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We give a generalization of p-adic congruences for truncated period functions that were

originally discovered for a class of hypergeometric functions by Bernard Dwork.

1 Introduction

This paper is a continuation of [3], which we will refer to as Part I.

In Part I, we considered p-adic limit formulas to matrices of the so-called Cartier
action. As an example, consider the elliptic curve f(x,y) = y? — x(x — 1)(x — z) = 0. Let
G,,(z) be the coefficient of (xy)™! in f(x,y)™ 1. Let z, € Z,, and we denote its residue
modulo p by z, € IFp. Then it was shown in Part I that, if Gp(ZO) # 0, the quotients
Gps(29)/Gps—1(2p) form a p-adic Cauchy sequence tending to the unit root A(zy) € Z; of
the zeta function of y? = x(x— 1)(x—Zz,) as s — oo. Furthermore, when z is a variable, the
quotients Gps(z)/GpH(zp) form a p-adic Cauchy sequence as s — oo. The limit of this
sequence can be identified as (—I)I%IF(Z) /F(ZP), where F(z) denotes the hypergeometric
function F(1/2,1/2,1|z) = > 32, (lli!zz)izk. This computation was done in Example 5.5 of
Part I. It then follows from the results in Part I that the ratio F(z)/F(ZP) € Zpl[z]l can

be approximated p-adically by rational functions whose denominators are powers of

Gp,(2). This property was observed earlier by Bernard Dwork, who used a different kind
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4428 F. Beukers and M. Vlasenko

of p-adic approximation [4, 5]. In this particular case, we can show (Remark 3.3) that

F(z)/F(ZF) = Fps (Z)/Fpsfl(zp) (mod p®), (1)
2
where F,,(z) = ka;ol %zk are truncations of F(z). This congruence is a version

of [4, (12)].

Here, F,(2) = Gp(z)(mod p). We will also see that if z; € Ly, and G,(zy) # 0,
the sequence (_1)1%1Fps(20)/Fps—l(Zo) tends to the unit root A(z,). This is clarified in
Remark 4.5.

In this paper, we will give a vast generalization and explain the underlying
mechanism of congruences of the above type. For a generic Laurent polynomial
f, it turns out that the corresponding generalization of F(z),F,,(z) is given by A-
hypergeometric series and their truncations.

We now recall the notations and definitions from Part I.

Let p be a prime and R a p-adically complete characteristic zero domain such
that Ngp’R = {0}. Let f € R[Xfcl,...,xrill] be a Laurent polynomial and A C R" be its
Newton polytope. A subset u C A is said to be open if its complement A \ u is a union
of faces of any dimensions. For such a subset, we consider the R-module of rational

functions

9x)
f@k

k>1,g9 eR[XI—Ll,...,X#], supp(g) C k/L].

Q) = [(k— D!

When p = A we tend to omit it from the notation, for example, 27(A) is simply €. The
submodule of derivatives d2r C Q( is defined as the R-span of all Xiaixia) with o € Qg
and 1 < i < n. In Part I we constructed, for every Frobenius lift ¢ on R, an R-linear

Cartier operator on the p-adic completions

Ty Qpi) = Qo (1)

B
1 0x;

for 1 <i < n. It is then immediate that the Cartier operator preserves de. We consider

This operator commutes with the derivations of R and satisfies ¢, o x;5- = pxiaixi 0,

submodules

Up(n) = {w € Q1) | €5(w) = 0 (mod psﬁfﬁs (w)) for all s > 1}.
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It follows from the above-mentioned commutation relations that de N Q) C Up(p).
Denote by u, = u N Z™ the set of integral points in . The main result of Part I states
that if the Hasse-Witt matrix

Bp () = (Coefficient of xPV™% in f(x)pil)uve#z

is invertible then the quotient
Qp (1) = Qp()/Up ()

is a free R-module of rank i = #u, where the images of

Xu

a)uzm, ue uy

can be taken as a basis. In this case, for every Frobenius lift o and every derivation § on

R, we define matrices A_, N € Rhxh by the conditions

Cplwy) = D (Ay)yy ©§ (mod Ups (1)),

VEUz,

Swg) = D (Ny)yy @y (mod Up(u)).

veuz,

One has A, = Bp () (mod p), and hence ‘Kp D Q1) — Qpo (1) is invertible. In this paper,
we shall give explicit formulas for the matrices A, N in a number of situations. One

p-adic approximation was already given in Part I:

-1
Ao =By o (B1G)  (mod po),

Ny =8 (B () - By )™ (mod p°),

where 8,,(1) € Rhxh ig given by the same formula as the above Hasse-Witt matrix with
p replaced by a positive integer m.
Let us say that a formal series q(t) = X ;.o byt* € Z,[le]] with by = 1 satisfies

Dwork’s congruences if one has

at) _ 3P bt
Q) yP gk

mod p*Z,lltll
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for every s > 1. In [5], Dwork proved this congruence for a class of hypergeometric series.

His result was generalized in [6] for the generating series of sequences
b, = constant term of g(x)k,

where g(x) is a multivariable Laurent polynomial such that its Newton polytope A
contains 0 as its only internal integral point. In Sections 2, 3, and 4, we shall apply
our methods to give an alternative proof of the main result of [6]. Namely, with f(x) =
1 — tg(x) and u = A°, the module Qr(w) has rank 1 and we will see that A, = q(t)/q(tP).
Dwork’s congruence then follows from a p-adic approximation similar to (2), where B,s =

i:ol (- 1)k(psk_ " b, t* are substituted with the truncations Vps = i;l b, t*. In Section 4,
we explore the relation between truncations and periods modulo m used in Part I;
this relation is the key fact in our proof of Dwork’s congruences. The main result of
this paper is Theorem 5.3. It generalizes Dwork’s congruences to the A-hypergeometric
setting.

At the end of this introduction, we would like to recall a detail from Part I that
will be also useful for us here. When there is a vertex b € A such that the coefficient of
f at b is a unit in R, one can give the following description of our Cartier operator. By
expanding rational functions into formal power series supported in the cone C(A — b),
we embed Q7 into Qgyrmar = {2 keca-b) a;x* | a, € R}. The Cartier operation on formal

expansions is simply given by
. k k
ty Zakx — Zapkx
k k

and Ug(u) coincides with the submodule of formal derivatives ﬁf(u) N dQ¢yrmal S€€ 13,
Proposition 4.2].

2 Periods

In Part I, we introduced the Cartier operator as operator on infinite Laurent series.

However, the image of a rational function under the Cartier operator is again rational.

— 9®
feok

Consider the rational function w € Q. We assert that the image of  under %, is

given by

1 Z g(y)
p" f¥’

yyP=x
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where the summation is over all y = (é‘;lX}/p, ey ;”X,ll/p) with0 <ry,...,r, < p, with

{p a primitive p-th root of unity. This is again a rational function but with denominator
[lyyp—xf (y)k. Choose a vertex b of the Newton polytope A of f and expand in a Laurent
series with respect to xP. The result is a Laurent series with support in the cone C(A—Db).

Suppose it reads > ) akxk. Then application of p yields

p-1
1
©p(w) = o > a > gpkatetekn ) gk/p,

k Tl =0

The summation over the integers ry,...,r, yields something non-zero if and only if p
divides k; for i = 1,...,n. The summation value then equals p". Replacing k by pk then

yields
Cp(w) = Z apkxk,
k

which is precisely the Cartier operator defined in Part I.

There are also other ways to produce Laurent series expansions of w. This
happens in the case when R has another non-archimedean valuation, let us call it the
t-adic valuation, and one coefficient of f that dominates all the others t-adically. So let
us write f = > ycn, VwX" and suppose that there exists v such that vy is a unit in R
and |v,|; > |vy, |, for all w # v. We can then expand w in a t-adically converging Laurent

series via

gx) _ g@x

k k
(vav + Zw;év waw) V\I; (1 + ZW;&V(VW/VV)XW_V)

r

1 -k
= ﬁg(x)x_k"Z( . ) Z(VW/VV)XW_V . (4)

r>0 W#V

The series expansion is t-adically convergent, but when v is not a vertex of A we may
end up with a Laurent series in x whose support is not a cone. It could possibly be all of
Z". The coefficients are then in the completion of R with respect to |.|;. We denote this

completion by S and assume that v, € S*. Suppose we get

W= Z Cka, Ck €S.
keZn
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Assuming that for v, v, € R inequality |v,|; > |v,|; implies |o(v;)|; > |o(Vy)|;, one can

do analogous expansion in g, . Then the same argument as above yields

k
Cplw) = D cpxt.
kezZn
Definition 2.1. Let v € Aj; be such that |v,|; > |vy,|, for all w € A distinct from v and
vy € S*. Then define the period map p, : &2 — S given by p,(») = ¢,, the constant term

in the Laurent series expansion of w with respect to v.

For a differential ring S with a homomorphism R — S that extends the
derivations of R, a period map is an R-linear map p : 2y — S that vanishes on dQ
and commutes with derivations of R. Values of a period map on elements of Q¢ are
called periods. All period maps considered in this paper satisfy an extra condition of
vanishing on the submodule of formal derivatives Ur = Q¢ N dQ¢yrmq1-

It follows almost from the definition that p, vanishes on de. It is slightly less

trivial to see that p, vanishes on the formal derivatives.
Proposition 2.2, Let notation be as above. Then for all € Uy, we have p,(n) = 0.

Proof. First of all, notice that the constant term of  equals the constant term of %ps(n)
for all s > 0. Since n € Uy, we also know that the %g(n) = 0(mod p°). In particular, the
constant term of n is divisible by pS for all s > 0, hence equals 0. We conclude that
py(m = 0. u

Theorem 2.3. Let u € A be an open set and h = #u,. Consider the column vector
p, € S" with components p(w,) for u € ;.
Assume that R is p-adically complete and the Hasse-Witt matrix f,(u) is

invertible in R. For any Frobenius lift o and any derivation § of R, we have

Py = A, o(py) (5)

and

5(pv) = N6 Py (6)

Proof. Consider the equality

Cplwy) = D hywoe(mod Up(u)).

Wepz,
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Expand all terms in a Laurent series with respect to the vertex v and determine the
constant coefficient. Using the fact that the constant term of elements in Uy vanish

(Proposition 2.2), we get the 1st statement. In a similar vein, starting with

§(@g) = D Vyw®y(mod Up(1))

Wepz,

we get the 2nd statement again by taking the constant term of the Laurent series

expansions with respect to v. n
3 Example
Let g(x) be a Laurent polynomial in x;, ..., x, with coefficients in Z,. Suppose that 0 is

the only lattice point in the interior of the Newton polytope A of g. We introduce another
variable ¢t and define f(x) = 1 — tg(x). We apply Theorem 2.3 to f(x) with u = A° and
u = v = 0. In this case, f,, has only one entry, the constant coefficient of f(x)™!. Let
R = Z,lt, ﬁp(t)*l]" be the p-adic completion of Z[t, ﬁp(t)*ll. The t-adic closure of R is
S = Zplltll. The period

a(®) = po (75)

reads > ;- by t* with by equal to the constant term of g(x)*. Take the Frobenius lift given

by t — tP. Then we obtain as a consequence of Theorem 2.3.

Corollary 3.1. We have % = A where A € ZI[t, ﬂp(t)*I]Ais the (single entry) matrix of

the Cartier operation <gp 1 Qp(A°) = Qe (A°).

One easily checks that

m—1
m-—1
ﬁm(t)=]§)(—1)k( . )bktk.

Define

m—1

Ym(®) = D byt.

k=0
These can be interpreted as truncated version of the power series g(t). In [6], it is shown
that

it— a0 _ _1ps®
Theorem 3.2 (Mellit-Vlasenko, 2016). For all s > 1, we have 9@ = T @)

(mod p5).
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Note that Theorem 3.2 with y,,, replaced by B,, is simply Corollary 3.1. We shall

prove Theorem 3.2 in the next section. It will follow from our proof that in fact

q(®) _  Ym ®

= d ordy(m) 7
Q) ~ @) P 7

with any m > 1, and a similar congruence holds for the derivatives:

q® _ vm®
9t Yp(®

(mod pordp(m))'

It is a curious fact that when g(x) has coefficients in Z then the series ¢q'(t)q(t)~! € ZI[t]I

is a p-adic analytic element for each p.

Remark 3.3. Theorem 3.2 is a generalization of the famous congruence of Dwork [4,
(12)]. The latter can be obtained using g(x) = }l(X—i- 1/x)(y+1/y). In “p-adic cycles” Dwork
also proved a generalization of his congruence for a class of hypergeometric functions
(see [5, §1, Corollary 2 and §2, Theorem 2]).

In that particular case, the constant term of g(x)¥ equals (
and 0 if k is odd. Thus, we get

k

2 . .
k/z) 4~k if k is even

2
qt)y=>" (215) (t/4)% = F(1/2,1/2,1|t%).

k>0

Application of Theorem 2.3 and Corollary 3.1 now shows that F(t?)/F(t?P), hence
F(t)/F(tP) is a p-adic analytic element. Here, F(t) is the hypergeometric function
F(1/2,1/2,1|t). One can put m = 2p° in (7) to obtain congruence (1) mentioned in the

Introduction.

4 Truncations

In this section, we consider periods mod m which, in a number of relevant cases, turn
out to be truncations of the Laurent series solutions of a system of linear differential
equations. But first, we turn to general f(x) with coefficients in a p-adic ring R.

By a period map mod m, we mean an R-linear map p : €y — R such that
,o(de) C mR and p o § = § o p(mod mR) for every derivation § on R. All period maps
mod m considered in this paper will satisfy the condition p(Uy) C mR of “vanishing” on

formal derivatives.
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Choose a vertex b € A and consider Laurent series expansions with respect to b.
We assume its coefficient f;, in f to be a unit in R. For an integer m > 1 and a Laurent

polynomial g(x) € R[Xit, . ,X,j{], the functional
Pm,g * @ > constant term of gx)"w

is a period map mod m. It is clear that on formal derivatives, we also have p,, ,(Uy) C
mR. These properties follow easily if one observes that, modulo m, mth powers behave
like constants under derivations (see Part I, Lemma 5.1). In Part I, we already used two

particular instances of these period maps: ,,, —~vfx for v e Ay and oy = oy, -k

= Pmx
for k € C(A — b);. We now describe their behaviour under the Cartier operator and

relevant congruences in this more general context:

Proposition 4.1. For a Laurent polynomial g = >’ g,x" denote g° = > g3 x". For any

m > 1 divisible by p, we have p,, ; = 0,/ oo © %, (mod pCrdp(m)y,
Proof. Similar to the proof of Proposition 5.2 in Part I. |

Theorem 4.2. Let u C A be an open set and h = #u,. For m > 1 consider column
vectors p,, € R" with components Pm,g(@y) foru € py. If R is p-adically complete and the
Hasse-Witt matrix g, (u) is invertible, then for any Frobenius lift 0 and any derivation

§ of R, we have

Pm =Dy 0(0ryp)  (mod porte™) (®)
and
8(p,y) =Ny p,,, (mod p°rdp(™) (9)
forall m > 1.
Proof. Similar to the proof of Theorem 5.3 in Part I. |

Let us choose a tuple of elements ¢, € R for v € A, and consider matrices of

periods mod m given by

(Ym)uvea, = constant term of (d)"," — (v —f(x)/x")m) wy- (10)

Observe that the entries of y,, do not depend on the choice of b since they are constant

terms of Laurent polynomials that are independent of b. For a subset u© C A, we denote
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by ¥, () the submatrix given by (y,,)y ve,, - We can rewrite these matrices via f-matrices

as
Vmduy = D (—DF! ('Z)w"‘(ﬂk)u,v,
k=1

from which the following congruence follows trivially.

Lemma 4.3. We have ,Bp(u) = yp(u)(mod p). In particular, ,Bp(ﬂ) is invertible if and
only if this holds for Vp ().

Application of Theorem 4.2 to the period map given by p, 4 minus p, 4 ¢y
yields the following.
Corollary 4.4. Let y,,(n) be as above and suppose Vp() is invertible. Then for any
Frobenius lift ¢ and any derivation § of R, we have
Ym(1) = Ay & (Vmyp(w) (mod p%™),
8V (1)) = Ny ¥y (1) (mod p ™)

forall m > 1.

As it follows from the 1st congruence in this corollary, we have

Vs = 7510 -0 (vp () - 0* 7 (vp(w)) (mod p).

Hence, all y,s(n) are invertible and we obtain p-adic limit formulas

-1
Ay =Vps(u) -0 (yps—l(u)) Ny =081y (W) - v ()~ (mod p).

Proof of Theorem 3.2. We apply Corollary 4.4 in the case f(x) = 1 — tg(x),¢ = 1 and
w = A°. Then y,,(n) is the polynomial Z’kn:_ol bktk. It follows from Corollary 4.4 with
o(t) = tP that Vps (1) = Ayps_l(tp)(mod p®) for all s > 1. Theorem 3.2 then follows from
Corollary 3.1 that says that A = q(t)/q(tP). |

Remark 4.5. Here is a small variation on the proof of Theorem 3.2. We take ¢, € Z,
and consider f(x) = 1 — t,g(x) € Zplel, ..., x1]. Choose again 1 = A° and suppose that
¥p(to) € Zy. Then we find that limg_, . y,s(8y)/¥ps—1(2p) equals the unit root of the zeta-
function of f = 0 (by the results in the Appendix to Part I). In the Dwork example, see
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Remark 3.3, this means that Fps(tg) /Fps-1(tp) tends to the unit root of the zeta function
of the corresponding elliptic curve. This deviates from what one usually sees in the
literature where one takes the limit F s(to)/Fps—l(tg) and t, a Teichmiller lift, see for
example [5, (6.29)]. In the 1st limit, we can take any ¢, in its residue class and the limit

will not depend on it.

5 A-Hypergeometric Periods

We continue the calculation of periods following the idea in Section 2. Let f(x) =
Z?’zl v;x%, where the v; are independent variables. This is the A-hypergeometric setting.
Let A C R™ be the Newton polytope of f(x), which is now the convex hull of the set
{a;,...,ay} C Z". Pick some integer exponent vector u € kA, expand x“f(x)~* with

respect to a; € Ay, and take the constant term. We get

(Xuf(x)_k) — f Xu;m _k & ar—a; (11)
pai := constant term o % Z d Z X .

Vi 40 i Vi
Before we proceed, we like to make a remark that considerably simplifies our calcula-
tion. Denote by a, € Z"*!, the exponent vector a, preceded by an extra component 1. We

call the set A = {@;,...,ay} C Z""! saturated when

N N
2 Rood) | N2 =3 2.0,
j=1 j=1

When A is saturated, the following Proposition can be applied to any exponent

vector u:

Proposition 5.1. For an integral point u € kA, we denote . = (k,u). Assume that

there exist y,...,ay € Z.( such that >N, grér = 0. Then pai(xuf(x)_k) is equal to the
-1

application of the differential operator % leV:l 9;" where 9, = aivr to the universal

series

d

-1 d-1
Pa,(logf) := constant term of | logv; + (; % § —:xar_ai
> r#i

The proof is straightforward with induction on k.
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We proceed with the calculation of p,, (logf) and get

(— l)zl+-.-v~~+€N 1 U4 Vet ly ¢
lo )
gv; +Z£ 4. +£N ﬁl,,_.,V,..-,zN !;[i(vr/vl)

where the sum is over all non-negative ¢;,... V... ¢y, not all zero, such that >, ; ¢,(a,

a;) = 0. Here, the Vv in the summation range and the sum itself means that ¢; is to be
omitted. Introduce ¢; = —>_,; {,. Recall our notation &, = (1,a,). Then the definition
of £; sees to it that the support of the resulting Laurent series (aside from the constant

logv;) is contained in the set

N
= [z:wl,...,zN) ezl Zﬂrér=0,ﬁrinfr7éi].

r=1

In order to have a more compact notation, let us rewrite the multinomial

coefficient as

(- 1)21+..»\/...+EN 1 (El 4. +EN) ﬁ

G4Vt iy zl,..., rzlr*(e +1)’
where I'*(n) with n € Z is defined as (n — 1)! if n > 1 and (—1)"/|n|! if n < 0. Notice that
the modified I'* satisfies I'"(n 4+ 1) = nI"*(n) for all integers n # 0. One also checks that
I'*(n)I'*(1 — n) = sign(n)(—1)""! for all integers n. Here, sign(n) = —1if n < 0 and 1 if

n > 1. The period now takes the shape

( x ) S lﬁa“r 1 +ZH (12)
FxF I (k) o8V F*(z ek

r=1 LeLr=1

where L7 = L; \ {0}. Although we do not need this in the rest of this paper, we like to
notice that this period is a Laurent series solution of the A-hypergeometric system of
equations with A-matrix the matrix with columns a,, ..., a, and parameter vector —u.
When we vary the different periods over i, we see that the supports of the
Laurent series also vary. Fortunately, it turns out that their union also lies in a regular
cone. The following result, as well as its proof, is taken from [1, Proposition 2.9]. We use

a different formulation however.

Lemma 5.2. Let L;(R) be the real positive cone generated by L; and define L°(R) =
Zf’: 1 L;(R). Then L°(R) is a finitely generated cone with 0 as a vertex.

120Z 1890100 €1 UO Josn Jyoannn Ateidr ANsIaAun Ag 8790G8G//2v/9/1LZ0Z/2101e/UiwW/WOod"dno"oILSPEOE//:SARY W) PAPEOIUMOQ



Dwork Crystals IT 4439

Proof. It suffices to show the following assertion. Let £? € L; fori = 1,...,N. Then
>¥,¢9 =0 implies that £? = 0 for each i.
Denote the coordinates of £® by l;j). Suppose that €9 # 0. Then ll(.l) < 0 and

l,(ci) > 0 for all k # i. In particular,

l(l)

a; = Z l(l) A

k#i

so we see that a; is a (real) positive linear combination of some other a;. Define the set
C= [ék|there exists j such that l,(g) # O} .

So C is the set of a; that are non-trivially involved in some relation ¢9. Suppose C is not
empty. Let a; be a vertex of the convex hull of C. Suppose that l,(ck) < 0. Then a, being
a positive linear combination of other éj € C cannot be a vertex of the convex hull of
C. So l,(ck) > 0 and fortiori, l,(c") > 0 for all j. Their sum should be zero, contradicting the
fact that lg) # 0 for some values of j. Hence, we conclude that C is empty. In particular,

¢9 =0 for all j. [

Due to Lemma 5.2, the set of formal power series supported in L° = L°(R) N ZY is

aring. Let us denote this ring by

LeLe

We will also consider the bigger ring
S = R[Vlil, .. .,Vﬁl].

Elements of S are power series supported in a finite number of integral translations
of the cone L°. It follows from Proposition 5.1 and formula (12) that pai(x“f(x)‘k) €
(levzl v YR C S. Note that when A is saturated, this argument can be applied with
any kK > 1 and u € kKA. With a bit more effort, one can also show that Da; (x“f(x)*k) eS
for any integral u € kA without the assumption. In what follows, we shall not assume
that A is a saturated set.

We shall be interested in the N x N matrix ¥ with entries

N
B o
\I—’]L —pai(waj) =Y 8ij T Z 4 H (E + D "

LeLy r=l1

120Z 1890100 €1 UO Josn Jyoannn Ateidr ANsIaAun Ag 8790G8G//2v/9/1LZ0Z/2101e/UiwW/WOod"dno"oILSPEOE//:SARY W) PAPEOIUMOQ



4440 F. Beukers and M. Vlasenko

This formula follows from (12) with u = a; and k = 1. It will be convenient to work with
the renormalized series \Ilji := v;¥; € R. Let us now consider their truncated versions.

Define for any m > 1 the N x N-matrix v, with entries

(¥);; = constant term of(l - (1 _I® ) )“’aj'

ViXai

A straightforward calculation shows that this is equal to the series development (11)
withk=1,u= a; summed overd =0,1,2,...,m— 1. Further calculation along the same

lines as earlier shows that we get

N L
v
i =8+ > L] =t (14)
iWmlsi = % J ¥
eeL;m)* k=1 I+ 1)

where

Li(m) = [e ezl

N
> 4@, =0, {; > 0forall k #iand¢; > —m] :
k=1

Comparing (14) and (13), one sees that (&m)ﬁ = Vj(Y,)j; € R is the truncation of the

element \ilji = v;¥}; € R. Let us consider the function | - | : L° — Z. given by
€] = Z £ = — Z ¢ fore e L°
k>0 k<0

and define truncations of elements of R by

r= Z bvt ~  r(m):= Z bvt

LeLe |[€|<m

for all m > 0. With this notation, the above computation shows that U(m) = &m Note
that the constant term of ¥ is the identity matrix, and hence ¥ and all its truncations

¥, are invertible over R.

Theorem 5.3. Let 4 € A be an open set and denote h = #u ;. Assume that h > 1 and
#{j: a; e ul= h. Consider the h x h submatrices with entries in R given by

V= (\Ijji)aj,aiew

where \ifﬁ = v; V.. are renormalized series (13). Let 1/7m = ¥(m) for m > 1 be the respective

g
truncations. For the Frobenius lift o : R — R that sends v; to V]p foreach1 <j <N and
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any of the derivations § = Viaivi : R — R, one has congruences
Vo) =, 0 (W) " (mod po™) (15)
and
5(U) - Ut =58, - ¥t (mod p°rdr(m) (16)

forallm > 1.

Let V be the h x h diagonal matrix with the entries v; for a; € u. Note that
substituting ¥ = VW and ,, = Vi, into (15) and (16) shows that these congruences are

equivalent to
Vo (W) =, 0 ()" (mod p ™),
-1 _ -1 ord,(m)
5(W) W =8(,) Y (mod por ™),
Matrices in the latter congruences have entries in the bigger ring S. We preferred to
state our theorem for the normalized matrices because truncations are more naturally
defined on elements of R rather than S.

Proof. Consider the matrices of periods mod m given by (10) with ¢, = v;:

e XY
(¥m)j; = constant term of (vi" — (v; —f(x)/xal)m)m = V{"(wm)ﬁ. (17)
Their entries are in Z[v,,...,vyl, and we have y,, = V‘ltﬁme. In particular, the

coefficient of the monomial (Hajeu VJ-)ID_1 in det(yp) is 1. Let R be the p-adic completion
of Z[Vf‘l, .. .,Vﬁl,det(yp)*ll. Since det(yp) is not divisible by p, this ring satisfies our
assumption Ng.;p°R = {0} and hence one can apply Corollary 4.4. It follows that there

are matrices A, N € R syuch that
Ym = A0 (Vmyp) and  8(y,) = Nyy,, (mod p°r%™). (18)

Observe that all matrices y,, are invertible over S because

m—1 m—1

det(y,) = [ [] v det(r) € | [] v R* C S*.

ajEn ajen
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One of the consequences of this fact is that R is a subring of the p-adic completion
3 +1 +1
S.:SCZP[[Vl e Vi ]]
Working in the big ring S, we can invert matrices in (18) and conclude that

Ym0 myp) ' =N, and () - vy,' =N; (mod pOrdp(m)y
Substituting y,, = V"4, V™ in the left-hand sides yields
im . U(lzm/p)fl =VA, V=P (mod pordp(m))
(19)
One particular consequence of these congruences is that the matrices in their right-hand
sides have entries in R. Secondly, they must coincide with the limits of the left-hand

sides which, using the fact that v, is a truncation of ¥, immediately implies that
VA, VP =0.00)"! and VN,V !4V =60) 0L (20)

Substituting these values back into (19) proves our theorem. |

The above proof is based on the ideas from Section 4. By Lemma 4.3, the
Hasse-Witt matrix B,(u) is congruent modulo p to the matrix y, given in (17). (In
the special case u = A° this was observed in [1, Proposition 3.8].) Using this fact, we
can conclude from the above proof that under the assumptions of Theorem 5.3 the
determinant of the Hasse-Witt matrix is a polynomial not divisible by p and there exist
the respective matrices A, N; € R where R is the p-adic completion of the ring
Z[Vfl, e Vﬁl , det(ﬂp(u))_ll. These are the same ring R and the same matrices that were
used in the proof. In particular, R is a subring of the p-adic completion S = S and we

have
Corollary 5.4. A, =WV -o(¥)7 !}, Ny =58(W)- w1

Proof. Substitute ¥ = V¥ into (20). |
A special consequence of this corollary is that the matrices VA, V7P and
VN;V~! + §(V)V~! have their entries in R. Furthermore, it turns out that N; and, in

a lesser way, A, are independent of the choice of p.

Finally, we remark that in fact there are well-defined period maps

pai . Qf—>S
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As we explained in Section 2, these period maps are invariant under the Cartier operator
(we have p,. = p3 0%}, where pg denotes the respective period map ﬁfo — S) and vanish
on formal derivatives. Corollary 5.4 is then a direct consequence of Theorem 2.3.

Let us also mention the main result of [2], Theorem 1.4. It states that in the A-
hypergeometric setting with the assumption that A has a, as its unique interior lattice
point the series ®(v)/®(vP), where ®(v) = Yy(vy,...,Vy) is the unique entry of our
matrix ¥ for © = A°, is a p-adic analytic element with the set of poles determined by

the Hasse invariant ﬂp(A°). Hence, [2, Theorem 1.4] follows from Corollary 5.4.

6 Example

We continue the example from Part I, Section 7 with
fxy) = V1Y2 + VX + V3X3 + V4X2 + vgxy.

We determine the entries of the matrix W. The vectors &, are given by the columns of

1 1 1 11
01 3 21
2 00 01

The supports L; lie in the null space of this matrix that can be written as
(r+ 2s,s,s,r,—2r —4s), r,s €.

In L,, we have the inequalities s,r, —2r — 4s > 0. This is only possible when r = s = 0.
The only non-trivial series ¥; ; is v;¥; ; = 1.

In L,, we have the inequalities r + 2s, s, 7, —2r — 4s > 0 and we find voW,,=1as
non-trivial series.

In Ly, we again get v3¥; 5 as only non-trivial ¥; 5.

In L,, we have the inequalities r + 2s,s,—2r — 4s > 0. Hence r = —2s5,5 > 0. So

we get
(2s — 1)! )
ViVig =84 — Z mj(s)T(Vzvs/VzL)sl
s>1

where mj(s) is the j-th component of (0,s,s, —2s,0). The m-truncated version has the

extra condition m,(s) = —2s > —m, hence s < m/2.
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In Lg, we have the inequalities r 4+ 2s,s,7 > 0. So we get

(2r+4s-1)!
5 =35 Z m;(r, )(r+23)'s's'r'( 1 4/V5) (V1V2V3/V5)
r,s>0

where mj(r, s) is the j-th component of (r + 2s, s, s, 7, —2r — 4s). The m-truncated version
has the extra condition mg(r,s) = —2r — 4s > —m, hence r + 2s < m/2.
If we restrict our matrix to the index set A7, a computation shows that we get

the 1 x 1-matrix with element

(2r + 4s)! s 1 64y
v — TR ey ——— r(1/a3/4,1|—2L ),
V5755 ”2;40 rrassisir Y T e (VAN T

where x = v,v,/vZ,y = viv,vy/vi. The other components v;W;5 are not so easy to

express in terms of one-variable hypergeometric functions, if possible at all.
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