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Introduction

Nonlinear optimization has increasingly become relevant in the resolution of problems arising
from several domains of applied science. Indeed many phenomena occurring in applications
involve the minimization of a nonlinear objective function which typically depends on a large
number of unknown variables. Most of the times, such minimization problem is not solvable
exactly, which makes necessary to compute a numerical approximation of the solution via
an iterative algorithm. The main challenge of nonlinear optimization consists then in devising
algorithms which are able to provide accurate estimations of the optimal solution in a reasonable
amount of time.

First order methods have gained much popularity in the optimization framework. When
the objective function is differentiable, these algorithms are denominated gradient methods and
involve the iterative evaluation of only the function and its gradient until convergence to the
solution is achieved. Projection of the iterates onto a convex set may be required whenever
constraints are imposed on the unknown variables, thus leading to the rise of gradient projection
methods. The natural extension of these algorithms to nondifferentiable problems is represented
by the so-called prozimal-gradient methods, which are applicable when the objective function
is given by the sum of a differentiable term and a convex term.

What makes first order methods so attractive is their simplicity of use and low computa-
tional cost per iteration. The downside is that they often exhibit a slow rate of convergence to
the solution of the optimization problem. Therefore, acceleration strategies have been devised
in the literature in order to turn first order methods into competitive and efficient tools. Several
of them are related to the adaptive choice of the parameters involved in the definition of the
algorithm, such as the steplength parameter or the scaling matrixz defining the descent direction.
In particular, steplength selection rules are usually based on the information available at the
previous iterations, whereas the scaling matrix is chosen according to the features and shape
of the objective function. Together, these parameters define the variable metric with respect
to which the iterate is computed.

Another major difficulty in devising effective algorithms is nonconvexity. When convexity is
lost, the objective function presents multiple local minima and possibly saddle points. Further-
more, in this case only global convergence (in the sense of subsequences) to stationary points
is usually guaranteed for first order methods. These theoretical remarks lead to an overall
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4 Introduction

uncertainty in numerical experience on whether the algorithm of interest is actually converging
and, in this case, if it converges to a sensible estimate of the solution.

The aim of this thesis is to propose efficient first order methods tailored for a wide class of
nonconvex nondifferentiable optimization problems, in which the objective function is given by
the sum of a differentiable, possibly nonconvex function and a convex, possibly nondifferentiable
term. Our approach is twofold: on one hand, we accelerate the proposed methods by making
use of suitable adaptive strategies to choose the involved parameters; on the other hand, we
ensure convergence by imposing a sufficient decrease condition on the objective function.

Our first contribution is the development of a novel proximal-gradient method denominated
Variable Metric Inexact Line-search based Algorithm (VMILA). The proposed approach is
innovative from several points of view. First of all, VMILA allows to adopt a variable metric
in the computation of the proximal point with a relative freedom of choice. Indeed the only
assumption that we make is that the parameters involved belong to bounded sets. This is
unusual with respect to the state-of-the-art proximal-gradient methods, where the parameters
are usually chosen by means of a fixed rule or tightly related to the Lipschitz constant of
the problem. Second, we introduce an inexactness criterion for computing the proximal point
which can be practically implemented in some cases of interest. This aspect assumes a relevant
importance whenever the proximal operator is not available in a closed form, which is often
the case. Third, the VMILA iterates are computed by performing a line-search along the
feasible direction and according to a specific Armijo-like condition. This last one can be indeed
considered as an extension of the classical Armijo rule proposed in the context of differentiable
optimization.

The VMILA method has been originally proposed in [32], in which the convergence and
the numerical experience are shown only in the convex case. In this thesis, we propose a suit-
able modification of this method, denominate VMILAn, for which the convergence analysis
can be extended to the nonconvex case. As a first result, we prove that each limit point of
the VMILAn sequence is stationary for the objective function, provided that the gradient of
the differentiable part is Lipschitz continuous. In the second place, we show that the sequence
converges to a stationary point by assuming that the objective function satisfies a very general
analytical property, the so-called Kurdyka—Lojasiewicz inequality (KL). This condition is sat-
isfied by a large variety of functions and requires a certain regular behaviour of the function in
a neighbourhood of its critical points. The proof of this result is essentially obtained by com-
bining the properties of the Armijo line—search with the KL property. Finally, we also prove
some convergence rate results for the VMILAn sequence, according to the degree of regularity
specified by the KL property.

The numerical efficiency of the proposed approach is then shown on a collection of nonconvex
problems arising in image processing. In particular, we observe how VMILAn is able to provide
accurate reconstruction of the unknown image in a lower computational time, in some cases
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of several order of magnitudes, with respect to other accelerated proximal-gradient methods
known in the literature. In the related comments, we conjecture that this accelerated rate
of convergence may be due more to the variable choice of the parameters involved than the
sufficient decrease condition imposed by the Armijo-like condition.

The effectiveness of VMILAn is further demonstrated by treating in details the problem of
phase estimation arising in differential-interference-contrast (DIC) microscopy. Such problem
consists in recovering information on the phase shifts of the light induced by the specimen
from a set of images acquired with a DIC microscope. The resulting optimization problem is
highly nonconvex and, thus, can be perfectly addressed by means of VMILAn. Unlike previous
works on DIC, we decide to adopt an edge-preserving approach to this problem and propose
to regularize it by means of the Hypersurface (HS) potential, which is a possibly smoothed
version of the Total Variation (TV) functional. The DIC problem is then tackled in two ways:
in the case of HS regularization, a gradient method equipped with an Armijo line-search and
a non standard selection rule for the steplength is adopted; in the case of TV regularization,
a non-scaled version of VMILAn is considered. Numerical simulations with simulated datasets
show that the two proposed line—search based techniques are able to provide accurate recon-
structions of the phase in a lower computational time than several nonlinear conjugate gradient
methods, including the state-of-the-art method for DIC imaging.

In our second contribution we treat a special instance of the previously considered optimiza-
tion problem, where the convex term is assumed to be a finite sum of the indicator functions
of closed, convex sets. In other words, we consider a problem of constrained differentiable
optimization in which the constraints have a separable structure. The most suited method
to deal with this problem is undoubtedly the nonlinear Gauss-Seidel (GS) or block coordinate
descent method, where the minimization of the objective function is cyclically alternated on
each block of variables of the problem. In this thesis, we propose an inexact version of the
GS scheme, denominated Cyclic Block Generalized Gradient Projection (CBGGP) method, in
which the partial minimization over each block of variables is performed inexactly by means
of a fixed number of gradient projection steps. The novelty of the proposed approach consists
in the introduction of non Euclidean metrics in the computation of the gradient projection.
The general result that we provide for CBGGP is the stationarity of the limit points of the
sequence, without any convexity assumption on the objective function. Furthermore, we ex-
tensively apply CBGGP in large-scale image blind deconvolution, when the data are corrupted
by either Gaussian or Poisson noise. Finally, we deepen the numerical study of CBGGP on
a series of realistic simulations in blind deconvolution problems for ground-based telescopes
equipped with Fizeau interferometers, in which successes and failures in the reconstruction of
stellar fields are shown.

The thesis is organized as follows.
In Chapter 1, we introduce the reader to the main concepts of differentiable optimization
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and provide an insightful overview of gradient methods. In particular, we discuss the choice
of both the steplength and the scaling matrix, in both the unconstrained and constrained
setting, and provide a comparison between several adaptive strategies known in the literature
to compute these parameters.

In Chapter 2, we make a step further into the nondifferentiable case. First, we introduce
the mathematical notions of Convex and Variational Analysis required for the subsequent
discussion, including a summary of the main subdifferential calculus rules. Then we define
the concept of proximity operator of a convex function and consider its main properties and
examples. Afterwards, we provide a self-contained overview of proximal-gradient methods,
which constitute the natural extension of gradient methods to the nondifferentiable setting and
are suited for problems with a specific structure, i.e. when the objective function is given by the
sum of a convex and a differentiable term. We also highlight strengths and possible limitations
of these approaches. Finally, we discuss the convergence of inexact proximal-gradient methods
under the assumption that the objective function satisfies the Kurdyka—Lojasiewicz property.

In Chapter 3, we focus on the description, convergence analysis and application of the
VMILAn method. In the first part of the chapter, we introduce a wide class of forward—
backward algorithms developed in [32], in which the notion of proximal operator is replaced
by a more general tool, in order to allow the use of non Euclidean distance in the metric. In
the second part, we present VMILAn as a special instance of the previous framework, detail
its key features and develop the related convergence analysis. The final section of this chapter
is then devoted to some numerical illustrations on three image processing applications: image
deconvolution in presence of signal dependent Gaussian noise, image deblurring in presence of
Cauchy noise and linear diffusion based image compression. We remark that, in these numerical
experiments, we apply several of the steplength and scaling matrix selection rules discussed in
Chapter 1 and 2.

In Chapter 4, we exploit the line-search based methods developed in the previous chapter
for the problem of phase estimation from color images arising in DIC microscopy. We start by
devising an extension of the DIC imaging model proposed in [118] to the case of RGB images.
On the basis of this model, we derive the corresponding maximum likelihood function, which is
highly nonconvex, and propose to regularize it by means of the HS regularizer. We study the
analytical properties of the resulting objective function and prove the existence of minimum
points. The two proposed line—search based algorithms are then presented. Finally, numerical
comparison of the proposed algorithms with several nonlinear conjugate gradient methods is
reported.

In Chapter 5, the CBGGP algorithm for differentiable optimization problems with separable
constraints is proposed. The first section is concerned with the introduction of a generalized
projection operator, which is slightly different from the one introduced in Chapter 3 (indeed
the latter one is a special instance of the former if the functions involved are differentiable),
and on which the proposed algorithm relies on. In the following section, CBGGP is introduced
together with the proof of global convergence towards stationary points. The final section is
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devoted to the numerical application of CBGGP to blind deconvolution.

In Appendix A, a summary of the basic notions of image restoration is presented for the
reader’s convenience. Indeed several of the concepts introduced here are extensively used
throughout the entire thesis.
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Notations

e Rog={re€R: >0} and Ryg = {x € R: x > 0} are the sets of nonnegative and
positive real numbers, respectively.

e R=RU{—00,+oo} is the extended real numbers set.

e e and 0 denote a vector with all entries equal to 1 and 0, respectively.

o If z,y € R™, then 27y = >, x;y; denotes the scalar product.

e If z,y € R™, then % and z-y denote the component-wise division and product, respectively.
elfxeR", 2>0sx; >0, i=1,...,n. An analogous notation holds for >, <, <.

e D € R™*™ denotes a matrix of m rows and n columns.

e [, € R™™™ denotes the n x n identity matrix.

e || - || will denote the Euclidean norm: ||z| = ||zl = VaTx.
e || - ||p will denote the norm induced by a symmetric positive definite matrix D € R™*™:

llz||p = VaT Dx.

e Given p > 1, M, is the set of all symmetric positive definite matrices with eigenvalues
contained in the interval [%, ).

e Given p € Ry, B(z,p) ={y € R": |ly—z| < p} is the closed ball of center = and radius
p-

e Given f: R" » Rand a € R, [f =a] = {z € R": f(x) = a} denotes the level set of
f at height a. Analogous notations are used for the lower and upper level sets [f < af,

[f <al, [f Za], [f > a].

e Given —00o < a1 < ag < 400, [ < f < ag] ={r € R": a1 < f(z) < ag} is the
sublevel set of f at levels a; and as.






Chapter 1

Gradient methods for differentiable
optimization

The purpose of this chapter is to provide an insight into one of the most studied class of
numerical algorithms designed to address the following optimization problem

min f(z) (1.1)

€

where 2 C R” is a nonempty, closed and convex set and f : ) — R is a continuously differen-
tiable function over 2. When {2 = R™ and therefore no restrictions on the unknown variable z
are imposed, one speaks of unconstrained optimization, otherwise of constrained optimization.

Gradient methods are by far the most standard and popular iterative schemes aimed at
solving problem (1.1). These methods are characterized by a simple implementation and a low
computational cost per iteration, since they only exploit first-order information of the objective
function to define each iterate. Furthermore, many of these algorithms lean on the so-called
iterative descent idea, which consists in generating a sequence of iterates {w(k)}keN C Qin
such a way that f is decreased at each iteration. The legitimate hope is that the iterates
will eventually approach a global minimum or, at least, a stationary point of f. The decrease
in the objective function is imposed by moving along a descent direction with a sufficiently
small positive steplength, which may vary at each iteration. Strategies based on an adaptive
choice of the steplength and the parameters involved in the definition of the descent direction
allow to practically improve the convergence rate of gradient methods without increasing their
computational costs. When constrained optimization is considered, the additional cost of pro-
jecting the iterates on the feasible set 2 in order to preserve feasibility must be taken into
account; however, if the constraints are simple, the projection can be performed by linear-time
algorithms and thus without significant computational effort.

The chapter is organized as follows. Section 1.1 is devoted to the analysis of gradient
methods for unconstrained optimization, with related discussions on the choice of their param-
eters and convergence results, whereas Section 1.2 focuses on gradient projection methods for

11



12 Chapter 1 Gradient methods for differentiable optimization

constrained optimization, including a similar analysis to the one of Section 1.1.

1.1 Unconstrained case: gradient methods

In this section the unconstrained version of problem (1.1) is considered, where f is assumed to
be continuously differentiable on R™ and 2 = R™. We recall the following definitions and basic
results.

Definition 1.1. A point z* is an unconstrained global minimum of f if
fl@*) < f(x), VazeR"™
A point x* is an unconstrained local minimum of f if there exists ¢ > 0 such that
fl@*) < f(x), Va: |lz—z"<e
Theorem 1.1. [22, Proposition 1.1.1] Let x* be an unconstrained local minimum of f. Then
Vf(z*)=0. (1.2)

If, in addition, f is twice continuously differentiable over an open set U containing x*, then
also the following holds
V2f(x*) is positive semidefinite. (1.3)

Equations (1.2) and (1.3) are the first and second order necessary optimality conditions,
respectively, for a point z* to be a (local) minimum of f.

Theorem 1.2. [22, Proposition 1.1.2] Let f : Q@ — R be a convex function over the convez set
Q.

(i) A local minimum of f over Q is also a global minimum over Q. If, in addition, f is
strictly convex, then f admits at most one global minimum.

(ii) If f is differentiable and Q) is an open set, then V f(x*) = 0 is a necessary and sufficient
condition for a vector x* € Q to be a global minimum of f over (.

Definition 1.2. A point x* € R™ is stationary for f if Vf(z*) = 0.
Definition 1.3. A vector d € R" is a descent direction for f at the point x € R™ if
Vi(z)'d <o.

A gradient method is an iterative algorithm which, starting from an initial guess z(*) € R",
generates a sequence of the form

2EH) — 2B L d® gk —01,2, ... (1.4)
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where d¥) is a descent direction at 2*) and oy, is a positive parameter denominated steplength.
The majority of gradient methods are also descent algorithms. Indeed if one considers the half
line of points

2o =™ + ozd(k), Va>0,

from the first order Taylor series expansion around z*) we have
f@a) = f@®)) +aV f@®)Td® + o(a).

For « sufficiently small, the negative term aV f(z*))Td*) dominates on o(c) and thus f(z4) is
smaller than f (x(k)). Many gradient methods are then equipped with steplength rules aimed at
imposing a decrease in the objective function. However there are some exceptions; see Section
1.1.2 for an insightful discussion.

In the following we will discuss some of the most commonly known choices for the descent
direction d®) and the steplength ay,.

1.1.1 Choice of the descent direction

The descent direction in (1.4) is usually of the form
d® = —D AV (k) (1.5)

where Dy, is a positive definite symmetric matrix called scaling matriz. Indeed any d*) defined
as in (1.5) is a descent direction, since

V@™ Td® = V@I (-D 'V f(a®)) = =V (™) DV f(2™) <0

where the inequality follows from the positive definiteness of the matrix Dk_l. We now give
some classical examples of choices of the matrix Dj,.

Identity matrix
Dy=1, k=0,1,2,... (1.6)

In this case d¥) = —V f (:L'(k)). The resulting method is the popular steepest descent. The name

B Vf(m(k)) .
V@)

the one that, among all normalized directions d € R”, minimizes the slope Vf(z¥))Td of the

is derived from the fact that the (normalized) negative gradient direction pk) =

function f (:E(k) + ad) at a = 0. In fact, by the Cauchy-Schwartz inequality, we have
Vi) Td >~V ")) - d ==V, vdeR", |d|=1

and the inequality above is attained with d = p*).
As we will see in Section 1.1.2, the steepest descent often leads to slow convergence when the
problem is ill-conditioned. In particular, when the level sets of the objective f are “elongated”,
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the method typically zig-zags without making fast progress towards the solution.

Hessian matrix
The Newton’s method corresponds to the following choice

Dy, =V2f(®), k=0,1,2,... (1.7)

provided that V2 f (:E(k)) is positive definite. When oy, = 1, the iterate z(¥*1) given by Newton’s
method is exactly the minimum point of the quadratic approximation of f around the current
point z(*), that is

(D (2) = F0) + T FEO) (@ - ) + 2 (2 — )TV E0) (@ - 1),

Indeed the general Newton iteration is easily obtained by setting Vq(k)(az(k+l)) = 0. In contrast
with the steepest descent, Newton’s method converges Q-superlinearly and does not show a zig-
zagging behaviour. However, fast convergence comes with the price of evaluating the Hessian
of f at each iteration, which can be computationally expensive or sometimes even impracticable.

Diagonal matrix
A convenient alternative to the previous approaches is to adopt a diagonal scaling matrix

d? 0 o0 - 0
o d¥ o - 0
Dy = ) ) o ) , k=0,1,2,... (1.8)
0 0 0 - dP
where dl(-k) > 0,47 = 1,...,n, in order to ensure the positive definiteness of Dy, and dl(-k)

approximates the i-th second partial derivative of f

g0 P f@®)
‘ ox?

i=1,...,n. (1.9)

The resulting method is denominated diagonally scaled steepest descent and can be seen as a
diagonal approximation of the Newton’s method. It is evident that an appropriate choice of a
diagonal scaling matrix is closely connected to the structure of the objective function f.

1.1.2 Choice of the steplength

Classical rules
The most classical steplength selection rule was first considered in [40] and consists in mini-
mizing the objective function along the descent direction d®), that is

P = argmin f(z® + ad®). (1.10)
a>0
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Equation (1.10) is called the minimization rule and guarantees the monotonicity of the sequence
{f(@"N)}ren. When d*) = —Vf(z®)) and ay is chosen as in (1.10), we obtain the Cauchy
steepest descent method, which sometimes is simply denominated steepest descent.

A more easily implementable variant of rule (1.10) is the limited minimization rule, accord-
ing to which the steplength «; is chosen by minimizing f (:E(k) + ad(k)) on a closed and bounded
interval, i.e.

ayP = argmin f (2 4 ad™) (1.11)

a€l0,s]
where s > 0 is a fixed scalar. Both rules (1.10) and (1.11) are implemented with the aid
of one-dimensional linesearch algorithms (see e.g. [22, Appendix C]), which often require a
considerable computational effort. For that reason, it is usually preferred to successively reduce
the steplength until a certain sufficient decrease condition is satisfied. This is the case of the
well-known Armijo rule [22, 104], which is reported in Algorithm 1.

Algorithm 1 Armijo linesearch algorithm

Let {z(®)},cn be a sequence of points in R™. Choose some 4,3 € (0,1), a > 0.
1. Set ag = . Let d*) be a descent direction at z(*).

2. Ir
F@® + e d®) < f(2®) + By V f (@) d®) (1.12)

THEN go to step 3.

ELSE set aj = daj and go to step 2.

3. END

According to Algorithm 1, the steplength is set equal to «j = §"*«, where my, is the first
nonnegative integer such that (1.12) is satisfied.

The main convergence result for the three previously described rules is the stationarity of
the limit points of the sequence {z(*)},cy, provided that the directions d*) tend not to be
asymptotically orthogonal to the gradient V f(z(*)).

Theorem 1.3. [22, Proposition 1.2.1] Let {x®)},cn be a sequence generated by a gradient
method 1) = 2®) ;. d®) and suppose that {d*) ey is gradient related to {xF)} ey, i.e.
for any K C N such that {x(k)}ke K converges to a monstationary point, the corresponding
subsequence {d®)}.cx is bounded and satisfies

limsup Vf(z®)Ta®) <o. (1.13)
k—oo, ke K

If oy, is chosen according to one of the rules (1.10), (1.11) or (1.12), then every limit point of
{x®)},cn is stationary for f.
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Remark 1.1. Condition (1.13) is rather technical and difficult to verify in practice. However,
such a condition is satisfied when the eigenvalues of the matrices (Dj)~! are bounded above
and away from zero, namely if there are two positive scalars m and M such that

mllz]|* < |zl p- < M. (1.14)

If the scaling matrices are diagonal, the boundedness of the eigenvalues can be easily enforced
by setting (Dy);' = max{min{dgk), W}y %}, where p > 0 is a prefixed scalar.

Although Theorem 1.3 is quite general and applies to a certain number of gradient methods,
it does not reveal much about their speed of convergence. To this purpose, it may be convenient
to assume that the objective function is strictly convex quadratic, i.e. of the form

flx) = %JETAJJ e (1.15)

where A € R"*"™ is a symmetric positive definite matrix. In this case, since V f(z) = Az —b and
Theorem 1.2 holds, there exists a unique global minimum 2* = A~'b and any of the gradient
methods previously described converges to z*, as stated in the following result.

Theorem 1.4. Suppose that f : R™ — R is of the form (1.15) with A symmetric positive defi-
nite, denote with x* the unique minimum point of f and let {x(k)}keN be a sequence satisfying
the hypotheses of Theorem 1.3. Then %) converges to x*.

Proof. Since f is convex quadratic, it is coercive, namely lim|; o0 f (x) = +o0. This implies
that the set Qp = {z € R* : f(z) < f(z(9)} is bounded since, otherwise, there would be a
sequence {2}y such that |[2(F)| — 400 and f(2F)) < f(z(®) for all k, which is absurd
given the coercivity of f. By observing that the sequence {f (az(k))}keN is nonincreasing when
oy, is computed by means of one of the formulae (1.10)-(1.12), we obtain that {z(®}.en € Qo
and thus {z(*)} ey admits at least one limit point Z. Theorem 1.3 ensures that & is stationary
for f and, because of Theorem 1.2, that means Z is the unique limit point and z = z*. O

In the quadratic case, it is then reasonable to question whether a gradient method converges
fast or not to the solution. We now report an important result concerning the convergence rate
of the Cauchy steepest descent method.

Theorem 1.5. Suppose that f : R™ — R is of the form (1.15) with A symmetric positive
definite, and let {az(k)}keN be generated by the Cauchy steepest descent method. If A1 and A,
are the smallest and biggest eigenvalue of A, respectively, then the following inequality holds

F) — f@") < <%>2 (®) = ") (1.16)

or equivalently

[x®+D — %4 < </\7_|_>\1> [z®) — 2*|| 4. (1.17)
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The proof of Theorem 1.5 can be found in [22, Proposition 1.3.1] or in [96]. Inequalities
(1.16)-(1.17) show that the function values and the iterates converge Q-linearly to the opti-
mal value and the minimum point of f, respectively. On one hand, those inequalities imply
that, if all eigenvalues of the matrix A are equal, i.e. A is a multiple of the identity matrix,
then convergence is achieved in one iteration. On the other hand, as the condition number
k(A) = A\ /A1 of the Hessian matrix increases, the factor (A, — A1)/(\, + A1) gets close to 1,
thus suggesting that the algorithm may converge slowly. Furthermore, it can be shown that
inequalities (1.16)-(1.17) are sharp, in the sense that, given any quadratic objective function,
there is an initial guess z(°) such that those inequalities hold as an equation for all k [22, Figure
1.3.2]. In other words, there is no chance to obtain a better convergence rate result for the
Cauchy steepest descent. Finally, we remark that a similar result to Theorem 1.5 is obtained
also for the non-quadratic case, by assuming that the method converges to a minimum point
in which the Hessian is positive definite [104, Theorem 3.4].

Another meaningful result about the asymptotic behaviour of the steepest descent is the

following.

Theorem 1.6. [3, Theorem 4], [103, Proposition 3.1] Suppose that f : R™ — R is of the form
(1.15) with A symmetric positive definite, and let {az(k)}keN be generated by the Cauchy steepest
descent method. Let {d;}!"_, be a basis of eigenvectors of A, and assume that the corresponding
etgenvalues 0 < A < Ao < ... < A1 < Ay are such that A\ < A9 and A1 < A,,. For all k,
define ,uz(-k) €R,i=1,...,n as the components of g¥) = Vf(x(k)) w.r.t. the eigenvectors d;,
namely

g =35 uMa;. (1.18)
=1

and suppose that ,ugo) #£0 and ,u%o) % 0. Then

(i) the following limits hold

1 e
(N(Qk))2 JEweR ifi=1
lim == = 1 O ifi=2.. . n—1
k—o0 Zj:l(:uj )2 . i
e i=n
02 e
( (2k+1))2 I+c2> ifi=1
1 Z —_— . . o
kh_?;o S (2k+1))2 =140, ifi=2,...,n—1
1= = ifi=mn
14c27 =
1 k k . k k
where ¢ = limy; 400 Mg )/N§2 )= limg 400 u§2 +1)//’L£L2 +1);

(ii) the components #gzk)’ ,ugk), ,ug%ﬂ), uﬁ?’f“) have fized signs for large k.
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In other words, the even and odd normalized gradients converge to two distinct points

g(2k) (2k+1)

. - g A
1 ——— =d | - —— =d

k=rtoo [lg@o] krtoe @D

and the steepest descent eventually performs its search in the 2D space spanned by d; and d,,,

which explains the well-known zigzagging behaviour of the method.

Barzilai-Borwein rules

The steplength rules described so far rely on the monotonicity of the function values in order to
ensure global convergence of the algorithm. A totally different approach is adopted by the two
well-known Barzilai-Borwein (BB) rules [11]. In particular the BB steplengths arise from the
approximation of the Hessian V2f(2*¥)) with the diagonal matrix B(ay) = (agl,) ™", which is
forced to assume one of the following quasi-Newton properties:

aPPl = argmin || B(a)s* Y — 4= (1.19)
acR

aPP? = argmin ||s*Y — B(a) "1y, (1.20)
acR

where s#=1 = 2(*) — z(:-=1) and yE=1D) = V £(2®) — Vf(2#~1). The resulting values are

T (1_ T (k-
BBL _ S(k 1) S(k 1) . BB S(k 1) y(k 1)
U T T, (1) I PRy S TR (1.21)
STy Yy
We remark that the BB rules were first given in the context of quadratic objective functions.
In this case, by observing again that V f(z) = Az — b, it is true that

AsF=1) = k=) | 4gk=1) g (b=1))) — ) g(k=1) _ g=1y (k=1))| = 0, (1.22)

Since A is the Hessian of (1.15), relation (1.22) clarifies why formulae (1.19)-(1.20) are used to
obtain an approximation of the Hessian matrix.

Numerical experience shows that the BB rules and their modifications are able to greatly
speed up the slow convergence exhibited by the Cauchy steepest descent method, both in
the quadratic [11, 67] and non-quadratic case [120]. Indeed, Barzilai and Borwein [11] were
able to prove the R-superlinear convergence of the steepest descent method equipped with
one of the steplength rule in (1.21) for two-dimensional strictly convex quadratic functions.
Furthermore, Raydan [120] established global convergence of the BB methods for the strictly
convex quadratic case with any number of variables and, in the same setting, Dai and Liao
[56] showed the expected R-linear convergence result. However, these two last results hold
also for the Cauchy steepest descent and do not explain why the BB methods are much more
effective in practice. It would be nice to extend the R-superlinear convergence result proved in
two dimensions to the n—dimensional case, but that seems unlikely to occur in the presence of
round-off errors [62].
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An explanation of the good behaviour of the BB methods is given in [62, 64] for a quadratic
objective function; in this case, if a steepest descent method is considered, we can rewrite the
gradient ¢¥) = V f(2(¥)) as follows

g™ = Ax®) —p = Ag*=D _p— qy_ AgEY
= (I — a1 A)g* =Y. (1.23)

Applying iteratively (1.23) yields the following relation

k—1

g = | TI I~ a54) | 4©. (1.24)
j=0

Let {d;}I"_; be a basis of eigenvectors of A and 0 < A\; < Ay < ... < \,_1 <\, the correspond-
ing eigenvalues. Then the vector ¢(») may be represented in the form ¢(© = Sy ugo)di with

,ugo) €R,i=1,...,n, and equation (1.24) becomes

n k—1
g =3O T — a;4) | ds. (1.25)
i=1 j=0

Finally, by comparing (1.18) with (1.25), we deduce the following relation

k—1

p =TT = e | =m0 = apih) . (1.26)
=0

From the recurrence (1.26), two fundamental facts may be deduced:
e if at the (k — 1)-th iteration ,ul(-k_l) =0, then ,ul(-h) =0 for all h > k;

" =o.

i

e if at the (k — 1)-th iteration a1 = 1/);, then

This means that if the first n steps of the steepest descent method are defined by setting

then ¢ = 0 and the method converges in (at most) n steps. Therefore, it seems desirable
that the steplength «j approximates the reciprocal of some eigenvalue of the Hessian matrix
at each iteration. Since the eigenvalues of A are usually not available, one might approximate
them with the Rayleigh quotients of the matrix A, which are defined as

T Az

Rl = e

vz eR"\ {0} (1.27)
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Such an approximation is reasonable, since any eigenvalue of A is a Rayleigh quotient in which
x is the corresponding eigenvector and, in addition, the minimum and maximum value of R4 (x)
over x coincide with the minimum and maximum eigenvalue of A, respectively:

A1 = min Ry(x) = Ra(dy) (1.28)

An = max Ra(x) = Ra(dy) (1.29)

The next result shows that both BB steplengths can be seen as approximations of the
reciprocals of the eigenvalues of A of the form (1.27).

Proposition 1.1. Suppose that f : R® — R is defined as in (1.15) and let {x*)}pen be
generated by a gradient method of the form x 1) = pk) — aka(x(k)). Then the BB rules can
be rewritten as follows

k=T (k=1)
g g 1, (ke
BBl — — :RAl(g(k ) (1.30)
g( -1) Ag(k_l)
(k=T 4, (k=1)
BBz = 9 Ag = R (AzgD) (1.31)

g1 g24(k-1)

where gtb—1) = Vf(x(k_l)). Furthermore, if A1 and A\, are the smallest and biggest eigenvalue
of A, respectively, then the following property holds

1 1
< aPB? < oPBL < o (1.32)
Proof. Combining (1.22) with relation s*~1) = —a,g*=1 yields y*~1 = —a,Ag*~Y. By

replacing these two relations in aEB 1 we obtain

BB1 (_akg(k_l))T (_akg(k_l)) B g(k_l)Tg(k_l)

T g™ )T (—apdgtD) g7 Agl—D)

(1.33)

A similar reasoning can be done for oszz, thus proving (1.31). Direct use of the Cauchy-
Schwartz implies the following inequality

g#= DT 4g#=D < \fgon)T g1y /g T azgh-). (1.34)

Taking squares of both sides of (1.34) and dividing it by (g(k_l)TAg(k_l)) . (g(k_l)TAQQ(k_l))
yields the inequality aPP? < BBl in (1.32). Finally, the inequalities a?5? > 1/)\, and
aPBL < 1/); follow from the extremal properties of the Rayleigh quotient (1.28)-(1.29). O
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Remark 1.2. If f is non-quadratic and s~ nT y*»=1 > 0, the property aBB2 < aBBl still
holds. Furthermore, by the mean-value theorem of integral calculus it follows that

k=1 </ V2 (a1 4 g5l 1))dt> (k—1)

and hence both steplengths (1.21) define the inverse of a Rayleigh quotient relative to the
average Hessian matrix fol V2f(a:(k_1) + ts(k_l))dt.

It should be noted that also the Cauchy steplength (1.10) can be seen as the reciprocal of
a Rayleigh quotient. In fact, by computing the derivative of the quadratic function w.r.t. «

dif (@™ — ag®)y = —g®T ( Az — ag®)y - b) = —g®T ) 4 qg®T 40
e}

and setting it to 0, we obtain

ORI
aSD — g g _ p—1/ (k)
== _<2 =R . 1.35
of = S = Rl (139
Nevertheless, there is some evidence that the eigenvalues approximations provided by the se-
quence {1/aBB1}; cy are much better than the ones given by the Cauchy optimal choice [64, 72].
In fact, from the recurrence (1.26), we observe that

k—1)
1 ™) < )
apm L = n y<m<’“\, ifj<i (1.36)
(a
Ins |>|§.’“ 5> A > 2\

Thus, small steplengths «y, (close to 1/),,) tend to decrease a large number of eigencomponents,
with negligible reduction of those corresponding to small eigenvalues. These latter ones can be
significantly reduced by using large steplengths, which however may cause an increase in the
eigencomponents corresponding to the dominating eigenvalues and thus foster non-monotonic
behaviour, both for the gradient norm and the function value. For that reason, it is likely
that the Cauchy steplengths osz tend to be small in order to ensure the expected monotonic

behaviour, whereas the reciprocals of the BB steplengths 1/ ozBBl

spectrum of A, with the result of forcing each component ,ul(- )

are allowed to sweep the
to go to zero.

Another consideration that can be deduced from (1.36) is that some balance between large
and small steplengths is essential in order to devise effective gradient methods. This basic
idea has given rise to novel steplength selection rules, based on the alternation of the Cauchy
and/or BB steplengths. Several of these methods belong to the class of Gradient Methods with
Retards (GMR) [68] which, given positive integers m and ¢;, i = 1,...,m, set the steplength
as follows

gl APK)—

1
g, 9y
akGMR (k) (k) (1.37)

Ty AP M) gy k)
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where v(k) € {k,k —1,...,max{0,k — m}} and p(k) € {q1,92,...,qm}. Clearly, steplengths
(1.30)-(1.31)-(1.35) are all special cases of (1.37). Remarkable members of the GMR class are
the Alternate Step (AS) gradient method [122, 53], in which the Cauchy and BB1 steplengths
are used in turns, or the Alternate Minimization (AM) method [57], where the minimization of
the objective function along the line provided by (1.10) is alternated with the one-dimensional
minimization of the gradient norm. These approaches, which all rely on a prefixed alternation
of the selected rules, seem to be overcome by methods where the steplengths are adaptively
alternated on the basis of some switching criterion, such as the Adaptive Steepest Descent
(ASD) method, the Adaptive Barzilai Borwein (ABB) method [145] and its generalizations
ABBpin1 and ABByin2 [67]. In particular, the ABB,,;,1 method alternates the two BB rules
in the following way

; BB2 . o aBB2

ABBnin1 _ mln{aj - J :max{]‘?k_m}?“‘7k}7 lf asBl <T 1.38

% ) .BB1 - (1.38)
ap =, otherwise

where m is a nonnegative integer and 7 € (0,1). Notice that, when m = 0, the former ABB rule
is recovered. The ABB i, 1 strategy aims at generating a sequence of small steplengths with the
BB2 rule so that the subsequent value generated by the BB1 rule is a suitable approximation of
the reciprocal of some small eigenvalue. The switching criterion in (1.38) is based on the relation

ozgm/ozEBl = cos? 0;_1, where 6;_; is the angle between Ag 1) and ¢*—V, and allows to

select the steplength aEB 1 which is the inverse of the Rayleigh quotient of ¢*=1 only when
g1 itself is a sufficiently good approximation of an eigenvector. From the theoretical point of
view, since ABB, ABB1in1 and ABB,in2 belong to the GMR class, their R-linear convergence
can be proved exactly as in [53], whereas Q-linear convergence for the error norm of the ASD
method is established in [145]. From the practical side, these methods have been shown to
further accelerate the convergence of the standard BB method [67].

When the non-quadratic case is considered, the BB method needs be equipped with a
linesearch strategy that allows the objective function to increase at some iterations, in order to
comply with the non-monotonic behaviour of the sequence { f(z*))}en, while still guaranteeing
global convergence of the sequence. In [121] Raydan suggested to make use of the nonmonotone
linesearch technique devised by Grippo, Lampariello and Lucidi in [75], which is based on a
generalization of the Armijo rule (1.12). In particular, for given scalars 5,6 € (0,1), € > 1,
~ > 0, and by setting

BBl ¢ BBl .l
O {ak , it ot e[t
=

v, otherwise
as initial guess, then the steplength o is chosen as §"* algo), where my, is the first nonnegative
integer for which

Fla® + 5mka](€0)d(k)) < frnaz + ﬁémka,io)Vf(x(k))Td(k), (1.39)
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is satisfied, where f,0. = max f (x(k_j )) is the maximum value of the objective func-
0<j<min(k,M—1)

tion over the last M iterations, being M a prefixed positive integer. Notice that, if M is set
equal to 1, the standard Armijo rule (1.12) is recovered. The resulting scheme, which is de-
nominated Global Barzilai and Borwein (GBB) algorithm, is globally convergent, in the sense
that each limit point of its sequence is stationary for the objective function [121, Theorem 2.1].

Ritz values based rule
We conclude this section by presenting a limited-memory steplength selection rule recently
proposed by Fletcher [65] in the context of steepest descent methods. The new method was
first devised for the quadratic objective function (1.15) and makes use of the most recent m
back gradients

G= [g(k_m) .ok g(k_l)] (1.40)

to define the next m steplengths agi;_1, i = 1,...,m. If we apply iteratively (1.23) to the
vector ¢ for m — i times, we obtain

k—i—1
gk = (In — o A) | g™, i=1,...,m -1,
j=k—m

that is, the gradient vectors g(k_i), i =1,...,m, belong to the span of the so-called Krylov
sequence generated from g(k—™)

{g(k_m>’ Agtk=m) | g2g(k=m) A(m—ng(k—m)}, (1.41)

A remarkable property of this sequence is that it provides m distinct approximations of the
eigenvalues of A, denominated Ritz values, by means of a Lanczos iterative process [73] applied
to the matrix A. Such a method starts with ¢; = g*=™)/||¢g(*=™)|| and generates an orthonor-
mal basis {q1,q2, ..., qn} for the Krylov sequence (1.41). Since the columns of G belong to the
Krylov sequence, we can write G = Q R, where @ is the n x m orthogonal matrix with columns
q1,92, - --,qm and R is a m x m upper triangular matrix which is non singular, provided that
the columns of G are linearly independent. The Ritz values are then given by the eigenvalues
of the matrix

o = Q" AQ,

which is tridiagonal. If m = n, the Ritz values 6;, ¢ = 1,...,m, coincide with the eigenvalues
of A while, if m =1, then Q = ¢; = g%*=")/||g*=™)|| and there is a unique Ritz value, i.e. the

Rayleigh quotient of (k=1

on which the BB method is based. For a general m, the Ritz values
are contained in the spectrum of A, since each one of them can be seen as the Rayleigh quotient
0; = RA(Qy;) in which y; is an eigenvector associated to #; and, in addition, the smallest and
biggest Ritz values converge to the minimum and maximum eigenvalue of A, respectively, as

m — oo [80].
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The idea suggested by Fletcher is to divide the sequence of the steepest descent method into
groups of m iterations denominated sweeps, and select the next m steplengths for the current
sweep as the reciprocals of the m Ritz values available from the previous sweep, namely

ki) k+i—1) (k+i—1)

2 = 2! — Qgii 19 , i=1,....m (1.42)

where agi—1 = (0r+;—1)"". The resulting method is called Limited Memory Steepest Descent
(LMSD), which is proved to be convergent in the quadratic case [65] by following the same line
of proof exploited in [120] for the BB method.

We remark that the Ritz values can be computed without explicitly using the matrices A
and Q). This is important not only to reduce the computational time of the LMSD method, but
also to further extend the rule to the non-quadratic case, where the matrix A is not available.
Indeed, by rewriting equation (1.23) as follows

gD Z o) _ o 4g®)

then it can be rearranged in the matrix form

AG =[G ¢W|r (1.43)
where T' is a (m + 1) X m matrix containing the reciprocals of the corresponding last m
steplengths
- i
Qg m
-1
Qi
= -1
ak_% 1
T2 Qg
i O

Combining (1.43) with relation Q = GR™! yields
®=Q"AGR™' =[R Q%YMIrR™".

By introducing the vector = QT ¢(®), that is the vector which solves the linear system R7r =
GT¢®) | we obtain
®=[R r’R % (1.44)

Then one needs to determine the Cholesky factorization GTG = RTR and solve the upper
triangular linear system R7r = G ¢¥) before computing the tridiagonal matrix ® via equation
(1.44), in which @ does not appear.

For a general objective function, ® is upper Hessenberg and the Ritz-like values are obtained
by computing the eigenvalues of a symmetric and tridiagonal approximation ® of ® defined as

® = diag(®) + tril(®, —1) + tril(®, —1)7, (1.45)
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where diag(-) and tril(-, —1) denote the diagonal and the strictly lower triangular parts of a
matrix, respectively. Possible negative eigenvalues of the resulting matrix are discarded before
using this set of steplengths for the next iterations. Several numerical experiments [65], for both
quadratic and nonquadratic test problems, demonstrate that the LMSD method outperforms
the standard Barzilai Borwein scheme, as well as being competitive with other state-of-the-art
methods, such as the BFGS method or the nonlinear Conjugate Gradient (CG) methods.

1.2 Constrained case: gradient projection methods

We now turn to the original constrained minimization problem (1.1) and recall the following
basic definitions.

Definition 1.4. A vector x* € Q is a stationary point of f over Q if
Vi) (y—2*) >0, Vye. (1.46)
Definition 1.5. Let D be a symmetric positive definite n X n matriz. The projection operator

Pop:R" — Q is defined as

. . 1
Po p(z) = argmin ||y — z||p = argmin <gb(y) = _yT"Dy— yTDaj> . (1.47)
yEQ yGQ 2

From Definition 1.4 and the strict convexity of the function ¢ introduced in (1.47), we
deduce that an equivalent definition of Py p is the following

(Po.p(z) —2)" D (Pop(z) —y) <0, YyecQ. (1.48)

Lemma 1.1. Let x* € Q and, for any positive scalar o and symmetric positive definite matriz
D, define d* = Pq p(z* — aD7IV f(z*)) — ™.

(i) =* is a stationary point of f if and only if d* = 0;
(ii) if d* # 0, then d* is a descent direction for f at x*, that is V f(x*)Td* < 0.
Proof. (i) Assume that 2* = Py p(2* — aD~ !V f(2*)). From (1.48) we have
(¥ —2* 4+ oD 'Vf(*)'D(z* —2) <0, YVzeQ

which implies the stationarity condition (1.46).
Conversely, let z* € Q be a stationary point for f and, by contradiction, suppose that z =
Po.p(z* —aD7 'V f(z*)) with Z # z*. It follows again from (1.48) that

(Z —2* +aD 'V (") ' D@ —2*) <0

or equivalently
|z — z*|% + aV (") (z - 2*) <0.
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The previous inequality yields

=2

Vi) (z —2*) < <0

Q

which is contrast with the stationarity assumption on x*.
(ii) From inequality (1.48) with # = 2* — aD~ !V f(2*) and y = z*, it follows that

(d* + aD 'V f(x*)TDd* <0

which implies that
d* 2

1.2.1 Classical gradient projection approaches

A simple and well studied algorithm for the solution of the constrained optimization problem
(1.1) is the Gradient Projection (GP) method, whose general iteration is given by

2D — ) 4y k) =
=2+ o (Po(a® = gV f(@®)) M), (1.49)

where A\ € (0,1] is the linesearch parameter, aj is a positive steplength and Po = Pqo,
is the projection operator induced by the matrix I,, i.e. the standard Euclidean projection.
Note that, because of Lemma 1.1, d*) is a descent direction at point z*) whenever d(®) £ 0,

k) is a stationary point for f.

otherwise

Two fundamental approaches arise in the context of gradient projection methods. On one
hand, there is the class of the gradient projection methods with linesearch performed along the
arc [22, 21], in which Ay = 1 and the steplength «y, is determined by successive reductions until

an Armijo-like inequality is satisfied. In other words, if we define the projection arc as the set
{z®)(a): a >0}

where (¥)(a) = Po(z®) — aVf(z®))), and we fix scalars 5,6 € (0,1), @ > 0, then the next
iterate is chosen as z(k+1) = x(k)(ak) with o = 0™k @, where my, is the first nonnegative integer
for which

F@®@ma)) < f@®) + pV W) T (@® (gm0 a) — ™). (1.50)

One main disadvantage of this strategy is that a projection onto the feasible set 2 must be
performed for each trial point x(k)(dmkd), which could become computationally too expensive
if the linesearch requires many successive reductions. On the other hand, the along the feasible
direction approach determines the next iterate as z(*t1) = 2 1 X\, d%) | where ), is determined
by means of a backtracking loop where the Armijo rule (1.12) or its nonmonotone version (1.39)
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Algorithm 2 Scaled Gradient Projection (SGP) method

Choose the starting point 2?0 € Q, set the parameters 3,8 € (0,1), 0 < amin < Qmaz, p > 1
and fix a positive integer M = 1.
FOR kE=0,1,2,...

STEP 1. Choose oy, € [min, Qmagz), e < i and the scaling matrix Dy € M, .

STEP 2. Compute the projection y*) = Py p, (z¥) — oy, D'V f(2*)));
if y®) = 2(®) then 2 is a stationary point and SGP stops.

STEP 3. Define the descent direction d®) = y*) — z(*),
STEP 4. Set )\k =1 and fmax = maxogjgmm(k’M_l) f(x(k_j))

STEP 5. Backtracking loop:
IF f(x® + X\ed®) < frge + BNV f(20)TdR) THEN

go to STEP 6
ELSE

set \p = 6\ and go to STEP 5.
ENDIF

STEP 6. Set z(k+1) = (k) 4 \, d*),

END

is imposed. Unlike the along the arc methods, here the projection is computed only once at
each iteration.

The stationarity of the limit points of the sequences generated by both approaches is proved
in [22, Proposition 2.3.1, Proposition 2.3.3]. Furthermore, when the objective function is convex
and admits at least one minimum point, convergence of the whole sequence to a solution of
problem (1.1) is established for both classes of methods in [86]. However, the GP method is
known for being quite slow in practice, which is why several variants of such methods have
been proposed in the last years [24, 25, 54, 37] in order to accelerate its convergence. In the
following, we will deepen the analysis of one of these variants [37].

1.2.2 The Scaled Gradient Projection (SGP) method

The Scaled Gradient Projection (SGP) method [37] can be considered as an extension of the
GP method (1.49) and is based on the following iteration

2D = g0 4\ gk —
— a0 4y, (Pswk (@® — ap DV f () — x(k)) 7 (1.51)
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where
e «y is a positive steplength chosen in the bounded interval [ain, Amaz];

e [ is a symmetric positive definite matrix whose eigenvalues lie in the bounded interval
[ 1] with g > 15

e the linesearch parameter A\ € (0, 1] is determined along the feasible direction by imposing
the nonmonotone Armijo rule (1.39).

The SGP method is described in its entireness in Algorithm 2 and its main convergence result
is reported in Theorem 1.7.

Theorem 1.7. [37, Theorem 2.1] Assume that the level set Qy = {z € Q : f(z) < f(z©)}
is bounded. FEvery limit point of the sequence {x(k)}keN generated by the SGP algorithm is a
stationary point of (1.1).

Recently, convergence of the SGP sequence to a minimum point of f was proved in the
convex case [35] by extending the result in [86] under the assumption that the scaling matrices
D;. asymptotically reduce to the identity matrix. Such a requirement is expressed in terms of
the bounds of the eigenvalues {1 }ren, as better specified in the following result.

Theorem 1.8. [35, Theorem 3.1] Assume that the objective function in (1.1) is convezr and
that a minimum point x* over € exists. Let {x(k)}keN be the sequence generated by SGP where
Dy, € M, and py, is such that

(o)
HE=14Gn G0, Y G < oo
k=0

Then the following facts hold:
(i) the sequence {z*)}cn converges to a solution of (1.1);

(ii) if f has a Lipschitz continuous gradient on 2, then

Fa®0) - 1@ =0 (7).

The strength of SGP lies in its variable parameters oy and Dy, which can be appropriately
chosen, by means of adaptive strategies, in order to improve the algorithmic performances.
Indeed, numerical experience in several image reconstruction problems arising in microscopy
and astronomy [16, 31, 34, 94, 107, 112] has demonstrated the validity of SGP when both
parameters oy and Dy are selected in a variable and adaptive way at each iteration. In the
following, we will devise some convenient updating rules for the SGP framework.
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Scaling matrix choice

A clever way to determine the scaling matrix Dy, which has been extensively exploited in the
aforementioned works, is provided in [89, 90] when the solution of problem (1.1) is forced to be
nonnegative in each component, namely Q C {z € R" : 2 > 0}. Such a technique is based on
the following decomposition of the gradient

Vf(x)=V(z)-U(x), V(x)>0, Ux)>0. (1.52)

Note that this approach is widely applicable in the field of image reconstruction, in which a
natural decomposition of the gradient of the form (1.52) can be found for the majority of the
adopted models (see Chapter 4 for examples).

Let 2* € Q be a solution of problem (1.1), then z* must comply with the Karush-Kuhn-
Tucker (KKT) conditions

Vfix*)=A=0, >0, X>0, z;\=0, i=1,...,n (1.53)
where A € R" are the Lagrange multipliers. This implies that
e Vfx;)=0, 1=1,...,n. (1.54)

On the basis of the decomposition (1.52), the n nonlinear equations (1.54) can also be rewritten
as the vectorial fixed point equation

By applying the method of successive approximations, fixed an initial guess z© >0, we get
the following iterative algorithm

(k)
L)) _ e UE™)
V (x(k)
which, by recalling that U(z®*)) = V(z®)) — V f(z*)), is equivalent to

20

(k1) _ (k) _ %
t -t V(z®)

V(W) =2k — Dk—lvf(m(k))

where D,;l is a symmetric positive definite matrix of the form

-1 . iﬂgk) $£Lk)
D, " = diag E®) " Va@®) ) (1.55)

Therefore it is reasonable to address problem (1.1) by means of a scaled gradient method with
steplength equal to 1. In the light of this, the idea proposed in [37] and subsequent works is to
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adopt the matrix (1.55) into Algorithm 2, with the further request of forcing its eigenvalues to
belong to the bounded interval [1/p, u], in order to comply with STEP 2:

(k)
—1\ . _ . i 1 S
(D, )m—max{mm{vi(x(k)),ﬂ}au}, 1=1,...,n. (1.56)

Note that such a matrix is diagonal, which avoids to introduce significant computational costs
in the scheme and, in particular, in the computation of the projection Pqo p, (-).

Steplength choice

Once the scaling matrix is computed, the choice of the steplength «j has to be considered.
Due to the large success of the Barzilai-Borwein rules (1.21) in the context of unconstrained
optimization, it is rather natural to extend the various BB-like schemes described in Section 1.1
to the SGP method. A similar extension was first devised for (nonscaled) gradient projection
methods in [24], where the authors propose two GP schemes denominated Spectral Projected
Gradient (SPG) methods, one performing the linesearch on A along the arc and the other
along the feasible direction, which are both equipped with the choice a; = afBl for the
steplength. The theory is extended to scaled gradient projection methods in [25], however the
related numerical experience is just concerned with the nonscaled case. In [37] an adaptation
of the two BB rules that takes into account the presence of a scaling matrix is devised, by
imposing the secant equations (1.19)-(1.20) to the matrix B(ay) = (axD;')~!, thus obtaining
the following rules

S(k—l)TDlzly(k—l)

T
aBBlS B s(k—l) DkaS(k_l)
= E— .
y(k—l) Dk 1Dk 1y(k—1)

BB2S
« =
s(b=1T Dyy(k=1) :

(1.57)

At this point, inspired by the alternation strategy (1.38) implemented in the framework of
nonscaled gradient methods, the authors in [37] propose a steplength updating rule for SGP
which adaptively alternates the values provided in (1.57), as detailed in Algorithm 3.

Indeed Algorithm 3 is a modification of rule (1.38) in which the alternation of the two
steplengths is determined by means of variable threshold 74, instead of the constant parameter
7 in (1.38). This trick makes the choice of 7y less important for the SGP performance and,
in the authors’ experience, seems able to avoid the drawbacks due to the use of the same
steplength rule in too many consecutive iterations.

In the same spirit, the limited-memory steplength rule devised in [65] and based on the
Ritz-like values of the tridiagonal matrix (1.45) can also be exploited in the SGP framework
when  is the non-negativity constraint set, as suggested in [107]. In the extension of the
original scheme to the SGP method, the main change is the definition of a new matrix G
that generalizes the matrix G in (1.40) by taking into account two fundamental elements: the
presence of a scaling matrix and the projection onto the feasible set. As concerns the former
issue, we recall that applying a scaled gradient method z**1 = z(¥) —osz,;lVf(x(k)), with Dy,
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Algorithm 3 Steplength Selection (SS) rule
IF k=0

set ag € [@min, Omaz), 71 € (0,1) and a nonnegative integer My;
ELSE

Oé,(fl) = Omazx;
ELSE
a](gl) = min {amaﬂca max{amm, akBBls}};

ENDIF

a,(f) = Omazx;
ELSE
a](f) = min {amaﬂca max{amm, akBB2S}};

ENDIF

IF o\”) /o) < 7, THEN

o = min {a§2), j=max{l,k — M,},... ,k‘} i Tke1 = Tk - 0.9;

ELSE
ap = a,il); Tk41 = Tk - 1.1.
ENDIF
ENDIF

symmetric and positive definite, to the minimization of a function f is equivalent to performing

~1/2

the change of variables z = D, /"y and addressing the following scaled problem

min f(y) = f(D; ")

by means of a steepest descent method
y " =y — o V(™) (1.58)

with respect to the variable y [22]. The previous remark naturally leads to the idea of applying
the limited-memory scheme to the method (1.58) instead of the scaled version of it and, since
Vf(y(k)) = Dk_l/ ’y f(z(®), this suggests to store at each iteration the scaled gradient Dk_l/ 2 g
instead of ¢(*). Concerning the second issue, the non-negativity constraint is addressed by
looking at the complementarity condition (1.54) satisfied by the solution of problem (1.1), for
which the components of the gradient related to inactive constraints in the solution have to



32 Chapter 1 Gradient methods for differentiable optimization

vanish. A way to force the minimization over these components is to store the vectors g*)
whose j-th entry is given by

0 it 2% =0
(k) _ J ’ 1.59
g {(Vf@:“f)))j if 2" 159

The implementation of Fletcher’s rule for the constrained case is then based on the storage of
the following matrix G

G = [D g, DD

The next m Ritz-like values 6;, ¢ = 1,...,m, are then computed by following the same passages
included in equations (1.43)-(1.45) with G and g replaced by G and Dk_l/ 5. We remark
that, for small m, this generalized limited-memory approach is not much more expensive than
any of the BB-like schemes previously described. Indeed, if we assume that Dy is diagonal,
each sweep requires

e the computation of m scaled gradients Dj_l/ 2§(j ) and the m x m symmetric matrix éTé,
which can be performed with m + (m + 1)m/2 = (m + 3)m/2 vector-vector products;

e the Cholesky factorization of GT @G and the solution of the linear system RTr = éTDk_l/ 2§(k),
which are computationally inexpensive if m is a very small number (between 3 and 5).

By contrast, the computation of either the BB1S or BB2S steplengths (1.57) for m itera-
tions needs 3m vector-vector products. Therefore, if we assume for example m = 3, the
limited-memory approach has a computational cost of O(9n) products exactly as the two BB
steplengths.

1.2.3 Computation of the projection

Let us assume that the scaling matrix Dy in the SGP method (1.51) is diagonal, that is
Dk_1 = diag (d(k),dék), .. ,d%k) . When the feasible set is given by Q = {x € R": z > 0}, the
projection onto €2 induced by the norm of the matrix Dy, is trivial and does not require further
investigation. One case of particular interest in this thesis is the following

Q:{xGR": :EZO,ZZEZ':C} (1.60)
i=1

where ¢ is a positive constant. When SGP is applied to problem (1.1) subject to (1.60), the
projection Pq p, (z(*) —aleglv f(z®)) must be computed at each iteration which, by relation
(1.48), is equivalent to solve the constrained strictly convex quadratic problem

. 1 T T
~oyT DLy — 1.61
min oy Dey — 3" 2 (1.61)
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where z = Di(2®) — ap, D'V f ().
If now we indicate with 2* a solution of (1.1), then the KKT optimality conditions hold, namely
there exist Lagrange multipliers A* € R and p* € R™ for which

Dix* —z—XNe—p =0
>0
p >0

,UI*T‘T* =0
n
Z xz; —c=0.
i=1
From the first four KKT conditions, we easily obtain z* and p* as functions of \*:
2X(A*) = max {o,df.’“)(zi n )\*)} (V) =max {0, —(z + A}, i=1,...,n.

Therefore, in order to completely solve the KKT conditions, =} (A*) must satisfy the fifth KKT
condition, i.e. \* must be determined as the solution of

Zn:xf()\*) —c=0.
i=1

In other words, the computation of the Pqo p, (zF) — aka_IVf(:E(k))) reduces to the solution
of a root-finding problem for a piecewise linear monotonically non-decreasing function, which
can be addressed by several linear time algorithms available in the literature (see e.g. [55]).






Chapter 2

Proximal—-gradient methods for
nondifferentiable optimization

Several applications in signal and image processing are typically reformulated as an optimiza-
tion problem, in which the objective function is given by the sum of a fit-to-data term, describ-
ing the relation between the desired object and the measured data, and possible regularization
terms aimed at restricting the search of the object itself to those satisfying specific properties.
In other words, one is interested in addressing the following problem

min f(2) = fo(x) + f(2) (2.1)

r€eR™

where, typically, the involved functions satisfy the following properties:

e f1:R" — R is an extended value function which is proper, convex and lower semicon-

tinuous;
e fp:R"™ — R is a continuously differentiable function on an open set Qg 2 dom(f7).

Clearly, formulation (2.1) reduces to the differentiable constrained problem (1.1) of Chapter 1
when the term f; is chosen as the indicator function of a non empty, closed and convex subset
of R™, i.e.

0, ifz e

fl(x)Zm(w)={+oQ i

When the function f; is nondifferentiable, the optimization techniques analysed in Chapter
1 become inadequate for problem (2.1). Among the several numerical strategies designed to
address (2.1), prozimal-gradient methods [48, 51] have earned a great popularity in the last years
for their simplicity and low computational cost per iteration, which make them particularly
suited for large-scale optimization problems. Such algorithms deal with the functions fy and
f1 separately, by alternating a forward gradient step on the differentiable (possibly nonconvex)

35
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term fp with a backward proximal step onto the convex (possibly nondifferentiable) term f.
In particular, the backward step requires the evaluation of the proximal operator, which is
nothing else than the generalization of the notion of projection onto a convex set to a general
convex function. In this light, the proximal-gradient method can be interpreted as the natural
extension of the gradient projection method, tailored for problem (1.1), to the more general
problem (2.1).

The chapter starts with a self-contained summary of the main notions concerning subdiffer-
ential calculus and the proximity operator in Section 2.1, followed by an overview of proximal—
gradient methods and related convergence results for the convex case in Section 2.2. Finally,
convergence for inexact proximal-gradient methods under the hypothesis that the objective
function satisfies the Kurdyka-Lojasiewicz property is discussed in Section 2.3.

2.1 Mathematical background

This section introduces some useful definitions and properties of convex and variational analysis
that will be fundamental for the subsequent discussion. A more exhaustive overview of these
topics can be found in [130, 131, 143].

2.1.1 Subdifferential calculus
Definition 2.1. The domain of a function f :R™ — R is the set dom(f) given by
dom(f) :={x e R": f(z) < +oo}.

Definition 2.2. A function f : R® — R is said to be proper if there exists T € R™ such that
f(Z) < 400 and f(x) > —oo for all z € R™, namely if dom(f) # (0 and f is finite on dom(f).

Definition 2.3. The epigraph of a function f : R™ — R is the set epi(f) given by
epi(f) i= {(z,) € R x R: f(z) < t}.

Definition 2.4. [131, Definition 1.5] A function f : R™ — R is lower semicontinuous (Isc) at
x if

x) = liminf = su inf . 2.2
) = timint 1) =sop int 1)) (2:2)
Similarly, f is upper semicontinuous at x if
f(z) =limsup f(x) =inf [ sup f(y) |. (2.3)
y—w 6>0 \ yeB(x,5)

Remark 2.1. The function f is continuous at x if and only if f is both lower and upper
semicontinuous at x.
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Proposition 2.1. Consider a function f:R" — R. The following conditions are equivalent:
(i) f is lower semicontinuous on R™;
(ii) the epigraph epi(f) is a closed subset of R™ x R;

(iii) for every o € R, the level set [f < a] is a closed subset of R™.

Proof. Before proving the equivalence of items (i), (ii) and (iii), we recall that the lower limit
of a function can be characterized in the following way [131, Lemma 1.7]

lini)inff(y) =min{o e R: I {1}y € R” such that 2% — 2z, f(z®) = a}. (2.4)
y—x

(1)=(ii). Suppose (z*) a®)) € epi(f) and (¥, a®)) = (z,a) with a € R. We have
%) — 2 a® o o with o > f(z®)) and must prove that o > f(z), so that (z, ) € epi(f).
Let 8 € R be a limit point of the sequence {f(x*))}1en, then there is {k;};eny C N such that
f(z%) — B. Since a®) > f(x(®) for all k, it follows that a > § and, because of (2.4), it is also
f > liminf,_,, f(y). Then the lower semicontinuity of f allows to conclude that o > f(x).

(il)=-(iii). If epi(f) is a closed subset of R" x R, then for any « € R the set

epi(f) N (R" x {a}) = {(z,0) e R" xR f(z) o} =[f <o x{a}

is closed as well. Therefore, the level set [f < a] must be closed. If & = —o0, the corresponding
level set is [f < —o0] = [f = —o0] = Naer[f < a], namely an intersection of closed sets and
thus itself closed. Finally, if a = +00, the level set is the whole space R™.

(iii)=(i) In order to establish that f is Isc at any point = € R", it suffices to prove that
= liminf,,, f(y) > f(z), since the opposite inequality is always satisfied. Since the case

Qi

a = oo is trivial, suppose @ < oo. Relation (2.4) guarantees the existence of a sequence
{®} ey € R™ such that z¥) — z and f(z®)) — a. Hence, for any o > @ and for all
sufficiently large k, it will be true that f(z®*)) < a or, equivalently, that z*) € [f < a]. Since
+®) — z and [f < a] is closed by assumption, it follows that x € [f < a] for all a > &, that is
f(z) <« for all & > @. Then this implies f(z) < a. O

Proposition 2.2. Let f : R" — R be a proper function. The following facts are equivalent:
(i) fis convex, i.e.

F(A=XNz+Xy) < (1 =N f(x)+Af(y), Vzx,yeR" Ve (0,1).

(ii) (Jensen’s inequality) For any x1,...,x, € dom(f) and A\1,..., A\, € R such that \; > 0,
Sy Ai =1, we have

f <Z >\i$i> <Y ONif(w).
i=1 i=1
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(iii) The epigraph epi(f) is a conver subset of R™ x R.

Proof. See [131, Theorem 2.2, Proposition 2.4]. O
Definition 2.5. The conjugate function f*: R™ — R of a convex function f : R® — R is
defined as

F*(y) = sup y'z — f(a).
reR?

The biconjugate function f** :R™ — R of f is defined as f** := (f*)*, i.e.

F(y) = sup y'z — f*(2).
reR”

Example 2.1. The conjugate of the indicator function tq of a non empty set 2 C R" is

H(y) =supy’z, VyeR”
zef)

namely the support function of . In particular:

e if ) is the nonnegative orthant, then Lffg,;o = (R

e if ) is a linear subspace, then v, = 11 .

Example 2.2. Consider f(z) = A||z| where A € R>y. Then

f*(y) = sup y 'z — \|z||

reR”™

_ T

= sup | sup y' (tx) —tA|z||
teR>o \ [|=]|=1

= sup t(|ly[ =)
tGRzO

where the last equality is obtained by recalling that [y| = supg=1 yTz. Therefore

0,  ifyl <A
f*<y>={ WE<A_  on).

o, otherwise

Example 2.3. Let f(z) = %l‘TA:E + b7z, where A € R™™ is a symmetric positive definite
matrix and b € R™. Then the conjugate function of f is

1
F1) = sup o7~ f(0) = sup |5t o+ (y = 0o = plo)
zER" zeRn | 2

Since ¢ is concave and differentiable, its maximum is attained in the unique point z* € R"
such that Vo(a*) = 0, that is 2* = A71(y — b). Then

1

Fy) =) =5y —b)"A"(y—b). (2.5)
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Proposition 2.3. Suppose that f : R" — R is given by a separable sum of convexr functions,

1.€. ;
flx) =) filx),
i=1
where fi : R™ — R is convex for i =1,...,r and Y i_; n; =n. Then

o) =3 fw), Yyern
i=1

Proof. From the definition of conjugate function we have

[ (y) = sup (yTx - Zfi(iﬂi)) = sup (Z yi T — fi(iﬂi))
i=1

zER™ i1 xzeR?
r T
= Z ( sup yl @; — fi(ib"z')) = Zfi*(yi)'
i=1 z;ER™ i=1

O

Lemma 2.1. Let f : R” — R be a convex function and f* : R" — R its conjugate function.
Then the following inequalities hold true:

(i) (Fenchel’s inequality) f*(y) + f(z) > yTx, Vax,y € R".
(ii) f(x) > f**(x), VaxeR™

Proof. (i) It is an immediate consequence of the definition of conjugate function.
(ii) The Fenchel’s inequality and the definition of biconjugate function lead to the following
relations:

— f(z) > sup yTz — f*(y) Vz € R®
yeR™
e

flz) > f*(x) Vo € R™.

f@) = y"z - f*(y) Yo,y e R"

O

Theorem 2.1 (Biconjugate theorem). If f : R®™ — R is a lower semicontinuous and convex
function then f** = f.

Proof. In the light of item (ii) of Lemma 2.1, it suffices to prove that f(z) < f**(x) for all
x € R™. Let us suppose by contradiction that there exists z € R™ such that f(x) > f**(x) or,
equivalently, (z, f**(z)) ¢ epi(f). Since f is Isc and convex on R™ and in virtue of Proposition
2.1 and 2.2, epi(f) is closed and convex and consequently, by the hyperplane separation theorem
[131, Theorem 2.39], it is possible to find a strict separating hyperplane verifying the following
inequality:

(a,0) (z — z,5 — f**(x)) < c <0, V (z,s) € epi(f) (2.6)
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for some a € R™, b, c € R. We observe that b must be nonpositive, since (z,s + n) € epi(f) for
every n € N and b > 0 gives a contradiction as n — 400. Thus we have two possible cases:

(i) if b < 0, we define y = —a/b and, if we divide by —b and maximize the left hand-side of
(2.6) over (z,s) € epi(f), we obtain:

* *% —C
) -y e+ f ($)§T<0-
This is in contrast with the Fenchel’s inequality;

(ii) if b = 0, we let y € dom f* and add a sufficient small multiple of (y,—1) to (a,b) thus
obtaining

(a+eg, =) (z— a5 — [*(@) Scre(f @) —§Tz+ (@) <0,  V(zs)€epi(f).
By applying the same argument used for b < 0, the contradiction is reached.
O
Definition 2.6. [131, Definition 8.3] Let f : R® — R and x € dom(f). The Fréchet subdif-

ferential of f at x is the set

df(x) = {v € R": liminf #(f(y) — flx) = (y —x)Tv) > 0}.

y—zy#e ||z —y

The limiting-subdifferential (or simply subdifferential) of f at x is defined as

Of(x)= {veR": 3 {y®}en CR?, v¥ € df(y™) Vk € N such that
y® =z f(y®)) = f(z) and v — o).

Finally, we define dom(9f) = {x € dom(f) : df (x) # 0}.

Remark 2.2. The above definition implies that df(z) C df(z) for all 2 € R™, where the first
set is convex and closed while the second one is closed [131, Theorem 8.6].

Lemma 2.2. Let f: R™ — R be as in problem (2.1), where fy is a continuously differentiable
function on an open set Qo O dom(f1). Then:

(i) Ofo(x) = dfo(z) = {Vfo(x)}, YV zeQ;
(ii) Of(z) = {Vfo(x)} + 0f1(x), V x €& dom(fi).
Proof. See [131, Exercise 8.8]. O

Lemma 2.3. Let f : R™ — R be a proper, convex function. Then for any x € dom(f)

Of (x) =0f(z) ={v eR": f(y) > f(z)+ (y —2)"v VyeR"} (2.7)
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v=1/2
To x

=
=]
8

Figure 2.1: Subgradients of the function f(z) = |z| at g = 0. Left: the value v = 1/2

identifies a supporting line at (0,0) and thus v € 9f(0). Right: graphical representation of the
set df(0) = [-1,1].

Proof. See [131, Proposition 8.12]. O

Remark 2.3. Lemma 2.3 asserts that, when the function is convex, both the Fréchet and
limiting-subdifferential of Definition 2.6 coincides with the usual subdifferential of convex anal-
ysis [130, p. 214], also known as Fenchel subdifferential. In this special case, the set Jf(z) has
a simple geometric interpretation, which is the following: v € df(z) if and only if the graph
of the affine function h(y) = f(z) + (y — )T v is a non-vertical supporting hyperplane to the
convex set epi(f) at the point (z, f(x)), as depicted in Figure 2.1.

Example 2.4. Let f(z) = |z|. By using item (i) of Lemma 2.2 and Lemma 2.3, it is easy to

see that
-1,1,  ifz=0
0f (x) = _
{z/l=}, ifz#0.
Note that the subgradient of f is an interval at the origin (see Figure 2.1).

Example 2.5. Consider the indicator function g of a non empty, convex set 2 C R". By
directly using equation (2.7), we have

dua(z) = {v e R": vT(y —2) <0} = No(z),
where Nq(z) denotes the normal cone to the convex set Q at the point z € Q [130, p. 15].

We now define the so-called e—subdifferential, which represents an approximation of the
subdifferential (2.7) for convex functions.

Definition 2.7. [143, p. 82] Let f : R™ — R be a proper, convex function and € € R>q. The
e-subdifferential of f at x € dom(f) is the set

Oef(x)={veR": f(y)> f(z)+ (y—x)Tv—e Yy e R"}. (2.8)
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f@)y F(@)q

VAR 1 To I

Figure 2.2: Exact and approximate subdifferential of the function f(x) = 22/2 at the point x(.
Left: the set df(zo) = {z¢} contains a unique point. Right: the set 9. f(xg) = [zo — V/2€, 2 +
V/2¢ is an interval.

Remark 2.4. (i) If ¢ dom(f), then O f(x) := 0 for any € € R>.
(i) If € = 0, then O f(x) = Of (z) (see Lemma 2.3).
(iii) If 0 < €1 < €3, then O, f(z) C O, f(z), V z € dom(f).

The previous remark leads us to ask whether, for a given point € dom(f), the e—subdifferential
Oc.f(x) is a greater set than the exact subdifferential 0f(z). Indeed this is often the case, as
suggested by the following elementary examples.

Example 2.6. Let f(r) = 22/2. Since f is continuously differentiable on R, by item (i) of
Lemma 2.2 we have 0f(z) = {V f(x)} = {z}. However, it is easy to show that

Of (@) = [& = V26,0 + V3| = 0f(2) + [V26,V2e] .
A graphical representation of both sets is provided in Figure 2.2.

Example 2.7. Let f(z) = |z|. Then

[—1,—1—¢/z], if z < —¢/2,
Ocf(x) = < [-1,1], if —e/2<x<¢/2,
1—¢€/z,1], if z > ¢/2.

In this case, d.f(x) = 0f(x) <= x = 0.

Proposition 2.4. Let f : R® — R be a proper, convez, lsc function and e € R>o. Then we
have:

v € D f(x) <= z € 0. f*(v). (2.9)
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Proof. We observe that

veEdf(z) = (y—2)Tv < fly) - f(z)+e Yy cR"
—ylv—fly) <zlv— flz)+e VyeR"
— ) <zTv— f(z)+e
— f(z)+ f*(v) <zTv+e (2.10)
Since f is Isc, Theorem 2.1 holds and thus it is true that

7 (@) + [ () = fl) + £ (v).
The thesis follows by combining the relation above with (2.10). O

Example 2.8. Let f(z) = 27 Az+bTz as in Example 2.3. Equivalence (2.10) can be rewritten
as L
v € O f(x) = 5(?) —b)TA (v —b) + f(z) <vlz+e

By setting v = Az + b + e, with e € R™, in the above equation and applying some algebra, we
obtain

aef(x):{Vf(:E)}+{e€R": %ge}:{/lx+b+e: ||6H2‘241 ge}. (2.11)

Proposition 2.5. Let f : R® — R be a proper, convex function. Then
I is lower semicontinuous at x € dom(f) <= 0. f(x) #0, V e € Ryy.
Proof. See [143, Theorem 2.4.4]. O

Proposition 2.6. [143, Theorem 2.4.2(iz)] Let f : R™ — R be a proper, convex, lsc function,
{er}ken € R>p, € € R>p, and {(z®, "N} en € R™ x R™ such that

(¥, v*)) € graph O, f ={(z,2") e R" xR" : 2" € O, f(x)}.
If (), 0®)) = (z,v) and €, — € as k — 400, then (z,v) € graph O, f .
Proof. Since v¥) ¢ E?Ekf(x(k)), by Definition 2.7 we have
F@) = f@®) + @y =)o —q, VyeR™
The thesis follows by taking the lower limit over k and from the lower semicontinuity of f. O

Proposition 2.7. Let f,g : R® — R, h : R™ — R be proper, convez, lower semicontinuous
functions and € € R>o. Then, we have the following properties:

(i) if g(x) = f(x) + ¢ with ¢ € R, then Oc.g(x) = O.f (), V x € dom(f);
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(i) if g(x) = f(x) + Tz with ¢ € R, then d.g(x) = d.f(x) + {c}, ¥ = € dom(f);

(iti) if g(x) = af (x) with & € Reg, then deg(x) = ady o f(2), ¥ x € dom(f);

(iv) if g(x) = f(ox) with a € R\ {0}, then d.g(z) = ad.f(az), ¥V z € dom(f);
(v) if h(z) = f(Az) with A € R™™ and Im(A) N int(dom(f)) # 0, then

Och(z) = ATO f(Az), YV xcR™: Az € dom(f);

(vi) if ri(dom(f)) Nri(dom(g)) # 0, then
d(f+9) @)= |J 0af(@)+0e9(x), Ve dom(f)ndom(g);

0<e1+€e2<e

(vii) if ri(dom(f)) Nri(dom(g)) # 0, where ri(-) indicates the relative interior of a set, and
ay, o >0, then

Iar f + agg)(z) = andf(z) + agdg(z), V z € dom(f) N dom(g).

(viii) If f(x) = >_i_; fi(x;), with f; : R — R proper, convez fori=1,...,r and Y i_;n; =n,
then

of(x) =[] 0fiw:) = (0fr(x1),...,0fr(2r)), ¥z € dom(f).
i=1

Proof. Ttems (i)-(iv) follow by directly applying Definition 2.7 of e—subdifferential. The proof
of item (v) can be found in [84, Theorem 3.2.1] and the one of item (vi) in [84, Theorem 3.1.1].
Item (vii) is obtained by combining items (vi) and (iii). Finally, item (viii) is proved in [143,
Corollary 2.4.5] O

2.1.2 Optimality conditions

In the nondifferentiable case, it is possible to formulate the necessary optimality condition for
a point to be a minimum of a function f in terms of its subdifferential. The following result is
the analogous of Theorem 1.1 and 1.2 given in the differentiable case.

Proposition 2.8. Let f : R" — R be a proper function.
(i) If x € R™ is a local minimizer of f, then 0 € Of(x).
(ii) If f is also convex, x € R™ is a global minimizer if and only if 0 € Of(x).

Proof. (i) If = is a local minimizer, then there exists p > 0 such that f(y) > f(x) for all
y € B(z, p), which implies that 0 € df(z). Remark 2.2 allows to conclude the proof.

(ii) The implication from left to right follows from item (i), while the converse is obtained by
substituting v = 0 in Lemma 2.3. O
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Definition 2.8. A point x € R" is stationary for a function f : R®™ — R if x € dom(f) and
0€df(x).

Definition 2.8 may be equivalently reformulated in terms of the directional derivative of f.

Definition 2.9. [130, p.213] Let f : R™ — R. The one sided directional derivative of f at =
with respect to a vector d € R™ is defined as

g d) = Ti L& AD) — f()

(2.12)

if the limit on the right-hand side exists in R.
Remark 2.5. (i) When f is continuously differentiable in a neighbourhood of z, f'(z;d) =
Vf(x)ld.
(ii) When f is convex and x € dom(f), the limit at the right-hand side of (2.12) exists for
any d € R" and f/(z;d) = infy~o(f(z + Ad) — f(x))/X [130, Theorem 23.1]. As a consequence,
fla;d) < flz+d) — f(a).
Proposition 2.9. Let f: R™ — R be as in problem (2.1), where fq is a continuously differen-
tiable function on an open set Qy O dom(f1) and f1 is convex. Then

x € dom(f) is a stationary point for f <= f'(x;d) >0,V d € R".
Proof. From Remark 2.5 and the linearity of limit, the function f admits directional derivative
on its domain and

f(@,d) = folx,d) + fi(z,d), ¥z edom(f), VdeR"

The following relations hold:

0€df(x) <= 0e€{Vfo(x)} +0fi(xr) (Lemma 2.2)
< —Vfo(z) € 0fi(z)
= fily) = fi(z) = Vfolx) (y —2), VyeR"
< fi(z + M) > fi(z) = \fi(x;d), VYdeR" VAe(0,1)

— f1($+)\6)l\) — fi(x)
< f'(x;d) >0,V deR"

+ fi(x;d) >0, VdeR", ¥Ae(0,1)

where the last equivalence is obtained by taking the infimum on the left-hand side of the
inequality. O

Definition 2.10. A vector d € R™ is a descent direction for f at x € dom(f) if f'(x;d) < 0.

In the light of Proposition 2.9, when f; = 1o with Q C R™ non empty, closed and convex
set, Definition 2.8 coincides with the stationarity condition (1.46) given in the differentiable
case and, in the same setting, we have f'(x;d) = V f(x)"d (see item (i) of Remark 2.5), hence
also the classical definition of descent direction is recovered.



46 Chapter 2 Proximal-gradient methods for nondifferentiable optimization

2.1.3 The proximal operator

The notion of proximal (or proximity) operator was first introduced by Moreau in [99]. Here
we give its most general definition with respect to a symmetric positive definite matrix.

Definition 2.11. /66, §2.3] The proximity operator associated to a function f : R" — R in
the metric induced by a symmetric positive definite matrix D is defined as

1
proxj[c)(x) = argznglgg1 f(z) + EHz —z|3, VzeR™ (2.13)

Remark 2.6. When D = [, we write proxf!‘ = prox;.

Note that, in general, prox? : R® = R" is a multi-valued map, and it might also happen
that prox? (x) = () at some point x. However, existence and uniqueness of the proximal point
may be guaranteed under convexity and lower semicontinuity assumptions.

Proposition 2.10. If f : R™ — R is proper, convex and lower semicontinuous, then prox?(:n)
exists and is unique for all x € R™ and

Y= prox?(m) <~ D(xz—y) € df(y). (2.14)

Proof. The function ¢(z) = f(2) + %||z — || is strictly convex and, thus, it admits at most
one minimum point. Furthermore, since ¢ is also strongly convex, it is coercive and therefore
the minimum point exists and is unique. By applying the first order optimality condition to
the convex function ¢ we have

Y= prox?(:n) < 0€ 0y(y) (item (ii) of Proposition 2.8)
<~ 0€9f(y)+ D(y — ) (item (vii) of Proposition 2.7)
<= D(z—vy) € df(y).

O

Remark 2.7. By setting w = D(z — y) in equation (2.14), it follows that w € df(y) if and
only if y= prox?(y + D~ lw).

Example 2.9. The proximal operator of the indicator function tq with Q@ C R™ non empty,

closed and convex set, coincides with the projection operator (1.47):

proxf;2 (2) = Po.p(x) = argmin ||z — z|)%,.

z€Q

Proximity operators are therefore a generalization of projection operators.

The proximal operator allows to give a further equivalent definition of stationary point for
problem (2.1), in analogy with what already seen for the differentiable case in Lemma 1.1.
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Proposition 2.11. Let f : R™ — R be as in problem (2.1), where fo is a continuously differen-
tiable function on an open set Qo 2 dom(f1) and fi is proper, convex and lower semicontinuous.
Fix o € Rug and D symmetric positive definite matriz. Then

x* is stationary for f <= x* = prong1 (z* — aD7 IV fo(z")).

Proof. By item (ii) of Lemma 2.2, we have 0f(z*) = {Vfo(a*)} + 0f1(2*). Therefore, the
following equivalences hold:

0€df(z*) < 0eca({Vi(z*)}+afi(z¥))
= —aVfo(z") € I(afi)(z").

The thesis now follows by recalling Remark 2.7. U

Definition 2.12. Let f : R® — R be a proper, convex function. The resolvent of the

subdifferential Of with respect to the symmetric positive definite matriz D is the mapping
(I, + D7of)~t : R* = R" defined as

(I, + Do) Yzx) = {yeR": z €, —I-D_18f)(y)}, vV zeR"

Proposition 2.12. Let f : R® — R be a proper, convex and lowersemicontinuous function
and D a symmetric positive definite matriz. Then

(I, + D7'of)\(z) = prox?(aj), Vo eR"
and thus (I, + D7*0f)~! is single-valued.
Proof. By Definition 2.12 of resolvent, we have

y € (In+ D'0f) 1 (z) <=z € (I, + D10f)(y) = y + D0 (y)
= (z—y) e D'Of(y)
< D(z—y) € 9f(y)
=y = prox?(:p)

where the last equivalence follows from (2.14). O

Lemma 2.4. Let f : R — R be a proper, convex and lower semicontinuous function and
D € M,,. Then the proximal operator prox? is Lipschitz continuous with constant 2, i.e.

I prox?(x) - prox?(i)H < p?l|lz -z, Vz,z € R™. (2.15)

Proof. Setting y = prox? (r)and g = prox? (Z), the following relations are obtained by applying
(2.14) to y and g, respectively:

S
_l_
~
|
s

S
S
8
|
s
<C
w
Mm
=
s
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Choosing z = ¢, Z = y and combining the two inequalities yields
(z— prolec)(:n) — T+ prox?(:i))T D (prox]lc)(:n) - proxD(i)) >0,
or equivalently
Hproxj[c)(x) - proxj[c)(i) Hi) <(z—z)7"D (prox][c)(x) - prox?(:i)) .
Since D € M, and by using the Cauchy-Schwarz inequality, we obtain
Hproxj[c)(x) - prox?(a?)”2 < p? Hproxj[c)(x) - prox?(j’:)H |l — Z||
and thus the thesis holds. O

Proposition 2.13. Suppose that f : R™ — R is given by a separable sum of convex functions,

i.e. .
fl@)=>" filx:),
i=1

where f; : R™ — R is proper, convex and lsc fori=1,...,r and Soi_yni=n. Then

n

prox;(z) = H proxy, (z;) = (proxy, (x1),...,prox; (z,)), VYV eR"

i=1

Proof. 1t follows from (2.14) combined with item (vii) of Proposition 2.7. O

Example 2.10 (¢;—norm). Consider f(z) = A||z|[; with A € Ro, where |[z[|; = >0, |z;] is
the ¢;—norm. Since f is a separable function in x = (z1,...,x,), the proximal operator of f
can be computed component-wise:

(proxs(z)); = proxy.(zi), i=1,...,n.

From the equivalence (2.14) we have

Yi = proxy (7)) <= z; —y; € O\ [)(vi)
< Yi =T —w;, w; € 8()\| : |)(y2)
and by computing the subdifferential d(\| - |) we obtain
T; — )\, if T; > A
(proxs(z)); = 0, if x; € [=A )
T; + A, if o < —A

= sign(x;) max{|z;| — A\, 0}, i=1,...,n.

This is the so-called soft-thresholding (or shrinkage) operator.
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Proposition 2.14 (Moreau decomposition). Given a proper, convez, lsc function f : R® — R,
its conjugate f* : R" — R, a € Ry and D a symmetric positive definite matriz, the following
1dentity holds:
D -1 D1 -1 _ n

prox,(z) + aD™" prox,_. (o™ Dz) =z, Yz € R".
Proof. The Moreau decomposition follows from the properties characterizing the subdifferential
and the conjugate of a function. Indeed, given x € R", let y = prong(x). In the light of
equation (2.14) and Proposition 2.4, we obtain

y=proxgs(z) <= a 'D(z —y) € df(y)
— yecdf(a'D(x—1y)).
By setting w = a~!D(z — y), the last differential inclusion becomes
z—aD 'w e af* (w)

or, equivalently

D! (oz_le —w) € Ia ) (w).
Applying again equation (2.14) yields

z—y=aD™! proxfjllf*(a_lD:E)
and this concludes the proof. O

Example 2.11 (fo—norm). Let f(z) = A||z|| with A € R-¢. By the Moreau decomposition we
have
proxs(z) =z — proxs(r), VxeR"
From Example 2.2, it is known that f* = (). Thus proxs.(z) = Pgx)(z) = Az/||z| and
in conclusion
1-— i) x, if [|z|| > A
proxf(x) = ( [l I

0, if |z]| < A.
Note that, when n = 1, the above formula reduces to the scalar soft-thresholding operation
seen in Example 2.10.

Example 2.12 (Composite functions). Let f(z) = g(Axz), where A € R"™ " is a semi-
orthogonal matriz, i.e.

ATA=vl,, v>0
and g : R™ — R is a proper, convex, Isc function. A simple application of equation (2.14)
shows that

prox?(a:) =y tAT prox,lj)g(Ax).

Hence, in this special case, when prong has a simple closed-form expression, so does prox? .
As an example, any function f(x) = ||Az| with A semi-orthogonal has an explicit formula for
its proximal operator. However, it is important to note that, for a general matrix A, there is
no explicit expression of prox? in terms of prong and A.
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2.2 Proximal-gradient methods

The structure of the objective function in (2.1) can be successfully exploited by the class of
proximal—gradient or forward-backward (FB) algorithms [14, 15, 51, 48], whose general iteration
is given by

) = k) oy, (prox (2% — .V fo(z ) — x(k)> , k=0,1,2,... (2.16)

ag fi

where a3, € Ry is a scalar steplength parameter and A\ € R>( is the so-called relaxation (or
line-search) parameter. At each iteration, the FB method alternates a forward gradient step on
the differentiable part fy, followed by a backward proximal step on the convex term fi. Special
instances of (2.16) are the following:

e the proximal point algorithm [129] for minimizing a nondifferentiable function f;, when
fo=0and A\ = 1:

2k = prox,, f, (zR))y;

e the steepest descent method, when f; =0 and A\, = 1;
e the gradient projection method (1.49), when f; = 1o (see Example 2.9).

Let us remark that any proximal-gradient method involves, at each iteration (2.16), the solution
of the convex subproblem related to the evaluation of the proximal operator at the gradient
point. Therefore, what happens with the FB method is that the original problem (2.1) is
replaced by a sequence of convex subproblems, whose solution needs be known in closed-form
or, at least, within a certain accuracy, in order for the method to be effective. In the subsequent
discussion and related convergence results, the proximal operator will be always assumed to be
known in its exact form.

Before starting with our overview of proximal-gradient methods, we state a fundamental
key property for the subsequent convergence analysis and that will be assumed hereafter:

Assumption 2.1. Vfj: R"™ — R" is L—Lipschitz continuous with L € R+, i.e.
IV fo(z) = Voy)l < Lllz —yll, Vz,yeR" (2.17)

As done in the framework of gradient projection methods, we now distinguish between two
possible approaches, in which the linesearch is performed along the arc and along the feasible
direction, respectively.

2.2.1 Along the arc approach

The along the arc approach is obtained by setting Ay =1 in (2.16):
g+ — prox,, 1, (x(k) — aka(a:(k))> . (2.18)

There are two straightforward interpretations of algorithm (2.18) that are now reported:
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e Fixed point algorithm: from Proposition 2.11, we know that a necessary condition for
z* € R™ to be a solution of (2.1) is
1" = prox,, (" — aV fo(z"))
= (I, + adf1) " (I, — aV fo)(z*) (Proposition 2.12).
Hence z* is a stationary point of (2.1) if and only z* is a fixed point for the forward—

backward operator (I,, + adf1) ' (I, — aV fg). Then (2.18) can be seen as the sequence
generated by the fixed point algorithm applied to (I,, + adf1) " (I, — aV fo).

e Quadratic approximation: the FB iteration (2.18) can also be interpreted as the
minimization of a reasonable local approximation of the objective function. Indeed, some
algebra shows that

gFH) = prox,, f, <x(k) - oszfo(az(k)))

.1
= argmin o— |lz — (2 — aV fo(z™)) > + f1()

Z‘ER” 2ak
. 1
= argmin fo(z")) + Vfo(z™)" (z = 2®) + |z — 2@+ fa(x)  (219)
rER™ 1823
=Gy, (CC)
= argmin hq, (). (2.20)
rER™

Thus, at each iteration, we see that the function fj is being replaced by the local quadratic
approximation ¢, , i.e. the linearized part of f regularized by a quadratic proximal term,
which measures the local error in the approximation.

Two important istances of the along the arc approach are illustrated by Beck and Teboulle in
[14, 15]. As explained by the authors in [15, Section 1.4.2-1.4.3], when the objective function
f is convex, the convergence analysis of the along the arc scheme (2.18) is strictly related to
the fundamental key property stated below:

F@®HDy < hy, (2*FD) vV EeN. (2.21)

In other words, the steplength «j must be chosen in such a way that the local approximation
hq, majorizes the approximated function f at the proximal point z* D A simple way to
have that is relating the steplength «y, to the Lipschitz constant L of V fy, as suggested by the
following Lemma.

Lemma 2.5 (Descent lemma). Let fy : R® — R be a continuously differentiable function
satisfying Assumption 2.1. Then

fol9) < fo@) + Vfol@) (s~ 2) + 2z~ yl>, ¥y R
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Proof. Let h: R — R be such that h(t) = fo(z 4+ t(y — z)), for all ¢ € R. The chain rule yields
dh(t
% =Vio(z+t(y — a:))T(y — x). Moreover, we have

1 1
folw) o) = 1) =n0) = [ T = [ -2V hofe+ oy - ) a

1 1
< [w-oTvn) dt+' [ =) (Vo + ety = 2)) - V() a
1 1
< / (v — o)V o) dt + / Iz =yl IV oz + ty — 7)) — Vfo(z)] dt
0 0
1
< (- o) Viola) + |z —yl /O Lt||z — y| dt

= (-2 Vhole) + ol ol
U

A direct consequence of Lemma 2.5 is that condition (2.21) is automatically guaranteed
whenever € (0,1/L]. Then one could decide upon one of the following two strategies:

e if the Lipschitz constant L is known, then

1
=7 VkeN. (2.22)
The corresponding method is reported in Algorithm 4 and is sometimes referred to as the
Iterative Soft Thresholding Algorithm (ISTA ), where the name is borrowed from a special
instance of Algorithm 4, which is recovered when f; = A|| - ||; and the proximal operator

consequently reduces to the soft-thresholding operator [41, 58].

e if the Lipschitz constant L is not known or cannot be easily computed, such a difficulty
may be overcome by performing a linesearch ensuring condition (2.21). In particular,
once fixed the values Lo € R~g, 7 > 1, the parameter «; is selected as:

1
= 2.23
af Lk’ ( )

where Lj, = n'* Lj,_; and iy, is the smallest nonnegative integer such that
L
fo(x(k+1)) < fO(x(k)) + (x(k-i-l) - Jj(k))TVf()(x(k)) + 7k|’$(k+l) - ‘T(k)H27 (2'24)

where z#*1) is computed by means of (2.18) combined with (2.23). It should be noted
that the above linesearch is well-defined since, thanks to Lemma 2.5, condition (2.24) is
always satisfied for Ly > L. The resulting method, denominated ISTA with backtracking,
is resumed in Algorithm 5.
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For the sake of simplicity, the following notation is used to indicate the proximal operator in
Algorithm 4 and 5:

pr(x) = proxi (96 - %Vfo($)> :

Algorithm 4 ISTA with constant steplengths

Choose the starting point z(0) ¢ dom(f1) and let L € R+ be the Lipschitz constant of V fj.
FOR k =0,1,2,...

2B = pp (),

END

Algorithm 5 ISTA with backtracking

Choose the starting point z(*) € dom(f;) and let L_; € Ryq, > 1.
FOR k =0,1,2,...

STEP 1. Compute the smallest nonnegative integer i;, such that L, = n'* L;_, satisfies
L
fopr, (z™)) < fo(z®) + (pr, (2¥)) — 2TV fo (2 ) + éfllmk (@®) —2®%.

STEP 2. Compute z*+1) = p; (2(*).

END

Remark 2.8. The sequence of function values {f(z*))}ren produced both by ISTA and ISTA
with backtracking is nonincreasing. In fact, by choosing Lj with the backtracking rule (2.24)
or Ly = L, we have:

fatT) < hy/, (") < hi/p, (z®)) = f(a®)

where the first inequality follows from STEP 1 of Algorithm 5 and the second one is a conse-
quence of the definition of proximal point (see the quadratic approximation interpretation).

Remark 2.9. Since (2.24) holds for Ly > L, then for the ISTA with backtracking it holds that
L < nL for every k > 1, so that overall

L_
where 8 = v = 1 for the constant steplength setting and g = T1,7 = n for the backtracking

case.
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Remark 2.10. The linesearch procedure (2.24) avoids the difficulty of knowing the Lipschitz
constant only partially. Indeed, even if not explicitly, the parameter L depends on the value of
the initial guess L_; by relation L; = (H?Z1 n%)L_1. Therefore, a wrong choice of the initial
guess L_1 might negatively affect the convergence rate of the whole algorithm. For instance, if
L_ is fixed very far from the unknown Lipschitz value, this could lead to either a very small
steplength (if L_; is too large) or a great number of successive linesearch reductions (if it is
too small).

More in general, a major critical issue of any backtracking procedure applied to the scheme
(2.18) is that a new evaluation of the proximal operator is required at any iteration of the
backtracking loop. For that reason, the along the arc approach becomes computationally too
expensive if the proximal point cannot be computed in a reasonable time.

The following Theorem states, under the assumption that fy is convex, the convergence of
the sequence {z(*) } ey generated by the two ISTA methods to a solution of problem (2.1), and
a sublinear rate of convergence for their function values.

Theorem 2.2. Let f : R* — R be as in problem (2.1), where fy is convex, continuously
differentiable and satisfies Assumption 2.1, and f1 is proper, convex and lower semicontinuous.
Suppose that (2.1) admits at least one solution. Let {x®)} oy be the sequence generated by
Algorithm 4 or 5. Then

(i) the sequence {z*)}cn converges to a solution of problem (2.1).

(ii) For every k > 1:
L]ja® — a|?
(k)y _ NP e | I
1) - pat) <

for any optimal solution x*.

Proof. See [15, Theorem 1.1-1.2]. O

We now report a convergence result for ISTA when f is nonconvex, which is of course
weaker than the one presented in Theorem 2.2 for the convex case.

Theorem 2.3. Let f : R® — R be as in problem (2.1), where fo is continuously differentiable
and satisfies Assumption 2.1, and f1 is proper, convex and lower semicontinuous. Let {x(k)}keN
be the sequence generated by Algorithm 4 or 5. Then

lim [z®) — 2+ = 0.
k—+o00

Proof. See [15, Theorem 1.3]. O

Remark 2.11. If we observe that ||z*) — z(*:+1)|| = ||z(k) — Proxy /p, (x®) — 1/LV fo(z®)))||
and that a point z* is stationary for f if and only z* = proxy (2" — 1/LV fo(z*)) for any
fixed L € Rsg (Proposition 2.11), then [|z*) — z(**+1D|| can be considered as a measure of the
proximity of the sequence to a stationary point which, by Theorem 2.3, is converging to zero.
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2.2.2 Along the feasible direction approach

We now explore the case in which a relaxation parameter Ay is introduced in the scheme (2.16).
In this case, the steplength «y is usually chosen either by an adaptive selection rule or a prefixed
formula, while the parameter A; is determined via a backtracking procedure of some sort.
The seminal work by Combettes [51] suggested a scheme in which the steplengths are
variable but strictly depending on the value of the Lipschitz constant in accordance with the

following condition:
2

0 < inf ap <supay < —, 2.25
whereas the relaxation parameter is bounded above by 1 and bounded away from zero
0 < inf Ay <supAp < 1. (2.26)
keN keN
A special instance of this scheme has been proposed by Combettes and Pesquet in [48] and is
reported in Algorithm 6.

Algorithm 6 Forward-backward method with relaxation parameters and variable steplengths
Choose the starting point z(©) € dom(f1), let L € R-q be the Lipschitz constant of V fy and
fix € € (0, min{1,1/L}).

FOR kE=0,1,2,...

STEP 1. Choose ay, € [¢, 2 — €].

STEP 2. Compute y*) = prox (ac(k) — akao(ac(k))).

agfi
STEP 3. Choose \; € [e, 1].
STEP 4. Compute z*+1) = (- 1\, (y(F) — z(#)),

END

Convergence may be proved in the convex case, as stated by the following result.

Theorem 2.4. [51, Theorem 3.4] Suppose that fo in problem (2.1) is convex, continuously
differentiable and satisfies Assumption 2.1, and f1 is proper, convex and lower semicontinuous.
Every sequence {:E(k)}keN generated by Algorithm 6 or, more generally, by any method of type
(2.16) satisfying conditions (2.25)-(2.26), converges to a solution of problem (2.1).

Algorithm 6 features variable steplengths, but its relaxation parameters {\;}ren are not
allowed to exceed 1. The variant proposed in [12] and resumed in Algorithm 7 allows for larger
relaxation parameters, at the price of keeping fixed the steplength parameter.

Theorem 2.5. [12] Suppose that fy in problem (2.1) is convex, continuously differentiable and
satisfies Assumption 2.1, and fi is proper, convexr and lower semicontinuous. Every sequence
{x®) oy generated by Algorithm 7 converges to a solution of problem (2.1).
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Algorithm 7 Forward-backward method with relaxation parameters and constant steplengths
Choose the starting point z(©) € dom(f1), let L € R-q be the Lipschitz constant of V fy and
fix e € (0,3/4).

FOR kE=0,1,2,...

STEP 1. Compute y*) = proxi (aj(k) - %Vfo(:n(k))).
STEP 2. Choose A € [¢, 3 — €].
STEP 3. Compute z*+1) = () 1\, (y(F) — z(#)),

END

Remark 2.12. The applicability of Algorithm 6 and 7 is limited to the cases in which the
Lipschitz constant is explicitly computable. However, there is a number of problems, arising
from signal and image processing, in which the knowledge of the Lipschitz constant is out of
reach. For instance, the Kullback-Leibler divergence with positive background (see Chapter
5), which arises in the context of image denoising with data corrupted by Poisson noise, has
a Lipschitz continuous gradient, but only an above estimation of the Lipschitz parameter is
available [82]. Furthermore, to the best of my knowledge, no practical selection rule or line—
search to determine the relaxation parameter according to STEP 3 of Algorithm 6 or STEP 2
of Algorithm 7 has been proposed in the literature yet.

2.2.3 Acceleration strategies

Though appealing for their simplicity, proximal-gradient methods often exhibit a slow speed
of convergence. This is a common problem shared by all first order methods, both in the dif-
ferentiable and nondifferentiable setting. In the literature, two significant strategies have been
devised to accelerate forward—backward schemes: adding an extrapolation step and adopting
a variable metric in the computation of the proximal operator.

Inertial/Extrapolation techniques

Extrapolation in gradient methods was first introduced by Polyak in [106], where he studied
the well-known Heavy-Ball method for minimizing strongly convex functions with Lipschitz
continuous gradient:

with @ € Ry, 8 € [0,1). This iterative scheme can be seen as an explicit finite differences
discretization of the so-called Heavy-ball with friction dynamical system

E(t) +yi(t) + Vf(x(t) =0
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which arises when Newton’s law is applied to a point subject to a constant friction v € Ryq
and a gravity potential f. The term (3 (x(k) — a:(k_l)) is usually referred to as the inertial force
or extrapolation step, and introduces information about the two previous iterates. Note that
setting 8 = 0 returns the usual gradient method. The surprising fact about the Heavy-Ball
method is that, with a negligible additional overhead due to the extrapolation step, it provides
an optimal O(1/k?) rate for strongly convex functions [106].

The extrapolation idea can be easily transposed in the context of forward—backward al-
gorithms. Ochs et al [105] recently proposed a generalization of the Heavy-Ball method to
problem (2.1), denominated inertial Prozimal algorithm for Nonconver Optimization (iPiano),
of the following type

$(k+1) = Proxy, f, (:E(k) - OékaO(:E(k)) + 5k(33(k) - $(k_1))) (2'27)

where the variable parameters oy and §; must be appropriately chosen in order to make the
algorithm convergent. To have an idea of what could be an appropriate choice for the iPiano
parameters, we report, in Algorithm 8, one of the several versions of iPiano delineated by the
authors, which keeps fixed § while determining ayj by means of a backtracking procedure.

Algorithm 8 Nonmonotone iPiano
Choose z(© € dom(f1), L_1 € Rug, n>1, 8€[0,1) and set 2~ = z(0),
FOR k =0,1,2,...

STEP 1. Set Ly = Lj_.

STEP 2. Backtracking loop:
Choose ay < 2(1 — 8)/L and compute

eI = prox,, (w(k) — gV fo(z™) + pa®) - x(k_l))) :

IF fo(zBLr)) < fo(z®)) 4 (x®-Le) — NI fo (2 *)) 4 %”x(k,Lk) — z(®||2 THEN

go to STEP 3
ELSE

set Ly = nLj and go to STEP 2.
ENDIF

STEP 3. Compute zkT1) = z(k.Lx)

END

The convergence of iPiano can be proved in the nonconvex case, under the assumption that
the function f satisfies the so-called Kurdyka—Lojasiewicz inequality (see Section 2.3 for an
overview of this property).
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Algorithm 9 FISTA with backtracking
Choose z(©) € dom(fy), L_1 € Rug, 7> 1, a > 2. Set y© =20 5 =1.
FOR k=0,1,2,...

STEP 1. Compute the smallest nonnegative integer i;, such that L, = n' L;_ satisfies
L
fopr, ™)) < fou™) + (2, (4®) =y ™)V ho™) + T lpr ) =y @,

STEP 2. Compute kD) — PL, (?J(k))-

k
STEP 3. Compute t;,1 = Za.

STEP 4. Compute y*+1) = z(k) 4 (t]; _ 1) (2®) — g(k=1)).
k+1

END

An ingenious variant of the Heavy-Ball method, that was initially treated by Nesterov in
[102] for gradient methods and subsequently extended to proximal-gradient methods, is the
following

20D Z 109 07 £y ),

Here we highlight two main changes with respect to the Heavy-Ball method: the extrapolation
factor fj is variable and computed according to a prefixed formula and, at each iteration, the
gradient is evaluated at the extrapolated point y*) instead of 2(*). The resulting algorithm is
still optimal, showing an O(1/k?) complexity result.

It is then natural to extend the aforementioned extrapolated scheme to proximal-gradient
methods:

204 = prox, ;. (@®) — aV fo(y®)).

ag fi

The combination of Nesterov acceleration technique with the proximal-gradient method ISTA
led to the rise of the popular Fast Iterative Soft Thresholding Algorithm (FISTA) [14, 42] for
solving problem (2.1) (see Algorithm 9). In FISTA, the parameter [y is chosen as

tp— 1
Br =

Tk+1

where t > 1, for all k£ € N. The original choice of Beck and Teboulle in [14], namely ¢34, =
(1 +4/1+ 4tz) /2, ensures an O(1/k?) convergence rate for FISTA, which improves the result
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contained in Theorem 2.2 for ISTA. However, such a choice for t; does not guarantee the
convergence of the iterates {x(k)}keN. For this reason, in Algorithm 9 the parameter ¢ is
computed following the rule suggested by Chambolle and Dossal in [42], which allows to prove
the weak convergence of the algorithm in general Hilbert spaces (which in R™ is equivalent
to the strong convergence of the sequence) while at the same time preserving the O(1/k?)
complexity result. The result is reported below in the finite dimensional case.

Theorem 2.6. Let f : R* — R be as in problem (2.1), where fy is convex, continuously
differentiable and satisfies Assumption 2.1, and f1 is proper, convex and lower semicontinuous.
Suppose that (2.1) admits at least one solution. Let {x®)}.cn be the sequence generated by
Algorithm 9. Then

(i) the sequence {z(*)}ren converges to an optimal solution of problem (2.1).

(ii) For every k > 1:
2yL||z® — z*||?
(k+1)2

fa®) = f(a*) <
for any optimal solution x*.
Proof. See [42, Theorem 3]. O

Variable metric techniques
If a variable metric in the computation of the proximity operator is introduced in (2.16), the
general iteration of the FB scheme becomes

2B = (k) 4y, (proxglffl (z®) — oszk_IVfo(x(k))) - x(k)> , k=0,1,2,... (2.28)

where Dj, is a symmetric positive definite matrix. We call this modified scheme the Variable
Metric Forward Backward algorithm. The role of the scaling matrix Dy is better appreciated
if, as already done in Section 2.2.1 for the case Dy = I,,, we interpret the variable metric
forward-backward step as the minimization of a local approximation of f at the iterate z(*):

y k) = proxg:f1 <a:(k) — akDgIVfo(x(k)))

1 2
= in— |y — (z®) — . DL (k)
azge;%l;n S Hy (x DV fo(x ))‘ o + fi(y)
. 1 o
= argmin V fo(z¥) 7 (y — 2®) + Son ly — ™3, + - ||Vf0(:n(’“))\|%,1 + f1(y)
yeR™ (0753 2 k

. 1
= argmin fo(z®) + V fo (™) T (y — 2®)) + gl = a3, + f1(y)
zeR™ Qe

::q((E,{E(k))

= argmin A (z, z#).
TER™
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Therefore, in order for VMFB to be an effective tool, the matrix Dy has to be chosen in such a
way that the quadratic model ¢(z, x(k)) represents a better approximation than the one defined
by the FB method in (2.19) without variable metric. For instance, this is the case when fy is
twice continuously differentiable and Dj, approximates the Hessian matrix V2 fo(a:(k)), so that
the quadratic term q(z, ) is close to the second order Taylor expansion of the function fo at
point z(¥). Then the issue of devising practical techniques to compute the matrix Dy, arises. In
this regard, a couple of choices proposed in the literature for the matrix D} are now reported:

e Convergent variable metric: in [50], weak convergence of the sequence generated by
the VMFB method in a general Hilbert space, under the hypothesis that the differentiable
term fo is convex, is provided when the sequence {Dj}ren satisfies the following two
conditions

(1+&)Dir1 = D, & €Rx0, > & < 400 (2.29)
=1

where “ =" denotes the Loewner partial ordering on the set of all symmetric matrices,
i.e.
Ax=B +<— :ETAJEZZETBQE, vV x e R"

According to Lemma 2.3 in [49], condition (2.29) implies that the sequence { Dy }ren is
converging to a certain symmetric positive definite matrix D, namely

Dyx — Dz, VzeR™

e Majorize-Minimize metric: another possible choice for the matrix Dy, is given by the
Majorize-Minimize (MM) strategy [47], according to which the matrix Dy is chosen in
such a way that the local quadratic model

1
g(w,2M) = fo(@®) + V fo(z®)T (@ — 2®) + gllz = 2 ™3,

is a majorant function for fy at (¥, i.e.

folz) < q(x,x(k)), Vo € R"™. (2.30)

2.3 Inexact proximal-gradient methods under the Kurdyka—
Lojasiewicz property
Recent works [9, 27, 28, 66] have shed light on an interesting analytical property shared by

a large variety of functions, namely the so-called Kurdyka-Lojasiewicz (KL) inequality. The
interest in this property is twofold: on one hand, it is possible to link the convergence of
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inexact descent methods (thus, in particular, of proximal-gradient algorithms) to this prop-
erty, provided that the aforementioned methods comply with some specific conditions [9, 66];
on the other hand, many problems frequently addressed in signal and image processing in-
volve functions satisfying the KL inequality [8, 27], which highlights the general validity of the
convergence result under this property.

2.3.1 Kurdyka—Lojasiewicz (KL) functions

The following definition of KL property is the one employed also in [8, 9, 105], but we remark
that other versions of this property have been considered in the literature [7, 29, 47].

Definition 2.13. Let f : R® — R be a proper, lower semicontinuous function. The function
f is said to have the Kurdyka—FLojasiewicz (KL) property at Z € dom(9f) if there exist v €
(0, 4+00], a neighborhood U of Z and a continuous concave function ¢ : [0,v) — [0,4+00) such
that:

e ¢(0) =0;
e ¢ is C! on (0,v);
e ¢'(s) >0 for all s € (0,v);
e the KL inequality
¢'(f(2) — f(2))dist(0,0f(2)) = 1
holds for all z € UN[f(Z) < f < f(Z) +v].

If f satisfies the KL property at each point of dom(0f), then f is called a Kurdyka—Lojasiewicz
(KL) function.

Remark 2.13. The KL property holds for any non stationary point z, i.e. such that 0 ¢ 9f(%).
Indeed, as explained in [8], in this case there exist €, € R~ and ¢ such that

dist(0,Vf(2)) > ¢>0

for all z € B(Z,e) N [—n < f < ], that is, f has the Kurdyka-Lojasiewicz property at zZ with
#(t) = ¢~ 't. Thus, the KL property becomes relevant and non trivial only when it is satisfied
at stationary points.

Remark 2.14. When f is differentiable, finite-valued and f(Z) = 0, then the KL property can
be rewritten as

IV(¢o f)2)] =1

for each convenient z € R™. In other words, the function f is “sharp” up to a reparametrization
of the values f via ¢. The function ¢ is called desingularizing, since it is used to turn a singular
region, namely a region in which the gradients are arbitrarily small, into a regular region, i.e.
a neighbourhood of Z where the gradients are bounded away from zero.
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Some examples of functions for which the KL property either holds everywhere or fails at
certain stationary points are now reported.

Example 2.13 (Real analytic functions). In [93], Lojasiewicz proved that any real analytic
function f : Q — R defined on a nonempty open subset 2 of R" satisfies Definition 2.13 at any
point Z € Q with ¢(t) = cs'=, where 6 € [1/2,1) and ¢ € R~¢. In this case, the KL inequality

reduces to o
ORI
V(=)
on a neighbourhood of Z.
Example 2.14 (C* counterexample). Consider the function f : R — R such that
x?sin(1), ifx#0
flx) = ! ,
0, if x =0.

This function is C*°(R), however it does not satisfy the KL inequality at the stationary point
x = 0. Indeed, there exists a sequence {z®)},cy C R such that () — 0 and f'(z*)) = 0 for
all k € N, hence there is no ¢ nor U such that the KL inequality holds.

More in general, the KL property fails whenever the considered stationary point is not
isolated. See [27, 29] for other examples of the same kind.

Example 2.15 (Locally strongly convex functions). Consider a function f : R™ — R which is
strongly convex with modulus . on K convex subset of R”, i.e.

f0) = f@) + o =)+ Slly—al’, ¥vedf@), Yayek.
Rearranging the definition, we have
F) = f@) 2 "y =) + Slle P
> _%HUH% Ve df(x)
where the last inequality follows by minimizing the middle term over y. Thus

u(f(@) = f(y)) < (dist(0,0f («)))?
and f satisfies the KL inequality at any point y € K with ¢(t) = % tand U=Kn{zeR":
f(x) > f(y)}.

Example 2.16 (Convex counterexample). There exists a C? convex function f : R? — R such
that min f = 0 which is not a KL function. More precisely, for each v > 0 and ¢ satisfying the
properties in Definition 2.13, it holds

nf{[[V(¢o f(2))|: z€[0<f <]} =0

Such counterexample can be found in [29]. Note that the considered convex function exhibits
a wildly oscillatory collection of level sets that are unlikely to appear in most convex functions.
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Let us report a few wide classes of functions that satisfy the KL property in each point of
their domain.

Sub-analytic and semi-algebraic functions

Definition 2.14. (i) A subset S C R™ is called sub-analytic if each point of S admits a
neighborhood V- and m > 1 such that ANV ={v e R": (x,y) € B, VyeR™}, where
B is bounded and

P q
B = U ﬂ {U eR™: gij(’U) =0, hij(’U) < 0}
i=1j=1
where the functions g;;, hij : R™ — R are real analytic for all1 <i<p, 1 <j <q.

(ii) A function f : R® — R is called sub-analytic if its graph is a sub-analytic subset of
R™ x R.

Bolte [27] was able to show that the KL property holds for any sub-analytic continuous
function defined on a closed domain, as reported in the following theorem.

Theorem 2.7. [27, Theorem 3.1] Let f : R® — R be a proper and lower semicontinuous
function. If dom(f1) is closed and f is sub-analytic and continuous on dom( f1), then it satisfies
the KL property at any point of dom(f) with ¢(t) = ct'=, where ¢ € Rwq and 6 € [0,1).

Examples of sub-analytic functions are real analytic functions, for which Theorem 2.7 re-
covers the same result obtained by Lojasiewicz in [93], and semi-algebraic functions, whose
definition is reported below.

Definition 2.15. (i) A subset S C R" is a real semi-algebraic set if
P q
S = U ﬂ {U € R": gij(v) =0, hij(’U) < 0}
i=1j=1
where the functions g;;, h;j : R" — R are real polynomials for all1 <i <p, 1 <j <gq.

(ii) A function f : R™ — R is called semi-algebraic if its graph graph(f) = {(v,t) € R**!:
h(v) =t} is a semi-algebraic subset of R"T1.

In other words, a function is semi-algebraic whenever its graph is given by finite unions and
intersections of polynomial equalities and inequalities.

Example 2.17. The following functions are all semi-algebraic [26]:

e real polynomial functions;
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e indicator functions of semi-algebraic sets (such as polyhedral sets);
e finite sums and products or compositions of semi-algebraic functions.

Example 2.18 (p—norms). Given p > 0, the p—norm is defined as

1
n P
|||, = <Z \xiyp> ., VazeR™
=1

= B where p; and py are positive integers, then || - ||, is semi-algebraic.

p2
Since the sum and composition of semi-algebraic functions is itself semi-algebraic, we just need

If p is rational, i.e. p

to prove the statement for the function g(s) = sP*/P2, for all s > 0. Its graph in R? can be

written as o
{(S,t) ERZ,: t= 35} ={(s,t) eR*: 2 — " =0} NRZ,,

This last set is semi-algebraic by Definition 2.15.
On the other hand, || - ||, fails to be semi-algebraic whenever p is irrational.

Example 2.19. The last example, combined with the fact that compositions, sums and prod-
ucts of semi-algebraic functions are still semi-algebraic, implies that the following regularized
least squares term

T
fl@) = [[Az =Bl + 2D [ Liz|h + () (2.31)
i=1
with A € R"™"™, b € R", A € Ryg, p € Q=g, L; € R™*™ and 2 C R" a semi-algebraic set,
is itself a semi-algebraic function. Hence, thanks to Theorem 2.7, the following optimization
problems arising in signal and image processing may be included in the KL framework:

e Tiknonov regularization: mIiRn | Az — b|> + M||Lz||?, with L € R™*",
zeR™
e /; regularization: m]iRn | Az — b]|% + ||z
reR?
e Wavelet-based regularization: m]iRn | Az—b||2+\||Wz||1, where W € R™*" is a wavelet
reR?
transform matrix.

e TV-based regularization: mIiRn Az —b|2+ A Y7, [[Viz||, where V; € R?*™ represents
zeR™

the discrete gradient of the two dimensional object x at pixel i.

e Constrained regularization: migHAa: — b||?, where © may be either the nonnegative
Te

orthant, a linear equality constraint or the intersection of the two previous constraints.

Sum of real analytic and semi-algebraic functions
According to [26], if a function f is given by f = fo + f1 where

e fy and f; are both sub-analytic,
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e fp maps bounded sets into bounded sets,

then f is sub-analytic and, by Theorem 2.7, this means that f satisfies the KL property at each
point of its domain. For instance, the above conditions are satisfied when fj is real analytic and
f1 is semi-algebraic. This latter case is of particular interest, since several nonconvex objective
functions arising in image processing are given by the sum of a real analytic function and a
semi-algebraic term. The reader may consult Chapter 4 and 5 for several examples of objective
functions included in this class.

2.3.2 An abstract convergence result for inexact descent methods

Let f : R®™ — R be a proper, lower semicontinuous function that satisfies the Kurdyka-
Lojasiewicz property at each point of its domain. In [9], the authors prove an abstract conver-
gence result for any sequence {z(¥)},cny € R” satisfying the following assumptions:

(C1) (Sufficient decrease condition) For some a € Rsq, for all k € N

Fal D) 4 allal ) — )2 < f(a®);

(C2) (Relative error condition) For some b € Rxg, for all k € N, there exists v(*t1) € 9 f (z*+1))

such that
[o® D) < pl|a D) — xR

(C3) (Continuity condition) There exists a subsequence {z*i};cy and # such that

2% = F and f(2M) — (7).

Condition (C1) models a sufficient descent property in the function values, while (C2)
originates from the fact that most algorithms in optimization, including gradient and proximal—
gradient methods, generate an infinite sequence of minimization subproblems which often need
to be solved inexactly; thus (C2) expresses an inexactness condition for such subproblems. Note
also that (C3) is trivial only when f is continuous on its domain.

Theorem 2.8. [8, Theorem 2.9] Let f : R" — R be a proper, lower semicontinuous function,
and consider a sequence {x\®)} e satisfying (C1)-(C3). If f has the KL property at the limit
point & specified in (C3), then the sequence {x®)}ren converges to & and % is stationary for f.
Furthermore, the sequence has finite length, i.e.

Z |z*+D) — 20| < 4o0.
k=0

Conditions (C1)-(C3) provide a general scheme for proving the convergence of inexact de-
scent methods in the nonconvex case. In particular, recent works [9, 47] have devised new
proximal-gradient algorithms which fit into this framework:
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e in [9], under the assumption that the gradient of the differentiable part fj is L—Lipschitz

continuous and without asking for the convexity of fi, the authors propose an inexact
version of the classical forward—backward algorithm, in which both the descent condition
and the optimality conditions for the proximal point are relaxed. This inexact version
must comply with the following requirements:

Fi@) + V@@ @) = o) 1 LoD —o®P < A®) (232
oD € g fy (2 *HD) (2.33)
[0+ 4 W fo (2] < bl|la®HD — )| (2.34)

where a,b € R with @ > L. Note that the classical forward—backward method described
in Algorithm 6, i.e.

L)

€ prox,, p, (2™ — aV fo(«))

ag f1
with 0 < agin < ok < Qmax < 1/L is recovered into the above general algorithm. In
fact, the definition of the proximal operator, together with the boundedness from above
of ay, implies

Fu@ D)+ W fo®)T (@) — 500) 4 2D — 02 < f1(o0)

2amax

which is condition (2.32), while the optimality condition
akv(kﬂ) + Oéka()(l‘(k)) + :E(k+1) — :E(k) =0
in combination with the boundedness from below of ay, leads to

[0+ + ¥ fola®)| £ ——[a+) - o)
min
namely conditions (2.33)-(2.34). Convergence of this inexact algorithm is proved in [9,
Theorem 5.1]. It is clear that (2.32)-(2.34) have the role of stopping criteria for an
ideal algorithm; however, no practical implementation of these criteria is provided by the
authors in [9];

inspired by the previous inexact algorithm, Chozenoux et al [47] study a variable metric
forward-backward algorithm with relaxation parameters, which exploits a similar inex-
actness condition to (2.33)-(2.34), but evaluated at the inexact proximal point *) instead

of the relaxed iterate x(*+1)

. Unlike the previous abstract scheme, the proximal step is
computed w.r.t to a variable metric Dy which satisfies the majorization condition (2.30),
while the steplength «y, is not related in any way with the Lipschitz constant of the prob-
lem, although the Lipschitz continuity of the gradient of the differentiable part is still
required for convergence. The corresponding approach, denominated VMFB, is detailed

in Algorithm 10. The convergence of the VMFB sequence to a stationary point is proved
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Algorithm 10 inexact Variable Metric Forward-Backward (VMFB) method

Choose the starting point 2(©) e dom(f1) and fix 7 € Ry, v,7 € Ryp.
FOR k£ =0,1,2,...

STEP 1. Choose Dj symmetric positive definite matrix such that,
given Q(z, 2) = fo(e®) + V fo(e®)7 (& — 20) + Lz — 2O, we have

ZIn < Dk < vIn
folx) < Q(w,w(k)), Vz € dom(fy).

STEP 2. Choose oy € Rsg and \; € [0,1] according to (2.37)-(2.39).
STEP 3. Compute §*) € R, v*) € 9f,(5*)) such that
AL + 9ol (G0 —29) 4 g0 — 2O, < fi(a®)
293
o™ + ¥ fo@®)] < 7l|g* — 2P p,.

STEP 4. Compute z*+1 = () 1\, (k) — £(#),
END

(2.35)

(2.36)

assuming that f is a KL function and that the parameters ay and A\; are linked by means
of the following relations [47, Theorem 4.1]:

n<agA, <2-7 (2.37)
Amin < Ap <1 (2.38)
FIA=2)a™ + NyW) < (1= @) f () + af(y™) (2.39)

for all & € N and for some 7,7 € R>q, Amin € Rso and a € (0,1]. Similarly to what
has been said for the previously described abstract algorithm, it is unclear whether and
how STEP 3. and, in particular, condition (2.36), is practically ensured by some internal
procedure in the numerical experience shown in [47].






Chapter 3

A novel proximal—-gradient
line—search based method

A certain number of issues concerning proximal-gradient methods emerges from the overview
of the previous chapter. First, proximal-gradient methods often exhibit a slow rate of conver-
gence to the solution of the optimization problem (2.1). This may be due to the fact that most
approaches relate the choice of the steplength and/or relaxation parameter to the Lipschitz
constant of the problem, which might be too costly to compute or lead to extremely small
steplengths. Therefore, acceleration strategies, such as the adoption of a variable metric or ex-
trapolation steps, seem unavoidable in order to turn these methods into effective tools. Second,
there is a lack of convergence results in the nonconvex case, i.e. when the differentiable part fy
in problem (2.1) is not convex. Indeed, whenever convexity is denied, the only results available
for proximal-gradient methods are either the stationarity of limit points or even weaker results
(see for instance Theorem 2.3). In this sense, some advances have been recently done in the
literature with the introduction of the Kurdyka-Lojasiewicz assumption on the objective func-
tion; however, even in this case, most of the resulting algorithms still relate their convergence
to the Lipschitz constant. Finally, classical proximal-gradient methods usually assume that a
closed-form expression for the proximal operator is available whereas, in many practical cases
(see Example 2.12), the proximal operator has to be computed inexactly by means of an inner
iterative loop.

On the basis of these premises, we present a novel proximal-gradient algorithm, denom-
inated VMILAn, which tackles all of the previously considered issues. First of all, VMILAn
allows the possibility to adopt a variable metric in the computation of the proximal step at
each iteration, that is, a scaling matrix Dy and a steplength «; which can be both computed
adaptively in an almost complete freedom, without necessarily relating them to the Lipschitz
constant of the gradient. Indeed, the only requirement is that both aj and Dj must be cho-
sen in bounded sets. Secondly, the proximal operator in VMILAn is computed via a specific
inexactness criterion, which can be practically implemented in some cases of interests for the

69
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applications. Such an inexact proximal point identifies a descent direction for the objective
function. Finally, a relaxation parameter )\ is determined along the descent direction by
means of an Armijo-like rule, on which the entire convergence analysis of VMILAn relies. We
would like to draw the attention on the fact that VMILAnR has its roots in the Scaled Gradient
Projection (SGP) method presented in Chapter 1 for differentiable optimization. Indeed, when
the convex term of problem (2.1) reduces to the indicator function of a convex set and the
projection operator is computed exactly, VMILAn reduces to a slightly modified version of
SGP.

The following statements will be proved for the VMILAnR sequences of iterates and function
values:

e every limit point of the sequence, if any exists, are stationary for the objective function
f; the proof of this fact is essentially based on the properties of the Armijo-like condition
adopted for computing the relaxation parameter;

e if f also satisfies the Kurdyka-Lojasiewicz property, then the sequence converges to a
stationary point, provided that a certain relative error condition on the subdifferential of
f is satisfied at the proximal point; this condition automatically holds when the proximal
point is computed exactly;

e under the same hypotheses of the previous point, it is possible to prove either finite,
exponential or polynomial convergence of both the iterates and function values, according
to the specific structure of the desingularizing function in the KL property.

The chapter is organized according to the following outline. In Section 3.1, a wide class
of variable metric inexact descent algorithms based on an Armijo-like rule is presented. This
framework also includes the proposed algorithm VMILAn, whose steps and convergence analysis
is presented in section 3.2. Numerical experience on a collection of nonconvex problems is then
reported in Section 3.3.

3.1 Variable metric line—search based methods

Throughout this section, the following optimization problem is addressed:

Problem 3.1. Solve
min f(z) = fo(z) + f1(x) (3.1)

reR™

where fp and f; satisfy the following assumptions:

(i) f1:R™ — R is proper, convex and lower semicontinuous.
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(ii) fo:R™ — R is continuously differentiable on an open set Qg O dom(f1).

(iii) f is bounded from below.

The proposed inexact proximal-gradient method is an instance of a more general framework
developed by Bonettini et al [32] to address the nonsmooth nonconvex problem 3.1, in which
the notion of proximity operator is replaced by a more general tool, in order to allow the use
of non Euclidean distance in the metric.

3.1.1 A generalized forward—backward operator

Definition 3.1. Let Q C R"™ be a convex set. A family of distance-like functions on Q is any
set of the form D(Q,S) = {dy}oes, where S C RY is a set of parameters, d, : R™ x R" —
R>o U {400} for all o € S and the following conditions are satisfied for all z,x € Q:

(D) do(z,x) is continuous in (o, z,x);
(D3) dy(z,x) is continuously differentiable w.r.t. z € €;
(D3) dy(z,x) is strongly convex w.r.t. z:
T m 2
do(22,2) > do(21,2) + Vide(21,2)" (22 — 21) + EHZQ — 21| Vz1,29 € Q,

where m > 0 does not depend on o or x (here V1 denotes the gradient with respect to the
first argument of a function);

(Dy) do(z,2) =0 if and only if z = x (which implies that Vid,(x,x) =0 for all z € Q).
Example 3.1. The above definition encompasses the following functions:

with o = (a, D), where o > 0 and D € R"*" is a symmetric positive definite matrix, is
an interesting example of a distance-like function in D(R™, S);

e the Bregman distance associated to a strongly convex function v : © — R, which is
defined as

do(,9) = (&) — () ~ VYW (2 1)), 7 >0, (33
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When V fj is Lipschitz continuous, a simple application of the descent lemma (Lemma 2.5)
shows that, when « is sufficiently small, the following upper bound exists for f:

£(2) < F@) + V@) (2 ) + 5z — ol + A1(2) ~ i)

(equality when z = z). In other words, a negative sign of

Vo) (= = @)+ gelle = 2l + fi(2) — i) (3.4

corresponds to a descent of the function f. Our aim now is to drop the Lipschitz assumptions
on fp and to generalize the expression (3.4) for an arbitrary distance function d, replacing the
squared Euclidean distance.

Definition 3.2. Given a set of parameters S C R? and Q = dom(f1), let D(R2,S) be a set of
distance-like functions and d, € D(2,S). The metric function h, : R" x R® — R associated to
dy is defined as

ho(z,2) = Vfo(x)T (2 — ) + do(2,2) + f1(2) — fi(z) Vz,z € R™ (3.5)

Remark 3.1. We remark that h, depends continuously on o, as d, does. Moreover, since
ds(-,z) and f; are convex, proper and lower semicontinuous, h, (-, x) is also convex, proper and
lower semicontinuous for all z € . Finally, for any point x € Q and for any d € R" we have

ho(z,2;d) = f'(z;d), (3.6)
where h! (z,z;d) denotes the directional derivative of h,(-,x) at the point 2z with respect to d.

From assumption (D), it follows that h,(-,z) is strongly convex and, for that reason,
admits a unique minimum point for any x € 2. Hence the following definition is well-defined.

Definition 3.3. The generalized forward-backward operator p : Qo — € associated to any
function hy of the form (3.5) is defined as

p(x; hy) = arg min h,(z, ). (3.7)

zeR™

Remark 3.2. When d,, is chosen as in (3.2), the operator (3.7) becomes
p(a; hy) = proxly, (x — aD ™'V fo(x)),
which makes p(-; hy) a generalization of the proximal forward-backward operator.

Under assumption (Ds3), one can show that p(x; h,) depends continuously on (z, o).

Proposition 3.1. Let d, € D(Q,S) and h, be defined as in (3.5). Then p(x;h,) depends
continuously on (z,0).
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Proof. Let y = argmin,egn hy(2,2). Then y is characterized by the equation V fo(z) +
Vidy(y,7) +w = 0, where w € df1(y). It follows that fi(u) > fi(y) + w’ (u — y) for all
u € R" or:

fi(w) > fily) — (Vfo(x) + Vide(y, 2))T (u — ) Yu € R™.
Assumption (D3) expressed in y and u gives:
do (1, ) > dy(y,2) + Vid (y,2) (u—y) + Ty —ul®  vVueR"
Together, these two inequalities yield:
Sl —ul® < fi(w) = i) + dow,) = do,2) + Vo@) (u—y)  VucR".

Let y1 = p(z1;hy,) and yo = p(x2;hy,). Adding the previous inequality for y = y; (resp.
y = y2) and choosing u = yo (resp. u = y1), one finds:

mllyr—y2|? < doy (Y2, 21) —doy (Y1, 21) +doy (Y1, T2) = doy (Y2, T2) +(V fo(z1) = V fo(2))T (ya—u1)

and hence:

mllyr—yal® < doy (Y1, 2) —doy (Y1, 1) +doy (Y2, 1) —doy (Y2, 22) + |V fo (1) =V fo(@2) || [|ly2 —va]l-

It follows that 0 < [y — y2| < (b + Vb? + 4cm)/2m where b = ||V fo(x1) — Vfo(z2)]] and
¢ = dyy(y1,72) — doy (Y1, 71) + doy (Y2, 71) — doy (Y2, 72). As fo is C', one has limg, ,,, b = 0.
As dy(z,x) is continuous in (o, z,x), one also has that lim,, ,,, ¢ = 0. This shows then that
limg, 4, [|[y2 — y1]| = 0, in other words p(z1; he, ) is continuous in (o1, x1). O

Definition 3.4. Given a distance—like function d, € D(2,S) and a parameter v € [0,1], the
modified metric function fl(m :R” x R” = R is defined as

ﬁg,v(z,x) = Vfo(x)T(z —z) +vdy(2,2) + f1(2) — fi(x) Vz,z € R"™ (3.8)

Remark 3.3. We have

hon(y,2) < ho(y,x) Va,y € R" (3.9)
and fl(m = h, when v = 1.
In the following, we will show that

e Definition 2.8 of stationary point of problem 3.1 can be reformulated in terms of the fixed
points of the operator p(-; h,), similarly to the case of the proximal forward-backward
operator (see Proposition 2.11);

e the negative sign of fl(m detects a descent direction.

To this purpose, we collect in the following proposition some properties of the function h, and
the associated operator p(-; hy).
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Proposition 3.2. Let o € S CR?, v € [0,1], and h,, fl(m be defined as in (3.5), (3.8), where
de € D(Q,S). If x € Q and y = p(x; hy), then:

(a) flgﬁ(x,x) =0;

(b) if z € R™ and hy(z,2) <0, then f'(z;2 —2) < 0;

(¢) oy (y,2) S0 (hop(y.2) =06y =2);

(d) f'(x;y —x) <0 and the equality holds if and only if ﬁo,,y(y,:n) =0 (if and only if y = z).

Proof. (a) is a direct consequence of definition (3.8) and condition (Dy4) on d,-.
(b) If hgr(2,2) < 0, we have

0> —ydy(2,2) > Vfo(z)" (z—2)+ f1(2) = f1(z) > Vfo(2)" (z—a)+ fi(z; 2 —x) = ['(2;2— ),

where the second inequality follows from definition (3.8) of i~z(m and the third one from item
(ii) of Remark 2.5.

(c) Since y is the minimum point of h, (-, ), part (a) with v = 1 yields h,(y,z) < 0 which,
in view of (3.9), gives hy~(y,z) < 0. If y = x, part (a) implies hy(y,2) = 0. Conversely,
assume fzgp,(y,:r) = 0. From inequality (3.9) we have h,(y,z) > 0. On the other side, since y
is the minimum point of h, (-, x), part (a) with v = 1 implies h,(y,z) < 0. Thus h,(y,z) = 0
and since y is the unique minimizer of h, (-, x), we can conclude that = = y.

(d) From (c) we have h, ., (y,z) < 0. When h, ., (y,2) < 0 then part (b) implies f'(z;y—x) <
0. When INz(m(y,x) =0, from (¢) we obtain y = z and, therefore, f'(x;y —x) = 0. Conversely,
assume f’(z;y — ) = 0. Using the linearity of the directional derivative and Remark 2.5, we
have

0= Vfo(x)"(y — 2) + filz;y — ) < Vfo(@) (y — 2) + fi(y) = [i(2) < hon(y,2).
Since flgﬁ(y, x) < 0, we necessarily have izaﬁ(y, x) = 0. O

The following proposition completely characterizes the stationary points of problem (3.1)
in two equivalent ways, as fixed points of the operator p(-; hy ), i.e. the solutions of the equation
x = p(x; hy), or as roots of the composite function 74 (x) = he~(p(2; he), x).

Proposition 3.3. Let S CRY, 0 € S, v € [0,1], hy, ho~ be defined as in (3.5) and (3.8),
x € Q and y = p(x;hy). The following statements are equivalent:

(a) x is stationary for problem (3.1);
(b) v =y;

(¢) hon(y,z) =0.
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Proof. (a) <= (b) Assume that x = y. Then, h,(-,z) achieves its minimum at x which, by
Proposition 2.9 applied to the function he (-, x), yields bl (x,x;2 —x) >0 Vz € R™. Recalling
(3.6) we have hl (z,z;2 — x) = f'(x;2z — ), hence x is a stationary point for problem (3.1).
Conversely, let x € Q be a stationary point of problem (3.1) and assume by contradiction
that © # y. Then, by Proposition 3.2 (d) we obtain f’(z,y — ) < 0, which contradicts the
stationarity assumption on z.
(b) <= (c) See Proposition 3.2 (c). O

The knowledge that the negative sign of flg’ﬁ,(y,:n) indicates a descent direction at z is
fundamental to derive the general iterative optimization algorithm of the following section.

3.1.2 A general class of line—search based algorithms

In this section we will consider a general iterative optimization algorithm which is based on
the modified Armijo rule described in Algorithm LS. From now on, at each iterate (), the
symbol y*) will be used to indicate the minimizer of b (- ) e y®) = p(z®); hy ). This
minimizer may be difficult to compute. We therefore introduce the symbol §*) to indicate an
approximation of y*) of which, initially, we only ask ﬁa(k)ﬁ(gj(k),x(k)) < 0. Furthermore, for
the sake of simplicity, we will denote 2 = dom( fy).

Algorithm LS Modified Armijo linesearch algorithm

Let {2 }ren, {7 ien be two sequences of points in €, and {c(*)}cn be a sequence of
parameters in S C R?. Choose some 6,3 € (0,1), v € [0,1]. For all k € N compute \*) as
follows:

1. Set A\, = 1 and d®) = gk — ()

2. Ir .
F® 2 dW) < f@) + BAchyw (50, 2M) (3.10)

THEN go to step 3.

ELSE set A\, = )\ and go to step 2.

3. END

Algorithm LS generalizes the linesearch procedure proposed by Tseng and Yun in [140],
which is recovered when d,, is chosen as in (3.2) and v € [0,1) (the case v = 1 is not treated in
[140]). Furthermore, when v = 0 and f; = tq, inequality (3.10) reduces to the classical Armijo
condition (1.12) for differentiable optimization. For that reason, (3.10) may be considered as
a generalization of the Armijo rule to the nondifferentiable case.

The following result guarantees that the well-posedness of Algorithm LS only depends on
the negative sign of the quantity ﬁg(k)ﬁ(ﬂ(k),:n(k)).
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Proposition 3.4. Let {2 }cn, {7 }ren be two sequences of points in Q, {0} ey a se-
quence of parameters in S CR? and v € [0,1]. Assume that Q is a closed subset of R" and S
a compact subset of R1. Then the following facts hold:

(i) if we assume that
how ,(G*, ™) <0 (3.11)

for all k, then Algorithm LS is well defined, i.e. for each k € N the loop at step 2
terminates in a finite number of steps;

(i) if, in addition, we assume that {x"} ey and {§®)}, € N are bounded sequences and
Fa®H) < f(2®), then we have that {h, ) ﬁ(gj(k),x(k))}keN is bounded;

(iii) assuming also that

lim f(z®) — f(z® + \ed®) =0, (3.12)

k—00

where N\, and d®) are computed with Algorithm LS, then we have

hm h (5*), 2y = 0.

o) A Y

Proof. (i) Assume by contradiction that there exists a k € N such that Algorithm LS performs
an infinite number of reductions, thus, for any 7 € N, we have

f(z®) 4 51dR)) — f (k)

Bl (", 2*)) <

5J
 fo@® 4 89d®)) — fo(2®) - fi(@®) 4+ 67dR)) — fi(2®)
= 5 + 5i
o @ +67d®) - fo@®) [ +dW) + (1) fi(@®) - fi@®)
- Y &I

(k)
_ fo(z +5Jd5] ) — fola! )+f1(?](k))—f1(x(k)),

where the second inequality is obtained by means of the Jensen inequality applied to the convex
function fi. Taking limits on the right hand side for 7 — oo we obtain

Bl G*),2®) < Vfo(@®)Td® + f(50) — f1(z)
< Vioe®)Td® + f;G®) = fi(a™) + vd, 0 (*, 2*))
ho_(k)’,y(y(k),ilﬁ( )) < 07

where the second inequality follows from the non—negativity of d, € D(2,S) and the last one
from (3.11). Since 0 < 8 < 1, this is an absurdum.

(ii) Assume now that {1}y, {§*)}ien are bounded sequences and that f(z(*Ft1)) <

f(z®)). We show that {ha_(k) ﬁ/( (k) 2(F))} ey is bounded. By assumption (3.11), ﬁo(k)ﬁ(g(k), (k)
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is bounded from above. We show that it is also bounded from below. Indeed we have

hoto ,(*),2) =V fo(z™)T (5" — )+’yd0<k>(z](), )+f1( ) — f1(z®)
> V™) G® —2®) + £ G*) — A=)
= V@) TG"® —a®) + £GD) - f@®) + fo(a®))
> Vi@ (G® —2®) + fGW) — £@©) + fo(a®),

where the first inequality follows from the non—negativity of d,, the next line is obtained by
adding and subtracting fo(z*)) and the last one is a consequence of f(z* 1) < f(z(*).

As f1 is proper and convex, there exists a supporting hyperplane, i.e. da,b € R™ such that
fi(uw) > a"u + b for all uw € R™. Thus:

o (8,20 2 ¥ fo(a®)T (G0 — 2®) £ a0 45— f(20) 4 fo(a®).

The right hand side is a continuous function of z(*) and §*). As these are assumed to lie on a
closed and bounded set, the left hand side is bounded (from below) as well.

(iii) Let us show that the only limit point of {EU(,@)W(@(’“, () }ren is zero. To this purpose,
set AK) = iza(k)ﬁ@(k),a:(k)) for all k € N. We observe that from (3.11) and (3.12) we obtain

0= lim f(z®)— fz® 4 xBgH)y = 8 lim AR N, (3.13)
—00

k—00

Assume that there exists a subset of indices K C N such that limpex ;- o0 A®) = A € R, with
A < 0. By (3.13), this implies that

i A = 0. 3.14
e, M (3.14)

Denote by K C K a set of indices such that limgeg oo o) = 7, limge g oo ) = Z and
limyec g koo §*) = g for some & € S, 7,7 € Q. From (3.14) we have that for any sufficiently
large index k € K, Algorithm LS makes at least a reduction: this means that

B/OAD < fa®) 4+ (n,/8)d®)) — f(xF)),

for all sufficiently large k € K. Repeating the same arguments employed in the first part of
the proof, we obtain

sAm < fO(x(k) + ()‘k/5)d(k)) - fO(l’(k)) + fl@(k)) _ fl(w(k))

Ak/0
2 4+ O /8)dM) — fo(z®
< Jol( (Ak/8)d™) — fol )+f1( ) = fu@®) + 4dy (55, 5 ®),
A/
Taking limits on both sides for k € K,k — oo, since {d¥) = j*¥) — z(F)}, y is bounded and by

(3.14) we obtain BA < A < 0, which is an absurdum, being 0 < ﬁ < 1. O
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It is now possible to impose some general requirements on the sequences {x(k)}keN and
{y¥)}en, in order to guarantee the global convergence of the sequence {z(%)}cn.

Theorem 3.1. Let {x()}1cn, {7®) }ren be two sequences of points in Q, {0 }ren € S C RY
and v € [0,1]. Assume that the following conditions hold:

(A1) Q is a closed subset of R";
(A2) S is a compact subset of RY;

(A3) there exists a limit point T of {x*)}pen, with K' C N being a subset of indices such that
limpe g koo 2™ =7 € Q;

(A4) §%) satisfies (3.11) and there exists K" C K' such that

lim By (G, 2®) = how (y® 2 W) =0, with  y® = p(@™;h,w); (3.15)
kEK" k—o0

(A5) for any k € N we have
Fa® ) < fa® 4 0 d®), dg®) = gk) — (k) (3.16)
where \, is computed by Algorithm LS.
Then T is a stationary point for problem (3.1).

Proof. First, we notice that Algorithm LS is well defined, since (3.11) holds. We observe that,
since h ) is strongly convex with modulus of convexity m and y*) is its minimum point, we

have
Sz =y B < ho(2,2®) = oo (u™,2®) vz e R (3.17)
Setting z = §®) in the previous inequality and using (3.15) gives
im (7% - y®)| =o. 1
e 17" =y =0 (3.18)

By continuity of the operator p(z; hy), since {z¥)},cx is bounded, {y*®},cx is bounded as
well. Thus, (3.18) implies that {§*)}rcxr is also bounded and there exists a limit point
of {7 }ren. We define K C K” such that limgek k—oo %) = 7 and limge K k— o0 ok = 5.
By continuity of the operator p(z;h,) with respect to all its arguments, (3.18) implies that
Y =p(Z;hs).

Consider now the sequence {f(z*))}en. From assumption (3.16) it follows that

Fa®) < fa® 4+ Xd®) < fa®). (3.19)

Thus, the sequence { f (x(k))} LeN 18 monotone nonincreasing and, therefore, it converges to some
f € R. Since f is lower semicontinuous and Z is a limit point of {x(k)}keN, we have

f=Jim f@®) = lim f@*) > f@).

k—o00
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The previous inequality implies that f € R and this fact, together with inequality (3.19), gives

lim f(z®) = f(@® + \d®) = 0.

k—o00

Thus we can apply Proposition 3.4 and obtain

lim Ry, (5%, 20)) = 0.

k—o0,ke K

Combining the previous equality with (3.9) and (3.15) yields

0= Ilim A

koo kEK (g(k), $(k)) < lim ho(k) (g(k), gj(k)) = lim ho-(k) (y(k)7$(k))

oty T k—o0,keK k—o0,ke K
Since hx) (y®), z(+)) < 0, this implies limy s 0 ke K Pyk) (y®), x*)) = 0. Expressing inequality
(3.17) for z = )| we can write

k—o00,ke K
—

%Hl’(k) —y P2 < hya (@, 2®) — by (v, 2®) = —h g (y*®), 2®) 0.

Thus, we proved that §y = & and, by Proposition 3.3 we have that z is stationary. ]

Remark 3.4. Condition (3.11) alone is not sufficient to ensure that the limit points are
stationary, but we need also to assume that (3.15) holds. As counterexample, consider the
case n = 1, fo(x) = 22/2, fi(z) = 0, dy(x,y) = (x —y)?/2, B = § = 1/2. The sequence
c* ) = 20 L\ (5% — W) with A\, = 1, 58 = 2 — (1/2)F*1 satisfies all the assump-
tions of Theorem 3.1 except (3.15). However, starting from () = 2, the sequence writes as
z®) =14 (1/2)F hope 1, while the only stationary point is 0.

Conditions (A2) — (A5) implicitly define a wide class of descent methods based on the Armijo
condition (3.10), which are ensured to be globally convergent provided that (A1) holds. The
crucial ingredients of these methods are

e a descent direction d®) = §%) — 2(#) where §*) is a suitable approximation of the point
p(e®; o );

e the sufficient decrease of the objective function between two successive iterations, which
has to amount at least to )\khaﬁ(gj(k),x(k)), where )\; is determined by the backtracking
procedure given in Algorithm LS.

Novel algorithms may be derived from this general scheme, in which the forward-backward
operator is computed inezactly and/or with respect to non Euclidean variable metrics.
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3.2 Algorithm and convergence analysis

This section is devoted to the analysis of a novel inexact proximal-gradient algorithm, denomi-
nated Variable Metric Inexact Line—search based Algorithm - new version (VMILAn) [33, 111].
The caption “new version” stands for the fact that VMILAnR is a modification of the method
VMILA, which has been recently proposed in [32] as an instance of the general framework estab-
lished in the previous section. Our aim is twofold: on one hand, we present the novel algorithm
and highlight the main changes with respect to its counterpart VMILA; on the other hand,
we provide a new convergence result for VMILAn under the assumption that the objective
function satisfies the Kurdyka—Lojasiewicz inequality.

For the sake of convenience, we restate here the addressed optimization problem in which,
unlike problem (3.1), the gradient of the differentiable part needs be Lipschitz continuous for
the related convergence analysis.

Problem 3.2. Solve
min f(z) = fola) + fi(x) (3.20)
xzeR?
where fy and f; satisfy the following assumptions:
(i) f1:R™ — R is proper, convex and lower semicontinuous.

(ii) fo:R™ — R is continuously differentiable on an open set Qg O dom(f1).

(iii) fo has an L—Lipschitz continuous gradient on dom(f;) with L > 0, i.e.

IVfolx) = Vi)l < Llz —yll, ¥V 2,y € dom(f1).

(iv) f is bounded from below.

3.2.1 The proposed algorithm: VMILAnN

From now on, we will assume that d, has the form (3.2). Therefore, given the iterate z®) e R",
we will abbreviate the notation for the metric function associated to d, as follows

W) 1= o (y,2™) =V fo@®) e = 2®) 4+ 5w 2@, + fula) — A1), B21)

with a; € Reg and Dy, symmetric positive definite matrix. By also setting h(F) := hgk), the
proximal—gradient evaluation y*) at point z(*) can be rewritten as

y®) = arg ;2[%% R () = proxflff1 (w(k) - akD,;1Vf0(w(k))) . (3.22)
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Algorithm VMILAnR Variable Metric Inexact Line-search based Algorithm - new version
Choose 0 < Qmin < max, > 1, 6,6 € (0,1), v €[0,1], 7 € Rsg, 20 € dom(f;).
FOR k=0,1,2,...

STEP 1 Choose oy, € [min, Omax|, Di € M.

STEP 2 Let y*) = arg mingegrn R (y) = prox* (x(k) — aka_lVfo(ac(k))).

ar fi

Compute §¥) such that
RE) (5F)y — h(R) (k) < _Thpk) (7" (3.23)
S =3 , .
where h{" (7)) = V fo(a®)T (50 — 2®)) + 52|50 — 2® |3, + f1(5®) - fi(a®).
STEP 3 Set d¥) = k) — (k)
STEP 4 Compute )\, = 0%, where i, is the smallest nonnegative integer such that

F@®) + 5md®)) < fa®) + g5t pP) (5*)). (3.24)

STEP 5 Compute the new point as

(3.25)

ey _ 7 it F(0) < F@® 1 rd®)
z®) 4 \d®)  otherwise

Let us describe the main features of Algorithm VMILAn.

Step 1 - Variable metric.

In our approach, the steplength parameter aj and the scaling matrix Dy, should be considered
as almost free parameters, which can be tuned to better capture the local features of the ob-
jective function and constraints, with the aim to accelerate the progress towards the solution.
Indeed, in the following convergence analysis, we will make the only assumption that they are
bounded as required at STEP 1. Concerning the practical choice of the steplength parameter a;,
the general updating rules proposed in Section 1.1.2 and 1.2.2 in the context of differentiable
optimization, such as the scaled Barzilai-Borwein rules (1.57) or the more recent strategies
based on the Ritz values, may be applied to the differentiable part fy of the objective function.
Unlike the steplength selection, choosing an appropriate scaling matrix Dy, is strictly related to
the problem features, i.e. the specific shape of the objective function to be minimized and the
constraints. Some guidelines about this choice have been provided in the previous chapters, for
example the Majorize-Minimize (MM) principle, based on the majorization condition (2.30) or
the Split Gradient (SG) strategy, which relies upon the gradient decomposition (1.52). We refer
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to Section 3.3 for an extensive application of these techniques in the context of image processing.

Step 2 - Inexact computation of the proximal point
Condition (3.23) at STEP 2 expresses an inexact computation of the proximal point. Let us
show that such an inexactness criterion is well-posed. Since hf(yk) (y) < hF)(y) for all y € R™,
condition (3.23) implies
T -
(1 n 5) k) (0 < h®) (y#) < o

where the second inequality follows from the fact that y*) is the minimum point of A¥) and
hE) (2 (F)) = 0. Hence
k) ( (K
WP M) <0 (3.26)

with the equality holding if and only if §*) is stationary (Proposition 3.3). The upper bound
(3.26) on hgk) (7)) implies that f;(5*)) < 400 and, since f; is proper, this is equivalent to say
that

§*) e dom(f,), VkeN.

We point out that condition (3.23) is equivalent to
~ T ~
0 € e, hP(G®),  where ¢, = —§hg’f> ™), (3.27)

which is a relaxed version of the inclusion characterizing the exact proximal point, i.e. 0 €
Oh®) (y*)). This equivalent formulation allows to compare (3.23) with other notions of inex-
actness recently introduced in the literature:

e (3.27) resembles the criterion proposed in [133, Definition 2.1] in the context of proximal
point algorithms, in which ¢ is replaced by ei /(2a) and no variable metric is assumed,

i.e. Dk = [n;
e (3.27) is weaker than the condition previously opted for VMILA in [32, Equation 31],
which is 1
DR =) € 06, 1GY), (3.28)
k

where z(¥) = (k) — akD];1Vf0(x(k)) and {egtreny € R>p is either a prefixed sequence
of nonnegative numbers or chosen as in (3.27). Indeed, the implication (3.28)==-(3.27)
follows from

1 -
{a—ka(y(k) — z(k)) +w:w € aekfl(y(k))} C aﬁkh(k) (y(k)),

where the inclusion is strict in general (see item (vi) of Proposition 2.7).

The value €; measures the error that we make in replacing y*) with §*) at iteration k. In the
next section, we will prove in Proposition 3.6 that the errors ¢ defined in (3.23) are summable
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and thus limy_,.o € = limg_, o hgk) (y(k)) = 0. This means that the approximate computation
of the proximal point through inequality (3.23) becomes automatically more accurate as the
iterations proceed.

Step 4 - Armijo-like backtracking loop

The steplength (or relaxation) parameter Ay is adaptively computed by means of a backtracking
loop at STEP 4, which is the same presented in the previous section in Algorithm LS. The
Armijo-like condition (3.24) accepts only steplengths which produces a sufficient decrease of
the objective function and this is crucial for the convergence of the whole method. Setting
~v = 0 allows to recover the standard Armijo condition and, indeed, v can be considered as an
on/off parameter to include or not the quadratic term ||§*) — x(k)H%k on the right-hand-side
of (3.24); in general, taking v = 1 may produce larger steplengths (see Figure 3.1).

Thanks to (3.26), we are guaranteed that

e condition (3.24) is well-defined: in fact, since (3.26) implies that §*) belongs to the
domain of fi, f; is convex and z*) € dom(f;), then any point on the line z(*) + A(g*) —
), X € [0,1] belongs to dom(f;). Being dom(f;) = dom(f), this means that f(z*) +
Ad®)) < oo for all A € [0,1] and, as a consequence, the two sides of (3.24) only involve
finite quantities;

e the linesearch procedure at STEP 4 terminates in a finite number of steps, i.e., for all k € N
there exists i, < oo such that (3.24) holds: this follows from item (i) of Proposition 3.4.

Step 5 - Overrelaxation

We observe that (3.24) does not necessarily imply that f(z*) + A\.d®) < f(§*)) (see Figure
3.1). This inequality is then forced to hold by STEP 5, which guarantees that f(z*+1)) < f(5*))
and f(z* D) < f(z®) + \pd®), where \; is computed via the backtracking loop at STEP 4.
This could also allow, in principle, to take a point corresponding to a smaller value of the
objective function than the one obtained by simply setting z* 1) = 2*) 1 X\, d®) . STEP 5 is
the main difference between VMILA [32] and Algorithm VMILAn and it is crucial for proving
the convergence of the sequence {z(®)}cy in Theorem 3.3.

As a final note, we remark that VMILAnN reduces to a special version of the Scaled Gradient
Projection (SGP) method, presented in Algorithm 2, when f; = g, §® = ) and v = 0 in
STEP 4. In this case, the only difference with SGP is STEP 5, which can be considered as an
extra step to be included in the originary version of SGP.

3.2.2 Convergence analysis

We start by collecting some properties of Algorithm VMILAn, which will be fundamental for
the subsequent analysis. Here and in the following we denote by {z®)}.cn, {7 }ren and
{ Ak tren the sequences generated by Algorithm VMILAn.
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7=0 y=1

—  f(a® + xd®)
— f@®) + B ()

accepted accepted

A A

Figure 3.1: Linesearch example: fo(z) = ILH, fi(w) = 1pp,10)(), k) =0, 8 = %, ap = 1,
Dy, = 1. In general, the points satisfying the Armijo condition could not improve the function
value at y(¥).

Lemma 3.1. For all k € N, the following inequality holds
1

4amaxﬂ

5% — 2O < ~(1 4 AP GO) (329)
Proof. We recall that h(*) is aik strongly convex with respect to the norm induced by Dy, i.e.

W @) 2 b)) + 0 (@ =) + 5o = ulh,, Yo € OnV(y) (3.30)
Since y*) is the solution of (3.22) and, thus, 0 € ohk) (y(k)), from the previous inequality with

z = 3% and y = y®) we have ﬁng(k) - y(k)H%k < B (5*R)y — pB*) (y(*)) which, in view of
(3.23), gives

1 T -
s li® =y ®lp, < —5hPEY). (3.31)
Exploiting again (3.30) with x = #®) and y = y® | recalling that h*) (x(k)) = 0, we obtain
1
k k k k)12
W) (y®)) S'—iagux()“y()”Dk~

Combining the last inequality with (3.23) and using hgk) (7*)) < R (5*)) we obtain

1 T -
s ll® =y ®lb, < = (14 ) G,

By combining the triangle inequality with the previous one we obtain

k)

A

l2® — 5@, —yWlp, +1y™ =3V p,

< =@+ DahP o) + [y® — 59,

[
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which yields
l2® —g®3, < —@+n)aph®G®) + [y® - BB, +

12y ® — 59 p /(2 + Tk (GO)
< 202+ m)arh® (F0) 1 2y® — G2,

where the last inequality follows from 2y/uv < u + v. Combining it with (3.31) gives

1 -
—lz® - g™, < -1+

Typ ) ()Y L L (k) (k)2
T < Vhy? (G )+2akHy 7" ||p,

2
< —(1+7n)rPE").

Iz — g2, O

Finally, (3.29) follows from ﬁ”x(k) — ) HDk >

4amaxﬂ

The following proposition asserts that the relaxation parameters {\; }ren are bounded from
below.

Proposition 3.5. There exists ¢ € R-g and Amin € (0, 1] such that the following two inequali-
ties hold:

F@® 4 2d®) < fa®) + A1 - L@+ 7)A) P ER), v e o,1] (3.32)
Mo > Amin,  V k€N (3.33)

Proof. In view of (3.29), setting ¢ = 2aypaxpt, one obtains
[d®)? < —2¢(1 + 7)RP (FH). (3.34)

Since V fj is Lipschitz continuous on dom( f1) with Lipschitz constant L, then from the descent
lemma (Lemma 2.5) we have

foz® + xd®)) < fo(a®) + AV fo(z)Ta®) + = A2||d<’“ & (3.35)
where A € [0,1]. By combining inequalities (3.34) and (3.35) we further obtain
fo@® +2d®) < fo(@®) + AV fo(a®)Td®) — (1 +7)LARP ().

Summing fl(a:(k + Adk )) on both sides of the previous relation and applying the Jensen in-
equality fi(z® + Xd®) < (1 = X)f1(z®) + A f1(5®) to the r.h.s. yields
Fa® +2d™) < f@®) = M @®) + A ED) + AV fo(a )T a®
—cL)\z(l —I—T)h(k)( (k >)
< F@®) = Af @) + A GD) + AV fo(a®)Td
—cLX*(1+7)hP (5*)) + —Ild(k D,
= ")+ AP GEP) — LA (1 + 7)) (50

v
= f@W)+ X1 — L1 +7)A) AP ("W
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and this proves (3.32).
The previous inequality ensures that the Armijo condition

F@® +2d®)) < fa®)) + AgRP (50 (3.36)

is satisfied, for all £ € N, when 1 —cL(1+47)\ > 3, that is for all A such that A < (1—23)/(cL(1+
7)). If A\ is the steplength computed by STEP 5 of Algorithm VMILAn and the backtracking
loop is performed at least once, then A = A/ does not satisfy inequality (3.36), which means
A > (1= B3)0/(cL(1 + 7)). Thus, the steplength sequence {\x}ren satisfies inequality (3.33)
with Apin = (1 — 8)d/(cL(1 + 7). O

Proposition 3.6. The sequence {hgk) (7" ) Yeen is summable, i.e.

o

0< =Y nPE") < +oo. (3.37)
k=0

Proof. Denote by ¢ € R a lower bound for f, i.e. £ < f(x) Vx € R™. From STEP 5 of Algorithm
VMILAn we have f(z*+1) < f(z® + X\.d®) and this fact, combined with (3.24) leads to
—BAhP (GH) < f@®) - ).

Summing the previous inequality for k£ = 0, ..., j gives

J j
—BY AP EP) <37 (F@®) — fe* ) = @) - fU) < @)
k=0 k

=0
from which we have

S AP ) < oo
k=0
The thesis follows by applying (3.33) to the previous series. O

Remark 3.5. An immediate consequence of Proposition 3.6 is that limy_, hf(yk) (y*F)) =0
which, combined with (3.23), implies
lim AWM (R — pk) (y*)) = 0.

k——+o00

Furthermore, thanks to STEP 5, we have
F@® ) < f@® 4 \d®)), VEeN.

The two previous relations are exactly conditions (A4) and (A5) of Theorem 3.1. Thus, Al-
gorithm VMILAn is a special instance of the general framework devised in Section 3.1 and, if
we assumed that dom(f7) is closed, we could conclude that each limit point of this sequence is
stationary by means of Theorem 3.1. However, we prefer to drop the assumption of closedness
of the domain and prove the global convergence of the algorithm in a more general setting.
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Lemma 3.2. The following conditions hold.

(H1) There ezists a € Rsq such that, for all k € N

F@®HD) 4 glla®+D — 2012 < £ (W), (H1)

ere exists {Mk tken © R>qg such that, for a €
H2) Th R> h that, for all k € N
fEED) < fa") < F@O) 4, lim g =0, (H2)
ere exist b € Ry, €, € € R>g wit < €+ < —5 Y , Ck € R>o, v S
H3) Th beR ¢p € Roo with 0 ¢ A (58, ¢ € Rsg, v®)
{(Vo(5* N} + 0c, f1(GF) such that, for all k € N

[o® ) < ba®D = 2@ + Gy, Tim G =0 (H3)
k—+o0

Proof. (H1) Combining (3.29) with the backtracking rule (3.24) immediately yields

(k) Ry < f0)y BNy w2

Because of (3.25), it is either gD = k) op kD — (k) 4 N\, d*) . In both cases, since
Ak € [Amin, 1], we have

lz# D — 2 ® | < Jlg® — 2®) (3.39)
which leads to
Ao
F) 4\ g®)) < a0y Prmin 1y w2
F) 4 2d®) < fa) - LR a0
Then, (H1) follows by taking a = ﬁﬁéhr) and using STEP 5 of Algorithm VMILAn which

implies f(z*+1)) < f(z®) 4+ A\d®).

(H2) In order to show that (H2) holds, consider the right inequality in (3.32) with A = 1. If
1 —¢cL(1+7) > 0, then the right inequality of condition (H2) follows with 7, = 0, while if
1—cL(1+47) < 0, then the inequality is satisfied by setting ni, = (1 — c¢L(1 4 7)) hg,k) (7)) and
observing that (3.37) guarantees that limg_ . nr = 0. The left inequality of (H2) follows from
the definition of 2(*T1) at STEP 5 of Algorithm VMILAn.

(H3) By rewriting function h*) as

1 «
K@) = i) + 5l = 21D, = SV oG — A,
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where z(#) = z(*k) — akD,;1Vf0(x(k)), we can apply item (vi) of Proposition 2.7 and equation
(2.11) to compute the e;-subdifferential of h(*):

1
0190 = 0+ 0n (=PI,
0<&,+éx<er y
e 2
= U auh+ {ka@—z(’“ vey: lelb, k} (3.40)
0<ertén<en ik ik

The point §*) satisfies condition (3.23) if and only if 0 € 9., h¥) (7)), where ¢;, = -3 ,(Yk) (7).
Thanks to (3.40), this ensures that there exist €, ¢ as above, e®) € R™ satisfying ||e®)||p, <
V2aé, and w®) € o, f1(5*)) such that

w® — ai Di(z® — §®) 4 o®)). (3.41)
k

Set v*) = Vfo(7¥)) + w®). By using the Lipschitz continuity of Vfy, the fact that aj €
[Omin, max| and Dy, € M,,, we have:

_ 1 _ _
[l =1V fo(™) + -Dia®™ = ap Dt fo(@®) = §© + )| =

~ 1 ~

- 1% -
< L|ja™ — g™ + a—k(Hx(’“) =g+ 11e®))

u i u
< (L 2 1 - g0+ RO,
3
< /\1_ <L+ OZL) [+ — 8| 4 <7v2“0‘m“> Ver.

The thesis follows by choosing b = (L + L ), Cr = <7,2u3amax> Vé for all k € N and

Amin Qmin Qmin

by observing that, since

0<Gk = <@> Veér = <@> U CITON

Y
Qmin Qmin 2

and, because of (3.37), lim hgk) (7)) = 0, then also lim ¢ = 0. O
k—o0 k—ro0

Properties (H1)—(H3) are similar to conditions (C1)-(C2) proposed in [9] and discussed in
Section 2.3.2. More precisely:

e (H1) coincides with (C1);
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e (H2) was not contemplated in [9] and takes into account the presence of the inexact
proximal point gj(k) and the subsequent relaxation step;

e (H3) differs from the analogous (C2), since the vector v*) here is not an exact subgradient
of f and the condition also features the converging errors {(j }ren, which did not appear
in [9]; a similar condition to (H3) but with exact subgradients is considered in [66].

Based on these properties, we state the following result, which claims that each limit point
of the VMILAn sequence is stationary, and that the objective function f is continuous with
respect to the sequence {az(k)}keN and its limit points (if f; is continuous on its domain, the
conclusion is straightforward).

Theorem 3.2. Suppose that the sequence {x\®)}.cn admits a limit point . Then,

lim f(z®) = f(z). (3.42)

k—o0

Moreover, Z is stationary for problem (3.2).

Proof. Since f is lower semicontinuous and bounded from below, and { f(z*))}ren, from (H1),
is monotone nonincreasing, we have that limj_,. f(z®)) exists and f(Z) < limy_o0 f(z*).
Let us show that also the opposite inequality holds. By summing inequality (H1) from k& = 0
to N we obtain

N N
az a0 — (012 < Zf(x(k)) — f@*) = £(2@) — f(aVFD).
k=0 k=0

Taking limits for N — oo on both sides gives

a [lz*H) —2® )2 < £(2©) - f(z) <00 = lim 2 —2®| =0, (3.43)
o k—o0

Let o) = Vfo(g®) + w® | with w®) € o, f1(3®), &, < —%hgk) (7)) satisfying inequality
(H3). Then, by combining (H3) and (3.43) we obtain
Jlim v Fo(@®) + w® = Jim o™ =0, (3.44)

Let {x(kﬂ')}jeN be a subsequence of {x(k)}keN such that lim;_, %) = Z. Using STEP 5 of
Algorithm VMILAn and recalling that Ag € [Amin, 1], we have

Ml §® = B2 <AZgW = 2®)? < atD) — 202, (3.45)
Inequality (3.45), combined with (3.43), gives limy_,o [|§®) — 2(®)|| = 0. Then, we also have
z.

lim ;o §ki) = . Thus, by (3.44) and by continuity of V fy, we can write

lim w®) = -V fo(z). (3.46)

J—00
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Since wki) € 9, f1(§*)), we have

fi(x) fi (g(’fj)) + (% — g(kj))Tw(kj) — &,

>
> f®t) = fo(g*)) + (2 — §*)Tw®) — g, (3:47)

where the second inequality follows from f(z*s+t1) < f(5*)) = fo(5*)) + f1(5%4)). Taking
the limit of the right-hand-side for j — oo, and recalling (3.37) which implies lim;_, €, = 0,
we obtain

fi(@) = dim f@™) — fo(@) = lim f(@V) - fo(2)

Jj—o0 k—00

which reads also as f(Z) > limj_,o f(z®)) and completes the first part of the proof.
As for the second part, since lim;_,o g(kﬂ' ) = z, lim; o0 €; = 0 and (3.46) holds, we can apply
Proposition 2.6 and thus obtain

—Vfo(z) € 0f1(%) (3.48)
which is equivalent to 0 € 9f(Z). O

We have now set the basis for our main convergence result, which will be stated in the fol-
lowing. The proof relies on the assumption that the objective function f satisfies the Kurdyka-
Lojasiewicz (KL) property (see Definition 2.13), and is similar but not identical to Lemma 2.6
in [9] (see also [66]), since here we have to take into account of the overrelaxation at STEP 5.

Theorem 3.3. Suppose that f is a KL function and assume that the sequence {x(k)}keN gen-
erated by Algorithm VMILAn satisfies the following condition

308 € a5 E®) : o < bla® D - 2®] + G, 3 G < o0, (H4)
k=1
for some b >0, ( € R>g, and admits a limit point . Then,
+o00
D a® ) — 2® < 400 (3.49)
k=0

and, therefore, the sequence {az(k)}keN converges to T, which is stationary for problem (3.2).

Proof. The stationarity of the limit points of {:E(k)}keN is ensured by Proposition 3.2. It
remains to show that the sequence has finite length and, thus, converges. Let v, ¢ and U
be as in Definition 2.13. These objects exist since the KL inequality holds, in particular, at
Z. From Proposition 3.2 we have lim;_, f(z®)) = f(Z) and, from (H2), it also follows that
limy o0 f(§¥)) = f(Z). Consequently, the following inequality

f(@) < f@W) < FgRY) < f(@) +o (3.50)

holds for all sufficiently large k. Furthermore, let p > 0 be such that B(Z, p) C U. Then, using
the continuity of ¢, the fact that Z is a limit point of {z(¥)},cy and > i Ck < 00, one can choose
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ko € N sufficiently large such that (3.50) holds for all k£ > ko and the following inequalities are
satisfied:

k) <P flatko)) — f(z) _p
o -at <t 3\/ <t
(ko)y _ o)y < P IR P

COREOE SR D VLS

a,b being the positive constants in inequalities (H1) and (H4). With a little abuse of nota-
tion, we will now use {z(®)},cy to denote the sequence {z(*+%0)}, .y and {¢;}ren instead of
{Chtko }ken, so that (3.50) and the following inequality hold

f@@) — f(@)
)\2

min

b
|z — 2@ +3 +-o(f(e 2 +3 Z G <p, (3.51)

for all k£ > 1. Before we proceed with the core of the proof, let us rewrite (H1) as

2+ — 20 < \/f (z(k)) (k—l—l))’ (3.52)
which, by using STEP 5 of Algorithm VMILAn and (3.33), writes also as
1% — 20 < \/f(x(k))a)\iiix(kﬂ))- (3.53)
Fix k > 1. We show that if z(*), -~V ¢ B(z, p), then
2/|z*+D) — 2@ || < ]2® — 2ED|| + ¢ + %Qﬁ (3.54)
where ¢f, = 2[¢(f(z®) — £(2)) — ¢(f(x*+V) — f(2))]. First we observe that, because of (3.50),

the quantity <;5( f(z®)) — £(Z)) makes sense for all k € N, and thus ¢y, is well deﬁned

If z+D) = g(k) mequahty (3.54) holds trivially. Then we assume z* D) £ () which,
thanks to (3.52), implies f(z*) > f(z*+1)) > f(z). Hence, from (H2) we obtain f(z) <
f(z®) < f(5%=1) which together with (3.50), gives

2®) g e B(z,p) N [f(Z) < f < f(2)+ ).

Therefore, we can use the KL inequality in both #*) and g1,
Combining the KL inequality at §*~Y with (H4) shows that v(*~1 = 0 and b||z®) —
z* =D 4+ ¢ # 0. Since v~ € 9 f(§F~V), using again the KL inequality with (H4) we obtain

1
> .
[ ®=D T blla®) — 2=+ G

¢ (f* ) = f(2) > (3.55)
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Since ¢ is concave, its derivative is non increasing, thus f(§*~Y) — f(z) > f(z®) — f(z)
implies

O (f@®) = f@) = ¢/ (F(G*) = F(@)).
Applying this fact to inequality (3.55) leads to

1

> . 3.56
= e ] 1 ¢, (8:56)

¢'(f(=®)) - f(2))

Using the concavity of ¢, (H1) and (3.56), we obtain

(f(@®) = f@)(f(@®)) = fxFD))
(f ™)) — f(@))allz*TD — ™2

a‘|$(k+1) _ $(k)‘|2
T bl — 2+ G

o(f(a®)) — f(2)) — o(f (") - f(2)) z®)
(k)

> ¢
> ¢

Rearranging terms in the last inequality yields
o) = @ < g (1 = oD+ 562,

which, by applying the inequality 2\/uv < u + v, gives relation (3.54).
We are now going to establish that for k =1,2,...

28, 551 € B(z, p), (3.57)

k k
. . 1
S = o) 4 o) — 2O < o) — 2O 4k 3G (359)
i=1

i=1

where xi, = 2[o(f(«V) — f(2)) — ¢(f(z*HV) — f(2))].
Let us prove (3.57) and (3.58) by induction. Using (3.52) with £ = 0 we have

12 — 2O < \/f(l’(o)) ; f(z®) < \/f(l’(o))a— f@) (3.59)

Combining the above equation with (3.51) and using the triangle inequality, we obtain

|1z —2W| < Jlz = 2] + 2@ — W]

f@@) — f(@)

<z - a0+ [ FEE <

namely () € B(Z, p). Using (3.53) with k = 0 and applying the same arguments as before,
we also have 7(9) € B(Z, p). Finally, direct use of (3.54) shows that (3.58) holds with k = 1.
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By induction, suppose that (3.57) and (3.58) hold for some k = j > 1. First we prove that
U+ € B(z, p). We have

J
25+ = 3 < 2@ = 7] + 12 - 2 D) + 3 ol - 2]

i=1

1 J
0 = 0 1
< o =] + 20 = 2Ol x5+ 5 306

< 2® _ g 4 2,/ L E) = F@) @;«»)a_ 1(@)

b 1
+ EQS(f(x(O)) —f@)+5 > G

i=1
< p,

where the first inequality follows from the triangle inequality, the second one from (3.58)
with k = j, the third one from (3.59) and the monotonicity of ¢ and the last one from (3.51).
Similarly, we can prove that y) € B(Z, p). Noticing that f(z) < f(z**+D) < f(z®)) < f(2©),
(3.53) yields
). ) — (@)
-5 _ 0y < [FED) ~ f(@)
179 a0 < | [Tt R,
By using the above relation, the triangle inequality, (3.58) with k& = j, the monotonicity of ¢
and (3.51), we have

J
7= 3D < 15— 2O + 2@ = O] + 37 2D = 0] 4 260+ — 2D 1 2 — 50|
i=1

fa©®) - f@) b ©
a\?

min a i=1

< 7 — 2@ +3
gy

or equivalently 7U) € B(Z, p). Now we observe that (3.54) with k = j + 1 writes as

20202 — 20| < o0+ — 2O 4 6501 + £ G

Adding the above inequality with (3.58) (with k = j) yields (3.58) with k& = j + 1, which
completes the induction proof.
By directly using (3.58), we get

k
i i b x
Dl =2 < 2@ — 2O 4 =g(£ (=) — £(@)) +
=1

k
G
=1

S| =
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and (on account of (H4)) therefore
Z 20 — 20 < o0,
i=1

which implies that the sequence {x(k)}keN converges to some z*. Considering that Z is a limit
point of the sequence, it must be x* = T. O

When %) = ¢y = prox(?:fl(z(k)), we have 0 € O (y*)) and, by remaking the same
passages in Lemma 3.2 with ¢, = 0, it follows that (H4) is automatically guaranteed with
(rx = 0. When this choice is made, Algorithm VMILAn becomes an exact proximal-gradient
method, whose convergence properties are stated in the following corollary, which is a direct
consequence of Lemma 3.2 and Theorem 3.3.

Corollary 3.1. Suppose that f is a KL function. Let {x®)}cn and {\;}ren be the sequences
generated by Algorithm VMILAn with %) = y®) for all k > 0. If there exists a limit point &

of {x"}ren, then
(i) lim f(z®) = f(z);
k—o0
(ii) Z is a stationary point for problem 3.2;

(iii) the sequence {x*)} cn converges to T and has finite length.

3.2.3 Convergence rates

We now investigate the convergence rate of Algorithm VMILAn. In particular, we follow the
same outline given in [66], in which three convergence results are proved for a similar abstract
descent method when the desingularizing function ¢ in Definition 2.13 is of the form ¢(t) = %te,
with C' > 0 and 0 € (0,1]. In Section 2.3.1, we have seen that this assumption on ¢ holds for
continuous sub-analytic functions on a closed domain, real analytic functions, semi-algebraic
functions and the sum of a real analytic function and a semi-algebraic function. Unlike in [66],
we do not restrict to the case where (; = 0, but we only require that the convergence of the
sequence {(x}ren is controlled by the quantity hgk) (g*).

The following theorem expresses the distance of the sequence {z(*)},cx to the limit in terms
of the function gap and is an adaption of [66, Theorem 3].

Theorem 3.4. Suppose that f is a KL function and that the sequence {x*)} ey satisfies (H4)
with

G = O(h ™). (3.60)
Assume in addition that {x®)} admits a limit point T. Let ¢ be as in Definition 2.13 for the
point T and set ¢(t) = max{p(t),/t}. Then, there exists M € Rsq such that

o~ all < (72 + 5+ 2 ) (3 D) - @) (3.61)
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Proof. By combining (3.24), (3.23) and (3.33), one can show that

. + [ Hat=Dy _ f(0)
_§hgk—1)(g(k—1))§§<f(l’ )~ f(= ))

BAk—1

< g (FEE) = f)).

From (3.60) and the above inequality, there exists M € R such that

G < M (D) = =), (3.62)

for all £ € N.

Let s%) .= f(z®)) — f(z) > 0. If there exists k € N such that s*) = 0, then the algorithm
terminates in a finite number of steps. Then we assume that s) > 0 for all & € N. As
previously shown in the proof of Theorem 3.3, there exists ky € N such that (3.54) holds for
all k > kg. Summing (3.54) for k = ko, ..., N, we get

N N
3 et — @) < fatéo) g0 4 Zg(s60) 4 257, (3.63)
k=ko k=ko

By using (3.62), summing it for k = ko, ..., N and observing that f(z™) > (%), (3.63) yields
the following inequality

al b M
Z x5+ — 2R < [jako) — pRo=1)|| 4 a(25(3(160)) + 78(190—1)_ (3.64)
k=Fko

Applying the triangle inequality and passing to the limit, we obtain

[zko) — 7| < Z 2D — 2| < [|ztko) — gko=D)|| 4 é¢(8(ko)) + %S(ko—l)
a
k=ko

: %EW (@ho=1)) — f(x(k0)) + §¢<s<’f0>> + %swo—n’

where the last inequality follows from (3.52). Finally, recalling that f(z(*0)) > f(Z), ¢ is an
increasing function and {5}y is nonincreasing, we can write

|zko) — z|| < \/ia\/s%o—l) + Sqﬁ(s(ko_l)) + %s%—l). (3.65)

Since s*o=1) < Vsko=1) for a sufficiently large ko € N, we conclude that [|z(%) — z| <

(Fr+ 2 +2) (s, =

The next result directly follows from the previous theorem and provides explicit rates of
convergence, for both the function values and the iterates.
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Theorem 3.5. Suppose that f satisfies the KL property in Z (a limit point of {x®)}en) with
o(t) = §t¥, where C >0 and 6 € (0,1], and that conditions (H4) and (3.60) hold.

(i) If 6 = 1, then {x")} o converges in a finite number of steps.

(ii) If 0 € [$,1), then there exist d >0 and k € N such that
1. f@®) — f(z) =0 (e—d('f—%)>
2 |o® — || = 0 (72 (kFD)).

(iii) If 0 € (0,1), then there exists k € N such that

1 f@®) = @) =0 ((k—F) ™)
2 a® —al =0 ((k—k+1)77).

Proof. First we can assume that s*) = f(2(®)) — f(z) > 0 for all k € N, since otherwise the
algorithm would terminate in a finite number of steps.
Let U be as in Definition 2.13 for the point Z. From Theorem 1 we know that {z(®)},cy
converges to # and, because of (3.45), also {§#*)},cn does. Therefore there exists k € N such
that

2D G0 e UN[f(Z) < f < f(Z) +]

for all k > k, thus allowing to apply the KL inequality in §*).
Let us take the squares of both sides of condition (H4), divide and multiply them by % and a
respectively, thus obtaining

a a 2a

SIO2 < oD — 2@ 4 SR 4 G 2t — o)

By applying condition (H1) to the previous inequality, we get the following relation

B < (8 - s0) Dz YOG,

Since limy_,o0 ¢ = 0, it is possible to choose k € N such that C,EH < (ko1 < v/Cry1 holds for
all k > k. Recalling that thanks to (3.60) there exists M > 0 such that ¢y < M(s*) —s(E+1))
(see (3.62)), we obtain

a

N2 < m(s® — D)
where m =1+ 5 M + 2_ng.
Set t*) = f(7*)) — f(z). Then, by multiplying each side of the inequality by ¢'(t(*))2, we have

2@ (2 ®)2 > 2

m! (sEHDY2(s0) — g+1)) > g (102 (58) _ 5kDy > 2 > 5,

S
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where the extreme left inequality has been derived using condition (H2), whereas the extreme
right one has been obtained by applying the KL inequality in §*). Therefore, we have come
to the following relation

(g2 (k) _ (k1)) 5 & 3.66
§ (sEDP () — ) > O (3.66)
Equation (3.66) is identical to [66, Theorem 3.4, Equation 6], from which (i), the rates on the
function values in part 1 of (7i) and in part 1 of (iii) follow immediately, whereas the rates on
the iterates contained in part 2 of (ii) and part 2 of (iii) are obtained by combining the rates
on the function values and Theorem 3.4. O

Since choosing §*) = y*) at STEP 2 implies that (H4) is satisfied with (; = 0, the conver-
gence rates of Theorem 3.4 and 3.5 hold for the exact version of Algorithm VMILAn.

3.2.4 Practical computation of the inexact proximal point

We will now explain how to address the computation of the inexact proximal point in VMILAn.
At a first glance, STEP 2 of Algorithm VMILAn might seem impracticable, since it still requires
the knowledge of the exact proximal point y*). However, computing a point §) satisfying
(3.23) is possible, even when y*) is not known, whenever the function f; has the form

fi(x) = g(Ax) (3.67)

where g : R™ — R is a proper, convex, lower semicontinuous function with prox, easily
computable in closed form, and A € R™*™ 1In this case, the Fenchel-Moreau-Rockafellar
duality formula [143, Corollary 2.8.5] states that, if ¢ is continuous at Az for some zy € R",
then

min A% () = min max F® (y,v) = max ¥¥)(v) (3.68)
yeR™ yeER™ veR™ veER™
where F*) and U*) are the primal-dual and dual functions associated to (3.22), respectively.
The primal-dual function can be obtained from the primal one by applying the equality g(Ax) =
max,egm v1 Az — g*(v), which holds because of the biconjugation theorem (Theorem 2.1), to
the primal function A%), yielding

1 N oy,
FOy,v) = 5lly = 2Olp, +y"ATv = g"(0) = 1@™) = FIVHC L (369)

with z(#0) = 2k — akD,;1Vf0(x(k)). The dual function is then obtained by computing the
minimum point of the primal-dual function with respect to y and replacing it into (3.69).
Since F (k)(-,v) is differentiable and convex for all v € R™, the requested y is the solution of
V,F®) (y,v) = 0, which gives y(v) = z(F) — oszglATv. Then the following passages lead to
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the explicit expression of the dual function:

¥ (0) =FM) (y(v),v)
_ L
_20%
+ (20 — D AT ATy — " (0) = fi(a®) = TEIV fo(a M)
1

:2—||aka_1ATUH2Dk + 0T Az
(7

Hz(k) — alezlATU — z(k)H%)k

Hlezl

1 _ N k Qy, k
- a—kllaka PAT|B, = g% (v) = fi(z™) — 7\|Vfo(w( ))Ili)gl
1 _ k % k (€73 k 1 k
=— E”O%Dk ATy — W3, — g*(v) = fi(a™) - 7\\Vf0(35( ))”%);1 + E”Z( 3,
(3.70)
By definition of the primal-dual and dual functions, the following inequalities hold
A0 () > F® (y o) >8R (v) vy e R, v e R™. (3.71)

We now provide a sufficient condition to determine a point 7¥) satisfying (3.23), which is
expressed in terms of the primal and dual functions (3.68).

Lemma 3.3. Let h®), W) be the primal and dual functions defined in (3.68). If there exist
7*) e R, ) € dom(¥®)) such that

WO (G*) < pu® (uk)), (3.72)
with n = 2/(2 + 1), then the point %) satisfies (3.23).
Proof. 1f inequality (3.72) holds we have

BB (58 — 0 (4 0y < p®) (5R))  gk) ((R)) < _%h(k) (G"®) < —%hgk) (5", (3.73)

where the leftmost inequality follows from (3.71), while the last inequality is a consequence of
0<~<1. O

Unlike (3.23), in condition (3.72) the dependence on the exact proximal point y*) has
disappeared. This allows to compute the inexact point gj(k) by applying an iterative method to
the dual problem (3.68), as stated in the following result.

Proposition 3.7. Suppose that g is continuous on its domain andn € (0,1]. For all k € N, let
Uk be the dual function defined in (3.68) and {v*9}en € dom(¥WR) g sequence such that

lim v®*9 = argmax U® (v) (3.74)
{— 400 VER™
lim ®® (u*0) = max ¥H) (), (3.75)

{—+o00 veER™
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Set k) = »(k) — aka_lATfu(k’z). Then there exists { € N such that

h® (GEO) < ne® (kD) v 0> 7 (3.76)

Proof. Set ay = W) (v(‘u)). Since inequalities (3.71) are satisfied, in particular, for y = y ) it
follows that a; < h*) (y(*)) and, by hypothesis, it also holds lim a; = max, ¥*) (v) = h) (y(*)),
Combining these two facts and noting that n € (0, 1], we have

for all sufficiently large £. We observe that
y*) = argmin h®) (1) — ka(z(k) —y®))y e ATHg(AyR))

Y (673

<— y(k) = k) _ akD,glATv
where
ve dg(AyP) —= Ay e ag*(v) = 0 dTW(v).

Hence v = v, = argmax yepm ¥ (v) and y*) = 2 —a;. D,  ATw,.. Condition (3.74) guarantees
that
lim %0 = ¢k,

l——+o0

Since ¢ is continuous, so does h(¥), and therefore

i (k) (kDY — p (k) (o, (k)
Jim hEEET) = R,
The above limit, in combination with (3.77) and the inequality h®) (y*)) < h*)(5(:0) allows
to conclude that (3.76) is eventually satisfied for ¢ sufficiently large. O

Remark 3.6. Since v(%%) € dom(¥¥) for all £ € N, any point 79 satisfying (3.76) belongs
to dom(f1). However, we are not guaranteed that this is the case for any point of the primal
sequence, i.e. that g0 e dom(f;) for all £ € N. Therefore, a practical issue arises in
implementing (3.76), since such a condition might involve infinite quantities in the process.

If dom(fy) is closed, this issue may be fixed by considering the sequence 7**) = Pom( fl)(g(’f’f)),
where Pyom(f,) denotes the Euclidean projection onto dom(f;), and stopping the iterative
procedure when the inequality

R (50:0) < (R (1 (R:£)) (3.78)

is satisfied. This condition is well-posed, since the continuity of Pyom () and the fact that
y*) € dom(f;) guarantee again that *9 — y*) and thus that the procedure terminates in a
finite number of steps.
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In a nutshell, an inexact proximal point §*) satisfying (3.23) can be computed by implementing
the following steps:

1. generate a sequence {fu(k’z)}geN where the iterates and function values converge to the
solution of the dual problem (3.68) and its optimal value, respectively. For instance,
an algorithm complying with these two properties is FISTA in the variant proposed by
Chambolle and Dossal [42] (see Algorithm 9);

2. compute the sequence {79} ey where 70 = Pdom(fl)(z(k) — akDglATv(k’z));

3. set §¥) = 580 where £ is the first nonnegative integer such that the stopping criterion
(3.78) is satisfied.

Then, at each iteration of VMILAnR, an inner loop is required in order to compute g(k). Clearly,
the entire procedure depends on the value of the parameter 7, which measures the quality of
the inexact proximal point we are computing: the closer n is to 1, the more precise the approx-
imation gets, but at the cost of a larger number of inner iterations, and viceversa when 7 is
approaching 0. However, numerical experience shows that a good balance between convergence
speed and computational cost in VMILAn can be achieved, as remarked in [32].

Finally, let us observe that (3.67) includes also the case where fi(z) is defined as
fi@) =3 g4,
i=1

where A; € R™*" g, : R™ — R. Indeed, formulation (3.67) is recovered by setting A =
[AT AT . AT)T € R withm = Y"1 m; and g(t) = 31, gi(t;) for all t = (ty,...,t,) € R™,

with ¢; € R™i. In this case the dual variable v can be partitioned as v = [v] vi ... vT

v; € R™ and g*(v) = >.;_; 97 (v;) (see Proposition 2.3).

17, where

3.3 Applications in image processing

In order to confirm the efficiency of the proposed algorithm, we carry out different numerical
experiments on realistic nonconvex optimization problems arising in image processing. We
compare the obtained results with those provided by some recent methods already applied in
such a framework. All the numerical results in the following sections have been obtained on a
PC equipped with an INTEL Core i7 processor 2.70GHz with 8 GB of RAM running Matlab
ver 7 R2010b.
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3.3.1 Image deconvolution in presence of signal dependent Gaussian noise

In this section we consider the image restoration problem described in [47], where the observed
data g € R™ are assumed to be acquired according to the model

g9i = (thrue)i + O-i((H:Etruo)i)wiy

where T4 € R™ denotes the original image to be reconstructed, H € R™*™ is a matrix with
non-negative entries representing the acquisition system, w = (wq, - - - ,wn)T is a realization of

Gaussian random vector with zero mean and covariance matrix I,, and o; : R — R+ is defined

oi(u) = v aju+ by,

with a; € R>g, b; € Ryg, foralli =1,...,n.
The problem of recovering the unknown e from the knowledge of g can be addressed by

as

means of the Bayesian paradigm, for which an overview can be found by the reader in Appendix
A. According to this approach, an estimate of the true image xye can be computed by solving
the minimization problem (3.2), where fj is a data discrepancy function corresponding to the
negative log-likelihood of the data, and f; is a regularization term chosen to induce some
desired properties on the computed solution.

In this case, the negative log-likelihood function is given by

n

)i — 9i)°
fo(z) = % Z % +log(ai(Hz); + bi), (3.79)
i=1 7 1 7

which is continuously differentiable and nonconvex on dom(fy) = {z € R" : a;(Hz); + b; >
0Vi=1,..,n}.

If one wants to preserve the edges in the reconstruction and also the non-negativity of the
pixel values, the regularization term can be chosen as the sum of the total variation functional
(see [132] or Appendix A) and the indicator function of the set RZ, i.e.

file) = p Y |IVil| + tre, (), (3.80)
i=1

where p € R+ is a regularization parameter and V; € R?X" represents the discrete gradient of
the two dimensional object = at pixel 1.

We remark that the assumptions of problem (3.2) are satisfied for fy and f;. Indeed, f; is
convex and continuous on dom( f1) and, since b; > 0 for alli = 1,...,n and H has non—negative
entries, we have dom(fy) D dom(fy). Furthermore, V fj is Lipschitz continuous on dom(fi), in
fact fy can be expressed as

fola) =S v (Ha)) + 5 ((Hz),),
=1
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where ,

yfl) (u) = %%, l/él) (u) = %log(aiu + b;)
have bounded second derivatives on dom(fy). Finally observe that, since f is given by sums,
products and compositions of analytic functions on dom(fp), then f itself is analytic [88] and,
as we have seen in Section 2.3.1, this is sufficient to conclude that f is a KL function.

In order to validate the effectiveness of the proposed method, we consider the test problem
“jetplane”, which can be downloaded from [127] (see Figure 3.2). Here, the operator H corre-
sponds to a convolution with a truncated Gaussian function of size 7 x 7, a; = b; = 1 for all
i=1,...,n and p = 0.03.

Algorithm VMILAn has been implemented in Matlab environment with the following set-
tings:

Step 1 - metric selection: we consider three different choices for Dy, all leading to a diagonal
matrix whose entries are defined as follows:

MM (Dy);' = max{min{(Ax)i;, 1}, %}, where Ay, is defined in [47, formula (36)] with € = 0.
This matrix Ay is introduced in [47], following the Majorization-Minimization (MM)
approach, where the authors show that the quadratic function Q(z,z®) = fo(z®)) +
V fo(zNT (2 — () + 3z — x(k)||?4k is a majorant function for fy, i.e. fo(z) < Q(z,z®)
for all z € dom(fy).

(k)

SG (Dy);;' = max{min{m, w“h, é}, where € is set to the machine precision and V (z(¥))

is determined on the basis of the Split Gradient (SG) idea [89], i.e. in such a way that
Vfo(z®) = V(z®) — U=®),

where V(z®) is a vector with positive entries and U(z(*)) has nonnegative entries. In
this case, a feasible choice for the positive part is V(az(k)) = HTs®) with

ai((Hx); + gi) + 2b; a;
2(ai(H:E)Z‘ + bz)2 Z(Gi(H:E)Z' + bz) )

s = (Hzx);

I Dy = 1I,.

The parameter ; bounding the diagonal entries of Dy, is set to 101°.

Step 1 - steplength selection: once computed the matrix Dy, the stepsize parameter ay is
chosen using the adaptive strategy proposed in [108] and based on the approximation of the
eigenvalues of the Hessian matrix of the objective function by means of a Lanczos—like process
(see also Section 1.2.2). The idea is to apply this rule to the differentiable part fy. In our
problem, for a fixed positive integer m (in our experiments we consider m = 3), one has to:
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a) Define the matrices

G = [D gt D] T | e

by collecting m consecutive steplengths and reduced gradients

0 if x(k) 0

N(k) 9

9; { - . ( oo (3.81)
[Voz®)],  ifay” >

b) Compute the Cholesky factorization RT R of the m x m matrix (~}T(~}, the solution r of
the linear system RTr = GTD;1/2§(’“) and the m x m matrix ® = [R 7]l R~

c) Compute the eigenvalues of the symmetric and tridiagonal approximation ® of ® defined
as
® = diag(®) + tril(®, —1) + tril(®, —1)7,

being diag(-) and tril(-, —1) the diagonal and the strictly lower triangular parts of a
matrix, and use the reciprocal of the positive eigenvalues obtained as steplengths for the
next iterations.

Finally, the steplengths «j are constrained in the interval [auin, Omax], Where apmin, = 1072,
Cmax = 102

Step 2 - inexact computation of the proximal point: since the proximal operator of
f1 is not available in a closed form, it has to be approximated via an iterative solution. We
observe that the nonsmooth regularization term has the form f(z) = g(Az) where AT =
(VI ...,V 1) € R and g : R® — R is defined as

toi—1
to;

We implement an inexact version of Algorithm VMILAn, where the approximate proximal point

n ton+1

gt) =

i=1

+ LR%O

t3n

§*) satisfying (3.23) is computed as described in Section 3.2.4 with n = 1079 or, equivalently,
with 7 = 2(10% — 1). In this case, in virtue of Example 2.1-2.2 and Proposition 2.3, we have
that g* is the indicator function of the set C = B2(0, p) x - - - x B2(0, p) x R, where B?(0, p) is
the 2-dimensional ball with center 0 and radius p. Thus the dual problem (3.68) can be written
as the following constrained least squares problem

1 Qe 1
X = 5 o 1% D ATy = 2D, = ™) = IV foa I, o+ 5 IIZ B, (3.82)
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Figure 3.2: Jetplane test problem: original object (left), blurred and noisy image (middle), and
VMILAn reconstruction (right).

As inner solver for the subproblem (3.82), we adopt algorithm FISTA in the variant proposed
in [42] and reported in Algorithm 9 of Section 2.2.3, where we set a = 2.1. We remark that, if
condition (H4) is not ensured on the point §*), we could not invoke Theorem 3.3 to guarantee
the convergence of the whole sequence. However, the stationarity of the limit points is guar-
anteed by Proposition 3.2, which holds independently of (H4).

Other parameters setting: the line—search parameters have been chosen as 6 = 0.5, § =
1074, v = 1. These are standard choices for the Armijo parameters in the constrained opti-
mization framework [37, 113, 112], where it has been remarked that the performance of the
Armijo line-search is usually not sensitive to the choice of these parameters.

We compare the performances of our method with the variable metric forward backward
(VMFB) algorithm [47] (see Algorithm 10 of Section 2.2.3) in the implementation provided
by the authors which can be downloaded from [127]. We observed that both methods achieve
the same value of the objective function in the limit, denoted by f*, which is in general
not guaranteed for nonconvex problems. Thus in this case we can compare the optimization
properties of the algorithms by measuring the progress toward this value, which has been
numerically approximated first by running 5000 iterations of all methods and retaining the
smallest value.

Figure 3.3 reports the relative decrease of the objective function with respect to the min-
imum value f* as a function of the iteration number and of the computational time. We can
observe a faster decrease of the objective function for Algorithm VMILAn. The best perfor-
mances are achieved by choosing Dj = I, which means that, for this specific application, the
most significant benefits in Algorithm VMILAn come from the variable choice of the steplength
ag. The inner solver for computing an approximation of the proximal point requires about 2-3
iterations per outer iteration, except for the choice SG of the matrix Dy. In all experiments
the first option in (3.25) never occurred. The reconstructed image obtained with VMILAn is
shown in the right panel of figure 3.2.
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Figure 3.3: Image deconvolution in presence of signal dependent Gaussian noise. Relative
decrease of the objective function toward the minimum value with respect to the iteration
number (left) and computational time in seconds (right).

3.3.2 Image deblurring in presence of Cauchy noise

As a second test, we take into account the problem of recovering a blurred image corrupted by
Cauchy noise. In [134] the authors propose a novel variational model aimed at facing Cauchy
noise image restoration based on total variation regularization. More in detail, they suppose
the degraded image g € R" can be written as ¢ = Hz + v, where € R" is the true object,
H € R™™ is the discretization of the blurring operator and v € R™ represents the random
noise which is modelled by a Cauchy probability distribution corresponding to a density of the
form

I v
=" _ 0.
f(v) e A

The discrete version of the optimization problem they suggest can be formulated as follows

min = Zlog v? 4+ ((Hz); ) + Z Vx|, (3.83)

where A is the regularization parameter. We decide to force the solution of being nonnegative
and therefore we add to the objective function in (3.83) the indicator function of the nonnegative
orthant. In these settings, the nondifferentiable part of the function to minimize becomes as
n (3.80) (with p = 1), while fy reduces to the logarithmic discrepancy. The corresponding
optimization problem fits into the framework of problem (3.2). Indeed, fj is a real analytic
function on the entire space R™ and thus dom(fy) O dom(f1). Furthermore, by writing the
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Figure 3.4: Cauchy noise image deblurring datasets: original objects (left), blurred and noisy
images (middle) and VMILAn reconstructions (right).

gradient of fy
(Hz —g)
7+ (Hz = g)*

Vfo(z) = AHT

we deduce that V fo is Lipschitz continuous with L(fo) < v~ 2||H||||H”|| as upper bound for
the smallest Lipschitz constant.

We consider two datasets borrowed by [134, Section 5.2]. In particular the operator H is
associated to a Gaussian blur with a window size 9 x 9 and standard deviation equal to 1,
while v has been set equal to 0.02. We report the true images and the distorted ones in figure
3.4. The regularization parameter \ has been fixed equal to 0.35. We applied VMILAn by
computing the proximal point §*) inexactly by means of the FISTA algorithm as in Section
3.3.1. As in the previous test, we consider three different choices for the scaling matrix, i.e. the
FEuclidean metric and two further nontrivial metrics. Again, all the matrices considered here
are diagonal:

MM (Dy);' = max{min{(Ay);, 1}, i} where the matrix Ay is borrowed by the MM approach
and it is given by formula (36) in [47] where ¢ = 0 and the function w is set equal to the
function v in the tenth row of Table 1 in [46].
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- . 2 o (K 200y,
SG (Dy);;' = max {mln {W,u , é}, where V(z®)) = AHT s(*) with 32( ) = %

is again chosen by means of the gradient splitting idea already mentioned in Section 3.3.1.
Note that the positivity of V(x(k)) is ensured by the non-negative constraints and the
properties of the blurring operator.

I Dy = 1I,.

The other parameters are set exactly as in Section 3.3.1.

In figure 3.5 we show the relative distance between the objective function values and the
limit value f* computed by 5000 iterations of VMILAn with the MM metric. The benefits
gained by using a variable metric are quite evident in terms of both number of iterations and
computational time.

As further benchmark we include in our comparison also the method VMFB where the
majorant function is computed according to Lemma 5.1 in [47] and [46, Table 1].

Finally, to appreciate the validity of VMILAnR as restoration method, in table 3.1 we report
the values of the peak signal-to-noise ratio (PSNR) related to the approximated solutions
compared to the values shown in [134] corresponding to the same two datasets. The PSNR is
widely used in the literature to measure the image quality and is defined as

— mi 2
PSNR(x) = 101og, n|max(xz) — min(x)]

| Ztrue — 33”2 ’

where 4 € R" is the true object.

Data VMILAn(I) VMILAn(SG) VMILAn(MM) VMFB [134]
Parrot 18.23 26.67 26.70 26.71 26.62  26.79
Cameraman 18.29 25.90 26.41 26.52 25.82  26.72

Table 3.1: PSNR values obtained by VMILAn in solving the Cauchy noise image restoration
problems.

The PSNR values presented in Table 3.1 allow to say that the performances of VMILAn
are comparable to those of the reference approach [134]. The reconstructed images obtained
with VMILAn (scal = MM) and related to the PSNR reported in Table 3.1 are shown in the
right panel of figure 3.4.

3.3.3 Linear diffusion based image compression

For the next numerical experience, we address the problem of linear diffusion based image
compression considered in [105], which consists in finding the optimal interpolation points for
the compression procedure (see also [69, 85]). In particular, the problem has been reformulated
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Figure 3.5: Relative decrease of the objective function toward the minimum value with respect
to the iteration number (left) and computational time in seconds (right) for the Cauchy noise
image restoration datasets: parrot (first row) and cameraman (second row).

in [85, 105] as follows

1
min. o lu—u® |3+ Alle] (3.84)

st. Clu—u®) = (I, = C)Lyu =0,

where u(®) € R” denotes the original image, ¢ € R™ is the so-called inpainting mask and
represents the unknown weights to be assigned to each pixel in the compression step, C' =
diag(c) € R™", u € R" is the image to be reconstructed and L, € R™ ™ is the Laplacian

operator. Such a problem is nonconvex due to the nonconvexity of the equality constraint,
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from which the image u can be rewritten as
u=A"1Cu

with A = C + (C — I,)L,. If we substitute the above equation into (3.84), we obtain an
equivalent optimization problem which depends only on the inpainting mask ¢. Unlike in [105],
we also force the object ¢ to satisfy a certain set of constraints, by adding the indicator function
tc to the objective function:

min S|A"LCu® — 0O |2 1 Allely + efe). (3.85)

ceRn 2
As concerns the choice of the feasible set C, although the natural choice would be the cartesian
product [0, 1]™, in our experiments we observed that better results can be obtained by allowing
the inpainting mask to assume values greater than 1, and therefore we chose C = [0, 1.5]".
The presence of the non-negativity constraint allows to apply VMILAn by including the term
AMlc|li in the differentiable part fy and setting fi(c) = tc(c). The proximal operator of f;
reduces to the projection over the set C and thus it is computed exactly. Moreover, f is a KL
function, being the sum of semi-algebraic functions, and V fj is Lipschitz continuous. Finally,
the boundedness of the feasible set C guarantees the existence of a limit point. All these
facts allow to apply Corollary 3.1 and to state the convergence of the VMILAn sequence to a
stationary point of f. Furthermore, since the objective function is overall semi-algebraic, the
desingularizing function ¢ at the limit point is of the special form ¢(t) = (ct?)/6 with 0 € (0,1]
(see Section 2.3.1) and thus, on account of Theorem 3.5, the expected convergence rate of both
iterates and function values is at least O(1/kP), with p > 1.
Since the gradient of f does not suggest any natural decomposition, we consider the nonscaled
version of VMILAn by setting Dy, = I, for all k. As concerns the steplength parameter oy, we
used the same strategy described in the previous section by replacing (3.81) with

) {0 if ¢! € {0,1.5},

CUVAle®™)], it e (0,15)

and setting amax = 10°.

We compare VMILAn with the iPiano algorithm, originally devised in [105] and detailed in
Algorithm 8 of Section 2.2.3, which is a forward—backward method with extrapolation whose
generated sequence converges to a critical point of (3.85) thanks to the KL property of the
objective function. Unlike the choice made for VMILAn, here we followed the implementation
of the authors and left the term Al|c||; in the f; part of the objective function (we tried also
the other splitting but we always obtained worse results). All the other parameters defining
iPiano have been chosen as suggested in [105]. The test problems are the same used in [105,
§5.2.2] and named “trui”, “peppers” and “walter” (see Figure 3.6). In Table 3.2 we report the
iteration numbers performed by the two methods together with the corresponding values of the
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Test image Algorithm Iterations Obj. func. Density MSE

. iPiano 1000 21.58 497% 17.27
VMILAn 599 21.50 480%  17.95

iPiano 1000 23.10 5.95%  19.64

PEPPELS v MILAR 655 23.01 581%  19.99
lter iPiano 1000 10.32 510%  8.27
VMILAn 699 10.23 466%  8.55

Table 3.2: Summary of two algorithms for three test images.
objective function, density and mean squared error (MSE) computed by

1
MSE(u,u®) = = Z:(uZ —u?)?,
i=1

where u = A~1Cu(® is the reconstructed image. Moreover, since in this case it seems that the
two algorithms do not converge to the same minima, in Figure 3.7 we do not plot the relative
distance between the objective function and the minimum but we show the decrease of the
objective function with respect to the iteration number and the computational time in seconds.

The behaviour of the steplength «; and the linesearch parameter Ay is also shown in Figure
3.8. Concerning the former parameter, it can be seen that the value «y varies of several order
of magnitudes; this is typical of any steplength selection rule which aims at approximating the
spectrum of the Hessian of the function, as it is the case of the rule we adopted for VMILAn.
Indeed, it looks like the red plots in Figure 3.8 are oscillating between two extreme values,
which might be considered as approximations of the reciprocals of some eigenvalues of the
Hessian matrix V2 fo(z(*)).

Finally, in the right column of figure 3.6 the reconstructions obtained with VMILAn are
given. As remarked in the previous numerical tests, also in this application VMILAn seems to
be competitive if compared to other forward—backward approaches, since it is able to provide
comparable reconstructions by performing a lower number of iterations and allowing a reduction
of the computational time. In all the experiments described in this section, the first option in
(3.25) never occurred.

3.3.4 Student-t regularized image denoising

In this final section, we consider again an application in imaging used in [105] and consisting
in an image denoising problem addressed by means of the Markov random field (MRF) model

Ny n

min » 6; log(1 + (k; ® x)g) + BHI‘ —gli3 + 1x(2).
reR”™ =1 P 2
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Figure 3.6: Trui (top row), peppers (central row) and walter (bottom row) datasets. Original
image (left), inpainting mask (middle) and VMILAn reconstruction (right).
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Figure 3.7: Linear diffusion based image compression for the trui (top row), peppers (central
row) and walter (bottom row) datasets. Decrease of the objective function with respect to the
iteration number (left) and computational time in seconds (right).
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Figure 3.8: Behaviour of the parameters ap and A\, with respect to the iteration number for

the trui (left column), peppers (central column) and walter (right column) datasets.

Here x and g denote the target and the (Gaussian) noisy images, respectively, ; are positive
weights, ® denotes the two-dimensional convolution and k; are 7 x 7 filter kernels learned in [45]
by using a bilevel learning approach (weights and filters can be downloaded from [44], together
with the instructions to produce the noisy image). As concerns the feasible set X', we force the
reconstructed image to belong to the non-negative orthant R%.

The image used for this experiment is the so—called watercasﬁe, and it is shown in Figure 3.8,
together with the one obtained by the true image by adding Gaussian noise with standard
deviation ¢ = 25. The regularization parameter p has been fixed equal to 1 as suggested in
[105]. We applied VMILAn by choosing f; equal to tx and fy equal to the remaining part. As
reference method we used as in the previous section the iPiano algorithm, in the same settings
described by the authors in [105]. Since both algorithms converge to the same solution, as done
in Section 3.3.1 we computed the relative distance between the objective function during the
iterations and its minimum value, obtained by performing 1000 iterations with iPiano. The
corresponding plots with respect to the iteration number and the computational time are shown
in Figure 3.10, while the denoised image provided by VMILAn after 250 iterations is given in
figure 3.9.

This last experiment confirms the conclusions previously drawn for VMILAn in the image
compression application, since also in this case our method behaves similarly to iPiano in
terms of both number of iterations required to minimize the objective function and average
cost per iteration.
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Figure 3.9: Watercastle test problem: original object (left), blurred and noisy image (middle),
and VMILAn reconstruction (right).
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Figure 3.10: Student-t regularized image denoising for the watercastle dataset. Decrease of

the objective function with respect to the iteration number (left) and computational time in
seconds (right).



Chapter 4

Phase estimation in differential
interference contrast (DIC)
microscopy

In this chapter we are interested in a specific application in the field of optical microscopy,
which can be suitably addressed by the line—search based methods devised in the previous
chapter. In particular, we consider the problem of phase estimation from color images acquired
in difference interference contrast (DIC) microscopy. In the last forty years, DIC microscopy
has gained popularity in biomedical research as an effective optical microscopy technique used
to observe unstained transparent specimens under a transmitted-light configuration. DIC mi-
croscopes are able to provide contrast to images by exploiting the phase shifts in light induced
by the transparent specimens (also called phase objects) while passing through them. One
disadvantage of DIC microscopy is that the observed images cannot be easily used for topo-
graphical and morphological interpretation, because the changes in phase of the light are hidden
in the intensity image. It is then of vital importance to recover the specimen’s phase function
from the observed DIC images. The problem can be reformulated in mathematical terms as
an optimization problem which, unfortunately, is highly nonconvex and presents multiple local
minima. For that reason, there is the need of efficient computational methods aimed at recov-
ering quantitative information on the DIC phase function. So far, only few works have dealt
with this problem in the literature [117, 118, 115, 116].

Our aim is to exploit the line-search based methods developed in the previous chapter
in the context of DIC imaging. In particular, we address the DIC phase estimation problem
with a gradient method, equipped with an Armijo line-search and a non standard selection
rule for the steplength, and a non-scaled version of Algorithm VMILAn presented in Chapter
3. Furthermore, we revisit the state-of-the-art optimization method for phase estimation in
DIC microscopy providing implementation details, showing possible pitfalls and comparing its
performances with standard conjugate gradient algorithms. Finally, we show that, in numeri-

115
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cal simulations with simulated datasets, the two proposed optimization strategies are able to
provide accurate reconstructions of the phase in a lower computational time.

The chapter is organized as follows. In Section 4.1, we provide the details concerning the
DIC model and we consider the minimization problem of the functional given by the sum of
the maximum likelihood term and a (possibly smoothed version of) total variation regularizer,
studying its analytical properties and proving the existence of minimum points. In Section 4.2,
we present the proposed methods and revisit the state-of-the-art optimization method for phase
estimation in DIC microscopy. In Section 4.3, numerical experience on simulated datasets is
presented.

4.1 Model and problem formulation

The technique of interest in this chapter is Differential Interference Contrast (DIC) microscopy,
designed by Allen, David and Nomarski [4] to overcome the inability to image unstained trans-
parent biological specimens, which is typical of bright-field microscopes, while avoiding at the
same time the halo artifacts of other techniques designed for the same purpose, such as phase
contrast.

4.1.1 The DIC model

DIC microscopy works under the principle of dual-beam interference of polarized light, as de-
picted in Figure 4.1. Coherent light coming from a source is passed through a polarizer lens.
Every incident ray of polarized light is splitted by a Nomarski prism placed at the front focal
plane of the condenser. This splitting produces two wave components — ordinary and extraor-
dinary — such that their corresponding electromagnetic fields are orthogonal and separated at a
fixed shear distance 2Ax along a specific shear direction, whose angle 73, formed with the xz-axis
is denominated shear angle. The specimen is sampled by the pair of waves; if they pass through
a region where there is a gradient in the refractive index, the waves will be differentially shifted
in phase. After this, they will reach a second Normarski prism placed at the back focal plane of
the objective lens. This prism introduces an additional phase shift, called the bias retardation
and indicated with 2A60, which helps to improve the contrast of the observed image and to
give the shadow-cast effect characteristic of DIC images (see Figure 4.2). The interference of
the two sheared and phase shifted waves occurs inside this prism and, thus, the two waves are
recombined into a single beam that goes through a second polarizer lens called the analyzer.
Further details on the DIC working principle can be found in the work of Murphy [100] and
Mehta et al [98].

The observed images will have a uniform gray background on regions where there are no
changes in the optical path, whereas they will have dark shadows and bright highlights where
there are phase gradients in the direction of shear, having a 3-D relief-like appearance (see
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Figure 4.1: Transmitted-light Nomarski DIC microscope. The difference of colors of the ordi-
nary and extraordinary waves indicates that their electromagnetic fields are orthogonal to each
other.

Figure 4.2). It is important to note that the shadows and highlights indicate the signs and
slope of phase gradients in the specimen, and not necessarily indicate high or low spots [4].

In this paper we consider the polychromatic rotational-diversity model [13], which is an
extension of the model presented in [115] to color image acquisition. This model assumes that
K color images are acquired by rotating the specimen K times with respect to the shear axis,
which results in K rotations of the amplitude point spread function. Typically K equals 2 and
the difference between the two angles is m/2. Actually, for a given shear angle 7, the acquired
image k is related to the directional derivative of the object along the direction 7 [118]. Then
the 2D image can be reconstructed from two orthogonal directional derivatives [115]. In this
configuration, the relation between the acquired images and the unknown true phase ¢ is given
by

. 2
(0rn,)j = a1 |(hir, @ €720 + (3,5, (4.1)
fork=1,...,K,£=1,2,3, j € x, where

e k is the index of the angles 75 that the shear direction makes with the horizontal axis
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[115], ¢ is the index denoting one of the three RGB channels and j = (j1, j2) is a 2D-index
varying in the set x = {1,..., M} x{1,..., P}, M and P meaning the size of the acquired
image, which is determined by the resolution of the CCD detector of the microscope, with
typical value of 1388 x 1040 pixels;

e )\ is the /—th illumination wavelength, which is assumed to be rational. The object is
illuminated with white light, whose wavelengths range from 400 nm to 700 nm. The digital
acquisition system of the microscope comprises a color bandpass filter which isolates the
RGB wavelengths, acquired separately by the CCD detector [100]. Since it is selected a
narrow band for each color, we use the mean wavelength at each band. Without loss of
generality, this mean value can be considered as a rational number. In particular, in our
experiments we will set Ay = 0.65, Ao = 0.55 and A3 = 0.45 as values for the red, green
and blue wavelengths, respectively;

® 0, € RMP is the ¢—th color component of the k—th discrete observed image o =

MPx3.
(OkA1> Ok gs Ok ) € R ;

e ¢ ¢ RMP ig the unknown phase vector and e~ @/* ¢ CMP stands for the vector defined
by (e—ﬂi’/)\z)j - e_i(bj/)\e;

® Ny, € CMP is the discretization of the continuous DIC point spread function [118, 74]
corresponding to the illumination wavelength Ay and rotated by the angle 73 , i.e.,

1 . )
b, (z,y) = 3 [G_ZMPAZ (Ri - (z — Az, y)T) - eA0py, (Ri - (z + A‘Tay)T):| ;o (42)

where py,(z,y) is the coherent PSF of the microscope’s objective lens for the wavelength
Az, which is given by the inverse Fourier transform of the disk support function of am-
plitude 1 and radius equal to the cutoff frequency f. = NA/\, [118], being NA the
numerical aperture of the objective lens, and Ry, is the rotation matrix which rotates the
coordinates according to the shear angle 7y;

e h1 ® ho denotes the 2D convolution between the two M x P images hi, hs, extended with
periodic boundary conditions;

® iy, € RMP is the noise corrupting the data, which is assumed to be a realization of

RMP

a Gaussian random vector with mean 0 € and covariance matrix o] (MP)2, Where

I(yipy2 is the identity matrix of size (M P)?;

e a1 € R is a constant which corresponds to closing the condenser aperture down to a single
point.

The problem with the acquired DIC images is their high sensitivity to the shear direction
and the chosen value of the bias, as we see in Figure 4.1.2 and 4.1.2. Thus, topological and
morphological information might be hidden or difficult to interpret in the final acquired image.
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(a) (b) (c) ()

Figure 4.2: Phase functions of two phantom specimens and corresponding noiseless DIC color

images: (a) phase function of the “cone” object, (b) DIC image of the cone, (c¢) phase function
of the “cross” object, (d) DIC image of the cross. The images have been computed by using
model (4.1) and setting the shear to 2Az = 0.6 pm, the bias to 2A0 = 7/2 rad and the shear
angle to 7 = /4 rad.

On account of that, one is more interested in the approximation of the phase ¢, which is
independent of the acquisition direction and the bias value.

4.1.2 Optimization problem

The phase reconstruction problem consists in finding an approximation of the unknown phase
vector ¢ from the observed RGB images 01, ...,0x. Let us first address this problem by means
of the maximum likelihood (ML) approach (see Appendix A). Since the 3K images oy ), are
corrupted by Gaussian noise, then the negative log likelihood of each image is a least-squares
measure, which is nonlinear due to the presence of the exponential in (4.1). If we assume
white Gaussian noise, statistically independent of the data, the negative log likelihood of the
problem is the sum of the negative log likelihoods of the different images, namely the following
fit-to-data term

3. K . 272
Jo@)=> >3 [(o,w)j —ay |(hey, ® e—wﬁ/)\g)j‘ ] _ (4.3)

=1 k=1 jex

Then the ML approach to the phase reconstruction inverse problem consists in the minimization
of the function in (4.3):

Jnin Jo()- (4.4)

In the next result, we collect some properties of Jy that will be useful hereafter.
Lemma 4.1. Let Jy : RMP — R be defined as in (4.3). Then the following facts hold.

(i) There exists T > 0 such that Jy is periodic of period T with respect to each variable, i.e.
for any j € x, defining €j = (§j,)rex = (0,...,0,1,0,...,0) € RMP where §;, is the
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Figure 4.3: DIC images are direction-sensitive. From left to right: cross object computed as in
Figure 4.2 acquired at shear angles 7 = 0,7/4, 7/2 rad respectively. According to the direction,
the information on one of the two crossing bars might be lost.

Figure 4.4: DIC images are bias-sensitive. From left to right: cone object computed as in
Figure 4.2 acquired at bias value 2A0 = 0,7/6,7/2 rad respectively. According to the bias
value, the shape of the cone might be unrecognizable.

Kronecker delta, it holds

Jo(d+Tej) = Jo(g), VY ¢eRME. (4.5)

(1) Jo(¢ + ce) = Jo(¢), ¥V ¢ € R, where e € RMP s the vector of all ones.
(iii) Jo is an analytic function on RMP and therefore Jy € C®(RMF).

Proof. (i) Fix j € x, £ € {1,2,3} and consider the exponential in (4.3). Then for all r € x

_i(b'r/)‘l y
—i(p+2mre)/A) _ ) € s TFET _ _ig/x
<e h 2)” - { e~ @i/ A)+2m] = g=idr/Xe = T (%), (4.6)

where the equality inside the curly bracket is due to the periodicity of the complex exponential.
Then, for a fixed ¢ € {1, 2,3}, the expression given in (4.3) without the sum in ¢ is 2w\, periodic
w.r.t. the variable ¢;. This means that Jy is the sum of three periodic functions of variable ¢;



Model and problem formulation 121

whose periods are 2wy, 2w \2 and 27w \3 respectively. By recalling that the sum of two periodic
functions is periodic if the ratio of the periods is a rational number, we can conclude that Jy
is periodic, as we have ;\—;, rational for all £, ¢ € {1,2,3}.

2

. If the thesis holds for Jy 1, ;,

(11) Set J&k,](qﬁ) = ‘(hkv)\l ® e—i¢/>\z)j‘2 _ Z (hk)\l)re—i((bj,,,«)/)\[

rEX

then it holds also for Jy. We have

2 2
Tejej(& +ce) = D (hyp,)re Gt e AN (R, Jre )N
S TEX
) 2
— ‘e—iC/A( Z(hk)\e)re_i(qﬁjfr)/)‘l — J&k‘,](qb) (47)
rex

(ili) If Jyp; is an analytic function on RMP " then Jy is given by sums and compositions of
analytic functions and thus it is itself analytic [88, Propositions 1.6.2 and 1.6.7]. Hence we focus
on Jy ;. Since (hgy,)r € C, it can be expressed in its trigonometric form (hy y,)r = pretr
with p, € R>q, 0, € [0,27). Then we can rewrite J; 1, ; as follows

Jok,j(9) = Zprei[er—(d)j—r/)\g)}

rex

2

= Zprcos — (¢j—r/ M) +ZZPrSIH — (@j—r/A0))

rex rex
2 2
= <Z pr cos(0r — (¢j—r/>\z))) + (Z prsin(0, — (¢j—r/)\£))> :

We now observe that the function Jgj ; contains sin(6, — (¢j—,/A¢)) and cos(0, — (¢j—r/Ar)),
which are both analytic functions with respect to the single variable ¢;_, and thus also with
respect to ¢, and the square function (-)2, which is also analytic. Since Jik,; is given by sums
and compositions of these functions, it is analytic. O

Problem (4.4) admits infinitely many solutions, as stated in the following theorem.

Theorem 4.1. Jy admits at least one global minimum point. Furthermore, if 1 € RMP js q
global minimizer of Jy, then also {{p +ce: ce€ R} U{yp+mTe;: j€x, meZ} are global
minimizers of Jy.

Proof. Let Q = [0,T]MP ¢ RMP_ Point (iii) of Lemma 4.1 ensures that Jy is continuous on
Q, thus from the extreme value theorem Jy admits at least one minimum point ¥ on €. By
contradiction, assume that there exists ¢ € RMP \ Q such that Jo(¢) < Jo(v). Let I C x
be the subset of indices such that {¢s}scr is the set of all components of ¢ which belong to
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R\ [0,7] and {ms}ser C Z\ {1} is the set of integers such that ¢ € [(ms — 1)T, msT]. Define

b= — Y scr(ms —1)Te, € Q. By periodicity of Jy w.r.t. the variables ¢, s € I, we obtain

Jo(¢) = Jo(®) < Jo(¥). (4.8)

Therefore, we have found a point ¢ € Q such that Jy(¢) < Jo(v)), where 9 is a minimum point
on ). This is absurd, hence v is a global minimizer for Jy. The second part of the thesis
follows from points (i)-(ii) of Lemma 4.1. O

Theorem 4.1 asserts that the solution to problem (4.4) is not unique and it may be deter-
mined only up to an unknown real constant or to multiples of the period T" w.r.t. any variable
¢;. Furthermore, since Jp is periodic, it is a nonconvex function of the phase ¢, thus it may
admit several local minima as well as saddle points. In the light of these considerations, we
can conclude that (4.4) is a severely ill-posed problem, which requires regularization in order
to impose some a priori knowledge on the unknown phase. In particular, we propose to solve
the following regularized optimization problem

min J(¢) = Jo(¢) + Jrv(9), (4.9)
$€R

where Jy is the least-squares distance defined in (4.3) and Jry is the smooth total variation
functional (also known as hypersurface potential - HS) defined as [2, 19]

Jrv(9) = 1S\ (D8);)} + (Do)} + 62, (4.10)

JEX

where ;i > 0 is a regularization parameter, the discrete gradient operator D : RMP — R2MP
is set through the standard finite difference with periodic boundary conditions

(D9) 1.4 1 Pji+1,52 — Pii g _
D), o = — o o
( gb)jl’” < ((D¢)j1,j2)2 > < ¢j17j2+1 - ¢j1,j2 > ’ ¢M+1’j2 ¢1J2’ ¢J1’P+1 ¢]171

and the additional parameter § > 0 plays the role of a threshold for the gradient of the phase.
Obviously Jry reduces to the standard TV functional [132] by setting § = 0. The choice of this
kind of regularization term instead of the first-order Tikhonov one used e.g. in [115, 116] lies in
the capability of the HS regularizer to behave both as a Tikhonov-like regularization in regions
where the gradient assumes small values (w.r.t. J), and as an edge-preserving regularizer in
regions where the gradient is very large, as it happens in the neighborhood of jumps in the
values of the phase.

Problem (4.9) is still a difficult nonconvex optimization problem and, when § = 0, it is also
nondifferentiable. Some properties of the objective function J are now reported.

Lemma 4.2. Let J : RMP 5 R be defined as in (4.9). Then:
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(1) J(p+ce)=J(p), VceR.

(ii) If § > 0, then J € C®°(RMP) and V.J is Lipschitz continuous, namely there exists L > 0
such that
IVJ(¢) = VIW)|2 < Ll¢ = lla, Vo,9 € RM. (4.11)

Proof. (i) We have already proved in point (ii) of Lemma 4.1 that the property holds for J.
Since it is immediate to check that (D(¢ + ce))j, j, = (D®);, j,, the property is true also for
Jrv and thus for J.

(ii) Point (iii) of Lemma 4.1 states that Jy € C*°(RM?) and the same property holds for Jry/,
hence J is the sum of two C>°(RM?) functions.

It is known that V.Jpy is Ly —Lipschitz continuous with Ly = 8u/62 [52]. We prove that also

, 2
VJy is Lipschitz continuous. If we introduce the residual image 7y, \, = ‘(hk A Qe~i/ ’\l)

_Ok)\(
and fix s € x, the partial derivative of Jy with respect to ¢ is given by
0J0(8) e 4 .
D6 2.2 3, e Im{e_“z’s/ke(hk,Az)j—s(hk,Az ® e_wm)j} , (4.12)
s (=1 k=1 jex

where Im(-) denotes the imaginary part of a complex number. As concerns the entries of the
Hessian V2.Jp, the second derivative w.r.t. ¢s, ¢; (s,t € x) is given by

92 Jo(o 3
a¢ta¢ 42 Z Z Im{ﬁ Fm{v;} +

(=1 k=1 jex

. I
(k/\Az) Re { S (TSI (TSR S NN SR CRE)
4

where ¥, = e/ (hy 3,)j—p(hi.x, @ e799/20); (p € x), Re(+) denotes the real part of a complex
number and J,; is the Kronecker delta. By using the triangle inequality and the fact that
le=¢r/At| = 1, the following inequality hold:

9] < 1(her)jmpl 3 (e )l (4.14)

rex

By applying the triangle inequality, the fact that |[e~*r/*¢| = 1, | Im(z)| < |z| and |Re(2)| < |2|
for any z € C and inequality (4.14) to (4.13), we obtain the following bound on the second
derivative of Jy:

92 Jo(o
a¢ta¢s

3 K )
ZZZ)\2|hk>\2] sl (Piexg)j—t] <Z| Pk e )r ) +

1jex réx

(e, {\(hk,mj_sruhwj_tr )i 3 Khwr\} - @19)

2
Aé rex
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Set Hye =3,y [(hkn,)r|- Taking the sum of (4.15) over s € y and picking the maximum over
t € x, a bound on the ¢s,—norm of the Hessian V2Jy is obtained:

0% Jo(
2 0
V2 70(6) e = m Z'&bt&bs
3 K Hi
34;;;—)\% {ZmaXth)\z)] t|er+ (Hk£+|(0k /\e) |) %%(X|(hk,)\e)j—t|+Hk,€:|}
=1 k=1 jex

From relation ||A[l2 < \/||A]|1||A]|ce and the fact that ||[V2J()|1 = V2T (})]leo (VZJo(¢) is a
symmetric matrix), it follows that ||V2Jo(4)||2 < Lo for all ¢ € RMP. Fix ¢, € RMP. By the
mean value theorem for vector-valued functions, we have

IVJo(d) = Vo(¥)]l2 < P IV2Jo(¥ + 6(¢ = ¥))ll2llé — Yl < Lollé — ]2 (4.16)

S )
Then VJy is Lo—Lipschitz continuous and consequently also V.J is Lipschitz continuous with
constant L = Lo+ L7y O

Point (i) of Lemma 4.2 makes clear that, if a solution to problem (4.9) exists, then it is not
unique and it can be determined only up to a real constant. This is a common feature shared
with the unregularized problem (4.4). However, unlike in (4.4), the objective function J is not
periodic and, in addition, none of the two terms Jy and Jry are coercive, therefore we can not
prove the existence of a minimum point of J neither as in Theorem 4.1 nor by coercivity. A
specific proof of existence of the solution for problem (4.9) is now presented.

Theorem 4.2. The objective function J admits at least one global minimum point. Further-
more, if v € RMP s a global minimizer of J, then also {¢) +ce: ¢ € R} are global minimizers
of J.

Proof. Let S = {¢ € RMP . ¢ = ce, ¢ € R} be the line in RM” of all constant images and II
any hyperplane intersecting S in one point ¢g, i.e.

H={p R > 0,6, +b=0}, Y a, #0, beR. (4.17)

rex rex

Thanks to part (i) of Lemma 4.2, for any ¢ € RM” the point ¢ = ¢ — (%) ecllis
such that J(¢r) = J(¢). Consequently, if ¢ is a minimum point of J on II, trhen it is also a
minimum point on RMF | because J(¢) < J(¢n) = J(¢) for all ¢ € RMF. Hence we restrict
the search of the minimum point on IT and we denote with J|r the restriction of J to II. Since
S = argmingepup Jrv(¢) and II intersects S only in ¢g, Jry is a convex function with a
unique minimum point on I, which implies that Jry is coercive on II. Furthermore, being Jy

periodic and continuous, it is a bounded function on II. Then J| is the sum of a coercive
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term and a bounded one, therefore it is itself coercive. This allows to conclude that J admits a
minimum point on II and thus also on RM¥. The second part of the thesis follows from Lemma
4.2, part (i). O

Note that the above proof of existence holds also for the regularized DIC problem proposed
in [115, 116], in which the first-order Tikhonov regularizer used instead of the TV functional
is also noncoercive.

4.2 Optimization methods

In previous works [115, 116, 117], the problem of DIC phase reconstruction had been addressed
with the nonlinear conjugate gradient method [104]. However, these methods require in practice
several evaluations of the objective function and possibly its gradient in order to compute the
linesearch parameter. What we propose instead is to tackle problem (4.9) with a gradient
descent algorithm in the differentiable case (6 > 0) and a non scaled version of the proximal-
gradient method VMILAn, analysed in Chapter 3, in the nondifferentiable case (6 = 0). The
key ingredients of both methods are the use of an Armijo linesearch at each iteration, which
ensures convergence to a stationary point of problem (4.9), and a clever adaptive choice of the
steplength in order to improve the speed of convergence.

For the sake of simplicity, from now on we assume that each monochromatic image is treated
as a vector in RY (being N = M P) obtained by a lexicographic reordering of its pixels.

4.2.1 Gradient and proximal-gradient methods: LMSD and ILA

In this subsection we describe the two proposed algorithms to address problem (4.9) for both
cases § > 0 and § = 0.

In the former case the problem is unconstrained and differentiable, therefore a gradient de-
scent method can be used. In particular, we exploit the limited memory steepest descent
(LMSD) method proposed by Fletcher in [65] and outlined in Algorithm LMSD. The LMSD
method is a standard gradient method equipped with a monotone Armijo linesearch and vari-
able steplengths, which are computed as the reciprocals of some suitable approximations of
the eigenvalues of the Hessian matrix of the objective function denominated Ritz values. This
steplength selection rule has already been discussed in Section 1.1.2 and applied in a variety of
image processing applications in the previous chapter. Note that the required Ritz values can
be practically computed without the explicit knowledge of the Hessian itself, but exploiting
only a set of back gradients and steplengths (see steps 6-10 of Algorithm LMSD).

Some practical issues have to be addressed in the implementation of Algorithm LMSD:

e The first loop (step 1 to 5) builds a matrix

G = [VI=) VI D) v D)]
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Algorithm LMSD Limited memory steepest descent (LMSD) method

(0) (0)

Choose p,w € (0,1), m € Nug, oy 5. .., 04,° 1 >0, 0 < amin < Qmax, # e RN and set n = 0.
While True

10.

11.

. Define the (m + 1) x m matrix I =

Fori=1,...,m
1. Define G(:,1) = V.J(¢™).
2. Compute the smallest non-negative integer i, such that a,, = a%o) p'n satisfies

T = anVI(¢™)) < J(6™) = wan||V I ()%, (4.18)

3. Compute ¢ = ¢ — 0, V.J (™).
If “Stopping Criterion” is satisfied
4. Return
Else
5. Set n=n+1.
EndIf

EndFor

Compute the Cholesky factorization RT R of the m x m matrix GTG.

. Solve the linear system R”r = GTV.J(¢™).

. Define the m x m matrix ® = [R,r]T R~

Compute the eigenvalues 61, ...,60,, of the symmetric and tridiagonal approximation ®
of @ defined as
® = diag(®) + tril(®, —1) + tril(®, —1)7,

being diag(-) and tril(-, —1) the diagonal and the strictly lower triangular parts of a

matrix.

Define ()41(10_')_2._1 = max {min{1/6;, vmax }, ¥min}, 1 = 1,...,m.

EndWhile
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of size M P x m. The initial values for the first m steplengths can be provided by
the user (e.g. by computing the BB ones) or can be chosen with the same approach
described in steps 6-10 but with smaller matrices. For example, one can fix aéo),
compute G = V.J (gb(o)) and use steps 6-10 to compute ago). At this point, defining
G =[VJ () VJ(¢M)] one can compute ozgo) and ozéo) and repeat the procedure until

a whole set of m back gradients is available.

e The same procedure can be adopted when step 10 provides only m’ < m positive eigen-
values. In this case, all columns of G are discarded, G becomes the empty matrix and
the algorithm proceeds with m/ instead of m until a whole set of m back gradients is
computed. If m’ = 0, a set of m “safeguard” steplengths, corresponding to the last set of
m positive steplengths values provided by step 10, is exploited for the next m iterations.

e If GTG in step 7 is not positive definite, then the oldest gradient of G is discarded and a
new matrix GG is computed. This step is repeated until GT G becomes positive definite.

e The stopping criterion can be chosen by the user and be related to the decrease of J
or to the distance between two successive iterates. In our tests we decided to arrest the
iterations when the norm of the gradient V.J goes below a given threshold k:

IV (™) < . (4.19)

Concerning the computational costs of LMSD, the heaviest tasks at each iteration are the
computation of V.J(¢(™) at step 1 and J(¢™ — ,, V.J (™)) at step 2. Considering step 1, we
focus on V.Jp. As it is written in (4.12), due to the product between e~/ and (hyz,);—s,
V.Jo can be performed with O(N?) complexity; this is how the gradient is computed in [115].
However, if we take the sum over j of the residuals into the argument of Im(-), then we can
conveniently rewrite (4.12) as

3 K
P0@) S5 Lt (e = B, @ €9 @) 9/, (4.20)

where hq. * ho denotes the componentwise product between two images hq, ho and (ilk A)j =
(hia,)—j for all j € x. Then the heaviest operations in (4.20) are the two convolutions which,
thanks to the assumption of periodic boundary conditions, can be performed with a FFT/IFFT
pair (O(N log N) complexity). Hence, since V.Jpy has O(N) complexity, we can conclude that
step 1 has an overall complexity of O(/Nlog N). Similarly, the function at step 2 is computed
with complexity O(N log V), due to the presence of one convolution inside the triple sum in
(4.3).

From a practical point of view, the LMSD method has proven to be an effective tool for
DIC imaging, especially if compared to more standard gradient methods equipped with the BB
rules [13]. From a theoretical point of view, let us remark that LMSD can be seen as a special
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Algorithm ILA Inexact Linesearch based Algorithm (ILA)

Choose 0 < Qmin < max, pyw € (0,1), v €[0,1], 7 > 0, ¢© € RN and set n = 0.
While True

1. Set a,, = max {min {aﬁ?),amx} ,amin}, where aﬁlo) is chosen as in Algorithm LMSD.

2. Let 4™ = arg mingern h™) (¢) = PIOXq, 7y ((b(") — akVJo(qﬁ(”))).
Compute ¥ such that

where A" () = VJo(6)7 (5 — ) 4 gL [50) — 602 1 gy () - Ty (67).
3. Set ) = () g,
4. Compute the smallest non-negative integer 7, such that )\, = p’» satisfies

TG + Xad™) < J(@™) + wA bl (D). (422)

5. Compute the new point as <;5(”+1) = ¢ 4 N, d™.
If “Stopping Criterion” is satisfied
6. Return
Else
7. Set n=mn+1.
EndlIf

EndWhile

instance of Algorithm VMILAn in Chapter 3, if we set fi = tgn, Dy = I, and v = 0. This
allows to state that the sequence {¢(™ },cn converges to a limit point (if any exists) which is
stationary for J. In fact, VJ is Lipschitz continuous (Lemma 4.2) and, in addition, J also
satisfies the Kurdyka—FLojasiewicz (KL) property. Indeed Jy is an analytic function (Lemma
4.1, part (iii)) and Jpy is a semialgebraic function, which means that its graph is defined by
a finite sequence of polynomial equations and inequalities (see Definition 2.15 and Example
2.18 in Chapter 2). Since J is the sum of an analytic function and a semialgebraic one, this
is sufficient to conclude that it satisfies the KL property on RY. At this point, we invoke
Corollary 3.1, which states the convergence of the method.
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We now turn to the nonsmooth case 6 = 0, which has been addressed by means of a sim-
plified version of VMILAn. In its general form, VMILAn exploits a variable metric in the
(possibly inexact) computation of the proximal point at each iteration, and a backtracking
loop to satisfy an Armijo-like inequality. Effective variable metrics can be designed for specific
objective functions either by exploiting the splitting gradient idea or the majorize-minimize
technique (see Section 3.3). However, since in the DIC problem the gradient of .Jy does not
lead to a natural decomposition in the required form, in our tests we used the standard Eu-
clidean distance (we will denote with ILA this simplified version of VMILAn).

The main steps of ILA are detailed in Algorithm ILA. We recall that, at each iteration n,
given the point qﬁ(”) € RY and the parameters a,, > 0, v € [0, 1], the metric function hgn) is
defined as

h () = VIo (6" (¢ — ™) + ﬁuqb — M2 + Jrv(¢) — Jrv (™). (4.23)

By setting h(™ = hgn) and 2™ = ¢(™ — 0, VJy(¢™), the proximal-gradient point is then
computed as

P = PrOXq,, Jr (") = arg &11%&](}\’ R (). (4.24)
In step 2 of Algorithm ILA, an approximation 1/;(”) of the proximal point (™ is defined by
means of condition (4.21). As already seen in Section 3.2.4, such a point can be practically
computed by remarking that Jry can be written as

N
to;_
Jrv(¢) = 9(De),  g(t) =) < 2;21 ) ,  teRM
j=1 !
Then considering the dual problem of (4.24)
(n)
max. ' (v), (4.25)
the dual function I'™ has the following form
_llewDTv — 2| BRI

™ (y) =

g (v) = Jrv (6") = SV o6 + (4:26)

20, 20y,

where the convex conjugate ¢g* is the indicator function of the set (B2(0, ,u)) N, being B2(0, 1) C
R? the 2-dimensional Euclidean ball centered in 0 with radius .
Condition (4.21) is fulfilled by any point ¢ = 2" — a,, ATv(™ with v € RV satisfying

RO (@) <@ (™), n=2/2+7). (4.27)

If an iterative method is applied to the dual problem, generating a sequence {v("’z)}geN such
(n,0)

that convergence is guaranteed for both the iterates and function values, and setting ¢
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2 — a, ATv(0 for all ¢, then (4.27) will be satisfied for all sufficiently large /.

Since the gradient of fj is Lipschitz continuous, Theorem 3.2 ensures that each limit point
of the ILA sequence is stationary.

4.2.2 Nonlinear conjugate gradient methods

We compare the performances of LMSD and ILA with several nonlinear conjugate gradient
methods, including some standard CG methods [104, 63] and the heuristic CG method pre-
viously used for DIC problems [117, 115]. The general scheme for a CG method is recalled
in Algorithm CG and some classical choices for the parameter 3,11 are shown in Table 4.1,
namely the Fletcher-Reeves (FR), Polak-Ribiere (PR), PR with nonnegative values (PR") and
PR constrained by the FR values (FR-PR) strategies [71].

Algorithm CG Conjugate gradient (CG) method
Choose ¢(© € RN and set n =0, p© = —V.J(¢©).
While True

1. Compute a, and set ¢("t1) = (™) 4 o p().
2. Choose the scalar parameter 3,41 according to the CG strategy used.
3. Define p"*tD) = —V.J (¢ D) 4+ B, 11p™.
If “Stopping Criterion” is satisfied
4. Return
Else
5. Set n=n+1.
EndIf

EndWhile

In order to ensure the global convergence of the FR and FR-PR methods, the steplength
parameter o, in step 1 must comply with the strong Wolfe conditions [71, 104]
J(¢(n) + anp(")) < J(¢(n)) + clanVJ(qﬁ(”))Tp(")
VI + a0 < V(o))

(4.28)

where 0 < ¢1 < o < % Concerning the PR methods, one can prove convergence if 5,1 is
chosen according to the PR™ rule and «,, satisfies both (4.28) and the following additional
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CG algorithm Bri1
( n+1 )TVJ(¢(n+1 )
FR _
Bn-l—l : +1VJ(¢ )T 1()(25 ) -
R T i 2l B 2
PR ﬁnﬂ - max<5551,0>
B if 1B <
FR-PR FRPR _ J Pn+l n+1 By
Pt {ﬁnH otherwise

Table 4.1: Choice of the parameter 8,41 in CG methods. From top to bottom: Fletcher-
Reeves (FR), Polak-Ribi¢re (PR), Polak-Ribi¢re with nonnegative 3,1 (PR™), Polak-Ribiere
constrained by the FR method (FR-PR).

condition [71, 104]
VI () TpM) < —e3||VI(@™)]2,  0<e3<1. (4.29)

For a practical implementation of a backtracking method to satisfy (4.28) see e.g. [104, Section
3.5], while for the addition of condition (4.29) see [71, Section 6]. In Section 4.3, the CG meth-
ods equipped with the FR, FR-PR, PR™ rules for the parameter 3,1, together with conditions
(4.28) for the linesearch parameter a;,, will be denominated FR-SW, FR-PR-SW and PR*T-SW
respectively, where SW stands for Strong Wolfe conditions.

Since in the DIC problem the evaluation of the gradient V.J is computational demanding
and its nonlinearity w.r.t. « requires a new computation for each step of the backtracking loop,
in [117, 115] a heuristic version of the FR and PR methods is used exploiting a linesearch based
on a polynomial approximation method. The resulting scheme for the choice of «, is detailed in
Algorithm PA, even if we recognize that our routines might differ from those used in [117, 115]
due to the lack of several details crucial for reproducing their practical implementation. As we
will see in the next Section, this linesearch is quite sensitive to the choice of the parameter ¢.
Moreover, since the strong Wolfe conditions are not imposed, there is no guarantee that the FR
or PR methods endowed with this choice for «,, converges, nor that p(" 1) is a descent direction
for all n. In the following, the CG methods equipped with the FR and PR rule, together with
the linesearch described in Algorithm PA, will be indicated as FR-PA and PR-PA respectively,

where PA stands for polynomial approximation.

4.3 Numerical experiments

In this section we test the effectiveness of the algorithms previously described in some synthetic
problems. All the numerical results have been obtained on a PC equipped with an INTEL Core
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Algorithm PA Linesearch based on polynomial approximation
Let ¢(a) = J((b(") + ozp(")) and set t >0,a=0,b=t.
Compute 1(a) and 1(b).

1. Find a point ¢ € [a, b] such that ¥ (a) > ¥(c) < 1¥(b) as follows
If ¥ (b) < (a)
Set ¢ = 2b and compute (c).
While (c) < (b)
Set a = b, b = ¢, c = 2c and compute 9)(c).
EndWhile
Else

Set ¢ = % and compute 1(c).
While (c) > ¥(a)
Set b= ¢, ¢ = § and compute ¥(c).
EndWhile
EndIf

2. Compute «, as the minimum point of the parabola interpolating the points

(a,1(a)), (b,9(b)), (¢, 1(c)).

i7 processor 2.60GHz with 8GB of RAM running Matlab R2013a with its standard settings.
The LMSD and ILA routines for the DIC problem together with an illustrative example can
be downloaded from [124].

4.3.1 Comparison between LMSD and CG methods

The evaluations of the various optimization methods discussed in Section 4.2 have been carried
out on two phantom objects (see Figure 4.5), which have been computed by using the formula
for the phase difference between two waves travelling through two different media

¢s = 2m(n1 — na)ts, (4.30)

where n; and ns are the refractive indices of the object structure and the surrounding medium,
respectively, and ¢, is the thickness of the object at pixel s € x. The first phantom, denominated
“cone” and reported at the top row of Figure 4.5, is a 64 x 64 phase function representing a
truncated cone of radius r = 3.2 pm with ny = 1.33, ng = 1 and maximum value ¢max =
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1.57 rad attained at the cone vertex. The “cross” phantom, shown at the bottom row of Figure
4.5, is another 64 x 64 phase function of two crossing bars, each one of width 5 pm, measuring
0.114 rad inside the bars and 0 in the background. For both simulations, the DIC microscope
parameters were set as follows:

e shear: 2Az = 0.6 um;
e bias: 2A0 = /2 rad,;
e numerical aperture of the objective: NA = 0.9.

For each phantom, a dataset consisting of K = 2 polychromatic DIC images acquired at shear
angles 1 = —m/4 rad and 75 = w/4 rad was created, as in model (4.1), by convolving the true
phase function with the accordingly rotated DIC PSF's and then by corrupting the result with
white Gaussian noise at different values of the signal-to-noise ratio

where ¢* is the mean value of the true object and ¢ is the standard deviation of noise. The
SNR values chosen in the simulations were 9 dB and 4.5 dB.

As far as the regularization parameter p and the threshold ¢ in (4.10) are concerned,
these have been manually chosen from a fixed range in order to obtain a visually satisfactory
reconstruction. Note that the parameters were first set in the differentiable case (§ > 0) for
the LMSD and the nonlinear CG methods and then the same value of the parameter u was
used also in the nondifferentiable case (0 = 0) for the ILA method. The values reported below
have been used for each simulation presented in this section. The resulting values have been
p=10726 = 1072 for the cone and p = 4-1072,§ = 1073 for the cross.

Some details regarding the choice of the parameters involved in the optimization methods of
Section 4.2 are now provided. The linesearch parameters p, w of the LMSD and ILA methods
have been respectively set to 0.5, 107%. These are the standard choices for the Armijo param-
eters, however it is known that the linesearch algorithm is not so sensible to modifications of
these values [37, 112]. The parameter « in the Armijo-like rule (3.24) has been fixed equal to
1, which corresponds to the mildest choice in terms of decrease of the objective function J.
The parameter m in Algorithm LMSD is typically a small value (m = 3,4,5), in order to avoid
a significant computational cost in the calculation of the steplengths ano ; here we let m = 4.
The same choice for m is done in Algorithm ILA, where the values 04510) are constrained in the
interval [onmin, Omax] With amin = 107 and auax = 102. As done in the experiments of the
previous chapter, the dual problem (4.25) is addressed, at each iteration of ILA, by means of
algorithm FISTA [14] which is stopped by using criterion (3.72) with = 1076, This value
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Figure 4.5: Data and results for the cone (top row) and cross (bottom row) objects. From left

to right: true object, noisy DIC color image taken at shear angle 7 rad and corrupted with
white Gaussian noise at SNR = 4.5 dB, and reconstructed phase with the LMSD method from
observations at shear angles equal to —7/4 rad and 7 /4 rad.

represents a good balance between convergence speed and computational time per iteration
[32]. Concerning the nonlinear CG methods equipped with the strong Wolfe conditions, we
set ¢; = 107 and cp = 0.1 in (4.28) as done in [71] and we initialize the related backtracking
procedure as suggested in [104, p. 59]. Regarding the CG methods endowed with the polyno-
mial approximation detailed in Algorithm PA, a restart of the method is performed by setting
Bn+1 = 0, hence by taking a steepest descent step, whenever the vector p ) fails to be a
descent direction. Finally, the constant phase object ¢(°) = 0 is chosen as initial guess for all
methods.

In order to evaluate the performance of the phase reconstruction methods proposed in
Section 4.2, we will make use of the following error distance

9t — g~ cell _ [l — ¢ — ce
ceR o]l o]l
where ¢* is the phase to be reconstructed and ¢ = ) w Unlike the usual root mean

JEX
squared error, which is recovered by setting ¢ = 0 in (4.32), the error distance defined in (4.32)
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Figure 4.6: Error versus computational time plots for the cone (top row) and cross (bottom
row) objects. From left to right: noise-free data, SNR = 9 dB and SNR = 4.5 dB.

is invariant with respect to phase shifts, i.e.
E(¢ + ce,¢*) = E(¢,0*), Yo eRY, VeeR. (4.33)

That makes the choice of (4.32) well-suited for problem (4.9), whose solution might be recov-
ered only up to a real constant.

The methods have been run for the cone and cross phantoms with the parameter setting
outlined in the previous subsection. The iterations of the LMSD and the CG methods have
been arrested when the stopping criterion (4.19) was met with x = 1073, while the ILA method
has been stopped when the error up-to-a-constant between two successive iterates was lower
than a prefixed k > 0, that is

§) — g0 (G =g ) e
ot o0 )]

(4.34)

where ¢("*t1) — ¢(7) is the mean value of the difference between the two objects. The tolerance
K in (4.34) was set equal to 5- 107" for the cone and 10~ for the cross.

In Figure 4.6 we show the reconstruction error provided by the different methods as a func-
tion of the computational time. We start by comparing LMSD with the CG methods equipped
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with Algorithm PA (FR-PA, PR-PA) and the CG methods equipped with the Strong Wolfe
conditions (FR-SW, FR-PR-SW, PRT-SW). From the plots of Figure 4.6, it can be drawn that
each method is quite stable with respect to the noise level on the DIC images. However, in
terms of time efficiency, LMSD outperforms all the CG methods in the cone tests, showing
a time reduction of nearly 50% to achieve the smallest error. Furthermore, what emerges by
looking at Tables 4.2 and 4.3 is that the CG methods are much more computationally de-
manding than LMSD. For instance, in the case of the cone (Table 4.1), LMSD evaluates the
function on average less than 2 times per iteration. By contrast, the backtracking procedure
exploited in the FR, FR-PR and PR methods requires an average of 4 — 5 evaluations per
iteration of both the function and gradient to satisfy the strong Wolfe conditions, whereas the
FR-PA and PR-PA methods, despite evaluating the gradient only once, need on average 10— 12
evaluations of the function before detecting the three-points-interval described in Algorithm
PA. One could reduce the number of evaluations in FR-PA and PR-PA by properly tuning
the parameter ¢t in Algorithm PA. However, as it is evident from Table 4.4, these methods
are quite sensitive to the choice of ¢, as little variations of this parameter might result in a
great increase of the number of restarts and, eventually, in the divergence of the algorithm. In
addition, it seems that the optimal value of ¢ strictly depends on the object to be reconstructed.

4.3.2 Comparison between LMSD and ILA

We now compare the performances of LMSD and ILA. On one hand, ILA reconstructs the
cross object slightly better than LMSD. Indeed, ILA provides the lowest reconstruction error
in Table 4.3 for each SNR value and the corresponding phase estimates have better preserved
edges, as clearly depicted in Figure 4.7, where we consider the following “up-to-a-constant”
residual

Rj=|¢; — 5 —d—*|, Vjex (4.35)

to measure the quality of the reconstructions provided by the two methods. This result was
expected, since ILA addresses problem (4.9) with the standard TV functional (6 = 0 in (4.10)),
which is more suited than HS regularization (0 > 0) when the object to be reconstructed is
piecewise-constant. On the other hand, ILA may be computationally more expensive since, un-
like LMSD, it requires to iteratively solve the inner subproblem (4.25) at each outer iteration.
Indeed, looking at Table 4.3 we notice that, although the number of function evaluations per
iteration in LMSD and ILA is quite similar (on average around 1.4 for LMSD and 1.8 for ILA)
and the ILA iterations are stopped way before the LMSD ones, the computational time in ILA
is always higher. For instance, in the case SNR = 9 dB, the methods require approximately
the same time, although the number of iterations of ILA is more than halved. This fact is
explained if we look at the average number of inner iterations required by ILA to compute
the approximate proximal point: 21.3, 10.11 and 13.43 for SNR = o0, 9,4.5 dB respectively.
Analogous conclusions can be drawn by considering the results on the cone object (see Table
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SNR (dB)  Algorithm  Iterations # f # g Time (s) Objfun Error

FR-PA 280 3016 280  14.60 0.89 272 %

PR-PA 168 2137 168  10.10 0.89  2.66 %

FR-SW 183 770 770 11.08 0.89  2.73%

00 FR-PR-SW 127 514 514 7.41 0.89  2.71 %
PRT-SW 129 504 504 7.32 0.89 2.711 %

LMSD 153 212 153 2.77 0.8  2.60 %

ILA 66 119 66 1.77 0.52  1.76 %

FR-PA 306 3245 306  15.79 1.65 285 %

PR-PA 188 2393 188  11.41 1.65 280 %

FR-SW 194 804 804  11.60 1.65 285 %

9 FR-PR-SW 134 520 520 7.61 1.65 284 %
PRT-SW 144 734 734 10.61 1.65 284 %

LMSD 149 197 149 2.61 1.65 2.7 %

ILA 60 91 60 1.56 129 191 %

FR-PA 347 3696 347  18.08 6.88  3.26 %

PR-PA 146 1858 146 8.84 6.88  3.24 %

FR-SW 204 867 867  12.58 6.88  3.26 %

4.5 FR-PR-SW 152 492 492 7.24 6.88  3.26 %
PRT-SW 144 701 701 10.22 6.88  3.26 %

LMSD 163 228 163 2.90 6.88  3.17 %

ILA 61 104 61 1.56 6.80  2.50 %

Table 4.2: Cone tests. From left to right: number of iterations required to meet the stopping
criteria, number of function and gradient evaluations, execution time, objective function value
and error achieved at the last iteration.

12).

In order to deepen the analysis between the differentiable TV approximation and the orig-
inal nondifferentiable one, we compared the LMSD and ILA methods in one further realistic
simulation. In particular, we considered the “grid” object in Figure 4.8, which is a 1388 x 1040
image emulating the phase function of a multi-area calibration artifact [119, 125], which mea-
sures 1.212 rad inside the black regions and 2.187 rad inside the white ones. The setup of
the two methods is identical to that of the previous tests (with the exception of the numeri-
cal aperture of the objective NA which has been set equal to 0.8), and the parameters p (for
both models) and § (for the smooth TV functional) have been set equal to 2 - 107! and 1071,
respectively. Instead of three levels of noise, here we only considered a SNR equal to 9 dB. In
Figure 4.9 we report the behaviour of the error (4.32) as a function of time and the number of
inner iterations needed by ILA to address problem (4.25)—(3.72).
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SNR (dB)  Algorithm  Iterations #f # g Time (s) Objfun Error

FR-PA 412 2618 412 14.75 1.01 1.98 %

PR-PA 138 1373 138 6.73 1.01 1.98 %

FR-SW 411 2768 2768  39.27 1.01 1.98 %

00 FR-PR-SW 109 423 423 6.14 1.01 1.98 %
PRT-SW 116 438 438 6.32 1.01 1.98 %

LMSD 168 231 168 3.09 1.01  2.00%

ILA 100 176 100 7.18 0.87  1.66 %

FR-PA 391 2490 391 13.77 1.96 225 %

PR-PA 121 1209 121 5.97 1.96 226 %

FR-SW 388 2417 2417  34.18 1.96 225 %

9 FR-PR-SW 106 323 323 4.69 1.96 225 %
PRT-SW 109 375 375 5.41 1.96 225 %

LMSD 140 190 140 2.52 1.96 227 %

ILA 57 106 57 2.60 1.82 194 %

FR-PA 303 2164 303 11.74 857  3.63%

PR-PA 98 997 98 4.97 857  3.63%

FR-SW 299 1705 1705  24.28 857  3.63%

4.5 FR-PR-SW 96 300 300 4.41 857  3.63%
PRt SW 98 326 326 4.74 857  3.63%

LMSD 152 221 152 2.75 857  3.64 %

ILA 97 179 97 5.26 847  3.46 %

Table 4.3: Cross tests. From left to right: number of iterations required to meet the stopping
criteria, number of function and gradient evaluations, execution time, objective function value
and error achieved at the last iteration.

The grid dataset confirms the remarks previously done, since ILA takes almost twice the
time than LMSD to provide an estimate of the phase. This is again due to the number of
inner iterations, which starts to oscillatory increase after the first 20 iterations (see Figure 4.9).
To conclude, we reckon that the LMSD method is generally preferable since, unlike ILA, it
does not require any inner subproblem to be solved and thus it is generally less expensive from
the computational point of view. However, the ILA method should be considered as a valid
alternative when the object to be reconstructed is piecewise-constant.
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Dataset t Iterations # f Time (s) Objfun  Error  Restarts
10~4 500 4272 24.57 8.57 3.63 % 8
Cross 1073 500 2911 19.66 8.57 3.63 % 6
- 5-1073 500 3073 19.63 8.57 3.63 % 1
SNR 1072 500 5337 28.97 8.57 3.63 % 21
4.5 dB 51072 500 2023 15.22 8.59 3.91 % 424
1071 500 2032 15.44 8.88 5.05 % 365
1073 500 4788 26.13 6.88 3.27 % 0
Cone 1072 500 3260 19.84 6.88 3.27 % 0
- 101 500 2126 15.86 6.88 3.27 % 3
SNR 21071 500 2427 16.78 6.88 3.27 % 0
45dB  2.25-107! 500 1610 13.39 1507.4  130.94 % 41
2.5-1071 500 1713 13.67 2373.4 31550 % 87

Table 4.4: Setting the parameter ¢t in the PR-PA algorithm.

LMSD residual ILA residual
0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005

0.035
0.03
0.025
0.02
0.015
0.01
0.005

Figure 4.7: Cross test. The residuals defined in (4.35) for the reconstructions provided by
LMSD and ILA, respectively, when the acquired images are corrupted with SNR = 9 dB.

4.3.3 Influence of color and bias retardation on phase reconstruction

Another analysis of our interest was to observe how color information and bias retardation in the
observations affect the behavior of phase reconstruction. We set four scenarios for comparison:
independent monochromatic observations with red, green, and blue light, and polychromatic
observation where all wavelengths are combined. For each of these scenarios we used the cross
object to generate 100 observations at different realizations of noise, for both SNR = 4.5 dB
and SNR = 9 dB, and bias retardation of 0 rad and 7 /2 rad, at shear angles equal to —7 /4 rad
and 7/4 rad. We tested the LMSD method to perform the reconstructions; results for SNR =
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Figure 4.8: Data and results for the grid object. From left to right: true object, noisy DIC
color image taken at shear angle 7 rad and corrupted with white Gaussian noise at SNR = 9
dB, and reconstructed phase with the LMSD method from observations at shear angles equal
to —m/4 rad and 7 /4 rad.
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Figure 4.9: Grid test. From left to right: error versus time plots for LMSD and ILA and

number of inner iterations versus number of outer iterations for ILA.

4.5 dB are shown in Figure 4.10 and for SNR = 9 dB in Figure 4.11.

The lines show the average error over the 100 observations. It is noticed that for 0 rad
bias retardation, the reconstruction for polychromatic observations behave better than for the
monochromatic ones, even though the amount of error is not promising of a good reconstruction.
For 7/2 rad bias retardation the algorithm stops before the maximum number of iterations (500)
is reached. In this case, for both levels of noise, the performance of the reconstruction with
polychromatic light is quite comparable with monochromatic light. Another interesting finding
about the convergence for monochromatic light, is that for all cases, it happens in the order
red-green-blue; this is due to the fact that the amplitude PSF for blue light has the bigger
frequency support, thus provides more information for reconstruction.
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Figure 4.10: Average error comparison between monochromatic and polychromatic reconstruc-
tions. SNR = 4.5 dB. Left: bias 0 rad; right: bias 7/2 rad.
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Figure 4.11: Average error comparison between monochromatic and polychromatic reconstruc-
tions. SNR = 9 dB. Left: bias 0 rad; right: bias 7/2 rad.






Chapter 5

A cyclic block generalized gradient
projection method

This chapter deals with the following optimization problem

min f(x) (5.1)

where Q = Q; x ...Q,,, with Q; C R™ closed and convex subset, > ", n; = n, so that any
x €  can be block partitioned as x = (m{, ooyl 2z € R™and f 1 Q — R is a continuously
differentiable function.

Problem (5.1) is typically tackled by using the nonlinear Gauss-Seidel (GS) method [22,
p. 267], also known as nonlinear block coordinate descent or alternating optimization method,
which is based on the idea of performing successive minimizations over each block of the function

(k+1) (;ggkﬂ), . ,xg,llf“)) is computed

f- In particular, at each iteration k € N, the iterate x
(k+1)

such that each component z; ,i=1,...,m, is a solution of the subproblem
xEkH) € argmin f(mgkﬂ), - ,wgﬁil),w,wgﬁ_)l, .. 7“57]?)- (5.2)

zEQ;

The GS method is often useful in applications where the objective function and the constraints
have a partially decomposable structure, such as nonnegative matrix factorization [87, 92] or
blind deconvolution [113, 114].

The convergence of the GS scheme has been studied in several works [109, 76, 77, 139, 23|
and is guaranteed in the following cases:

e if m = 2, then each limit point of the sequence {x(k)}keN generated by the GS method
is stationary, without further assumptions nor on the subproblem (5.2) or the objective
function [77];

e if m > 3, one has either to ask that each subproblem (5.2) has a unique solution for i =
1,...,m, or impose some additional convexity assumptions (i.e. that f is pseudoconvex

143
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or f is componentwise strictly quasi convex with respect to m — 2 blocks of variables)
in order to guarantee the stationarity of the limit points [77, 139]; without one of these
assumptions holding, the GS method may fail to locate stationary points, as the famous
Powell’s counterexample shows [109].

Note that the aforementioned requirements on the objective function and the subproblems (5.2)
are quite restrictive and, in addition, computing an exact minimum of f, even if restricted to
a single block, can be impractical. To overcome these limitations, effective methods capable of
handling general nonconvex problems and with global convergence properties have been devised
by performing inezactly the partial minimization over each block of variables [30, 39, 76].

In this light, we further develop the cyclic block gradient projection method proposed in
[30], allowing for generalized projections based on non Euclidean distances. In particular, we
propose a block coordinate gradient projection method which, at each outer iteration k, applies
a finite number of inner iterations of the form

to each subproblem of type (5.2), where A\ € (0, 1] is the Armijo line-search parameter and
y®) is defined as
y® = argmin h_w (y, )
yeRn

where h, is a suitable convex function depending on the array of parameters o € R9. We show
that any limit point of the generated sequence is stationary without any convexity assumption.
Our general framework includes, but it is not limited to, several state-of-the-art methods, such
as the scaled gradient projection method [37], the spectral projected gradient method [25], the
cyclic block gradient projection method [30] and the successive convex approximation algorithm
[123].

The outline of the chapter is now detailed. Section 5.1 is concerned with the analysis of
the proposed block coordinate descent algorithm: in particular, in Section 5.1.1 we devise the
properties of the operator h,, which allow to define a class of generalized projection operators,
whereas in Section 5.1.2 we present the algorithm and develop the related convergence analysis.
Section 5.2 is devoted to some illustrative numerical examples in image blind deconvolution
from a single image. Finally, in Section 5.3 we apply our method to the problem of Poisson
blind deconvolution from multiple images.

5.1 The proposed algorithm

5.1.1 Generalized gradient projections

In this section we give the definition of a generalized projection operator, providing some
examples of well-known functions belonging to this category.
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Definition 5.1. Let S C R?. A family of metric functions associated to f on Q is any set
of the form H(f,Q,S) = {he}secs where, for any choice of the parameter o € S, the function
he : Q2 x Q — R satisfies the following properties:

(H1) hy is continuously differentiable;

(H2) h, is convex with respect to its first argument, i.e.
ha(y7z) > ha(.il',Z) +V1h0(x,z)T(y—a:) Vm,y,z € (53)

where Vihy(x,2) is the gradient of hy(-,z) at the point x and, for any z € Q, hy(-, z)
admits a unique minimum point;

(H3) for any point x € Q and for any feasible direction d € R™ we have

Vihy(z, :E)Td = Vf(:E)Td; (5.4)

(H4) hy continuously depends on the parameter o.

Furthermore, the associated generalized gradient projection operator p( - ;hy) : Q@ — Q is
defined as
p(z;hy) = argmi(rzlha(z,x) Vo € Q. (5.5)
ze

Example 5.1. Properties (5.3)—(5.4) are satisfied when the function h, is defined as

ho(z,y) = V) (z —y) + do(z,y), (5.6)

where d, € D(, ) is a distance-like function €2 in the sense of Definition 3.1. In these settings
we can find:

a) the standard Euclidean projection p(x;h,) = Po(x — oV f(x)), obtained by choosing
dolay) = 5ol =yl 7 >0, 6.1
g 7y - 20_ y ) o ) N

b) the scaled Euclidean projection p(x;h,) = Po,p(x — aD~ 'V f(z)) corresponding to the
choice

o,y () = 5 (e =) Dz — ). 63

In this case the array of parameters o is given by the pair (a, D), where a > 0 and
D € R™" is a symmetric positive definite matrix;

c) the Bregman distance associated to a strongly convex function ¢ : Q@ — R, which is
defined as

do(,9) = (&) — () ~ VY (2 1)), 7 >0, (5.9
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Example 5.2. If f is convex, a further class of functions satisfying the properties of Definition
5.1 is given by
ho(z,y) = f(z) + do(z,y), (5.10)

where again d, € D(,5). If d, is chosen as in (5.7), the resulting p(-, hy) is the proximal
operator of f.

Example 5.3. Let f = fo+ f1, where fo, f1 : Q@ = R are both continuously differentiable and
f1 is convex. The metric function given in Definition (3.5), i.e.

ho(2,y) = Vo) (x — y) + do(z,y) + fi(x) — fi(y) Yo,y €, (5.11)

with d, € D(£,.5), belongs to H(f,Q2,S). The associated operator p(-, hy) is the generalized
forward-backward operator defined in Chapter 3. If d, reduces to (5.7), one recovers the
proximal-gradient operator.

Any function h, € H(f,,S) can be exploited to define a descent direction for problem
(5.1), as stated in the following proposition.

Proposition 5.1. Let z € Q, 0 € S CRY?, h, € H(f,Q,S) and
y = p(@; ho). (5.12)

Then we have that
Vi) (y—x) <0 (5.13)

and the equality holds if and only if y = x.
Proof. Inequality (5.3) with z = z yields
Vlha(ﬂfaﬂf)T(?J - .Z') < ho’(yux) - hg(l',l') < 07

where the rightmost inequality follows from (5.5) and, since the minimum point of h, (-, x) is
unique, the equality holds if and only if = y. Then, the thesis follows recalling (5.4). O

In the following proposition, we show that the stationary points of (5.1) can be characterized
as fixed points of the generalized projection operator (5.5).

Proposition 5.2. Let S C R?, o0 € S and hy, € H(f,Q,5). A point x € Q is a stationary
point for problem (5.1) if and only if x = p(x; hy).

Proof. Assume that for a point x* € Q the following equality holds:

" = arg gnelgll ho(z, ™).
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Then, the stationarity of z* yields
Vihe(z*, ) (x —2*) >0 VaeQ.

Since by assumption (5.4) we have Vih, (z*,2°) (z — 2*) = Vf(z*)T (v — 2*), it follows that
x* is a stationary point for problem (5.1).
Conversely, let z* € Q be a stationary point of (5.1) and define

T = argmin h,(z,z").
e

Assume by contradiction that * # . Then, combining (5.3) with z = z = 2*, y = T and (5.4)
we obtain

Vi) (& —2*) < ho(F,2%) — ho(z*,2%) < 0,

where the last inequality follows from the fact that Z is the unique minimum point of h, (-, z*)
and x* # Z. This contradicts the stationarity assumption on z*. U

5.1.2 Algorithm and convergence analysis

In this section we consider problem (5.1) where the constraint set has the following separable

structure
m
Q:le...Qm, QZan‘,ZTLZ:TL (514)
i=1
so that any x € € can be block partitioned as z = (x{, o, el € R™,

Algorithm BLS Block Armijo linesearch algorithm

Let {2 },en be a sequence of points in Q and {dgk)}keN a sequence of descent directions, for
a given i € {1,...,m}. Fix ¢;, 5 € (0,1) and compute )\Z(-k) as follows:
1. Set /\Z(k) =1
2. IF
FEP B L aABg® L Ey < p ) 4 gAB, (0N g®) (5.15)
THEN go to step 3.
ELSE set /\Ek) = 5i/\§k) and go to step 2.

3. END

The key ingredients of our approach are the sufficient decrease of the objective function
enforced by a block version of the classical Armijo backtracking procedure (1.12), which is
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reported in Algorithm BLS, and a suitable metric function h, € H(f,€2,S) defined so that it
is separable with respect to the partition in (5.14).
In the following proposition we give conditions which guarantee that Algorithm BLS is well

defined, and can be considered as a special case of Proposition 3.4, from which its proof can
be derived.

Proposition 5.3. Let {z(k)}keN be a sequence of points in 2. Assume that 2(K) converges to
some z and for i € {1,...,m} let {dik tren be a sequence of feasible directions such that

(A1) there exists a number M > 0 such that ||dl(k)|| <M for all k € N;

(A2) we have Vif(z(k))le(-k) <0 for all k € N, where V;f(2*)) denotes the partial gradient of
f w.r.t. the i—th block of variables at the point zF) ;

(k)) =0, where AR computed with

m 7

A3) we have lim f 2(k) —f z(k),...,z-(k) +)\(k)d(-k),...,z
( k 1 [ 7 7
—00
Algorithm BLS.

Then, for each k € N the LS procedure terminates in a finite number of steps and, furthermore,
limy o0 Vif (z0)Td =0,

In order to formally introduce the proposed method, we choose the metric function h, €
H(f,,S), where S = S X ... xSy, S; C R% | such that the parameter o can be partitioned as
o= (01,...,0m). Moreover, we define h, so that it is separable over the m blocks with respect
to its first variable, i.e.

ho(w,y) =Y (i, ), (5.16)
i=1

where the functions hf,i 1 ; x Q — R satisfy the following conditions:

(BH1) hgi is continuously differentiable;
(BH2) hgi is convex with respect to its first argument and admits a unique minimum point;
(BH3) for any point x € Q and for any vector d € R™ such that x; +d € Q; we have
Vbl (zi,2)"d =V, f(z)"d, (5.17)
where V; f(z) denotes the gradient of f with respect to the i—th block of variables;

(BH4) hgi continuously depends on the parameter o; € R%.

It is easy to see that the metric function h, defined in (5.16), thanks to the assumptions (BH1)—
(BH4), belongs to H(f,2,S) and the associated generalized gradient projection can be also
partitioned by blocks as

pi(x; hy,)
p(z;he) = : ,  where p;(x; hf,z) = arg min hf,i(zi,x). (5.18)

Z¢€Qi

(x5 Ry )
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Lemma 5.1. Let x € Q) and 0 € S C R?. Then,
(i) x is stationary for problem (5.1) if and only if p;(x; hgl) =x; Vi=1,...,m;

(ii) Vif(x )T(pl(az;hf”) —z;) < 0Vi=1,....,m and the equality holds if and only if x; =
pi(;

h,)-
Proof. Part (i) of the previous Lemma directly follows from (5.18) and from Proposition 5.2,
while part (ii) can be easily proved by employing the same arguments as in the proof of

Proposition 5.1. ]

Algorithm CBGGP Cyclic Block Generalized Gradient Projection Method

Define a compact set S and a metric h, € H(f,,S) as in (5.16). Choose ,d € (0,1).
Choose (9 €  and the upper bounds for the inner iterations numbers Ly, ..., L.
FOrR k=0,1,2, ...

1 Set z(k,0) = 2

2 ForRi=1,...,m

2.1 Set w(k 0 — xl(k)

2.2 Choose the inner iterations number Lgk) <L

2.3 FOrR £ =0,..., L") —1

2.3.0 Set (k0 = (:Egkﬂ), . 7%(114{1)7%@,6)’ Z(-i)l, . :rﬁ’,if))

2.3.1 Choose the parameter UZ-(W) € S;
2.3.2 Compute the descent direction dtFt = = p; (20 b — 2% and set dB0 =
i k0

3
L

0,...,0,d"9 0,....0)
2.3.3 Compute with Algorithm BLS the Armijo steplength )\Ek’z) such that

f( (kg)_’_)\(ké) ) f( (k,é))+/8)\ Vf( kZ)Td(kZ)

2.3.4 Set B = g0 4 Ak k0

(3 KA
END
2.4 Set a:l(-kﬂ) =

25 Set z(k,i) = (a2l 2 all))

(k,LM)
L;

END
3 Set 1) = 2(k,m)

END
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The previous results can be exploited to design a cyclic block generalized gradient projection
(CBGGP) method [36, 126], whose steps are outlined in Algorithm CBGGP. Before analysing
the convergence properties of this approach, we observe that it is a descent method and, in
particular, the objective function is nonincreasing over the partial updates z(k,i), i = 0, ...,m,
k=1,2, ... defined at step 2.5. Indeed, the following inequalities hold

Fl(k,i+ 1) < f(2(k, 1) + BASD Vi1 f(2(k,0)TdGY) < f(a(k, 1))
which also implies

fz2(k+1,0)) = f(z(k,m)) < f(z(k,i+ 1)) (5.19)
< f(z(k‘,z)) < f(Z(k‘,O)) = f(Z(k’ - 1’m))'

We are now ready to give the first result about Algorithm CBGGP.

Proposition 5.4. Let {x(k)}keN be the sequence generated by Algorithm CBGGP. Suppose that
for some i € {0,...,m} the sequence {z(k,i)}ren admits a limit point z. Then pi+1(Z; hgjl) =
Zir1 Vo1 € Siq1 if ¢ < m, while pl(f; hclrl) =z Vo1 € 51 if i =m.

Proof. Suppose first that i < m. From Lemma 5.1, we only need to show that there exists
Fi+1 € Si+1 such that equality p;y1(Z; hz—:jl) = Z;1+1 holds.

Assume by contradiction that p;i+1(Z; hf;;ll) # Zi1q for all o401 € S;11. Let K be the set of
indices such that {z(k,i)}rex converges to z and {Jgf_’f)}keK converges to some d;11 € Siq1.
If ||pivi(Z; hf;;ll) — Zit1|l = 2e > 0, the continuity of the generalized projection operator with
respect to all its arguments guarantees that, for £ € K being sufficiently large, we have

k,0
a5 > e >0,

(ki

where di+?) = pir1(z(k,1); hifk{o)) —z® (see also Step 2.3.2 of Algorithm CBGGP). Then, by

141
i+1
applying Lemma 5.1 (ii) we have
. k
Vit f(2(k,i)Td5Y < —n <, (5.20)
where 7 is some positive scalar. On the other hand, inequalities (5.19) guarantee that, for all

i, we have limy_, . f(2(k,7)) = f(2), thus we obtain that

Jlim £ (z(k.1)) - F@FD e W 3B g0 ey — o,

Moreover, since {z(k,i)}rex is a convergent sequence, it is also bounded. Therefore the se-
quence {dgi? )}ke K 1s bounded and Proposition 5.3 implies that

. T 5(k,0)
k_)g()%EKVHlf(Z(k”Z)) di—i—l =0,

which contradicts (5.20).
The same arguments can be applied also when i = m, since z(k,m) = z(k + 1,0). O
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The previous proposition is crucial for proving the main convergence result for Algorithm
CBGGP, given below.

Theorem 5.1. Let {x(k)}keN be the sequence generated by Algorithm CBGGP and assume that
T is a limit point of {x")Yien. Then T is a limit point also for the sequences {z(k,i)}pen for
any i =1,....,m — 1 and it is a stationary point for problem (5.1).

Proof. The proof runs by induction on the block index ¢ and on the inner iteration number ¢ and
it is similar to that of Theorem 4.2 in [30]. Since Z is a limit point for {z*)} ey = {2(k, 0)}ren,
from Proposition 5.4 it follows that, denoting by Ky a set of indices such that {x(k)}keKo

0 _ _ _
)}keKo converges to some Gy € Si, we have pl(az;hég) = I and

)

_ k
converges to Z and {ag

limy oo ek, 11" || = 0.
From step 2.3.4 of Algorithm CBGGP, it follows that limj_,« ke k, H:E&k’l) — :Egk)H =0, i.e., Iy
is a limit point also for the sequence {:Egk’l)}keN.
Introducing a subset of indices K7 C K| such that the sequence {ajgk’l)}ke K, converges to Zp
and {agk’l)}ke K, converges to some &1, we have

k—)olci>7H1€1€K1 dgk,l) B kaolgilelﬁ pl((xgk’l)’:ﬂgk)’ ) hclrﬁk’l)) N xgk’l)

= pl(f;h},%) — 1 =0,

where the second equality follows from the continuity of the generalized projection operator
and the third one is a consequence of Proposition 5.4.
Using the same arguments, by induction on £ we can conclude that, for each ¢ =0,..., L1 — 1,

)

there exists a suitable subset of indices Ky such that limj_, rerx, dgk’g = 0 and we obtain

L)

1 Ly _
k+1 k k¢ k¢ k0 (k£), k—ookeK
12D — 2B < STAEO a0 < 3T AEO a0 Erte R,

=0 =0

where K| = OZL:lglKg. Thus, the point Z is a limit point also for the sequence {z(k, 1)}ren =
{(m&kﬂ),wék), ey xgi))}keN, and Proposition 5.4 ensures that po(T; hi—o) = Zo for some 79 € Ss.
Proceeding by induction on 7 and employing the same arguments use2d for ¢ = 1, we prove that
Z is a limit point of the sequences {z(k,i)}ren for any ¢ = 1,...,m — 1. As a result of this,
invoking again Proposition 5.4, we can conclude that for any ¢ = 1,...,m there exist o; € S;
such that p;(z; hgl) = Z;. Therefore, by Lemma 5.1 (i) we can conclude that Z is a stationary

point of problem (5.1). O

5.2 Application in image blind deconvolution from a single im-
age

In this section we consider a relevant application and we show that it can be effectively solved
by algorithms which can be framed in the analysis of the previous sections. We give also some



152 Chapter 5 A cyclic block generalized gradient projection method

guidelines on how to choose the parameter o at each iteration. The application we consider is
the image blind deconvolution problem in presence of either Gaussian or Poisson noise. Our
basic assumption is that the available data g € RP” is a realization of a Gaussian/Poisson
random variable whose mean is @ ® f + be, where @ € RP’ is an unknown point spread function
(PSF), ® denotes the convolution operator (periodic boundary conditions are assumed), b is a
positive parameter representing the background radiation, e € RP’ is the vector of all ones and
fe RP’ is the image we would like to recover. In the following, we will assume that the PSF
w is normalized to one.

5.2.1 (Gaussian noise

For the Gaussian noise tests we follow a maximum a posteriori approach [20] and consider the
optimization problem

min  J(f,w) = LS(f,w) + prR1(f) + p2R2(w), (5.21)
fEQf,wEQw

where LS is the least-squares distance

1
LS(f,) = 5l £ +be — gl (522)
p1, p2 are positive regularization parameters and R, Ry are differentiable and convex regu-
larization terms. The feasible sets 2y and (2, have been chosen according to the physical
features of the imaging problem, since we restricted the analysis to non-negative images f and
non-negative and normalized PSFs:

Qp={feR" | f>0},
p2
Qw:{wesz \wEO,Zw,:l}
=1

We considered two images, called “satellite” and “crab”, the former one being the satellite
image frequently used in several papers on image deblurring [5, 38, 137] and the latter one
being the Hubble Space Telescope (HST) image of the crab nebula NGC 1952, exploited in
astronomical image deconvolution tests [18, 19, 52, 112]. The 256 x 256 satellite image has
values in the range [0,2.52 - 107%] and has been artificially blurred with an out-of-focus PSF
with radius equal to 4. A constant background equal to one tenth of max(f) has been added
to the resulting image before corrupting it with 5% Gaussian noise. For this dataset, we chose

the two regularization terms Ry and Rs equal to the hypersurface potential [2, 19]

Rus(z) = 3 \(Dr)ij)? + (Dx)i )3+ 02, (5.23)

ij=1
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where v is a positive parameter and the discrete gradient operator D : RP® — R2” is set
through the standard finite difference with periodic boundary conditions

Dzx); Tit1,j — Tij
(Dz)i; = ( EE i)t ) = < T ) o Tptly =Tlj,  Tiptl = Til. (5.24)

Dzx); ;)2 Tij+1 = Tij

As concerns the crab dataset, the target image is still sized 256 x 256 and has values in the
range [0,3.58 - 10°]. The procedure used to produce the noisy crab image is that exploited
for the satellite, but in this case the original image has been blurred with an Airy function
[1] mimicking the ideal acquisition of one mirror of the Large Binocular Telescope (LBT —
http://www.lbto.org). Due to the smoother content of the image to be restored, for the crab
dataset we used as regularization terms Ry and Ry the Tikhonov functional [138]

Rr(z) = |l«l3. (5.25)

The original and noisy images for both the satellite and the crab datasets are shown in Figure
5.1.

Figure 5.1: Satellite (top) and crab (bottom) test problems: original target (left) and blurred
and noisy image (right).
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As for the reconstruction algorithms, thanks to the separability of the constraints on f and
w, we used the approach described in Algorithm CBGGP. We remark that, at each iteration,
one has to sequentially address two minimization subproblems of the kind

i 2
min J(u) (5.26)
where u € RP’ represents, alternately, the astronomical object f or the PSF w, € indicates
either Qy or €, and J(u) is the objective function of (5.21) with respect to one of the two
unknown block of variables only, keeping the other one fixed. Each of these subproblems will
solved by a fixed number of iterations of the form

) = 4 ® L\ (p(u®; by ) — ul®)

where h,, is one of the three metric functions detailed in Example 5.1, A is the Armijo parameter
and 0¥ is a steplength parameter adaptively computed (here k denotes the index of the inner
iterations).

The main features of the three gradient projection operators are detailed below.

Scaled gradient projection (SGP): in this case we pick p(u(k);ho(k)) = Pap, (ulF) —
ar D'V f(u®))), where Dy, € RP**P* is a symmetric positive definite matrix and oy > 0. As
concerns the scaling matrix Dy, we exploit the gradient decomposition technique (see Section
1.2.2 and 3.3) applied to the least squares term in (5.21). The resulting diagonal scaling matrix

1 1 utM
D. |l = — i L
[ k]u max M,mln H, (AT(Au(k) i be))z )

where 1 is a prefixed threshold, and A is the block circulant with circulant blocks matrix

1S

computed on the fixed unknown (i.e., in the minimization step over the image f, we have
Af = w® @ f, while in the minimization step over the PSF w we have Aw = w ® f*)). The
steplength parameter oy, is then computed by the adaptive alternation of the scaled Barzilai—
Borwein (BB) rules as proposed in Algorithm 3 (see Chapter 1 and [37]):

S(k—l)TDlzly(k—l)

T _
aBBlS B s(k 1) DkaS(k 1)
= A .

y(k—l) Dk le 1y(k—1)

= QBB _
sk=1)T D)y 4y (k=1

(5.27)

where s+~ = ) (=1 and z(+=D = V.J(u®)) -V J(u*~D). Finally, the chosen steplength
oy, is constrained in an interval [(min, Qmax] With 0 < amin < Qmax.

Gradient projection (GP): this corresponds to set Dy = I, in the previous settings. The
parameter oy is again computed by alternating the scaled BB rules.
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Gradient Bregman projection (GBP): a further instance of projections belonging to the
family in Example 5.1 corresponds to the choice of the metric (5.6) with related distance-like
function d, defined in (5.9), where

p2

Y(u) = (u; +7)log(u; +7),

1=1

with v > 0 is the “regularized entropy” [101]. The resulting projection operator (5.5) is given
by
[p(u, ho‘)]i — max {(uz + ,Y)e—chiJ(u) — 7, O} '

The steplength parameter o is adaptively computed at each iteration in the following way.
First, we observe that, by the Taylor expansion of the exponential function, we have

(1 + 7)™ = (s +7) = gi(0) (i + ) Vi (),
where ¢;(0) = Zﬁo(—l)j%ViJ(u)j. The term ¢;(0) can be explicitly expressed also as
gi(o) = (1 — e~ V!V, J(u) when ViJ(u) # 0, ¢;(c) = o when V;J(u) = 0. Then, the
GBP method can be considered also an approximated scaled gradient method employing the
following scaling matrix

[Dii(0) = (" + 7)ai(0).

Thus, it is reasonable to determine the steplength parameter according to the quasi-Newton
approach

min ~|Dy(0) '™ —w® | mins® — Dy(o)w®|,

UE[O'minvo'max] UE[O'minvo'max

where s*) = 4 — 4* =1 and w®) = VJ(u*)) - VJ(u* D). The previous one-dimensional
minimum problems can be easily solved (for example by means of the fminbnd Matlab func-
tion), giving two possible values for the steplength of. These values are then alternated by
means of the adaptive strategy used for the two Barzilai-Borwein rules in [37] and in the pre-
vious two projections.

The initialization f(© for the image has been set equal to the measured image g for both
datasets, while for the PSF we used as w(®) an out-of-focus PSF with radius equal to 5.5 for the
satellite and a Lorentzian function with half-width at half-maximum equal to 6 for the crab.
The regularization parameters (p1, p2) have been arbitrarily fixed equal to (1072,107%) for the
satellite and (2-1072,107°) for the crab. The strategy we adopted to arrest the inner iterations
in the two minimization subproblems of type (5.26) is that proposed in [30] for the cyclic block
gradient projection method, which has been already applied with good outcomes in Gaussian
blind deconvolution [52, Section 3.1], as well as in the Poisson case [110]. This rule is based on
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Proposition 5.2 and Theorem 5.1, which tell us that any limit point of the CBGGP sequence
is a point in which the generalized projected gradient

VPI(f,w) = (s ((f, )i he) — . Pu((f,w); ho) — w)
= (V7 I(f,w), VEI(f,w))

is equal to zero. It follows that a possible stopping rule for the inner iterations applied, for
instance, to the subproblem w.r.t. to the block f, can be designed by choosing the first inner
iteration ¢ for which f*—19 gatisfies

_ _ k
IVFI(fE10, wE=D)| < ¥

where the sequence {n;k)}keN is initialized as 77}0) =e€- HV? J(f©,wO)|| where € is a tolerance
parameter, and defined by

k— e (k— B B
NI (R S ) L N |
/ n}k_ 2 , otherwise.

An analogous rule can be defined for the subproblem referred to the block w. In few words, the
rationale behind the choice of the adaptive parameters n](fk) and n&k) is to decrease the tolerance
for the stopping criterion if satisfied at the first inner iteration, thus forcing the inner algorithm
to perform at least two steps in each subproblem.

Finally, the outer iterations have been arrested when the relative difference between two

successive values of the objective function decreases below 107¢ (a maximum number of 200
outer iterations is also imposed).
In Figure 5.2 we show the plots of the relative root mean square errors (RMSEs) ||f*) —
Fll2/I[fll2 and ||w® —]||2/|[@||2 for the three approaches as functions of the outer iterations
k, and we can observe that the choice of the projection strongly affect the behaviour of the
minimization algorithm, with better performances remarked when a non Euclidean projection
is considered. We have to remark that, while the GP and SGP algorithms are computationally
almost equivalent (few additional scalar products are needed if a nontrivial scaling matrix Dy,
is included), the GBP iteration is heavier due to the call of the fminbnd Matlab function in
the computation of the steplength parameter.

5.2.2 Poisson noise

Although several Poisson blind deconvolution problems have been addressed by a maximum a
posteriori approach as done in the previous section (see e.g. [79, 91]), we follow the approach
in [113, 114] and consider the nonregularized optimization problem

in  KL(f,w), 5.28
pednin (fiw) (5.28)
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Figure 5.2: Blind deconvolution with the satellite (top) and crab (bottom) test problems:
RMSE on image (left) and PSF (right) versus the iterations number.

where KL is the generalized Kullback—Leibler divergence

p2

KL(f,w):Zz:;{g,-log <m>+(w®fﬁ+b—gi}. (5.29)
The choice of avoiding regularization terms is motivated by the fact that, in the following
experiments, we will only consider the case of stellar fields or, in other words, of sparse objects,
and it is known that the minimizers of the KL divergence already satisfy a sparsity property
[18]. In these settings, a regularized solution can be achieved by solving the optimization
problem (5.28) approximately through the early stopping of an iterative procedure.
As concerns the feasible sets, we consider non-negativity and flux conservation for the image
f, the latter added to further enforce the sparsity of the object, while for the PSF w we impose
non-negativity, normalization to 1 and an upper bound s which can be estimated in the case of
adaptive optics devices from the knowledge of the so-called Strehl ratio (SR), i.e. the ratio of
peak diffraction intensity of an aberrated versus perfect waveform (see e.g. [97]). The resulting
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Figure 5.3: Star cluster test problem: original PSF (left) and blurred and noisy image (right).
Both images are in log scale.

sets are then given by

p? p?
2
Qp={feR” | f>0, > fi=> g —pb},
i=1 =1
2

p
Q={weR’ [0<w<s, > w=1}
=1

These constraints in a blind deconvolution framework have been used e.g. in [59, 113, 114] and
allow good reconstructions even in presence of a large scale and nonconvex problem as (5.28).

We consider a realistic simulation in the astronomical field by a) generating a 512 x 512
image f of a cluster of 100 stars with different magnitudes (brightest value ~ 3.2-107, dimmest
value ~ 4.2 - 10%); b) convolving it with a PSF @ (SR = 0.81) mimicking the response of a
single mirror of the large binocular telescope (LBT) and its first light adaptive optics (FLAO)
system [60]; ¢) adding a realistic background radiation (b ~ 2.6 - 10%); and d) corrupting the
resulting blurred image with Poisson noise. In Figure 5.3 we reported both the PSF used in

this experiment and the simulated measured image.

As done for the Gaussian case, we analyzed the performances of the alternating scheme
defined in Algorithm CBGGP with the same three choices for the projection operator described
in the previous section. The only change is in the SGP case, for which the scaling matrix used
for this test is the one borrowed from the Lucy-Richardson method [95, 128]

1
[Dy];;' = max {;, min {,u, ugk) }} , (5.30)

suitably thresholded to ensure convergence.
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Following the suggestion in [113], we used Lgk) =L; =50 (k=1,2,...) inner iterations for

the image step, Lgk) =Ly =1 (k=1,2,...) iteration for the PSF step, a constant image as
£ and the autocorrelation of the ideal PSF of LBT as w(®). The outer iterations have been
arbitrarily stopped at 3000.

In Figure 5.4 we show the reconstruction of the PSF provided by the three approaches together
with the horizontal and vertical central cuts of the pictures compared with those of the target
PSF. Moreover, in Figure 5.5 we plotted the reconstruction errors and the decrease of the
objective function versus the number of iterations, where for the PSF we used the standard
RMSE ||w®) —@||2 /|[@]]2 while for the image we computed the RMSE for each star \fi(k) —fil/lfil
(t=1,...,100) and then calculated the mean of the 100 resulting values. The results obtained
in this test problem lead to conclusions quite similar to those drawn up in the previous section,
since again different choices for the projection lead to different reconstructions. The SGP and
GBP choices seems to be attracted by the same limit point, even if going through different
paths. With these approaches the reconstructions are very satisfactory, since both the image
and the PSF are restored with an error below 1%. On the contrary, the standard projection in
Euclidean norm lead to a significantly different pair (f,w), with a higher precision in recovering
the correct magnitude of the stars coupled with a worse reconstruction of the PSF (RMSE >
20%), as clearly attested also by the plots shown in the second row of Figure 5.4.

5.3 Application in Poisson blind deconvolution from multiple
images

We now make a step further from the previous section and assume that the unknown object
and PSF(s) must be recovered from a set of multiple images acquired at different rotations of
the detection system. In particular, we show numerical experience in which images of binary
systems and starts clusters are simulated by adopting the PSF model of the Large Binocular
Telescope (LBT).

5.3.1 Problem formulation

K
J=1

ing expected values of the background emission {bj}f-{:l and K different PSFs {w;}

Let us assume that K > 1 different images {g;};* of the scientific object, with K correspond-

K
j:17

available in the Poisson noise model. Since it is quite natural to assume that the K images are
statistically independent, the likelihood of the problem is the product of the likelihoods of the

different images (see Appendix A). Then, by taking the negative logarithm of the likelihood we

are

obtain the following data-fidelity function which is the sum of K Kullback-Leibler generalized
divergences, one for each image, i.e.

p2

K .
. i(7) . . .
Jo(f, w1, s wic: g, b) = o 9i\ — o (w;@f)()+bi (i) —g;(0) b, (5.31)
OL &Lt ZIZI{Q (w; @ £)(0) + by Q) 00}
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Figure 5.4: PSF for the star cluster test problem. First row: reconstructions with GP (left),
SGP (middle) and GBP (right) in log scale. Second row: horizontal and vertical central cuts
of original and restored PSFs.
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Figure 5.5: Blind deconvolution with the star cluster test problem:

RMSE on PSF (right) in log scale versus the iterations number.

RMSE on image (left) and
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where (g,b) = {(9;,b;) le and the notation g;(i) denotes the i—th component of g; (the same
holds for the other vectors involved). The problem of blind deconvolution consists then in the
minimization of (5.31) with respect to K + 1 blocks of unknown variables, namely the object f
and the K PSFs {wj}]K:l. The function (5.31) is convex with respect to each block of variables
for fixed values of the others, but is not convex with respect to the full set of variables. On
our side we have the CBGGP algorithm which, in the light of Theorem 5.1, globally converges

also in the nonconvex case, and thus is perfectly suited for this problem.

As for the single image case, some constraints on the unknown object and PSFs must
be imposed. As far as the object is concerned, besides non-negativity, we also introduce a
constraint on its flux; more precisely we require that the object flux coincides with the average
flux of the p detected images (after background subtraction), which is given by

K p2
c= 23D o) b0} (53
j=1i=1

We remark that this constraint is further enforcing sparsity; in the case of deconvolution and
zero value of the backgrounds, it is automatically satisfied by the minimizers of the KL diver-
gence. As concerns the PSFs, as also explained in the previous section, an important constraint
is the upper bound derived from the knowledge of the Strehl ratio s; characterizing the AO
correction of the atmospheric blur during the observation. Moreover, nonnegativity and nor-
malization provide additional constraints. In conclusion, the nonconvex optimization problem

we are considering can be formulated as follows

feﬂ;l’gjnemj Jo(f,wis ..., wK; g, b) (5.33)

where

p2
Qp={feR" | f>0,) fi=c},
=1

p2

Q, ={weR” [0<w; <55, > wi(i) =1}, j=1,... K.
i=1

We address this problem by means of the CBGGP algorithm equipped with the scaled
gradient projection operator. In other words, each iteration of the CBGGP consists in solving
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inexactly the following K + 1 constrained minimization problems:

FOHD = argmin Jo( £, . il 9.0) 30
ey
wgkﬂ) = argmin Jo(f(k+l)7w7 ,..,w&?);g, b)
wEle
W%H) = argmin Jo(f(k+l)7 WYC-H)’ R wﬁ?i—i),w; 9> b) ’
UJEQwK

by means of a given number of SGP iterations. Since each of these subproblems has the form

e o

where € is one of the above closed and convex sets, the general iteration of SGP will be

WD — 8 4y g0

where

d® = Py p, (u® — osz];lVJo(u(k))) —ul®),

As in the previous section, the scaling matrix Dy, is the one computed in (5.30) and borrowed
from the Lucy-Richardson method, and the steplength «y is chosen by alternating the two scaled
BB rules (5.27). Since the projection operator Pq p, involves a given number of inequalities
plus an equality constraint, it can be computed by using the secant-based routine developed
in [55], which is able to compute the projection with a computational cost growing linearly in
time with respect to the image size.

The problem of blind deconvolution from multiple images finds one of its main application in
Fizeau interferometry. As it is known this is a special feature of the Large Binocular Telescope
(LBT), which consists of two 8.4 m mirrors situated on a common mount with a center to center
distance of 14.4 m. Indeed, this structure is suitable for Fizeau interferometry which should
provide images with the resolution of a 22.8 m telescope in the direction of the baseline joining
the center of the two mirrors and that of a 8.4 m telescope in the orthogonal direction. It
follows that LBT images are characterized by an anisotropic resolution and therefore, in order
to get the maximum resolution in all directions, it is necessary to acquire different images of
the same scientific object with different orientations of the baseline and to combine them into a
unique high-resolution image by means of suitable image reconstruction methods. We remark
that two interferometers are planned for LBT: the forthcoming LINC-NIRVANA (LN) [83], in
advanced realization stage by a German-Italian consortium leaded by MPIA, Heidelberg, and
the NASA funded LBTT [142, 10] already operating on Mount Graham.

We now apply Algorithm CBGGP to realistic simulations of imaging both by single mirrors
and Fizeau interferometers. On one hand, we consider single image simulations where the PSF
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is the one of the LBT acquisition system. On the other hand, we generate multiple images by
means of the PSFs computed for the interferometer LINC-NIRVANA.

5.3.2 Image simulation

We model the images according to the model proposed in [136] for images acquired with a
CCD camera, i.e. each pixel is affected by background (due to sky emission, dark current,
etc.), photon counting noise (described by a Poisson distribution) and additive read-out noise
(RON) described by a Gaussian distribution.

If the RON variance is o2, in the deconvolution process it can be approximated by a
Poisson distribution with parameter o2 if o2 is added both to the detected images and the
corresponding backgrounds [136]. Therefore all the pixel values of the detected images can be
viewed as realizations of suitable Poisson random variables if in 5.31 we intend that g;, b; have
been modified according to this approach. Therefore, in our numerical simulations we perturb
the images with Poisson and additive Gaussian noise but in the deconvolution algorithms we
use the images and backgrounds modified as above.

All the images and the PSFs considered in our numerical experiments are sized 256 x 256
pixels in the single image case, with a pixel size of 15 mas, and 512 x 512 pixels in the multiple
image case, with a pixel size of 5 mas. Moreover all images, except one indicated in the sequel,
are obtained by adding 10 frames in order to avoid saturation of the detector, as we discuss in
the following, so that the variance of the RON will be 10 2.

Single image simulation:

In this case we use two PSFs in K-band with SR = 0.81 and 0.62 respectively, modeling the
optics of a single mirror of LBT, with diameter 8.4 m, and the effect of the adaptive optics
system FLAO using the power spectrum of the wavefront residual of the AO correction as
measured at the telescope [61]. To the noise-free image, obtained by convolving the object
with one of these PSFs, a background in K-band is added and the result is corrupted with
Poisson and additive Gaussian noise. In order to avoid saturation of the detector (a maximum
number of 5 x 10% photons per pixel is assumed in a single frame) the image is obtained by
co-adding n frames. More precisely, in the case of a stellar system the procedure for image
generation is the following.

e We establish the coordinates of the stars and we fix their magnitudes in K-band.

e We compute the integration time which does not produce saturation of the detector
by taking into account the collection area of the telescope, the overall efficiency of the
acquisition system (assumed equal to 30%), and the flux of the brightest star multiplied
by the peak value of the PSF. This is the integration time of a single frame and is used
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for computing the number of frames n required for obtaining an acceptable SNR for all
the stars of the system.

e We generate noise-free images by shifting, with sub-pixel precision, the PSF to the po-
sitions of the stars and adding these shifted PSFs, each one weighted with a weight
corresponding to the magnitude and the total observation time.

e These images are perturbed by adding a background in K-band, corresponding to about
13.5 mag arcsec™2, and by corrupting the results with Poisson and additive Gaussian noise
(RON); the variance of the RON is no?, thus corresponding to the RON of n frames; we
take 0 = 10 e~ /px.

Multiple image simulation

As concerns the simulation of LN images, we recall that the instrument combines in a Fizeau
mode the beams coming from the two mirrors of LBT whose center-to-center distance is about
14.4 m. Therefore the maximum baseline available is 22.8 m and the resolution achievable by
a single LN image is that of a 22.8 m telescope in the direction of the baseline and that of a
8.4 m telescope in the orthogonal direction. For a given orientation the PSF of LN looks as
that of a 8.4 m telescope, modulated by the interference fringes, orthogonal to the direction of
the baseline. In order to get a more uniform resolution one must acquire and combine different
images with different orientations of the baseline.

It is important to remark that the orientation of the fringes does not depend on the orien-
tation of the baseline because the camera is rotating with the baseline and therefore the fringes
have always the same direction (for instance the vertical one) in the image array. In other
words two images of the same scientific object with two different orientations of the baseline
correspond to two rotated versions of that object. This specific feature implies that one should
introduce rotation matrices in the formulation of the problem. However we verified that the
computation of hundreds or thousands of rotations in hundreds or thousands of inner iterations
introduces large computational errors. Therefore we considered the approach which consists in
derotating the images in such a way that they correspond to aligned versions of the object f.
The price to be payed is that the derotation of discrete images modifies their statistical prop-
erties. In order to estimate this effect we considered the rotation of a constant array perturbed
by Poisson noise. We found the following results:

e before rotation the histogram of the array is a Gaussian with the same mean and variance;
after a rotation based on spline interpolation the histogram is still a Gaussian with the
correct mean but a smaller variance;

e the support of the autocorrelation of the rotated image is a 3 x 3 square;

e if we use a different rotation approach which consists in attributing the value of a pixel
before rotation to the pixel with maximum overlapping after rotation (nearest neighbor
approximation), the statistics is preserved but the quality of the image is degraded.
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As a consequence of this analysis we decided to use in the approach derotated images.

The procedure adopted in our numerical experiments is similar to that used in the case
of a single image. We consider two sets of PSFs in K-band with SR respectively 0.77 and
0.46, corresponding to orientation angles of the baseline indicated as 0°, 60° and 120°, all with
vertical fringes (for simplicity we take the same SR for the three orientations). The first PSF
of each set has been generated by means of the software package LOST [6], the second by
reflecting the first one with respect to the central line and the third by taking the arithmetic
mean of the first two. In this way the three PSF of each set have exactly the same SR. Then
the generation of the corresponding LN images is similar to that of the single image case by
modifying the first item as follows.

e We establish the coordinates of the stars corresponding to the observation at 0° and we
compute, with sub-pixel precision, their coordinates if the system is rotated by 60° and
120° respectively.

The rest of the procedure is unchanged and applied to the three images but at the end we must
add the following item.

e The images corresponding to 60° and 120° are derotated in order to align the object
in the three images and three arrays containing the object are extracted from the full
images.

The derotated images are used in the definition of the objective function and in the blind al-
gorithm, which therefore will produce derotated PSFs.

5.3.3 Numerical results

In order to evaluate the quality of the reconstructions obtained with our blind method we need
some figures of merit.

As concerns the reconstruction of a binary we consider the relative absolute error on the
magnitudes of both stars while in the case of a stellar system we consider a magnitude average
relative error (MARE) defined by

q -
MARE = EZ m: =l (5.35)
1= T
where ¢ is the number of stars and m;, m; are respectively the reconstructed and the true
magnitudes.

As concerns PSF reconstruction, in the case of single image we consider the root-mean-
square error with respect to the true one, defined as usual in terms of the ¢5 norm of their
difference. In the case of LN images generated according to the previous procedure, since the
blind algorithm produces a set of three PSFs, two of them being derotated with respect to the
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ones used for generating the images, for comparison we must derotate the original ones. If we
denote as w; the derotated original PSF, then we measure the quality of the reconstruction by
means of the root-mean-square error (RMSE)

by — " —oll (5.36)
where w; is the reconstructed PSF and || - || denotes the usual £2-norm.

Binary systems

We first consider the simple case of binary systems. More precisely we consider nine cases
by varying both separation and magnitude of the stars. By keeping fixed the magnitude of
the primary, i.e. m; = 15, we take for the magnitude of the secondary mo = 15, 16 and 17.
Moreover for each choice we consider three possible angular separations: d = 60, 120 and 240
mas in the single image case and d = 20, 40 and 80 mas in the LN case. In both cases the first
separation corresponds to the resolution limit of the instrument while the last is four times
larger. In all cases, as described in the previous section, we compute the integration time of a
frame in such a way that the number of counts in the image pixel corresponding to the position
of the primary does not exceed 5 x 10%. As stated in the previous section, we consider 10 frames
per image, both in the single and in the multiple image case, so that the peak value of the
photons is about 5 x 10° for all images. Since in the case of LN we have three images, in this
case the SNR is higher than in the single image case.

In Figure 5.6 we show the images of the binaries with m; = ms = 15 and different angular
separations; in the first row those of the single image case and in the second row those of
the multiple image case corresponding to the 0° baseline, all obtained with the PSF with the
highest SR. The difficulty in reconstructing the binary with separation d = 20 mas is obvious.
Single image
For the convenience of the reader we give the computed integration time avoiding saturation
in a single frame: 40 sec for SR = 0.81 and 52 sec for SR = 0.62. As already stated the images
are obtained by adding 10 frames. These are the input images of the blind algorithm together
with the value of the background.

In a first attempt we use the initialization already used in [113] and in other papers, namely
a constant array for the object and the autocorrelation of the diffraction-limited PSF for the
PSF. Indeed, this initialization has produced very promising results in our previous paper,
where a much higher SNR was assumed. We use 1000 outer iterations in the case SR = 0.81
and 2000 outer iterations in the case SR = 0.62. Indeed in the case of a lower SR we have
a lower quality of the images and, presumably, a larger number of iterations is required. As
concerns the inner iterations, as in [113] we use 50 SGP iterations for the object and one SGP
iteration for the PSF.

In Table 5.3.3 we give the results obtained with the previous choice. As a first remark, the
binaries and the PSFs are reconstructed satisfactorily in all cases except the closest binaries
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Figure 5.6: Examples of input images of binaries with magnitudes m; = msy = 15. In the first

row those of the single image case, corresponding to PSF with SR = 0.81: from left to right,
angular separation of 60, 120 and 240 mas. In the second row those of the multiple image

case, corresponding to the PSF with SR = 0.77: from left to right, angular separation of 20,
40 and 80 mas. These images correspond to the first orientation of the baseline and only the
central part of the images 256 x 256 is displayed. In the two other orientations the binaries
appear rotated by 60 and 120 degrees respectively. Images are displayed in log scale. The
length corresponding to 0.5 arcsec is also indicated.

d=60 mas ; m,=15 d=60 mas ; m,=15

RMSE

0.0l ‘ ‘ . ‘ , ; ,

0 200 400 600 500 1000 O 200 400 c00 500 1000
iterations iterations

Figure 5.7: Behaviour, as a function of the number of iterations, of the normalized objective
function (left panel) and of the RMSE on the PSF (right panel). The parameters of the binary
are indicated in the figure. The plots refer to the PSF with SR = 0.81.

(d = 60 mas) with different magnitudes. Indeed, the indication 100% in the column for Amgy/ms
means that the method reconstructs only one star, which sometimes is not exactly in the
position of the primary but slightly shifted in the direction of the secondary. Since its magnitude
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SR | d (mas) | mg | Amy/my  Amg/mo | RMSE | Jy norm. | IT
15 0.05% 0.03% 0.94% 0.6071 1000

60 16 2.37% 100% 40.41% 0.5549 1000

17 0.99% 100% 16.77% 0.5964 1000

15 <0.01% <0.01% 0.76% 0.6047 1000

0.81 120 16 0.03% <0.01% 1.11% 0.6296 1000
17 0.03% 0.17% 1.40% 0.6254 1000

15 <0.01% <0.01% 0.79% 0.5999 1000

240 16 0.02% 0.03% 0.83% 0.6273 1000

17 | <0.01% 0.04% 1.17% 0.6229 1000

15 0.18% <0.01% 1.08% 0.5338 2000

60 16 2.31% 100% 34.37% 0.4635 2000

17 1.05% 100% 16.87% 0.4983 2000

15 0.15% 0.14% 1.04% 0.5261 2000

0.62 120 16 0.02% 0.01% 1.28% 0.5419 2000
17 0.04% 0.25% 1.59% 0.5329 2000

15 0.04% 0.04% 1.00% 0.5309 2000

240 16 <0.01% 0.06% 1.13% 0.5537 2000

17 0.05% 0.36% 1.80% 0.5361 2000

Table 5.1: Single image case - Binary reconstructions provided by the algorithm initialized with
the autocorrelation of the diffraction-limited PSF. In the first column the value of the SR, in
the second the angular separation, in the third the magnitude of the secondary, in the fourth
and fifth the errors on the magnitudes of the two stars. In the subsequent column we give
the RMSE for the reconstructed PSF. Finally in the last two columns we give the value of the
normalized objective function, defined by 2.Jy/N?, as computed at the end of the iterations,
and the number of outer iterations.

is computed using a 3x3 square centered on the true position of the primary, the error on its
magnitude is, in general, not too large. On the other hand the error on the PSFs is very large,
as one should expect since the secondary is missed. This point deserves further investigation.

In Figure 5.7 we show, in a particular case, the behaviour of the normalized objective
function, defined by 2.Jy/N? with .Jy given in 5.31 (with K = 1), and of the RMSE on the PSF
as functions of the number of iterations. Similar behaviors are obtained in all cases where a
sensible result is obtained. This result suggests that presumably convergence is reached after
1000 iterations even if it is difficult to establish numerically the convergence of a sequence.

A second remark is that, according to statistical properties of Poisson random variables, if
we compute the value of the normalized objective function by inserting in 5.31 the noisy and the
noise-free images we should obtain a value very close to 1 [19, 144]. This is just what we obtain
using our simulated images (this result also demonstrates the accuracy of the approximation
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of the RON with a Poisson random variable). However the limiting values of the normalized
objective function obtained in our experiments are definitely smaller than 1.

Coming back to the problem of the unresolved binaries, we point out that, if we deconvolve
the images using the PSF used for their generation (inverse crime) all the binaries are correctly
reconstructed with small errors on their magnitudes. Therefore the failure of our experiment
may be due to a failure of the method or to an inappropriate initialization or to inappropriate
choices of the internal iterations.

Several attempts with different numbers of internal iterations did not improve the results.
Therefore we searched for an initial PSF with a SR value closer to the correct one and with the
property of being band-limited with the band of the LBT mirror. A possible choice is obtained
by means of the diffraction-limited PSF of LBT, let us say @, by looking for an initial guess
w©@ of the following form

1
O - = (x
w T3 N2 (W+v) (5.37)

which is band-limited and satisfies the normalization condition. The constant v should be
selected in such a way that w(®) has the correct SR value, i.e. max (w(®)) = SR max (). We

obtain
(SR N? max(@) — 1)v = (SR — 1) max(@) (5.38)

and, by neglecting 1 with respect to the first term in the Lh.s. of this equation, we obtain
v=(1-SR)/(SR N?).

The results obtained with this initialization, using again 50 SGP iterations for the object
and one for the PSF, are reported in Table 5.3.3. Since the convergence is slower than in the
previous case we use 2000 outer iterations for SR = 0.81 and 3000 iterations for SR = 0.62.

By comparing the results reported in the two tables we remark that the two different
initializations provide very similar results in all cases where they succeed or they fail; in other
words they provide sequences of iterations which presumably converge, even if with a different
rate, to the same point, which is a stationary point of the objective function. Obviously we
believe that it is also a minimizer. In the case of separation 60 mas and msy = 16 the algorithm,
equipped with the new initialization, is able to reconstruct the binary and the PSF with a
satisfactory accuracy for both values of SR. We remark that the value of the objective function
is higher than that corresponding to the result provided by the first initialization, which is
not correct. This fact clearly indicates the existence of several stationary points or minimizers
or both. Of course it should be nice to establish that the result of the first initialization is a
stationary point and that of the second a minimizer; but, as already remarked such a verification
is practically impossible. Finally, in the case mo = 17 also the new initialization is unable to
provide the correct results.

The results obtained in the multiple image case and described in the next section suggest
that this negative result may be due to an insufficient value of the SNR. Therefore, in the
case mg = 17 we generated an image which is the sum of 30 frames (we point out that, as
already remarked, in the considered multiple image case we have three times the photons of
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SR | d (mas) | mg | Amy/my  Amg/mo | RMSE | Jy norm. | IT
15 0.02% 0.04% 0.82% 0.6067 2000

60 16 0.09% 0.16% 2.05% 0.6237 2000

17 1.01% 100% 17.08% 0.5956 2000

15 <0.01% <0.01% 0.77% 0.6046 2000

0.81 120 16 0.02% <0.01% 1.09% 0.6294 2000
17 0.02% 0.15% 1.35% 0.6253 2000

15 <0.01% <0.01% 0.80% 0.5989 2000

240 16 0.02% 0.02% 0.82% 0.6271 2000

17 | <0.01% 0.02% 1.12% 0.6227 2000

15 0.02% <0.01% 1.11% 0.5333 3000

60 16 0.12% 0.25% 2.64% 0.5354 3000

17 1.05% 100% 16.87% 0.4983 3000

15 0.01% 0.01% 1.06% 0.5258 3000

0.62 120 16 0.02% <0.01% 1.26% 0.5419 3000
17 0.04% 0.25% 1.58% 0.5329 3000

15 0.03% 0.03% 0.99% 0.5304 3000

240 16 <0.01% 0.06% 1.12% 0.5537 3000

17 0.05% 0.36% 1.80% 0.5361 3000

Table 5.2: Single image case - Binary reconstructions provided by the algorithm initialized with
the diffraction-limited PSF plus a constant selected for satisfying the SR constraint (see the
text). The structure of the Table is the same of Table 5.3.3.

the single image case). Using again 2000 iterations, we find that the algorithm, with the second
initialization, can resolve the binary in the case SR = 0.81 (even if with a large reconstruction
error, about 9 %, on the PSF) but not in the case SR = 0.62.

However in these difficult cases we observe a new phenomenon: even if in the limit the results
are not satisfactory, the PSF reconstruction error exhibits a minimum before convergence. If
we consider the reconstructions corresponding to these minima, then, in the case of the first
initialization, the minima do not correspond to a situation where the binary is resolved. On the
other hand, in the case of the second initialization, the binary is resolved for both SR values,
with a 2.03 % PSF error in the case SR = 0.81 (574 iterations) and a 7.13 % error in the
case SR = 0.62 (1739 iterations). Such a result presumably indicates the need of introducing
a regularization of the PSF in the objective function, at least for treating the most difficult
cases. In Figure 5.8 we show the reconstructions of the PSF corresponding to the minimum
reconstruction errors. Artifacts due to the missed secondary are visible in the case of the first
initialization and also in the case SR = 0.62, since the reconstructed secondary is fainter than
the true one.

Multiple images
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Figure 5.8: Single image case - PSF reconstruction in the case of the binary with d = 60 mas
and mgy = 17. The input image is the sum of 30 frames (see text). These PSF's correspond to the
minima of the reconstruction error. First column: the true PSF with SR = 0.81 (top) and SR =
0.62 (bottom). Second column: PSF reconstruction provided by the algorithm initialized with
the autocorrelation of the diffraction-limited PSF. Last column: PSF reconstruction provided
by the algorithm initialized with the diffraction-limited PSF plus a constant. In each panel we
also show a zoom of the core of the PSF which makes evident artifacts due to the secondary.
All images are displayed in log scale.

In this case the integration time of a nonsaturated frame is 95 sec for SR = 0.77 and 167 sec
for SR = 0.46. For each binary and orientation angle we consider again 10 frames, so that we

have approximately the same number of photons in all images.

We preliminarily remark that, if we compute the value of the normalized objective function
(which is now given by 2.Jo/3N?) by inserting in 5.31 the noisy and the noise-free images before
derotation, we expect to obtain a value very close to 1 and this is just what we obtain. But this
is not true if we compute the same quantity using the derotated images. Indeed, for the nine
binaries as well as for the other objects, we always obtain a smaller value, namely 0.63. Since
this value is independent of the object and PSFs, this effect is clearly due to the modification
of the statistical properties of the data introduced by the derotation, as briefly discussed in
Section 5.3.2. In any case the limiting values of the normalized objective function obtained in
our experiments are definitely smaller than the values corresponding to the input objects and
images, an effect already remarked in the previous case.

As in the single image case we first use as initialization a constant array for the object and
the autocorrelations of the ideal PSFs for the three PSFs. The results of the reconstructions
obtained with this initialization are reported in Table 5.3.3. We obtain that only when both
stars have the same magnitude the method is able to reconstruct both the binary and the PSFs
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SR | d (mas) | mg | Amyi/my  Amsg/mo | RMSEgpe RMSEge RMSEj9p | Jp norm. | IT
15 0.28% 0.23% 1.52% 2.50% 1.87% 0.2241 1000

20 16 2.12% 100% 30.00% 31.14% 21.79% 0.1706 1000

17 0.87% 100% 14.93% 15.38% 11.00% 0.1890 1000

15 0.30% 0.28% 1.66% 1.84% 2.56% 0.2647 1000

0.77 40 16 2.20% 100% 41.65% 33.98% 33.80% 0.2049 1000
17 0.58% 100% 14.78% 14.48% 15.90% 0.1954 1000

15 0.20% 0.21% 1.09% 0.83% 0.83% 0.2180 1000

80 16 0.18% 0.23% 1.27% 0.96% 0.99% 0.2164 1000

17 0.87% 100% 19.28% 19.06% 19.04% 0.1893 1000

15 1.27% 1.19% 9.67% 9.69% 11.39% 0.1335 1000

20 16 0.29% 100% 32.61% 33.10% 29.37% 0.0836 1000

17 0.18% 100% 13.91% 14.12% 12.54% 0.0795 1000

15 0.89% 0.88% 5.15% 5.62% 5.64% 0.1516 1000

0.46 40 16 0.27% 100% 47.22% 41.54% 36.75% 0.1360 1000
17 0.33% 100% 13.91% 14.67% 14.31% 0.0944 1000

15 0.68% 0.68% 3.05% 2.60% 2.58% 0.1042 1000

80 16 0.52% 0.60% 1.87% 1.43% 1.44% 0.0850 1000

17 0.55% 100% 15.99% 15.97% 15.98% 0.0883 1000

Table 5.3: Multiple image case - Binary reconstructions provided by the algorithm initialized
with the autocorrelations of the ideal PSFs. In the first column the value of the SR, in the
second the angular separation, in the third the magnitude of the secondary, in the fourth and
fifth the errors on the magnitudes of the primary and the secondary star. In the subsequent
three columns we give the RMSE for the three PSFs. Finally in the last two columns we give
the value of the normalized objective function, defined by 2.J5/3N?, as computed at the end of
the iterations, and the number of outer iterations.

with sufficient accuracy. When we have different magnitudes for the two stars the method is in
general failing to reproduce the secondary, except in the case of separation d = 80 mas; in this
case a binary with difference of magnitude Am = 1 is also reconstructed. As in the single image
case, the indication 100% in the column for Ams/mo means that the method reconstructs an
object which contains only one bright star (in one case the centroid is shifted one pixel in the
direction of the secondary. These results show that, even if we have a higher SNR as already
discussed, the multiple image case is more difficult than the single one.

If we deconvolve the derotated images using the derotated PSFs (this is not exactly an
inverse crime because the images were generated with non derotated PSFs) all the binaries
are correctly reconstructed with small errors on the magnitudes. Therefore the failure of our
experiment may be due again to an inappropriate initialization (the autocorrelations of the
ideal PSFs have a SR value of about 0.35, much smaller than the SR of the PSFs used in image
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SR | d (mas) | mg | Amyi/my  Amsg/mo | RMSEgpe RMSEge RMSEj9p | Jp norm. | IT
15 0.44% 0.34% 2.86% 4.23% 3.42% 0.2277 2000

20 16 0.27% 0.21% 1.56% 1.82% 1.74% 0.2209 2000

17 0.07% 1.10% 2.53% 2.70% 1.78% 0.2095 2000

15 0.45% 1.03% 5.47% 4.61% 6.73% 0.2670 2000

0.77 40 16 0.25% 0.39% 1.63% 2.85% 2.76% 0.2220 2000
17 0.11% 0.73% 2.05% 2.78% 2.86% 0.2102 2000

15 0.35% 0.35% 2.28% 1.51% 2.23% 0.2204 2000

80 16 0.25% 0.26% 1.32% 1.06% 1.14% 0.2179 2000

17 0.19% 0.40% 1.32% 1.02% 0.99% 0.2125 2000

15 0.80% 0.57% 4.02% 4.51% 6.83% 0.1037 2000

20 16 0.38% 0.95% 3.76% 3.95% 2.52% 0.0811 2000

17 0.07% 6.32% 9.05% 10.33% 6.29% 0.0697 2000

15 0.64% 2.18% 11.23% 6.72% 8.73% 0.1409 2000

0.46 40 16 0.49% 0.81% 2.21% 3.20% 2.99% 0.0837 2000
17 0.02% 5.89% 8.70% 7.68% 8.84% 0.0716 2000

15 0.56% 0.55% 8.54% 4.66% 4.64% 0.1100 2000

80 16 0.57% 0.53% 1.99% 1.48% 1.49% 0.0846 2000

17 0.48% 0.92% 2.36% 1.95% 1.96% 0.0785 2000

Table 5.4: Multiple image case - Binary reconstructions provided by the algorithm initialized
with the ideal PSFs plus a constant selected for satisfying the SR constraint (see the text).
The structure of the Table is the same of Table 5.3.3.

generation) or to inappropriate choices of the internal iterations. Also in this case, as in [113]
and in the single image case, we use 50 SGP iterations for the object and one SGP iteration
for each PSF. However several attempts with different numbers of internal iterations did not
improve the results. Therefore, as in the single image case, we use as a new initialization of
the PSF's the ideal PSFs of LN with the addition of a small constant selected in such a way to
satisfy normalization and SR value. The results obtained with this initialization, using again
50 SGP iterations for the object and one for the PSFs, are reported in Table 5.3.3. Since the
convergence is slower than in the previous case we use 2000 outer iterations.

With the new initialization the blind method succeeds in reconstructing all the binaries with
sufficient accuracy as well as the PSFs. We can add that in most cases both the normalized
objective function and the RMSE on the PSFs have a convergent behaviour while, in a few
cases, the errors are still decreasing after 2000 iterations, thus indicating that a larger number of
iterations could still improve the solution. A comparison of the values of the objective function
reported in the two tables shows that, in some of the cases where the first initialization is
failing, the values in Table 5.3.3 are smaller than the corresponding values in Table 5.3.3. This
phenomenon was already observed in the single image case and means that different stationary
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Figure 5.9: Multiple image case - PSF reconstruction in the case of the binary with d =
80 mas and mg = 17. First column: the true PSF with SR = 0.77 (top) and SR = 0.46
(bottom). Second column: PSF reconstruction provided by the algorithm initialized with

the autocorrelations of the ideal PSFs. Last column: PSF reconstruction if the algorithm is
initialized with the ideal PSFs plus a constant. All images (only the central part 256x256 is
shown) are displayed in log scale and correspond to the first orientation of the baseline.

points or minimizers are present.

A few more comments on the two tables. If one looks carefully at the reported results one
can remark that, even if the results obtained with the second initialization are globally better
than those obtained with the first one, this may not be true for particular cases (compare, for
instance, the results for d = 40 mas and Am = 0). Moreover, the errors obtained with the
second initialization do not vary in a regular way with the variation of angular distance and
difference of magnitude. These behaviors can be due to the fact that 2000 iterations may not be
sufficient for assuring convergence of the method in the case of the second initialization. We did
not push further the iterations because in the case of three 512x512 images the computation
time is considerable. By assuming possible fluctuations due to insufficient number of iterations,
a reasonable conclusion seems to be that, as in the single image case, the two initializations
lead to the same limit point when the first one is successful.

In Figure 5.9 we show an example of reconstructions of the PSF at 0°, for both SR values,
when the unknown object is a binary with d = 80 mas and mo = 17. From the reconstructions
displayed in the second column and obtained by initializing with the autocorrelations of the
ideal PSFs, it is evident that they contain a contribution coming from the secondary, while this
contribution is practically absent in the reconstructions obtained with the other initialization
and displayed in the third column.

Star clusters
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Figure 5.10: Top panels: the input images of the “open star cluster” (left) and of the “globular
star cluster” (right) in the single image case with SR = 0.81. Bottom panels: the input images
of the two clusters in the case of SR = 0.77 and with 0° of the baseline (only the central part
256%256 is shown). All images are displayed in log scale. The length corresponding to 0.5
arcsec is also indicated.

In a second experiment we consider two models of star cluster. The first is already considered
in [113] and is based on an image of the brightest stars of the Pleiades open cluster; for this
reason, we call it “open star cluster”. It consists of nine stars that we take, in this paper, with
magnitudes ranging from 14.4 to 17.1. In the single image case, the minimum distance between
two stars is 120 mas, while the maximum distance is 1434 mas, with a mean distance of about
690 mas. In the multiple image case, considering the different pixel scale, we reduce of one
third all the distances.

As a second example we consider a model that we call “globular star cluster”. For sim-
plicity, only 150 stars are considered within the field of view, representing a very low crowding
condition. The positions of the stars are randomly computed following a Gaussian distribution
around the center of the image (with a standard deviation of about 450 mas in the single image
case and of about 150 mas in the multiple image case); similarly the magnitudes of the stars
are randomly distributed around m = 16 with a standard deviation of about 0.4. It turns out
that the brightest star of the cluster has m = 14.8.

Again, we limit the maximum number of counts in each frame to 5 x 10, keeping fixed to
10 the number of frames. In Figure 5.10 we show the images of the two star clusters provided
by the PSFs with the highest SR.

Single image
In the case of the “open star cluster”, the integration time of a single frame is 22 sec for SR =
0.81 and 29 sec for SR = 0.62 while in the case of the “globular star cluster” these times are
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Star Cluster | SR | Init. | MARE | RMSE | Jy norm. 1T

0.81 A 0.06% | 0.84% 0.5993 2000

0C C 0.06% | 0.85% 0.5991 5000
0.62 A 0.09% | 1.22% 0.5165 4000

C 0.09% | 1.22% 0.5165 | 10000

0.81 A 0.06% | 0.87% 0.5123 3000

ac C 0.06% | 0.82% 0.4989 5000
0.62 A 0.07% | 1.07T% 0.4622 6000

C 0.07% | 15.82% | 0.5698 | 10000

Table 5.5: Single image case - The reconstruction errors in the case of the two star cluster
models. In the first column the “open cluster” is labelled by OC, while the “globular cluster”
is GC. In the second column, we give the value of SR, while in the third column we give the
initialization of the algorithm, denoting by A the autocorrelation of the diffraction-limited PSF
and by C the diffraction-limited PSF plus a constant selected for satisfying the SR constraint
(see the text). In the subsequent columns, we give the value of the magnitude average recon-
struction error (MARE) defined in 5.35, and the RMSE for the reconstructed PSF. Finally in
the last two columns we give the value of the normalized objective function, defined by 2.J5/N?2,
as computed at the end of the iterations, and the number of outer iterations.

respectively 32 and 42 sec.

We applied to the four images our blind algorithm using both initializations introduced in
the case of the binaries. The results are reported in Table 5.3.3. In the case of the “open star
cluster” and both values of SR the two initializations seem to provide sequences of iterations
converging to the same point. If we look at the image shown in the upper left panel of Figure
5.10 we can observe that it contains sufficiently well-separated star images which can allow a
good estimation of the PSF by the blind algorithm.

The situation is a bit different in the case of the “globular star cluster” and we can under-
stand this fact if we look at the upper right panel of Figure 5.10. In the case of the higher SR
value both initializations lead essentially to the same result. The small differences may be due
to different convergence rates and could be removed by a more accurate tuning of the number of
iterations. On the other hand in the case of the lower SR ratio the first initialization, based on
the autocorrelation of the diffraction-limited PSF, provides the best PSF reconstruction (also
corresponding to a lower value of the objective function). It seems that the two initializations
lead to two different stationary points. In conclusion, for this particular object one can state
that the first initialization may provide a better result than the second one.

Multiple images

In the case of the “open cluster” model, the integration time is 53 sec for SR = 0.77 and 93
sec for SR = 0.46. On the other hand the integration time for the “globular cluster” images is
78 sec for SR = 0.77 and 136.5 sec for SR = 0.46.
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Star Cluster SR Init. | MARE RMSEOO RMSE600 RMSE1200 JO norm. IT

077 A 0.35% 2.14% 4.28% 4.19% 0.3049 1000

oC C 0.59% 4.16% 7.67% 7.62% 0.2997 5000
0.46 A 0.81% 3.43% 6.07% 6.00% 0.1321 2000

C 0.89% 3.74% 7.77% 7.81% 0.1237 | 10000

077 A 0.38% 1.98% 3.46% 3.38% 0.7597 3000

ac C 0.71% | 11.00% 11.06% 12.97% 0.7459 5000
0.46 A 1.04% 5.63% 9.69% 9.38% 0.3557 6000

C 0.90% | 25.81% 16.37% 17.94% 0.3043 | 10000

Table 5.6: Multiple image case - The reconstruction errors in the case of the two models of star
cluster. The structure is similar to that of Table 5.3.3 but now we give the errors on the three
PSFs and the normalized objective function is defined by 2.Jp/3N?2.

In both cases we apply our blind algorithm using the two initializations already used in the
previous sections, with 50 inner SGP iterations for the object and one iteration for each PSF.
The results obtained for the “open cluster” with the two initializations are given in the first
two rows of Table 5.3.3 in the case SR = 0.77 and in the following two rows those obtained in
the case SR = 0.46. Similarly the results obtained for the “globular cluster” are given in the
second half of the same table.

In the multiple image case the situation is more complex than in the single one, and this
is not surprising since now we must reconstruct four blocks of variables. By looking at the
results reported in Table 5.3.3, we see that the two initializations produce in all cases two
sequences of iterations converging to distinct results. Even if, in some cases, the two values
of the objective function are very close, the corresponding points are definitely different, thus
implying the existence of several minimizers or stationary points with very close values of the
objective functions.

It is interesting to remark that, while in the case of the binaries the best results are provided
by the second initialization, now they are provided by the first one, based on the autocorrela-
tions of the ideal PSFs. The highest reconstruction errors are obtained in the case of the lowest
SR, as one should expect. We also remark that in the case of the second initialization we used
a larger number of iterations because the convergence is slower than in the case of the first
initialization. From the comparison of the results obtained for the binaries with those obtained
for the star clusters we deduce that the problem of the initial PSFs is essentially open; there-
fore, in the case of practical applications, one should try with different initializations, using
also physical intuition in their choice.

As a final comment, all the values of the objective function corresponding to the best
solutions are higher than those corresponding to the other ones.






Conclusions

The development of efficient first order methods for nonlinear optimization is of great interest
in several scientific applications, thanks to their simplicity and low computational cost per
iteration. However, these methods need acceleration strategies in order to be computationally
efficient and competitive with other non-iterative approaches. This thesis gave a contribution to
this issue by presenting variable metric line—search based methods suited for a particular class
of optimization problems, in which the objective function is given by the sum of a differentiable,
possibly nonconvex term and a convex, possibly nondifferentiable term.

First, we proposed the proximal-gradient method VMILAn, in which the free choice of
the parameters defining the metric of the proximal operator is combined with an Armijo-like
condition to ensure the convergence of the scheme. Notably, the general VMILAn algorithm
defines the proximal step with an inexactness criterion, in order to take into account the case
in which the proximal operator cannot be computed explicitly. This criterion is practically
implementable when the convex part is given by the composition of a proper, convex and
continuous term with a linear operator, which allows to include the almost totality of the
regularization terms adopted, for instance, in the context of image processing.

Second, we devised an inexact version of the nonlinear Gauss-Seidel scheme for the mini-
mization of a differentiable objective function subject to separable constraints, which is recov-
ered in the general class of problems above mentioned by choosing as the convex term the sum
of indicators of closed, convex sets. More in detail, we address this problem by performing
inexactly the minimization by means of a fixed number of the gradient projection steps, where
the projection may be computed with respect to non Euclidean metrics. Special instances of
these metric are the scaled Euclidean and Bregman distances.

For both methods, the general result of the stationarity of the limit points is proved with-
out convexity assumptions. In the case of VMILAnN, strong convergence of the iterates to a
stationary point is also proved when the objective function satisfies the Kurdyka—Lojasiewicz
property. As we have seen in Section 2.3.1 of Chapter 2, this is a rather general and not restric-
tive assumption, satisfied by the majority of data fidelity functions and regularization terms
used in signal and image processing.

Extensive numerical experience in image processing applications, such as image deblur-
ring and denoising in presence of non-Gaussian noise, image compression, phase estimation in

179



180 Conclusions

DIC microscopy and image blind deconvolution, has shown the flexibility of our methods in
addressing different nonconvex problems, as well as their ability to effectively accelerate the
progress towards the solution of the treated problem with respect to other comparable ap-
proaches proposed in the literature. We remark that the parameters involved are chosen by
adaptive strategies well known in the literature, such as the alternation of the Barzilai Bor-
wein rules for the steplengths, and the Split Gradient or Majorize-Minimize techniques for the
scaling matrices. In our opinion, the variable choice of both parameters is what triggers off the
acceleration behaviour shown by our methods. Indeed, the combination of adaptive strategies
for both the steplength and scaling matrix seems to lead to the best improvement in terms of
numerical efficiency in the majority of cases. There are of course exceptions: as an example, the
best choice in the image reconstruction test in Section 3.3.1 is provided by coupling the identity
matrix with an adaptive steplength selection based on a Lanczos-like process. In general, we
can say that the proposed methods always benefit from the variable choice of at least one of
the involved parameters. Another major strength of the methods is robustness with respect to
the noise level on the data: this is observed in Section 4.3 of Chapter 4, where the non scaled
version of VMILAnR recovers good reconstructions of the phase function even for high values of
the signal-to-noise ratio.

Future work will concern a systematic and rigorous treatment of the selection of the param-
eters in the proposed methods, with a particular attention for VMILAn. In this case, we will
investigate on how the parameters selection affects the inner subproblem for the computation
of the inexact proximal point, as well as understanding how the approximation level of the
proximal point influences the algorithmic performances. Another subject of future research
will be the combination of VMILAn to the inexact Gauss-Seidel scheme proposed in Chapter
5, with the consequent application of the resulting scheme in the context of image blind de-
convolution in astronomical imaging, by adding nondifferentiable regularization terms suited
to the reconstruction of diffuse objects.



Appendix A

Basics on image restoration

The goal of image restoration is to restore the original image x from a degraded acquired image
y. Usually, one can roughly distinguish between two kinds of degradation:

e the degradation due to the process of image formation, which is denominated blurring;

e the degradation introduced by the recording process of the image, which is called noise
and is triggered off by measurement or counting errors.

Mathematical modeling of image acquisition

Image reconstruction techniques are based on an image formation model, which describes the
propagation of the radiation used in the imaging process. If we denote with x(s) a function of
the space variables describing the unknown object and with g(s) the acquired noise-free image,
then the optical image formation is frequently modelled by the following continuous linear
model [17]

y(s) = /H(s,s’)m(s’)ds’ (A1)

where H (s, s') is the Point Spread Function (PSF). The term comes from the fact that H(-, s’)
is the image of a point source located at the point s’. Indeed, if the object is given by u(s”) =
§(s" — '), where §(-) indicates the Delta distribution, then according to (A.1), one obtains
7(s) = H(s,s"). The effect of the PSF is called blurring and § is the blurred image.

In several acquisition systems, the PSF is assumed to be space-invariant, i.e. invariant with
respect to translations; in this case, the function H(s,s’) depends only on the difference s — s’
and model (A.1) reduces to

(s) = / H(s — s)e(s')ds' = (H @ ) (s) (A2)

where ® denotes the convolution product.
Furthermore, when images are treated as digital signals, a discrete version of model (A.2)
is required. In this case, the unknown object and the PSF will be two vectors x, h € R"™, and
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the convolution product can be seen as the product matrix-vector Hxz, where H € R™*" is the
convolution matrix obtained by imposing some specific boundary conditions on the discretized
PSF h [81]. Finally, taking into account the presence of noise in the recording process and
adding also a nonnegative constant background term b to the model, we can write

y=Hzx+be+v (A.3)

where y € R™ is the blurred and noisy image and v € R™ represents the additive noise
contribution.
Concerning the matrix H, standard assumptions are the following:

H;;>0,Vij, H'e=e, He>D0.

Let us also remark that, if periodic boundary conditions are employed in model (A.3), i.e. if
the two-dimensional PSF h = {h; ; }5:11:; is such that

hms1j = h1j, himsr=hi1, Vi j (A4)

then H is block circulant with circulant blocks and the matrix-vector products Hz and H' z
can be efficiently computed by making use of the Discrete Fourier Transform (DFT) and its
inverse (IDFT) [17, 81]. Indeed, by means of the convolution theorem, we have

Hz = IDFT (DFT(h) - DFT())
HTz = IDFT <DFT(h) : DFT(x)) ,

where @ denotes the complex conjugate of @ € C. Hence, the above matrix-vector products
may be performed with a O(mnlog(mn)) complexity. This efficient computation is guaranteed
also with other boundary conditions, such as zero or reflexive conditions, which imply the use
of other discrete transforms apart from the DFT [81].

The noise vector v in model (A.3) can be seen as a realization of a random variable and,
as a consequence, each pixel y; of the acquired image can be seen as a realization of a random
variable Y;. By setting Y = (Y1,...,Y},), the modelling of the system is then related to the
probability density of the multivariate random variable Y. This density depends on the object
x and therefore we denote it as py (y; ). The following assumptions on Y; and Y are usually
accepted as reasonable ones [17, 20]:

e the random variables Y; are statistically independent, that is
m
py (y;x) = [ [ ovi (vis o);
i=1

e the expected value of Y; is given by the i—th pixel of the noise-free image, hence

EY) = /ypy(y; x)dy = Hx + be.
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There are then two classical examples of noise modelling:

e White Gaussian noise: each component v; of the noise vector v is a realization of a
random variable with Gaussian distribution of zero mean and standard deviation ¢ > 0.
Then the vector v is a realization of the multivariate random variable V', whose probability
density is

1 1,
pv(?}) = Wexp <_WHUH > .

Therefore the statistical model for the detected image is
;x) = ! ! Hz +)|? A5
pY(Z/,x)—WeXP —T‘QHZ/—( z+b)[7 ). (A.5)

e Poisson noise: each Y; is a Poisson random variable with expected value given by
(Hz +be);. By invoking the statistical independence of the random variables Y;, we have

m —(Hx+be)i(Hx+be);yi

(&
py(yie) =] X
ey yi!

1=

(A.6)

Maximum likelihood (ML) approach
In image restoration, one wants to recover the object x corresponding to the image y: this is an
example of inverse problem [78, 17]. A naive approach to address this problem is to compute

x=H 'y — be)

as the solution of the linear system Hxz = y — be. However, this approach is not suitable
when the matrix H is not invertible, i.e. when the problem is ll posed, or when H has a high
condition number, i.e. when the problem is ill-conditioned. Of course there are cases in which
direct inversion of the linear model (A.3) is practicable, such as computed tomography, but
these are only exceptions.

Since we assume that the probability density py (y;z) is known, it is then natural to look
for statistical formulations of the image restoration problem. The standard approach is the so-
called mazimum likelihood (ML) estimation [135], in which an estimate of the unknown object
x is any x* that maximizes the probability density of y, denominated the likelihood function of
the problem:

x* = argmax py (y; x).
rzeR?
Clearly, this is equivalent to minimize the negative logarithm of the probability density. There-
fore, the ML problem may be reformulated in the following alternative way:

2" = argmin fo(z3y) = —A(p(y;x)) + B (A7)
zeR™
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where A and B are suitable real constants. The function fy is referred to as the fit-to-data
term, since it measures the distance between the observed data and the one predicted by the
linear model.

Different noise models lead to different functionals fy. In particular:

m/2

e Gaussian noise: setting A = 02 and B = A/(2102)"™/2, we have

1
folaiy) = 51z + be — | (A8)

which leads to the classical Least Squares (LS) minimization problem.

e Poisson noise: using Stirling’s formula to approximate the factorial and neglecting some
constants, we obtain
Jo(z;y) = KL(Hz + be; y) (A.9)

where
Yi
L(x; = zl — i — Y;
KL(z;y) xioy og <xl>+w Y

is the Kullback—Leibler functional.

For both types of noise, it can be seen that problem (A.7) is still affected by the possible
ill-conditioning of the matrix H [17]. This means that one should not aim at computing the
minimum points of the functional fj, since they do not provide sensible estimates of the un-
known object. In this sense, very efficient methods, such as second order methods, pointing
directly to the minima, can be dangerous. On the other hand, first order methods can provide
acceptable (regularized) solutions by early stopping.

Maximum A Posteriori (M AP) approach

A more complete statistical framework is provided by the Bayesian approach [70], in which we
assume that the unknown object z is also a realization of a multivariate random variable X.
The probability density of X is the so-called prior and will be denoted by px(x). Introducing
also the marginal probability py (y), we can compute, by means of the Bayes theorem, the
conditional probability of X with respect to the given value y of Y:

py (ylx)px ()

In this manner, some properties of the object (such as smoothness, sharp edges etc) can be
incorporated in the a priori probability px(x). The most frequently used priors are of the
Gibbs type:

px(z) = cexp (=Afi(z))

where ¢ € R, A € Ryq, and f; is a functional which is usually convex.
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Then, a mazimum a posteriori (MAP) estimate of the unknown object is any z* that
maximizes the a posteriori probability px (z|y):

x* = argmax px (z|y).
TER™

By consider the equivalent formulation with the negative logarithm of px(z|y) and assuming
that px(z) is a Gibbs prior, we have:

¥ = argmin — In px (z|y) = argmin (— In(py (y|z)) — In(px (x)) + In(py (v)))

reER™ xER™
= arg%lin [z y) = folasy) + M)
reR™

The function f7 is called regularization functional, and has the role of imposing some properties
on the desired solution, whereas \ is the reqularization parameter, which balances the trade-off
between fy and f1. In presence of Gaussian or Poisson noise, the function fy is differentiable,
coercive and convex; hence, if f; is also a convex function, then f admits global minimizers
for any positive value of \. However, it is worth noting that the quality of the reconstructions
obtained via a MAP approach hugely depends on the choice of the parameter A.

Regularization functionals
In the following, the symbol V denotes the discrete gradient operator, i.e. V = (VI ... VI
where V; € R?*" operates the forward finite differences at the i—th pixel of the image:

Tir1 — T4
qu:: 1+ )
Titm — T

where z € R™ represents a vectorized 2D image. A similar definition is given for the Laplacian
operator V2.
Let us recall some of the most classical regularizers used in image deblurring and denoising.

e Tikhonov regularization: given A € R"*"  the choice
1 2
fa(x) = 3llAa]

is known as Tikhonov regularization [138], and its aim is to emphasize smooth details in
the object. According to the choice of A, we distinguish between zero-order, first-order
and second-order Tikhonov regularization:

— A =1 (zero-order);

— A =V (first-order);

— A = V? (second-order).

All these functionals are continuously differentiable and convex.



186 Appendix A Basics on image restoration

e Edge-preserving regularization: in contrast with the Tikhonov regularizers, the Total
Variation (TV) functional [132] preserves discontinuities and edges in the image. The
discrete version of Total Variation can be written as

TV(2) =) IViell = (21— 20)? + (@iem — :)?.
i=1

Note that the functional TV (x) is convex; however, it is nondifferentiable at any point
x such that V,x = 0 for some ¢ € {1,...,n}. To avoid such points and recover differen-
tiability, one can introduce a positive threshold § € R~ and consider the Hypersurface
Potential (HS) functional [141, 43]:

HS(x) =Y VIIViz? + 0% = /(w1 — 20) + (@igm — )2 + 62.
i=1

Constraints

In some applications, a priori information comes also from the physics underlying the acquisition
process. Additional information of this kind may be added by restricting the search of the object
x onto a convex set {2:

z* = argmin fo(z;y) + f1(2) + ta(@).
TeR™
Among the most typical examples of constraint sets, we recall:
e the nonnegative orthant: 2 = R%, used to impose the nonnegativity on the image pixels;

e conservation of the flux: Q@ ={z e R": > "  x; = c};

e box constraint: Q = {x € R": a; < x; < b;,i = 1,...,n}, when some physical bounds
on the object are imposed.
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