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Abstract: Bayesian Reasoning is both a fundamental idea of probability and a key model in applied sci-
ences for evaluating situations of uncertainty. Bayesian Reasoning may be defined as the dealing with,
and understanding of, Bayesian situations. This includes various aspects such as calculating a condi-
tional probability (performance), assessing the effects of changes to the parameters of a formula on the
result (covariation) and adequately interpreting and explaining the results of a formula (communication).
Bayesian Reasoning is crucial in several non-mathematical disciplines such as medicine and law.
However, even experts from these domains struggle to reason in a Bayesian manner. Therefore, it
is desirable to develop a training course for this specific audience regarding the different aspects
of Bayesian Reasoning. In this paper, we present an evidence-based development of such training
courses by considering relevant prior research on successful strategies for Bayesian Reasoning (e.g.,
natural frequencies and adequate visualizations) and on the 4C/ID model as a promising instructional
approach. The results of a formative evaluation are described, which show that students from the
target audience (i.e., medicine or law) increased their Bayesian Reasoning skills and found taking part
in the training courses to be relevant and fruitful for their professional expertise.

Keywords: Bayesian Reasoning; Bayes’ rule; visualization; unit square; double tree; natural frequencies;
4C/ID model

MSC: 97U10; 97U50; 97U80; 97C30; 97C70

1. Introduction

Bayes’ rule is a small part of elementary probability theory. Nevertheless, it has become
a fundamental idea in probability [1] and the basis of several statistical domains such as
data mining or Bayesian statistics [2]. One reason for the importance of Bayes’ rule is that
it allows an update to probability on the basis of new evidence for decision making [3].
This decision making in so-called Bayesian situations (i.e., situations in which Bayes’ rule
can be applied) is decisive in various non-mathematical disciplines such as medicine [4],
law [5] and economics [6]. However, research in psychology found consistently, over
several decades, that people struggle greatly when dealing with Bayesian situations [7-9].
Cosmides and Tooby [10] stated that applying Bayes’ rule produces “clashes between
intuition and probability”. Unfortunately, professionals are faced with the same obstacles
as laymen when dealing with Bayes’ formula. For example, Eddy [11] found that only 5%
of physicians were able to appropriately interpret a Bayesian situation such as updating a
hypothesis on a patient’s state of health in the light of a new medical test result. Further
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examples involving physicians are documented by Gigerenzer [12]. As a result, wrong
diagnoses and wrong conclusions are well known, for example, in medicine as well as law,
both resulting in possible tragic results such as destroyed life quality or even suicide [13,14].

One typical Bayesian situation concerning an unspecified disease, in which statistical
information could be used to revise an a priori probability to an a posteriori probability,
was described by Johnson and Tubau [15]:

“10% of women at age forty who participate in a study have a particular disease. 60% of
women with the disease will have a positive reaction to a test. 20% of women without the
disease will also test positive. Calculate the probability of having the particular disease if
given a positive test result.”

Bayesian situations that represent a situation in law have the same structure:

In 10% of comparable cases regarding a specific criminal offense, the charges are actually
correct. In 60% of the cases in which the charges are correct, incriminating evidence is
given. In 20% of the cases in which the charges are incorrect, incriminating evidence is
given nevertheless.

In both of these scenarios, a structure of the Bayesian situations with two outcomes of
a hypothesis (e.g., with or without the disease) and two outcomes of some information
(e.g., a positive or negative test result) becomes evident. Not every research cited in this
paper formulated the statistical information in Bayesian situations as probabilities (as in
the examples above), but also frequencies and proportions. Research in psychology and
mathematics education mostly studied Bayesian situations with said 2 (hypothesis) x 2
(information) structure (for exceptions, see [16,17]) and, fortunately, found strategies that
facilitate Bayesian Reasoning; we define this as people’s dealing with, and understanding of,
such Bayesian situations. Brase [18] summarized these strategies as “use frequencies [ ... ]
and use pictures”, with “pictures” referring to visualizations of Bayesian situations. Indeed,
there exists a large body of research that reports the facilitating effect of (natural) frequencies
and visualizations on people’s performance when dealing with Bayesian situations [9].
In the related studies, performance usually means using Bayes’ formula to calculate the
probability of the hypothesis H given the statistical information [—i.e., P(H|I)—(for
exceptions see e.g., [19]) on the basis of three given probabilities: the so-called base rate
P(H), the true-positive rate P(I|H) and the false-positive rate P(I|H). Applying the
probabilities from the above-mentioned unspecified medical condition and legal situations
within Bayes’ formula results in the following:

P(I|H) - P(H) 0.1-0.6

= ~ 0.25 = 25%
P(I|H)-P(H)+P(I|H)-P(H) 01:06+09-02

P(H|I) =

Thus, in the given context, there is about a 25% probability that the woman actually
has the disease, given a positive test result, or that the legal charges are actually correct,
given incriminating evidence. In the large body of research on Bayesian Reasoning, two
desiderata can be identified: firstly, to investigate people’s abilities to deal with Bayesian
situations beyond the aspect of Bayesian Reasoning, which we call performance (see
Section 2.1) and, secondly, to investigate people’s abilities to deal with Bayesian situations
after training concerning this matter [20].

In this paper, we contribute to both desiderata by presenting a training course for
Bayesian Reasoning that addresses professions in which Bayesian Reasoning is crucial,
namely medicine and law. The aim of the presented training courses is to teach novice
learners how to use Bayesian Reasoning in the field of medicine and law. Moreover, the
training courses are designed to also be appropriate for teaching this topic in schools. As a
consequence, we focus on Bayesian situations with a 2 (hypothesis) x 2 (information) struc-
ture and adequate teaching methods for these situations. For mathematically skilled and
experienced students who also need to learn about situations with a more general n x m
structure, different teaching approaches from the ones we present here might be more ap-
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propriate (example studies conducted by the authors are [16,17]). The claim for our training
is that it is evidence-based and makes use of existing research results in psychology and
mathematics education. Furthermore, our training refers (besides performance in Bayesian
situations) to the ability to understand the covariation of parameters as a crucial part of
Bayesian Reasoning. We organize this paper by, firstly, elaborating upon the construct of
Bayesian Reasoning. To do so, we discuss the categories of Bayesian Reasoning, we explain
the facilitating strategies—natural frequencies and visualization—and we report existing
approaches to training in Bayesian Reasoning. Afterwards, we discuss the development
of our training on the basis of the 4C/ID approach [21]. Finally, we report a formative
evaluation of this training, which was the basis for adjustments to the training.

2. Evidence-Based and Theoretical Considerations for Developing a Training Course
on Bayesian Reasoning

2.1. Categories of Bayesian Reasoning

Zhu and Gigerenzer [22] described Bayesian Reasoning as reasoning in a situation, in
which a binary hypothesis (e.g., disease H and no disease H) and a binary set of information
(e.g., test positive I and test negative I) are given. As mentioned above, we also refer in this
paper to Bayesian situations in a 2 (binary hypothesis) x 2 (binary information) case, which
are ecologically valid in the domains of both law and medicine, and are specifically suitable
for novice learners (the target group of the training courses presented). In these situations,
Bayes’ rule can be applied to compute the so-called positive predictive value P(H|I). As
mentioned above, the ability to compute a conditional probability with the formula above,
such as the positive predictive value, is called performance in research concerning Bayesian
Reasoning. In this paper, in contrast to previous papers, we define performance as just one
part of Bayesian Reasoning.

However, it is sometimes mentioned that performance might be only one part of
Bayesian Reasoning and should not be equated with an in-depth understanding of Bayesian
situations [23]. For example, the ability to appropriately estimate the effect of changing
variables such as P(H), P(I|H) or P(I|H) on the positive predictive value P(H|I) is an
ability that goes beyond performance [24]. The functional relationship between indepen-
dent variables and a dependent variable is called covariation [25]. The term ‘covariation’
is also partly used to describe the ability to deal with a functional covariation [26], along
with the term ‘covariational reasoning’ [27]. In this paper, we use the term covariation to
describe people’s ability to deal with functional covariation, and we define covariation as
part of Bayesian Reasoning that is (compared to performance) a higher-order ability of
Bayesian Reasoning.

Finally, the ability to interpret and communicate mathematical results (such as the
positive predictive value) is understood as part of mathematical competencies [28] and as a
crucial part of statistical and probabilistic thinking in particular [29,30]. Thus, we also define
interpretation of the positive predictive value and the ability to communicate its meaning
in a concrete Bayesian situation as a further elaborated part of Bayesian Reasoning, and call
this part communication. This part of Bayesian Reasoning represents the ability to connect
the purely mathematical elements (performance and covariation) with the context in which
Bayesian Reasoning is applied. The need for accurate statistical communication obviously
overlaps with specific communication demands in the profession. For instance, some of
the communication skills necessary in the professional field of medicine (e.g., to inform
patients while displaying some empathy, avoiding technical language, etc.) [31] are in
contrast to some of the communication demands from the field of law (e.g., to persuade the
jury) [32]. However, certain aspects can be identified for expert-laypeople communication
in general, such as the necessity for experts to consider the layperson’s perspective in
order to establish common ground [33]. Therefore, we include communication as a part
of Bayesian Reasoning, to refer to the ability to correctly and adequately express the
probabilistic information in an expert-layman setting.
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To conclude, Bayesian Reasoning occurs in complex professional tasks that require the
integration of knowledge and skills with performance, covariation and communication.
Due to these diverse aspects of Bayesian Reasoning, we underline its character as a complex
cognitive skill which necessitates complex learning [34].

2.2. Facilitating Bayesian Reasoning through Natural Frequencies

There is a wide consensus in research that natural frequencies facilitate Bayesian
Reasoning [15]. Natural frequencies were introduced by Gigerenzer and Hoffrage [8] and
include a pair of natural numbers [35] that represent, for instance, an expected frequency
for an event on the basis of a fictitious sample. The medical Bayesian situation stated above
could be formulated with natural frequencies as follows [15]:

“10 out of 100 women at age forty who participate in a study have a particular disease.
6 out of 10 women with the disease will have a positive reaction to a test. 18 out of 90
women without the disease will also test positive. Calculate the proportion of women who
may have the particular disease, given a positive test result.”

In addition to the use of natural frequencies, in this representation of a Bayesian situation,
so-called natural sampling [36] is used, whereby the statistical information is transferred to
an imaginary sample of people. Thus, the expected number of women with the disease in
the imaginary sample is used as the sample for the natural frequency of testing positive for
the disease.

The meta-analysis of McDowell and Jacobs [9] state that the percentage of people who
were able to deal with Bayesian situations increased from about 5% (statistical information
given with probabilities or percentages) to about 25% (statistical information given as
natural frequencies). This increase seems to be robust for different groups of participants
and across different Bayesian situations.

2.3. Facilitating Bayesian Reasoning through Visualization

A second strategy that seems to facilitate Bayesian Reasoning is the visualization
of statistical information [37]. Although the results referring to this strategy are more
ambiguous than those referring to the facilitating effect of natural frequencies, the potential
of visualizations to boost Bayesian Reasoning seems to be confirmed [38]. However,
the specific characteristics of the visualization used to represent a Bayesian situation
seems to be relevant for the facilitating effect [39]. One characteristic concerns the use
of natural frequencies for displaying the statistical information in a Bayesian situation
(Figure 1) [19,40]. Another significant requirement seems to be emphasis on the nested-
set structure of a Bayesian situation [24,39,41,42]. Figure 1 shows three different styles
of visualizations of Bayesian situations, i.e., (from left to right), a branch style (double
tree diagram), a nested style (unit square) and a frequency style (icon array) [43]. These
three visualizations make the nested-sets structure of a Bayesian situation transparent by
showing both parts of the natural frequencies given in a Bayesian situation [39,41]. In
addition, the unit square also includes a geometrical representation of the probabilities in a
Bayesian situation, given by the length of line segments or areas. Finally, the icon array
includes icons as statistical entities, which could produce a further facilitating effect [18,39].

100 people
disease no disease o iait
10 20 18 positive disease positive
disease no disease N /
positive. |6 tErafEr e r ittt ittt
AR KR RS
i s AT ; T T fir 1t 1 ]
positive negative positive negative | | 72 negative IEEEIIEEEERIIREEEREREE]
Pttt tr bttt bttt
24 76 negative |4
positive negative . /
population
100 people 10 90

Figure 1. Double tree diagram, unit square and icon array as visualizations of a Bayesian situation.
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The double tree and unit square also exist in probability-based versions; however, in
the frequency version shown here, Bécherer-Linder and Eichler [39] found that all three vi-
sualizations increased people’s performance in Bayesian situations to about 70% compared
with the average of 5% (statistical information is given with probabilities in a textual form
only) and 25% (statistical information is given in a textual form with natural frequencies,
but without visualization) highlighted in the meta-analysis [9]. This study also highlighted
that performance was better with double trees and unit squares than with regular tree
diagrams which are often used for teaching probability in schools and universities [39].
Therefore, the structure of the Bayesian situation seems to be more intuitive in double
trees and unit squares than in tree diagrams. Moreover, while performance based on
icon arrays is even slightly higher than in double trees and unit squares [39], pedagogical
considerations about a concrete learning situation argue against their use in a training
course, as it is very time-consuming to draw them. Additionally, although 2 x 2 tables
have some merits [39], they are primarily supportive if frequencies (instead of probabil-
ities) are used; on top of that, the given parameters of the Bayesian situation (e.g., true-
and false-positive rate) cannot be displayed. Taken together, the comparison of different
visualizations yielded both evidence-based and practical advantages of the double tree
and the unit square over other visualizations [39]. As a consequence, we argue that the
double tree and the unit square with frequencies are the most promising representations of
a Bayesian situation for our training courses. As no significant differences in performance
between the two visualizations have yet been identified [39], we expect both versions to be
equally helpful and, therefore, we design and describe one training course with the double
tree, and one training course with the unit square.

2.4. Training Bayesian Reasoning

As well as natural frequencies (Section 2.2) and visualizations (Section 2.3), a third
facilitating strategy to improve Bayesian Reasoning is, of course, to develop specific training
courses. Although this strategy might be self-explanatory from an educational perspective,
the development of training courses and evaluation of the effect of these training courses is
still an under-researched topic concerning Bayesian Reasoning [20]. In the following table, we
briefly characterize existing training courses with regard to the sample, duration, information
format of the statistical information, and the form of visualization used (Table 1).

Table 1. Overview of training initiatives [16,20,44-52] for Bayesian Reasoning.

Year of Characteristics of the
Researchers . . Sample ..
Publication Training Course
1 = 289 Duration: 50 min
Bea [44] 1995 N Information format: probabilities
economic students . .. . . . .
Visualization: tree dlagram, inverse tree dlagram, unit square
Chow and Van n=121 Duration: 15 min

Haneghan [45]

2016 — Information format: probabilities and frequencies
university students . o .
Visualization: tree diagram

Hoffrage et al. [16]

=78 Duration: not given
2015 o Information format: probabilities and frequencies
medicine students . .. .
Visualization: tree diagram

Kurzenhiuser and
Hoffrage [46]

Duration: 60 min
n =208 . .
2002 . Information format: natural frequencies
medicine students . .. .
Visualization: tree diagram

Ruscio [47]

n=113 Duration: 45 min
2003 psychology Information format: probabilities and frequencies
students Visualization: tree diagram, frequency grid, 2 x 2 table
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Table 1. Cont.

Researchers Year of Sample Characteristics of the
Publication P Training Course
Sedlmeier and n=_86 Durahon.: 60 min s .
. 2001 . . Information format: probabilities and frequencies
Gigerenzer [48] university students e . .
Visualization: tree diagram, frequency grid
n=114 Duration: 30 min
Sirota et al. [49] 2015 social science Information format: probabilities and frequencies
students Visualization: tree diagram, Euler diagram
" =174 Duration: <10 min

Starns et al. [49]

2019 . . Information format: probabilities
university students . - . N ]
Visualization: bar visualization technique

Steckelberg et al. [50]

Duration: 120 min
n=184 . .
2004 university students Information format: frequencies
y Visualization: tree diagram, 2 x 2 table

Talboy and n=213 Duration: <10 min
Schn eic}ller [51] 2017 psychology Information format: frequencies
students Visualization: 2 x 2 table, unit square
n=127 Duration: 120 min

Wassner [52]

2007 . Information format: probabilities and frequencies
students in school . o .
Visualization: tree diagram

We focus on describing the conceptual characteristics of existing training courses here,
as the conceptualization of the training courses in our study is the focus of this paper.
Although in each of the cited studies a positive effect on performance in Bayesian situations
was documented, all of these training courses lack at least one of the following aspects:

1. In some of the interventions, probabilities were used as an information format for
statistical data [44]. However, research has consistently shown that using natural
frequencies or translating probabilities into natural frequencies can boost people’s
performance in Bayesian situations.

2. In most of the interventions, a tree diagram was used to visualize the statistical
information of Bayesian situations [46]. However, as mentioned above, although a
tree diagram does increase people’s performance, research has also yielded evidence
that other visualizations are more promising.

3. Most of the participants who were recruited did not study a subject which specifically
requires Bayesian Reasoning [20]. Exceptions occurred in the intervention studies that
refer to medicine students who worked with medical Bayesian situations.

4. None of the intervention studies refer to Bayesian Reasoning as a complex cognitive
skill involving abilities beyond performance.

In our training courses, we refer to promising visualizations (specifically the double
tree and the unit square) and use natural frequencies. We further developed our training
courses for a specific audience, i.e., students of medicine and students of law. Finally, we
include covariation as part of Bayesian Reasoning in our training course, and also address
communication. Since we refer to Bayesian Reasoning as a complex cognitive skill, we use
an elaborated approach for teaching interventions, specifically the 4C/ID model.

2.5. Four-Component Instructional Design (4C/ID) Model

The four-component instructional design (4C/ID) model is specifically tailored to
complex learning processes and, therefore, is suitable for the teaching of Bayesian Reason-
ing. Moreover, empirical results show that the 4C/ID model is a very effective instructional
method as it has been used for designing training programs within different domains,
such as medicine [53] and problem solving [54], among others (e.g., [55,56]). A recent
meta-analysis showed that developing educational programs with 4C/ID resulted in a



Mathematics 2022, 10, 1558

7 of 31

positive impact on performance with a strong effect size [57]. These positive effects were
moderated by the students” educational level, with higher positive effects for students
in higher education (e.g., in college or university). As we develop the training programs
for university students, the 4C/ID model as an instructional method seems particularly
promising. In this Section 2.5, we explain the components of the model in general, whereas
in Section 3, we explain how we have concretely achieved these components in our training
courses on Bayesian Reasoning.

Four interconnected components are central to successful complex learning, according
to the 4C/ID model [21]: (1) learning tasks, which are the backbone of the instructional
blueprint and represent authentic real-life situations as learning opportunities; (2) sup-
portive information, which is information on non-recurrent aspects of the tasks in the form
of so-called mental models and cognitive strategies; (3) procedural information, which is
particularly helpful for recurrent aspects during work on the learning tasks; and (4) part-task
practice (i.e., repeated work on isolated, crucial parts of the task), which is only desirable
to gain very high repetitive routine skill in the learning tasks (and, therefore, is not im-
plemented in our training course). The 4C/ID model stands out for its assumption that
different skill sets should not be learned in isolation, but should be integrated into the
learning process, as real-life tasks also require the use of different skills in a coordinated
and integrated fashion [58].

2.5.1. Learning Tasks

The 4C/ID model is a task-centered approach, with learning tasks which represent
authentic real-life situations at the heart of the instructional model [34]. Authentic tasks
are relevant for learners, and help them to integrate the knowledge and skills instead of
acquiring single skills in an isolated manner [21]. Thus, the tasks need to represent the full
spectrum of skill sets in order to serve as a fruitful learning opportunity. Tasks should be
sequenced from simple to complex [58]. As spelled out in Section 2.1, we have identified
different aspects of Bayesian Reasoning (performance, covariation, communication), which
vary in their complexity. Consequently, all of these aspects form their own task class with
the aspect of performance being the most basic and, therefore, the starting point of the
learning opportunity.

2.5.2. Supportive Information

Supportive information concerns two types of knowledge for the non-recurrent aspects
of learning tasks. “First, it concerns the cognitive strategies that allow one to perform
tasks and solve problems in a systematic fashion. (... ) In addition to this, supportive
information also concerns the mental models that allow one to reason within the task
domain.” [21] (p. 249). Mental models “are cognitive artifacts or interventions of the
human mind that can be considered to be the best-organized representations among
declarative learning results” [59] (p. 62f). Thus, concerning Bayesian Reasoning, we
understand a mental model to be the “best-organized” structure of a Bayesian situation.
Cognitive strategies, on the other hand, refer to the strategic or procedural knowledge
on how to approach problems and efficiently solve them [21]. One promising strategy
for learning about a cognitive strategy is a worked example which, according to Clark,
Nguyen, and Sweller [60], is “a step-by-step demonstration of how to perform a task
or solve a problem” (p. 190). Studying worked examples is an effective instructional
strategy to teach complex problem-solving skills [21], especially for the initial acquisition
of cognitive skills [61]. Both aspects of supportive information (cognitive strategies and
mental models) support the non-recurrent problem-solving and reasoning aspects of the
learning tasks. As a consequence, the supportive information is specific to each task class
(e.g., performance, covariation), while the procedural information addresses aspects of all
task classes simultaneously [62].
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2.5.3. Procedural Information

Procedural information aims to facilitate the recurrent aspects of the learning tasks,
and is therefore non-specific to the task classes [21]. It is preferably presented at exactly the
point in time in which the learners need it (so-called ‘just-in-time information’). Just-in-time
information specifies “rules that allow one to carry out particular recurrent aspects of per-
formance in an algorithmic fashion ( ... ) [and] those things that the learner should know in
order to be able to correctly apply those rules (i.e., prerequisite knowledge)” [21] (p. 349). It
can be presented in information displays, as well as step-by-step instructions. Additionally,
procedural information also includes corrective feedback on recurrent aspects.

2.5.4. Part-Task Practice

Finally, part-task practice can (but should not always) be included for the recurrent
aspects in order to establish a highly precise routine and a high level of automaticity. These
exercises train and drill the different aspects and should (if added to a training course) be
used rarely, as the practice of only isolated parts means breaking up the whole learning
tasks into pieces. As described by van Merriénboer and Kirschner [21] “Part-task practice
is often pointless because the learning tasks themselves provide sufficient opportunity to
practice both recurrent and non-recurrent aspects of a complex skill” (p. 431). It should only
be used for aspects which need a very high level of automaticity, e.g., to measure blood
pressure or carry out a cardiopulmonary resuscitation (CPR) for medical practitioners [34],
or to practice scales on an instrument for musicians [58]. As a consequence, we regard
part-task practice as non-necessary in our training courses for Bayesian Reasoning, as
whole-task practice seems sufficient.

3. Description of the Training Course on Bayesian Reasoning

One central idea of the training courses is to use and optimize successful strategies,
which have been identified in prior research on Bayesian Reasoning. As argued in Section 2,
these successful strategies refer to:

e  The format of statistical information: using natural frequencies;
e  The visualization of statistical information: using a double tree or unit square; and
e  The instructional approach: using the 4C/ID model.

In the presented training courses, we focus on the two predominantly mathematical as-
pects of Bayesian Reasoning: performance (see Section 3.2) and covariation (see Section 3.3).
Developing material on the aspect of communication goes beyond our expertise as re-
searchers in the field of mathematics education, and is therefore planned as part of future
projects in cooperation with experts from medicine and law.

3.1. Learning Tasks: Performance, Covariation and Communication in Real-Life Bayesian Situations

In describing the instructional design process of the 4C/ID model, van Merriénboer
and Kirschner [21] argue that real-life tasks “are best identified by interviewing both
professionals working in the task domain and trainers with experience of teaching in
that domain” (p. 103). Thus, we cooperated with experts from the domains of medicine
and law in order to generate learning tasks that are authentic as regards the context and
statistical data. Consequently, we interviewed doctors, researchers in medical education,
lawyers, judges, attorneys and university teachers in the field of law. In doing so, we
discussed in which contexts professionals from the fields of medicine and law are required
to evaluate risks (based on given indicators) and, consequently, need to reason in a Bayesian
manner. Consecutively, we designed initial drafts of such learning tasks, then discussed
their authenticity and applicability with the experts.

Through this exchange of information with the experts, we developed seven different
contexts for law and medicine which are all structured in a similar way and implemented
digitally. This enables us to control the sequence of tasks, better support the tasks and
easily administer the material to a large number of students. Moreover, while the physical
fidelity in these digital tasks is low (e.g., medical students are not in an actual hospital with
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real patients), the psychological fidelity is high due to the authenticity of these contexts,
and therefore, ideal for novice learners [21]. In the description of the learning environment,
first, the context of the authentic situation is outlined in the form of a cover story, in which
the general task of the situation becomes transparent. Secondly, the statistical information
is given in probabilities, as this is the regular format of statistical information in these
domains [13,63]. Additionally, providing the statistical information within the learning
task is considered to be a means of scaffolding, as it reduces the complexity of the task.
Thirdly, questions which may represent the different task classes are posed. In Figure 2, one
of these contexts is given for medicine and law, respectively.

_ MEDICINE Law

Covir Story Since March 2021, SARS-CoV-2 Imagine you arc an attorncy and
scll-tests ean be purchased in work on @ case of Ms. S.. The file
German supermarkets. Such self- suggests that Ms. S. might be
tests can be performed by anyone guilty of driving under the p
independently, in order to detect an influence of alcohol (§316 in the
infeetion with SARS-CoV-2. German  criminal code “SIGB*

(Strafgesetzbuch)).
Imaging, you are working as a general praclilioner in your own In the fle the following information is given: Ms. S. has been
doctor's office. You are currently consulting a patient who has just stopped by the police in a raffic control. While talking to Ms. S. the
returned from a high incidence area with symptoms of a cold and officers noticed that Ms. §* speech was slurred. Subsequently; they
used the , ATSKU RAPTD™ sclf-test, have conducted a breathalyzer test with the model Drdger-6510) and
Your paticnt (ested positive in the SARS-CoV-2 test and wanls (o Ms., §° consent, The lest measures a bloed alcohol content of more
know what this means. than 0,5 %e and is therefore positive,
STATISTICAL Slalistics on persons who have likewisc just returned form a high Stalisiics on the influence of aleohol of slurring persens who drive a
T incidence arei with symploms ol a cold (such a person is rel”crfcd o vehicle (such a person is referfad (wis i person” in the following)
as_a person™ in the following) and on the AESKU.RAPID self-test and on the breathalyzer test with the mode] Driger-6510 reveal:
reveal: *  The probability is 10% that a person is under the influence of
¢ The probability is 5% that a person is infeeled with SARS-CoV2. alcohol.
= Ifaperson is infected with SARS-CoV-2, then the probability is = Ifa person is under the influence of aleohol, then the probability
96% that this person tests positive. 15 93% that this person tests positive.
* Ifaperson is not infected with SARS-CoV-2, then the probability = If'a person is not under the influence of alcohol, then the
is 2% that (his person (esis positive nevertheless. prabability is 50% that this person (ests posilive nevertheless.
Perror-  °  Ifa person iesis pesilive, then whal is the probabilily that the « I[a person tesls posilive, then whal is the probabilily that the
MANCE person is infected with SARS-CoV-27 person is under the influence of alcohol?
Co- * New information: A variety of self-tests is available. Tortheself~- + New information: A variety of breathalyser tests is available. For
VARIATION test “BIOSYNEX™ the lollowing has been obscerved: Ifa person is the model “Drdger-38207 the following has been observed: Il a
not infected with SARS-CoV-2, then the probability is smaller person is pol under the influence of @leohol, then the probability
than 2%, that the person tests positive nevertheless. The other is smaller than 50%, that the person tests positive nevertheless.
probabilities are the same as in the initial situation {in the statistic The other probabilities are the same as in the initial situation
on SARS-CoV-2 infections ol people who just returned from a {Lesting slurring people with the model “Driger-65107). Now
high incidence area with symptoms of a cold who used the (slurming) people are tested with the model Driiger-3820. What is
SAESKU RAPID™ self-test). Now people (with symptoms of a the effect on the probability that a person is under the influence
cold who just returned from a high incidence area) pertorm the of alcohal, given the persen tests positive?
= BIOSYNEX sclf-test. What is the ¢ffcet on the prabability that a
< person 1s infected with SARS-CoV-2, given Lhe person tests
; positive?
5 Comnunr. = Now, the general practitioner who is consulting the patient is = Now. the attorney pleads Ms. 57 case in court. She has already
CATION displayed. She has already empathetically and eoherently deseribed the events (in German “Sachwverhaltsdarstellung™
provided information on the positive wst result, She has given the which is an imporiant part of a pleading in court). As parl of
patient the opportunily to ask questions and identified and examining the evidence on the case (in Genman
acknowledged his emotions. Thereby, the patient has stated “Bewelswiirdigung” another important part of pleading in court)
troubled: “Sa now it's certain, I am infected with Covid...". she now tocuses on the validity of the breathalyzer test. Thereby,
Subsequently, (he general praciitioner explains what the positive she has with regard lo the siatistical and (echnical information of
Lest result means and clarifies how (o derive at the probability in the bregthalyzer test clarified how w derive at the probability in
the first question. Afterwards, the general practitioner interprets the first question. In the following the attomey interprets what
what the positive test result means. In the following videos this the pasitive test result means. In the following videos this
interpretation is now represented., You see six videos in which ihe interprelation is now represented., You sce six videos in which the
general praclitioner interprets the positive test result. Evaluate the altormey interprets the positive lest result. Evaluate the different
different ways of the general practitioner to interpret the test ways of the attormey to interpret the test result.
result.

Figure 2. Examples of learning tasks for medicine and law, respectively.

The training course presented is a short intervention of about one hour and, thus, is
suited to one of the two learning tasks (SARS-CoV-2 self-tests or the breathalyzer test) pre-
sented in Figure 2. Both are suitable learning tasks for a first learning activity on Bayesian
Reasoning, as they are relatively easy to understand (e.g., comprising few technical terms)
and the statistical information is suitable. However, further learning tasks have also been
developed, regarding medicine scenarios about coronavirus antibody tests, pregnancy
self-tests, triple tests for the prenatal diagnosis of Down syndrome, mammography, bowel
cancer screenings, and HIV self-tests. In the remaining learning tasks for the legal field, the
validity of the following is addressed: polygraphs, facial recognition software, an algorithm
named COMPAS (which is used to measure an offender’s future risk of recidivism), plagia-
rism checkers, paternity tests, and the effects of previous recidivism on future recidivism.



Mathematics 2022, 10, 1558

10 of 31

For each domain, two further examples of learning tasks are added to the Supplementary
Materials (File S1: S1_Additional_learning_tasks, https://osf.io/y3qaz/). They can be
used to measure the effects of, or to extend, the training courses. In the supportive and
procedural information, we use a more general task of the domain. The general task in
medicine, for example, refers to an unspecified disease and an unspecified diagnosis test as
opposed to a specific disease or a specific diagnostic test. In that way, the supportive and
procedural information can easily be applied to any other learning task.

While the learning tasks are identical for all task classes, we split the description of
the supportive information into two separate Section 3.2 (regarding “performance”) and
Section 3.3 (regarding “covariation”).

3.2. Supportive Information on the Task Class of Performance: Mental Models and Worked Examples

Performance is the ability to compute a conditional probability in a Bayesian situation,
such as the positive predictive value (e.g., that a person is actually ill, if (s)he tests positive)
in a Bayesian situation (Section 2.1). This is the most basic aspect of Bayesian Reasoning,
and therefore, is addressed first in the course of the training. It is triggered by the question
about the probability of being infected with COVID-19, if a person tests positive in the
so-called AEKSU.RAPID self-test (Figure 2).

3.2.1. Mental Models: Frequency-Based Double Trees and Unit Squares

In Sections 2.2 and 2.3, arguments have been put forward that double trees and unit
squares with frequencies are best for structuring Bayesian situations and should, therefore,
be the basis of the mental models in a training course on Bayesian Reasoning. In Figure 3,
we illustrate the design of these representations in a digital context.

- VISUALIZATION ViISUALIZED FRACTION

DOUBLE [ |
TREE 8y 121 929
80 920
ill healthy
90% 10% 15% 85% | 72 72 |
Irﬂl positive lﬁ‘l positive
72 8 138 782 = =0.34=34%
vatpenie | [EE| | empciine | [EEEGTR | 210 | 7 |, 138
test positive tast positive 13t positive
210 790
test positive test negative
1000
people
ill health
Unit v
8%
SQUARE et g el 20 test
positive * positive
~ 0.34=34%
test 782 790 test
negative 'g; 920 1000 Negative

Figure 3. Representations of a Bayesian situation, which serve as mental models for performance.

To come up with even more supportive versions of the double tree and the unit square,
we further applied principles of multimedia instruction [64]. For instance, research into
common errors in Bayesian Reasoning with the different visualizations concluded that it
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is difficult to identify the “rows” in the unit square (e.g., both sets of the positively tested:
false- and true-positive) as belonging together [42]. Therefore, we used Mayer’s signaling
principle for the design of multimedia instruction, by highlighting the rows in the same
color (e.g., green or blue) while only the intensity of the color (intense green or blue vs. light
green or blue) was used for the column of the inner area [65]. Likewise, we used a salient
method (coloring the inside of the nodes) in the double tree to highlight the set-relations
in the lower half of the double tree, as this is harder to detect with the branches in the
lower half crossing each other. We used a less obtrusive method (coloring the border of the
nodes) to highlight the set-relations in the upper half of the double tree. Lastly, we present
percentages as well as frequencies in the visualization. Displaying both sets of information
serves the complementary function of representation [66], as the information provided in
percentages and the more easily comprehensible frequencies are displayed simultaneously.

Using this visualization to calculate the positive predictive value requires correct iden-
tification of the relevant sets for the numerator and denominator of the positive predictive
value (on the right in Figure 3). Using the relevant parts of the double tree or unit square to
visualize this fraction can also support the calculation of (and serve as a mental model for)
the positive predictive value [67]. The resulting visualizations of the fraction of the positive
predictive value are a visualized (frequentist) version of Bayes’ formula, and complement
the double tree and unit square as a mental model for the aspect of performance. We refer to
them as a visualized fraction and display them in Figure 3 as well.

3.2.2. Cognitive Strategy: Worked Example

Previous research has shown that performance tasks are relatively easy when one of the
above-mentioned ideal representations (double tree or unit square) is already provided [39].
However, in our training courses, the students learn to structure the Bayesian situation
themselves by creating such a representation from scratch. This is important as, in authentic
contexts such as those in our learning tasks, the professionals cannot rely on a provided
or pre-set structure. Therefore, a cognitive strategy for creating the intended visualization
is necessary. Consequently, we describe a worked example in which the students learn a
systematic approach to creating and making use of these (mental) models. In doing so, the
students learn to carry out three steps:

1.  Draw the structure of the visualization with the given information (draw structure);

2. Translate the given probabilistic information into frequencies and add them to the
visualization (add frequencies); and

3. Calculate the required probability with the visualization (calculate solution).

These worked examples are produced digitally, similar to an interactive slide-show.
In doing so, we make sure to carefully apply Mayer’s principles for the design of multi-
media instruction [65]. For instance, the segmenting effect states that “people learn better
when multimedia instructions are presented in (meaningful and coherent) learner-paced
segments” [68] (p. 390). Thus, we implement the segmenting principle by allowing users
to complete the different steps at their own pace. Based on findings that small segments
produce greater learning results than larger ones [69], the segments are very short, mostly
one sentence or less. Thus, the user always reads, in one small (coherent) segment, the next
step for creating the visualization, and can instantly observe in the next segment how this is
produced in the visualization. In this way, it is also possible to very closely connect textual
descriptions with newly added elements in the visualization, in order to ensure spatial and
temporal contiguity [65]. Moreover, we further emphasize this connection between the
latest information in the text and in the visualization by using the signaling principle [70].
Accordingly, we always highlight new corresponding information (both in the text and
the visualization) with the color purple. Based on the coherence principle, which suggests
minimizing extraneous material, this color is not used elsewhere in the training course in
order to maintain its symbolic character and keep the learning material consistent so as
to reduce cognitive load [71]. The text or visualization parts are only colored in purple
(signaling their correspondence) if they are the latest segment in the text or visualization.
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They turn black as a new segment on the same slide appears. This design-feature is also
meant to reduce the split-attention effect [72] which means that temporal or spatial separation
increases cognitive load and, therefore, may impede learning. These ideas are illustrated in
Figure 4 for integrating two frequencies into the visualization (within step 2).

- SLIDE IN STEP 2 (ADpD FREQUENCIES)

D OUBLE 2. Determine frequencies

TREE Then, it is possible to determine:

8% 92%

1000
people
e 15% of the 920 healthy people, thus 0.15 - 920 =

test positive (and are healthy). 8.? healthy

* 85% of the 920 healthy people, thus 0.85 - 920 = 0% o a5% Bs%
test

negative (and are healthy).
(or 520/ 138 - 762)

test positive test nogative

1000

people

Unit
SQUARE

Subsequently, you can ill healthy

4. Determine the frequencies inside the right column: 8%

st 8|7 138
positive

test
* Upper area: 15% of the 920 healthy people, POkt

thus 0.15 - 920 = 138 test positive (and are healthy).

%ST

* Lower area: 85% of the 920 healthy people,
thus 0.85 - 920 = 782 test negative (and are healthy).
(or: 920-138 = 782)

test
negative

test <1
negative

=]

782
80; 920

Figure 4. Implementation of multimedia principles (segmenting, signaling, temporal and spatial
contiguity) in one slide within step 2 (add frequencies). Firstly, the new text appears (lowest bullet
point on the left-hand side) followed by the new element in the visualization (new number on the
right-hand side). Corresponding features are highlighted in purple.

The small pieces of information in the learning material are grouped together in
different levels: First, we refer to the smallest piece of information (which is added simulta-
neously) as a segment. Second, all segments that can be seen on one screen form a bigger
unit, a slide (a slide is given in Figure 4). Third, one or multiple slides together form a
step within the worked example (e.g., 1. Draw structure, 2. Add frequencies, 3. Calculate
solution). At the end of one step, the user reaches a summary of the previous step. The
summaries of the three steps of the whole worked example are illustrated in Figure 5. After
having completed all three steps, the user arrives at a slide where all three summaries are
presented again. These aspects of the worked example allow each participant to make
use of it according to his or her individual and specific learning needs, which is another
desirable aspect of learning material according to the 4C/ID model [21].
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Figure 5. Summaries after each step within the worked example for the double tree and unit square.

This worked example is embedded in a larger structure, with an introduction prior to
the worked example and further notes after it. The type of knowledge that is learned is
considered recurrent, and the input is described in Section 3.4 on procedural information.

The complete worked examples can be accessed in the Supplementary Materials
(File S2: Worked_Examples, https:/ /osf.io/y3qaz/).

Finally, another important aspect of supportive information in the 4C/ID model is
cognitive feedback, which “consists of information (including prompts, cues and questions)
which helps learners construct or reconstruct their cognitive schemas in such a way that
future performance is improved” [21] (p. 276). We implemented such feedback for answers
that the learners supplied while working on the learning tasks. This aspect is explained in
more detail in Section 3.5 on whole-task practice.

3.3. Supportive Information for the Task Class of Covariation: Mental Models and
Worked-Examples

Covariation is the ability to deal with functional covariation [25], and we understand
it as an aspect of Bayesian Reasoning that is (if compared to performance) a higher-order
ability of Bayesian Reasoning (Section 2.1). Due to the higher degree of complexity of
covariation compared with performance, the content on covariation, according to the
4C/ID model, should be taught after the performance stage [21].

The aim of the training materials that address covariation is that the students learn to
correctly evaluate the effects of changes to the three given parameters (false-positive rate
P(I|H), true-positive rate P(I|H), and base rate P(H)) on the positive predictive value.
For example: Now, only those people are tested for whom the risk of being infected with
COVID-19 is greater than stated in the original description of the situation (e.g., they have
symptoms of cold and had contact with an infected person). How does this change the
probability of being infected with COVID-19, if a person tests positive in the AEKSU.RAPID
self-test? Assessing the influence of changes on the positive predictive value (as in the
given question) naturally requires the knowledge of how to calculate it (which is learned
within the task class of performance).
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3.3.1. Mental Model: Dynamic Frequency-Based Double Trees and Unit Squares

Since determination of the positive predictive value was assigned to the previous task
class with visualization as the mental model (Figure 3), this same mental model was, again,
taken up and adapted for the task class of covariation. Again, the principles of multimedia
learning [64] were considered when designing the digital versions of the mental models
for learning about covariation. In order to make the changes to the three given parameters
visible in the visualization, three sliders were added to the visualization (Figure 6). The
sliders and the corresponding given parameter were produced in the same color, so that
the signaling principle is taken into account here [70]. Due to the dynamization of the
visualization, many numbers change simultaneously in the double tree. This can lead
to cognitive overload [73], which is why, in the double tree, only the changing given
parameter (in Figure 6 the false-positive rate) as well as the associated slider and three
relevant frequencies (for the positive predictive value) are highlighted [65]. In the case of
the unit square, highlighting was deliberately omitted, since the focus here is on the change
in areas rather than exact changes in the numerical values.

DousLE TREE UNiT SQUARE

[ healthy

15%

7.

I2p= J2p

72, = 138 test ponsve test pontee _ _
gL e = = 0.34=34% ¢ —= — o= )
EIRESLER
test positive test positive test positive.
test positve 80 920 1000

Figure 6. Mental models for the aspect of covariation.

In addition to visualization, the visualized fraction plays an important role. For this
reason, the mental model of covariation consists of both elements: the dynamic visualization
and the dynamic fraction. The fraction represents the positive predictive value and is
already introduced in the task class of performance (Figure 3). The numbers (and also the
areas in the case of the unit square) change if the slider is moved in the visualization and
in the fraction (Figure 6). Additionally, in the case of the double tree, a second fraction of
equal value is given, in which the number of positive tests (in the denominator) is also
given as the sum of the false positives tested and true positives tested, in order to be able to
show the individual components. This is not necessary with the unit square, because the
areas of both of these sets are already represented in the denominator.

3.3.2. Cognitive Strategy: Worked Examples

Due to the dynamic of the mental model, explanatory videos were used as supportive
information in the task class of covariation. Since there is a total of three given parameters
(false-positive rate, true-positive rate and base rate) which can be changed, three explana-
tory videos were generated (one for the change in each parameter). In the explanatory
videos, the dynamic visualization and dynamic (visualized) fraction are the central ele-
ments. All the videos contain two steps that are necessary for arriving at a solution for
covariational tasks: 1. How do the relevant frequencies (or areas) change? 2. How does this
change the (visualized) fraction? (Figure 7).
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Figure 7. Screenshots from the three explanatory videos in ascending complexity.

The order of the explanatory videos is (with respect to the 4C/ID model) in ascending
order of complexity (Figure 7) [58]. The most challenging task is to evaluate base rate
changes, because the two relevant frequencies (the false positives and the true positives)
display an inversely proportional relationship. The change in the given parameters, as well
as the change in relevant frequencies (or areas) in the visualization and in the fraction, are
indicated by arrows (double tree) or transparency-altered areas (unit square) in order to
complement the verbal representation of the change with a pictorial representation [74].

Furthermore, reinforcement of the complexity of the explanatory videos is imple-
mented by the conceptual design. While the explanatory video for changing the false-
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positive rate works with a digital animation (all numbers and areas change), the explanatory
video for changing the base rate works only with a sketch of the alterations (indicated
by arrows or changed areas without actually changing the numbers). This is necessary,
as in everyday life, you do not generally have a dynamic visualization at hand. Thus,
the scaffolding is reduced between the first and last video to prevent dependence on the
animation. Another conceptual change was added to the explanatory videos with a unit
square for changing the true-positive rate: In this video, the absolute frequencies in the
unit square were completely removed and thereby it was pointed out that it is sufficient to
reason about covariation based on the changes of the areas without thinking about concrete
numbers. As nothing except the numbers change in the double tree, this feature was only
added in the video with unit squares (compare Figure 7, row 2).

When creating the explanatory videos, we not only pay attention to the implementation
of Mayer’s principles [64], but also apply insights from research on the design of the
explanatory videos:

In the videos, we use the modality principle, which suggests that instructors “present
words as spoken rather than printed text” [65] (p. 765) in the videos. Certain stud-
ies highlight the dependence of the learning material on the modality effect, such as
Schnotz et al. [75] who showed that the modality effect is stronger for picture-related infor-
mation and weaker for content-related information. Hence, since the dynamic visualization
and fraction (as picture-related information) are central in the videos on covariation, we
consider the modality effect to be of particular importance here. The principle of tempo-
ral contiguity has also been implemented, which means that the spoken text should be
presented at the same time as the associated animation [65]. During the implementation
of the explanatory videos, attention was paid to pertinent quality criteria such as a clear
structure, a connection to previous knowledge and an appropriate level of language and
mathematization [76].

Each explanatory video is complemented by student activation, which positively
influences learning success [77] and consists of using the interactive visualization (double
tree or unit square) with sliders (Section 3.3.1) to make specific changes to one of the three
parameters in a Bayesian situation.

The most significant indicator of learner engagement is the length of the video [78].
Longer videos are more likely to be aborted, and subsequent tasks are less likely to be
completed. Therefore, a maximum duration of six minutes is recommended for individual
explanatory videos, which we have used as a guideline [78]. The texts for the explanatory
videos were recorded by two professional speakers. The speakers were not visible in the
three videos, since empirical studies on similar content have not shown any positive effect
on learning success [79,80].

3.4. Procedural Information: Facilitating Recurring Aspects in Bayesian Situations

We have identified five important pieces of recurrent information for our learning
tasks that are relevant for the task classes of performance and covariation alike: First, the
terms of the given parameters; these are often needed as they appear, for instance, in the
technical information of medical tests and are necessary to quantify the Bayesian situation.
In order to have the terms available at all times, their meaning can always be accessed
through a click on the legend while working on the worked example in the task class of
performance. We used the common terms in the domain, which is why we refer to the
true-positive rate as ‘sensitivity” and to the base rate as ‘prevalence’ in the training materials
for medicine students. While defining the terms, we always made a reference from the
general context (used in the procedural and supportive information) applied to the specific
context (used as a learning task, e.g., on SARS-CoV-2 self-tests or breathalyzer tests).

Second, in order to make use of the unit square in any given situation, it is necessary
to understand that the ratios in the unit square do not have to be absolutely correct as long
as the proportions within the unit square remain roughly representative. This is illustrated



Mathematics 2022, 10, 1558

17 of 31

by pointing it out in a sketch of the unit square just after the worked example, and also in
the training course with the double tree.

Third, it is necessary to correctly interpret the textual phrasing of the given prob-
abilities in order to correctly structure a Bayesian situation. It is well known that the
wording of probabilities is often misleading for untrained people, and can easily result in
the misinterpretation of a given probability [81]. Additionally, it has also been shown that
in the context of Bayesian situations, the wording of probabilities affects performance [82].
Therefore, we have added input on the wording of probabilities in general, with special
emphasis on conditional probabilities. Thus, the students also learn to relate statements
of probabilities (e.g., “If a person is infected with SARS-CoV2, then the probability is 96%
that this person tests positive.”) with a statement of proportions (e.g., “The proportion of
infected people who test positive among all infected people is 96%”").

Fourth, it is necessary to correctly distinguish between the different kinds of proba-
bilities that can occur in a Bayesian situation (marginal, conjunctive and conditional) [83].
This is especially important as the different kinds of probabilities are also often confused
(Section 3.5.1, [84,85]). Thus, we explain the conceptual differences between these kinds of
probabilities by pointing out their differences in the context and within the visualization.
This also strengthens understanding of the visualization (Figure 8).
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attribute).

A 000
people

UNIT Tip 1: Different kinds of probabilities
You can differentiate different kinds of probabilities and spot the
differences in the unit square (shortly, it is explained how):
SQUARE 1. Probability for one attribute in the entire sample.
An example is the probability that a person tests positive.

* This corresponds to the proportion of all people who test positive
among all people.
« In this unit square this corresponds to the propotion of the upper row

among the entire square Z%é—? = % =21%.

are ion of a
column or row among the entire square in the unit square.

2. Probability for two attributes in the entire sample.

3. Probability for a second attribute in a specific part of the sample (with
a specific )

Figure 8. Screenshot of the procedural information on different kinds of probabilities. Other aspects
of procedural information can be seen as well: the visualizations are hand-drawn, and the textual
phrasing of the probability is complemented by a wording of proportions.

Fifth, the size of the imaginary sample should be large enough that the frequencies of
the intersections (third level in the double tree/inner areas in the unit square) are whole
numbers. The second to fifth pieces of recurrent information are presented after the worked



Mathematics 2022, 10, 1558

18 of 31

example, just before the students try to imitate it for the first time when working on the
learning task. In this way, we ensure that they can correctly interpret the given information.

Creating the visualization is recurrent in Bayesian tasks, as it is necessary in both
task classes (performance and covariation). Therefore, it should be mentioned that steps 1
(draw structure) and 2 (add frequencies) of the worked example, which were presented
in Section 3.2.2 on supportive information about performance, actually form part of the
procedural information. Consequently, information on how to visualize the Bayesian
situation in a double tree or unit square is also available when learning about covariation,
but is now offered in the form of a short explanatory video at the beginning of this part
of the training. At that point, the structure of the visualization and position of the given
parameters within in the visualization are repeated.

3.5. Whole-Task Practice

The central approach of the 4C/ID model is that learning should take place in whole-
and authentic-learning tasks [21]. In this section, we point out which methods of scaffolding
were given while working on the learning tasks and what kind of corrective feedback (as
part of the procedural information) and cognitive feedback (as part of the supportive
information) is provided.

3.5.1. Practice of the Task Class of Performance

The students work on the learning task on SARS-CoV-2 self-tests (or breathalyzers)
and, thus, the tasks that were used as an introduction for the training course.

While working with the tasks, one method of scaffolding is the implementation of a
legend that summarizes the three steps of the worked example in a general context, as in
Figure 5. The learners can click on this and use it while working on the learning task. The
implementation of these legends is a means to gradually decrease the amount of supportive
information provided as the learner’s expertise increases [21].

After entering a probability as a solution for the positive predictive value, the learners
receive two kinds of feedback on their solutions: First, the learners receive a corrective
feedback on the visualization they might have drawn for structuring the Bayesian situation
in the learning task. Thus, they see a sketch of the complete visualization which displays
the learning task about SARS-CoV-2 self-tests (or breathalyzers) with notes on how to create
the visualization (Figure 9). Thereby, the learners can compare this (correct) visualization
with the one they have constructed themselves, and can (in the event that they spot a
mistake in their visualization) correct their result of the positive predictive value that was
requested without the support of a correct visualization. As this provides an opportunity
for learners to detect and correct their own mistakes, this is supposed to increase learning
performance [86]. Subsequently, the learners receive cognitive feedback on their latest
input (either the first one, if they did not choose to correct their first input, or the second
one, if they modified their first answer).

a) nfecked with JARS ~CoV-2: §olo

not
test pos. , of infeckd with SIRF-CoV-2 . 96l "‘(Md m(ecld
test pos., 3 4 infeckd with JHRS—Col-2: 2+ S/.
L% f K., 2. f‘ o < test 3 W VA" Q test
b) Sompte : :7:;;0_ ;:lﬂ':'/z/ who have perfomed a SARI-Cob-2 - = i P
Slo of 1000 = &0 A 00080 = 950
6l of SO = 48 &0 -ug¢ = 2
20 o 950 = 19 950 -~19 = 931
fest
oy 2 53] 3 Gy
SO 450 A0

Figure 9. Corrective feedback on the procedural aspect of how to create the visualization.
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The second round of feedback refers to errors that the learners show in their latest
input. As stated previously, determining the positive predictive value with the double
tree or the unit square often works very well. Yet, even in those cases, typical errors
are revealed [42,87,88]. On top of that, further typical errors have been documented for
Bayesian situations that are linked to probabilities or natural frequencies only [22,89] and
regard medical experts especially [90]. Moreover, it is suggested that learning about typical
errors in a problem-solving context can promote learning [91], and feedback on errors helps
learners to become aware of, and reduce, knowledge gaps [92]. As a consequence, we
provide two kinds of error-specific information:

First, every learner receives individual feedback on the strategy used (based on the
numerical input) to calculate the positive predictive value. If the input was incorrect, the
feedback on that misleading strategy is then always structured as follows:

1.  An explanation of how the correct solution could have been calculated by using the
visualization (double tree or unit square) correctly;

2. A statement about which error has been made in the calculation, e.g., “You have
calculated 48/50”;

3. An explanation of why this is wrong, e.g., “Therefore, you did not calculate how
many of those tested positive are actually infected with SARS-CoV-2, but how many
of those infected correctly test positive”;

4. An explanation of which probability has, thereby, been calculated, e.g., “The probabil-
ity which you have calculated is: The probability that a person tests positive, if (s)he
is infected with SARS-CoV-2 (=48/50 = 96%) and this is the sensitivity”.

Second, every learner (no matter what their correct or incorrect answer was) receives
input on the two most common mistakes in Bayesian Reasoning, irrespective of which visu-
alization was used to structure the Bayesian situation: Fisherian and Joint occurrence [42,87].
Fisherian means that the event and conditions are confused (as in our example above),
thus indicating the sensitivity, P(I|H), as a correct solution to the positive predictive value,
P(H|I). Joint occurrence means confusing a conditional with a joint probability, e.g., indi-
cating the probability of being ill and testing positive, P(H N I), with the probability of the
positive predictive value, P(H|I).

3.5.2. Practice of the Task Class of Covariation

The students still work on the learning task of SARS-CoV-2 self-tests (or breathalyzers),
but now assess the effects of changes to given parameters (false- and true-positive rate, and
base rate) on the positive predictive value and the two conjunctive probabilities that are
needed for calculating the positive predictive value (true- and false-positives).

Again, one means of scaffolding is the availability of legends, which the students
can use while working on these tasks. This time, the legends consist of two screenshots
of the explanatory videos for the changes in each given parameter (false-positive rate,
true-positive rate and base rate, respectively): the first picture is a variation of the altered
parameter to its extremes in the form of a table, with the visualization and visualized
fraction for the given parameter having a value of 0%, 50% and 100% (Figure 10); the
second picture displays a structural overview on changes in the visualization and visualized
fraction, and the consequences (Figure 7). While working on the task, the students are
encouraged to use and adapt the (corrected) visualization which they have used for the
task on performance.
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Training, part 2
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Figure 10. Screenshot of the explanatory video on changes in the false-positive rate including a table
of the visualization (here: unit square) with the visualized fraction for the values of 0%, 50% and 100%
of the false-positive rate. This is available in the legend while working on the task of covariation.

Another means of scaffolding is the opportunity to use an interactive visualization
with sliders for each of the given parameters, after having answered the questions for the
first time. In this way, the students can double-check whether they have correctly assessed
the changes within the visualization. Afterwards, they may correct their first answer, which
was demanded without the support of an interactive visualization.

Afterwards, the students, again, receive two kinds of feedback: first, corrective feed-
back in which the wording of the described change in the Bayesian situation (e.g., “the
probability that a person tests positive, if this person is not infected with SARS-CoV-2,
is smaller”) is linked to the respective feature in the visualization (e.g., “the horizontal
division of the right column moves up”). The corrective feedback is provided through
written text with the visualization, where the feature that changes is highlighted. Second,
the students receive cognitive feedback on their answer. They are told whether their answer
was correct or not. In addition, there is a short (max. 1 min 45 s) explanatory video for each
question explaining the impact of the parameter change, both on the visualization and on
the respective fraction. If a person has provided the correct answer to the previous slide,
they can watch the video, but are not required to do so. The video must be watched only if
an incorrect answer was offered.

4. Formative Evaluation of the Training Courses

To evaluate the training courses described above, we carried out a formative evalua-
tion, which can be “defined as a process of systematically trying out instructional materials
with learners in order to gather information and data that will be used to revise the materi-
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als” [93] (p. 311). Our formative evaluation was performed after the development of the
training courses, and used for potential optimization of the training courses and a later field
study. A total of 16 students (eight medical and eight law students) tested the materials
that we created. Thus, they worked:

e on three of the learning tasks (Section 3.1) without any instruction in the beginning
(phase 1);

e  with the materials of the training courses regarding the aspect of performance with
the supportive and procedural information (phase 2);

e  with the materials of the training courses regarding the aspect of covariation with the
supportive and procedural information (phase 3); and

e  on four of the learning tasks (Section 3.1) without the material of the training courses
(phase 4).

Between each of these four phases, the participants took part in interviews to system-
atically validate important aspects of the design of the material. In the following sections,
the results for each of these phases are reported, based on quantitative data (in the form
of participants” inputs, available as Table S3: S3_Quantitative_Data in the Supplementary
Materials, https://osf.io/y3qaz/) and qualitative data (in form of participants’ feedback in
the interviews and notes, available as File S4: 54_Notes_participants in the Supplementary
Materials, https://osf.io/y3qaz/). Note that some of the interviews between the four
phases lasted a long time and, thus, 3 of the 16 students did not finish phase 4.

In the interviews after phase 1, the authenticity of the learning tasks was addressed.
The feedback from the students showed that the situations in the learning tasks are generally
perceived as authentic situations relevant to their future profession. Out of the 16 students,
12 did not observe anything striking or conspicuous within the learning task at all. The
other four students mentioned difficulties with details such as technical terms. Thus, we
double-checked those terms again with experts from the domain. Nothing conspicuous was
noticed in the learning tasks on SARS-CoV-2 self-tests and breathalyzer tests, apart from
the value of the false-positive rate of the breathalyzer test, which was surprisingly large
in the opinion of two of the students. As we had retrieved these values from a validation
study of the breathalyzer tests [94], we did not make any adaptions.

Moreover, we evaluated the responses to the questions in the learning tasks in phase 1.
Bearing in mind that the students were untrained, a surprisingly large number of students
(at least of medicine) were able to correctly calculate conditional probabilities in a Bayesian
situation (aspect of performance) from the outset. In Table 2, the number of people who
can correctly determine the positive predictive value is provided for each of the three tasks.
In one of the three learning tasks (L3), the students also worked on tasks on the aspect
of covariation and assessed the influence of the false-positive rate (C1), the true-positive
rate (C2) and the base rate (C3). The number of correct answers to the tasks on the aspect
of covariation in phase 1 is also provided in Table 2.
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Table 2. Number of correct responses in the four phases of the formative evaluation (number of all students who worked on the task is given in brackets). L1-L5
refer to the 5 different learning tasks that were used here (compare Section 3.1). T1 refers to a learning task that was about a topic outside of one’s own domain (e.g.,
law context for students of medicine and medical context for students of law). Within the tasks on the aspect of covariation, C1 refers to changes in the false-positive

rate, C2 to changes in the true-positive rate and C3 to changes in the base rate.

Students’ Correct Responses (Among All Answers) in the Four Phases
Phase Phase 1 Phase 2 Phase 3 Phase 4
Aspect Performance Covariation Performance Covariation Performance Covariation
Letzrsf“g L1 L2 L3 13-C1  L13C2 13-C3 L3 13-C1  13C2  13-C3 L4 L5 L1 T1 L5C1  L5C2  L5C3
Medicine 3 (8) 4(8) 5(8) 5(8) 4(8) 5(8) 7(8) 6(8) 7(8) 8(8) 7(7) 6(7) 7(7) 7(7) 7(7) 7(7) 7(7)
Law 0(8) 0(8) 3(8) 6(8) 7(8) 5(8) 6(8) 6(8) 8(8) 4(8) 4(7) 6(7) 4(6) 4 (6) 6(7) 7(7) 5(7)
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After phase 2, in which the participants used the worked example on performance
and worked on a task of performance themselves, we analyzed the worked example for the
task class of performance with the students in the interview. When asked whether there
were any difficult steps or things that were hard to understand, 13 students could not think
of anything. On the contrary, many explicitly pointed out how much they enjoyed the
worked example (e.g., one student pointed out that she wished that this was how she had
learned about stochastics). Two students remarked on details that confused or irritated
them (e.g., the wording of certain passages). We used this feedback to adapt these passages.
One student mentioned the difficulty of engaging with the new concept of the unit square
in general, as this student was already familiar with another technique (using 2 x 2 tables)
with which she could solve the tasks. However, this student later (after having watched the
explanatory videos on covariation) appreciated the unit squares, especially for assessing
the influence of changes, as this is so easily observable with this method.

Additionally, the implementation of the design principles in the worked example was
perceived positively; all 16 students found the use of the color purple to signal something
new and the segmenting of new information in text, and afterwards in the visualization,
very helpful. Furthermore, we discussed the students” use of the different technological
features, such as the opportunity to use the legends after phase 2. While four students used
the legends with the technical terms, 6 of the 12 people who did not use the legend stated
that they had noted the technical terms on their sheets of paper and, therefore, did not need
the legend, but appreciated the chance to look up the terms if necessary. We have now also
implemented a feature in the digital environment that automatically tracks how often, and
when, the students access the legend.

Most of the students used the supportive information of the worked examples while
working on the learning task themselves. This can be observed in the students’ notes,
in which 14 of the 16 students drew the visualization of the supportive information af-
terwards (see examples in Figure 11). After having gone through this information, 13
of the 16 students were able to correctly calculate the positive predictive value (Table 2).
Two students used the opportunity to correct their first input after having compared their
own visualization with the correct one. While one student was slightly confused by the
opportunity to correct his first response, another student explicitly described this oppor-
tunity as motivating. As the input of the students showed that this feature only led to an
improvement of the first response, but never to erroneous dismissal of a correct first answer,
we are maintaining this feature. All 16 students stated that they received suitable and
helpful feedback to their answer. It was also mentioned that this feedback was encouraging
for the continuation of work on the learning task.
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Figure 11. Notes of the students while working on the learning task on the aspect of performance
(after having gone through the supportive information).
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After phase 3, in which the participants watched the explanatory videos for the aspect
of covariation and worked on the covariation tasks themselves, we assessed which aspects,
in the students’ opinions, were more or less helpful within the videos. Among others,
the students commented positively on the fact that it was possible to watch how the
visualization changes in the video and also to observe the changes in the visualized fraction.
We explicitly asked for the students” impression of the visualized fraction, as this is a
somewhat unconventional representation of a fraction. However, none of the students
declared that they were irritated by this. On the contrary, regarding the visualized fraction
of the unit square, students found it intuitive and easy to understand, and one student
even pointed out that this visualized fraction is of special help for a person who “thinks
illogically”, as the changes in the fraction can easily be observed. Moreover, the students
acknowledged the (“pleasantly slow”) speed of the spoken text as it was easy to follow, and
the repetition of technical terms in the first video, as well as the alternation between a male
and female speaker, which increased variation within the videos. Some students found the
videos a little tedious and, also pointed out that the tasks between the videos could vary
more. Thus, we modified these tasks. Previously, the tasks were always to maximize the
positive predictive value (by a change in one of the given parameters); however, now, in
the adapted versions, we ask participants to first maximize the positive predictive value
(by changing the false-positive rate), then to minimize it (by changing the true-positive
rate), and finally, to set the value of the positive predictive value to approximately 50% (by
changing the base rate).

When we first implemented the formative evaluation, all the videos of feedback to the
exercises on covariation had to be watched, even if one’s own answer was correct (which
is different to how we described the material in Section 3.5.2). This feature was perceived
negatively, as the students found it to be frustrating, exhausting and not beneficial for their
learning. Therefore, we adapted this feature during the evaluation. Later (as explained
in Section 3.5.2), students were only obliged to watch the videos to those questions that
they answered incorrectly. This was received much more positively, and students also
confirmed that watching the videos to the questions they had answered incorrectly helped
them to spot their “thinking barrier”. Additionally, one student reported having watched
all the videos voluntarily (“out of curiosity”, as she stated), even though she did not
answer incorrectly. However, two students still found the obligation to watch the videos (to
answers which were incorrect) annoying, as they claimed to have recognized their error at
the very beginning of the video and, thus, did not feel that they benefitted from watching
the whole video. However, as the videos are short (on average 1-2 min) we decided to
maintain this feature.

Lastly, in this phase, we were also able to observe that the students used the supportive
information, as we can see in their notes that they have applied what was learned in the
explanatory videos (e.g., compare the arrows that indicate the “movement” of the divisions
in the unit square and the changes in the frequencies in the nodes of the double tree
in Figure 12). The quantitative data also suggest that students understood the tasks of
covariation, as 13, 15 and 12 of the 16 students gave correct answers to the questions on
changes in the false-positive, true-positive and base rate, respectively (Table 2).

In phase 4, the students, again, worked independently on learning tasks, and answered
questions without having the learning material of phases 2 and 3 at hand. Therefore,
comparisons between the proportions of correct answers between phase 1 and phase 4
can illustrate the learning effect of the training courses. As the interviews before phase 4
with some of the students were quite long, two students were obliged to drop out before
phase 4, and one student during phase 4. The results of the remaining students” work in
phase 4 are summarized in Table 2. With regard to the aspect of performance, all medical
students were able to correctly calculate the positive predictive value on almost all the
tasks, and a significantly larger proportion of law students answered correctly as compared
to the learning tasks in phase 1. This is an encouraging result with regard to the learning
effect on the aspect of performance, as it shows that the proportion of students who can
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correctly calculate conditional probabilities significantly increased, and this skill can also
be transferred to new Bayesian problems. Moreover, the proportion of correct answers on
the learning task that addressed a context outside of one’s own professional domain (T1)
indicates that the acquired skills in Bayesian Reasoning can also be adapted to contexts from
an unfamiliar professional domain. The knowledge gained about the aspect of covariation
seems to have been greater for the students of medicine, where the proportion of correct
answers almost doubled compared to those of the students of law, whose proportion of
correct answers only improved marginally. This might be due to the fact that the law
students answered the tasks on covariation surprisingly well from the outset (compare the
results of phase 1).
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Figure 12. The students’ notes while working on the learning task on the aspect of covariation.

Overall, the observations of the students and their feedback suggest that, despite a
few detailed adjustments, the materials of the training courses were useful and supportive
for working on the learning tasks. Moreover, the learning tasks themselves were perceived
as authentic, which, again, increased the motivation of students to learn how to reason in a
Bayesian manner within their domain. This is also highlighted by the suggestion of a law
student: “I can only recommend participating in the training course! You learn a simple
schema on how to easily solve questions which seem complicated in the beginning”; and
the recommendation of a medicine student to take part in the training course: “You can
learn a lot about the validity of a medical diagnostic test. This is surely going to help you
later, for example when breaking news to patients. By taking part in the training, I have
gained a long-term understanding about contents which were only briefly touched upon or
not mentioned at all in my studies before.”

5. Discussion and Conclusions

Developing an evidence-based training course on Bayesian Reasoning requires the
identification and evaluation of relevant prior research before combining it meaningfully
within an adequate instructional approach. Actually, prior research on Bayesian Reasoning
identified two main successful strategies: firstly, using natural frequencies as the format
of the statistical information, and secondly, structuring the Bayesian situation with an
adequate visualization (i.e., double tree or unit square). On one hand, we used these two
strategies to support the learning of how to perform in Bayesian situations, as the related
research suggested. However, on the other hand, we also used both strategies for learning
covariation in a Bayesian situation that had not previously been addressed in training
courses for Bayesian Reasoning.

We also explicitly based our two training courses on a promising instructional ap-
proach, the 4C/ID model, which we used to train the different aspects of Bayesian Reason-
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ing by combining the before-mentioned successful strategies. This instructional approach
guided several decisions about the structure and content of our training course. For in-
stance, use of the 4C/ID model made it necessary to develop real-life-based authentic
learning tasks, which we evolved by working together with experts from the field of
medicine and law. Furthermore, supportive and procedural information needed to be
created in order to facilitate the learning within the learning tasks. The prior research on
Bayesian Reasoning (e.g., successful strategies, common errors) guided our decisions on
conceptualizing the supportive and procedural information.

A further key consideration in the development of our training courses was the
opportunity to locally apply further findings of research in psychology or mathematics
education, if these findings are found to promote mathematical learning. For example, we
have applied Mayer’s principles for the design of multimedia instruction (e.g., signaling
and segmenting), the instructional method of worked examples and research on explanatory
videos. Additionally, we used worked examples [61] because they were found to promote
learning. This local use of research findings was a complementary consideration for
developing evidence-based training.

However, the development of our evidence-based training course did not rely on
theoretical considerations only. Thus, conducting a formative evaluation including in-
depth investigations of the thoughts and actions of the users of our training courses was
part of the development, and led to optimization of the training courses. In the interviews,
which were part of the evaluation, the students confirmed that the learning tasks were
authentic. Thus, it was possible to prove the coherence between experts” considerations
about contexts and their acceptance by the users of the training courses.

Moreover, the results and feedback suggest that the supportive and procedural infor-
mation was helpful, as most of the students applied this information and also worked more
successfully on the learning tasks after the training. Furthermore, they judged the training
course to be an enrichment of what they had learned in university, and appreciated having
taken part in it. Thus, the structure based on the 4C/ID model was also acknowledged
by the users of our training courses. In addition, the findings concerning the learning
materials of the students as well as the results gave initial evidence that the training course
is effective.

Although the insights of the formative evaluation represent qualitative feedback only,
they helped us to adjust certain features within the training courses. After adjusting our
training courses according to the lessons learned from the present paper, we have already
carried out a study with more than 500 participants from medicine or law and with a control
group to analyze training effects in a quantitative way. In this main study, the two training
courses extensively described in the present paper are the two experimental conditions with
“maximal expectations”. Additionally, there were two further control training conditions,
one that solely uses the strategy of natural frequencies (without a visualization), and
another that solely uses the strategy of a visualization (without the promising natural
frequencies). A control group (waiting condition) completed the experimental design. In
that study, we carried out a pre- and a post-test as well as a follow-up test 8 to 12 weeks
after the training to identify long-term learning effects. For the results of the main study
regarding a sample of more than 500 students of medicine or law, see [95] or [96], or visit
our project website [97]. However, the results of this field study are beyond the scope of
this current paper, which is centered on the development of the training courses.

Apart from that, the training courses presented could also be easily adapted to extend
the training, by increasing the complexity of the learning tasks and reducing the scaffolding,
or to tailor them to another group of participants. For example, in order to reduce the
scaffolding within a learning task, the statistical information may be omitted so that the
learners first have to gather them, as in a real-life scenario. Additionally, the aspect of the
communication of Bayesian Reasoning could be integrated into the training courses. Finally,
for further stages of the training program, it would be beneficial to also offer learning tasks
with high physical fidelity and an opportunity for interaction, for example, working on
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a real diagnostic problem with a real patient. This would link the different tasks even
more closely and is, therefore, only suitable for a more advanced learner. In order to tailor
the training courses to a different group of participants (e.g., from a different professional
background), new learning tasks would have to be generated to establish an authentic
learning environment for this group of participants.

To conclude, the main aim of this paper was to provide some insight on how to foster
Bayesian Reasoning with evidence-based training, by taking into account prior research on
the topic itself and on instructional methods. Likewise, as pointed out by a law student
who was one of the participants in the formative evaluation, the presented training courses
on Bayesian Reasoning are a complementary asset to what is regularly learned at university:
“The training course is an excellent enrichment of the regular courses. The well-designed
input on statistics helps to better understand common practices in law and also broaden
one’s general education.”
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