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Abstract. In this paper, we establish the stability of n-cubic functional equations in Lipschitz
spaces and as a consequence we give the stability of cubic functional equations.
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1. INTRODUCTION

Lipschitz spaces have a rich and beautiful algebra structure and these spaces pos-
sess various universal properties. Some of open problems in this area are given in
Chapter 7 of [25]. Much work has been done on the Banach space of Lipschitz func-
tions (cf. [6]). The Lipschitz condition is one of the central concepts of some import-
ant subjects. The Lipschitz condition was used in the elementary theory of ordinary
differential equations, real analysis, and metric geometry. There are also striking ap-
plications to topology. Every topological manifold outside dimension four admits a
unique Lipschitz structure, while such a manifold may have no smooth or piecewise
linear structures or it may have many. On a practical side, questions about Lipschitz
functions arise in image processing and in the study of internet search engines. (cf.
[10,21D.

Let G be an Abelian group and V a vector space. We say that S(V), a family of
subsets of V, is linearly invariant if it is closed under the addition and scalar multiplic-
ation defined as usual sense and translation invariant, in the sense that x+A € S(V),
for every A € S(V) and every x € V (see[3]). Note that S(V) contains all singleton
subsets of V. For instance, CB(V) the family of all closed balls is a linearly invariant
family in a normed vector space V. By B(G",S(V')) we denote the family of all func-
tions f : G" — V such that Inf C A for some A € S(V), where G" is the Cartesian
product of G. This family is a vector space and contains all constant functions.

The problem of the stability of functional equations has been posed by Ulam in
[24]. Hyers in [5] gave an affirmative partial answer for the stability of the linear

© 2022 Miskolc University Press


http://dx.doi.org/10.18514/MMN.2022.3675

390 ISMAIL NIKOUFAR

functional equation for Banach spaces. For more detailed definitions of such termin-
ology one can refer to [8,9,15,18] and [16,17,19,20] and references therein.

In Lipschitz spaces, Czerwik et al. [3] and Tabor [22,23] studied the stability type
problems for some functional equations. The author of the present paper proved the
stability of quadratic, cubic and quartic functional equations in Lipschitz spaces (cf.

[4, 11-14]). Czerwik et al. [3] considered the stability of the quadratic functional
equation
FE+y)+flx—y) =2F(x) + 2 (). (1.1)
Jun and Kim [7] introduced the following cubic functional equation
fQRx+y)+f(2x—y) =2f(x+y) +2f(x = y) + 121 (x), (1.2)

which are somewhat different from (1.1). They established the general solution and
the Hyers-Ulam-Rassias stability problem of (1.2) for mapping from a real vector
space to a Banach space. Bae and Park [1] proved the general solution and the stabil-
ity of the following 2-variable quadratic functional equation

ftzy+w)+flx—zy—w)=2f(x,y)+2f(z,w)
in complete normed spaces.
In this paper, we introduce the n-variable cubic functional equations as follows

2f (X1 + 1, XnFY0) 21 (X1 =15 X0 —Yn) + 12 (X1, .., %)
= f(2x1 4 Y150, 2%+ Y0) + F(2x1 — Y1, 2% — yn). (1.3)

We say that a function f : G* — V is n-cubic if f satisfies (1.3). We verify the
stability of the n-cubic functional equation in Lipschitz spaces and as a consequence
we give the stability of the cubic functional equation.

2. APPROXIMATION WITH D-LIPSCHITZ FUNCTIONS

Suppose that f: G* — V is a function. We say that f is an odd function if
f(=x1,...,—xn) = —f(x1,...,x,) for all (xq,...,x,) € G". We consider the n-variable
cubic difference as follows:

Sf(xlv"'axn;yla'”)yn) = 2f(X1 +yla°")xn ‘|‘}’n)+2f(x1 —YI,---axn—Yn)
F12f (X155 Xn) = F(2X1 1500, 20+ Yn) = F(2X1 = Y15 002X — V)
for all (x1,...,x), (V1,---,¥n) € G". A function f is n-cubic if

SE(X1, s X3 Y1y ey yn) = 0.

It is clear that if a function f is n-cubic, then f(0,...,0) = 0. Let S(V) be a family
of subsets of V. It is easy to verify that S(V) contains all singleton subsets of V.
Following [2,22] letd : G" x G" — S(V) be a set-valued function such that

d((x1 +ai, ..o, xn+an), y1+ar,....yn+an) =d((a1 +x1,...,an +xn), (@1 +¥1,--,an +yn))
:d((xla"'7xn)7(ylv-"ayn))
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for all (x1,...,%,), (1, ---s¥n), (a1,...,an) € G". A function f: G" — V is called d-
Lipschitz if

f()CI,...,Xn) _f(J’hmJn) S d((-xh”'7-xn)7(y17"‘7yn))
for all (x1,...,x4),(¥1,..-,yn) € G". Let (G",d) be a metric group and V a normed
space. A function mcy : RT — R™ is a module of continuity of f : G" — V if for all
€>0and all (xi,...,x,),(V1,-..,yn) € G" the condition d((x1,...,xn), V1,.-,n)) <€
implies || f(x1,...,Xs) — f(¥1,---yn)|| < mcr(e). A function f: G" — V is called
Lipschitz function if it satisfies the condition
[F Oty s Xn) = F 1y e V)| S LA((X15 ey %)y V152005 V0)), (2.1)

where L > 0 is a constant and (xj,...,x,),(V1,...,yn) € G". Let Lip(G",V) be the
Lipschitz space consisting of all bounded Lipschitz functions with the norm

A llzip == [ £l +B(S);

where ||.|| is the supremum norm and

[ Cetsesn) = FO15 - 0m) |
d((x1y e sXn), 15y 9m))

P(f):sup{ C(X1y s X)), (V155 V) € GT

(X1 eenyXn) # (yl,...,yn)}.

Definition 1. We say that B(G",S(V)) admits a left invariant mean (briefly LIM),
if the family S(V) is linearly invariant and there exists a linear operator 1 from
B(G",S(V)) to V such that

(i) if Imf C A for some A € S(V), then n[f] € A,
(i) if f € B(G",S(V)) and (ay,...,a,) € G", then n[f* %] =n[f], where we
define f(xy,...,x,) = f(x1+ap, ..., Xy +an).

Definition 2. Consider an Abelian group (G",+) with a metric d invariant under
translation, i.e., satisfying the condition

d((xi1+aip,...xp+an), y1+ai,yn+an))
=d((a;+x1,.san+x1), (@1 + Y1500+ 1))
=d((x1,-3%1), V1, --sVn))
for all (x1,..,x1),(¥1,---sVn),(@1,...,ay) € G". We say that a metric p is a product
metric in G?" if it is an invariant metric and the following condition holds
P((X1y ey X3 @y ooy @)y (Vs s Yn3 A1y ooy )
=p((ar, s @n3 X1y ey Xn), (@14 ey A5 Y1y oy Yn))

=d((x1,.ees%0), (V15 -sYn))

for all (X1, ...,X03a1, ..y @n), (Y1, ooy Yn3 @1, ooy ay) € G
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Theorem 1. Let G be an Abelian group, V a vector space, and f : G* — V an odd
function. If the family B(G",S(V)) admits LIM and Sf(t1,...,tn;,...,") : G" — V is
d-Lipschitz for all (11,...,t,) € G", then there exists an n-cubic function T such that
f—Tis ﬁd—Lipschitz.

Proof. Forevery (ay,...,a,) € G" we define F, 4, : G" — V by
Fupoa, (X1, 0xn) 1 = éf(Zal +x1,.2a, +X,) + %f(Zal — X1y ey 200 — Xp)
—éf(al—I—xl,...,an-f—x,,)—éf(al—xl,...,an—xn).
Fix (a1,...,a,) € G". We see that
Fupooay (X1 ey Xn) = %f(Zal + X1y, 20, +X,) + %f(Zal — X1y ey 20y — Xp)
—éf(al—l—xl,...,an—l-xn)—éf(al—xl,...,an—xn)
:f(O,...,O)—i—l—lzf(Zal + X1, 200+ X,)

1
+ Ef(Zal —X1,..., 20, —Xn)

1 1
—gf(al —i—xl,...,an—i—xn)—gf(a] — XQyeeey Oy — Xp)
—f(al,...,an)+f(a1,...,an) _f(OaaO)
1 1
= ESf(O,...,O,xl,...,xn)—ﬁSf(al,...,an,xl,...,xn)
+ f(ay,...,a,) — £(0,...,0).

From the fact that Sf(¢1,...t,;,...,-) is d-Lipschitz and S(V) is translation invariant,
we detect that ImF},, ., C A forsomeA € S(V) and hence F, . ,, € B(G",S(V)). By
assumption the family B(G",S(V)) admits LIM and so there exists a linear operator

M :B(G",S(V)) — V such that

Fylen (t1yestn) := Fy,
for every (1,...,t,) € G", then F3," 2" € B(G",S(V)) and
NFa..an) = FG000

Since Sf(t1,...,tn;",..., ) is a d-Lipschitz function,

77777

1 1 1
ESf(tla“'atn;xlr"vxn) - ESf(tlr"vln;yla"vyl’l) € Ed(('xla"'7xn)7(y17“'7y"l))
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for all (x1,...,x,),(y1,...,yn) € G" and so we observe that

1 1
T0(—SF (e oo X0s oo Xn) = =S L (o y 13 e 9n)) € —=@((X1sees2n)s (V1 oo v))-
m(lzsf(a 5 5 XLy -0y X ) IZSf( 1 Y )) 12d((X1 X ) (yl y ))

From property (i) of 1 it becomes that

€ %d(()q,...,x,,),(yl,...,yn))

2.2)
forall (x1,...,x4), (¥1,...,yn) € G". Define the functionI": G* — V by I'(xy, ..., x,) :=
N[Fy,....x,] for (x1,...,x,) € G". Note that B(G",S(V)) contains constant functions
and hence using property (i) of n we see that that if f: G* — V is constant, i.e.,
f(x1y.yx5) = c for (x1,...,x,) € G", where ¢ € V, then n[f] = c. Fix (x1,...,x,) € G"
and define the constant function Cy, _ , : G" —V by Cy, _ x,(-;....+) = f(x1, ..., Xn).
One has

(f(x17"‘7x’l)_F(xlv"wxn))_(f(yh 7Yn)_r(ylamayn))
= M[Cx,,...c.] =M[Fx..]) — (MG, ] = M[F o))

1 1
n[ﬁsf(ﬂ ...,',)C],...,Xn) - ESf(77 "ylw"ayn)]

T][ —Fy ] =Gy — Byl

1

n[ f( "7-xrl)_ESf(‘w")';ylu”wyn)]

(2.3)
for all (x1,...,%,), (V1,---,¥n) € G". From (2.2) and (2.3) it follows that
(FxtyeeryXn) = T(x1y ooy %0)) = (F Oty ey n) =Tty ey 9m))
1
€ ﬁd((xl,...,xn), (V1seesdn))

for all (xq,...,x,),(y1,...,yn) € G". This means that f —T"is a f—zd—Lipschitz function.
By applying property (ii) of 1, we see that
2(yi+ 215 Yn+20) 201 — 21, ooy Y0 — 2n) + 120 (015 vy V)
= 211 [FYI+117-~»,Vn+Zn (xla ""xn)] + 27] [F‘yl*Zlyuyyn*Zn (xlv'"axn)]
+12n{ Yi,-- yn(xl""7xn)]

=ML, (1) M, P 2 (1)

ANE P (e x)] M, 22;,;;@” (X1 errs )]

+2n[F) T ’y"“”(xn---?xn)]+2n[Fy’;£ AT (x X )]
F2[F T (e X))

+21][Fyl’y'§i" ﬂ‘“‘(xl,...,xn)]—|—2T‘|[FZ' ’;:(xl,...,xn)]

+20[F) S (e X)) (2.4)



394 ISMAIL NIKOUFAR

On the other hand,

2Y15--,2Vn
n[Fyly-ll'le--{yn-‘an (X] ) .-.,Xn)]
1
12

f(Z] —X] _y17"'7zn_-xl’l_yn)]7 (25)

1
=n[§f(4y1+2Z1+x1,...,4yn+2zn+xn +

) 2z —x1,.,22, — Xp)
1
6

1
- 6f(3)’1 X1 421, 3V F X0+ 20) —

—2Y1 ey —2,
MU £, ()]

1 1
= n[ﬁf(zZl +xla ~-~>2Zn +xn) + Ef(“'yl +2Z1 — X1, 74yn+2Zn _xn)

1 1
- gf(xl — Y1421y Xn — Yn+2n) — gf(3y1 +21 = X1, 3+ 20— Xn)], (2.6)

n[Fzyl,...72y,, (xl,...,xn)}

Y1=215Yn—2n

1 1
:ﬂ[ﬁf(‘% =221 X150, 40 — 220+ X,) + Ef(—kl — X1y =225 — Xp)

1 1
- gf(3y1 + X1 =21, 0, 3V X0 — Zn) — gf(—m — X1 =Yy, —Zn—Xn —Yn)],

2.7)
=291, 20
NF, 202 (X1 X))
! 1
= ﬂ[ﬁf(—2zl + X1,y =220+ X5) + Ef(4y1 =271 — X1,y ey dyn — 220 — Xp)
: 1
- gf(_zl XL =Yy ey =20 X = V) = Ef(3y1 — 21 = X1,y 3Vn — Zn — X))
(2.8)

We can also find that

2n[F‘)}il+Zl e YntZn (xla .”’xn):l

1 1
=N[-fBy1 +x1 421,00, 390+ X0 +20) + —f (V1 = X1 =21, 0, Y0 — X — Zn)

6 6
1 1
- gf(2y1 + X1 +Zl7~~72yn +xp +Zn) - gf(_xl —Zlyeeey —Xn _Zn)]7 (2.9)

N[ et

1 1
= T][gf@)’l +X1 =205, 3V F X —20) + gf(yl — X1+ 215 Y0 — Xn+2n)

1 1
- gf(2y1 FX1 =205 20+ X — Zn) — gf(ﬂq + 20y = Xn+20,)], (2.10)

211 [F;}Tyl;zl7..-7*yn+2" (xl 5 7xn)]

seensdn
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1 1
= n[*f(xl +yY1—2,- X0+ Yn _Zn) + 8f(3yl —X1+21,03Y0 — Xn ‘|‘Zn)

6
1 1
- gf(xl — 215X _Zn) - gf(zyl — X1+ 215005 20 — Xn +Zn)]7 (2.1
2N [F S T ()]
1 1
:n[gf(xl +y1 +Z],...,Xn +yl’l +Z}’l) + 8f(3y1 — X1 _Z17"'73yn —Xn _Zn)
1 1
- gf()ﬂ + 20,5y X+ 2) — gf(2y1 — X1 =205, 2Vn — X0 — Zn)], (2.12)
20[F e (e )]

1 1
Zﬂ[gf@yl Fx1421,0 20 X+ 20) (291 — X1 — 205 2V0 — X — Zn)

6
1 1
- gf(m Y1+ 205 Xy FYn+20) — 3 (V1= X1 =20y Y —Xn—2n)], (2.13)

n [FyT,Z_‘l,’;)};fZ” (X1 eeeyXn)]

1 1
:ﬂ[gf@yl + X1 =20,y 200+ X0 —20) + gf(zyl = X1+ 21,0, 2Vn — X+ 2n)

1 1
- gf('xl +y1 — 2y Xn +yn _Zn) - gf(yl — X1 +Zl7‘”7yn —Xn +Zn)]~ (214)
By summing Eqs. (2.5)—(2.14) and using (2.4) we conclude that
2U(yi+ 215 Yn+20) F 201 — 21, ooy Yn — 2n) + 120 (015 vy V)

1

1
+Ef(4yl +221 = X150, 4V + 220 — Xy

1
——fy14+x1+21, ., 20 X+ 2) —

)
1
6 6

f(2y1 +21 = X155 2Yn +Zn_xn):|
1
+n ﬁf(4y1 — 221+ X1, s Yy — 220 + X))

1
+ ﬁf(‘*yl =221 — X1,y 4V — 220 — Xp)

1 1
- gf(2y1 FX1 =20, 2Vn Xy _Zn) - gf(z)’l — 21— X1,y 2Yn — 2 _xn):|

=N{Foy 421, 2520 (X1 oy Xn) | H N [Foyy 2y 29,2, (X1, 0 20)]
=T(2y;1 + 21,21 +21) +T(2y1 — 21, o+, 290 — Zn)-
This entails that ST(yy,...,yn;21,-.,2,) = 0 and so T is n-cubic. O
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By A(G) we denote the diagonal set on G, i.e.,
A(G) :={(x,....x) €G" : x € G}
and throughout the paper we define F := fi Q)"

Corollary 1. Under the hypotheses of Theorem I, there exists a cubic function
C:G—V suchthat F —Cis ﬁd—Lipschitz.

Proof. Define the function y: G" — V by Y(x1,...,X,) := N[Fy, . x| for
(x1,...,Xy) € G". Then, Y is n-cubic as in the proof of Theorem 1. Let C: G — V be
a function defined by C(x) := y(x, ...,x). We have

F-C= fA(G) _’Y‘A(G) = (f_Y)lA(G)'

The function f —7 is ll—zd-Lipschitz and so is F —C. The following equality now
entails that C is cubic:
2C(x+y)+2C(x—y) 4+ 12C(x) =2y(x +y,...,x +)
+2¥(x—y, ..., x —y) + 129(x, ..., x)
=Y(2x+y,....2x+y) +y(2x —y,...,2x —y)
=C(2x+y)+C(2x—y).
]
Lemma 1. Under the hypotheses of Theorem 1, if ImSf C A for some A € S(V),
then Im(f —T) C LA.
Proof. 1t is clear that
(5 SF (1, o)) € In(~5SF) C A
(LSS Xy n(13 3

and so %Sf(xl,...,xn;-,...,-) € B(G",S(V)) for all (xi,...,x,) € G". Thus, property
(i) of M implies

1 1

Sty ey x0) =T,y ) :n[ﬁSf(xl,...,xn;-,...,-)] € EA

for all (x1,...,x,) € G". Therefore, Im(f —I') C $A. O
Let CB(V) be a family of closed balls of V.

Theorem 2. Let (G",+,d,p) be a product metric, V a normed space, and
f:G"— E an odd function. If B(G",CB(V)) admits LIM and Sf € Lip(G" x G",E),
then there exists an n-cubic function I such that

1
1F = Tlleip < 1151l
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Proof. Define the set-valued functiond : G x G — CB(V) by

d((x1yees %), D150y Vn)) = T )11(1yf1 , ))<5m05f(8)B(0, 1),

where B(0,1) is the closed unit ball with center at zero. Let mcps : R — R™ be
the module of continuity of Sf : G x G" — E with the product metric p on G" x G".
Then,

[ISF (21, s tns X1y ooy Xn) — SF(E1 ooyt V15 ey Vi) ||

< inf mcs(0) = inf mcs (0
= Dttt e ) (1)) B s7(9) (X1 n50) s (1 103)) <B 57(9)

for all (t1,....tn), (X1,.esXn), W15y 0n) € G™. This inequality entails that
Sf(t1,..sty;+...,) is d-Lipschitz and so Theorem | implies that there exists an n-
cubic function I" such that f —TI"is led—Lipschitz. Hence,

NGty ey 2n) = T0xrss260)) = (F 1505 30) =T 1505 30))
1

< inf —mcgr(0),
A1y Xn) (1)) <8 12 Sf( )

which shows that mc;_r = $mcsy. Since InSf C ||Sf||.B(0,1), Lemma 1 implies
that

1
In(f —T) € 5 lISf1l-B(0,1),
which is equivalent to
1
I1f = Dllee < 5 [15£1]e»- (2.15)

We may also prove that mcs; = P(Sf) and so P(f —T') < £P(Sf). The inequality
(2.15) now ensures

1

1 1
o+ —P =— i
118l 5P (S1) = = 157 iy

1 =Tllzip = [If =Tl +B(f —T) <
U

Corollary 2. Under the hypotheses of Theorem 2, there exists a cubic function
C: G — V such that

1
|F —Cl|Lip < Ellsfllup'

Proof. It follows from Theorem 2 that there exists an n-cubic functiony: G" —V
such that

1
1 ~Ylaip < 5118 i
Define C: G — V by C(x) :=Y(x, ...,x). Corollary 1 entails that C is cubic and
F-C= (f_’Y)‘A(G)'
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On the other hand, the function f —vis %d—Lipschitz and so is F'—C. The following
inequality now ensures the result:

1
[[1F = CllLip < If = Yl|Lip < EHSfHLip-
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