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We present an elementary elaboration of Dwork’s idea of explicit p-adic limit formulas

for zeta functions of toric hypersurfaces.

1 Introduction

In his study of zeta-functions of families of algebraic varieties Dwork discovered a
number of remarkable congruences for truncated solutions of Picard-Fuchs equations.

For example, let

F(z) =

Z((l/z)k) K
1 »,/X(X—l)(X—Z k=0

be the period function associated to the Legendre family of elliptic curves y? = x(x —
1)(x — z). Here (1/2); denotes the Pochhammer symbol I'(k + 1/2)/I'(1/2). Let p be an

odd prime and s a positive integer. Let F,s be the truncation of F given by

p°-1 2
(1/2)
Fp(z)= . ( = k) z*.

k=0
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Let z, be a p-adic integer and suppose F,(2,) is a p-adic unit. Then Fys(z,) is a p-adic

unit for all s > 1 and we have

Fs+1(20) /Fps(2g) = Fps(2g)/Fps-1(2p) (mod p°).

The p-adic unit A(zy) = (—l)pz;lsl_i)Ings (29) [Fps-1(2g) is a root of the zeta function of the
elliptic curve corresponding to z;(mod p). (Though it looks slightly different, this fact
is a version of [3, (6.29)].)

In a series of papers culminating in [8, Theorem 6.2], Katz developed a general
theory of such congruences and their underlying mechanism. However, his congruences
involve formal expansion coefficients of differential forms instead of truncated power
series solutions of a differential equation. In this paper we consider a 3rd alternative,
namely coefficients of certain powers of the polynomial defining a variety. For example,

in the case of the Legendre elliptic curve they are given by
G,s(2) = coefficient of (xy)P ~! of (y? — x(x — 1)(x — z))?" L.

Although different from F,s(z), they both satisfy the hypergeometric differential equa-

tion modulo p’. The congruences read
Gpst1(20)/Gps (Zg) = Gps (2)/Gpps-1(Zg)(mod p)

and the quotients converge to the p-adic unit root A(z;). In this paper we shall deal with
a generalized version of the congruences of the latter type. A number of ideas in this
paper are already present in [8], but in a very different language. There will also be no
smoothness assumptions on the underlying variety. We plan to come back to the case of
truncated power series solutions in a later paper.

Let R be a ring of characteristic zero and p a prime number. Suppose that we
have a pth power Frobenius lift on R, which is a ring endomorphism ¢ : R — R with
the property that o (r) = rP(mod p) for all r € R. For example, when R = Z is the ring of
integers we can take o(r) = r for all r. When R = Z[t] is a polynomial ring we can take
o (g(t) = g(tP).

Let f(x) = > | fx% be a Laurent polynomial in x;, ..., x, with f; € R for all i.
Here we use the vector notation x® = x'x,% - - - x;,". Let A C R" be the Newton polytope
of f(x), which is the convex hull of its support {a; : f; # 0}. Let J be the set of interior

lattice points in A and set g = #J. We assume that g > 0. For any integer m > 1 we
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define the g x g-matrix 8, with entries
(Bm)uves = coefficient of x™~" of f(x)" .

When m = 1 we take for g, the identity matrix. We call B, the Hasse-Witt matrix
of f. When B, is invertible modulo p it turns out that B,s is invertible modulo p for
every s > 1. Note that being invertible modulo p implies being invertible modulo all
powers of p.

In [11], it is shown that if the Hasse-Witt matrix is invertible modulo p, then

Bps10 (Bps) ™' = Bys0 (Bps) ™' (mod p°)

for every s > 1. One may observe that this congruence as similar to the last part of
Theorem 6.2 in Katz's paper [8]. We believe that the merit of [11] is that the proof of the
congruence is completely elementary.

Let § be a derivation on R. Again in an elementary way, it is shown in [11] that if

'311 is invertible in R, then

3(Bpsi)B s = 8(Bps) B (mod p)

for every s > 1.
These congruences imply the existence, for each Frobenius lift 0 and each

derivation § on R, of p-adic limit matrices A, and N such that
s -1 s -1
A, = sllglo Bpso (Bps—1) and N; = sll}glo 8(Bps)Bps -

It is the goal of the present paper to give an interpretation of these matrices in terms
of operations with regular rational functions on T" \ Z¢, the complement of the set of
zeroes Zp = {x : f(x) = 0} in the n-dimensional torus T". At the same time we provide an
alternative proof of the congruences.

To be slightly more precise, we consider the R-module €2, of rational functions
generated over R by

u

fuo’

where u, is a positive integer and u € (uyA) NZ"™. Any derivation é on R can be extended

(ug — D!

naturally to Q by setting §(x;) = 0 for all i.
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In this paper we construct the R-linear Cartier operator ¢, : ﬁf — Qfa, where
ﬁf = liin(SZf/pSQf) is the p-adic completion of Q¢ and f7(x) = z?rzlfi” x% is simply f
with o applied to its coefficients. The Cartier operator commutes with any derivation §
of R.

The main results of this paper are Theorems 4.3 and 5.3. Applied to the open set
u = A° of interior points of A, they describe a free rank g subquotient Qr = Qf(A°)
of Q¢ to which the Cartier operator descends and A, is the (transposed) matrix that
corresponds to the R-linear map 4, : Qf — Q.. As a bonus of our considerations we
also recover a version of Katz's theorem [8, Theorem 6.2] as Theorem 5.7.

Finally in this introduction we point out the connection with the de Rham

cohomology of the complement of Z¢. Define the modules QJ’Z = inx—ll Ao A d;—: and

Q]’Z_l = ea?:lﬁfix—ll A iX—L’ A d;—: of differential n- and n — 1-forms, respectively. The

above-mentioned R-module Qf is in fact a (p-adic) subquotient of
Wy = Q}‘/d(Q}’_l).

We call the latter the Dwork module. It is known due to the work of Griffiths and
Batyrev that, when R is a field and f satisfies certain regularity conditions (so called
A-regularity), then #; is isomorphic to the middle de Rham cohomology Hj, (T"\Z) (see
Corollary A.4 and [1, Theorem 7.13]). In particular, it is a vector space over R of finite
dimension. In this paper we will not assume regularity. We also will not assume that

the Newton polytope A C R" is of maximal dimension.

2 Regular Functions and Formal Expansion

Let R be a characteristic zero domain, f € R[Xfl, ... ,X,jfl] be a Laurent polynomial and

A C R™ be its Newton polytope. By C(A) we denote the subset of R"*! given by
CA) ={r,uy, ..., uy) [ (Uy,...,uy) € A, 2 >0}, (1)

the positive cone spanned by the Newton polytope A placed in R**! in the hyperplane
ug = 1.

The set of integral points C(A)NZ"*! is denoted by C(A),. Let C(A)'i = C(A);\{0}
be the set of non-zero integral points in the cone. For any (uy, u;,...,u,) =u € C(A),; we

denote x" = Xﬁ“ - xy" (we simply drop the component u, here, as there is no respective
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variable x;). Consider the R-module Q¢ of regular rational functions generated over
R by

u

@u = o = D! o

for all u € C(A)}. Note that 1 is an R-linear combination of w, with u, = 1, so the
constant functions are also in Q.

We define the module d2 as the R-span of all derivatives Xiaixi“’ with o € Qf
and 1 <i < n. Note that de C Qf. The quotient R-module

will be called the Dwork module.

Remark 2.1. Having the extra factor (uy — 1)! in the definition of w, appears to be
essential in many ways when working over rings R (rather than fields). At the end of
the introduction we mentioned that the Dwork module can be also written in terms
of differential forms as %, = Q}l/d(Q}kl). Factors (ug — 1)! in w, allow the so-called
Griffiths-Dwork reduction when we work in #%. This is the procedure to reduce the

pole order of a form by shifting it by exact forms. More concretely, suppose we have

(x) d
kl ﬁk+l XX

with support in kA such that g = gof + >1"; giXia_;{i- Then

a form of the shape and there exist Laurent polynomials g,(x),g, (%), ...,9,X)

g(x) dx go dx = of dx
M = k|fk +zk'fk+lxlax ”
n g; dx dx,  dx
_1)¢ S Y = Mt SN it A it
+D(-Did |k 1).ka N A

i=1 1 ¢

d 9
MBSt Z(k 01529 mod (@),

The final form is again in Q}Z Note that factorials appear in the Laplace transform
in [1, §7].
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Rational functions can be expanded as formal Laurent series. To that end we fix
a vertex b of A and assume that the coefficient of f at x® is a unit in R. Denote this

coefficient by f}, and expand rational functions as

—mb —mb

g(x) gx)x g(x)X
= — h ,
f@™ a4+ )™ s RS

k>0

where h;(x) are Laurent polynomials supported in k(A — b) for every k. There are only
finitely many summands contributing to each monomial in the cone C(A — b) € R™.
Observe that when g(x) is supported in mA the formal series in the right-hand side is
itself supported in C(A — b). (Here we need a word of caution regarding our notation. In
(1) the polytope A was placed in the hyperplane u, = 1 in R"*!, which will be our usual
convention throughout the paper. Note that, with this convention, the difference A — b
is a polytope in the hyperplane u, = 0 and one can view the respective cone C(A — b)
as a subset of this hyperplane {u; = 0} = R".) Denote the ring of formal Laurent series

with support in C(A — b) and coefficients in R by

k
Qformal = 2 , axX
keC(A-D)

ax €R

It is indeed a ring because the cone has 0 as a vertex. The above-explained procedure
of formal expansion defines an embedding of Q¢ into gy, as an R-submodule. Note
that we do not include the choice of b in the notation Q...

Similarly to d2, the R-module of formal derivatives dQ¢y.,,) is defined as the

R-span of derivatives Xi%a) with1l <i<nand w € Qymar-
i
Lemma 2.2. A series > yca_b) a; x¥ is a formal derivative if and only if

ay = 0(mod gcd(k;,...,k,)) forallk.

Proof. Notice that for any monomial x¥, any i and any a € R we have

a

This shows the = part. To see the reverse implication, write gcd(ky,...,k,) = > ;mk;

for some m; € Z and note that

axk
Z m"Xia_xi = ged(ky, ..., k,)x".
i
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3 Cartier Operator

Let us fix a prime number p. We define the Cartier operator €, on Q¢,y, by

@, (Z akxk) = Z apkxk. (2)
k k

Although acting on different spaces, this operation was already used in early papers of
Dwork (see v in [4, §2]) and Reich (see W in [9, §(b)]).
From now on we assume that Ngp*R = {0}, in which case we have a well defined

p-adic valuation
ord,(r) = sup {seZ.y:rep’R}

on R which extends the usual p-adic valuation on Z < R. This valuation takes
finite values on all non-zero elements of R and satisfies the inequalities ord,(r;ry) >
ordp(rl) + ordp(rz) and ordp(r1 + 1y > min(ordp(rl),ordp(rz)). We also assume that
R is p-adically complete. In particular, R is a Z,-algebra and Lemma 2.2 can be

reformulated as

Lemma 3.1. A series h € Qg is a formal derivative if and only if 473 (h) = O(mod p®)
for all integers s > 1.

One easily shows that ¢, 0 6; = p6; o ¢, for any 0, = Xiaixi. We thus observe that
the Cartier operator preserves the submodule of formal derivatives and is divisible by p

on it, that is,
(gp : deormal — D deormal' (3)

Applying this commutation identity s times yields ‘ﬁ; 00; = p°;0 %Iﬁ , which immediately
gives one of the implications in the last lemma. Here is another straightforward

property of ¢,
Lemma 3.2. Letg, h € Q- Then %p(g(xp)h) = g(x)%p(h).

Since Cartier operators are usually defined mod p in the literature, naming %,
a Cartier lift might be more appropriate. Nevertheless, we prefer to call it the Cartier

operator.
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We now like to restrict the Cartier operator to 2. We will need the p-adic
completion ﬁf = liian/psQf. Fix a Frobenius lift o on R: this is a ring endomophism

o : R — R such that o (r) = r’(mod p) for every r € R. Our main observation is that
Proposition 3.3. If p > 2 then () C Qfa.

Proof. To see this, rewrite 1/f(x)%0 as f(x)P[40/P1-to /f(x)P[u0/P1 Then note that f(x)P =
f° (xP) — pG(x) for some Laurent polynomial G with coefficients in R and support in pA.

Then we use the p-adic expansion

XU XUf (x)PUo/P1—uo A Tuo/P1+1r—1 Gx)" u [uo/p1-u
P = 7 ) — GG TPl = Z:O ( - )JWX £ (x)P[uo/P1—uo,

Multiply this with (uq — 1)! and apply %,. Using Lemma 3.2 we find that

P’ (ug—1)! Q,(x)
S e A =
() = 2 g 1 — i TP T = D! o
where the Q,.(x) = %p(G(x)rxuf(x)p[“O/p]_uo) are Laurent polynomials in x,,...,x, with

support in ([uy/p1 + r)A and coefficients in R. The last formula can be rewritten as

G = D Fuyof, @)
veC(A)F
where
P’ __(up=D! S v ._ _
Foy = T Tuo/pT=T1 < coefficient of xV in Q,(x), r:=vy— [uy/pl =0, )
0, vy < [ug/pl.

To show that ¢, (w,) € Qf,, it suffices to show that ord,(F, ) — oo as v, — oco. To that

end we observe that

(ug— !
ord By = r—ondy ot oxd (L0

It is straightforward to see that % has order > [u,/p1—1 and that ordp(r! ) < ﬁ.
This gives us
r r p—2
ordp(Fulv) >r+ [ug/pl—1 _F =vy—1 _p— 1 > Py 1(V0 —-1). (6)

The latter goes to co with v, when p > 2. |
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From now on we assume that p > 2. By Proposition 3.3 we have a well-defined

R-linear map
(gp : Qf — ﬁfﬂ. (7)

It is in fact given by the explicit formulas (4) and (5), which also show that the map (7)
is independent of the choice of vertex b of A at which we are doing formal expansions.

We shall also be interested in regular functions supported in subsets of the cone
C(A). For a subset 1 C A let us denote by

Q1) € %

the R-module generated by functions w, withu € C(u)g. Here C(u) € C(A) is the positive
cone spanned by u placed in R™! in the hyperplane uy = 1, and C(u); = C(n) N Z"*!
is the set of integral points in this cone and C(;L)‘ZF = C(u)z \ {0} is the set of non-
zero integral points. Note that Q(A) = Q. The respective p-adic completion is denoted
Qp () = lim Qg () /P°Q ().

Proposition 3.4. Define a finite topology on A, where the closed sets are unions of
faces of any dimension. Let © C A be an open set. Then the Cartier operator ¢y, maps

ﬁf(,u) into ﬁfa () and derivations of R map Qf(u) to itself.

Proof. Since open sets are intersections of the complements of faces, it is enough
to prove our statement for u being such a complement. Without loss of generality we
assume that u° is a face of A. In this case C(u) = ¢ = C(A) \ £ where ¥ = C(u°) is the
respective face of the cone C(A). The R-module Q) is generated by functions w, with
u € X¢. To prove our proposition we recall that the Cartier operator (6) is given explicitly
by formula (3) and one easily sees that u € ¢ and F,, , # 0 imply v € =€

Let é be a derivation of R and u € C(u);. Observe that in the formula

x5 (f)(x) dx
S(Cl)u) = —uO! W;

the support of x"§(f) is in u + A, which again lies in C(x) when p is open in our

sense. |

Definition 3.5. Fix a non-empty subset u € A that is open in the topology from
Proposition 3.4. Let u; = u N Z" be the set of integral points in pu. We assume this

set is non-empty and let h = #u, be the number of such points. For any integer m > 1
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8816 F. Beukers and M. Vlasenko

we define the h x h-matrix g,, = 8,, (1) with entries

(Bm)uvep, = coefficient of ™~ of f(x)™". (8)

When m = 1 we take for 8, (1) the identity matrix. We call Bp (1) the Hasse-Witt matrix
of f relative to u.

Proposition 3.6. Suppose that p > 2 and 4 € A is a non-empty subset which is open

in the topology defined in Proposition 3.4. Then
%(Qp(10) S SPang (@) yey, + P Lo ().

Moreover, for any u € u; we have

Cp(g) = D (Bpuywy (mod pQrs (10)).

veuz

Proof. From the proof of Propositions 3.3 and 3.4, in particular equations (4) and
(5), we know an expression for ¢,(w,,) as a linear combination Zvec(m% F, yoy for every
u € uy. Moreover, it follows from (6) that F,, , = 0(mod p) when v, > 1. Our 1st statement

follows immediately. The observation that (8, F, y(mod p) whenever v, = 1 proves

)u,v =

the 2nd statement. |

4 The Unit-Root Crystal

In this section we formulate the 1st main result of this paper. But first we need some

preparations.

Definition 4.1. For a non-empty subset u € A that is open in the topology from
Proposition 3.4, define Ur(u) = Qf(u) N dQ%ormal-

We call Up (1) the submodule of formal derivatives. Differential n-forms associ-
ated to elements of Up(n) were called forms that “die on formal expansion” by Nick Katz
in [8, p.258]. It turns out that one can give a characterization of Up(u), which does not

make any reference to Q¢ a1
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Proposition 4.2. With the notations as above we have
Up() = {o € Qp(1) | €5(@) = 0(mod p*Qpos (1)) for all s > 1}. (9)

Proof. Letw € ﬁf(u). Suppose that Cflf(w) = O(mod psﬁfos (w)) for all s > 1. Then it

follows from Lemma 3.1 that w € dQ¢y .-

Suppose conversely that w € ﬁf(u) N dQyrma1- From the 1st part of Proposition
3.6 it follows that ‘fp(w) = % + pw; for some w; € ﬁfo (u) and A(x) a Laurent
polynomial with support in uj;. Since w € dQ2¢,m, We have that the Laurent series
of %p(a)) is divisible by p. This implies that p divides A(x). Hence, ‘Kp(a)) = pw, with
w, = o) + AX)/pf?(®x) € Qg (n). Applying this observation recursively then yields

<Kg(cx)) € psﬁfgs (i), which ends our proof. |

It is clear from Definition 4.1 that the Cartier operator preserves this submodule

and is divisible by p on it, that is, we have

Recall that the Cartier operator commutes with the connection operations for all
derivations § of R. It is then immediate from Definition 4.1 that all § preserve Up(1).

In other words, Up (1) is a differential submodule of ﬁf(u).

Theorem 4.3. Assume that the Hasse-Witt matrix Bp (1) is invertible in R. Then the

quotient

Qf(ll«) = Qf(luf)/dngormal

is a free R-module of rank h = #u, with a basis given by the images of w,,u € u.

Strictly speaking,the quotient ﬁf(u)/deormal should be read as Qf(u)/Uf(u)

since Ur() = Q (w) Nd . We prefer to use the former, more suggestive, notation.
Fl L formal p g8

Remark 4.4. Recall that we work under assumptions that N;p’R = {0} and R is p-
adically complete, in which case an element of R is invertible if and only if it is invertible
modulo p. Indeed, if uv = 1 + pw then the inverse element is given by u™! = v(1 +

pw) ! = Zkzo(—p)kvwk. With this observation, we conclude from Theorem 4.3 and
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8818 F. Beukers and M. Vlasenko

Proposition 3.6 that the Cartier operator on the quotients
€y Qp() — Qo (1)

is invertible because its matrix in the bases {w,}, {03} is congruent modulo p to the

(transposed) Hasse-Witt matrix Bp ().

Later we will give an explicit p-adic formula for the Cartier matrices on the
quotients Qp(n) using matrices Bps (1) for s > 1 (see Theorem 5.3). The proof of
Theorem 4.3 exploits the p-adic contraction property of the Cartier operator from

Proposition 3.6. The main argument is essentially contained in the following

Proposition 4.5. Let My, M;,M,,... be an infinite sequence of R-modules and ¢; :

1

each i let N; be a submodule of M; such that ¢;(M;_;) C N; + pM; for all i > 1.
Suppose that N; N pM; = pN; (equivalently, M;/N; is p-torsion free) and the induced

M; ; — M; R-linear maps for all i > 1. Suppose that Ng.;p°M; = {0} for all i. For

maps ¢, : N;_;/pN;_; — N;/pN; are isomorphisms for all { > 1. Define submodules
U; = {w € Myl g0 ¢irs_q 0 0¢iyq(w) =0(@mod p°M;,) for all s > 1} C M;.

Then, for all i,
@i

(i

M, =N, +U,.
¢;(U;_1) C pU;.
¢;(M;_;) C N; +pU;.
N;n U, = {0}.

=

(ii

—

)
)
)
(iv)

Proof. Note that (ii) is an immediate consequence of the definition of U;'s. Indeed,
for w € U;_, the element w; € M; such that ¢;(w) = pw, satisfies ¢;,;0---0¢; ;(w)) =
S@irs 0o ¢i(w) € pM;  foralls > 1.

Let us show that (iii) follows easily from (i). For any v € M; ; write ¢;(w) =
w; + pwy with w; € N;, 0| € M;. Using (i) we can write ] = v; + u; with v, € N;, u; € U;.
Thus, we get ¢;(w) = w; + v, + pu, € N; + pU,.

Proof of (i). Clearly it is enough to do it for i = 0.

Consider ¢; modulo p, which is a map from M;_,/pM;_;, to M;/pM;. By the
assumption that ¢;(M;_;) C N; + pM;, the image of ¢;(mod p) lies in N,/(N; N pM;). Since
we also assume that N; N pM; = pN;, the image of ¢;(mod p) lies in N,/pN,. Restricting
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¢;(mod p) to N;_,/pN;_, we obtain what we call the induced map ¢; : N;_,/pN;,_; —
N;/pN;. It is assumed that this induced map is invertible for each i, and hence the
composition ¥; 1= ¢; 0 - ¢, 0 ¢; : Ny/pN, — N;/pN; is an isomorphism for all i > 1.

Define for each s > 1
U(()S) = {» € My|y,(w) € p'M; for all ¢ < s}

and U(()O) = M. In particular observe that U(()SH) c U(()s) for all s > 0. We first show
that U = U™ + pSN, for all s > 0. Let @ € UY). Then o := p~*y(w) € M,. By
our assumptions there exists ng € N such that ¢, (n5) = ¢, ;(wg)(mod pM, ;). Choose
no € Ny such that ¥ (ny) = n,(mod pM). Then,

WS-H (a) - psno) = ¢s+1 (psws - psns) (mOd ps+1MS+l)
P*($511 (@) — by, (15))(mod p* My, )

= O(mod p*™'M, ;).

Hence, ® — p*ng € U(()SH).

Let w € M. For s > 1 we define w; € Ués) inductively via wg = wg, | +p°ng, ng € Nj.
One easily sees that w—> . ; p*ng € N2y Ués) = U,. Hence, we conclude that M, = Ny+U,.

We finally show that Ny N Uj is trivial. Suppose, on the contrary, that w € NyN U,
and w # 0. Because N, p*M, = {0} there exists s > 0 such that p™w € M, \ pM,. Since
M,/N, is p-torsion free this implies that p~*w € N, \ pM,. Since ; : Ny/pN, — N;/pN; is
an isomorphism we have that ¢;(p 5w) ¢ pM; for all i. In particular for i = s + 1 we get
Vs (P Sw) & pMy . Hence, ¥, (w) & pST M, ,. This contradicts the fact that € Uj,.

Thus, we get a contradiction and conclude that Ny N U, is trivial. u

Proof of Theorem 4.3. We apply Proposition 4.5 to M; = Af{,i (n) and ¢; = €, for all
i > 0. For N; we take the SpanR(a){’ll)ueMZ. The property N; N pM; = pN; clearly holds.
Proposition 3.6 states that ¢,(M;) C N; + pM; and the matrix of ¢; : N;_, /pN;_, — N;/pN;
is given by ,BI(,’H (n) modulo p, which is invertible by the assumption in Theorem 4.3. So
the assumptions of Proposition 4.5 are satisfied.

From Proposition 4.2 we find that Uy = Ug(1). Then application of parts (i) and

(iv) of Proposition 4.5 shows that

ﬁf(M) = Spang(wy)yey, @ Ur(i)

as R-modules. Hence, Qf(n) = Spang(w

u)ueuz'
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8820 F. Beukers and M. Vlasenko

Remark 4.6. Parts (iii) and (iv) in Proposition 4.5 imply that

%p(Qr (1)) C SPang(@)ye,, ® P Ups ().

Remark 4.7. Theorem 4.3 is not true if we would have defined w,, without the factorial
(ug — 1)!I. To see this take the simplest example f =1 — x in one variable and R = L.

Theorem 4.3 implies that every rational function (k — 1)| )k with0 <r<kis modulo
(formal) derivatives equivalent to a function of the form A + 1—x' Now drop the factorial,
take k = p+1,r = 0 and suppose there exist A, B € Z, such that A + %( = m + xu’
for some rational function u. Apply %, modulo p on both sides. The derivative xu’ is

mapped to 0 is mapped to itself and we get

’1X

B 1 1 1
A+ 1-—x :<5p((1 ~ 0P _X)) =<€p((1 e _X)) =a _X)z(modp).

On the right of this equality we see a rational function with a double pole at x = 1 on

the left a simple pole. This is clearly contradictory.

Remark 4.8. Knowledge of the explicit basis in Of(u) from Theorem 4.3 implies that
this R-module is in fact a quotient of Q(w). However, writing it as a quotient of
the completion ﬁf(u) yields the Cartier operator on Qf(n). Note also that Qf(w) is a

subquotient of the Dwork module ”‘//f because derivatives are contained in Up ().

We would like to point out that R-modules ﬁf(pc), U (), completed Dwork
modules Qf(u)/dﬁf(u) and the quotients Qf () from Theorem 4.3 together with the
Cartier operator ¢, are examples of the following structure. For the scope of this paper,

we give the following

Definition 4.9. A crystal over R is a rule that assigns

e to a polynomial f with coefficients in R a differential R-module Mg, that is,
for every derivation § of R we have maps é§ : My — My satisfying 6(rm) =
S(rym+ré(m) forre R,m € Mf (connection maps);

e to every pth power Frobenius lift o : R — R an R-linear map ¢, : My — My,
which commutes with the connection, that is, we have <gp 08§ =26 o%p for every

derivation § of R.
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Note that over rings R that have no non-trivial derivations, for example, Zp and
its finite extensions, it still makes sense to consider crystals, though the conditions
related to connection are empty.

Following the traditional terminology, see for example [8], one can call Of(,u) the
unit-root quotient in reflection of the fact that the Cartier operator is divisible by p on
Ur(w) and invertible on the quotient Qp(w) = ﬁf(u)/Uf(u) (see Remark 4.4).

Note also that, when the Hasse-Witt matrix is invertible, Up(n) C Q2f(n) can be

characterized as the largest subcrystal on which the Cartier operator is divisible by p.

5 Periods mod m
For any exponent vector v € C(A); we define the linear functional 7, on Q.1 by

Vo
7,(w) = constant term of —w.
XV

Lemma 5.1. Let m > 1 be an integer. For any o € dQ¢, ., We have 7,,,(w) = 0(mod m).
For any w € Qo ma and any derivation § of R we have §(r,,,(w) =

Ty (8 (@) (mod m).

Proof. Suppose thatw = Xig—;:i for some Laurent expansion u. Then
x)"™o - Ju
T,y(w) = constant term of f()—x

X ok,

foomn

0
= constant term of x; —
0x xmv

i

) (mod m)

= O(mod m).

For any derivation § of R and any Laurent series w we have

fxmve

xmv

fEmr
S(Constant term of a)) = constant term of — e 0(@)
X
because operations § and taking the constant term commute and derivation of an mth

power is zero modulo m. |

The two properties in Lemma 5.1 show that functionals r,,, restricted modulo
m are what we call period maps modulo m. That is, they are R-linear maps from Q¢,.;, 41

to R/mR that vanish on derivatives and commute with derivations of R.
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8822 F. Beukers and M. Vlasenko

Next, we look at the behaviour of these linear functionals under the Cartier

operator:

Proposition 5.2. Let p be a prime and o : R — R be a pth power Frobenius lift. Denote
by t3,, the linear functional obtained by multiplication with (f?)™"0/x™" and then taking

the constant term. Then

ordp(m) ).

T o ¢, (mod p

— 40
mv — va/p
Proof. For any w € Qyn, We have

fymve
T,,y(@) = constant term of v ?
£ (xP)mvo/p

xP)ymIp )

= constant term of o (mod p

£O (xP)mvo/P
(xP)mv/p

constant term of 4, ( a)) (mod p°rdr(m)

£oGomeolp

op— 6p(@) (mod p ™).

= constant term of

The 2nd step uses the obvious fact that the constant term equals the constant term of
the Cartier transform. In the last step we used a variant of Lemma 3.2 in the bigger ring
Rix] ®r Qformal' u

The period maps introduced here are useful when working in Q. Note that to
compute 7, (w,) we simply take the constant coefficient of the product %wu, which is a
Laurent polynomial when uy < v,. In the particular case when uy = vy = 1 we observe
that 7.,y (w,) = (By,)y,y for each m > 1, where g, are the matrices defined in (8).

The following theorem is our 2nd main result.

Theorem 5.3. Let u C A be a set open in the topology defined in Proposition 3.4.
Suppose that R is p-adically complete and the Hasse-Witt matrix B,(u) is invertible in
R. Then Bps (1) is invertible for all s > 1.

Let Qf(n) be the unit-root crystal from Theorem 4.3 and let A, = (%, ) be the
transposed matrix of %p 1 Qp(w) = Qpo (1) with respect to the standard bases {w,}, {»}.

More precisely, it is the h x h-matrix with entries in R such that

C(o”p(a)u) = Z Ay w@y (mod Ugo (1)) (10)

WEeuz,
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for all u € u,. Then, for all s > 1 and all m > 1, it satisfies the congruences

Binps (1) = Agﬁ,(;psfl (1) (mod p®). (11)

In particular, when m =1,

Ay =By (W) B (™! (mod p). (12)

Similarly, for every derivation § of R Theorem 4.3 implies that there exists a

unique matrix Ny = with entries in R such that

(Vu,v)u,veuz

§(@g) = D Vyw 0y (mod Up(p)). (13)

wepugz

This matrix then satisfies congruences

a(ﬁmps (/‘L)) = N(S ﬁmps (,LL) (mOd ps)

for all m,s > 1. In particular, when m =1,

Ny = 8(Bps (1)) Bps ()~ (mod p).

Proof. Using (iii) in Proposition 4.5, the congruence (10) can be refined to

Cplwg) = D hywoey (mod p Ups (12)) (14)

Wenz,

(see Remark 4.6). We apply t°2 with v € puy, to (5). By Proposition 5.2 we have

mpS—lv
tro,'lps—lv(%p(wu)) = Tmpsv(wu) = (IBmpS)u,v (mOd ps)

in the left-hand side. Since elements of Ugs (1) are formal derivatives (see Proposition

4.2),in the right-hand side Lemma 5.1 yields p t°

mpS—1v

(Upo (1) = 0(mod p®). So we obtain

congruence

BrnpsIuy = Z )‘u,w(ﬁ;‘nps—l)w,v (mod p®).

Wepug,
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8824 F. Beukers and M. Vlasenko

It follows that Bmps (1) = Adﬂfnps,l(u)(mod p®). By Proposition 3.6, A, = ﬁp(,u)(mod D)
and we find that Bps (1) = ﬂp(u)ﬂgs,l (n)(mod p). By iteration then obtain

Bps (W) = BB () - B3 (1)(mod p).

Hence, invertibility of all Bps (1) modulo p follows from the case s = 1. After

inversion of B%_,(w) (it is invertible over R, see Remark 4.4) we find that A, =
p

ﬂps (M) :B;sfl (:u“)_l (mOd ps)'

The proof of the 2nd congruence runs similarly: we apply t with v € u,

mpSv
to (13). Since Tmpsy (Up(1) = 0 (mod p®) and § commutes with Tmpsy modulo p® (see

Lemma 5.1) we obtain

5((Bmphuy) = D, VuwBmps)w,y (mod p*).

weuy
Hence, we conclude that 8(B,,,,s (1)) = Nj Bpps (1) (mod p®), as desired. n

Remark 5.4. 1In[11, §1] the 2nd author conjectured vaguely that the p-adic limits

Hm Be(A%) BT 1 (A7), = lim 8(B,s (A%) Bps(A%) ! (15)
describe, respectively, the Frobenius operator and the Gauss-Manin connection on
the unit-root crystal attached to the Laurent polynomial f(x). However, the precise
meaning of the unit-root crystal in the conjecture was not specified. Moreover, it looked
challenging to define this object using as little assumptions on f(x) as one needs for
existence of the p-adic limiting matrices (15). Theorem 5.3 implies that this conjecture
is true with the unit-root crystal being the dual Q) = Homg(Qf(A°), R) of the crystal
defined in Theorem 4.3 with the Frobenius operator %pv : OJYQ — OJY. Note that in
addition to the invertibility of the Hasse-Witt matrix, which is needed to define (15), we
only use one extra assumption: there is a vertex b of A such that the coefficient of f(x)
at b is a unit in R. The latter is a technical assumption that was made in Section 2 for
the purposes of doing formal expansion at b with integral coefficients; it is most likely
that one could drop this condition as the Cartier operator (7) can be defined directly by
formulas (4) and (5).

A different proof of the conjecture was given recently in [6, §5] under certain

geometric assumptions.
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Example 5.5. Consider f(x,y) = y?> — x(x — 1)(x — z) € Rlx,yl as a polynomial with
coefficients in a ring R containing Z[z], which we will specify in a moment. We would
like to apply Theorem 5.3 with © = A° C R?, the interior of the Newton polytope of
f(x,y). In this case uy; = {(1,1)}, h = #u; = 1 and we have

-1
B () = the coefficient of xmlym=1in (yz —x(x—1(x— z))m

0, m even,
-1 (m=1)/2 (m=1)/2\2 k

((mnim/z) k=0 ("% / ) z°, modd.
To shorten our notation, we will write g,,(x) simply as B,, throughout this Example.
Now fix a prime p > 2. Let R = ZIz, B,'1"C Z,[Z] be the p-adic completion of Zlz, §,].
This ring consists of power series g(z) € Zp[[z]] that can be approximated p-adically
by rational functions whose denominators are powers of the Hasse-Witt polynomial
By € Zlz]. One can check that the Frobenius lift o given by (0g)(z) = g(zP) preserves R.

We claim that the respective Cartier matrix (10), which is now a 1 x 1-matrix, is given by

/ (16)

where

11 1/2); \?
F(z) = ,F, (5,5,1‘2) :Z(( /kl)k) S
k>0

is the hypergeometric series mentioned in the Introduction. Note in particular, that this
statement implies that F(z)/F(zP) € Zlz, ,Bl;l]f

a2 _ _Tk+y) DTG k-3
t = Fk+1)T(3)  Tk+DT(3-k) =D (k ) and

((ps — 1)/2) _ (—%) (mod ps—0rdp(kDy.

—

To prove (16) we notice tha

k k

k
(-1’

The latter congruence can be checked by induction on k. Since ordp(k! ) < it follows

that

(P*-1)/2
@ —-1)/2
> |

2 —2
. )zkEF(z) (mod (#*, p“ 711z, [2]).

k=0
This congruence is much weaker than the one in (12). However, it is sufficient to
conclude that the p-adic limit A, = limg , Bps /0 (Bps-1) equals F(z)/F(zP) times the p-

psfl ~1

adic limit of the ratios ((‘_01;'5:1)1/2)/((ps_l71)/2

). One can check that such a ratio is congruent
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8826 F. Beukers and M. Vlasenko

to (—l)pT_1 modulo p*, which completes our proof of (16). In a similar vein, one can show
that Ny = (8F)(2)/F(z) for a derivation é of R.

Let us mention an application of congruence (11) to integrality of formal group

laws. Consider an h-tuple of formal powers series l(z) = (I;;(2))y¢,, in h variables z =

(Zy)ye uz given by

L@ = 3 S -
m=1

Wepug,

These power series have coefficients in R ® Q and satisfy [,(z) = z, modulo terms of

degree > 2.

Corollary 5.6. Under the assumptions of Theorem 5.3, the h-dimensional formal group

law
G(z,Z) =1"1(l(z) + 1(2))

has coefficients in R.

Proof. Since R is a Z,-algebra, congruences (11) are equivalent to the statement that
the tuple of power series I(z) — p~' A, I (zP) has coefficients in R. Integrality of G(z,Z')

then follows from Hazewinkel's functional equation lemma [5, §10.2]. |

Formal group laws G(z,Z’) in Corollary 5.6 include coordinalizations of some
Artin—-Mazur formal groups of algebraic varieties, see [10, Theorem 1]. In the very
particular example f = y? — x(x — 1)(x — z) from the introduction with x = A° it follows
from [10, p. 924] that the formal group is simply the formal law of addition on the elliptic
curve f = 0.

Now we would like to explain the connection between our results and [8]. For

that purpose, consider linear functionals on Q¢ given by
ax(w) = coefficient of xXin w

for k € C(A \ b);. Just as we had above with z,, for any k and m > 1 functional «,;;
is a period modulo m. Indeed, by Lemma 2.2 this functional takes values in mR on
formal derivatives and, since derivations of R act on Q... Simply by applying them to

coefficients, we clearly have «,,; 0 § = § o ;.. These periods have an obvious property

mk mk-
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with respect to the Cartier operator:
amk = amk/p o Cgp (17)

for all m divisible by p. Combining these observations with Theorem 4.3 we obtain the

following version of [8, Theorem 6.2]:

Theorem 5.7. Let u C A be a set open in the topology defined in Proposition 3.4 and

h = #u,. For k € C(A \ b),, consider the column vector a, € R" with components
(@y)yey, = coefficient of x¥ in the formal expansion of w,,.

Assume that R is p-adically complete and the Hasse-Witt matrix B,(u) is invertible in
R. For any Frobenius lift  and any derivation § of R, let A, and N; A, N5 € R"*" be the
matrices defined in (10) and (13) respectively. (These matrices correspond to the Cartier
operator and connection on the unit-root crystal Qp(n) defined in Theorem 4.3.) We

then have

sy = A, @,y (mod p°) (18)
and

8(aps) = Ny aps (mod p) (19)
for all k € C(A — b),.

Proof. Consider the equality

Cp(@y) = D hywtiy(mod pUF (0)).

wepugz

Expand all terms in a Laurent series with respect to the vertex b and determine the
coefficient of x**"" on both sides. For the term in pUJ‘Z we get a value O(mod p®). The
other terms give us
Upeps (@) = D dg wigps-1 (W) (mod p¥),
WENZ,
which gives us the 1st statement.

For the 2nd statement we start with

§(@g) = D vy woy(mod Up(w)).

Weugz
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Expand as Laurent series and take the coefficient of x*P° on both sides. We get

8(Ayps (y)) = Z Vu,wkps (W) (mod p*),

Wenz,

which proves our 2nd statement. |
We end with an application of Theorems 5.3 and 5.7.

Corollary 5.8. Suppose that  is an open set that consists of one vertex point v € A.
Let f, be the coefficient of XV in f and suppose it is a unit in R. Then we have the equality

C,(wy) = %wg (mod Up, (1))

Proof. This follows almost immediately from Theorem 5.3. Note that Bps (1) isalx]1-

Y=f2/fy- M

s—1__

S__ S_
matrix with entry ff ', The matrix A, has the entry lim | ff: ! /()P

Note that the situation when one vertex is an open set in the topology from
Proposition 3.4 can occur if all lattice points in A are vertices. The complement of all
but one of these vertices gives us an open one-point set u.

The following corollary is a generalization of Theorem 5.6 in [2], which deals

with congruences for coefficients of power series expansions of rational functions.

Corollary 5.9. Let f(x) be a Laurent polynomial with coefficients in Z, such that all
lattice points in its Newton polytope A C R™ are vertices. Suppose that all coefficients
of f(x) are p-adic units. Let g(x) be a Laurent polynomial with coefficients in Ly, and

support in A. Choose any vertex b € A and consider the respective formal expansion

gx) Z k
—_— = ClkX .
f(X) keC(A-Db)

Then, for every k € C(A —b) and s > 1 we have a,s = aps1(mod p®).

Proof. It is sufficient to give a proof for a monomial g(x) = x¥, v € A,. Application of
Theorem 5.7 with u = {v}, which is an open set due to our assumption on A, yields the

CONgGruence sy = A, aps-1(mod p*) with A, € Z;. Since R = Z, we have that f7 = f;

and hence A, =1 as in Corollary 5.8. |
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In [2] the polytope A is a subset of the unit hypercube in R", hence the conditions
of Corollary 5.9 are satisfied.

6 Semi-simple Decomposition

Let n < n be the dimension of A. For 0 <[ < n let u(l) C A be the complement of
the union of faces of codimension > [; this is an open set in the topology defined in

Proposition 3.4. The inclusions
A =p@cuPc...cu®=n
give rise to a filtration on the module of regular functions given by
Q') C Qp(u) C ... C Qp(A) = Q. (20)

Note that this filtration is preserved by the connection and its p-adic completion is
preserved by the Cartier operator, that is, %), : Q}‘(,u(l)) — ﬁ;}o (u®) for each I (see

Proposition 3.4). We quotient the p-adic completions by formally exact forms and obtain
Qr(u®) c Qp(u) ... C Qp(A).

Let ,3;,0 be the Hasse-Witt matrix of f relative to u¥). We shall call ,31(,0) simply the Hasse—
Witt matrix of f. The following fact is a straightforward corollary of the congruences
stated in Theorem 5.3. As in this theorem, we assume that N op°R = {0} and R is p-
adically complete. Recall that in this case an element is invertible if and only if it is
invertible modulo p. Note also that for any face n C A the Newton polytope of the

restriction f1, is given by 7.

Theorem 6.1. Assume that the coefficients of f at all vertices of A are units in R. Let
[ > 1. The matrix ,BI(,Z) is invertible if and only if ,BI(,Z_D and the Hasse-Witt matrices of all
restrictions f/, to the faces n C A of codimension [ are invertible. If this is the case, one

has the following decomposition of the quotient crystal

Qr(u Q™ = @ ap, o),
facesn C A

codim(n) =1

where 7° is the interior of the face n, and we make the convention that an interior of a

vertex is the vertex itself.
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Proof. We write u©® = 3 UnjU...UnV, where ny,n,,... are all faces of A of

codimension ¢, and claim that for any m > 1 matrices 8,, (1)) have the following block

structure
B (7)) 0 o ... *
B (u®) — 0 Bm3) 0 ... *
0 0 0 ... B,

with diagonal blocks corresponding to all faces of codimension ¢ and 1“1 and possibly
non-zero off-diagonal blocks only in the last column. This claim follows from the
following observation: if n C A is a face, v € n and u ¢ 5, then the coefficients of mv—u
in f(x)™! is zero. Indeed, choose a linear functional « : R” — R such that kl, =c, and
k(A) C R_; and «(u) < c¢ for some ¢ € R. Then x(mv —u) = mc — «(u) > (m — 1)c and
therefore mv —u ¢ (m — 1)A.

Taking m = p we see that the Hasse-Witt matrix ,BP(/LZ) is invertible if and only
if all ﬂp(n;’) and ﬂp(;/‘l) are invertible. Since the above-mentioned block structure is
preserved under taking the inverse, by the congruences in Theorem 5.3 matrices A,
and Nj for 1© have the same block structure and the direct sum decomposition of the

quotient crystal follows immediately. |

Remark 6.2. Corollaries 5.8 and 5.9 deal with the situation when the only lattice
points in the Newton polytope A are its vertices. In this case filtration (1) has only
one step (the set M(Zﬁ_l) is empty) and, assuming that the coefficients of f(x) = >, f,vx"
at all vertices are units in R, Theorem 6.1 states that the unit-root crystal Qr = Qp(A) is

a direct sum of crystals of rank 1.

Let us mention that in the regular case (i.e., when f is A-regular) under the
identification of the Dwork module #; = Q¢/dr with the cohomology group H™(T™\ Zr)
(after tensoring with the field of fractions of R) the image of the filtration (1) is
the weight filtration of the respective mixed Hodge structure (see [1, Theorem 8.2]).
Theorem 6.1 thus gives a semi-simple decomposition of unit-root crystals correspond-

ing to the graded pieces of the weight filtration.

7 Example

Consider f = y?+tx®+xy+x and R the p-adic completion of Zy[t]. We have the following

sets of exponent vectors with uy = 1:

1. u? ={(0,2),(1,0),(3,0),(2,0),(1,1)} = Ay
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2. ny' ={2,0,(1,1)
0
3. py) =(a1,1)},
where the ¥ are defined in the previous section. The ordering of the exponent vectors

in A is chosen in decreasing filtration order. Using this ordered basis a straightforward

calculation shows that for odd m,

1 0 0 h,,(®)

0 1 0 Tho, ()
Bp=10 0 ¢! 0 2ha@® |,
00 0 (’":ﬂ)tT’l I ()

mT m
00 O 0 S (@

where

im0 =3 (") G ) mo =3 () () ()=

k>0 k>0

) = > (Z;c: 11) (47‘2; 1) (Zkk) .

k>1

For the invertibility of g, we extend R to be the p-adic completion of Z,[t, (tfp(t))_ll.
Then B, (/3};';,1)*1 reads

1 0 O 0 (M (2) = Pps—1 (8P)) [ fps-1 (£P)
01 0 0 3 (s () = sy (1P)) /1 (2P)
0 0 ! 0 27 (Mps (8) — hps—1 (8P)) [ frps-1 (£P) :
00 0 c@stP V2 (gy—c@ )PV 2g,1(tP))/fps1(tP)
00 0 0 Fps @) /fps1 (2P)
S_1 ps—lil -1 .. .
where c(p,s) = ((p€—1)/z) (@5*1—1)/2) . We now take the limit as s — oco. It is not hard to

. _ . S__ s—1_ .
derive that c(p, s) = (—1)P~1/2(mod p*). Also, using (pml) = (me/le)(mod p®), one easily
shows that

1
hps(t) — hps—l (tp) + E(fpS(t) —fps—l (tp)) = O0(mod ps).

Finally, experiment shows that

fp® _ F@
fps-1(tP) — F(tP)

(mod p*),
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where F(t) = ,F,(1/4,3/4,1|64t) and

gps () = (=P D g () G(t) — (—t)P~V2G6(P)
Jps—1 () B F(tP)

(mod p®),

where G(t) = 3F,(5/4,3/4,1/2;3/2,1|64t). Putting everything together we find the limit

-1 ( F@®)
10 0 0 2 (&% -1

-1 ( F(t
01 0 0 2 (73 -1)
A=|o0 0 ! 0 ;_;(%—1)

—1)/2 GO—(—PV2GP)
00 0 (=P b/ e

F(t)
0 F(tP)

We make a few observations.

@ (1,1,¢£0,1)A=(1,1,t%,0,1)
(i) (2,0,0,0,1)A =(2,0,0,0,1)
(iii) (0,1,3t,0,1)A =(0,1,3t7,0,1).

These equalities imply that in Q; we have

()%

where f, =f.f; = Xg—{(, o= yg—{,. This is a general phenomenon, as shown in the following

i=0,1,2,

theorem.

Proposition 7.1. Let f(x) = f(x;,...,x,) be a Laurent polynomial with coefficients in a
characteristic zero ring R such that at least one vertex coefficient of f is a unit modulo
p.Letfy =fandf; =x, 2 fori= 1,...,n. Then for all i,

10x;

%p (]Ji‘_f) = f%(modpdﬁfa).
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Proof. The casei = 0 comes down to % (1) = 1, which is trivial. So let i > 0. As earlier,

we will use the notation 6; = x;-- ax Notice that

%, (JJ;) = 6,(0;(10gf(x)))
= Db (%p(logf(x)))

= 6;(%,(logf(x)P))

- G(x)
= 6 (%p(Ing (xP)) + ¢, (log (1 +pfg(xp)))) ,

where pG(x) = f(x)P — f?(xP). Observe that %p(logf"(xp)) = log f° (x). Power series

expansion of the log in
G(x)
“ (log (1 P fo(xp)))

_Z( p) (G
ro fe@r

r>1

gives us

Combining these evaluations gives us the final result

N _ 1 -p)" %,(GX)")
o (§)-Fo- o Froe-nBT0)

r>1

Clearly, the latter summation belongs to p dﬁfa when p > 2. |

We now determine the limit of

Ohys ()
00 0 0 e

Oh, s (t)
00 O 0 s ®

s (D

_ Oh,s(t)—pSh,s
0(Bp)Bys =| 0 0 p°—1 0 =Tl
l s Zggps(t)_(ps_l)gps(t)

00 o lpt-1 e
00 O 0 Ops (©

fps ®)

120Z 1890100 € U0 Josn Jyoaun Areiqr] Ausioaiun Aq 859£+8G/2088/2 1/1.Z0Z/SI0IMe/UWl/wod dno-olwapese)/:sdjy Woj papPeojuMOQ
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where 6 = t%. Some experiment suggests the following congruences

0 S t eh S t —_
fps () _OF(®) (mod p*), p(® _ —160F(t)

fps @  F(©® Jps(®) 2 F@®

(mod p*)

and
209, (t) + gps (V) _40F() +F(t)
Jps () F(t)

This yields the limit matrix

(mod p®).

—160F(@®)

00 0O O F52

—1 0F (1)

00 0O O 252
N=]lo0o0 -1 0 H%F®
—1 OF(t) 1

00 0O O 240

From this limit matrix it easily follows that ﬁ,i = 0,1, 2 are horizontal in Of, that is,

they are annihilated by 6. This is a general phenomenon.

Proposition 7.2. Let notations be as in Proposition 7.1 and é be a derivation on R. Then

we have

fi
8 (]_C) = O(mod de).

Proof. The proof is immediate,

()DL )

Finally, getting back to our example, we mention the matrix

0 0 SF@®
0 0 ZF@®
wF®
0o tY2 G@
0 0 F(t)

h<
Il
© o o o ~
© o o~ o
7
0
o
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This is a fundamental solution matrix of the system of 1st order equations
0y(t) = Ny(?),

where y is a column vector of 5 unknown functions in t.
Note that Propositions 7.1 and 7.2 have nothing to do with the unit-root crystal
Qy: their statements hold modulo dﬁfa and d2f respectively and not just modulo formal

derivatives. These propositions show that EB?:ORJ% is a subcrystal in the completed

Dwork crystal “7/} = Qf/dﬁf, on which the Cartier operator acts as the identity. In the
geometric situation mentioned at the end of the introductory section, this subcrystal
should correspond to the embedding of Hjj,(T") into H};,(T" \ Zp) = 5.
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Appendix: Point counting and an alternative construction of the Cartier operator

Suppose that R = Z, where q = p® and o is the standard pth power Frobenius lift
satisfying 0% = id. Then the ath iteration of the Cartier operator ¢, := ¢ maps Q; to
itself. It follows from the estimate (5) that modulo every power p* the image of ¢, has
finite rank. By this reason the trace of ¢, is a well defined p-adic value. In this section

we will prove the following

Theorem A.1  The trace of (¢° — 1)" x 47 on ﬁf equals the number of points on T" \ Z¢

with coordinates x;, ..., X, € ]F;S.

Remark A.2.  Since ¢ is divisible by g on the submodule of formal derivatives Uy C ﬁf,
we conclude from Theorem A.1 that on the quotient Qf = ﬁf/Uf one has

Tr(%,1Qp) = 1+ (—1)" ' #Zp(F ) (mod g°).

The term 1 on the right corresponds to the eigenvector 1 € €2, which has eigenvalue
1. If the Hasse-Witt matrix Bp(D) is invertible, then Qr is a Zq—vector space of finite

dimension and it follows from the above congruence that the polynomial
det(l — T%”q|0f)/(1 —-T)e Zq[T]

raised to the power (—1)" is the unit-root part of the zeta function of the hypersuface
Zf C T" over IE‘q. Note that in our standard basis in Of (i.e., images of w, € Qf,u € Ay)

the operator g is given by the transpose of
Ao(A) ... %N (A),
where A = A, is the matrix from Theorem 5.3.
We will use a resolution of the module Q. This construction ties our crystals

with the exponential modules in the literature, for example in [1], and exhibits a natural

lift of our Cartier operator which possesses nice properties and hence might be useful
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on its own. With the lifted Cartier operator, the point counting can be done using a
version of Dwork’s trace formula, which is now a standard technique in p-adic analysis.
From now on R is a characteristic zero ring, we will impose more assumptions

when needed. Let us introduce the auxiliary variable x; and define the subring

RIA] C Rlxy, xi!, ..., xF

as the span of monomials X" = x;,°...x,"

with u € C(A);. We remind the reader that
throughout the paper we denoted x" = X’i“ .. .Xﬁf” foru = (ug,...,u,), so now we shall

use the capital letter for X" = Xgox“. We denote F(X) = x,f(x) € RIA]. The operations

d JIF (X
Dif = X7 +x ( ):R[A]—>R[A], i=0,...,n
are called twisted derivatives. Formally, we have Z; F= ~F 4 6; o ef, where 6; = Xi%'

Twisted derivatives commute with each other.
Let R[A]T be the free R-module generated by X" with u ¢ C(A); It is an ideal in
RI[A] and twisted derivatives preserve R[A]*. The Laplace transform is the R-linear map
Z : RIAI" — Qg given by
u
Faoko

This Laplace transform was basically defined in [7, p.244] and [1, §7]. See also our

X% > (—1)¥0(uy — 1)! = (—1)*aw,.

Remark 2.1. It is clear that & is surjective.

Proposition A.3. The kernel of the Laplace transform is given by @Olf(R[A]J“). Under

the induced isomorphism
2 : RIAIT/ D ¢(RIATY) = Q

the twisted derivative &,  corresponds to the usual derivative ¢; for each 1 <i < n.

Proof. TUnder the Laplace transform the elements %, f(X“) = ugX" + x,f (x)X" are

mapped to
x4 dotl xf(x)
Fxuo + (=10t uO!f—(X)uo-H

It is clear that these elements generate all relations in Qf and therefore they span the
kernel of Z.

Let 1 < i < n. Since twisted derivatives commute, Z,  maps Ker(#) = Im(Z, )

(—1)%oy,!

to itself. The fact that the induced map on €2 coincides with 6; can be easily checked on
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monomials:

%(@ilf(xu)) % (u;X" + 0,F (X)X%) = (—1)”0(u0—1)!(u c Xu@‘f(x))

X

= (—1)%0,0, = 6,ZXY).

Corollary A.4. RIAIY/ 31, 7 ¢(RIAIY) = #5.

We would like to remark that in [1, Theorem 7.13] the quotient module on the left
in this corollary was identified with H},(T" \ Zp) under the condition that R is a field
and f(x) is A-regular. At the end of the introductory section we mentioned the relation
between Dwork modules and de Rham cohomology having in mind Corollary A.4.

To define the Cartier operator, we turn on our usual assumptions that N;p’R =
{0} and R is p-adically complete. Let R[A] be the ring of formal power series with
coefficients in R and support in C(A). The p-adic completion 1?[Z] = liSmR[A]/pSR[A]

consists of power series with infinitely growing p-adic valuation of coefficients:

RIA] = Z ayX" : ay €R, ordy(a,) — oo asuy — oot C R[A].
ueC(A)y

—t

We denote by R[A] the ideal of power series with zero constant term (a, = 0). It follows
o —t

from Proposition A.3 that Q¢ = R[A] /%, ¢ (R[A] )

Theorem A.5. Consider the operator on power series given by

Vb (Z auX“) = 2 (-P)"0ap X%,
u u
Let p > 2. For every pth power Frobenius lift o : R — R, the operator
_FU
7/0 =e o Vp oef

maps R[A] to itself. Operator ¥, preserves R[A]' and it is divisible by p on this

submodule. The following commutation relation with twisted derivatives
.@i,fao"f/a :p%o_@i,f (A.l)

holds foreach 0 < i < n.
The operator ¥, preserves R/[A\] and the induced map p~17, : ﬁf — ﬁfa coincides

with the Cartier operator %, : Qf — ﬁfa constructed in Section 3.
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Proof. Fixanyue C(A)z and denote v, = pf%l — Ug. Observe that

ntug
ol (=pxy) P C,(f(x)"x")
Vp(eXof( )X ) — Z 0 n!p

n=0, p |(n+uo)
+
_y (—=pxp)™" P G, (f )P rox)
— (pm + vp)!

and therefore

(—pxo)™ 7 1%, (F P oxt)

(pm + vg)!

u (—x)*f* ¥
VXY = kz Xo : Zo
>0 m>

Spxg P, (xS

r>0 m+k=r

k0 TGS DS+
Z(_pXO) +[ pOkgp (xu Z (%) - J_c(;())l Vps+vo)’

r>0 =0

f(x)pm+vofa (xp)k
(pm + vy)! k! pk

where we substituted f (xP) = f(x)P + pG(x) and recognised the sums

N

1
Vpstvo = Z (pm +vp)! (s — m)! ps—m

m=0

%
as coefficients of the Dwork exponential €°77 = 2 n=0YnXg- The following standard

estimate of their p-adic order

p—1 1

implies that the matrix coefficients given by 7, X" = >/ .7, ;X" have p-adic valuations
bounded by

Yo RN Y p-1 1
Ordp(y“'v)zw[p%gg?r(( p—l)(r SH( p? p—l)(psﬂ‘)))
U | _ " (S p-1 1 Yo | _
r+[p1 p—1+012s12r( 1D)+(p2 p—l)(p[pw uo)
p-1 1 Y |\ _(P-1__1
(p p—l)(ﬂr[pb (p2 p—l)uo

_(p—1 1 1 p—1
_( p p—l)V°+(p—1 pz)uo'

where we used r = v, — (%1. Since this valuation is non-negative, we conclude that all

Fuv € R and hence 7, maps the module of formal series R[A] to itself. We also observe
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that ¥ is divisible by p on R[A]*. Moreover, ¥, preserves RIA] because when Vo — 00
we have ord,(#, y € R) — oo uniformly in u,.

The commutation relation (A.1) follows immediately from 6; o V,, = p6; o V,, and
the fact that 7, ; = e™" 0 6, 0 €. Since ?Zf = }?[X]Jr/golf(}%/[A\]Jr), we have a well defined
induced map p~17, : SAZf — ﬁj‘i Let us show that this induced map coincides with the

Cartier operator %p defined in Proposition 3.3. Since Z(X") = (—1)*w,,, we consider

p—lry/axu _ Z (_1)V0+uO Fu'VXv

veC(A);
- 5. T () (A.3)
1 4740 u r—s S+, Vps+vg ~ 9,0l p Up
= = (—pxy) "' % [ x G(x) (x)PsTvo ,

pZ% P%o p g% 7 r—s)!

where we used formula (5) and substitution % = (—l)uop[f]_lr‘p(uo). It is easy to
¢ !
check that the difference (A.3) equals
1 r+4] u 1‘ r—s s+ Hs
Dyro|— D (=pxy) ' P 'E, (x G(x) (x)PSTvo__5 ), (A.4)
0f (p; PXo pl S; s (r—s)!))

where the coefficients ug € Q are determined by the recurrence

u —
(S + ’7?0—‘) Mg = D ! Ms—1+ Vpstvg — I‘p(u‘O)‘ssD'

(The initial term p, is also determined by this formula and convention x_; = 0.) We
claim that

1

ord, (i) > (—l - —) s+1-— [@—‘ , (A.5)
p p—-1 p

and hence inside of ;4 (...) in (A.4) the p-adic valuation of coefficients of the
Yo

. (51 .
polynomial next to x, ” can be estimated from below as

Ks TN S W
((r—s)!)zr-'_olgsl?r(( D p—l)s

1 1 -1 1
r p

u
91+ min ord

—1 r —
et p  O<s<r P

p_l(r—s))

Since this valuation is non-negative and grows infinitely as r — oo, we conclude that
(A.4) belongs to 7 - (m) and therefore p~'¥, = %, on ﬁf.
It only remains to prove (A.5). For this purpose we consider f(x) = 1 in (3) and
(A.4). In this case ¥, is multiplication by the Dwork exponential &0+ followed by ¢,
. . . d
and the substitution x, > —px,. We shall denote 7, simply by ¥ and % s = xq 7,5 +Xo
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by 2. The equality of (A.4) and (A.3) can be written as
7 p1 _ 1507 — o ly(x%) _ p-l B =
P D (px) P | = pTI(x%) — pIT,(ug)(—pxp)' P
r>0

ko -
=p 7 (x3° - Fp<u0)x§[p Tg=x0-p 1"5).

Note that 7 is invertible on Q,[x,]" = x,Q,[x,], and hence the commutation relation
V9 = pPY can be rewritten as p~ 12717 = ¥ 971, Applying 27! to the last identity

and using the commutation relation, we get

_ U _ pr¥y
P ScmoF = 757 (s Tyl T 4). ino
r>0
Let
Lyp= Z am,Xp' € x,Q, [xo] | Ordp(am) >am+ B
m>1
Let o = pp%zl —pyanda; = ‘%1 — 507~ Note that (A.5) precisely means that the series

in (A.6) belongs to L, . In order to demonstrate this fact, we first notice that for any
o > ag and any g we have ¥ : L, 5 — L, 5. Indeed, since eXo+P'xg ¢ L,,0 we decompose
¥ into three steps and check that

oG
La,ﬁ — L

Cp X0F>—PX0

p=Lagp = Lpagp ™ Lpag+1,8 = Loy p-

min(ag,e),

In the view of (A.6), it now suffices to show that

u )
771 (x5 - Fp(uo)xlg[ plgxo-p IXg) € Ly, 0- (A.7)

m+1

It is useful to observe that Z(x') = mxg' + x5 and

—xn—p-1 _ d 1 R
P(xfre™0P ) = e0xy——(ete ) = (magt — g PyeH0 P
0

Using these two rules one can easily check that

T (—xp)”
@((—1)”01(u0 -ty —°|) = x3° (A.8)
m—0 m:
and
n—1 Xpm . .
m=0

Note that under 2(...) the polynomial in (A.8) has integral coefficients and the series in

(A.9) belongs to L, , if one cuts off its constant term. We shall use (A.9) with n = f%?-
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Yoq_
Since (—1)¥0 (uy — 1)! = Ty (up) (1% — DIp 7171 we get

[£91 -
77 (x0T (ug)xy 7 e *07P ')

ug
up—1 m ?]_1 pm
_ up—1 (—Xp) X0 —xo—p~1xf
= (=1)*0 (uO — 1! Z T — Z ml—pme 0 0
m=0 ’ m=0 ’

Note that the constant term of the series in the right-hand side vanishes, which means
that we integrated (A.7) in x,Q,[x,] explicitly. Since I', (u,) is a p-adic integer and ¢y < 0,
this series belongs to L, , due to the remarks made after (A.8) and (A.9). This completes
our proof of (A.5). |

Remark A.6. One can easily define a connection on R[A] in a way and it commutes
with the twisted derivatives. Namely, for every derivation § : R — R we define its action
on R[A] as
Vs =8 + OF,

where the 1st summand simply means that the derivation § is applied to the coefficients
and the 2nd one means multiplication by the polynomial § F(X) = x,(5f)(x). Formally, one
can write V; = e ¥ . § - ef'. To see that V; commutes with the twisted derivatives, recall
that 7, » = e .0, ef and note that § and §; commute. Operations V; preserve R[A]T and
descend to its quotients by the images of twisted derivatives, particularly to Q¢ and #;.
It is easy to check that V; acts on 2 as the natural extension of § to rational functions,
the operation that we simply denoted by the same letter § earlier in this paper.

Finally, observe that the operator ¥, = e ¥ .V, - e’ defined in Theorem A.5
commutes with the connection operators. Namely, it is obvious that V,, commutes with

8 as operators on power series, and after twisting by exponentials we obtain

Y, V=V,

o’

o o . . . —+ .
where V¢ = 8§+ 8F° = e F" .5.ef" . This observation turns quotients of R[A] by twisted

derivatives into crystals.

From now on we consider R = Z, with g = p%. Here we have the standard pth
power Frobenius lift o : Z;, — Z,, which satisfies 0? = id. Consider the operator on
power series Z,[A] given by

_ o F a
“//q i=e " olyo erf.
Below we compute the traces of powers of ¥, using a few standard tricks in p-adic

analysis, which are basically due to Dwork.
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Remark A.7. The traces are well-defined p-adic numbers because modulo every p’
the operator ¥, has finite-dimensional image (see the p-adic estimate of the matrix
entries in the proof of Theorem A.5). Note also that the traces only depend on the mod
p reduction of the polynomial F(X) = x,f(x). Indeed, if F/(X) — F(X) = pG(X) then the
respective operators on power series are conjugate ¥ = e PGo Vg0 eP% and modulo each

power of p this identity can be written using matrices of finite size.

Proposition A.8. For all s > 1 one has

1- qs)”“Tr(“f/; | Zq[[A}]) = @’ #Z;Fp) — (¢ — D"

Proof. Letn € QTP be a number satisfying 77~! = —p. We will work with Laurent series
with coefficients in R = Q,(7) and support in the cone C(A). Let p : R[A] — R[A] be the
operation given by p(X") = 7“0X". Note that V,, = plo %, 0 p and et = p~loet™F 5 p,
and hence
potgopt=e"Tob0e™ = €500y, (A.10)
where we used the power series
Op ¢(X) := exp(TF(X) — nF(XT)) = > byX" (A.11)

ueC(A)z

From (A.10) it is clear that Tr(77) = 2 cc(a), D(gs—1)u- Since

X€Zq:x9"1=1 0, otherwise,

this trace can be computed by summation of values of (A.11) over tuples of Teichmiiller

units in qu:

> OpX) = (@ = D" D b 1y = (@° = D). (A.12)

XEZZS+1 : X?Ll=1 ueC(A)z,

To evaluate the sum on the left, consider the Dwork exponential 0,(2) = exp(rz—
7zP). This series has p-adic radius of convergence > 1 and §p i=0,(1) =1+ 7 (mod 72)

is a pth root of unity. For k > 1, let Opk(2) = exp(z — nzpk) = Hi-:ll Oy (zpi). The additive
Try , /Fp, (X)
character v : Fpk — (@p(zr)X given by ¥ (%) = ¢ PP s related to the Dwork
exponential via ¥ (x) = Dk (Teich(x)).

Write F(X) = xof(®x) = > a,X" and let F(X) = 3 a,X" with @, € F, be the

reduction of F modulo p. Denote a,, = Teich(a,) and F'(X) = > a,X". For any vector
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Y — (% = n+1
X=(Xq,....X,) € ]Fqs we have

Vs X)) = Y, (Z aux“) = [ 64 (@ Teich(®)™) = O (Teich(X)).
Therefore, the left-hand sum in (A.12) for F/ can be evaluated as

D0 X = D> Y FR) = DD Ya(kef()

XGZZQ'I :Xle:l Xe(FqXS)nH ie(Fqu)n Xo€Fys

¢ -1, iff®=0
= > o = @ #Z;(Fgs) — (g° — D"
xe(F ) -1, iffx) #0
(A.13)
By Remark A.7, since F' = F(mod p) traces of powers of 7] = e o Vg o ef' and Yy =

efo Vg o el are equal. Hence, our claim follows from (A.12) and (A.13). |
Proof of Theorem A.1. By Theorem A.5, we have

¢ THESIR) = Tr(/SIRIAl ) — Te(/f| %0 4(RIAL ) = (1—¢°) TeO/SIRIAT ). (14)

Here the 2nd equality follows from the commutation relation 77 o Dof = q° 9, Fo 75
Traces on 1?[K]+ and R[A]* are the same. It is clear from the definition of 7, that for
every s > 1 one has 75(X%) = X+ terms with u, > 1, and hence Tr(¥;|R[A]") =
Tr("i/qS|R[[A}]) — 1. Finally, we combine (A.14) with Proposition A.8 and get

(¢° = D" (6512 = —q~°(@ - V" (TrGIR[AD — 1)
= —a*(q" #2;Fp) — @ - D" - (@ - D")

= (¢ -1D"— #Zp(Fys) = #Z']I'"\Zf(]FqS)- -
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