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Some new analytical results for plastic buckling and initial post-buckling
of plates and cylinders under uniform compression

Philippe Le Grognec?, Anh Le van®

2 Ecole des Mines de Douai, Polymers and Composites Technology and Mechanical Engineering Department, 941 rue Charles Bourseul, BP 10838, 59508 Douai Cedex, France
P GeM (Laboratory of Civil and Mechanical Engineering), Faculty of Science, University of Nantes, 2 rue de la Houssiniére, BP 92208, 44322 Nantes Cedex 3, France

This paper is devoted to the theoretical aspects of the elastoplastic buckling and initial post-buckling of plates and cylinders under uniform

compression. The analysis is based on the 3D plastic bifurcation

theory assuming the J, flow theory of plasticity with the von Mises yield criterion and a linear isotropic hardening. The proposed method is shown to be a
systematic and unified way to obtain the critical loads, the buckling modes and the initial slope of the bifurcated branch for rectangular plates under
uniaxial or biaxial compression(-tension) and cylinders under axial compression, with various boundary conditions.

1. Introduction

Failure of thin structures which is mainly due to the buckling
phenomenon implies the analysis of buckling and post-buckling
behaviors for their mechanical design, namely the calculation
of the critical loads, the bifurcation modes and the post-critical
equilibrium branches.

In elasticity, the bifurcation is related to the structural
instability as shown in Koiter’s theory. The problem is much
more difficult with thicker structures where plasticity may occur
before buckling. Shanley [1] was the first to give the tangent
modulus critical load for a discrete model. He showed that
the load increases during the post-bifurcation stage, owing to the
elastic unloading in the structure. Hill [2] extended these results
to a 3D continuum by using the concept of “comparison elastic
solid”. He examined the uniqueness and stability criteria, and
pointed out the difference between bifurcation and stability. In
order to study the plastic post-buckling, Hutchinson [3] extended
Koiter’s results in elasticity by using a series expansion with
fractional exponents, assuming an homogeneous pre-bifurcation
state. In the 1980s, Nguyen and Stolz [4] and Akel [5] reformulated
the problem within the framework of the generalized standard
materials and expanded both the load and the perturbation
(i.e. the bifurcation mode amplitude) parameters in power series
of a time-like parameter. They showed that their power expansion

yields the same expansion with fractional exponents as obtained
by Hutchinson. Much later, Cimetiére et al. [6-9] thoroughly
solved the bifurcation problem for the Shanley discrete model and
a compressed beam, and first provided the necessary theoretical
ingredients such as the validity, the convergence of the previous
expansion and the existence of the post-critical branches. Another
significant result is the existence of continua of bifurcation points
in plastic buckling problems, which was discovered by Cimetiére
[10] when dealing with the case of compressed rectangular plates.
These continua enable the structure to bifurcate within intervals
of critical loads, by continuously modifying the unloaded zone
and the structural stiffness.

The main results were obtained for the plastic bifurcation at
the tangent modulus critical value. The load A acts as a bifurcation
parameter; the perturbation parameter denoted by & (¢>0) can be
viewed as a measure of the difference between the fundamental
and post-buckling solutions. The asymptotic expansion proposed
by Hutchinson [3] for a general structure reads

A=dr 4l 2l (1)

where 4, is positive, thus verifying the hypothesis of an increasing
bifurcation load, /, is negative and the exponent £ is a rational
number such that 0<f<1. The A, <0 condition leads one to
expect a load limit point on the bifurcated branch, i.e. an upper
bound for the strength of the elastoplastic structure in the post-
critical behavior.

From that time, the main theoretical results available in the
literature concern the calculation of the critical loads A1 and the
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corresponding buckling modes for different geometries and
loading conditions.

The case of a rectangular plate was investigated by a few
authors. Among others, Durban and Zuckerman [11] derived
semi-analytical solutions for the plastic buckling of rectangular
plates under uniform biaxial compression/tension with various
boundary conditions. They particularly showed the possible
discrepancy between the results provided by the J, flow and
deformation theories, thus illustrating the well-known plastic
buckling paradox.

One of the most considered cases in plastic buckling is the axial
compression of circular cylindrical shells. In this context, the
two following aspects are usually analyzed: the influence of the
constitutive law and the effect of the boundary conditions.

Except for very long cylinders which buckle like beams,
two types of analytical deformed shapes can occur in the post-
buckling behavior of cylinders under axial compression. In the
case of thin shells, the buckling mode may usually be non-
axisymmetric, whereas for moderately thick shells, when plastic
strains appear before buckling, axisymmetric modes are most
often obtained.

In the latter case, Batterman [12] derived the critical stress
from the rate equilibrium equations, using the flow theory of
plasticity:

Ee 4H
oc = R%[(S “4v)E+ 4H( — 2] (2)

where e denotes the shell thickness, R the radius of the cylinder,
and E, v and H represent the Young’s modulus, the Poisson’s ratio
and the linear hardening modulus, respectively. The critical stress
(2) was obtained for a cylinder with simply supported ends. It can
be shown that built-in edges almost yield the same critical value
and mode shape. In order to study the influence of the boundary
conditions, Batterman [13] analytically solved a semi-infinite
cylindrical shell with free ends, which should be the most
disadvantageous case. With a constant tangent modulus, he
obtained a critical stress equal to half of the value for simply
supported edges. Batterman also showed that the critical stress is
a little bit smaller for finite shells, yet it hardly depends on the
cylinder length. Furthermore, the axisymmetric buckling mode
looks like an exponential wave, the radial displacement being
maximal at the ends of the cylinder and almost zero in the middle.

Ore and Durban [14] also derived semi-analytical values for the
critical load of a cylinder under axial compression and various
boundary conditions, with a special emphasis on axisymmetric
modes. They showed again the discrepancy between the results
provided by the flow and deformation theories of plasticity. More
recently, Mao and Lu [15] considered the more general case of a
cylindrical shell under combined axial and circumferential
compressive loading stresses. The transverse shear is taken into
account in order to analyze properly the interactive effect of
stresses in both directions on the plastic buckling.

Let us finally mention other analytical approaches for this
post-buckling problem, involving geometric considerations. From
a mathematical point of view, the post-critical deformed shape—
whether the buckling is local or global—can be seen as an
isometric transformation of the initial cylindrical geometry.
Accordingly, it is possible to reach the final deformed shape and
evaluate the limit load without describing the whole equilibrium
curve. In a slightly different way, some authors—among which
Singace [16] and Gupta and Abbas [17]—represented the post-
buckling of the cylinder by a cyclic formation of folds giving rise to
plastic hinges and investigated the location and the shape of these
folds in both axisymmetric and non-axisymmetric cases. Within
the scope of the limit analysis, which means an advanced post-

buckling state, the obtained solutions were found to be in very
good agreement with experimental results [18].

The interested reader can find more details on the theoretical
developments and more complete states-of-art in the quoted
references.

2. Outline of the paper

The aim of this work is to obtain analytical results for the
elastoplastic buckling and initial post-buckling of compressed
plates and cylinders, namely (i) the critical load, the bifurcation
mode and (ii) the initial slope of the bifurcated branch. The
proposed method provides a systematic and unified way to obtain
the sought quantities since they will all be derived from the 3D
elastoplastic bifurcation framework.

Section 3 summarizes the main known results for the 3D
plastic bifurcation assuming the J, flow theory with the von Mises
yield criterion and a linear isotropic hardening. In Section 4, the
3D results are particularized to the case of a uniform biaxial stress
state with the purpose of treating the plastic bifurcation of plates
and cylinders.

Using adequate assumptions for plate and shell models then
enables one to apply the previous developments to a rectangular
plate under uniaxial or biaxial compression(-tension) in Section 5
and a cylinder under axial compression in Section 6, with various
boundary conditions in both geometries.

It should be noted that the initial slope of the bifurcated
branch gives information about the load variation in the vicinity
of the critical point and is sufficient for the initial post-buckling
analysis. The study of advanced post-buckling necessitates higher-
order terms like /, in expansion (1) and is beyond the scope of
this work.

3. The 3D plastic bifurcation theory

It is essential in the bifurcation analysis to distinguish between
the reference and the current configuration so as to take into
account the geometric changes and correctly derive the terms
responsible for the bifurcation phenomenon. For this purpose, the
total Lagrangian formulation is usually adopted since it proves to
be a convenient framework in which the bifurcation equation can
easily be linearized.

In the 3D context, let us consider a 3D body with reference
volume Qg; the position of the current particle in the reference
configuration will be denoted by X € Qq. The kinematic decom-
position is the first step to be defined in a finite plasticity analysis.
In general, one has to choose among the different kinematic
descriptions proposed in the literature, the most widely used
being the Lee multiplicative decomposition of the deformation
gradient [19,20]. However, as the structural elements of interest
here are plates and cylinders, it is assumed that the pre-critical
deformations are small—see assumption (20) below—so that all
the kinematic decompositions are equivalent in the present
bifurcation analysis and the choice of a kinematic decomposition
has no significant consequences. In order to deal with relations
analogous to those in small strains, use will be made of the Green
and Naghdi additive decomposition [21,22], which splits the
Green strain tensor E additively into its elastic and plastic parts:

E:Ee—‘rEp (3)

E° (resp. EP) is the so-called elastic (resp. plastic) strain tensor. As
mentioned by Green and Naghdi [21], here the “elastic” tensor E°
is not the classical elastic tensor, it is named so just by analogy
with the case of small deformations. In this approach, the total



strain E and the plastic one EP are considered as independent
variables, whereas the elastic strain E® is viewed merely as the
difference between E and EP [23-25]. The plastic strain E” is
assumed to be a symmetric and objective tensor; and so is E°.

The description in the sequel is based on the generalized
standard materials theory [26,27]. Let us assume that the free
energy by unit volume w in the reference configuration can
be written as the sum of the elastic energy w¢, depending on the
elastic strain E°, and the hardening energy w* depending on
the hardening parameter o. Since we confine ourselves to small
elastic strains during the whole process, the elastic energy can be
expressed as a quadratic function of the elastic strain. The free
energy by unit volume then writes

W(E®, o) = WP(E®) + w*(ar) = JE° : D : E° + w*(a0)

= 3E;iDijuiEj + w* (o) (4)

where D represents the fourth-order elasticity tensor which is
assumed to be constant. The material is isotropic so that the
elastic coefficients in an orthonormal basis are Dy = A8;j0+
W(Oudji + dydy;), where §; is the Kronecker symbol, 2 and yu are
the Lamé constants. Use will also be made of Young’s modulus E
and Poisson’s ratio v which are related to 2 and u by 1=
Ev/(1 +v)(1 —2v) and p = E/2(1 + ).

With the additive decomposition (3), the state laws and the
evolution laws are analogous to those in small strains. The state
laws express the second Kirchhoff stress tensor X (symmetric) and
the thermodynamical force A (conjugate of the hardening
parameter o) as the derivatives of the free energy with respect
to the elastic strain and the hardening variable, respectively:

ow e _ow
Ezsz.E, A_a (5)
We assume that the elastic region is defined by the von Mises
yield function with an isotropic hardening:

f(Z,A) = w/ 3yd .y _ 0 —A (6)

where ¢ means the deviatoric part of the stress tensor X and og
is the yield stress.

In the framework of generalized standard materials [26], the
normality rules state that the plastic strain EP as well as the
hardening variable o derive from a dissipative potential, which is
equal to the yield function:

of - ¥
E' = Aa):’ *= aA (7)
where A is the plastic multiplier. Note that the rates of the
Lagrangian variables EP and o are ordinary derivatives with
respect to time. The consistency condition leads to the following
expression for the plastic multiplier:

of
ao_ozDE i (8)
of o
H+ax:Diag

where H = (8f /6A)*8*w/60 is the hardening modulus. The
material tangent elastoplastic tensor is

o o
po=_p 2l 9)
3E He Y .p. o
T U oE

where the tensor product ® of two second-order tensors S and T is
defined by (S ® T);y = S;Tw. Relation (9) can be recast as

D’ =D-N®N (10)

where the symmetric tensor N is

D: g
N-= % (11)
H+ ¢ Pk D: =
One then derives the nominal tangent elastoplastic tensor:

oIl ox

KF = == =F. 2E

In the previous equation, F stands for the deformation gradient,

IT=F- X the first Kirchhoff (non-symmetric) stress tensor, [

represents the fourth-order unit tensor (ljy = d;dy) and the

superscript T the major transposition of a fourth-order tensor
defined by (DT),-jk, = Dy Like (10), Eq. (12) can be rewritten as

B LR »Y (12)

KP =K°® —
with

M @M (13)

K=F-D-F+(0-2, M=N-F (14)

Now, let us assume that there exists a fundamental equilibrium
path A—Us(4), which is the displacement solution of the
elastoplastic problem under an increasing load factor A (1>0),
and that there exists a bifurcated solution U at a critical time ¢,
corresponding to the critical load factor A, = A(tc).

The bifurcated branch is described by an asymptotic expansion
with respect to the perturbation parameter &>0:

A=+ ME+0(E)
{U:Uf()v)+£x+o(é) (15)
Assumption 1. At critical time t,, the plastic zone QP(t.)
corresponding to the bifurcated solution is equal to that of the
fundamental solution QP(t.), i.e. the bifurcation takes place at
the tangent modulus critical load with incipient unloading.

With the above assumption, the critical load A = Ar and
the bifurcation mode X are obtained by solving the following
bifurcation equation [28,29]:

vou, | ViU K'(Up(A0) : VXdQo =0 (16)
0

where K stands for K¢ or K” (see Eqs. (13) and (14)), depending on
whether the current point belongs to the elastic or plastic zone,
respectively.

The coefficient A; in expansion (15) represents the initial slope
of the bifurcated branch at the critical point. Its expression
involves some more assumptions, which are listed below.

Assumption 2. /. is a simple eigenvalue of Eq. (16).

Assumption 3. The so-called transversality coefficient Tr is
positive:
dKl(Uf(J))

Tr=— vix
Qo

S VXdQy>0 (17)

J=lc

Assumption 4. The plastic zone corresponding to the funda-
mental solution at the critical time Q}’(tc) is active (i.e. there is
loading and no neutral loading).

Assumption 5. 34>0,VX e Q}’(tc), M(X, A¢) : VU; (X, Ac) = 4>0.

Under these assumptions, one has an angular bifurcation and
the initial slope 4, is given by
M(X, Zc) : VX )
A1 = max -
! Xd?}’(&)( M(X, Zc) : VU; ;(X, Ac)

(18)



4. Biaxial stress state

In this section, we shall derive the expressions for the
elastoplastic tangent moduli D’ and KP (Egs. (10) and (13)) in
the particular case of biaxial stress states. In the next sections,
these expressions will be applied to the problem of rectangular
plates under uniaxial or biaxial compression(-tension) and the
problem of cylinders under axial compression.

Let (e, e;,e3) be an orthonormal basis and the first Kirchhoff
stress tensor IT be expressed in this basis as follows:

-2 0 0
II=-le;®e; —nie; e, =| 0 —ni 0 (2>0,neR)
0 0 0
(19)

where the tensor expression and its matrix representation in the
basis (eq,e,,e3) have been put together for brevity. The scalar #
represents the ratio between the load in the e,-direction and that
in the e;-direction. The load is compressive in the e;-direction, it
is a tension or compression load in the e,-direction, depending on
the sign of #. In order to get explicit expressions for the tangent
elastoplastic tensors, let us make the following assumption, which
is satisfied in practice:

Assumption 6. The pre-critical deformations are small:

1VU| <1 (20)
Thus, the stress tensor X writes

T=F' NI~ (21)
The tensor N in Eq. (11) simplifies as follows:

Iz r
VH+3mA =1+ 0y

I-3e; ®e; +1(l—3e; ®ey)]

2413 0 0

- K 0 1-2n 0 (22)
H+30)d - 2

VH+3WA —n+1?) 0 0 14y

Hence, the material tangent elastoplastic tensor in Eq. (10)
reads
2

DP=D-— K r
H+3wd—n+n?);

®[1-3e, ®e; + (- 3e; ® e;)] (23)

I-3e;®e; +n—3e; ®ey)]

The components of D? in the orthonormal basis (e;, e,, e3) are

2 2
p 7 K 2-n
Dii =442 -5

2 2
P _7 I /)
Do =4+ Ui = 2

@2 (A+n’

Diyys =7 +2u—

H+3ul—n+n?
w2 —m-2n

=
D1122—’“+H+3# T—n+n2
2
b _7. M 2-md+n)
D“33_/“+H+3,u T_n+ne
pp 7 d=2mpd+mn
2233 H+3/J ]7,7+,12
Dhyip =Di33 =Dhgps = (24)

The other components are either zero or derived from
Egs. (24) using both major and minor symmetries of tensor D?

P _pP _pP _pP
(Djjia = Dy = Djig = Dig-

The nominal tangent elastoplastic tensor in Eq. (13) becomes

ox q
Kp%a—+(I]~E)T=DPfAe,»®e1 ® e ®ei717),ei®e2®e2®e,»

E
(25)

which is independent of the spatial coordinates. Furthermore,
when dealing with two-dimensional models like plates or shells,
an ad hoc assumption has to be added in order to enforce some
specific stress state in the body. Namely, the normal material
stress is assumed to be zero: X33 = 0 (although this contradicts
the equality Es3 = 0 induced by the classical kinematics). Taking
into account this assumption leads one to recast the 3D
constitutive law and to replace tensor D” in (25) with a suitable
one denoted by CP, which will be computed in the next section.
Eventually, let us make the following assumption which is
satisfied by the plates and cylinders considered in this work:

Assumption 7. The whole solid is plastified on the fundamental
branch:

Q}J(tc) = QO (26)
which implies that K' = KP throughout the solid.

Then, the bifurcation equation (16) writes in the biaxial stress
case:

VU, VIoU:(CP - Je;@e; e 06
JQ

- 7’]}.01 e, e Re): VXdQy=0 (27)

Furthermore, from Eq. (14) and assumption (20), one has
M =N F ~ N. Hence:

u
M: VX = [I—3e; ®e
VH+3wA-—n+1?)

+nI-3e;®ey)]: VX

- s (divX — 3(VX)
VHF3A -1+ 1) "
+1(divX — 3(VX)p5)) (28)

Accordingly, the initial slope of the bifurcated branch (18)
becomes

A1 = max
XeQq

3(VX);1 — divX + n(3(VX),, — divX)
< 3(VU; )11 — div(Uy ;) + n(3(VUf ;)p; — diV(Uf,A))>
(29)
where U]?’ ; denotes the differentiation Uy ,(X,2) evaluated at
A= e
Evcentually, let us check that the transversality condition (17) is
satisfied in the biaxial stress state. From expression (25) for the

nominal tangent elastoplastic tensor and assumption (26), it can
be readily shown that the transversality coefficient Tr in (17) is

Tr = /Q (X1 2 + 71X 12) Qo (30)

It will be seen in the next sections that the eigenmode X does
depend on abscissa X1, so that Tr is strictly positive as long as 7 is
not too negative and the transversality condition (17) is always
satisfied.

Remark 1. (i) All the previous developments apply to the special
case of a uniaxial stress state by taking # = 0.

(ii) Whereas the above results have been obtained using the J,
flow theory of plasticity, similar expressions can straightforwardly
be derived for the deformation theory. The same methodology is
valid, provided the elastoplastic tangent moduli in Eq. (24) are
replaced with those corresponding to the deformation theory.



5. Plastic bifurcation of a rectangular plate under uniaxial or
biaxial compression(-tension)

Let us consider a rectangular plate with reference dimensions a
along x = ey, b along y = e, (a=b or a<b) and thickness e along
z = e;3 (e<a,b). The edges are subjected to a compressive nominal
stress IIxx = —A<0 normal to the sides of length b and another
stress Ilyy = —nA normal to the sides of length a (which is
compressive when 7 > 0). The biaxial stress state can be dealt with
by applying the results established in Section 4.

The plate is made of an elastoplastic material with a linear
isotropic hardening (make A = Hx and H =constant in (5) and (8)).
Use will also be made of the tangent modulus Er related to the
Young’s modulus E and the isotropic hardening modulus H by
1/Er = 1/E + 1/H. The yield stress gy is assumed small enough for
the plastic strains to appear before buckling.

The kinematics is described by the Love-Kirchhoff model,
hence the displacement field is computed from the three
displacement components U(X,Y,t), V(X,Y,t) and W(X,Y,t) of
the middle surface:

U—ZW.y
U=|V_zw, (31)
w

5.1. Critical load and bifurcation mode

The bifurcation mode X and the displacement variation 6U are
expressed according to the Love-Kirchhoff kinematics:

U —ZW x, U — ZOW
X=|Y~-ZW,y, 6U=|6V—-Z5W, (32)
W, W

Whence the bifurcation mode gradient:

Ux —ZW xx Uy —ZW xy —W x
VX= |V x=ZWxx Vy—2ZWw Wy (33)
W x Wy 0

In the case of a thin plate, the normal stress Xz; is assumed to
be zero (the subscripts Z and 3 are used alike). Then, the reduced
tensor CP involved in (27) can be recast as

P pp
_DP Dij33D334

P
ijkl — P
D3333

= (iL)#(3.3). (kD#3.3) (34)

The tensor CP has the major and both minor symmetries. After
integrating the bifurcation equation (27) through the thickness,
integrating by parts with respect to X and Y, and eliminating
negligible higher-order terms, one obtains the following local
equation for the out-of-plane component #" of the eigenmode:

oW xoocx + YW wyvvy + B+ AW xxvy]
+122(W xx +0W yy) =0 (35)

where the notations («, f3, ) defined as follows have been used for
brevity:

ﬁ = quzz
254212 =20 =2v)A +17) - (5 — 4v)n]%

=E
(5~ 4v)(1 -+ 12) — 204 — 5wy — (1= 2001~ 20(1 +172) 22— vyglT

v — (P
Y = Comm

Q2-n+ 3;12E
—E E

(5 4v)(1 +72) 24— 5wy — (1~ 20)[(1 201 +72) 22 V) &
(36)
Eq. (35) can be analytically solved in the classical case where
the four edges are simply supported on the Oxy plane. The mode

is assumed to be sinusoidal along the x and y-axes in order to
automatically satisfy the boundary conditions:

U =0
"V‘—O
(37)
,_ e prX . qnY *
V4 zsm—a sm—b (p,q € NY)

By substituting for " from Eq. (37) into Eq. (35), one gets the
expression for the critical stress:

p4
26 % y—+(2[3+4,u)
te="2 — (38)
@t

The integers p and g minimizing /. are obtained after solving
the following equations:

p* q*
rat 2w1 + (@B +4n—7)5=0
b
P2 ¢ (39)
(2 +4p - om) o+ Zvaz 2t =

Since the expressions for p and g are intricate in the case of
arbitrary a/b, let us confine ourselves to the case of a square plate
(a=Db) in the equi-biaxial stress state ( = 1). The problem is
symmetric with respect to x and y, so that integers p and q in (37)
must be equal and Eq. (38) becomes

n2e? )
= 24a2(ac+2/5+y+4,u)p (40)

Clearly, the integer p minimizing A is p = 1. Relations (36) and
(40) then yield the critical stress:
3ET
2,2 14+ —
Eoa B (41)
A+ {1 +(1 - 2v)ﬂ

Ac

e =

In the case of a square plate, with n € [-0.1, 1], the sought mode
is obtained by taking p = q = 1. Table 1 displays the numerical
values which are used throughout. Fig. 1 plots the plastic buckling
stress of a square plate under biaxial compression(-tension) with
simply supported edges versus the load ratio #, including the
particular case of a uniaxial loading (# = 0) which will be studied
in details in the sequel. As indicated in the figure, adding a small
tensile stress in the y-direction has a stabilizing effect on the
behavior of the plate under uniaxial compression. On the contrary,

Table 1
Geometric and material parameters.

o= Clyyy i i
E Dimension Thickness Young’s Poisson’s Tangent
1+4nn—1)+ 3% b e modulus E ratio v modulus Er
=E
(5—4v)1+n2) =24 -5 — (1 =2w[1 =2v)A +71?) — 22 — vm]ET:_T 100 mm 3mm 70000 MPa 0.3 30000 MPa




Critical stress i: (MPa)

Equibiaxial compréssion

02 1] 02 04

06 [1F:] 1 12

Fig. 1. Plastic buckling stress for a square plate under biaxial compression(-tension) with simply supported edges.

adding a compressive stress in the y-direction lowers the critical
load. The minimum value for the critical load corresponds to the
equi-biaxial compression case (7 = 1) and is given by Eq. (41).

5.1.1. Particular case of a uniaxial loading

The particular case of a uniaxial stress state is readily obtained
from the biaxial case by taking # = 0. The entailed simplifications
will enable one to discuss further the critical value and consider
another boundary condition type.

5.1.1.1. Simply supported edge solution. The critical stress is derived
from Eq. (38):

n2e2[ p>  qta? ¢
e = 12[@2)2+V172b4+(2/f+4u)bz (42)

It can readily be checked that the wave numbers corresponding to
the smallest critical load are

- 4/70) _ |4 ¢
p_Int<\/;b) = Int Eb
1+3f

qg=1

(43)

where Int(r) with r ¢ R means the one of the two integers closest
to r and minimizing Eq. (42) with g = 1.
With the so-defined integer p, the critical stress reads

Er Er pb 2 a 2
s -] () () ()

5—-4y—(1 72\))2%

(44)

In the particular case of a square plate (a = b), since Er/E lies

between 0 and 1 in practice, Eq. (43) leads to choosing between

p=1 and p =2, i.e. choosing the greater number of o + ) and

400+ 7y/4. 1t can readily be checked that for all Er/E €[0,1],

o+ y<4o + /4, so that p = 1 is the proper value. One eventually
finds the critical stress obtained in [10] by a different way:

E
n2e2| 2 9+(8v71)fT
=f2a |1y T

e (45)

5—4v—(1-— 2v)2%

5.1.1.2. Simply supported and built-in edge solution. Let us consider
now the little-known problem of a rectangular plate with
simply supported and built-in edges. The plate is the same as
before, except that the simply supported edge at X =0 is now
replaced with a clamped edge. The edges X = 0 and X = a remain
subjected to a compressive nominal stress ITxx = —A<0 along the
X-axis.

The mode is still assumed to be sinusoidal along the y-axis in
order to automatically satisfy the boundary conditions on edges
Y=0and Y =bh:
qryY

W = F(X)sin b

(qeN% (46)
where function % acting as a magnitude varying with abscissa
X is to be determined. By substituting for %" from Eq. (46)
into Eq. (35), it leads to the following differential equation
in 7:

2 4
e? aﬁ,mf(2ﬁ+4u)(%n) 97,xx+y(%n) f'} +124F xx =0

(47)

Taking into account the order of magnitude of the geometric
and material parameters, one finds that the general solution of
Eq. (47) can be written as

F(X) = kq cos(rX) + ko sin(rX) + ks cos(sX) + k4 sin(sX) (48)
with
p eqmy? eqmy 2]2 eqmy4
12/ - (2/f+4u)(T) - [122 - (2/f+4ﬂ)(T) ] - 4w/( 2 )
r=
2e2q
) eqm 2 eqmy 212 eqmy4
124 — B + 4“)(7) + {12,1 — QB+ 4“)(7) } - 400/(T)
$= 2e2u
(49)

The boundary conditions at the clamped edge X =0 (# =0
and # ,x = 0) enable one to eliminate k3 and k4 according to

k3 = —kl
k4 = —](2;: (50)



With expression (46), it is not a trivial matter to satisfy the
remaining boundary conditions at X = a:

V=0 51
oW xx +BW oy =0 1)

These boundary conditions lead to the following linear equation
system:

{ ki(cos(ra) — cos(sa)) + k; (sin(ra) - gsin(sa)> =0 (52)

k1(s% cos(sa) — r2 cos(ra)) + k,(rs sin(sa) — r? sin(ra)) = 0

The critical loads A. are such that the determinant of the
previous system vanishes, in order to ensure a non-zero solution
for (kq, k). Hence the equation for the critical loads A.:

r(s? — r?) cos(ra) sin(sa) + s(r*> — s%) cos(sa) sin(ra) = 0 (53)

The minimum critical load is then obtained by numerically
solving Eq. (53). A single half-wave mode along the y-axis is
obtained (g = 1) when minimizing the critical load with respect to
parameter g. The critical load for a large range of the aspect ratio
a/b is depicted in Fig. 2 together with the one given by Eq. (44)
corresponding to the previous case of simply supported edges, for
comparison purposes.

As expected, the two boundary condition types considered
yield the same critical load for large a/b values. On the other hand,
the critical load /. is identical for the two boundary condition
types, when the aspect ratio a/b takes some particular values, e.g.
a/b~1.25,2.2,3, as shown in Fig. 2. This fact is noteworthy,
although the authors have no explanations for it.

5.2. Initial slope of the bifurcated branch

The initial slope 4, of the bifurcated branch is given by Eq. (18)
and depends on the fundamental solution. The fundamental
solution for the plate under biaxial loading is obtained by solving
the elastoplasticity equation set, Eqs. (3)-(7). Without giving

details, one finds the fundamental displacement field:

| A 1 0o
U= g1 —m+ m(’“ B 1_,,,+,,z>(—2 * ")]X"
A 1 (o)

In the case of simply supported edges, substituting Eqs. (37) and

(54) into Eq. (29) yields the initial slope of the bifurcated branch:
P’ q’

=B @ b

E (55)
5—8n+5n2 —(1-2v)(1 —411+i72)fT

where p and q are the integers minimizing /. in (38), as explained
in (39). In the case of a square plate (a = b) with € [-0.1,1],
Eq. (55) yields

n2e? 147
;\,] = ET72(12 ET
5—-81+5n%2—(1—-2v)(1—4n+ ’72)F

(56)

The initial slope 4; is plotted versus the load ratio # in Fig. 3,
which shows that its maximum value is reached at # ~ 0.88.
In the case of a square plate in the equi-biaxial stress state, the
initial slope is

n2e? 1

Jn=ES
20 1 1 a1 —2v)%

(57)

In the case of a uniaxial stress state, the initial slope of the
bifurcated branch is

262 (& _ L)
2 2
by = E—3 2/ (58)
where p is given by (43).

6. Plastic bifurcation of a cylinder under axial compression

The last section of this paper is devoted to thin cylinders under
axial compression. Let us consider a cylindrical tube defined in the
reference configuration by the length [ along the x-axis, the

Simply-suppeorted & builtiin edges

Critical stress }.: (MPa)

100.00

05 1 15 2
Aspact ratio a/b

25 3 35 4

Fig. 2. Plastic buckling stress for a rectangular plate under uniaxial compression.
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Critical slope .1 (MPa)

02 0 02 04

n

06 o8 1

Fig. 3. Initial slope of the bifurcated branch for a square plate under biaxial compression(-tension) with simply supported edges.

average radius R and the thickness e<R. One end of the cylinder
lies in the plane X =0 where the radial displacements and
the rotations are free; whereas the other end at X =1 is loaded
by a uniformly distributed nominal axial compressive stress
ITxx = —A<0. The material properties are the same as those of the
plate in the previous section. To simplify the discussion, we still
assume that the yield stress oy is chosen small enough so that the
plastification occurs before the tangent modulus critical load is
reached.

The kinematics is described by the Koiter model, equivalent to
the Love-Kirchhoff plate model. The displacement field of the
middle surface is defined by the three components: U(X,0,t)
(axial), V(X, 0,t) (circumferential) and W(X, 0, t) (radial). Consider
a current particle in the cylinder, whose position in the reference
configuration is defined by (X, 0) and the thickness parameter p
(—e/2<p<e/2). Its displacement can be expressed in the local
cylindrical basis (x, ey, e;) as:

U-pWx
U= |V-2w,-v) (59)
w

6.1. Critical load and bifurcation mode

The bifurcation mode X and the displacement variation 6U are
expressed according to the kinematics (59):

U — pW’,X, oU — péW,X
X= |1 =Bowy—1), su=|ov- Bow.y— o) (60)

W, W

Whence the bifurcation mode gradient:
Ux — P xx YU — pW x0) - 'x
VX= |V x=5Wax=7"x) K 0=8W 9=V 0)+W) KV =Wy
W x W g =V + RN g — 7)) 0
(61)

As in the case of plates, the normal stress X, is assumed to be
zero and the reduced tensor C? in Eq. (34) can be used again. One
has to integrate the bifurcation equation (27) in the shell
thickness and then adequately integrate by parts with respect to

X and 0. Without going into details, we give the resulting local
equations:

O i + Kt + B0 4 B = 0
I 02
Pt — 2R/+(u—m(1+ ZRZ)%XX
,y 2
W2 1+—)'V,
R2( 1282) "
e’
+ W,o—(P+2 A - W o009 = 0
,U12R2 o—(B+2p1— c) Y xxo V12R4 000
E%X'i‘ /+/i ¢ - (B+2p— 7»c) 7 xx0
R™ 128%) ’
eZ / 2
- YV 000 + 5N + AW \xx — —W‘,
/12R4 060 2 W xx #12R4 00
+(@ - )]ZWxxxer(ZﬁJr‘l/l )C)]2R2 2XX00
e? W
+9 S0000 = 0
/12R4 0000
(62)

where coefficients «,  and y are defined as in (36) by making
n=0.

In the axisymmetric case, the circumferential displacements V
and 7~ are zero and all fields are independent of the circumfer-
ential parameter 0. Only two equations remain among Eqs. (62),
which after omitting negligible terms can be written as

ol x + %// -0
(63)

2
W ook + AW o+ %“ﬂ/‘ + E%,x =0

12 R R
Combining these two relations leads to a single equation
involving the radial component of the eigenmode:

1 B,
W”“ﬂ@(”‘a)”/_o

Expression (64), valid for plastic buckling, is similar to the
simplified form (in the axisymmetric case) of the Donnell
equation [30] for the well-known elastic buckling of a cylinder
under axial compression (see also [31]).

02
A= xxxx + Ac (64)

12



6.1.1. Free edge solution

Since it is difficult to determine the bifurcation mode in
the case of a free edge cylinder with finite length, we limit
consideration to a cylinder of infinite length. The symmetry
makes it possible to study one half of the cylinder only,
with the free edge at X =0 and the plane of symmetry put at
infinity.

The axisymmetric buckling mode is assumed to be a sinusoidal
function weighted by a decreasing exponential function:

W = (ki cos(EX) + ko sin(EX)) exp(—{X) (65)

where k1, ky, £ and { are to be determined. Relation (65) expresses
the fact that the radial displacement is significant at the end of the
cylinder and is zero in the plane of symmetry.

By inserting Eq. (65) in (64), one obtains

2
af—z(k] E 4 Ak — 6k, E20% — Ako 03 + ki O

Fhe(—I & = 2k + I D) + () P ko

c(—K1¢ 2 1 y * | R2
o2 (66)
og5kal® — 4k &~ 6k + 4k £ + kol

2
AL
% JR

The boundary conditions at infinity—namely the displacement
" and its derivatives with respect to X are zero—result in the
single condition { > 0. On the edge X = 0, the boundary conditions
are less trivial:

W =0
{ 2 (67)

Fle(—ka & + 2k EC + ) + (v -

et . .
aﬁ“fﬂ,xxx + AW .x=0
that is to say

—k & =2kl + k=0

e? .3 2 w2 3 . (68)
ocﬁ(—kz; +3k1 870+ 3k2807 — ki ) + Ae(ka = k1) =0

The bifurcation mode is defined within a factor which can be
determined by enforcing k, = —e. The four Eqs. (66)-(68) then
give

k] = e«/§
Er|E

4y — (1 — 2vy2 =L ET

. p;" 27[5 4y — (1 = 2v) E}E
T VR T Er\2
(1 +3f)
¢ = ;’Re (69)
and the critical stress:
Er
)viree edges _ % E £ (70)
3[5-4v-(1 —2v)2fT

This relation compares very well with Batterman’s ones [13],
which show that the critical stress is a little bit smaller for a finite
cylinder and it hardly depends on the cylinder length.

The complete eigenmode is obtained by solving Egs. (63) with
the boundary conditions %(0) = 0 and (67):

o 3eq . ([ pX pX
= e/ Fgen( ) (-

v =0 (71)
_ PXN\ g PX _pX
W_e{ﬁcos(JR_e> snn<m>] exp( _3Re>
where
1-(1 —2v)%
qi27E (72)
1+ 3%

In the above, the mode has been normalized so that
W (0) = e/3.

6.1.2. Simply supported edge solution

Consider now the case of simply supported edges, by assuming
that the radial displacements are fixed and the rotations free on
both edges. This case is simpler than the free edge case and does
not require the infinite length assumption. The same bifurcation
equation (64) can be used in order to get the critical load and the
bifurcation mode, providing that the free edges fundamental
solution is used. This approximation is justified as long as the pre-
critical deformations are small.

The bifurcation mode is assumed to be sinusoidal so as to
identically satisfy the kinematic boundary conditions:

W =e sinﬁ (n e N¥) (73)

By inserting Eq. (73) in Eq. (64), we obtain the critical stress as a
function of integer n:

2 2 2

g SLAN YRy WL

Ac(n) = an’m o7 + (/ 5 ) W (74)
The n value minimizing A.(n) is

ne 2Ilp
" nv3Re

In general, the previous relation provides a real value for n.
However, if the cylinder is long enough this real value is large
enough to be a good approximation of the sought integer n.
Inserting Eq. (75) in Eq. (74) then yields the critical value:

(75)

Er
)Lsupported edges 2Ee f
c ==

Rl3 5—4v—(]—2v)2%

_ 2/1£ree edges (76)

Again, this result is in good agreement with Batterman’s
solution [12] obtained for the same boundary conditions, yet in
a different way.

The eigenmode is obtained by solving Egs. (63):

Lk(cos@—1>

N
Il

nnR l
v =0 (77)
W = esin@

where n is given by Eq. (75). The mode has been normalized so
that #7(0) =e.



6.2. Initial slope of the bifurcated branch

6.2.1. Free edge solution

The initial slope 4; is given by (29). Here, the symbol Qg stands
for the reference volume of the cylinder and the fundamental

solution is
A 1 1
UrX) {’E* 0(57*5)})‘
U=0 =lo
wy R (L_1-20y /1 1
2{‘(}:} E O\E " E

In the case of an infinite cylinder,

current position. From Eq. (78), one has

o) {

Eq. (60) entails
divX=W'/r)+Ux — pW ,xx, where r = R+ p is the radius at a

lyzen(Jeg) <ol )| 5vin (o)

the inequality C<4 to be fulfilled. One then finds

max(—f) = — min(f) = \/3(16 +4C+C?)
xexp{—Ttan ( \/~4+C)} (82)

The extremum value of f is reached at p = —1 and the smaller
7>0 value satisfying tant = —v/3(4 + C)/(4 — C).

So far, the initial slope A; has been computed using the
eigenmode X given by Eqgs. (71), such that the radial displacement
W(0) at X = 0 is positive, i.e. the free edge is bent outwards. Now
let us change the signs of the modal displacements % and #" in
(71), which implies that the radial displacement W(0) at X =0 is
negative and the free edge is bent inwards. In that case, the same
calculation as above leads to another expression for the initial
slope:

(78)

A= max R R, (79)
re[R—e/2.R+e/2] SEr E r ( - )
Since the cylinder is a thin shell, 1/r can be replaced by 1/R in E
. T
Eq' (79)' Hence: ;inward free edges __ 2Ere S+ (8\) B ])_ max f(‘E ,0)
Er - R 1+3E —(1—2v)E S
free edges 2ETe >+ (8V - 1)F E
At = Er ] Tax @l (83)
(1 + 3f> {5 -(1- 2v)f} pel-1/2,1/2)
where
(80)
max(f) = v/3 #max(—f) (84)
where
The extremum value for f is reached at 7 = 0, i.e. on the whole
T . interval p € [-1/2,1/2].
,p) =exp( —=|[v/3cost — (1 — Cp)sin .
f@p) p< ﬁ>[ T psint] In the case of compressed plates, Section 5, one has to find the
maximum value of a sinusoidal function f(t), thus satisfying
2Er|Er
164/3|5—4v—(1-2v) TlIE max(—f) = max(f). One thereby gets the same value for /;
C= >0 (81) whatever the sign chosen for the bifurcation mode X. For the free

5+(8v—1)%

and p stands for p/e for brevity.

Assume for definiteness that the ratio Er/E is small enough to
have C<4. A thorough analysis of coefficient C defined by (81)
shows that Er/E must be bounded by Er/E<5/49 ~ 0.10204 for

edge cylinder in hand, the extremal values of the damped
sinusoidal function f(t,p) are such that max(—f)#max(f). De-
pending on the sign retained for the eigenmode X, i.e. depending
on whether the free edge moves outwards or inwards, one obtains
two different values for the initial slope 4;. More precisely, the 4,
value corresponding to W(0) <0 is greater than that corresponding

Free edges
(inwardsg)

Critical slope 1.1 (MPa)

Simply-supported edges

004 006 Doe 01 012
E{/E

Fig. 4. Initial slope of bifurcated branches for a cylinder under axial compression.
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to W(0)>0. As regards the load-displacement curves, this fact
gives rise to two bifurcating (half-)branches with different initial
slopes, stemming at the same critical load A..

6.2.2. Simply supported edge solution

Again, the case of simply supported edges is simpler than
the free edge case and does not require the infinite length
assumption. From the fundamental solution (78) and Eq. (29), one
obtains

5+ @v— 1)E+4\/3 {5 —4v—(1- 2\;)2&}5
Asupported edges __ 2Ere E E|E
' Bl R ET ET
(oo
(85)

Contrary to the free edge case, there is only one single value for
the initial slope, whatever the sign of the radial displacements.
The three values of initial slope (two for the free edges and one for
the simply supported edges) are compared in Fig. 4 versus the
moduli ratio Er/E. The numerical values are the same as in
the plate problem (Section 5), in addition the mean radius of the
cylinder is R = 100 mm.

Fig. 4 shows that the initial slope when the free edge is
bent inwards is always greater than in the case when the free edge
is bent outwards. This stiffening effect on the post-critical
behavior is mainly due to the compressive hoop stress in the
inward free edge case, giving rise to incipient elastic unloading at
the edge X =0 where the exponential displacement field is
maximal.

One particular cylinder geometry has been chosen to be
numerically computed in [32] and the numerical initial slope
obtained compares very well with the analytical one given by
Eq. (85). Eventually, it should be mentioned that the case of built-
in ends, which is not studied here, provides results similar to
those with simply supported ends.

7. Conclusion

An analytical approach has been proposed to investigate the
elastoplastic buckling and initial post-buckling of plates under
uni- or bi-axial loadings and cylinders under axial compression.
First the analysis has been carried out in the unified framework of
the 3D elastoplastic bifurcation theory, and then the resulting
equations have been solved under ad hoc assumptions for plate
and shell models.

The following geometries and boundary conditions have been
considered:

(a) Simply supported plates under biaxial compression.

(b) Simply supported (and possibly built-in) plates under uniaxial
compression.

(c) Free edge cylinders under axial compression.

(d) Simply supported edge cylinders under axial compression.

The following results have been obtained:

(1) The critical loads and the bifurcation modes. Some of the
results are in good agreement with those existing in the
literature. The results obtained for square simply supported
plates under biaxial loading and rectangular simply supported
(and possibly built-in) plates under uniaxial loading are to the
best of the authors’ knowledge not known.

11

(2) The initial slopes of the bifurcated branches. These are the
most significant results of the proposed elastoplastic bifurca-
tion analysis.
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