬁs P that can be found by replacing m; — ms and ma — ma.

The monodromy for the above mass matrix is given by

cos(mi) 0  —sin(my) 0
usp(4) 0 cos(mz) 0 — sin(mg)
- A
ML sin(ml) 0 COS(ml) 0 ) (3 O)
0  sin(ma) 0 cos(ma)
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(4)

and there is a similar expression for M;fp . We can use the isomorphism usp(4) = so(5)

to map (3.39) to the corresponding generator in the Lie algebra of SO(5). This yields

0 —(m1 + mg) 0 0 0
mi + me 0 0 0 0
ML - 0 0 0 0 —(m1 - mg) 5 (3.41)
0 0 0 0 0
0 0 mi—msg 0 0

and a similar expression for Mg where we replace m; — ms3 and my — my (see ap-
pendix B.2 for more information on the isomorphism usp(4) = s0(5)). The corresponding
SO(5) monodromy is given by

cos(my + ma) —sin(my + ma) 0 0 0
sin(my +ma) cos(my + ma) 0 0 0
My, = 0 0 cos(mp —mg) 0 —sin(my —mg) | . (3.42)
0 0 0 1 0
0 0 sin(m; —mz) 0 cos(mi —ma)

The USp(4) monodromy is of course a double cover of the SO(5) monodromy: taking e.g.
m1 = meo = 7 gives My, = 1 but ML‘SPM) =—1.

We can use the mass matrices My, and Mg in the algebras of SO(5);, and SO(5)y to
create an s0(5,5) mass matrix. In the basis in which the SO(5,5) metric takes the form

0 15
= 3.43
TAB <15 0 > y ( )

(see appendix B.1) this so(5,5) mass matrix is given by

1 [(My+ Mg),® (M, — Mg)a
M=) ((ML T n MR)“b> € s0(5,5). (3.44)

It is this matrix that appears explicitly in the bosonic action, as we shall see in the following
subsections.

In section 4, we consider various brane configurations that result in five-dimensional
black holes. For each of these systems, we choose My, and My in such a way that the
fields that charge the black hole remain massless in 5D. All of these are conjugate to the
ones given here. In particular, they all have the same eigenvalues and so give the same
mass spectrum.

3.5 5D scalars

In this section, we go through the reduction of the 6D scalar fields in detail. The goal
is to compute the mass that each of the 25 scalar fields obtains in 5D. For notational
convenience, we set R = % here and in the next subsection where we reduce the 6D
tensors. Consequently, the masses that we compute here carry an ‘invisible’ factor ﬁ
that can be reinstated by checking the mass dimensions.
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The scalar Lagrangian in six dimensions reads (see subsection 2.2)

1 N
-1 -1
€6 L= 3 Tr[0H " O"H] . (3.45)
The global Spin(5,5) transformations act as H — UHU?T with U € Spin(5,5). This
leads us to the following Scherk-Schwarz ansatz:

H(E") = M= H(2) M 7 (3.46)

where M is the mass matrix defined in (3.44). By substituting this ansatz in (3.45), we
find the five-dimensional Lagrangian

- 1 -
e L = s T [DuH 'DFH] — V(H). (3.47)

Matter that is charged under the monodromy becomes charged under the U(1) symmetry
corresponding to the graviphoton A7 in 5D. The covariant derivative on H is given by

DM =01 — A (MH+HM"). (3.48)
The potential in (3.47) is given by
V(H) = %e*vg/?’% Tr[M?* + MTH M #H]. (3.49)

For an R-symmetry twist, such potentials must be non-negative [5]; consequently, a global
minimum can be found by solving V' = 0. We find such a minimum by putting all 25
scalar fields to zero, so that H = 1. By realizing that our mass matrix is anti-symmetric,
MT = — M, we immediately see that this gives V = 0.

We now compute the masses of the scalar fields in this minimum. We denote the

collection of all 25 scalar fields by o¢, with s = 1,...,25, and compute the mass matrix as?

%

ng 80'100'] R ( )

We diagonalize this mass matrix as m;; = Qik miiag Q' o where md128 is a diagonal matrix
and @ is a conjugation matrix built from an orthonormal basis of eigenvectors. In this way,
we find the mass that corresponds to each of the redefined fields & = Q* jaj .

We have computed these masses explicitly for the mass matrices that preserve the
various 6D black string configurations that we consider in section 4. Tables are provided
in appendix C.

3.6 5D tensors

In this section we work out the reduction of the six-dimensional tensor fields in detail,
following [11, 34]. Just like in the previous subsection, we set R = % and neglect the
Kaluza-Klein towers for notational convenience.

3The kinetic term of the sigma model is diagonal at the minimum of the potential, i.e. it takes the form
—%gij (Uk) 8uai8“aj with Gij (0) = 6”
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The Lagrangian for the six-dimensional tensor fields reads
ouble 1
LD = HAB G A G (3.51)

The ten three-form field strengths Ggﬁi transform as in (2.28), so we choose our Scherk-
Schwarz ansatz to be

)

GPN @) = (M) P (G ") + GPR) A (dz+ AD)) (3.52)

where GSA and GSA are five-dimensional field strengths that are independent of the circle
coordinate z. As usual for self-dual tensor fields, we don’t compactify the Lagrangian of
the theory but rather its field equations. We start by reducing the six-dimensional Bianchi
identities dG:(;i)4 = 0. We find

4685, + (G0 ) =0,
dGY), — M, (GY) + GO A AY) = 0.

)

(3.53)

From these we deduce expressions for the five-dimensional field strengths in terms of the
corresponding two-form and one-form potentials:

(3.54)

Normally at this point, we would like to shift AS’)A — A§51)4 -(M,B dA®) so that the

1,B
field strengths in (3.54) would lose their dependence on Agsll. This is not possible, however,

because our mass matrix M AB is not invertible. We therefore need to diagonalize M AB
and split the indices that correspond to zero and non-zero eigenvalues. In the most general
case where the combinations m; + my and ms + my4 are non-zero, this splitting goes like
A — (a, &) with & € {i,i+5}, where ¢ is the index that corresponds to the row and column
that we set to zero in M, and M. For example, for the reduction of the D1-D5 system
(see (4.8)) we have & € {4,9}. The index « takes the other eight values of the original
index A. The second equation in (3.54) now separates into

G = a0+ 30,549
G = dAP) .

e

(3.55)

The matrix M,” is invertible, so now we can shift Ag‘r)(l — A;‘:’?X - (M_l)aﬁ dAg?za‘ After
this shift, the five-dimensional field strengths read

G, = dAf) - GO A AT, G0 = a4l — a0 AL,
) 3 4(5) 5) 5) 7 (3.56)
Gz,a = Maﬁ Aw ) G2,a = dAl,a .
The six-dimensional field strengths are subject to the self-duality constraint
G = rap HEC « G (3.57)
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We now compactify this constraint. First, we need to reduce the six-dimensional Hodge
star to five dimensions. By using the metric decomposition (3.4), we find

LOGE, = (M) 74O (GF), + G A (dz+ AD))

— (e ) ( V2/365 (5 (5) /\( Z—I—A?) e V2/3¢5 (5 (5)> (3:58)

This result allows us to write down the 5D self-duality constraint that follows from (3.57) as

GY) = —e V234 g HBC 5 6T, (3.59)

)

Recall for the derivation of this result that HAZ with raised indices is the inverse of the
matrix H as defined in subsection 2.2. Consequently, we use the inverse of (3.46) as
Scherk-Schwarz ansatz.

Mass spectrum. In order to find the mass spectrum of the fields that descend from
G’z()f;, we put all other fields in (3.59) to zero. In particular, this means that HAZ = §45.
We find .
5 5 5 5
dAY) = — 7,7 M, AT | dAL) = 7,7 AT, (3.60)

where we use the notation 7, f = Tary 678 and an analogous expression for the dotted indices.
These are massive and massless five-dimensional self-duality conditions. From these, we
can deduce the equations of motion for the corresponding fields (following [38]). They read

d(+dAP) ) = — (rMrM) 7 5 AD)

o) d(xdAP)) =0. (3.61)

So in 5D, we end up with eight massive tensors and two massless vectors (again, this is
for the case where m; & mg and ms & m4 are non-zero). The self-duality constraint (3.59)

(5)

. . 5
eliminates the massless tensors A, . and makes sure that the massive tensors Ag()l carry

only half their usual degrees of freedom. The masses of the fields Agi)y are determined by the

mass matrix — (T}MTM)aﬁ . By diagonalizing this matrix, we find the mass corresponding
to each field.

Just as for the scalar fields, we have computed these masses explicitly for the mass ma-
trices that we use for the reduction of the D1-D5 system and the dual brane configurations
in section 4. These masses can be found in appendix C.

Graviphoton interactions. We now pay some extra attention to the interactions be-
tween the graviphoton and the vector and tensor fields that we find in this subsection.
They will prove to be very important in section 5. As it turns out, there is a difference in
the result that we find for the reduction of a self-dual 6D tensor and an anti-self-dual 6D
tensor. We illustrate this difference with two simple examples.

Consider a six-dimensional (anti-)self-dual tensor field Bg with field strength H 3= EiB2
(here hats denote 6D quantities). The field equations and self-duality constraint for this
field read

dfHs =0, %Hs =+ Hs. (3.62)
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By decomposing this field (strength) as Hs = Hs + Hy A (dz + A;), and by using straight-
forward reduction techniques and the conventions of this paper, we find the following 5D
Lagrangian:

gZ—%HgA*HQi%Al/\HQ/\HQ, (3.63)

with Ho = dB;. We see that a self-dual and an anti-self-dual tensor give a Chern-Simons
interaction term with the graviphoton with an opposite sign.

Now take a real doublet of (anti-)self-dual tensor fields, that we Scherk-Schwarz reduce
from 6D to 5D with the ansatz

m 0

ﬁg = exp [(0 —m) Z] (Hg + Ho A (dZ+.A1)), (364)

(apart from the ansatz and the fact that we are considering a doublet this set-up is similar
to the previous one). Going through this reduction gives a complex massive tensor Bs in
five dimensions subject to the self-duality equation

dB2 — zm.Al /\B2 + Z’I?’L*B2 =0. (365)

Again, the + sign indicates the difference between the result for the reduction of a self-
dual and an anti-self-dual tensor from six dimensions. Now, this sign is not in front of
the interaction with the graviphoton, but we can still flip it by redefining A; — —A;. To
see this, recall that the field By is complex so that we also have the complex conjugate
of (3.65). By flipping the sign of the graviphoton, we effectively switch the particle and
the anti-particle By <+ By in order to protect the sign in the covariant derivative. The
+ sign in the mass term of the equation for By is flipped with respect to (3.65), and so
we see that redefining A; — —A; effectively interchanges the result for a self-dual and an
anti-self-dual tensor.

3.7 Conjugate monodromies

We have so far considered monodromies in the R-symmetry group Spin(5); x Spin(5)y
preserving the identity in the coset Spin(5,5)/Spin(5); x Spin(5)y, which is the point in
the moduli space at which all scalar fields vanish. Then this point in moduli space is a fixed
point under the action of the Spin(5, 5) transformation ) — M1 given by the monodromy,
and as we have seen this point is a minimum of the Scherk-Schwarz potential giving a
Minkowski vacuum. Conjugating by an element of the R-symmetry group

M — hMR™Y, h e USp(4); x USp(4)g (3.66)

will then preserve the fixed point in the moduli space and the minimum will remain at
the origin.

However, for the embedding in string theory (see subsection 6.1), we will need to
consider monodromies that are related to an R-symmetry transformation by conjugation
by an element of Spin(5,5)

M=gMg™',  ge€Spin(5,5), M ecUSp(4), x USp(4)g C Spin(5,5). (3.67)
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This change of monodromy can be thought of as the result of acting on the theory twisted
with monodromy M by a transformation ¢y — g¢i. For the supergravity theory, this
is just a field redefinition giving an equivalent theory, but as we shall see later this has
consequences for the embedding in string theory. The fixed point is now at the coset
containing g, [g] = {gh | h € Spin(5);, x Spin(5)y}, and this is now the location of the
minimum of the potential [5]. At this point, the kinetic terms of the various fields are
not conventionally normalized. On bringing these to standard form, the masses become
precisely the ones given earlier for the theory with monodromy M. This was of course to
be expected: a field redefinition cannot change physical parameters such as masses.

3.8 (Gauged supergravity and gauge group

The result of the Scherk-Schwarz reduction is a gauged N' = 8 supergravity theory in which
a subgroup of the Eg duality symmetry of the ungauged 5D theory is promoted to a gauge
symmetry. In this subsection we discuss this gauged supergravity and its gauge group.

We start with the case in which the twist is a T-duality transformation in the T-duality
subgroup Spin(4,4) of Spin(5,5). Consider first the bosonic NS-NS sector of the ten-
dimensional supergravity theory, consisting of the metric, B-field and dilaton. Compacti-
fying on 7% gives a 6D theory with SO(4,4) symmetry. There is a 6D metric, B-field and
dilaton, together with 8 vector fields Ag‘ in the 8 of SO(4,4) (with A =1,...,8 labelling the
vector representation of SO(4,4)) and scalars in the coset space SO(4,4)/SO(4) x SO(4).
The Scherk-Schwarz compactification of this on a circle with an SO(4,4) twist with mass
matrix Na” was given in detail in [14]. In 5D, there are then 10 gauge fields: eight Af} aris-
ing from the 6D vector fields, the graviphoton vector field AZ from the metric and a vector
field BZ from the reduction of the 6D B-field. Then (A;‘, Ai, BZ) are the gauge fields for a
gauge group with 10 generators T4, T,, T respectively. After the field redefinitions given
in [14] to obtain tensorial fields transforming covariantly under duality transformations,
the gauge algebra is [14]

[TZ7 TA] - NAB TB 5 [TAa TB] — NAB T2 ) (368)

with all other commutators vanishing. Here Nap = Ns%ncp where nap is the SO(4, 4)-
invariant metric, so that Nyp = —Np4 as the mass matrix is in the Lie algebra of SO(4, 4).
This then represents a gauging of a 10-dimensional subgroup of SO(4, 4), which has a U(l)2
subgroup generated by T.,T:. A further U(1) factor can be obtained by dualising the 2-
form b, to give an extra gauge field and the generator ¢ of this U(1) factor commutes with
all other generators.

Next, consider reintroducing the R-R sector. In six dimensions, there are a further
8 one-form gauge fields Cf' transforming as a Weyl spinor of Spin(4,4) (o = 1,...,8),
which combine with the 8 NS-NS one-form gauge fields to form the 16 of Spin(5,5). There
are also a further 4 two-form gauge fields, which split into four self-dual ones and four
anti-self dual ones that transform as an 8 of SO(4,4). These combine with the degrees of
freedom of the NS-NS 2-form to form the 10 of Spin(5,5). The mass matrix acts on the
spinor representation through N, which is given as usual by N,p = iN A8(vA8) o5 where
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Nop = No1y5 and 1,p is the symmetric charge conjugation matrix. The structure in the
spinor representation is related to that in the vector representation by SO(4,4) triality.
The gauge algebra then gains the terms

[T.,To] = N.° T, [T, T3] = Nop Tx, (3.69)

to give an 18-dimensional gauge group. This corresponds to gauging an 18-dimensional

subgroup of Eg. For generic values of the parameters m;, the two-form gauge fields in the

8 of SO(4,4) become massive, while the 5D NS-NS two-form remains massless and can

again be dualized to give a further U(1) factor with generator t. For special values of the

parameters, some of the two-forms in the 8 of SO(4,4) can become invariant under the

twist and so become massless as well. These can be dualized to give further U(1) factors.
The gauge algebra can now be written

T, T = M," Ty, [Tu,Th) = Mup T, (3.70)

with all other commutators vanishing, where T, = (T'4,7,) and

N4 0
M, = . 71
(O Naﬁ) (371)

There is a U(1)® subgroup generated by ¢ (if the NS-NS two-form is dualized) with possible
further U(1) factors coming in if some of the R-R two-forms remain massless.

In the generic case in which M,® has no zero eigenvalues, then the vector fields A®
corresponding to the generators T, all become massive, while the gauge fields corresponding
to the generators T,,7T%,t remain massless. Then the gauge group is spontaneously broken
to the U(1)3 subgroup generated by T.,Ts,t. For special values of the parameters m;
such that M," has some zero eigenvalues, there will be more massless gauge fields and the
unbroken gauge group will be larger.

In subsection 4.2, we will consider a twist of this kind in the compact Spin(4) x Spin(4)
subgroup of the Spin(4,4) T-duality group. The other twists we will consider are all
related to this one by conjugation (see subsection 3.7 and 4.2) and will give isomorphic
gauge groups.

One can argue what part of the matter content is charged under each of these gener-
ators of the gauge group by Scherk-Schwarz reducing the 6D gauge transformations and
seeing how the 5D fields transform under these reduced transformations. The 6D gauge
transformations can be found in [31, 32]. The generators T;, come from the gauge transfor-
mations corresponding to the 16 vector fields in 6D. These transform the 6D vectors and
the 6D tensors, so the 5D descendants of these fields can become charged under generators
T,. The generators T; and t come from the gauge transformation that correspond to the
6D tensor field that is a singlet under the twist. This transformation acts only on this
tensor field, so after reduction no matter becomes charged under the resulting 5D trans-
formations 7% and t. The generator T}, (corresponding to the graviphoton A3) comes from
6D diffeomorphisms in the circle direction. By explicit reduction of these diffeomorphisms,
we find that all fields that become massive in 5D carry U(1) charge under 7.
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3.9 Kaluza-Klein towers

In the previous subsections, we have constructed 5D theories with both massless and mas-
sive fields from Scherk-Schwarz reduction. However, this is not the whole story: if we
consider a compactification on S', then each field picks up an infinite Kaluza-Klein tower.?

We choose Scherk-Schwarz ansitze including Kaluza-Klein towers on the S' of the form

P(xt, z) = exp (é\ﬁ;) Z em#/ R (2, (3.72)

ne”

where we use 1) as a schematic notation for any field in the theory that transforms in some
representation of the R-symmetry group. Then if ¥ has charges e;, it is an eigenvector of
M with eigenvalue ip given by (3.12), M1 = ip), so that

Wzt z) = Z exp (z (% + n> %) U (). (3.73)

nez

Clearly, shifting 4= by an integer 7 can be absorbed into a shift n — n—r and so corresponds
to changing the n’th Kaluza-Klein mode to the (n — r)’th one while leaving the sum
unchanged. From table 1, we see that shifting the m; by 27r; for any integers r; shifts all
the 4= by an integer and so leaves the above sum (3.73) unchanged. For this reason, there
is no loss of generality in taking m; € [0, 27).

Without loss of generality, we can restrict the m;’s further by realizing that all eigen-
values ip appear with a + sign in front of them. By taking into account two towers of
the form (3.73), one of them with a minus sign in front of u, we see that the combination
of these towers is unchanged under 4~ — 1 — 4-. Consequently, we can take m; € [0, 7]
without loss of generality.

The Scherk-Schwarz ansatz is a truncation of (3.73) to the n = 0 mode. This gives a
consistent truncation to a gauged five-dimensional supergravity theory, which is sufficient
for e.g. determining which twists preserve which brane configuration in section 4. The full
string theory requires keeping all these modes, together with stringy modes and degrees of
freedom from branes wrapping the internal space.

The mass of the n’th KK-mode is given by

I n
Al

, nez, (3.74)
and the value of u(m;) for each field can be read off from table 1. As an example, we

check this for the reduction of the 6D tensors. If the whole tower is taken into account,
the Scherk-Schwarz ansatz (3.52) is extended to

GY (@) = exp <W> > IR (G @) + G A (dz+AD)) . (3T5)
nez

10f course, even this is not the whole story. There are also Kaluza-Klein modes that come from the
reduction from 10D to 6D on the four-torus, plus stringy degrees of freedom. We will return to these in
section 6, where we discuss the full string theory.
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Note that we have restored the circle radius R in this ansatz; from now on, we will keep it
manifest in all our equations. Furthermore, in (3.75) the Spin(5,5) indices are suppressed
for clarity. It can be seen directly that this extended ansatz essentially changes the mass
matrix IM as we used it in subsection 3.6 to

M inl

We can now use that the eigenvalue of M is iu with p given by (3.12) to see that the masses
of the Kaluza-Klein modes are given by (3.74).

Note that the modes with n = 0 that are kept in the Scherk-Schwarz reduction are not
necessarily the lightest modes in the tower. In particular, if the parameters m; are chosen

so that %n;l) is an integer, “(2”:') = N, then the mode with n = —N will be massless. As

an example of this, we can choose

mlzmgzg,mgzﬂ,ﬂuzo. (3.77)

By using table 1, we can see which additional massless fields arise. In this case, there are
four scalars and two spin—% fermions that become massless, which form a hypermultiplet of
N = 2 supergravity. For further discussion of such accidental massless modes, see [5, 16].

4 Five-dimensional black hole solutions

In this section, we consider several 10D brane configurations that we compactify to give
black holes in 5D. We do this in two steps. First, we reduce the brane configuration to
a black string solution of (2,2) supergravity in six dimensions. This solution will not be
invariant under the whole Spin(5,5) duality group, but will be preserved by a stabilizing
subgroup. If we then do a standard (untwisted) compactification of this on a circle with
the black string wrapped along the circle, we obtain a BPS black hole solution of N' = 8
supergravity in five dimensions. This reduction can be modified by including a duality
twist on the circle. If the duality twist is in the stabilizing subgroup, the same black
hole solution will remain a solution of the gauged supergravity resulting from the Scherk-
Schwarz reduction, and of its truncation to an effective N’ < 8 supergravity describing the
massless sector. This is because the only fields that become massive as a result of the
Scherk-Schwarz twist are the ones that are trivial (zero) in the black hole solution. As a
consequence, the black hole will also be BPS and preserving (at least) four supercharges.
Indeed, it descends from a BPS black string solution in six dimensions, and the duality
twist preserves the supercharges and Killing spinors of the truncated theory that has the
black hole as a solution.

Primarily, we focus on the D1-D5 system, but later in this section we also consider the
dual F1-NS5 and D3-D3 systems.

4.1 The D1-D5-P system

The D1-D5 system, sometimes more accurately called the D1-D5-P system, consists of
D1-branes, D5-branes and waves carrying momentum. The ten-dimensional configuration
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is as follows:

R4 gl T4

- -~ =~

tlr 0 o1 @2 2 | Y1 Y2 Y3
DL | =1. . . . _
D5 | —|. . . . — - - - _
P S . _

Here a line (—) denotes an extended direction, a dot (-) denotes a pointlike direction,
and multiple dots (---) denote a direction in which the brane or wave is smeared.

We start from the ten-dimensional solution and reduce it to 5D with the ansatze that
are given in previous sections. The D1-D5 solution of type IIB supergravity in Einstein
frame reads

;

ERY L
dstygy = Hy *Hy *[— dt* +d2% + K(dt — d2)?] + H{ Hy [dr? + r*dQ3]
11
+ H{ Hg *[dy} + dys + dy3 + dyj)
¢ — HEH
CSO) = (Hfl —1)dtANdz+ Qs cos?0 der A des,

where dQ2 = d6? + sin?0 de? + cos?6 dyp3 is the metric on the three-sphere written in Hopf
coordinates. The harmonic functions corresponding to the D1-branes, the D5-branes and
the momentum modes can be written in terms of their total charges as

Ho=1+9 Hy=1+9% He=1+K =1+ (4.2)
r r r

Reduction to six dimensions. We compactify the metric in (4.1) to 6D using the
ansatz (2.4). The metric on the torus, gmn, is diagonal in (4.1) so we find that

- - 1 1
S HIHIT,  m=1,... 4. (4.3)

By using the expressions for the vectors bom given in (2.6), we can solve for the individual
scalar fields ¢;. We find that only one of them is non-zero in the 6D solution:

11
e =HH $1=¢2=¢3=0. (4.4)
The rest of the reduction is straightforward. The six-dimensional Einstein frame metric
11
is related to the ten-dimensional one by a Weyl rescaling with gi/ t = H'H; *, which

is incorporated in the ansatz (2.4). The dilaton ® and the R-R two-form Célo) have no
non-zero components on the torus, so they reduce trivially. The result reads

11 L
ds(gy = Hy *Hy * [— dt* + dz° + K(dt — d2)?] + H{ HZ [dr® 4 r2d$3]
e~ oV (4.5)

056) = (Hf1 — 1) dtAdz+ Q5 cos?0 dpy A des .
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Here, we have defined the scalar field ¢, = %(@ + ®). This solution describes a black
string in six dimensions.

When we use the doubled formalism (see subsection 2.3) we can rewrite the solution
above in terms of the doubled tensor fields. To derive the contributions of these doubled
fields to the black string solution, recall that the dual field strengths are defined as Géﬁ)a =
K « G:(,fg + Lob ngz. By putting all scalar fields except ¢y to zero, this reduces to
é§6)a = K% x Gg with K% = diag (1,1, l,e‘/i‘l”r7 1). Hence, we find that the doubled
tensors to which the black string solution couples are given by

O = (Hy' — 1) dt A dz + Q5 cos?0 Ay A dgs

Oy’ = (Hy' —1)dt Adz + Q1 cos*@ dpy A dps.

In the doubled formalism, the degrees of freedom of both these fields are halved by the
self-duality constraint (2.27) so the total number of degrees of freedom of the fields that
the black string couples to remain unchanged.

Scherk-Schwarz reduction to five dimensions. The last step is to Scherk-Schwarz
reduce the six-dimensional black string solution, which results in a black hole in five dimen-
sions. We choose the twist matrices to be in the stabilizing subgroup of the R-symmetry
group, i.e. the subgroup of the R-symmetry that preserves the solution. As a result, all the
fields that are non-constant in the black hole remain massless.

For the D1-D5 system, we choose the following usp(4) mass matrices:

0 0 —my O 0 0 —m3 O
L m 0 0 0 ’ R ms 0 0 0
0 mgy 0 0 0 msy 0O O

Here m1, mgo, ms and my are real mass parameters, each corresponding to one SU(2) in
the R-symmetry subgroup (3.9). The isomorphism usp(4) = so(5) of appendix B.2 maps
these to so(5) mass matrices. We find

0 —(m1 + mg) 0 0 0
mi + mo 0 0 0 0
ML = 0 0 0 0 —(m1 - mg) 5
0 0 0 0 0
0 0 mi—msg 0 0
(4.8)
0 —(mg + my) 0 0 0
ms3 + my 0 0 0 0
MR = 0 0 0 0 —(m3 - m4)
0 0 0 0 0
0 0 m3 — my 0 0

The embedding of these s0(5) matrices in the s0(5,5) mass matrix M 42 is given in (3.44).
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We can now follow the techniques of subsection 3.5 and 3.6 to determine the masses
that each of the scalar and tensor fields acquires due to this twist. The results of these
calculations for the mass matrices (4.8) are presented in appendix C.1. In particular, we find
that the fields that appear in the six-dimensional black string solution (¢, 056) and C~'§6))
do not become massive in this Scherk-Schwarz reduction, as required. This means that the
reduction of the solution (4.5) to a 5D black hole is the same as in the untwisted case.

The two self-dual tensors that charge the black string solution, C’§6) and (3'56), yield
two tensors and two vector fields in 5D. We denote these by C’S’), 0{5), C~'§5), C’f’). We now
consider the self-duality conditions for these fields from (3.59), where we only take along
fields that are non-zero in the 5D black hole solution. We find that they are pairwise dual

by the relations
dCfS) _ 6\/273455 e~ V204 4 déf§5) , déf’) — oV2/3%5 (V201 dC§5) . (4.9)

We use these to write the contributions of C§5) and C~'§5) to the black hole solution in
terms of the dual one-forms. In doing so, we move to an undoubled formalism. The full
five-dimensional black hole solution is then given by

dsé) = —(H1H5HK)7% de? + (H1H5HK)% [d?‘2 + T2dQ§]

1
et = Hﬁﬂg 2

_/r _. /1 2
e? =H, V°H, \/EHK s (4.10)

Here C§5) and C~’§5) are full vector fields, meaning that they are not subject to a self-
duality constraint and carry the usual number of degrees of freedom. Note that this
compactification can be generalized by adding angular momentum in directions transverse
to the 10D branes to give a rotating black hole in five dimensions.

This three-charge black hole has been well studied in the literature. Its charges are
quantized as @Q; = ¢;N;, where N; are integers and the basic charges are given by [39]

1GOR , 4G9
=d'gs, =& 4.11
“ Tolgs b=y K=IR (411)

The entropy of this black hole can be computed with the Bekenstein-Hawking formula,
which yields

2
SBH = A L\/ Q1Q5Qk = 2m\/ N1 NsN . (4.12)

465 26Y)
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4.2 Dual brane configurations

The F1-NS5-P system. We now study the F1-NS5-P system, which consists of F1 and
NS5-branes arranged as follows

tlr 0 o1 w2 |z |y Y2 Y3 Y4
F1 | =1. . . .| =

NS5 | — |- - . .| = - - _

Again there are waves with momentum in the z-direction. This system is related to
the D1-D5 system via S-duality. As in the previous case, we start by considering the
supergravity solution in ten dimensions. It can be written in Einstein frame as

_3
1

_1 13
sty = Hp* Hy* [— dt* 4+ d2% + K(dt — d2)?] + HEHpy [dr? + r?dQ3)
11
+ HEH,* [dy% + dy3 + dy2 + dyz] (4.13)
_1 1 )
e® =H,>H}
\ Bgm) = (HEI —1)dt Adz + Qn cos’0 dpy Adyps,
where we have the harmonic functions
Hp=1+% Hy =149 (4.14)
T T

and Hy is as before. Note that this solution can be obtained from the D1-D5 solution (4.1)
by an S-duality transformation, which sends ® — — & and C’éw) — BSO). After reduction
on T#, we obtain a very similar six-dimensional solution, given by (4.5) with the replace-
ments ¢ — p_ = %(@1 —®) and 056) — BSG). In the doubled formalism, the black string
couples to the two-forms

BéG) = (HEI —1)dt ANdz+ Qn cos?0 dp1 A des,

BY = (H3' —1)dt Adz + Qp cos®0 dg1 A deps .

(4.15)

Again these fields carry only half their usual degrees of freedom due to the self-duality
constraint (2.27).

To reduce to five dimensions, we need to specify the mass matrices. We choose the
Scherk-Schwarz twist to be in the stabilizing subgroup of the R-symmetry group. Since
the F1-NS5 system couples to Bs instead of C9, the twist is chosen to preserve By, We
choose the so(5) matrices

0 —(m1 + ma) 0 0 0
mi + mo 0 0 0 0
ML = 0 0 0 —(m1 - mg) 0 y (4.16)
0 0 mi — 1My 0 0
0 0 0 0 0
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and Mg similar with m; — mg and ms — my4. By using the isomorphism in appendix B.2,
these map to usp(4) generators of the form

_mitma mi—mao
0 0 > 5
mi—mo _ mi+mo
@ _ |0 0 2 2 (4.17)
L mi+me  —mi+mo 0 0 : :
2 2
—m12+m2 m1;m2 0 0

The masses of the scalar and tensor fields that follow from the reduction with these mass
matrices are given in appendix C.2.

The resulting five-dimensional black hole is given by (4.10) with the field redefinitions
o+ — o, 055) — B§5) and C~’§5) — 355). It is not surprising that these black holes are
related by field redefinitions. After all, the D1-D5 and F1-NS5 systems are related by
U-duality, and the corresponding mass matrices are related by conjugation

MFl—NSS = CMDl_D5 C_l s Ce Spin(5, 5) . (4.18)

This conjugation matrix C' is given by

10000
01000
c 0
Cz(o ), c=100100]{. (4.19)
c
00001
00010

Essentially this conjugation matrix interchanges the fourth and fifth row and column and
the ninth and tenth row and column in the mass matrix (and monodromy).

The D3-D3-P systems. Finally, we consider the reduction of the D3-D3-P system of
branes. We specify the brane configuration:

tlr 0 o1 w2 | 2|y Y2 Y3 ya
D3 | —-|. . . B
D3/ S . . — e — —

As before, we also have momentum in the z-direction. We start with the supergravity
solution in ten dimensions, in Einstein frame it can be written as
11 11
dstygy = Hy * Hy? [— dt* + dz* + K(dt — d2)*] + HF H [dr? + r2dQ3]
11 11
+ Hy 2HZ [dy? + dy3] + Hi Hy 2 [dy3 + dyd] (4.20)
C1 — (Hy' —1)dt Adz Adys Adys + (Hy' = 1) dt Adz Adys Adys,
where the harmonic functions are given by

Qs Qs

H3:1+72, Hy =1+ 5 -
r r

(4.21)
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On compactifying to six dimensions on 7% by taking the coordinates yi,...,ys periodic,
this brane configuration is related to the D1-D5 system by T-duality. This means that
the black string solution for the D3-D3 system can be obtained from that for the D1-D5
system (4.5) by a field redefinition. We find this field redefinition as 056) — Rg?)l and
¢4+ — ¢1. In the doubled formalism, the six-dimensional black string arising from the
D3-D3 system couples to the two-forms

RY, = (Hy' — 1)dt Adz + Qy cos8 dyy A dga, 22
R@l = (H:,)_,1 —1)dt Adz + Q3 cos0 dpy A dey. '

)

Different D3-D3 systems can be constructed by arranging the D3-branes differently on the
torus. These would be charged under the two-forms coming from the reduction of C’ilo) in
such systems. All of these systems are related by T-duality.

In the last step of the reduction we need to ensure the fields that are non-trivial in
the black hole solution remain massless in 5D. For this twisted reduction we choose s0(5)

mass matrices of the form

0 0 0 0 0
0 0 0 —(mq + mo) 0
M, =10 0 0 0 —(my —ma) | , (4.23)
0 my 4+ mo 0 0 0
0 0 mi1 — My 0 0

which results in Rg?)l remaining massless. In usp(4) this mass matrix reads

0 0 _m ;mz i(mi+me)
i(mi+mz)  mi—mgy
usp(4) 0 0
ML - mi ;mQ i(m1+m2) 0 (2] (4.24)
i(m1;-m2) _my 5m2 0 0

The scalar and tensor masses that follow from the reduction with these mass matrices are
given in appendix C.3. The resulting five-dimensional black hole is given by making the
field redefinitions ¢4 — ¢1, C§5) — Ré‘r’)l and 6‘55) — Réml in the solution (4.10). The
mass matrices are again conjugate to those of the dual D1-D5 and F1-NS5 solutions. The
relation is similar to the F1-NS5 result in (4.18), except now the matrix C' switches the
first and fourth rows and columns instead of the fourth and fifth ones.

4.3 Preserving further black holes by tuning mass parameters

In the previous subsection, we chose twist matrices with four arbitrary real parameters m;.
For each black hole solution (D1-D5, F1-NS5, D3-D3), we chose this matrix in such a way
that the fields that source the black hole are left unchanged by the Scherk-Schwarz twist.
Consequently, the black hole remains a valid solution of the 5D theory for all values of the
mass parameters.

Here, we treat the special cases in which the mass parameters can be tuned in such a
way that, in addition to the original black hole, other black hole solutions are also preserved
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by the same twist. For example, we consider twists that preserve both the D1-D5 and F1-
NS5 black holes. As it turns out, this can only be done in the N =4 (0,2) theory and in
the N' = 0 theory. Since we are interested mostly in partial supersymmetry breaking, we
treat an example of the N’ =4 (0,2) case in detail below.

Preserving D1-D5 with T-duality twist in A/ = 4 (0,2). For this example, we
consider mass matrices of the form given in (4.16) that preserve the F1-NS5 black hole
solution. In order to twist to the N" = 4 (0, 2) theory, we choose m1, my # 0 and mg, mg4 = 0.

Suppose that, in addition to the F1-NS5 solution, we also want to preserve the D1-D5
solution with this twist. Then the fields

{¢+ = \2(@ +®), ¢, é§5>} (4.25)
have to remain massless as well. The masses of these fields for this twist matrix can be found
in appendix C.2. By setting ms, mgy = 0, we see that each field either becomes massive
with mass |m; — mg| or remains massless. It is therefore straightforward to tune the mass
parameters in such a way that all of these fields remain massless by taking m; = mo.

We thus see that the D1-D5 solution can be preserved in a reduction to N’ =4 (0,2)
with the twist matrix that was originally proposed to preserve the F1-NS5 solution, simply
by taking the two mass parameters to be equal. This particular example offers some in-
teresting possibilities. On the one hand, we note that the twist that preserves the F1-NS5
solution lies in the perturbative SO(4,4) subgroup of the duality group. From the perspec-
tive of the full string theory this is a T-duality twist. Since T-duality is a perturbative
symmetry, we can in principle work out the corresponding orbifold compactification of the
perturbative string theory explicitly. On the other hand, the microscopic description of the
D1-D5 black hole, the D1-D5 CFT, is understood reasonably well. Therefore, it should be
possible to study this particular reduction thoroughly both from the perspective of the full
string theory, and from the perspective of the black hole microscopics. We will return to
this elsewhere.

Other possibilities in N' = 4 (0,2). By taking m; = my in the example above, we
managed to keep the fields that couple to the D1-D5 black hole massless, and so we could
preserve this particular solution. It turns out, however, that this choice kept more fields
massless than just the ones that charge the D1-D5 solution. In particular, the fields

{¢3 , RS, R@,} (4.26)

also remain massless (as can be checked from the tables in appendix C.2). These are exactly
the fields that are non-trivial in one of the three possible D3-D3 black holes. So not only
the D1-D5 and F1-NS5 black holes, but also one of the D3-D3 black holes is preserved in
this reduction.

Suppose now that, instead of m; = msy, we choose m; = —msq in this reduction to
N =4 (0,2). This choice does not preserve the D1-D5 solution and the D3-D3 solution
charged under Rg‘?%, but instead other solutions are preserved. Now the fields coupling to
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the two other D3-D3 black holes remain massless:
{or, REL BD} and {on, BE), RE)}. (4.27)

These are all the possibilities for preserving multiple black hole solutions with a T-duality
twist to the N' =4 (0,2) theory. The same game can be played, however, with the other
twist matrices given in subsection 4.1 and 4.2. For each case, we find that taking either
m1 = mg or m; = —meg in the reduction to N' =4 (0, 2) results in the preservation of two
additional black hole solutions.

Preserving further black holes in A/ = 0. The only other theory in which we can
preserve several black hole solutions by tuning mass parameters is the one in which we
break all supersymmetry: the ' = 0 case. Now all four mass parameters are non-zero. As
an example, let’s consider the geometric F1-NS5 twist (4.16) again. If we take m; = mao
and m3 = my in this reduction, all fields (4.25) that are non-trivial in the D1-D5 black hole
solution remain massless. Consequently, the D1-D5 solution is preserved. Other examples
can be worked out for similar reductions to N' = 0.

5 Quantum corrections

So far, we have considered five-dimensional supergravity theories with both massless and
massive fields. For the purpose of finding black hole solutions in these theories, we truncated
(consistently) to the n = 0 modes of the Kaluza-Klein towers and identified black hole
solutions in the massless sector after this truncation.

Under certain conditions, which we discuss in the next section, the black hole solutions
we have been considering lift to solutions of the full string theory. In the string theory,
the effective supergravity theory receives quantum corrections. In particular, there are
quantum corrections to the coefficients of the 5D Chern-Simons terms which in turn lead to
modifications of the black hole solutions and hence to quantum corrections to their entropy.

In this section, we consider corrections to the coefficients of the 5D Chern-Simons
terms that result from integrating out the massive spectrum. It is a little unusual that
it is massive fields that contribute to these parity-violating terms. This is because in five
dimensions massive fields can be in chiral representations of the little group SU(2) x SU(2)
and so can contribute to the parity-violating Chern-Simons terms. First, we consider these
quantum corrections in a general setting and then discuss their origins and consequences
for the entropy of the black holes solutions of section 4. Subsequently, we compute the
quantum corrections to the Chern-Simons terms from integrating out massive supergravity
fields. This is of course not the full story: there are in principle further corrections from
stringy modes; these will be considered elsewhere.

5.1 Corrections to Chern-Simons terms

In five dimensions massive fields can be chiral as they are in representations (s, s’) of the
little group SU(2) x SU(2), and we will refer to them as chiral if s # s’. In the supergravity
theory we have been discussing, the chiral massive field content consists of the gravitino
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in the (3, 2) representation, the self-dual two-form field in the (3, 1) representation and the
spin-half dilatino in the (2, 1) representation (together with their anti-chiral counterparts
(2,3), (1,3) and (1,2)). As we have seen in subsection 3.3, these massive fields fit into (p, q)
BPS supermultiplets. By integrating out this chiral matter, we can obtain corrections to
the 5D Chern-Simons terms [40]. In principle, one would need to integrate out the entire
chiral massive spectrum; the fields that we found in our supergravity calculation, as well
as massive stringy modes. We focus on the supergravity fields here.

From the fields that we obtain in our duality-twisted compactification of 6D supergrav-
ity, only the self-dual tensors, gravitini (spin—% fermions) and dilatini (spin—% fermions) con-
tribute to the Chern-Simons terms. Integrating out other types of massive fields does not
yield Chern-Simons couplings [40]. The origin of this lies in parity: since the Chern-Simons
terms violate parity, they can only be generated by integrating out parity-violating fields.

The non-abelian gauge symmetry of the 5-dimensional gauged supergravity is spon-
taneously broken to an abelian subgroup with massless abelian gauge field one-forms A’
with field strengths F'1 = dA!, with the index I running over the number of massless vec-
tor fields in the theory. The pure gauge and the mixed gauge-gravitational Chern-Simons
terms involving these fields are of the form

-9
4872

SAFpp = /kf[JKAI/\FJ/\FK, SARR = —9 /k[AI/\TI“<R/\R) (5.1)

4872

for some coefficients kjjr, k;. Here g denotes the gauge coupling and R denotes the
curvature two-form. Integrating out the chiral massive fields yields quantum corrections
to the coefficients krjx, kr.

Consider first the Chern-Simons terms in the classical 5D supergravity obtained by
Scherk-Schwarz reduction from maximal 6D supergravity. By explicit reduction, we find
that there are no A A R A R terms. There are A A F' A F terms present however. For
example, in the reduction with the Scherk-Schwarz twist that preserves the D1-D5 black
hole, we find the term

1 N
> / A3 AdC®) AdC?® (5.2)
(5)
so that we have krjx = —,;21“293 for the indices I, J, K corresponding to the three gauge
6

fields in (5.2). This Chern-Simons term (and other similar terms) can be found from the
reduction of the 6D tensor fields (following subsection 3.6). There are also Chern-Simons
terms coming from the reduction of the 6D vectors.

Quantum corrections to the Chern-Simons terms are only allowed for certain amounts
of unbroken supersymmetry. The coefficients of the A A F' A F term are fixed for N' > 2
supersymmetry, so corrections to this terms are only allowed in the N' = 2 (and 0) theories.
For N/ = 2, the supersymmetric completion of the AA RA R term exists and is known [26],
but this is not the case for theories with more supersymmetry. However, in the chiral
N =4 (0,2) theory a AA R A R term is generated by quantum corrections, leading to
the conjecture that a supersymmetric completion of this term should exist [25]. There
is no such quantum A A R A R term for the non-chiral N' = 4 (1,1) theory, nor for the
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N = 8,6 theories. We will see in subsection 5.3 that the corrections that we find from
integrating out the massive fields that come from our duality-twisted compactification of
6D supergravity (including the Kaluza-Klein towers from the circle compactification) are
in agreement with the above: we find corrections to the A A F' A F term only for NV = 2
supersymmetry and a quantum A A R A R term is induced only for A/ = 2 and the chiral
N =4 (0,2) theory.

For our purposes, we will focus on the Chern-Simons terms A® Ad.A® AdA® and A5 ARA
R that involve the graviphoton .A%. This is because the black holes that we consider couple
only to the graviphoton and to vectors descending from the 6D tensors (see section 4).
The chiral massive field content that we find from duality-twisted compactification is not
charged under the gauge symmetries corresponding to the vectors that descend from 6D
tensors, so for the purposes of studying corrections to the black hole solutions we only need
to consider couplings of this chiral matter to the graviphoton; these then lead to corrections
to the coefficients of the A® A dA® A dA5 and A% A R A R terms.

We introduce the notation kqpp for the coefficient of the A5 A dA° A dA° term and
karr for the coefficient of the A> A R A R term. Neither of these terms are present in the
classical theory — there is no A% A d.A® A dA5 term for the graviphoton. As a result, both
karr and karp have no classical contributions and arise only from quantum corrections.

5.2 Corrections to black hole entropy

We now study the effect that the corrections to the Chern-Simons terms have on the black
holes that we studied in section 4. As it turns out, both the coefficients kapr and kaggr
affect the black hole solutions. In particular, the entropy of these black holes is modified
by the corrections to these coefficients.

In [27, 28] general BPS black hole solutions were found for N' = 2 supergravity with
both pure gauge and gauge-gravitational Chern-Simons terms (5.1). These general results
then give BPS black hole solutions for our N' = 2 supergravity models, with the specific
values of the Chern-Simons coefficients obtained in the next subsection. In particular, these
BPS black holes are preserved by four supersymmetries, and these are the black holes for
which we compute the entropy.

We can also apply this to the black holes in the NV =4 (0,2) theory. As discussed in
the previous subsection, the A’ =2 and N =4 (0,2) theories are the only ones for which
corrections to the Chern-Simons coeflicients are allowed, and so these are the only theories
in which we find corrected black hole solutions.

Consider the N/ = 4 (0,2) theory. By integrating out the massive field content we
obtain a non-zero coefficient kj rpp for the gauge-gravitational Chern-Simons term. In
order to compute corrected BPS black hole solutions in this theory, we use the framework
of [27, 28] for N' = 2 supergravity. We can consistently truncate this N' = 4 theory to an
N = 2 theory by decomposing fields into representations of an USp(2) x USp(2) subgroup
of the R-symmetry group and removing all fields that transform non-trivially under one
of these USp(2)’s. For each of the black hole solutions we have considered, we make a
corresponding choice of the embedding of the USp(2) x USp(2) subgroup so that all the
fields that are non-trivial in the black hole solution survive the truncation. As a result, the
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black hole solutions of the effective theory with an AARAR term given in [27, 28] will also be
solutions of the quantum-corrected ' = 4 (0, 2) theory that we have been considering here.

We now briefly review the procedure to compute the entropy of BPS black holes in
these quantum corrected theories. It is given by the formula [27, 28]

S = %kUKXIXJXK, (5.3)

where X! are the (rescaled) moduli corresponding to the three gauge fields A’ that couple
to the black hole charges and kjx are the Chern-Simons coefficients from (5.1). The values
of these moduli in the solution are found by solving the attractor equation, which in the
near-horizon limit is 1
—§k[JKXJXK Q[-I—Qk[ (5.4)
2g G N
More comprehensive studies of these solutions can be found in [27, 28].

We now apply this to our setup. When we solve (5.4) and compute (5.3) for general
coefficients karp and kagrg (to the Chern-Simons terms that contain the graviphoton A°),
we find the entropy of the corrected D1-D5-P black hole solution in terms of its three
charges to be

2
G(5) 5
2(1+V Lhare 58 U9 thapp 15 QQ)

27.‘_2 R Q2 Q%(
SBH = —5 Q1Qs5Qk 3 (5.5)
Gy Q1Q5
1+ 1+kapr 7rR 03,
Here the charge arising from momentum in the z direction is shifted
. 4GY)
= k . .
Qk =@k + —okarr (5.6)

It can easily be checked that for kapr = karr = 0 this expression for the black hole
entropy reduces to the uncorrected result

2

SpH = 22(5) V@1Q5Qk . (5.7)

N

Just as was done for the uncorrected expression for the entropy, we can express the three
charges in terms of integers N; times the basic charges as ); = ¢;IN; with the basic charges
¢; as given in (4.11). This yields

2
2<1+\/1+k:AFF S LV N]\lfé\[f’)
N1 NsNg “

SBH =27 3 ) (58)
(1 + \/1 + kapp M >
K
where the shifted momentum charge number is given by
Nk = Nk +karr. (5.9)
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Al (p1) A (p2)

A? (ps)

Figure 1. This diagram generates corrections to the A A FF A F' Chern-Simons coupling. The
external lines represent the graviphoton whilst the solid internal lines represent a massive self-dual
tensor, gravitino or dilatino running in the loop.

self-dual tensor By~ gravitino v,  dilatino x

karr —4dcpg? 5cypq° o ¢

19 1
kARr cBq -3 Cpq x4

Table 2. The coefficients of the Chern-Simons couplings that are induced by integrating out the
different types of massive chiral fields, as computed in [40].

The expression (5.8) can be expanded for small kgpp as

3
~ T NiNs\ 2
Spu = 2m\/ Ni1N5sNg + T karr <]i75> + O(K4pp) - (5.10)

K
The first term is equal to the uncorrected black hole entropy (4.12) and the second term
is the correction to first order in k4pp.

5.3 One-loop calculation of the Chern-Simons coefficients

In this section we compute the contributions to k4rr and k4grg that come from integrating
out chiral massive fields arising from the duality-twisted compactification of 6D supergrav-
ity. While this is a well-defined calculation, some caution is needed since there will also be
contributions from the chiral spectrum of stringy modes to the Chern-Simons coefficients.
The coeflicients that we compute here come purely from the supergravity modes.

Contributions are only obtained from integrating out massive self-dual tensors, gravi-
tini (spin-3 fermions) and dilatini (spin-3 fermions). The relevant diagrams for corrections
to the couplings (5.1) have been computed in [40]. As an example, we show the diagram
that contributes to the A A F'A F term in figure 1. The diagrams that contribute to the
AARAR term can be found in [40]. The results of these computations are shown in table 2.

We see that the contribution of a massive field to each of the Chern-Simons couplings
consists of three parts: a prefactor that depends on the field type, a constant cgelq (equal
to £1) that depends on the field’s representation under the massive little group, and the
field’s U(1) charge ¢ under the graviphoton AS3.

In order to find the corrections to the Chern-Simons terms that are induced by the
massive spectra of our 5D theories, we need to know two things about each of the massive
fields: the sign of cgelq and the charge q. We always take ¢ > 0 and absorb any minus signs
into the corresponding cgelq-
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The conventions in this work are such that 5D tensors that descend from 6D self-dual
tensors and 5D fermions that descend from 6D positive chiral fermions have cgeq = —1,
while tensors descending from 6D anti-self-dual tensors and fermions descending from 6D
negative chiral fermions have cgelg = +1. In terms of the six-dimensional R-symmetry
representations, the signs of cgeq of the corresponding five-dimensional massive fields are

(5,1): cp=—1, (1,5): cg=+1,
(4,1): ¢y =-1, (1,4): ¢y =41, (5.11)
(5,4): ¢, =-1, (4,5): ¢, =+1.

We know from subsection 3.9 that each 6D field produces a Kaluza-Klein tower of 5D
fields for which the sum of the charges is given by

i ‘M(m)+n‘ (5.12)

We need to regularize such sums (and similar sums in which we take the sum of the cube
of the charges). Following [41], the regularized expressions are

sl[m]: ’277 ‘ - j% (2k+1)—k:(k:+1)—é, (5.13)
s ’ ’?’:);’;3(2k+1)—3(£)2<k(k+1)+é>
La| (k:(k+1)3(2k:+1)> - k:2(k:2+1)2 +%. (510

Here we use the notation
m
b= 5]
2

We now have all the information that we need to compute the corrections to the Chern-

where |z] is the integer part of z.

Simons terms (5.1) that are generated by integrating out our massive five-dimensional
spectra. Now, for a general twist (i.e. all twist parameters are turned on) we find the
correction to the pure gauge term

karp = 4(— s3[m1] — s3[ma] + s3[ms] + s3[my]
+ s3[my + ma] + s3[m1 — ma| — s3[ms + my| — s3[ms —my )

— s3[m1 + ma + ms] — s3[m1 + ma — m3| — s3g[m1 — ma + mg

— S3\m1 — mg — m3z| — S3|mMm1 + Mg + my| — s3|m1 + mo — My (5.15)
§3|m1 —ma3 — My

]

[ J = s3] ]

[ ] — s3] My

— 83[m1 — ma + my] — s3[m1 — ma — my] + s3[m1 + m3 + my]
[ ] + s3] My

[ | + s3] ]

[m1 ] -

[ ]

S[ml +m3 — my] + s3[m1 —m3 +my
s3| | + s3[ma + mg — my] + s3[ma — ms3 + my
[ ]
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and the correction to the mixed gauge-gravitational term

karr = g(sl[ml] + s1[ma] — s1[mz] — s1[ma])

— s1[m1 + ma] — s1[m1 — ma] + s1[ms + my] + s1[ms — my|

- g( — s1[m1 +ma + ma] — si[m1 +ma — mg] — s1{m1 — ma + M)

— s1[m1 —ma — m3] — s1[m1 +ma + ma] — s1{m + ma — my] (5.16)
— s1[m1 —ma + my] — s1[m1 — ma — my] + s1[m1 +m3 +my

[m1 ]+ 51 ]
s1[mi1 — ms + my] + s1[m1 — mg — my]
[ ]+ 51 ]

+ o+

+ s1[mg + mg + my

]
]

+ s1[m1 +m3 — my]
| + s1[ma + mg — ma] + s1[ma — ms3 + my
]

+81[m2—m3—m4 )

The above formulae give the contributions from summing over all Kaluza Klein modes
arising from the reduction from 6D to 5D. The Scherk-Schwarz reduction to 5D supergrav-
ity keeps only the n = 0 modes and not the whole KK-towers, and on restricting to the
n = 0 modes the functions s; and s3 reduce to

si[m] =

- ‘% (5.17)

-2
2

Then the quantum corrections to the Chern-Simons coefficients k4pp and k4grp from inte-
grating out only the massive modes of the 5D supergravity that arises from Scherk-Schwarz
reduction are given by (5.15) and (5.16) with the simpler expressions (5.17) for sq, s3.

The expressions (5.15) and (5.16) are the quantum corrections for general values of
the mass parameters. The results for twists that preserve supersymmetry can be found by
taking certain parameters in (5.15) and (5.16) equal to zero. We work out some interesting
cases below.

e N=8 N=6and N =4 (1,1)

By twisting to any of these cases we find that k4pp = 0 and kagrr = 0, as can be
checked straightforwardly by setting the appropriate mass parameters equal to zero
n (5.15) and (5.16). This is consistent with expectations based on supersymmetry
and chirality, as was explained earlier in this section.

e N'=4(0,2)

For the case where we choose a chiral twist to the A' = 4 theory, say with m1,ms # 0
and m3 = my = 0, we find that kspp vanishes but ksrr does not. For such a twist,
we find the correction from the n = 0 modes to be

1 3 3
== - - = — 1
karr = 5 (3 [ma1| + 3 |ma 5 |m1 + ma 5 |ma mz!) : (5.18)
and by taking into account the Kaluza-Klein towers as well we find
1 3 3
karr = 5 + 331[m1] + 381[m2] — 5 sl[ml —+ mz] — 5 31[m1 — mz] . (5.19)

— 41 —



e N'=2(0,1)

In the minimal A/ = 2 theory corrections to both the Chern-Simons coefficients are
allowed, and the supersymmetric extension of the A A R A R term is known [26].
The coefficients kqpp and kagg can be computed from the general formulas (5.15)
and (5.16) by taking m4 = 0 and the other parameters non-zero. The general ex-
pressions are quite unwieldy, but if we take m1 = my = msg = m they simplify
substantially. For this choice of mass parameters the corrections due to the n = 0
modes are

3
( , , (5.20)

m 9 1m
kapr = 36 ‘7 P ’7
AFF o ARR 4 127

and the corrections due to both the n = 0 modes and the Kaluza-Klein towers read

1

karr = 6 15 sg[m] + 6 s3[2m] — s3[3m], (5.21)
13 33 3 1

kArr = uts s1[m] — 1 51[2m] — 3 s51[3m]. (5.22)

The expressions for the coefficients k4 and k4rgr that we found in this subsection are
computed from the supergravity fields that come from the duality-twisted compactification.
A more thorough calculation would be needed to include all the stringy modes as well.
The embedding into string theory is discussed in the next section. The full string theory
calculation of the coefficients kopr and kagrgr, however, is beyond the scope of this paper
and left for future study.

6 Embedding in string theory

So far we have considered a supergravity setup in which we studied BPS black holes in a
Scherk-Schwarz reduced theory. In some cases, Scherk-Schwarz reductions can be lifted to
string theory as compactifications with a duality twist. We study such lifts in this section.

6.1 Quantization of the twist parameters

The Scherk-Schwarz reductions we have been considering have lifts to string theory (or
M-theory) only for special values of the parameters m;. We now investigate the lifts of
Scherk-Schwarz reductions to full string theory constructions. The supergravity duality
symmetry is broken to the discrete U-duality symmetry Spin(5, 5;Z) [18], and the Scherk-
Schwarz monodromy has to be restricted to be in this discrete subgroup [5, 19].

We then have three conditions on the monodromy, similar to the three conditions
in [16, 17].

1. The monodromy is a U-duality

M € Spin(5,5;7Z) . (6.1)

2. The monodromy is conjugate to an R-symmetry

M =gMg™', ge€Spin(5,5), M €USp(4), x USp(4)y C Spin(5,5).  (6.2)
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This ensures that there is a Minkowski vacuum and implies that the monodromy is
in fact conjugate to an element of a maximal torus (3.7) parameterised by four angles
m;. Note that the conjugation is by an element g of the continuous group Spin(5,5).

3. At least one of the parameters m; is zero, so that the monodromy is conjugate to a
subgroup of the R-symmetry

M € SU(2) x USp(4) € USp(4) x USp(4) . (6.3)
This condition ensures that some supersymmetry is preserved.

Conditions (1) and (2) imply that M satisfies MP = 1 for some integer p, so that M
generates a cyclic group Z, [5]. As a result, the phases e are all p’th roots of unity,
so that oms

mi = p’, i=1,...,4, (6.4)

for some integers n;. This can be thought of as a quantization of the parameters m;.

The point in the moduli space given by the coset [g] of the group element g € Spin(5, 5)
in (6.2) is a fixed point under the action of the Z, generated by M, and this is the point at
which the scalar potential has its minimum [5]. The corresponding low energy supergravity
description is as described in subsection 3.7.

The general solution to these three requirements is not known. Consider, however, the

special case in which
M € SL(2;Z) x SL(2;Z) x SL(2;Z) x SL(2;Z) C Spin(5,5;Z) . (6.5)

This subgroup arises from considering

Spin(2,2) x Spin(2,2) C Spin(4,4) C Spin(5,5), (6.6)
and the isomorphism
Spin(2,2) = SL(2;R) x SL(2;R). (6.7)
Then taking
M = My x My x Mg x My € SL(2;Z) x SL(2;Z) x SL(2;Z) x SL(2;Z) (6.8)

there are solutions in which each M; € SL(2;7Z) is an element of an elliptic conjugacy class
of SL(2;Z) [5]. Each M; is then conjugate to a rotation:

MZ' = k‘z R(mz) k‘;l N (6.9)
where
ki € SL(2;R), R(m;) = (C?Smi ‘Smm’) . (6.10)
smm,; COSMm;

The angles m; must each take one of the values

T w27
i 07777777 9 6.11
m e{ 353 w} (6.11)
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and each M; generates a Zj, subgroup of SL(2; Z) with each n; being one of 1,2,3,4,6 (the
lowest number such that R(m;)" = 1). The monodromy M then generates a Z, where
p is the least common multiple of the n; (i = 1,...,4) and so is equal to 2,3,4,6 or 12
(excluding the trivial case M = 1).

The quantization condition on the parameters m; then provides a condition on the
corrections to the coefficients of the Chern-Simons terms. We have checked that for the
values of the m; given by (6.11), the corrections to the coefficients of the Chern-Simons
terms satisfy the appropriate quantization conditions.

6.2 Orbifold picture and modular invariance

The point in moduli space at which there is a minimum of the scalar potential is a fixed point
under the action of the Z, generated by the U-duality transformation M. At this point,
the construction can be realized as a generalized orbifold of IIB string theory compactified
on T* x S1 [5]. The full string construction is then IIB string theory on T% x S! quotiented
by the Z, generated by the monodromy M combined with a shift on the S! given by
z—z+21R/p.

The T-duality subgroup of the U-duality group is a particular embedding of
Spin(4,4;7Z) C Spin(5,5;Z), and when the monodromy is a T-duality, this orbifold con-
struction becomes a conventional asymmetric orbifold [22, 23]. However, this asymmetric
orbifold is not modular invariant in general. The remedy is straightforward [17, 22, 23]:
modular invariance can be achieved if the shift in the circle coordinate z is accompanied
by a shift in the coordinate of the T-dual circle. The T-dual circle has radius «’/R, and
its coordinate Z undergoes a shift Z — Z + 2mna//pR for a particular integer n which is
determined as in [17, 23]. This can also be understood in momentum space. The quotient
introduces phases dependent on both the momentum and the winding number on the circle,
and dependent on the charges e; under the action of M; see [17] for further discussion.
This then gives an exact conformal field theory formulation of the duality twisted theory
in its Minkowski vacuum [5].

Acting on this asymmetric orbifold with a U-duality transformation will take the mon-
odromy to a conjugate U-duality monodromy that will in general not be a T-duality.
It will then take the phase depending on the winding number to a phase depending on
brane wrapping numbers, giving a non-perturbative construction similar to the ones given
in [17, 24].

7 Conclusion

In this paper we have studied duality twists and their effect on black holes in string theory.
Our set-up was type IIB string theory compactified on 7% and then further compactified
on S! with a duality twist along the circle. If the twist is with a diffeomorphism of T4,
this gives 7% bundle over S, but for a U-duality twist this gives a U-fold, which is a
non-geometric generalization of this bundle [20].

We have given the relations between the 6D fields of the duality-invariant formulation
of 6D N = 8 supergravity and the 10D fields of type IIB supergravity on a four-torus
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explicitly. We then reduced this six-dimensional theory on a circle with a duality twist.
For this reduction we have chosen a monodromy in the R-symmetry, depending on four
independent twist parameters. This reduction yields gauged 5D N = 8 supergravity, with
Minkowski vacua preserving N' = 6,4, 2, 0 supersymmetry. The amount of supersymmetry
that is preserved depends on the number of the twist parameters that are equal to zero.

This Scherk-Schwarz reduction in supergravity can be embedded in string theory as
a compactification with a duality twist. For such an embedding to exist, the monodromy
must be an element of the discrete U-duality group Spin(5,5;7Z). As a consequence, the
twist parameters were constrained to take certain discrete values, and could hence be
thought of as being quantized. The minimum of the Scherk-Schwarz potential in such
compactifications is a fixed point under the action of the monodromy. When the duality
twist is a T-duality, the theory arising at the minimum of the potential is an asymmetric
orbifold of the type IIB string theory and so has an exact CFT description. In this case, the
stringy quantum corrections can be calculated exactly. For more general twists in which
the twist is a non-perturbative symmetry, the result is a generalized orbifold of the type
IIB string theory in which it is quotiented by a U-duality symmetry.

One of our main objectives was to study black holes in this set-up with partially broken
supersymmetry. Here we considered several brane configurations — D1-D5, F1-NS5 and
D3-D3 — that result in five-dimensional black holes after standard (untwisted) dimensional
reduction. In each case, we compactified on 7% to a 6D solution and then chose the twist
in such a way that all the fields that source the 6D solution remain massless in 5D. This
ensures that the original black hole solution remains a solution of the twisted theory with
partially broken supersymmetry.

Our reduction scheme yielded a rich spectrum of massive modes. In 5D, massive BPS
multiplets can be chiral. For twists that yield chiral BPS multiplets, integrating out the
chiral fields gives quantum corrections to the coefficients of the pure gauge and mixed gauge-
gravitational Chern-Simons terms. This gives an EFT with both pure gauge and mixed
gauge-gravitational Chern-Simons terms and these terms led to modifications of the BPS
black hole solutions and in particular modifies the expression for the black hole entropy.

Several interesting directions for follow-up research remain. One is to investigate the
microscopic side of the macroscopic story laid out in this work. This would involve studying
the effects of the duality twist on the CFT dual of the black holes in our set-up. Of these,
the D1-D5 CFT has been studied the most in the literature and therefore seems to be the
most practical option for this. In general, one might expect that similar supersymmetry
breaking patterns arise in the dual superconformal CFT, from (4,4) supersymmetry to
e.g. (4,2), (2,2) or (4,0) supersymmetry. D-branes and their world-volume theories in
backgrounds with a duality twist have been discussed in [42] and it will be interesting to
apply the results found there to the configurations discussed here.

Another open question is the computation of the Chern-Simons coeflicients in the full
string theory. That is, including modes that we don’t see from the supergravity point of
view (such as winding modes). For twists that lie in the T-duality group, this can be worked
out in detail as an asymmetric orbifold compactification of perturbative string theory. As
we have seen in this work, it is possible to choose a T-duality twist that preserves the
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Space Coordinate Indices
D=10 | XM = (2", y™) | M,N,...=0,1,...,9
D=6 = (zM, 2) ,0,...=0,1,...,
D=5 xH wv,...=0,1,...,4
T y™ mn,...=1,...,4

Table 3. This table summarizes our notational conventions for coordinates and indices.

D1-D5-P black hole in reductions to the N = 4 (0,2) theory. In this reduction it may
be possible to combine the detailed study of the full string theory with the microscopic
calculation.

Finally, it would be interesting to extend this work to the study of four-dimensional
black holes in string compactifications with duality twists. For this, one could take for
example the four-charge D2-D6-NS5-P black hole of type ITA string theory or a dual brane
configuration. Another possibility would be to study five-dimensional black rings and their
reduction to four dimensional multi-center black hole solutions [43].
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A Conventions and notation

Throughout this work, we set ¢ = h = kp = 1, and we work in the ‘mostly plus’ convention
for the metric, i.e. n,, = diag(—,+,...,+). The notations that we use for the coordinates
and indices in various dimensions are summarized in table 3.

)

is the dimension in which it lives. We define the Hodge star operator on forms as

In general, we denote form-values fields as Aéd , where p is the rank of the form and d

1

# ALY = VI S, A A AL A (A)

We use the subscript or superscript (d) more often to indicate the number of spacetime

dimensions where necessary, e.g. R4, €(q), etc. In all dimensions, we normalize Lagrangians
such that the corresponding actions are given by

g :2% / 200
M)

is the d-dimensional Newton’s constant.

(A.2)

where /i%d) = SWGS\C,D

46 —



We use A, B,...=1,...,10 to denote Spin(5,5) indices that transform in 7-frame (as
explained in appendix B.1), and we use a,b,... = 1,...,5 for indices transforming under
the subgroup GL(5) C Spin(5,5). For example, in 6D we have ten tensor fields (subject to
a self-duality constraint), whose field strengths we write as

a®
GO = [ Tsa ) A3
3, (Ggﬁ)a) ( )

The GL(5) subgroup works on the index a of the (dual) field strengths ngc)L and ééG)a. For
more information on how this subgroup works, see appendix B.1.

B Group theory

B.1 The group SO(5,5) and its algebra

In this appendix we discuss some details and our conventions concerning the group SO(5, 5)
and its algebra so(5,5). In particular, we construct two bases in which SO(5,5) can be
written down; we call these the n-frame and the 7-frame. Furthermore, we build an explicit
basis for the algebra that we use to construct a vielbein V € SO(5,5) in the main text.
Canonically, an element g € SO(5,5) is represented by a 10 x 10 matrix, satisfying the

conditions
s 0
T 5
pu— pu— 5 B.l
gng=nmn, " (0 _15> (B.1)
and det(g) = 1. Henceforth, we refer to group elements satisfying these conditions as

being written in the n-frame of SO(5,5). In the n-frame, a generator of the Lie algebra
M € s0(5,5) can be written in 5 x 5 blocks as

M= (bc} i) : (B.2)

where a and c are antisymmetric and b is unconstrained.
There is another (isomorphic) way of writing down the group SO(5,5). We construct
this other basis by conjugating the group elements as § = X ~'¢gX, where X is the matrix

1 (15 1
X=— (" "], (B.3)
V2 \1s —15
Note that X = X! = XT. We can now rewrite (B.1) in terms of §, which yields the
following conditions on the conjugated group elements:

01
gTTg =T, T = <]15 05> . (B.4)

We see that the conjugated matrices § preserve the matrix 7 (instead of 7), and therefore
we refer to these matrices as being written in the 7-frame of SO(5,5). It is clear from the
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conjugation relation § = X 'gX that the two frames are isomorphic. The general block
structure for generators of the Lie algebra so(5,5) in the 7-frame is of the form

M = (g _iT> . (B.5)

Here A is unconstrained and B and C' are antisymmetric.

There is a subgroup GL(5) C SO(5,5) that is embedded diagonally in the 7-frame
matrices g. Generators of GL(5) can be represented by unconstrained 5 x 5 matrices, and
these can be embedded diagonally in the block structure (B.5) by taking B=C =0 and A
equal to the gl(5) generator. By exponentiating, we find the corresponding group element
to be of the form

(15 (Pf)_1> € GL(5) C SO(5,5), (B.6)

where P is an invertible five by five matrix. The embedding in the n-frame can be found
by conjugating (B.6) with the matrix X given in (B.3).

A basis for the algebra so(5,5). Using the general form of M, we build a basis of
generators. Since s0(5,5) has rank five, we have five Cartan generators, denoted by H,
(n =0,...,4). We choose the Cartan subalgebra to be block-diagonal in the 7-frame,
so that when written in the form (B.5), they all have B = C = 0. Furthermore, for
convenience we choose the following form for the A matrices for the H,:

1
Ap, = 5 diag (0,0,0,—1,1)

1
Ap, = — diag (—1,0,0,0,0),

V2

1

AHQ = ﬁdlag (07_1707070)7
1

AH3 = Edlag (0701 _1707O)>
1

Ap, = 5 diag (0,0,0,~1,-1).

Apart from these Cartan generators, there are 20 root generators with B = C' = 0. We
denote them by E{?ﬁf and E,’g’{ (n,m=1,...,5 and n < m). The E{;‘T’rf together fill the
upper triangular part of A and the E;?,’{ fill the lower-triangular part. They do so in such

T
a way that (Ef,;;r) = E,‘fr’n_. For example, we have

0-1000 00000
00000 ~10000
Apas =100 000 and  Aga-=]00000]. (B.7)
12 12
00000 00000
00000 00000

48 —



Finally, there are ten root generators EB  with A = C = 0, and ten root generators ES,
with A = B = 0. The generators EZ  have

01000 00100
~10000 00000
Bps =] 00000, Bgg=|[-10000], etc (B.8)
00000 00000
00000 00000

The generators ES,, are constructed in the same way as EZ | but now we have B = 0 and

C # 0. The matrix C that corresponds to EC  is equal to the matrix B that defined EZ
in the construction above. Note that this implies that (Efm)T = -E° .

The set of matrices defined above {Hn, Eiy, B, EB . Egm} gives a complete
basis of generators of 50(5,5). When we mention E/ below we always mean Ei.

Let us now discuss the notation Tf; used in the text. These matrices T are cer-

tain generators of the so(5,5) algebra described above. In particular if we let ’l—’;f =
(Th, T, . .., T4)), then we have the following definitions for T

T;? = (EQCZ;n Elc’27 _E%7 _(ElA?:)T’ _(Ei%)T’ _E2A3)

BB (pA A A C pC c
T;; = (B, By, By, —Eyy, B3y, —Eyy)

al A A A

Tg = (E15, E3s, Eas, _EQCE)a Egcs,, _E1C5) (B.9)
T = Ei}

T" = E§;

B.2 The isomorphism usp(4) = so(5)

The group USp(4) is the group of 4 x 4 matrices g satisfying
_ _ _I\T
g=g7", Qg '=(g") (B.10)

where 2 is the symplectic metric, given by the block matrix

OAB _ < 022 12x2> _ (B.11)

—Lox2 O2x2
The Lie algebra usp(4) is represented by 4 x 4 matrices M 4P satisfying

M=-M QMQ'=-MT, (B.12)
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The isomorphism USp(4) = Spin(5) can be made explicit by introducing five 4 x 4
gamma matrices, that satisfy the Euclidean Clifford algebra

(Ta T} 47 = 264,65, (B.13)

Here a,b =1,...,5 are the indices corresponding to Spin(5), and A, B = 1,...,4 are the
indices corresponding to USp(4). An explicit basis of (Hermitian and traceless) gamma
matrices, that satisfies (B.13), is given by

000 000 4 00 01
T, = —zOOO' ’ T, = OQ—ZO ’ T, = 00-10 7
0 00— 000 0-100
00:¢0 -0 00 10 00
1000 0100
-1 1
ry= 0 00 , I's = 000 . (B.14)
0010 0001
00 0-1 0010
It can easily be checked that the gamma matrices with upper indices, defined as (fa)AB =
Q4C(T,) B, are antisymmetric,” i.e. (T4)7 = —T,. Using this, we deduce that
(Fo)" = (@ 'T)" =-T, (@ )T =ar, 0" (B.15)

Hence, the symplectic metric {2 acts on the gamma matrices as a charge conjugation matrix.
We now define I'yy = £[I'q,I']. From (B.15) and the Hermitian property of the Dirac
matrices, it follows directly that Iy, satisfies the conditions (B.12). Furthermore, using the
Clifford algebra, it is straightforward to check that the commutator of I'y;, reads

[Lab, Ted] = =2 6aclbd + 2 6adlbe + 2 0pcLag — 2 6palac- (B.16)

This is exactly the commutator of the basis elements of the so(5) algebra. We conclude
that the ten matrices I'g, form a set of generators of USp(4) = Spin(5). Using these gamma
matrices the explicit form of the isomorphism between the algebras can be derived [44]

1
Mgy = _5 Tr [MAB(Fab)BC] . (B17)

The special orthogonal Lie algebra so(5) consists of real antisymmetric matrices. We
can check these properties for the found generators (B.17). The antisymmetry follows
immediately from the antisymmetry in the gamma matrices I'yy, = —I'pq. To prove the
reality condition we use that both M, P and (T's) 4,7 satisfy the conditions (B.12). Using
these constraints we find

(Myp)* = —% Tr[M *(Dgp)*]

= —% Tr[QMQ QT Q7 (B.18)

1
= —5 Tr [M Fab] = Mab'

5This property is used in what follows, but it is not generally true for other choices of Q and I',.
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Thus we find that My, as given in (B.17), is a real antisymmetric matrix, and there-
fore a suitable generator of SO(5). For completeness we also mention the inverse of the
isomorphism (B.17) which maps s0(5) to usp(4):

1
M4, = 7 Mab Ty, (B.19)

C Scalar and tensor masses after Scherk-Schwarz reduction

C.1 The D1-D5 system

Here we show the masses of the fields for the D1-D5 set-up, corresponding to the mass
matrices shown in (4.7) and (4.8). The scalar masses are as follows:

Field &° Mass
T5(0a + ) 0

by — P+ V203)

|m1 — ma — mg + my]

3(
(ps— @ —V2¢3)

|y — mg + m3 — my|

T5(01+ ¢2)

|m1 + ma — mg — my|

%(%—052) |m1 + mg + mg3 + my]
2(A1 + Azs + Cra + C3a) [y 4 ma — m3 4 my|
%(AIQ + Azq — Ci2 — Cs4) |mi 4+ ma + m3 — my|
$(A1z — Ay + Cia — Cay) |m1 —ma + m3 + my|
3(A1p — Ay — Crz + C3y) |my —ma —m3 —my|
%(AM + Agg + Crq — Ca3) |m1 — ma + mg + my]
%(AM + Aoz — Cig + Ca3) |m1 —ma — mg — my|
$(A1g — Aoz + Cry + Caa) |m1 4+ ma — m3 + my]

(= A1s + Agz + Cry + Co3) [m1 +ma + m3 — my|

Az |m1 + ma — mg — my|

Aoy |my 4+ ma + ms3 + my|

Ci3 |my — ma + m3 — my|

Cou |m1 — ma — mg + my]
%(312 + Baa) I+ mo|
%(312 — Ba4) |ma + ma]
%(313 + Bag) [m3 — ma|
%(BB — Byy) |my — ma|
%(314 + Bas) |m1 + mao|
5(Bia — Ba3) Ims + ma|
%(a +0b) |my — mg|
L(a—-0) [mg — my|
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The tensor masses are given by:

Field Aé‘)i‘ Mass
cf) 0
¢y 0
7 (B + BY) Imy — ma)
(8 - BY) ms — ma
\%(Rﬁ + Rg’{) |m1 + ma|
% (R(25)1 - ﬁ?l) |m3 + ma|
% (RéS)Z + éé‘”%) |m1 + ma]
%(Rg))? - éé)zz) |ms + my|
L (BE) + RE)) ma — ma)
%(R(;é - R<25)3) |m3 — m4\

C.2 The F1-NS5 system

For the reduction of the F1-NS5 system, we chose mass matrices as in (4.16) and (4.17).

The scalar masses are:

Field &° Mass
F5(01-2) 0
(p1+ @+ V2 3) [my — mg — m3 4+ my|

1
2
1
2

(s + @ — V2¢3)

[m1 —mg + m3 — my]

%(051 + ¢2)

[mi +mg —m3 — my|

%(QSI - ¢2) |m/1 -+ mao +m3 + 77’1,4‘

%(Au + Asy + Bia + Bsy) [m1 + ma — m3 + my|

1(A12 + Ay — Bia — Baq) |m1 4 ma + mg — my|

%(Au — A3y + Bz — By) [m1 — ma + ms + my|

3(A12 — Ay — Bia + Bay) |m1 —ma — mg — my|

2(A14 + Ags + Bra — Bag) |m1 — ma + ms 4 my|

2(A1s + Agg — Bia+ Bag) |my — ma — m3 — my|

3(A14 — Agg + Biy + Byg) [m1 +mg — mg + my|

%(*AM + As3 + Bis + Bas) [m1 4+ ma + m3 — my|

Az [ma + mg — mg — ma|

Agy |m1 4 ma + ma 4+ my|

B3 [m1 — ma + m3 — my|

B24 |777/1 —mg —m3 + m,4‘
%(Cu + Cs4) |my + ma|
\%(012 — C3) |ms + my|
%(Cw + Cay) I3 — ma|
%(Cw —Cu) |my — ma|
%(CM + Ca3) |my + ma|
%(CM — Ca3) |mg + my|
%(aer) |ms — my|
J5la—10) [m1 — mal
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The tensor masses are:

Field ASA Mass
BfY 0
By 0
%(Cés) + ~£5)) |my — ma|
%(Cf) - ~§5)) [ms — ma|
%(R(ZS)l + ~§5)1) |m1 + ma|
%(R(ZS)l - ~$)1) |m3 + my|
%(Rg))z + Ng))z) |m1 + ma|
J5 (RS - RED) s + mal
%(R(i?:)s + Rg??s) |m1 — ma|
%(R(ﬂ Réo)s) |ms — my]

C.3 The D3-D3 system

For the D3-D3 brane set-up that we consider in subsection 4.2, we use the mass matrices
given in (4.23) and (4.24). The scalars acquire the following masses:

Field &° Mass
$1 0

%(‘D+\f¢2+¢4) |my + ma —m3 — my|
%((p"'\[d’?_ $4) |y — ma +mg — my|
L(®—V2¢3— ¢4) |m1 — mg — ms3 + my|
L(®—V2¢2+ ¢4) [my + ma + m3 + my|
%(b+a+A12*A34) ‘777,1 77n27m37m4|
%(b*a*Aw*Am) |m1 + ma + m3 — my|
%(b—a+A12+A34) |m1 + ma — m3 + my|
%(b—}—a—Alz + Asy) |m1 — ma + m3 + my|
1(Ca3 — C14 — Baa + Bua) |my — mg — m3 — my|
3(Cas + C1a + Bay + Bia) |1 +ma +m3 — my|
1(Co3 + C14 — Bay — Bu3) |m1 + ma — m3 + mu|
1(Coy — C14 + Bay — Bu3) |m1 — ma + ms3 + my|
By |m1 + ma + mg + my|
Bas |m1 + ma —m3 — my|
C13 [y — ma +mg — my|
Oy |my — ma — m3 + my|

%(012 + Cs4) |mg — ma|

%(012 — C4) [my — ma|

%(Ala + Ag4) |ms3 + my|

%(Al?) — A2) |m1 + ma|

%(AM + Az3) [my — ma|

J5(A1s — Ag) |z — ma|

%(312 + Bss) |ms + mal

%(312 — By) [m1 + ma|
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The tensors masses are:

Field ASA Mass
RS\ 0
RS 0
(e + ) I+ mo
(e - c) s + mal
5B + BY) [my — my|
%(39 - ~§5)) |mg — ma|
%(RQS)Q + ~(25)2) |m1 + ma|
% (R§5)2 - Rg) Ims + mal
% (R§5§ + ng) |m1 — ma|
L (RS - RY) Ima — ma
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