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Invariant Measures, Matching and the Frequency
of 0 for Signed Binary Expansions

by

Karma DAJANI and Charlene KALLE

Abstract

We introduce a family of maps {S,},e[1,2) defined on [—1,1] by S, (z) = 2z — dn, where
d € {-1,0,1}. Each map S, generates signed binary expansions, i.e., binary expansions
with digits —1, 0 and 1. We study the frequency of the digit 0 in typical expansions as a
function of the parameter 7. The transformations S, have an ergodic invariant measure
1y that is absolutely continuous with respect to Lebesgue measure. The frequency of the
digit 0 is related to the measure p,([—3, 1]) by the ergodic theorem. We show that the
density of p, is a step function except for a set of parameters of zero Lebesgue measure
and full Hausdorff dimension and we give a full description of the maximal parameter
intervals on which the density has the same number of steps. We give an explicit formula
for the frequency of the digit 0 in typical signed binary expansions on each of these
parameter intervals and show that this frequency depends continuously on the parameter
n. Moreover, it takes the value % only on the interval [%, %] and it is strictly less than %
on the remainder of the parameter space.

2010 Mathematics Subject Classification: 3TE05, 28D05, 37E15, 37A45, 37A05.
Keywords: Symmetric doubling maps, binary expansions, Nakada’s a-continued fractions,
matching, interval maps, invariant measures, digit frequency.

81. Introduction

Binary expansions are used in a variety of applications. The amount of different
representations that numbers have in base 2 depends on the choice of digit set.
For example, every integer n > 1 has a unique expansion of the form

n=> b2* by €{0,1} and by, # 0,
k=0
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but there are infinitely many ways to write n as a signed binary expansion of the
form

(1) n=> b2* b€ {-1,0,1} and by, # 0.
k=0

This last property can be useful for technological applications, since it provides
the freedom to choose an expansion from a collection of different representations
of the same number. For example, from the perspective of public key cryptography
using elliptic curves there is an interest in expansions of integers having the lowest
number of non-zero digits (see for example [MO90, KT93, CMO98]). For digit set
{=1,0,1} this is equivalent to having the lowest possible sum Y} |by| or lowest
Hamming weight. Out of all possible expansions of the form (1) the minimal weight
or separated sign binary expansion is the unique expansion satisfying bxbipy1 = 0
forall 0 < k<m— 1.

In [DKLO06] a dynamical viewpoint to study minimal weight binary expansions
was proposed. Instead of considering the finite strings of digits from {—1,0,1}
appearing in (1), the authors look at the subset K of {—1,0,1}" of which the
language is given by the minimal weight expansions of integers under the dynamics
of the shift map o. They prove that the frequency of the digit 0 in a typical sequence
from I is %

The dynamical system (K, o) is shown in [DKL06] to be conjugated to the
action on the interval [—2, 2] of the map T given by T(z) = 2z — b(z), where
bz)=-1ifze[-2,-1),bx)=0ifz e [-1,%) and b(z) =1ifz € [},2]. In
this paper we extend the viewpoint from [DKL06] by introducing a one-parameter
family of maps {S,,: [~1,1] = [=1,1]},,c1,2) defined as follows. For each z € [-1,1]
set the digit

-1 ifzx< —%,
di(z) =10 ifze[-3, 3],
1 ifa>i

and define for each n € [1,2] the map
(2) S(@) = 22 — di(z).

We call the maps S, symmetric doubling maps. Figure 1 shows the graph of .S, for
various 7. The map T from [DKLO6] is isomorphic to the map S 3 after rescaling
of the digits. Since we deal with a family of transformations instead of a single
map we choose to rescale the digits rather than the domain of the maps, so that
all transformations .S;, are defined on the same interval.
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Figure 1. The symmetric doubling map for various values of 7. The red dotted
lines indicate the orbits of 1 and 1 — .

If we now set for each n > 1 and = € [—1,1] the digit dy, ,(x) = d1 (S}~ (x)),
then we can write

3) Sy (@) = 28771 (2) — dyu(2)n

and obtain a signed binary expansion of x by

(4) > = Z dngix)n - Z dn,znn(m)7

n>1 n>1

or equivalently by the sequence (dj n(z))n>1. The digit 0 occurs in position n
precisely when S7~!(z) € [—1,3]. It follows easily from the literature (see for
example [Kop90]) that each map S, with n # 1 has a unique ergodic invariant
measure /i, absolutely continuous with respect to Lebesgue measure. Then by
Birkhoff’s ergodic theorem the frequency of the digit 0 in almost all of the corre-
sponding signed binary expansions equals the y,-measure of the interval [—1, 1].
The goal of this article is to find a good expression for the invariant probability
density f, of p,, so that we can calculate un([—%, %]) and study its dependence
on 7.

Results from [Kop90] imply that in general f, is an infinite sum of indicator
functions, but that f,, becomes a step function if the map S, exhibits the dynamical

phenomenon of matching. Matching for interval maps has received quite a lot of
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attention recently, especially in the case of continued fraction transformations;
see [NN0O8, DKS09, CMPT10, CT12, KSS12, BCIT13, BSORG13, CT13, CM18,
BCK17, BCMP19] for example. It is the property that for each critical point the
orbits of the left and right limits meet after a finite number of iterations and that
the derivatives of both orbits are also equal at that time. Due to symmetry and
the constant slope, for our family of maps {S,: [~1,1] — [=1,1]},¢[1 2] We say
that S, has matching at time m if m > 1 is the minimal number of iterations,
such that
Sm(1) = gt (17) - Sm+1(1+) — S™(1 - 7).
n n 2 n 2 n

The exponent m is called the matching index of S,. In this article we give a
complete description of the matching behaviour of the family {S,: [-1,1] —
[—1,1]}pep,2); 1-e., we prove the following.

Theorem A. Up to a set of zero Lebesqgue measure and full Hausdorff dimension,
the parameter space [1,2] is divided into intervals of parameters n on which the
density of the absolutely continuous invariant measure , for S, is a step function
with the same number of jumps. Mazimal intervals with this property are uniquely
determined by the initial parts of the sequences (dy (1))n>1 for n in the interval.

The maximal intervals from Theorem A are called matching intervals. If the
matching index on a matching interval is m, then for any n, ' in it we have
dyn(l) = dy n(1) for all 1 <n < m. By close investigation of the density function
of the measure i, we get the following result.

Theorem B. The map n — un([—%, %]) is continuous on [1,2] and monotone
on each matching interval. More precisely, if J C [1,2] is a matching interval on
which the matching index is m, then for alln € J,

11 2m=1 ¢
mll=33)) = Z=1 (5 %)
"\l 272 2m —1\p
where ¢ and K are explicitly given constants depending only on dy (1), 1 <n <
m— 1.

On the maximal value of ,un([—%, %]) and the frequency of the digit 0 in the
signed binary expansions from (4) we have the following result.

Theorem C. It holds that p, ([—35,3]) < 5 for anyn € [1,2] and p,([—3,3]) =
6 3

% if and only if n € [5, 5]. Equivalently, for any n € [1,2] the frequency of the

digit 0 in a typical signed binary expansion obtained from the map S, is at most

% and this mazimum is obtained for typical expansions if and only if n € [g, %]
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This theorem extends the results from [DKL06], where the authors obtained
that p 3 ( [—%, %D = % It is also the analogue in the context of symmetric doubling
maps of the first question mentioned in [KSS12] in relation to the maximality of
the entropy of Nakada’s a-continued fraction maps. Theorem C gives a positive
answer for the piecewise linear analogue.

An ingredient in the proof of these results is a correspondence between the
maps S, and Nakada’s a-continued fraction maps. As an immediate consequence
of this correspondence we obtain a lot of information on the subset N C [1,2] of
those parameters 7 for which S, does not have matching. In particular we will
see that, besides being a Lebesgue null set of full Hausdorff dimension, N is also
totally disconnected and closed and that to each matching interval for the family
{Sn}ne[LQ] there corresponds an element in the set N that is transcendental. More-
over, the set N is related to interesting subsets of the parameter space of several
other one-parameter families of dynamical systems as explained in Remark 3.2.

The article is organised as follows. In the second section we prove that S, has
matching for Lebesgue almost all € [1,2]. In the third section we describe the
connection between the symmetric doubling maps and the a-continued fraction
maps and prove Theorem A. In the fourth section we closely examine the density
function f, on the matching intervals and prove Theorem B. In the last section
we prove Theorem C.

§2. First results on matching and the frequency of 0
82.1. The invariant density

The frequency of the digit 0 in the signed binary expansions produced by the
symmetric doubling map S, € [1,2], from (2) can be obtained from Birkhoff’s
ergodic theorem with an explicit expression for the density function of an abso-
lutely continuous invariant measure. For n = 1 (see Figure 1(f)), the map S, has
two ergodic components given by Lebesgue measure concentrated on the left and
right halves of the interval. Under any convex combination of these ergodic com-
ponents the frequency of the digit 0 in typical signed binary expansions equals %
Since all is known in this case, we will not consider n = 1 further.

To obtain absolutely continuous invariant measures of the maps .S,, we invoke
the results from [Kop90]. These results apply to a class of piecewise linear maps
defined on the interval [0, 1] and with the property that the end points 0 and 1 are
mapped into the set {0,1}. The article [Kop90] is completely devoted to giving a
formula for the density functions of absolutely continuous invariant measures of
such maps by verifying that these densities are fixed points of the Perron—-Frobenius
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operator. To comply with these conditions we follow the procedure from [Kop90] to
a scaled, shifted and extended version of \S,,, namely to the map F': [0,1] — [0, 1]
(see Figure 2) given by

2x if;ve[

Oa _%)7
Flz)=q2z—1 ifae;

1

2

N|—=

1

2 4n
: 1

20 — 1 lf.’L‘E( +E

(a) Sy (b) F

Figure 2. The extended and shifted version F' of a map S,. The restriction of F'
to the red box is essentially the map S, on the left and any absolutely continuous
invariant measure of F' is supported inside this box.

For F it holds that F(1 —x) = 1 — F(z). Using the notation from [Kop90],
let the points a1, as, by and by be the images of the critical points of F, i.e.,

1 1 1 1 1 1 1 1
a1:2(f——):1——, blzg(f_f)_fzf_f,
2 dn 21 2 4n/ 2 2 2
1 1 1 1 1 1 1 1
R L REEEE
2=:\3%y) 273"y, Lo =2ty T “
The critical points divide the unit interval into three pieces, Iy = [0,% — ﬁ),

L=[3-43+2;) =1-Land Iy = (3+4,1] =1—I. As in [Kop90] define
1
KL(y) = Y 51 (F'())-
t>0
Then due to symmetry,

KIl(al) = KId(bg), KIg(al) = KIQ(bg), KIg(a1) = KIl(bg),
Kll(ag) = Klg(bl), KIQ(CLQ) = KIQ(bl), KIg(ag) = KIl(bl)



MATCHING FOR SIGNED BINARY EXPANSIONS 707

Let M = (p;,5) be the 3 x 2 matrix with entries

1 1 1 1 1 1
==+ =KIi(a;) — =K1, (b1) = = + ~KIz(as) — ~KI5(bs) = —
P =5+ 1(a1) 5 1(b1) 513 3(az) 5 3(b2) = —p3 2,
1 1 1 1 1 1
= =+ =KIy(a;) — =KIy(by) = — = + =Kly(bs) — =KIa(az) = —
H2.1 5 + 5 2(a1) 5 2(b1) 5 + 5 2(b2) 5 2(ag) U2, 2,

1 1 1 1
13,1 = 5K13(al) - §K13(b1) = 5K11(b2) - 5K11(042) = —[i1,2,

so M has the form

a—c
M=1b-0b
c—a

From [Kop90, Lem. 1] we obtain that, for each y € [0, 1],

(5) %KIg(y) +Kl3(y) =y and KI(y) + Klz(y) + KI3(y) = 1.

Then (5) gives for j = 1,2,
1 1 1 1 1 1

(6)  Sh2ytpsy = -7+ Kla(ay) — Kla(by) + 5Ks(a) — SKls (b))
1 1 1
:—1+§aj—§bj20.

From (6) we get a = ¢ = —%, so that

_b 2

2 2

(7) M=|1b Zp

_b 0

2 2

According to [Kop90, Thm. 1] an invariant density for F' is given by

1
h(z) = Z ontl (1[0,F"a1)($) = 1jo,pnb,) (@) + Ljo,Fnay) () — l[O,F"b2)(x)>'

n>0

When translated back to the map S, this gives the probability density

1 1
fo(2) = ol Z PTES) (1[71,33(7771))(3?) — 11,801y (@)
(8) =0

+1-1spa)(@) — 1[—1,Sg<1—n>>(w))»

where C is a normalising constant. Moreover, [Kop90, Thm. 2] states that there
is a one-to-one correspondence between the solutions v of the equation M -+ =0
and the space of invariant measures of F' (and thus of .S,)). From (7) it follows that
the solution space of M -y = 0 is one-dimensional, so that each S, has a unique,
hence ergodic, absolutely continuous invariant probability measure.



708 K. Dajani AND C. KALLE

§2.2. Matching almost everywhere

Note that the density function f, is an infinite sum of indicator functions over
intervals with end points in the set

9) {5, (1 =n), 5, (1), 57 (n—1),5/(=1) : n = 0}.

There are two situations in which the infinite sum becomes a finite sum and the
density becomes a step function. Firstly, this happens when the orbits of 1 and
1—mn under S, are finite (and thus by symmetry also the orbits of —1 and n—1 are
finite). In that case the set from (9) becomes finite and S,, has a Markov partition.
For a concrete example, consider n = % from Figure 1(c). A Markov partition is

{(1-5)-(2:2) GV}

From (3) it follows that the orbits of S, are determined as follows:

given here by

(10) Sp(@) = 2" — dya(2)2" ' = - = dy.u-1(2)20 = dy (@)1,

This description makes it clear that if the orbit of 1 is finite, i.e., if there are k # n
such that S}'(1) = S,’;(l), then n € Q. Hence, for most 7 a Markov partition does
not exist. From (8) we see that f,, is also a step function if there is an m > 1, such
that S;*(1) = S;*(1—n), i.e., if S, has matching. Recall the definition of matching
from the introduction:

Definition 2.1. The map S, has matching if there is an m > 1, such that S} (1) =
Syt(1 —n). For S, we define the matching index m(n) by

m(n) = inf{m > 1: 57" (1) = S;"(1 —n)}.
If S,, does not have matching, then m(n) = oco.

Remark 2.1. (i) Asmentioned in the introduction, the usual definition of match-
ing for an interval map T in a one-parameter family {T¢} is that for each critical
point ¢ there are exponents N, M > 1, such that TgN(c’) = TEM(CJF), and also
(TN) (™) = (TM)'(ct) where ¢ and ¢ denote the left and right limits to ¢
respectively. The additional condition on the derivative guarantees that around
the parameter £ there is a whole interval of parameters with the same matching
exponents N and M. Moreover, if the maps T; are piecewise smooth, this con-
dition guarantees that the invariant densities of the maps are piecewise smooth
(see [BCMP19, Rem. 1]). The derivative of 5117\/ equals 2VV. Hence, the map S, can
have matching according to this definition only if N = M. So, our definition of
matching from Definition 2.1 for the maps S, is consistent with the usual one.
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(ii) Matching does not exclude a Markov partition and vice versa. For n = ¢

for example (see Figure 1(e)), we have a Markov partition, but we do not have
matching. The orbits of 1 and 1 — 7 are given by

Sy =2-n="%, SM=2, S =5,0),
S-m=5,(-3) =3, S-m=-5 SH-n)=501-n.

For n = 3 (see Figure 1(d)) there is matching and a Markov partition since S(1) =
. 2 o . .

0=S,(1-mn). Forn= V3 (see Figure 1(b)) we have matching, but no Markov

partition. The orbits of 1 and 1 — 7 are given by

S,(1)=2—-+v3 and S,(1-V3)=2-2V3+V3=25,(1).

There is one interval, namely [%,2], for which we can immediately deter-
mine whether matching occurs and compute the frequency of 0 in the sequence
(dyn(x))n>1 for typical z. For n = 3 we know from Figure 1(c) that S, has a
Markov partition. If n € (%,2}, then 1 —n < —% and n — 1 > 2 — 5. This gives
that S,(1 —n) =2(1 —n)+n=2—-n=5,(1). Hence, we have matching after
one step and we have identified our first matching interval. By (8) we get that for

n e [%, 2] the invariant probability density f, is given by

1
(11) e R T (1 + 1(1,,,,,,,1)(3;)).
So,
11 1 [z 1
) ml=3al) =2, ) 1 e @de =
which on the interval [%, 2] is maximal for n = %, giving 13 ([f%, %]) = % Hence,
the maximal frequency of the digit 0 in the sequences (d, ,(z)),>1 for typical =

and n € [%, 2] is obtained for n = 2 and equals %

2
From now on we let n € (1, %) By Definition 2.1 we have matching at time
m if $;*(1) = S;*(1 —n) and S)(1) # Sp(1 —n) for all 1 <n < m — 1. The next
result says that under iterations of \S;, the points 1 and 1 — 7 are either a distance
1 apart or mapped to the same point.

Proposition 2.1. Foranyn >0, S)/(1)—Sp(1-n) € {0,n}. Moreover, m(n) = m
if and only if S,’;’L_l(l) > 1 and S;’L_l(l —-n) < —3.

Proof. We prove the first statement by induction.

— For n =0 it is true, since 1 — (1 —n) = 7.
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— Assume now that for some n > 0, Sy'(1) — SP(1 —n) € {0,n}. If SP(1) —
n _ k k —
Syl —m) = 0, then SF(1) — SF(1 —n) = 0 for all & > n, so assume that
Sy (1) =Sy (1 —n) =n. From (10) it follows that there are b, ¢ € Z such that

Sy(1)=2"—bny and S;(1-n)=2"—cn.

This implies that —bn +cn = 7, so ¢ = 1 +b. Since n > 1, SP(1) > 0 and
?3(11 - n) < 0. Moreover, S;'(1) and S)/(1 — ) cannot both lie in the interval

—3. 5| We distinguish three cases.

Case 1: Assume 0 < S7(1) < 3,50 SP'(1—n) < —%. Then 5371 (1) = 2"+ —2by
and SPHY (1 —n) = 2"F1 — 2enp + 9 = 27T = 2(b+ 1)+ = 27T — 20y — 9.
n+1 n+1 —

Hence, Sp*+1(1) — Sp+H (1 —n) =n.

Case 2: Assume S7'(1) > 3 and —5 < S7(1—n) < 0. Then S} (1) = 27+ —

2bn —n and SPHH(1 —n) = 2" — 2y = 27T — 2(b + 1)n = 2" — 20y — 20
n+1 n+1 _

So, Spi(1) — Sn+ (1-=n)=mn.

Case 3: Assume S7'(1) > 3 and S)'(1—n) < —3. Then Sp+1(1) = 2"+ —2bn—p

and SptH (1 —n) = 2"t —2en + 9 = 2" —2(b+ 1)+ 1 = 2" — 2by — 7. So,

SpH1(1) = SpFH(1 — ) = 0 and matching occurs at step n + 1.

In the case S/ (1) = 1, the map S,, has a Markov partition, since Sy(l=n) = i-n
and n > 1 imply that S};“(l —n) =1-2n+n = 1—mn. A similar situation occurs
when S?(1—n) = —3 and S'(1) = —3 > 5. Then SpH1(1) = 2p—1—n =n—1.
By (2) S, does not have matching in these cases and Sp(1) — Sp(1 —n) = n
for all n > 0. Hence we see that the first statement holds for all n € N. For the
second statement note that the only way in which the difference between Sj'(1)
and S)'(1 —n) becomes 0 is precisely in case 3 from the induction proof. O

Remark 2.2. Consider again the situation that S7'(1) = § or S}(1 — 1) = —3
for some n. Whether or not matching occurs depends on the choice made for the
action of S, on the critical points. Our choice for the definition from (2) implies

that S,, does not have matching in these cases.

From this proposition we obtain an alternative characterisation of the match-
ing index m(n) from Definition 2.1:

1 1
—inf{n>1:5 <Sp)<n-5}+1
min) =it {n>1: 5 <sp1)<n- )+
We now establish a relation between the maps S, and the doubling map

D:[0,1] - [0,1], z~ 2z (mod 1)
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that will be of help later: D has Lebesgue measure as an ergodic invariant measure
and it can be used to generate binary expansions of numbers in [0, 1] by setting

ey {0 D@ <
" i) >

for each n > 1,

1

27

1

2

Then one can write D"(z) = 2D" *(z) — by(z) and so z = > -, b”é(f). Let

dy = (dyn)n>1 = (dyn(1))n>1 denote the digit sequence obtained from S, for the
point 1.

Proposition 2.2. Let 1 < n < % and let m be the first index such that either
m 1 1 1 1lgn _ 1
Syr(1) € (?,n— ) or Dm(ﬁ) € (217,1 - —) Then S, (1) —1D"(5) andlthus
— m m

dn{n = bn1(5) for all 0 < n < m. Moreover, both S} (1 ) (2,77— 5) and D (;) €
(551 = 35)-

Proof. First note that from the proof of the previous proposition it follows that
Sy (1) >0 for all 0 < n < m. The last statement of the proposition immediately
follows from the fact that %S},”(l) D’”( ). We prove the first statement by
induction.

— For n = 0 the statement holds, since nDO(%) =1=5)(1) andso by (;) =1=
dy.1.

— Suppose that for some n < m we have %S%(l) = Dj(%) and d, ; = bj(%) for all
j < n. Similar to (10) it holds that

1y 2 1, 2n
D”(7> ——bl( )2" L --~—bn<f)_——d 2y,
n/ n n/)

So, ?7377( ) = D"(%) We have dy 41 = 1 if and only if SP(1) € (n— 3,1],
which by the previous holds if and only if D”(%) € (1 — %7 %] - (%, 1). Hence,
dp.n+1 = 1if and only if b, 11 (%) = 1. On the other hand, d,, n+1 = 0 if and only
if Sp(1) € (n —1, 1], which holds if and only if D”(%) (1- 7, %] C (0,3).
Hence dy) 41 = 0 if and only if by, 41 (%) = 0. This implies that

S (1) = 2530 = dysan = (20" () = b (1)) = 00"+ (5),

which proves the proposition. O

Figure 3 shows the regions where matching occurs for S, and D. The previous
proposition immediately implies a third characterisation of the matching index:

m(n):inf{n>1 D"( ) (2177 1- 2177>}+1
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We use this characterisation in the next proposition.

1 . 1
Y |
07—
B R R o L 11
2 2 2n n
(a) Sy with the hole (1,17 — 1) (b) D with the hole (ﬁ, 1— %)

Figure 3. There is matching for S, if the orbit of 1 enters the yellow region under
Sy in (a) or equivalently if the orbit of % enters the yellow region under D in (b).

Proposition 2.3. For Lebesque almost all 1) € [1,2] it holds that m(n) < oo, i.e.,
Sy has matching.

Proof. It is enough to consider n € (1,2). Let k > 7. The ergodicity of D with
respect to Lebesgue measure gives that for Lebesgue almost every x € (0,1) there
is an n > 1, such that D"z € (3 — 1,1 + ). Since n > %5 if and only if
% + % <1- ﬁ, by Proposition 2.2 this means that for almost all n € (%, %)
matching occurs for S,. Let Ay denote the set of all n € (%, %) such that .S, does
not have matching. Then Aj has zero Lebesgue measure and thus also | J,~, Ak
has zero Lebesgue measure. Since |J,~, A equals the set of all n € (1, %)_Such

that S, does not have matching, this finishes the proof. O

Now consider the non-matching set N of parameters n such that S, does not
have matching:

N = {776 (1,%) :m(n) zoo}
= {ne (1,%) :D"(%) & (2—17’,1—2—177) for all n > 1}.

One easily checks that N' =

(13)

1
7, Where

(14) IF={zxe[0,1]:1—2 < D*x) <z foral k>1},
by noting that if # € I, then = > 2/3, and D*(z) ¢ (£,1 — %) for all k. The set

I" was introduced in [AC83, ACO01] by Allouche and Cosnard in connection with
univoque numbers. In [BCIT13, Lem. 5.5] Bonanno et al. proved that T' = A\{0},
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where

(15) A={zxe0,1]:T*@x) < forall k>1}
and T denotes the tent map defined by

(16) T:00,1] = [0,1], 2+~ min{2z,2—2z}.

Under an appropriate coding A can be seen as a representation of all the kneading
invariants of unimodal maps. The authors showed, among other things, that A is
closed, uncountable, totally disconnected and has Lebesgue measure 0. In [CT12]
it was shown that A has Hausdorff dimension 1. Since A is homeomorphic to
A\{0} via the bi-Lipschitz homeomorphism x + 1 on [1,2], we can use these

correspondences to conclude that A/ has the following properties:

(i) the set N has Lebesgue measure 0;
(ii) the set A has Hausdorff dimension 1;
(iii) the set N is totally disconnected and closed.

Note that these properties also imply that matching occurs Lebesgue almost ev-
erywhere.

§3. Matching intervals for the symmetric doubling maps

Now that we have established matching on a full measure set, we study the finer
matching structure of the maps S,,. In particular, we will identify intervals in [1, 2]
of parameters such the maps S, have the same matching index for all n in such
an interval. This is achieved by establishing a relation between the symmetric
doubling maps and Nakada’s a-continued fraction maps. In the next subsection
we summarise the information on a-continued fraction maps that we need here.

§3.1. Matching for the a-continued fraction maps

The a-continued fraction maps were first introduced by Nakada in [Nak81]. They
form a one-parameter family of maps {7, : [@ — 1,a] — [ — 1, &)} qe(o,1) defined
by T, (0) = 0 and

T

Each T, has a unique ergodic absolutely continuous invariant measure v,. It was
later found that the map a — h,_(T,) has a very intricate structure. Below we
mention specifically some results from [CT12, KSS12, BCIT13, CT13] that we use
here.
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The matching intervals of the a-continued fraction maps can be completely
described in terms of continued fraction expansions of rationals in (0,1]. Every
x € (0,1] has a continued fraction of the form

1
T = 71:: [0;a1as -],
a; + —
as+ -
where each a; € N and the expansion is infinite if x ¢ Q and finite otherwise. If
x € Q, then there are two possible expansions:

[0;a1 ---ax] = [0;a1 -+ -ak—1(ax —1)1], where a; > 2.
Let a € QN (0, 1) with continued fraction expansion
a=1[0;a1az---ai] = [0;a1 - - ap_1(ax — 1)1].

From now on, we will always choose to write the expansion of a that has an
odd number of digits, so that a = [0;a1as - - azn+1]. Associate to a the interval
I, € [0,1], given by

I, =(a",a") = ([0; (a1 azn41)™], [0; (a1 - - - azn(aznt1 — 1)1)))
if agpy1 > 2 and
Ia = ((17, aJr) = ([0, (al e a2n+1)oo]a [07 (al e a2n—l(a2n + 1))00})

if agp41 = 1, where for any finite string wq - - - wy we use (wy - - wi)> to denote
the infinite sequence wy - - - wywy + - wgwy - - -. The interval I, = (a™,a™) is well
defined by (18) and is called the quadratic interval with pseudocentre a in [CT12].
For a = 1 this procedure does not work and we take 1~ = [0;1>°] and 1T = [0; 1],
so that I1 = (g,1), where g = @

In [CT12, Prop. 2.4 & Lem. 2.6] it was shown that any two quadratic intervals
are either disjoint or one is a proper subset of the other. A quadratic interval is

is the golden mean.

then called mazimal if it is not properly contained in any other quadratic interval.
The maximal quadratic intervals are the matching intervals for the family of maps
{Ta}ae[o,1]; which in particular implies that the entropy h,, (7) is monotone on
I,. More precisely, if @ = [0;a1 - azn41] and if we set N =1+ .,
M =—1+3% ;44 then in [CT12, Thm. 3.8] it is shown that on I,,

a; and

increasing if N - M <0,
(17) hy, (Ty) is 4 constant ifN—-—M=0,
decreasing if N — M > 0.
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In [KSS12, Sect. 10] the authors showed that o + h,,_(T,) is constant on [¢?, g]
and their first open question asks whether this is a maximal value that is attained
only on this interval. This question remained unanswered for several years and
during the writing of this article, but very recently Nakada presented a proof of
the claim that this is indeed the maximal interval on which the maximal value of
hy, (Ty) is attained ([Nak]).

The results from [CT12, Prop. 2.13 & Lem. 4.4] characterise the maximal
quadratic intervals. Let <, denote the ordering on NY given by (¢, )n>1 <4 (dn)n>1
if and only if (—1)"¢,, < (—1)"d,, for the first index n such that ¢, # d,. Then for
x=[0;c1c9---] and y = [0;d1dz - - -] we have

(18) r<y ~ (Cn)nZI <g (dn)nZL

The above ordering also applies to finite strings of the same length. Since a =
[0;aq - - - agpy1] is assumed to have an odd length, the characterisation of the max-
imal quadratic intervals from [CT12] reduces to the following: I, is maximal if and
only if

(19) ar - aon41 <g Qi41 " A2p+1071 - Q4 for all 4 = 1,...,2n.

Define the binary valuation function v: {—1,0,1}Y — R by

(20) o(ba)uzr) = 30 22

n>1

Let {0,1}* be the set of all finite strings of digits in {0, 1}, called words, and use
€ to denote the empty word. For any word w € {0,1}* we put v(w) := v(w0>).
Define a function ¢: [0,1] — [0, 1] by setting for « = [0; ajazas - - -], that

o(@)=v(1---100---011---1---).
ay az as

In [BCIT13, Thm. 1.1] the authors proved that ¢ is an orientation-reversing home-
omorphism. Moreover, for the bifurcation set

(21) =010\ | L

a€QN(0,1):
I, maximal

of parameters a that are not contained in any maximal quadratic interval it was
proved in [BCIT13] that ¢(€) = A, where A is the set from (15).

83.2. Identifying matching intervals and primitive words

In this section we identify all matching intervals for the symmetric doubling maps
by linking them to the maximal quadratic intervals of a-continued fraction maps.
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Note that for any a = [0;a; - - - agny1] € QN (0,1) we have
'U 1111 002 - 1a2n+1 Oal ]_az - 0112n+1)00)’
(22) { ((1910%2 ... 192061710))  if g, 41 > 2,

1a10a2 .. .0a2n+1)oo) if Aony1 = 1.

To a we assign the word w(a) € {0,1}* given by
(23) ’U_)(a) — 1(110(12 e 1a2n+1 .

Proposition 3.1. For any a = [0;a1 - agn+1] € QN (0,1) the interval o(I,) is
given by

(1) = (elat) pla) = (PR L T D),

where m = 22n+1 a; s the sum of the continued fraction digits of a.
Proof. Write w(a) = wy -+ - wy,. Since a~ = [0; (a1 - - - a2n+1)°], we have

pla”) =v((1910% - .- 192n410"1]1%2 ... 1%2n41)>0)
= U((w1 .. .wm(l _ wl) . (1 _ wm))oo)-

From the binary expansion of ¢(a™), we see that ¢(a™) is the fixed point of the
map D?™ corresponding to the digits wy - - - Wy, (1 —w1) - - (1 —wy, ), so that ¢(a™)
is the unique solution to the equation

T = ng($> _ 22me _ w122m—1 L Qmwm _ 2m—1<1 _ wl) L (1 _ wm)
= 2%y _9Mp(a)(2™ — 1) — (2™ - 1).
Hence,

o 2"p(a) + 1
Pla) = my1
A similar calculation shows that
sy _ 2"Mp(a) — 1
+):fu((fw1...wm_10) ):7277L_1 ,

since it is the fixed point of the map D™ for the branch corresponding to the digits
wi -+ - Wyp—10. The statement then follows from the fact that ¢ is an orientation-
reversing homeomorphism. O

Recall that I; = (g,1), where g is the golden mean and note that (1) = 1

12
P9 =) =73

k>1

and
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Hence, ﬁ = (%, 2). We know that for each n € (%, 2) the map S,, has matching
3

after one step; the interval ﬁ =(3,
says that in fact each maximal quadratic interval is mapped to a matching interval

_1_
w(z)”

Theorem 3.1. Let a = [0;a1---azp+1] € QN (0,1) and let m = Zj;”lrl a;. As-

sume that I, s a mazimal quadratic interval. Then any n € w(ll ) has m(n) = m

2) is a matching interval. The next theorem

for the family of symmetric doubling maps by the map = —

and 1 1
dy1(1)- - dym_1(1) = bl(ﬁ) .-.bmﬂ(ﬁ) = wi(a) - wm_1(a).
Proof. Assume that ag,11 = 1. The proof for the other case is similar. Write

w(a) = wy -+ - Wy,. From Proposition 3.1 we know that
pla™) =v((wr - Wy (1 —wy) - (1 —wp))™)
and ¢(a™) =v((w1 - wpm_10)>).

Since both ¢(a™) and p(a™) have a purely periodic binary expansion, their binary
expansion is unique. Recall the definitions of A and A from (13) and (15) and the
fact that N = ﬁ. By (21) and the fact that (&) = A we have ﬁ, ﬁ eN.
So by Proposition 2.2, D¥(¢(a™)) ¢ (3¢(a™),1 — 2p(a™)) for any k > 0 and

similarly, D¥(¢(a™)) € (3¢(at),1 — Lo(a™)) for any k > 0. Note that
1 1 1 1
- + _ - + C (7 - _ -
(500, 1= 50(a™) € (5e(a) 1= So(a7)).
Since the first m — 1 binary digits of p(a™) and p(a™) coincide, i.e., since

bi(e(a™)) - bm—1(p(a”)) = bi(p(a®)) - bm_1(p(a®)),

we have for any 0 < k < m — 2 that the points D¥(p(a™)) and D¥(p(at)) either
both lie to the left of % or both lie to right of % Hence, for these values of k the
set D¥(p(I,)) is an interval and

(24) A(D*(e(1a))) = A((D*(p(a™)), D*(p(a™)))) = 2" A (1a)),

where A\ denotes the one-dimensional Lebesgue measure. For any = € ¢(I,) and
0 <k < m—2 we have D*(z) € D¥(p(I,)). If it holds that D¥(p(a™)) > 1 —
1p(a™), then it follows from (24) that D*(z) > 1 — 1z. If on the other hand
DF(p(a™)) < 1p(a™), then combining that D*(p(at)) < 2¢(a™) and (24), we
can also deduce that D¥(z) < 2. So D*(z) & ($2,1— 3z) forany 0 < k < m—2.

Next we consider the (m — 1)st iteration. By the periodicity and the form of
the binary expansions of ¢(a™) and ¢(a™) we have

p(a) = D™ (p(a™)) = 2D (p(a™)),
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(a™) and similarly,

N|—=

1—(a”) =D"(p(a”)) =2D""}(p(a™)) — 1,

S0 Dm*l(@(a ) = 1= 3¢(a™). Hence, D™ (L)) = (3(a®),1 = 3p(a™)).
Since 1 — 1z > 1 — 2¢(a™) we obviously have D™~1(z) < 1 — 1. The fact that
D™= Y(z) > Lz follows since A(D™ 1 (¢(1,))) = 2"\ (p(1a))- O

From the previous theorem we get a complete description of the matching
behaviour of {S,},e[1,2) in the sense of Theorem A.

Proof of Theorem A. First note that if n is not in the image of any maximal
quadratic interval, then @‘1(%) € &, where & is the bifurcation set from (21).
Since N = m, this means that n € N and S,, does not have matching.

From Theorem 3.1 we know that if n € m for some maximal quadratic
interval I, then S, has matching and the matching index m is given by the sum
of the continued fraction digits of a. Moreover, the first part of the signed binary
expansion of 1 is equal to wy(a) - - - wy,(a) for any n € (1 5- If; on the other hand
né w(I ) UN, then there is another a’ € QN (0, 1] with I, maximal and n €
This automatically implies that either m(n) # m or

dy 1 (1) dym(1) # wi(a) - - wim(a). O

<p(1 eI

In other words, Theorem 3.1 says that the matching intervals for the fam-
ily {Sy}neq,2) are precisely the images of the matching intervals for the family
{To}ae(o,1) under the map z ¢(1$).

Remark 3.1. The map z +— % does not give an isomorphism between the
transformations T, and S - since that would imply that these maps have the
same measure-theoretical entropy and this is in general not the case. The measure-
theoretical entropy of .S, is log 2 for any parameter 7, while there are several arti-
cles devoted to a detailed description of the dependence of the measure-theoretic
entropy of T, on the parameter «, such as [NN08, CT12, KSS12, BCIT13, CT13].

From Theorem 3.1 we see that the matching intervals for {S,},c(1 2 are
indexed by the initial part of the digit sequences d, up to the matching index
m = m(n) for the values of 1 that are in the matching interval. We now charac-
terise the initial words in {0, 1}* that correspond to the matching intervals. Define
the function ¢ : {0,1}*\ {¢,0,1} — {0,1}* by

(25) Y(w) = Y(wy W) = w1 - Wi (1 — w1 )(1 — wa) -+ (1 — wpy_1)1.
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Let o denote the left shift on sequences as before and let < denote the lexico-
graphical ordering on {0, 1} and {0,1}* where we compare two words of unequal
length by adding Os at the end.

Definition 3.1. A word w = wy ---wy, € {0,1}* is called primitive if all the
following hold:

(i) w1 =wy = wy, =1;
(i) o™((wy - wm)>®) = (w1 - wp)*> for any n > 0;
(iii) there is no word u € {0,1}* such that u < w < ¥ (u).

The conditions in the definition follow quite naturally from the dynamics
of S,, while wy = dy (1) = 1 for £ = 1,2 is necessary since n € (1,3) and
Wy = dy.m(1) =1 since the last digit before matching is a 1. Condition (ii) is the
usual restriction given by the dynamics of the system. In fact, any digit sequence
(dnn(x))n>1 produced by the map S, will satisfy the following lexicographical
condition: for any k > 0,

Uk(dn,n(l‘))nzl = (dn,n(l))nzl-

Condition (iii) is the actual condition specifying which words correspond to a
matching interval. It guarantees that matching occurs exactly at time m and not
before.

The notion of primitivity is related, in fact equivalent, to the notion of ad-
missibility which is central in the study of unique expansions (see Remark 3.2
below).

Definition 3.2. A word w = wy -+ w,, € {0,1}* is called admissible if m > 2
and

(1 — wl) cee (1 — U)m_k)()oo < Wg41 - ~wm0°°

<wy w0 forall0<k<m-—1.

In [Kon], Kong proved the equivalence of the above two notions. We state his
result in the following proposition. His proof can be found in the Appendix.

Proposition 3.2. A word w € {0,1}* is primitive if and only if it is admissible.

Recall the definition of w(a) from (23) and associate similarly to each primitive
w € {0,1}* a rational number a € QN (0, 1) by setting

a(w) =1[0;a1 -+ - agpy1] if w=192092 ... 192741,

Using the fact that primitivity is equivalent to admissibility, we get the following
result linking maximal quadratic intervals and primitive words.
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Proposition 3.3. Let w € {0,1}* and let a € QN (0,1). If w is a primitive
word, then I, () s a maximal quadratic interval and if I, is a maximal quadratic
interval, then w(a) is primitive.

Proof. First let a = [0;a1 - - agn41] € QN (0,1) be given and set m = ay + -+ +
agn+1. Write w(a) = wy -« - wy,. Suppose I, is maximal, so that (19) holds. For
any k,

wk+1 Wy, = 1p0a2g . 11127,,+17 or wk+1 gy, = 0P1a2(+1 V. lwzn+1
for some p. In both cases, it follows directly from (19) that
W1+ W0 S wy - wy—p0 forall0 <k <m—1.

So we need only to show that (1 —wq) - (1 —Wp—x)0® < W41 - - - Wy, 0°°, and for
this it suffices to consider the case wy41 - - - Wy, = 0P1%2641 ... 192741 Now p < agy
and agy < ap. If p < ay, then the desired strict inequality holds and we are done.
Assume p = aq, then agp = a1, and wyyq - - - Wy, = 092192641 ... 192741 Agsume for
the sake of getting a contradiction that wg41 -+ Wy =< (1—w1) -+ - (1—wy,—g). From
(19) this implies wgy1 - wm = (1 —wq) -+ (1 — wim—r), and hence agy - - agny1 =
ai - - - Gon—2¢+2. By repeatedly applying this, we see that there exist integers r and
s < 2¢ — 1 such that

i,
ai - Qopg1 = (@1 - ag—1)"a1- - as

and

Az Q2py101 - Q201 = (a1 -~ Cl2e71)r_1611 ~as(ay - age-1).
Since

ap - Qnt1 <g Q¢ A2p4+101 ** - A20—1,

we see that they differ in their last block of length 2¢ — 1, which occurs at the
odd position 2n — 2¢ + 3. This implies that as1 - age—101---as <4 a1---a2—1.
However, this contradicts the inequality a; ---a2n41 <g G2n—2043 - A2py1071 -
aon—20+2. Hence, (1 —wq) -+ (1 —=wWp—g)0%®° < w41 - - - w0, 0°°, and w(a) is admis-
sible. Then w(a) is primitive by Proposition 3.2.

Now let w = wy « -+ wy, = 1920% ... 1%2n+1 € {0, 1}* be a primitive word. By
Proposition 3.2 then w is admissible. To prove that I,(,) is maximal, we verify
(19) by considering strings starting with even and odd indices separately.

Let k = aj + - - + az¢—1. By admissibility we have (1 —wy) -+ (1 — wpm—k) <
0%2¢ ... 19741 50 there is a least j < 2n — 2¢ 4 1 such that a; # agey;—1. Ad-
missibility also implies that a;---a; <g ag---a4;—1 and hence aj - - aspt1 <4
G9¢ -+ A2,4+101 - - - Ag¢—1 as required.
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We consider now the case k = a; + - - - + ag¢. By admissibility,
Wit -+ - Wy = 192641002642 L 192051 <y ey, g

If there exists a 1 < j <2n—2¢ such that a; # assy;, then admissibility would imply
that ay - - - azp—20 <g a2¢ - - - G2y, and hence a1 - - - a2p41 <g Q2041 - A2p4101 - - A2e.
So assume that a; = ageq; for all 1 < j < 2n — 2¢. By admissibility, we see that
W1 Wy = 1% ... (%2n-2¢ 1t with t = a2n+1 < A2p—2041- If Aon4+1 < A2n—20+1,
then ay - - - agp—2041 <g G2¢ - - - 2p41 and hence ay - - - aopy1 <g Q2041 A2py101 - -
ase. We consider now the case ag,+1 = G2p—2¢+1. Using the equality aget1 - - - aon41
= aj - - agp—20+1 repeatedly, we can write

a1+ agnir = (a1 aze)ag -+ as
and
Age41 " Q2pp1ay -G = (ag -+ aze)Fl(Zl rag(ay - ag)
with s < 2¢. We see that they differ in their last block of length 2¢, which occurs

at the even position 2n — 2¢ + 2. Since by admissibility
(1_w1) . (1_wk) — Oal 1G2 .. 1a2£ =< Wy— ko * * Wy = 0a2n72£+2 1a2n72£+3 .. 1a2n+1,
this would imply that

ap 020 <g Qs41 " A2p—20+42 """ A2p41 = A2¢A1 " - - As
and hence

Q1 Q2p41 = Q1" 02n—20+102n—2042 """ Q2n41 g Q2041 """ A2p4+101 "~ - A2
as required. Therefore, I, is maximal. ]

So, every matching interval for {S, },¢[1,2) is coded by a primitive word. Next
we show that the matching intervals exhibit a period doubling behaviour that has
already been observed numerically for the a-continued fraction maps in [CMPT10,
Sect. 4.2] and investigated further in [BCIT13].

§3.3. Cascades of matching intervals and non-matching parameters

In the next two propositions we prove that attached to each matching interval we
find a whole cascade of matching intervals separated by elements from the non-
matching set N for which a Markov partition exists and with an accumulation
point that is a transcendental element of A. For a primitive word w let J,, =
m be a matching interval and set

1 1
day )= Sy

so that J,, = (L(w), R(w)). Recall the definition of ¢ from (25).

L(w) =
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Proposition 3.4. Let w = wy - - - wy, be a primitive word. Then L(w) = R(y(w)).
.. m 2m _
Proof. By (22) and Proposition 3.1, L(w) = % and R(¢(w)) = W
Note that
22y (h(w)) = w22+ w1 27T 4 2™ (1 - wy )2
+ (1 —wp_1)2+1
=2"(2Mv(w)) 4+ 2™ — 2Mv(w) = 2™ (2Mv(w) + 1) — 2™v(w).
This implies
22"y (h(w)) — 1 = 2"(2Mv(w) + 1) — (2™v(w) + 1) = (2™ — 1)(2™v(w) + 1).

Hence,
22m 1 o @m+nEem-1)  2m+1 -
22my(h(w)) —1 (2™ — 1)(2mv(w) +1)  2mv(w) +1°

It is easy to see that the primitivity of a word w implies the primitivity
of 1(w). So, the previous proposition implies that attached to each matching
interval is a cascade of matching intervals corresponding to the words ¥"(w).
Set w := lim, 00 ¥™(w). Note that w does not depend on where in the cascade
we start. Write p,, = v(w); then

22"m 41 1+ spmm 1
lim L(¢¥"(w)) = lim = lim 2 = —.
n—00 (w ( )) n—oo 22"My(Ypn(w)) + 1 n—oo v(ypn(w)) + 22% Pw

Example 3.1. Consider the primitive word 11. Then Jj; = (%, %), so for each
n € Ji1, S, has matching after 2 steps. We also have ¥(11) = 1101 and Jyi101 =

(%, %) For any 7 in this interval, S, has matching after 4 steps. For n = % we
have 1 —n = f% and
_3 21y _ L 301y _ 1 401y —
S5 =7, ssm=7  So=5  SoO=1

53(0-=-b §ED- 8ED - 46D

so there is a Markov partition. The limit 11 = lim,, o, ¥™(11) is the shifted Thue—
Morse sequence. Recall that the Thue-Morse substitution is given by

0~ 01, 1~ 10.
The Thue-Morse sequence is the fixed point of this substitution, which is

t =01101001100101101001011001101001 - - - ,
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and the Thue-Morse constant p* is the number that has this sequence as its base 2
expansions, i.e., p* =3 o, ;—’; =0.4124 . ... The limit sequence 11 is the sequence
obtained when we shift the Thue-Morse sequence one place to the left, 11 = o(t).
For the corresponding constant we get

1 1
lim L(y"(11)) = — = — =1.2122.._,
n—oo pin 2p*

which is transcendental (see [Dek77]).

The previous example illustrates a general pattern. Let w = w;---w,, €
{0,1}™ be a primitive word and consider the right end point R(w) of the matching
interval Jy,. Then dg(y) = (w1 -+ wy,—10)> by (22) and R(w) € N. It holds that

Rew) (1) = 1 and thus Sg, (1 — R(w)) =1 — R(w). In other words, Sg(y) has a
Markov partition, but no matching. Results from [BCIT13] give us the following
proposition.

Proposition 3.5. Let w € {0,1}™ be a primitive word. Then p% eN and i is
transcendental.

Proof. Since N contains exactly those points that are not in any matching inter-
val, we have piw = limy, 00 L(¢™(w)) € N. In [BCIT13] the maps 79 and A are
defined on words u = wuy -+ u, € {0,1}* by 7o(u) = v((ug - - - un0)°) and A(u) =
up - up (1 —up) -+ (1 — uy). Then for each j > 1 they set 7;(u) = 70(A7(u)

and Too(u) = lim;_,o 7;j(u). It is proven in [BCIT13, Prop. 4.7] that if 7(u) € A,
then 7 (u) is transcendental. The fact that p% is transcendental thus follows from
[BCIT13, Prop. 4.7] by observing that p, = Teo (w1« - Wyn—1). O

Remark 3.2. We have already seen that A = m, where £ is the bifurcation
set for the family {7, }ae[o,1) defined in (21). In [BCIT13] the set £ was linked to
the real slice of the boundary of the Mandelbrot set, the set A of codings for
the kneading invariants of unimodal maps encoded by A, and the set of univoque
bases. So, this article adds a new item to this list of correspondences. The common
link between the results from [BCIT13] and our case is the set I' from (14), which
was shown by Allouche and Cosnard ([AC83, ACO01]) to have connections with
univoque numbers. Given a number 1 < 8 < 2, one can express any real number
z € [0, ﬁ] as a B-expansion: x = 3, -, g for some sequence (¢;)n>1 € {0, 13
Typically a number x has uncountably many different expansions of this form. The
number 1 < § < 2 is called univogue if there is a unique sequence (¢, )n>1 € {0, I
such that 1 = anl %, i.e., if 1 has a unique p-expansion. Let U/ denote the set
of univoque bases. The properties of U have been studied by many authors. There
exists an equivalent characterisation of univoque numbers in terms of strongly
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admissible sequences, which is mainly due to Parry ([Par60]) (see also [EJK90])
and which is stronger than the notion of admissibility from Definition 3.2.
A sequence (c,,)n>1 € {0, 1} is strongly admissible if and only if

{ck+1ck+2 e <Lceg-e- if e =0,

Ch41Chg2 - = Cico- -+ if e =1,
for all k. It is easy to check that strong admissibility is equivalent to
(I1—ec1)(1—co) -+ < Chy1Chan- - < cCrCo-+-

for all £ > 1. In [EJK90] it is proved that a sequence (c;,)p>1 is strongly admissible
if and only if there is a univoque # > 1 such that 1 =3_ -, 5. In [KLO7], the
authors studied the topological structure of the set U as well as its closure U.
Furthermore, they characterised the sequences that belong to I/, namely (dp)n>1 €
U if and only if

(1—=di)(1—da) - <dps1disa--- 2 didy---

for all k > 1. They also showed that if (d,),>1 € U, then (d,,),>1 has an arbitrar-
ily long initial block that is admissible in the sense of Definition 3.2. In [ACO01] the
authors showed that there is a one-to-one correspondence between strong admis-
sible sequences and the points in I" that do not have a periodic binary expansion.
In this way the univoque bases are related to a subset of N.

84. The continuity of the frequency function

In this section we consider the unique absolutely continuous invariant measure i,

and the associated frequency function n — ,un([f%, %D with the goal of giving
an explicit formula for un([f%, %]) on each of the matching intervals J,,. Recall

the expression for the invariant probability density from (8). Suppose that for
some 7 we have matching after m steps. Hence, S;*(1) = S;*(1 —n) and S;*(n —
1) = S)*(=1). Moreover, before matching we have S}'(1) = S;(1 —n) + 7 and
Sp(n—1) =S} (=1) +n. Then

m

—1
1 1
e (1[Sz;<1—n>,s;(1))($) + 1[Sg<—1),s:;(n—1>>(fﬂ))’
n=0

fo(z) =

Ql

where C' is the normalising constant. Further, C' is related to the total measure,
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which is
1 ! 2 = 1 n n
p L) = 5 [ fade= 23 Sl (570) - Sp00- )
- n=0
1
n(lzamy 20 Ly
el _%)_cl ) =L
where we have used that S}}(1) = S}'(1 — 1) + n before matching. Hence,
1 1 2m-t
2 ~ == .
(26) cC n2m-1

We first prove that the map 1 — f, is continuous.

Theorem 4.1. Let 7] € [1,2] and let (nk)k>1 C [1,2] be a sequence converging to
7. Then fn, — f7 in L', where f; = 3 in the case 7j = 1.

For the proof we use the Perron-Frobenius operator £, for S,, which is given
by

1 x

T -7 r+n
(Lyf)(@) = §(f<§) + 1(n—2,n—1)($)f< D) ) + 1(1—n,2—n)($)f( 5 ))
for f € L'(\), where as before A denotes the one-dimensional Lebesgue measure.
For a function f: [-1,1] = R, let Var(f) denote its total variation and use BV to

denote the set of functions f: [—1,1] — R of bounded variation, so with Var(f) <
o0. Since S, is an expanding interval map with constant slope, it is well known (see

for example [BG97, Thm. 5.2.1]) that an absolutely continuous invariant density
for S, is obtained from the Lebesgue almost everywhere limit of a subsequence of

(3 22520 £4(1) 51

Proof of Theorem 4.1. First let n # % et P, be the collection of intervals of
monotonicity of 5'2 To be precise, for n € [ f) we have

o= {(1-2) () () (30 (o)

(1 2n+1) (277—|—1 1)}
27 4 b 4 ) b)

and for n € (%,2] this becomes
n= {1 (D) (- D 5D G
n Y 4 i 4 ) 2 ) 27 4 ) 474 ) 472 )
(7))}
27 4 ’ 4 7 '
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Since S, is a piecewise expanding interval map with constant slope it follows from
[BGI7, Lem. 5.2.1] that for f € BV,

Var(C, f) < Var(f) + 2 / LA,

[71’1]

ML) < L var(f) 4
Var(£3) < 5 Var( )+ g [ 11

where §(n) = min{\(I) : I € P,} = ’%’ For n > 2, write n = 2j + ¢ with
i € {0,1}. Then

j—1
D 1
Var(L} f) = Var(Ly, £, f) < Var Lhf)+ —kT /[ . | fdA
k=0

|f\d>\(2+ﬁ>.

Fix some 7 € (1,2] \ {3} and let (n;)r>1 C (1,2] be a sequence converging to 7.
Let

(27) .
< 7 Var(f) +/

[71"1]

0 }-
Then for all n € [fj — €,7 + €], we have (5( ) > 6() — ie > (?ﬁ) For k > 1,

define the sequence of functions fi, = En ! L] (1). Recall that since each
Sy, has a unique absolutely continuous 1nvar1ant measure there is a subsequence

0<€<min{‘ﬁ—§

of (fxn) converging to f, A-a.e. For ease of notation we simply assume that
limy, o0 fon = fn, A-a.e. By (27),

2
Var(fi.n) < Var (L ) <4+ ,
e Z 30
so for all k sufficiently large, we have
Var(frn) <4+ 2 <4+ 1
kn) > = =
o(1) — 3¢ 6(1)

Also,

sup | fonl < Var(fon) + / Frm dA
[-1,1]

< Var(fr.n) + Z/ d>\<6+%

Since both of these bounds are independent of 7, and n, we have Var(f,,),
sup |fn.| < 6+ ﬁ for each k large enough. From Helly’s theorem it then fol-
lows that there is a subsequence (k;) and an f,, € BV such that fon, = foo In
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L'()\) and M-a.e. and with sup |feol|, Var(fs) < 6 + ﬁ. We show that foo = f5
by proving that for each Borel set B C [—1, 1] we have

(28) /Bfood)\:/SI(B) Foo dN.

The desired result then follows from the uniqueness of the invariant probability
density. First note that 1z € L'()), so it can be approximated arbitrarily closely
by compactly supported C! functions. So instead of (28) we prove that

‘/ (goSﬁ)foodA—/ gfoodA’:O
[_171] [—1,1]

for any compactly supported C! function g on [—1,1]. (Hence [|g|s < o0.) We
split this into three parts:

‘/ (g0 fdr - | gfoodA‘
[—1,1] [-1,1]
< ‘/ (9055 fo d)\f/ (goSﬁ)fnki d/\'
[—1,1] [-1,1]

; \ [ wesitan- [ o), dx\
[71,1] [71,1

]

+‘/ (goS'r]kL)fT]kl d)‘_/ gfood)\‘
[—1,1] [—1,1]

Then for the first part we have

’ / (go Sﬁ)foo X — / (go Sﬁ)fnki d)\‘
[-1,1] [-1,1]
< ‘/ ( sup g(2))(f —fnki)d)\‘
[_171]

z€[—1,1]

< goo/[ [foo = Fo, | AN = llgllocl foo = Fini, [l -

,1

For the third part we get

] JCEES gfoodA\s||g||oo||foo—fnki||p.
[—1,1] [—1,1]



728 K. Dajani AND C. KALLE

Hence, these two parts converge to 0 as ¢ — oo. Now, for the middle part we have

‘/ (90 Sq) fs, d>\—/ (90 S, ) fon,, dX
[—1,1] [—=1,1]

g( sup fnk(x)) /[_1 1]|(905ﬁ)_(905nki)‘d>‘

z€[—1,1]

= (6 + %) /[_171] (g0 S7) = (goSn,)|dA

By the dominated convergence theorem and the continuity of g, we have

—1/2

lim ’(gosﬁ)_(gosnkl-”d/\: /

. lim |g(2z+nk,)—g(2z+n)|dz =0,
71— 00 [71771/2) -1 71— 00

and similarly the integral converges to 0 on [—%, %] and (%, 1]. Hence, foo = f3
Lebesgue a.e. In fact, the proof shows that for each subsequence of (f, ) there is
a further subsequence that converges a.e. (and in L') to f;. This is equivalent to
saying that the sequence (f,,) converges in measure to f5. Since f,, <6+ ﬁ for
any k large enough, this implies that (f,,) is uniformly integrable from a certain
k on, so by Vitali’s theorem the sequence (f,,) converges in L' to f;.

Let (nx) now be a sequence of parameters converging to 1. By the above
arguments the corresponding densities f,, converge in L' to an invariant density
foo for the map Sy. By (8) it is clear that for each Borel set B and each k it holds
that ji,, (B) = piy, (—B). Hence the same holds for the invariant measure 1o, of
S1 with density fo. Since each absolutely continuous invariant measure of S; is
a convex combination of Lebesgue measures concentrated on the left and right
halves of the interval, this implies that p.. is the normalised Lebesgue measure on
[-1,1].

The above proof shows that i — f,, is continuous at any point 7 € [1,2]\ {3}.
For 3, we have by (11) that

i [ |fy = faldA
g J-1,1] 2
- -3 3
:%(2/1 "G-p)ere [ (-Ba [ (g_;)dx) _

For any 7 in the matching interval Ji; = (4, ) that is close enough to 2 we have

1
fn= @(2 +la-2n2m-2) + 1p-22-9 +2- 1(1—77777—1))’
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which is easily checked by direct computation. Then

R S
lim fn— fald\ =lim 2/ f——dx+2/ — — — )dx
s [71,1}| ! 2| mg( 1 (3 377) 9 (277 3)

“ro2 1 =19 9
+2/n_2 (%—g)dx—i-Q/ (g—%)dac
[ G- B -0
This gives the result also for n = % O
Corollary 4.1. The frequency function n — un([—%, %]) is continuous on [1,2].

Proof. This immediately follows from the previous result, since for any n € [1, 2]
and any sequence {7y }x>1 C [1,2] converging to 1, we have

11 11
. 117y LI~ -
klinéo’””([ 2’2D ”’7’“({ 2’2D’—klin§o [,%’%]U" FeldA
< lim o — foldA=0. O
k— o0 [=1,1] n Mk

We now give a precise description of the measure of the middle interval
[—3,3]. The fact that before matching Sf(1) = SF(1 —n) 4+ 7 in particular
implies that 55(1) will visit only [—%,%} and (%71} and Ss(l —n) will visit
only [-1,—3) and [—3, 5]. Moreover, SF(1) and SJ(1 — n) will never both be
in [—%, %] We also know that matching occurs immediately after Sﬁ(l) € (%, 1}

and S,’“;(l —-n) € [—1, —%) So, up to one step before matching we always have

exactly one of the two orbits in [—%7 %]
Let w = wy - - - wy, be a primitive word and n € J,. In order to determine
,un([—%, %]) we need to describe functions of the form

& sk 1—n), s 1) () 11,1 (2)-
Note that for 0 < k <m — 2 if wiy; = 1, then
Lisk—n).st0) (@)1= (@) = Lsr1-p), 1) (@)
and if wg4q = 0, then
Lisk(1—n),sx)) (@)1 1y(2) = 1[—%,35(1))(17)-

Moreover,

Lsp=tam,sp=2 ) (@)1 4,31 (@) = 1 (@),
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Due to symmetry, the measure of [f%, %} is then given by

NEX Iy e

1 1 /1 1 1 1 1
= (5 -sa-m)+ = 5 (SE+5) + oo
C Z 2k<2 77( 77) +O Z 2k 77( )+2 +02m—1
0<k<m—2: 0<k<m—2:
Wr+4+1=1 Wg4+1=0
m—2
1 1 1 noo1 1
:c<2m—1+22k+1+ X Gromsm)s ¥ gksn“))'
k=0 0<k<m—2: 0<k<m—2:
Wg41=1 WEk+1=0

Observe that if m = 1, the above two summations are zero. In this case by (26),

(A2

as we saw before. For m > 2, we get

(3= T G g 3 i)
e e

If m = 2, then by (26) we find é = % and wy =1, so for all n € Jiq,

[34]) = wen-n=3

Assume m > 3. Use the notation w] = w;---w; and recall from (10) that for

k < m we have Sf(1) = 28 — 2"0(w})n. Then

w53 =g (e T Goreewin) e 3 (o)

1<k<m—2: 1<k<m—2:
Wg+1=1 Wk+1=0
Let
nw)=#{2<k<m-1:w, =0} —#{2<k<m-1:w, =1}
Then
([-23)
AN
=S ntnw+n( X (Freeh)- Y wh
(29) 1<k<m—2: 1<k<m—2:
Wr41=1 Wk+1=0
2m [n(w) m—
= o ( +2@ )+ Y vwh - Y eh) ),
N 1<k<m-—2: 1<k<m-—2:

Wk+1=1 Wk+1=0
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where we have used that Y 1<k<m—o2: 2% = Y i<k<mz =+ = 20wt — 1. If
Wi41=1 -

Wit = 1, then v(wi™) = v(wf) + 5+ and if w1 = 0, then v(wi™) = v(wh).
This gives

11 21 n(w) m—
(33 =i (MW s ¥ b $ )
1§k§m1—1: 2§k§m0—1:
WE = W=

For any primitive word wy - - - w,, (m > 3) the expression

Ky = v(w™ ) + Z v(wh) — Z v(wy)

1<k<m-—1: 1<k<m-—1:
wp=1 wp=0

has a constant value on J,. As a result

o (5 4]) - 22 (1) ),

22 2m — 1\ g

as a function of 7 on the interval J,,, is increasing for n(w) < 0, decreasing for

n(w) > 0 and constant if n(w) = 0. Note that using (30) we can for any 7 €
(1, %) \ NV explicitly calculate the frequency of the digit 0 in the signed binary
expansion (dy ,())n>1 for typical . We now have Theorem B.

Proof of Theorem B. The continuity of n — p, ( [—%, %]) is proved in Corollary 4.1,
and the other two statements of the theorem follow from (30). O

85. The maximal frequency of the digit 0

11 . : 2
—35 5]) takes its maximal value %

]) for several primitive words w. The

It remains to show that the map n — Nn([
6 3 11
572 272
value on the big plateau in the middle is obtained easily from the relation with

exactly on [ ] Figure 4 shows Nn([
the a-continued fraction maps as follows.

From (30) it follows that the monotonicity behaviour of 5 + pu,([—3,3])
equals that of the entropy function o — h,_(T,) for a-continued fractions as
described in (17). To see this, let w = 191 - .- 192741 he a primitive word. Then by
Proposition 3.3 the quadratic interval I, is maximal with a = [0;ay - - - ag41]. For
N =143 qentjand M = —1+3" ;a; we have N—M = n(w). Therefore, by
(17) we get that Nn( [—%, %]) increases, decreases or is constant on J,, if and only
if h,, (Ta) increases, decreases or is constant on I, respectively. As mentioned
in Section 3.1 it was shown in [KSS12, Sect. 10] that the entropy function «

h,, (T,) is constant on the interval [¢2, g], where g = @ Since ﬁ =32 and
L 8, we have ([, 2]) = g (=3, 3]) = & for any 5 € [$, 3] Ths gives

the plateau on the top of the graph in Figure 4.
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To prove Theorem C we still need to show that u, ( [f%, % ) < % for all other
values of 7. We know from (12) that this holds for 7 > 2. The proof of Theo-
rem C requires the following lemma on the value of ,([—3,

of matching intervals.

%]) on the cascades

Lemma 5.1. Let w be a primitive word. Then n(¢™(w)) = 0 for alln > 1 and
the frequency function n ﬂn([fé, %]) is constant on the interval [pw,L(w)].

Proof. Let w = wy - -w,, be a primitive word and let k£ denote the number of
Os that occur in w. Then n(w) =k — (m —2 — k) = 2k + 2 —m. Since w,, = 1
and 1 — w; = 0, the number of 0s in Y(w) s k+1+(m—-2—%k) =m — 1.
Hence, n(¢(w)) = 0 and by the same reasoning n(y)"(w)) = 0 for all n. By (30),
n— un([f%, %]) is constant on each interval Jyn (), so that by continuity

il([=33]) = o ([-3:3))

for all n € [pw, L(w)]. O

Figure 4. The value of u, ( [—%, %]) on all matching intervals J,, with m < 13. The
picture is made by Niels Langeveld.

Before we start on the proof of Theorem C, we consider the set of primitive
words of the form 1™ separately in the next example.
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Example 5.1. Let w = 1™ with m > 3. Then n(w) = —(m — 2), so that the
maximal value of un([—%, %]) is attained when % is smallest, i.e., if

1 1 1 1 1

1
= 1m—10 o0 - - . — 2k [ —
n 'U(( ) ) 2 1_ 21” + + 2m71 1— 2}n am _ 1 ; om _ 1

For 1 <n <m—1 we have v(w}) = 2:1 2% =1- 2% Thus, for n € J,, it holds
by (30) that

m—1 m— m m—1
“"(P%%D = 21—1(_ ( 2?73(31 1o 2m1—1 +n§::1 (1_2%))

om—1 m— 2 1 1
_ om=1 m—2
Com—12m 1’

Note that this is less than 2 if and only if 3(m —2)2™~! < 2(2™ — 1)?, which is if
and only if

m(2™ + 27 4 22 < 92l gl 4 gm g,
This obviously holds for m = 3. For m > 3 we have 2m — 1 > m + 2 and of course
m < 2™, so

m(2m+2m71)+2m+2 < 22m+22m71+2m+2 < 22m+1 < 22m+1+2m+1+2m+2

Hence, also for m > 3 and any n € J;m we have ,un([—%, %]) < % Then the same
statement holds on the cascade of matching intervals attached to Jym, i.e., for any
n S an(17n), n Z 1.

Proof of Theorem C. To prove Theorem C it is enough to consider n € (1, g)
Corollary 4.1 then implies that we need to consider only values of 7 in a matching
interval J,, for which w is primitive and w0 > 1(10)*°. The formula obtained in
(30) shows that whether on J,, the frequency map n — p,([—3,3]) is increas-
ing, decreasing or constant depends on the value of n(w). By Proposition 3.4 and
Lemma 5.1 it follows that attached to each matching interval there is a cascade
of matching intervals on which the frequency map is constant. Hence, by Corol-
lary 4.1, to prove that un([—%, %]) < % for any n € (1, g) it is enough to prove
that this is the case for any 7 in a matching interval J,, that satisfies n(w) = 0.
This is what we will do.

Let w = wy -+ wy, = 1910%2 ... 1%n+1 be a primitive word with n(w) = 0.
Then m is even and

m—2

a1+...+a2n+1—2:T:a2+...+a2n.
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Moreover, by Example 5.1 we can assume that w = 1*'0wg, 42 - Wy, so that

m > a1 + 2. To give precise estimates on 1, ([—3, 3]) we rewrite (29) to obtain

gl = 2 (o0-)

(31)

Set s =0and for 1 <k <2n+1, s =ay +---+ ag. Since un([—%, %]) is the
same for all n € .J,,, we take n = —*. Note that for any k the kth block of 1s in

v(w)”
w satisfies ,
e | 1 2%kn ]
; 5Z+1 97 9%2k  9Sak41  9Sak41
=sap
so that
' L 2025+1 — ]
Z (’U(’LU) - U(w1>) - Z 9282j+1 (ag +---+ a2j)'
1<t<m—2: j=1
We+1=0

On the other hand,

> (v(w) -~ o)

1<l<m—2:
Wet1=1

= Z ?v(le) + Z ?U(WZ-H) +oe Tt Z ?U(wé-ﬁ-l)

2<l+1<s1 s2+1<l+1<s3 san+1<l<s2pt1—1
ooy o L)l e
- 2 om 9251 953 252n—1 282n+1

n
2025+1 — 1
+ ) (a1 +az+ - +ag D —u
j=1
1

=2v(w) —1 =1

+y (a1 +as+ - +ag1 —1)(2%+ —1) —agjy1 a1 -1

2825+1 2a1

Inserting this into (31) and using that 2v(w(" ') = 2v(w) — 57— we get that the
inequality

11 gm—1 a1—1 o~ agj 1+ (22 1) (147 (1) ay) 2
in([-53)) =3 1+ 2 <3

T22)) T aoam g : 252j41 3
j=1
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holds if and only if

(32) 2t 4 2™ 492 4 3(ay — 1)27T M + 3 R;(w) < 22,

j=1
where we have put
2j 25
Rj(w) = agj 2™ %29+t £2M 752 (1 +Z(—1)2a4) F2MTS2iH (Z(—l)“‘lag — 1) .
=1 =1

We split the proof into several cases according to the value of a;.

(I) a1 > 3: Consider first the term 3(a; — 1)2™ . For a; = 4 and a1 = 3 we can
just calculate this and for a; > 5 we can use the fact that p < 2% for any p > 4 to
obtain

2m=2 4 2m=3 if g > 5,
(33) 3(a; —1)2m7* < qom=lpom—4 if g, =4,
om—l 4 om=2 if g, =3,

Next consider R;(w). By primitivity we have a; > as. For a; = 3 we can make
precise estimates by considering the cases a; = 1 and ay = 2 separately. For as = 1
we have a; — az — 1 = 1 and using the fact that p < 2P~ for all p > 1 gives

3R1(w) = 3(az2™ % — 2M752 4 QMTss) L (M Sstas _ gmTs2) — (),
In the case as = 2 we get a; — as — 1 = 0 and thus
3Ry (w) = 3az2™m % < 3.2m—s271 = gm=5 4 om=6,
For a; > 4, we get, again by using that p < 2P~! for all p > 1,
3Ry (w) <3-2™"%(a; —ag 4 ag — 1) < 3.2m720272 < gm=3 4 ogm—4
So, we have obtained

om=3 4 ogm=4 if q; >4
(34) 3Ry (w) < ="

2m=5 4 om=6 if q; = 3.
Now consider R;j(w) for 2 < j < n. Note that the terms 1+ 77 (—1)%a, and
Z?il(—l)“'lag —1 have opposite signs, so that to get an upper bound it is enough
to consider only the positive term. First assume that 14357 (=1)%a; > 0. Then,
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since p < 2P~1 for all p > 1 and s > a; + k — 1 for all k, we get

25
Rj(w) < agj12M 52+ 4 2M752 <1 + Z(—l)ea)
/=1

< 2m752j71 + 2m72(a1+a3+~~+a2j,1) < 2m7a172j + 2m72a172j+2.

On the other hand, if -1+ Y277 (=1)“*'a; > 0, then

27
R](w) < ¢Z2j+12m—szj+1 4 QM2+ ( — 14+ Z(_1)2+1a€)
=1

< 2m—52j—1 + 2m—2(a2+a4+---+a2j+1) < 2m—a1—2j + 2m—2j—2.

So, in all cases we have R;j(w) < 2m~®1=2] 4 2m=2/=2 Then, since a; > 3,

SZRj(w) < 32(2m—3—2j + 2m—2—2j)
j=2 j=2
3+2n
=3 2" <3 2mTh =gty gmR,
j=6

(35)

Putting (33), (34) and (35) together leads to the following. For a; > 5 it follows
from n(w) = 0 that m > 10, so that

n
2t 2™ 492 4 3(ay — )27 + 3 R;(w)

j=1
<omAl 4 m 492 4 gmm2 oM g gmd g gmed y gmed g gmeS
— 2m+1 _|_ 2m _|_ 2m—1 + 2m—3 _|_ 2m—5 + 22 < 2m+2.

For a; = 4 we have m > 8 and

2t 2™ 92 4 3(ay — )27 + 3 R;(w)

j=1
S 2m+1 + 2m + 22 4 2m71 + 2m74 4 2m73 + 2m74 4 2m74 + 2m75
— 2m+1 4 27n 4 27n—1 + 2m—2 4 2m—4 + 2m—5 4 22 < 2m+2.

For a; = 3 we have m > 6 and get

2t 4 2™ 492 4 3(ay — )27 + 3 R;(w)
j=1

S 2m+1 4 2m 4 22 4 2m71 4 2m72 + 2m75 4 2m76 4 2m74 4 2m75
— 2m+1 + 2m + 2m—1 + 2m—2 + 2m—3 + 2m—6 + 22 < 2m+2.
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Hence, in all cases the inequality from (32) is satisfied and un([f%, %]) < %

(IT) a1 = 2: In this case w starts with 1101 and cannot have more than two
consecutive Os or 1s. Since 1 < % we have w0 > 1(10)°°, so there is some k > 1,
such that

w = 1(10)*110wop 45 - - - Wy

Since a2j+12m_323'+1 =2m %2~ for all 1 <j <nand a; = as + 1 we have

Rj(w) _ 2m—$2j-1 + 2m—82j(1 _ 2—a2y‘+1)<_a3 +ag— - — aj—1 + an)-
We further know that 3(a; —1)2m~% = 2m~1 4 2m=2 Gince for any 2 < j < k we
have —a3 + a4 — -+ — agj—1 + as; = 0, it follows that
k k 2k+2
3 Rj(w)=3) 2mul= )" om,
j=2 =2 j=5
Hence, to show that inequality (32) holds we would like to have an upper bound
for
2k+2
Qw) = 2m i 422
j=—1
+ 3 Z (2m782j71 + 2m752j (1 — 27‘12”1)(7(13 + aqg — ++ — agj_l =+ agj)).
J=k+1
The terms —as 4+ a4 — - - - —ag;j—1 + ag; are largest if we see blocks 00 before we see

blocks 11. Since (1(10)¥11) = 1(10)*110(01)*+!, primitivity implies that each
occurrence of 00 must be followed by (10)* or (10)711 for some j < k. This in
turn implies that there is no primitive word w with n(w) = 0 and m < 2(2k + 3).
Hence, we consider only words of even length at least equal to 2(2k 4+ 3) and
for each such word w there is a unique p > 1, such that its length m satisfies
(p+1)(2k+3) <m < (p+2)(2k + 3). We consider a number of cases.

If p is odd, then

Q(1(10)*11(0(01)**1)P) if m=(p+1)(2k+3),
Qw) < Q(1(10)*11(0(01)+1)70(01)71) I)fz%i=<(i+ 1)(2k +3) +2i +2,
If p is even instead, then
Q(1(10)*11(0(01)**1)r1) ifm=(p+1)(2k+3)+1,

Qw) < ifm=(p+1)(2k+3)+2i+1,

Q(1(10)*11(0(01)**+1)r0(01)%) 0<i<h



738 K. Dajani AND C. KALLE

To begin we compute an upper bound for Q(w<), where w®=1(10)*11(0(01)*+1)?.
It holds that ag;41 = 1 for all j > k + 1, so that we can rewrite Q(w®) as

2k+2
(36 Z 2m~ ]+22+3 Z 2825 —a3+a4—---—agj,1—|—a2j).
j=-1 j=k+1

For each 1 < j <pand 0 < ¢ < k we have
—a3 + Qg — - — Ajk42j+20—1 + G2jk42j42¢0 = J — 1

and Sojryo;4+20 = 2k + 37 + 2¢ + 3. Putting this in (36) gives

2k+2 P k
Q(wO) _ Z om—J | 22 +3 Z] Z 2777472]](573]72473
j=-1 j=1 ¢=0
2k+2 k
Z om— 7 _’_22_'_3221’77, 20— 3232 (2]6-‘1-3)]
j=—1 =0 j=1
Since
p (2h43)j 00 (2643) 00 (2k43); 92k+3 1
> 2 7<) (G +1)2 -2 = (2% _1)2 < gEr
j=1 j=1 j=1
we have

k P

m—20—2 c0— 3)J m—2k— 1 m—2k—2

(37) 322 20—3 2]2 (2k+3)j <2 2k 5(4 _ 2?k;) <2 2k 3.
£=0 j=1

From p > 1 it follows that m = (p 4+ 1)(2k + 3) > 2(2k + 3), so that

2k+3
Q)< > 2mI 427 <22,
j=—1
Now consider Q(w*), where w® = 1(10)*11(0(01)*+1)P0(01)"1 for some 0 < i < k.
Then azjy1 = 1forall k+1 < j < n and agp41 = 2. With the same computations
as above this gives

2k+2
Z om— J+22+3Z sz 2jk—35—20—3
Jj=-1 Jj=1 =0
i—1
+ 3Z(p + 1)2m—2(13+1)k—3(1)+1)—26—3
=0

+3. 2m—2(p+1)k—3(p+1)—2i—3 +3p- 2m—2(p+1)k—3(p+1)—2i—2(1 _ 2—2)
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2k+2

<y omi 4

j=-1
p+1

+3Z ZQW 2jk—35—20— 3_~_3p.277l—2(P+1)k—3(p+1)—2i—4-
Jj=

Using (37) and the fact that p < 2P~ we get
2k+3
Q(w‘) < Z 2m—j + 22 + 2m—2(p+1)k—2p—2i—7 + 2m—2(p+1)k—2p—2i—8.
j=—1
Since p > 1 we obtain 2(p+ 1)k +2p+2i+7 > 4k+9 > 2k + 5 and it follows that
Q(w*) < 2m*2, Next consider Q(w®), where w¥ = 1(10)¥11(0(01)**+1)P1, so that
m = 2pk + 3p + 2k + 4. Then again we have a1 =1forall k+1 < j <n and

asn+1 = 2. In the same way as above this gives

2k+2
Z gm— ]+22+3Z Z2m 2jk—3j—20— 3+3zp2m 2pk—3p—2£0—3
j=—1 j=1 ¢=0
+ 3 . 2m72pk73p72k 3 + 3(p _ 1) . 2m72pk73p72k72(1 _ 272)
2k+3
< Z 2771—] + 22 + 3(p _ 1) . 2m—2pk)—3p—2k—3.
j=—1

Since p > 2, weuse p— 1 < 2P=2 to obtain

2k+3
Q(w@) < Z szj + 22 + 2m72pk72p72k74 + 2m72pk72p72k75 < 2m+2'
j=—1
Finally, consider Q(w®), where w® = 1(10)¥11(0(01)*+1)P0(01)* for some 0 < i <

k. Then agj41 =1 for all j > k4 1, so that

2k+2

Z gm— g+22+3z Z2m 2jk—3j—20—3
Jj=-1 Jj=1 (=
13 Z(p F 1)2m 2+ DR=3 () =203
=0
2k+3
< Yo amTig 2% < omiR
j=—1

Since we have considered all possible values of m, this finishes the proof.
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Appendix. Proof of Proposition 3.2

The content of this section is solely due to D. Kong [Kon]; it gives the proof of
Proposition 3.2. For ease of notation we denote Wi .- w, = (1 —wi)...(1 —wy).

Proof of Proposition 3.2. Suppose w = wj - - - Wy, is primitive. To show that w is
admissible, by Definition 3.1(ii) it suffices to show that

(38) WL - Wk < W1 ---Wy forall0<k<m-—1.

Since w,, = 1, (38) holds for k = 0. Suppose (38) fails for some minimal 1 < k <
m — 1. Then wy41 ... Wy W1 - .. Wy—. By the minimality of k we have wy, = 1.
Then by using w,,, = 1 it follows that

wy ... w0 < wi ... w,0° Wy ... WEWT ... W0

—_— 100
< Wi ... WEWT - .. WK_1107,

which contradicts primitivity. Hence, w; ... w,, is an admissible word. Conversely,
assume wy - - - Wy, is admissible. Then for any 0 < k < m — 1 we have

(39) WL~ Wk < Wgal - Wy S WL ... Wiy k-

So to prove the result, we need only to check conditions (i) and (iii) of Definition
3.1. Taking k = m — 1 in (39) it follows that wy = wy, = 1. If m = 2, then
w1 = wg = Wy, = 1. Let m > 3 and assume wy = 0; then by (39) it follows that

wy ... wy, = (10)°1  with £ > 1,

leading to a contradiction with (39) since ws . . .w,, = (01)* = Wy .- w,,_1. There-
fore, we = 1. It remains to prove condition (iii) of Definition 3.1. Suppose it fails.
Then there exists a word by ...b; such that

(40) bl...bj0°° <wi... w,0>" < bl...bjbl...bj_llooo.

We can assume with no loss of generality that b; = 1. Then by (40) we have j < m
and by ...b; = wy ... w;. Furthermore,

wj+1...wmjbl...bm_j:wl...wm_j 1fm<2j,

Wi41 ... W25 <b1...bj,11:w1...wj,1l lfm22j

If m < 2j, then wjy1...wy = Wi...Wn_;, leading to a contradiction with (39).
If m = 24, then

Wj41 - - Wm—j = Wj41 ... W2y jwle = w1 ... Wnm—j,
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again leading to a contradiction with (39). If m > 2j, then w41 ... wq; <X W1 ... ;.
Setting k = j in (39) gives

wy ... W25 =Wy ... W;W1 ... Wj.
Again by iterations of (39) we conclude that
Wy ... Wy = (wl...ijl...wj)lwl...wp with £ > 1 and 1 < p < 2j.

Then

Wm—p—j+1-.- Wy = W1 ... W;W1 ... Wp = W1 ...Wp4j,

leading to a contradiction with (39). Thus condition (iii) of Definition 3.1, and
W1 ... Wy, 1S primitive. O
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