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SUMMARY

Reinforcement learning is a framework for solving sequential decision-making prob-
lems without requiring the environmental model, and is viewed as a promising approach
to achieve artificial intelligence. However, there is a huge gap between the empirical suc-
cesses and the theoretical understanding of reinforcement learning. In this thesis, we make
an effort to bridging such gap.

More formally, this thesis focuses on designing data-efficient reinforcement learning
algorithms and establishing their finite-sample guarantees. Specifically, we aim at answer-
ing the following question: suppose we carry out some reinforcement learning algorithm
with finite amount of samples (or with finite number of iterations), then what can we say
about the performance of the output of the algorithm? The more detailed motivation and
the research background are presented in Chapter 1.

Part I: Stochastic Approximation. The main body of this thesis is divided into three
parts. In the first part of the thesis, we focus on studying the stochastic approximation
method. Stochastic approximation is the major workhorse for large-scale optimization and
machine learning, and is widely used in reinforcement learning for both algorithm design
and algorithm analysis. Therefore, understanding the behavior of SA algorithms is of fun-
damental interest to the analysis of RL algorithms.

In Chapter 2 and Chapter 3, we consider Markovian stochastic approximation under a
contractive operator and under a strongly pseudo-monotone operator, and establish their
finite-sample guarantees. These two results on stochastic approximation are used in later
parts of the thesis to study reinforcement learning algorithms with a tabular representa-
tion and with linear function approximation. The main technique we use to analyze those
stochastic approximation algorithms is the Lyapunov-drift method. Specifically, we con-
struct novel Lyapunov functions (e.g., generalized Moreau envelope in the case of stochas-

tic approximation under a contraction assumption) to capture the dynamics of the corre-
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sponding stochastic approximation algorithms, and control the discretization error and the
stochastic error. This enables us to derive the one-step drift inequality, which can be re-
peatedly used to establish the finite-sample bounds.

In Chapter 4, we switch our focus from finite-sample analysis to asymptotic analysis,
and characterize the stationary distribution of the centered-scaled iterates of several popu-
lar stochastic approximation algorithms. Specifically, we show that for stochastic gradient
descent, linear stochastic approximation, and contractive stochastic approximation, the sta-
tionary distribution of the centered iterates (after proper scaling) is a Gaussian distribution
with mean zero and a covariance matrix being the unique solution of an appropriate Lya-
punov equation. For stochastic approximation beyond these three types, we numerically
demonstrate that the stationary distribution may not be Gaussian in general. The main
technique we used for such asymptotic analysis is also Lyapunov method, where the char-
acteristic function was used as the test function.

Part II: Reinforcement Learning with a Tabular Representation. In the second
part of this thesis, we focus on reinforcement learning with a tabular representation. The
preliminaries of reinforcement learning are presented in Chapter 5.

In Chapter 6 and Chapter 7, we consider the TD-learning algorithm for solving the
policy evaluation problem, which refers to the problem of estimating the performance of a
given policy. Solving the policy evaluation problem is an important intermediate step in the
popular actor-critic framework for ultimately finding an optimal policy. More specifically,
we consider on-policy TD-learning algorithms such as n-step TD and TD(\) in Chapter 6.
By establishing finite-sample guarantees of n-step TD and TD(\) as explicit functions of
the parameters n and )\, we provide theoretical insight into the open problem about the
efficiency of bootstrapping, which is about how to choose the parameters n and A so that
n-step TD and TD(\) achieve their best performance.

In Chapter 7, we study the problem of policy evaluation using off-policy sampling,

where the policy used to collect samples and the policy whose value function we aim at
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estimating is different. We provide finite-sample analysis of a generic off-policy multi-step
TD-learning algorithm, which subsumes several popular existing algorithms such as Q™ ()),
Tree-Backup(\), Retrace(\), and V-trace as its special cases. In addition, our finite-sample
bounds demonstrate a trade-off between the variance (which arises due to the product of
the importance sampling ratios) and the bias in the limit point (which arises due to various
modifications to the importance sampling ratios). Understanding such bias-variance trade-
off is at the heart of off-policy learning.

In Chapter 8, we consider the ()-learning algorithm for directly finding an optimal
policy and present its finite-sample guarantees. The finite-sample bounds imply an @(6*2)
sample complexity, which is known to be optimal up to a logarithmic factor. In addition, our
finite-sample bounds also capture the dependence on other importance parameters of the
reinforcement learning problem, such as the size of the state-action space and the effective
horizon.

Part I1I: Reinforcement Learning with Linear Function Approximation. In the last
part of this thesis, to overcome the curse of dimensionality in reinforcement learning, we
consider reinforcement learning with linear function approximation. Specifically, we focus
on the off-policy setting, where the deadly triad is present, and can result in instability of
reinforcement learning algorithms.

In Chapter 9, we consider off-policy TD-learning with linear function approximation,
where the deadly triad appears. We design a single time-scale off-policy TD-learning us-
ing generalized importance sampling ratios and multi-step bootstrapping, and establish its
finite-sample guarantees. The algorithm is provably convergent in the presence of the
deadly triad, and does not suffer from the high variance in existing off-policy learning
algorithms.

The TD-learning algorithm proposed in Chapter 9 is later used in Chapter 10 to solve the
policy evaluation sub-problem in the general policy-based framework with various policy

update rules, including approximate policy iteration and natural policy gradient. By only

XX



exploiting the contraction property and the monotonicity property of the Bellman operator,
we establish an overall O(e~2) sample complexity for a wide class of policy-based methods
using off-policy sampling and linear function approximation.

In Chapter 11, we focus on ()-learning with linear function approximation (where the
deadly triad naturally appears), and establish its finite-sample bounds under an assumption
on the discount factor of the problem. In particular, we show that when the discount factor
is sufficiently small, the deadly triad challenge can be overcome.

In Chapter 12, we further remove the restriction on the discount factor by designing a
convergent variant of (-learning with linear function approximation using target network
and truncation. This is the first variant of ()-learning with linear function approximation
that uses a single trajectory of Markovian samples, and is provably stable without requir-
ing strong assumptions. In addition, the algorithm achieves the optimal O(¢~2) sample
complexity (which matches with ()-learning in the tabular setting) up to a function approx-

imation error.

XX1



CHAPTER 1
INTRODUCTION AND OVERVIEW

1.1 Introduction

Reinforcement learning (RL) is a paradigm where an agent learns to accomplish tasks by
interacting with the environment, similar to how humans learn [1]. RL is therefore viewed
as a promising approach to achieve artificial intelligence, as evidenced by the remarkable
successes in solving many practical problems such as the game of Go [2], robotics [3],
autonomous-driving [4], healthcare [S5], and very recently, controlling the nuclear fusion
plasma [6].

Despite the empirical successes, theoretically RL algorithms are in general not well-
understood. A typical example is ()-learning with function approximation, which although
achieves remarkable performance in practical applications [7], is theoretically known to
diverge in general [8]. The focus of this thesis is on developing data-efficient RL algorithms
with provable finite-sample guarantees. More formally, let {xz} be the iterates generated
by some iterative RL algorithm. The goal is to study the decay of difference between xy,
and z* (which is the desired limit point) as a function of the number of iterations k. Such
results not only provide theoretical insights into RL algorithms, but also can be used as
guidelines for both practical algorithm implementation and new algorithm design.

RL has three major ingredients, viz., Markov decision process (MDP), stochastic ap-
proximation (SA), and function approximation . The RL problem is usually modeled as an
MDP. However, the environmental model of the MDP (e.g. transition probabilities, reward
function, etc) is unknown to the agent. In each time step, the agent is at some state, and can
take an action to determine the next state, as well as the stage-wise rewards, in a stochastic

manner. The goal is to find an optimal policy of choosing actions so that its corresponding



long-term reward is maximized.

It turns out that solving the RL problem is equivalent to solving a system of equations
known as the Bellman equation [9], which leads to several popular iterative algorithms,
including but not limited to value iteration, policy iteration, and policy gradient. However,
since the environmental model is unknown in RL, one needs to work with iterative algo-
rithms in the presence of noise. This leads to the SA method [10]. In fact, most of the RL
algorithms can be modeled by SA algorithms for solving some suitable target equations.
Beyond RL, SA algorithms are used widely in other aspects of machine learning and op-
timization, with the popular stochastic gradient descent (SGD) being a typical example.
Therefore, studying the behavior of general SA algorithms is of fundamental interest.

A major challenge of RL in implementation is that most of the classical algorithms are
not tractable when facing large state and action spaces. To overcome this difficulty, RL
algorithms are incorporated with function approximation, where the main idea is to restrict
the searching space to a pre-defined subset, thereby reducing the complexity of the problem.
Although this idea has led to many empirical successes, function approximation is one the
infamous “deadly triad” [1] (the other two are off-policy learning and bootstrapping), which
can result in divergence [8]. This motivates us to design algorithms that have provable

convergence bounds when facing the “deadly triad”.

1.2 Overview of Main Contributions

In this section we present a high-level overview of the main contributions.

1.2.1 Stochastic Approximation

As we mentioned earlier, RL algorithms in their nature are stochastic iterative algorithms
for solving various Bellman equations. Due to the special sampling procedure in RL, the
algorithms usually involve Markovian noise. In Part I of this thesis, we focus on studying

Markovian SA algorithms. The results serve as the major theoretical workhorse for our
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analysis of RL algorithms in Part II and Part III.

In Chapter 2 and Chapter 3, we focus on finite-sample analysis of Markovian SA algo-
rithms. To provide a unified framework, we develop a Lyapunov approach, which involves
two major challenges. One is the contruction of a valid Lyapunov function to capture the
dynamics of the corresponding SA algorithm, and the other is to handle the stochastic error
due to the Markovian noise.

In Chapter 2, we consider SA algorithms under contractive operators, where we con-
struct a novel Lyapunov function called the generalized Moreau envelope. Previously, the
lack of a Lyapunov function for studying contractive SA algorithms imposes major diffi-
culties in the analysis [11, Section 4.3]. We overcome this challenge by constructing the
generalized Moreau envelope, which serves as a valid Lyapunov function for SA algo-
rithms under arbitrary norm contraction. In Chapter 3, we consider SA algorithms involv-
ing strongly pseudo-monotone operators, where the Euclidean norm-square function serves
as a valid Lyapunov function.

To handle the Markovian noise for both contractive SA algorithms and SA algorithms



under strongly pseudo-monotone operators, we use a conditioning argument together with
the fast mixing of Markov chains. Such conditioning argument was first used in [11] for
studying the asymptotic convergence of linear SA algorithms with Markovian noise. Later,
it was used more explicitly in [12] for deriving finite-sample bounds of linear SA algo-
rithms. In this thesis, we extend this technique to studying nonlinear Markovian SA algo-
rithms, whose analysis is fundamentally more challenging.

Beyond finite-sample analysis, we also provide asymptotic analysis of SA algorithms
in terms of the stationary distribution of the centered-scaled iterates in Chapter 4. Specif-
ically, we show that for SGD, linear SA, and contractive SA, the corresponding stationary
distribution is a Gaussian distribution with mean zero and a covariance matrix being the
unique solution of an appropriate Lyapunov equation. We also adopt a Lyapunov approach
here to establish the results, where the characteristic function serves as a test function. For
more general SA algorithms, we show numerically that unlike central limit theorem type

of results, the stationary distribution need not be Gaussian in general.

1.2.2 Reinforcement Learning with a Tabular Representation

In the second part of this thesis, we provide finite-sample guarantees of various tabular RL
algorithms including on-policy TD-learning algorithms such as n-step TD and TD(\), off-
policy TD-learning algorithms such as Q™ () [13], Tree-Backup()) (henceforth denoted
by TB())) [14], Retrace(\) [15], and @-trace [16], etc, and off-policy control algorithms
such as Q-learning [17].

On-Policy TD-Learning: For various on-policy bootstrapped TD-learning algorithms
such as n-step TD and TD(\), there is key problem about the efficiency of bootstrapping
[18], which refers to the question about how to choose the parameters n (or ) so that n-step
TD (or TD(\)) achieves its optimal performance. By establishing finite-sample bounds of
n-step TD (and TD(\)) as an explicit function of n (and \), we provide theoretical insights

into the efficiency of bootstrapping. For example, the optimal choice of n in n-step TD is



roughly of the size O(1/log(1/7)), where 7 is the discount factor of the RL problem.

Off-Policy TD-Learning: When the policy used to collect samples is different than the
policy whose value function we want to estimate, the corresponding TD-learning algorithm
is called off-policy TD-learning. Off-policy learning is sometimes preferred in practice due
to both practical reasons and theoretical reasons. However, it is more difficult to analyze
compared to on-policy learning algorithms. By identifying a generalized Bellman operator
in off-policy TD-learning and investigating its contraction properties, we provide finite-
sample guarantees for a variety class of multi-step off-policy TD-learning algorithms and
compare their performance analytically. In addition, our results explicitly capture the trade-
offs between the high variance (due to importance sampling ratios) and the bias in the limit
point, which is a fundamental problem in off-policy TD-learning algorithms.

(Q-Learning: Since (Q-learning is the most well-known value-based RL algorithm, its
behavior is of fundamental interest to the community. Our finite-sample bounds imply
an O (%) sample complexity to achieve E[||Qr — Q*||] < €, where € is a given

accuracy. This is the state-of-the-art mean-square sample complexity of ()-learning.

1.2.3 Reinforcement Learning with Linear Function Approximation

In the last part of the thesis, we consider RL with linear function approximation. In real-
ity, RL algorithms usually face computational challenges when the size of the state-action
space is large. This motivates the use of function approximation. However, when function
approximation is used together with off-policy sampling, the infamous deadly triad [1] usu-
ally appears and the corresponding RL algorithm can diverge [8]. In Part III of this thesis,
we design convergent RL algorithms in the presence of the deadly triad and establish their
finite-sample guarantees.

Off-Policy TD-Learning with Linear Function Approximation: In Chapter 9, to over-
come the deadly triad in TD-learning, we propose a generic single time-scale algorithm of

multi-step TD-learning with generalized importance sampling ratios, including two specific



algorithms: the A-averaged (-trace algorithm and the two-sided ()-trace algorithm. We es-
tablish their finite-sample convergence guarantees, characterize the limit points as solutions
to generalized multi-step projected Bellman equations (PBEs), and provide performance
bounds on the limit points in terms of the error compared to the true value functions.

Policy-Based Algorithms under Off-policy Sampling and Linear Function Approxima-
tion: In Chapter 10, we consider a general policy-based framework where the policy eval-
uation problem is solved with our proposed off-policy TD-learning algorithm (presented in
Chapter 9), and the policy improvement uses various policy update rules, including approx-
imate policy iteration and natural policy gradient. We provide a unified approach to show
that the overall sample complexity for all these algorithms is @(6_2), which matches with
the sample complexity of value-based RL algorithms such as ()-learning. Importantly, to
establish the results, we only exploit the contraction property and the monotonicity prop-
erty of the Bellman operators.

(QQ-Learning with Linear Function Approximation: ()-learning with function approxi-
mation is one of the most empirically successful while theoretically mysterious RL algo-
rithms, and was identified in [18] as one of the most important theoretical open problems
in the RL community. Even in the basic linear function approximation setting, there are
well-known divergent examples [8].

In Chapter 11, we provide sufficient conditions under which ()-learning with linear
function approximation provably converges. In Chapter 12, we further propose a stable
design for (-learning with linear function approximation using farget network and trunca-
tion, and establish its @(6*2) sample complexity up to a function approximation error. This
is the first variant of ()-learning with linear function approximation that uses a single tra-
jectory of Markovian samples, and is provably stable without requiring strong assumptions

or modifying the problem parameters.



Part 1

Stochastic Approximation



CHAPTER 2
STOCHASTIC APPROXIMATION UNDER A CONTRACTIVE OPERATOR

2.1 Introduction

Solving optimization or machine learning problems usually reduces to solving root-finding
problems. For example, minimizing a convex objective function is equivalent to finding the
zeros of its gradient operator. Similarly in RL, finding an optimal policy essentially boils
down to solving the Bellman equation.

To solve systems of equations, we usually resort to iterative algorithms. As we will
see in the second part of this thesis, at the heart of RL is the problem of iteratively solving
the Bellman equation using noisy samples, i.e. solving a fixed-point equation of the form
F(x) = x. Here, F(-) is a contractive operator with respect to a suitable norm, where
we only have access to samples from noisy versions of the operator. Such fixed-point
equations, more broadly, are solved through the framework of SA algorithms [10], with
several RL algorithms such as )-learning and TD-learning being examples there-of. This
chapter focuses on understanding the evolution of such a noisy fixed-point iteration through
the lens of SA, and providing finite-sample convergence results.

More formally, motivated by applications in RL, we consider an SA algorithm of the

following form.

Algorithm 1 SA under a Contractive Operator

1: Input: Integer &/, and initialization z, € R?
2: fork=0,1,--- k' —1do

3: Trt1 = Tk + QO (F(Ik, Yk) — T + wk)
4: end for

5: Output: =y

Here in Algorithm 1, {a4} is a sequence of stepsizes, {Y)} is a Markov chain with

a finite state-space ) and a unique stationary distribution py, F : R? x Y + R%is a
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nonlinear operator, and {wy} is a random process representing the additive extraneous
noise. Let F'(+) = Ey,, [F(-,Y)], and we assume that F'(-) is a contraction mapping with
respect to some arbitrary norm, denoted by || - ||.. By rewriting the main update equation

of Algorithm 1 as

Ty — T = gk(F(xk) - $k2+9k(F($k, Yi) — F(ay)) + QW , 2.1
Expect;dr Update Marko\ggn Noise Martingale Difference Noise

we see that Algorithm 1 is a stochastic variant of the fixed-point iteration (with stepsizes)
Tpy1 = (1 — ag)p + apF (1), and hence is an SA algorithm for solving the fixed-point

equation

F(x) =x. (2.2)

Our goal is to characterize the behavior of the quantity E[||z;, — z*||?] as a function of ,
where * is the unique solution to Equation 2.2.

To derive finite-sample bounds, two conditions are pertinent: (1) the norm in which the
operator F(-) contracts, and (2) the properties of the effective noise, i.e., Ny := F(zy, Yy)—
F(z1) + wy in the case of Equation 2.1. In prior literature, if the conditional second mo-
ment of the noise { Vi } is uniformly bounded by a constant, then the norm with respect to
which F'(-) being a contraction becomes irrelevant, and it is possible to derive finite-sample
convergence guarantees [19, 20, 21, 22]. When the second moment of the noise is not uni-
formly bounded, then finite-sample bounds can be derived in the case where the norm for
contraction of F' (+) is the Euclidean norm [11, 23]. However, in many RL problems, the
contraction of F() occurs with respect to a different norm (e.g. the ¢,,-norm [17] or a
weighted variant [24]). Further, due to the Markovian sampling in RL, conditioned on the
past, the second moment of the norm of the noise scales affinely with the current iterate,

and in general, no uniform bound exists.

An important practical application of this setting with /,.-norm contraction and un-
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bounded noise is the well-known V -trace algorithm for solving the policy evaluation prob-
lem using off-policy TD-learning [1]. Its variants form the basis of today’s distributed RL
platforms like IMPALA [25] and TorchBeast [26] for multi-agent training. It has been used
at scale in the recent Deepmind City Navigation Project “Street Learn” [27]. Therefore,
deriving finite-sample convergence results for SA under contraction of F'(-) with respect to
general norms, and handling unbounded noise are of fundamental interest. In this chapter,
we answer the following general question in the affirmative:

Can we provide finite-sample convergence guarantees for the SA algorithm when the
norm of contraction of F(-) is arbitrary, and the second moment of the effective noise
conditioned on the past scales affinely with respect to the squared-norm of the current
iterate?

To the best of our knowledge, except under special conditions on the norm for contrac-
tion of F(-) and/or strong assumptions on the noise, such finite-sample error bounds have

not been established.

2.1.1 Main Contributions

We establish finite-sample guarantees (with various choices of stepsizes) of Algorithm 1.
Specifically, we show that when using constant stepsize o, = «, the convergence rate
is geometric, with asymptotic accuracy approximately O(«log(1/a)). When using di-
minishing stepsizes of the form «//(k + h)¢ (where ¢ € (0, 1]), the convergence rate is
O(log(k)/k*), provided that o and h are appropriately chosen. In addition, our bound also
involves a (possibly dimension-dependent) constant that is determined by the contraction
norm. In the special case of {,,-norm contraction, we show that such constant scales only
logarithmically in terms of the dimension of the iterates, and is not improvable in general.

The key idea is to study the drift of a carefully constructed potential/Lyapunov func-
tion. We obtain such a potential function by smoothing the norm-squared function, and the

resulting valid Lyapunov function is called the generalized Moreau envelope.
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2.1.2 Related Literature

The SA method, originally proposed in [10], is an iterative method for solving root-finding
problems with incomplete information. Early literature focus on asymptotic convergence
of SA algorithms [28]. In particular, for SA under a contractive operator, its asymptotic
convergence was established in [24, 29] using a supermnartingale convergence approach,
and in [28, 30, 31] using an ODE approach. Specifically, given certain assumptions, it was
shown in [32, 33] that the SA algorithm converges almost surely as long as the correspond-
ing ODE is stable. The ODE approach was extended to more general cases in [34, 35,
36], where the ODE lacks stability, or has multiple equilibrium points. The convergence of
various SA algorithms such as SA with Markovian noise and multiple time-scale SA was
studied in [37, 36] and [38, 39] respectively. While the results presented were very general,
they study SA algorithms in the asymptotic regime. In this part of the thesis, we perform
finite-sample analysis, which is different in flavor and provides stronger finite-sample con-
vergence guarantees.

For linear SA algorithms, finite-sample mean-square bounds were established for both
i.i.d. sampling and Markovian sampling in [40, 12]. Concentration results were established
in [41, 42]. For non-linear SA algorithms, finite-sample bounds in general are only derived
for special forms of SA algorithms, such as SGD [23, 43, 44], and ()-learning. We will
present a thorough literature review on ()-learning in the second part of this thesis. More-
over, unlike i.i.d. sampling, in the case of Markovian sampling, an artificial projection

(onto a ball) is introduced in the algorithm to ensure that the iterates are bounded [45].

2.1.3 Summary of Our Techniques

We now give a more detailed description of the techniques we use. To provide intuition,
assume for now that the norm with respect to which F(-) being a contraction is the £,-norm
for some p € [2,00). Consider the ODE associated with the SA: @(t) = F(x(t)) — z(t).

<

It is shown in [33, chapter 10] that the function W (z) = ||z — x*||,, satisfies < W (z(t))

11



—xW (x(t)) for some x > 0, which implies the solution z(t) of the ODE converges to its
equilibrium point * geometrically fast. The term « corresponds to a negative drift.

In order to obtain finite-sample bounds, in this chapter we study the SA directly, and
not the ODE. Then, the Lyapunov function W (z) cannot be directly used to analyze the
SA algorithm due to the discretization error and stochastic error. However, suppose we
can find a function M (z) that gives negative drift, and is L — smooth, where L > 0 is the
smoothness parameter. Then, we have a handle to deal with the discretization error and the

error caused by the noise to obtain:

E[M(zgs1 — 2)] < (1 — O(ag) + o(ag) ) E[M (x, — 2*)] + o(ay), (2.3)

which implies a contraction in E[M (x4; — x*)]. Therefore, a finite-sample error bound
can be obtained by recursively applying the previous inequality. The key point is that
M (z)’s smoothness and its negative drift with respect to the ODE produces a contraction
(1 — O(ag) + o(ay)) for {xx}. Based on the above analysis, we see that the Lyapunov

1

function for the SA in the case of /,-norm contraction should be M (z) = 3|z — =

2
p°

*

which is known to be smooth [46].

However, in the case where the contraction norm || - || is arbitrary, since the function
f(x) = ]|z — 2*||? is not necessarily smooth, the key difficulty is to construct a smooth
Lyapunov function. An important special case is when || - ||. = || ||, Which is applicable to
many RL algorithms. We provide a solution to this where we construct a smoothed convex
envelope M (z) called the generalized Moreau envelope that is smooth with respect to some
norm || - ||,, and it is a tight approximation to f(x), which essentially guarantees that it is
a Lyapunov function for the ODE with a negative drift. This lets us prove a convergence

result akin to the case when f(x) is smooth.
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2.2 Assumptions

In this section, we formally state our assumptions for studying Algorithm 1.

Assumption 2.2.1 (Contraction Mapping). The operator F'(-) is a contraction mapping

with respect to some arbitrary norm || - ||, i.e., there exists 8 € (0, 1) such that
1F (1) = F(2)le < Bllwr — w2le, ¥ 21,22 € R

Under Assumption 2.2.1, Equation 2.2 has a unique solution [47], which we have de-

noted by x*.
Assumption 2.2.2 (Lipschitz continuity). There exist Ay, B; > 0 such that

(D) [[F(z1,y) = Fw2,y)lle < Aulley — 2| for any 21,2, € R7and y € Y,

(2) ||F(0,y)||. < By forany y € ).

Let P € RYI*I be the transition probability matrice of the Markov chain {Y}}, and

let || - ||rv be the total variation distance between probability distributions.

Assumption 2.2.3 (Uniform Ergodicity). The Markov chain M = {Y}} has a unique

stationary distribution piy, and there exist C' > 0 and o € (0, 1) such that

rnaXHPk(y, ) = py () ]Jry < Co* Vk>0.

yey

Remark. Since the state-space ) of the Markov chain {Y}} is finite, Assumption 2.2.3 is

satisfied when {Y} } is irreducible and aperiodic [48].

Under Assumption 2.2.3, we next introduce the notion of Markov chain mixing.

Definition 2.2.1. For any § > 0, the mixing time ¢;(M) of the Markov chain M = {Y}}

with precision ¢ is defined by

ts(M) = min {k >0: r;lea)%( HPk(y7 D=y ()rv < 5} .

13



For simplicity of notation, in this chapter of the thesis, we will just write ¢5 for t5(M).

log(C/o)+log(1/9)

Note that Assumption 2.2.3 implies {5 < 0g(1/0)

for any 0 > 0, which further
implies that lims_,o 0t5 = 0. This property is important in our analysis for controlling the
Markovian noise {Y}} in Algorithm 1.

Let F}, be the Sigma-algebra generated by {(z;, Y, w;) }o<i<r—1 U {xx}.

Assumption 2.2.4 (Additive Martingale Difference Noise). There exist As, By > 0 such

that
(1) Elwy | Fx] = 0forall & > 0,
(2) ||wglle < As||zk||. + Bs for all k& > 0.

Assumption 2.2.4 states that {wy} is a martingale difference sequence with respect to
the filtration F4, and can grow at most affinely with respect to the iterate xy,.
Finally, we specify the requirements for choosing the stepsize sequence {ay}. We will

consider using stepsizes of the form oy, = m, where o, h > 0 and £ € [0, 1].

Condition 2.2.1. (1) Constant Stepsize. When £ = 0, there exists a threshold & € (0, 1)
such that we need to choose a € (0, &). (2) Linear Stepsize. When £ = 1, for each a > 0,
there exists a threshold 2 > 0 such that we need to choose h € [h,0). (3) Polynomial
Stepsize. For any & € (0,1) and o > 0, there exists a threshold / > 0 such that we need to

choose h € [h, ).

The existence of the thresholds & and h is verified in Subsection 2.6.3.
The asymptotic convergence of {x} under similar assumptions has been established in

the literature. In particular, an approach based on studying the ODE

i(t) = F(a(t)) — 2(t) (2.4)

was used in [31, 33], where it was shown that x; converges to z* almost surely under some

stability assumptions of the ODE. The focus of this chapter is to establish the finite-sample
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bounds for Algorithm 1. We do this by studying the drift of a smooth potential/Lyapunov
function [12, 49]. While we do not explicitly use the ODE approach, the potential function
we are going to construct in Section 2.3 is inspired by the Lyapunov function used to study

the ODE.

2.3 The Generalized Moreau Envelope as A Smooth Lyapunov Function

In this section, we construct a novel Lyapunov function through the generalized Moreau
envelope, and investigate its properties. In particular, the smoothness and an approximation
property of the Lyapunov function we specify here are used in the next subsection to show
the desired recursive contractive bound of Algorithm 1 (i.e., Equation 2.3).

To construct such a Lyapunov function, the following definitions are needed. In this the-
sis, (x,y) = x "y represents the standard dot product, while || - || in the following definition

can be any arbitrary norm instead of just being the Euclidean norm ||z||, = (x, z)'/2.
Definition 2.3.1. Let g : RY — R be a convex differentiable function. Then g(-) is said to
be L — smooth with respect to some norm || - || if and only if

L
9(y) < 9(@) + (Vg(),y — 2) + Sllv - yl?, vV a,y € R™

Definition 2.3.2 (generalized Moreau envelope). Let h; : R — R be a closed and convex
function, and let hy : R? — R be a convex and L — smooth function. For any 6 > 0, the
generalized Moreau envelope of A, (-) with respect to hy(-) is defined by

M (z) = min {hl(u) + 1hg(gc — u)} .

u€Rd 0

The standard Moreau envelope was previously used in [50, 51] to study convex opti-
mization problems. As an aside, we note that for any two functions hq, hs : R? — R, the

function defined by (h10hs)(z) := inf,cga{hi(u) + hao(x — u)} is called the infimal con-
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volution of h;(-) and hy(-) [46]. Therefore, the generalized Moreau envelope in Definition
2.3.2 can be written as M,fi’” (z) = (hO%)(x).
1

Let f(z) = 3||z||2, where || - || is given in Assumption 2.2.1. Let || - || be an arbitrary

norm in R? such that g(z) := %||z||? is L — smooth with respect to the same norm | - |, in
its definition. For example, || - || can be the {,-norm for any p € [2, c0) [46, Example 5.11].
Due to the norm equivalence in R? [52], there exist /., € (0,1] and u.s € [1, 00) that depend
only on the dimension d and universal constants, such that {og|| - ||s < || - ||lc < tes|| - ||s-
Construction of the Lyapunov Function. With a suitable choice of 6, we will use the
generalized Moreau envelope of f(-) with respect to g(-), i.e., M?’g (+) as our Lyapunov

function to analyze the behavior of Algorithm 1. The following proposition states that

M?’g (+) is a smooth approximation of the norm-squared function f(-).

Proposition 2.3.1. The function M}?’g (+) has the following properties.

(1) M?’g(-) is convex, and %-smooth with respect to || - ||s.
(2) There exists a norm || - ||,,, such that Mﬁ’g(x) = 1]|z||2.
(3) It holds that Lo - |l;m < || le < el - |lm» Where € = (1 4+ 002)'? and

Uern = (14 Ou?,)V/2,

Proposition 2.3.1 (1) is restated from [46], and we include it here for completeness.
This, together with Proposition 2.3.1 (3) implies that Mﬁ’g (+) is a smooth approximation
of the norm-squared function f(-). Intuitively, suppose that the f(-) itself is smooth, then
f(+) can be directly used as a Lyapunov function to study Algorithm 1. However, for an
arbitrary contraction norm || - ||, the function f(-) is not necessarily smooth. One typical
example is when || - ||. = || - ||. In this case, we use the generalized Moreau envelope to
construct M?’g (-) as a smooth approximation of f(-). Proposition 2.3.1 (2) states that the

generalized Moreau envelope itself is also a norm-squared function.
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2.4 Recursive Contractive Bounds for the Generalized Moreau Envelope

In this section, using the smooth approximation property of the generalized Moreau enve-
lope Mﬁ’g (+), we establish the desired one-step contractive inequality of Mﬁ’g () — *).

2 2 .
Let p; = %, g =1— ﬂcp}/Q, and @3 = % The tunable parameter 6 is

chosen such that s > 0, which is always possible since limgy_,o 7 = 1 and 5 € (0,1). Let
t). be the mixing time of the Markov chain {Y}} with precision «;, (see Definition 2.2.1).
For simplicity of notation, denote «; ; = i::l. ay, forany ¢ < j and &y, = ooy, —1 for

Proposition 2.4.1. The following inequality holds for all k > t.:

P30
2u2

cm

E[M{* (w1 — 27)] < (1 = 2000 + p3A%a8) (M} (2, — 7)) + 5255 (Alla” |l + B)?,

(2.5)
where A = Ay + Ay + 1 and B = By + Bs.

Since lims_,o dts = 0 under Assumption 2.2.3, we have limy_,o ax—¢, x—1 = 0 when
{ay} satisfies Condition 2.2.1. Therefore, Equation 2.5 is in the form of the desired one-
step contractive inequality (cf. Equation 2.3), which can then be repeatedly used to estab-

lish finite-sample guarantees of Algorithm 1.

2.5 Finite-Sample Convergence Guarantees

In light of Proposition 2.4.1, to establish finite-sample bounds of Algorithm 1, we repeat-

edly use Equation 2.5 and evaluate the final expression for using different stepsizes {ay }.
Let c; = (||lzo — z*||e + ||wollec + B/A)?, and ¢o = (Al||z*||. + B)?. Define K =

min{k > 0 : k > t;}, which is well-defined under Assumption 2.2.3. We now present the

finite-sample guarantees of Algorithm 1.
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Theorem 2.5.1. Consider {x} of Algorithm 1. Suppose that Assumptions 2.2.1, 2.2.2,

2.2.3 and 2.2.4 are satisfied, and {c,} satisfies Condition 2.2.1. Then we have the following

results.
(1) When k € [0, K — 1], we have ||z — x*||* < ¢, almost surely.
(2) When k > K, we have the following finite-sample guarantees.

(a) When {ay.} satisfies Condition 2.2.1 (1), we have:

* _ C
Ell|zr — 2*[|2] < prci(1l — goa)fle + 90; o
2

(b) When {ay.} satisfies Condition 2.2.1 (2), we have:

(i) when o < 1/po:

K+h

% (2p1e% 80{2 c t
Bllos o2 < i (o) + P

1 — poax (k + h)w2e’

k+h
(ii) when o = 1/po:

. K+h tilog(k + R
Ellae - 2°[2) < pres bl 4 h),

k+h + 80[2@3C2

(iii) when o > 1/o:

. K +h\?"  8ea’pscy t
E[nxk—xni}s%q( ) pscz Lt

k+h o —1 k+h’
(c) When {«y} satisfies Condition 2.2.1 (3), we have:

dpscocr Ty,
w2 (E+h)s

E[fjzy, — 2*[|2] < @1616_%((’“+h)1*5—(K+h)1f§) n

Remark. Recall that {5 < W under Assumption 2.2.3. Therefore, we have

, which introduces an additional logarithmic factor in the bound.

¢ log(k-+h) +l0g(C/(a0))
by < og(1/0)

18



In all cases of Theorem 2.5.1, we state the results as a combination of two terms. The
first term is usually viewed as the “bias”, and it involves the error in the initial estimate x,
(through the constant c;), and the geometric decay term (for constant stepsize case). The
second term is usually understood as the “variance”, and hence involves the constant c,,
which represents the noise variance at x*. This form of convergence bounds is qualitatively
similar to that of SGD type of algorithms presented in [23, 43]. However, compared to [23,
43], Algorithm 1 does not involve the gradient of any function, and has Markovian noise
{Y.}. Together they impose fundamental challenges in analyzing Algorithm 1.

From Theorem 2.5.1, we see that constant stepsize is very efficient in driving the bias
the zero, but cannot eliminate the variance even asymptotically. This suggests using di-

minishing stepsizes to eliminate the variance. When using linear stepsize o, = the

et
convergence bounds crucially depend on the value of a. In order to balance the bias and the
variance terms to achieve the optimal convergence rate, we need to choose o > 1/¢», and
the resulting optimal convergence rate is roughly O(log(k)/k). When using polynomial
stepsize, although the convergence rate is the sub-optimal O (log(k)/k®), it is more robust
in the sense that it does not depend on .

Switching focus, we now revisit the constants {; }1<;<3 in Theorem 2.5.1, which as
mentioned earlier, depend only on the contraction norm || - || and the contraction factor 3.

In the following lemma, we consider two cases where || - || = || - |2 and || - ||lc = || - ||co-

Both of them will be useful when we study convergence bounds of RL algorithms.

Corollary 2.5.1. The following bounds hold regarding the constants {¢; }1<i<s.

(1) When || - ||c = || - ||2, we have p1 < 1, o3 > 1 — (5, and p3 < 228.
(2) When || - |lc = || * ||oo, we have @1 < 3, g > #, and p3 < %Og(d).
Note that when compared to || - ||o-contraction, where the constant 3 is bounded by a
numerical constant, the upper bound for 3 has an additional % factor under the || - ||c-

contraction. In general, we cannot hope to improve the dimension dependence beyond
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log(d). To see this, consider the trivial case where F'(-,-) is identically equal to zero,
and {wy} is an i.i.d. sequence of standard normal random vectors. Algorithm 1 becomes
Tpi1 = T + ap(—zr + wy), which can be viewed as an SA algorithm for solving the
trivial equation = = 0, or an SGD algorithm for minimizing a quadratic objective J(z) =
5173 When oy = 1=, the iterate . is simply the running averages of {wy}, i.e., z), =
%Zf;ol w; for all & > 1, which implies x), ~ \/LE/\/'(O, I,). Tt follows that E[||z;||%] =
O(@) [53]. Thus in this setting, our resulting finite-sample bounds under /.,-norm

contraction are order-wise tight both in terms of the convergence rate and the dimensional

dependence.

2.6 Proof of All Theoretical Results

In this section, we present the proofs of Proposition 2.3.1, Proposition 2.4.1 and Theo-

rem 2.5.1. The proofs of all technical lemmas used here are provided in Section 2.7.

2.6.1 Proof of Proposition 2.3.1

(1) The convexity of M](f’g(a:) follows from Theorem 2.19 of [46]. Since f(-) is proper,

closed, and convex, and ¢(-) is L — smooth with respect to || - ||s, we have by [46, Theorem

5.30 (a)] that M?’g(x) = (fO%)(z) is £ - smooth with respect to || - [|,.

(2) It is clear from the definition of M?’g(x) that it is non-negative and is equal to zero

if and only if z = 0. Now for any ¢ € R, we have

1 1
M (o) = min { gl + gl
11 2 .
= min §Hcv||C + %ch — o3 (change of variable u = cv)

= |c|*M79(2).

Thus, Mﬁ’g (cx) = ¢ M?’g (x). It remains to show the triangle inequality.
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For any z,,z; € RY, let

N N ST
up € argmin 3 o flull; +

N ST
up € arg min ¢ Sfulle +

Then we have

M?’g(ﬂfl + .’172)

.1 1
=mm{wm@ gyl +a2 = ul}

1
< —Hul + )2 +

< —(Ilulllc+ ||Uz||c)2

1
+ 55l

Hxl + Ty — U] — uQ||2

gllz = ull?

gllz = ull?

1
}

(choose u = uq + us)

21— u[|s + (|22 — uo||s)?

1
=M ’g($1)+M€’g(fC2)+ [[ur[|elluzlle + = ||iU1 — Uy ||s]|we — ualls

1
S M?’g(.fl) -+ M;’g(l‘g) -+ 2\/§HU1”%

ol = w2y Sz +

HIZ - U2H2

= M7?(x1) + M79(25) + 2\/]\/[?’9(3:1)]\/[?’9(952),

It follows that \/M?’g(xl + x9) < \/Mjf’g(xl) + \/M?’g(xg) for any x,, x5 € R?. There-

fore, M?’g (+) is a norm-square function and we can write Mﬁ’g (z) = %|||2, for some norm

- llm-

(3) We first derive the upper bound. By definition of Mﬁ’g (x), we have

1
MO — nin d a2
#2(a) = mi {31l +

1
Zmi{%wf
ucRd
zmi{ﬂwﬁ
ucRd
= min {
yeR

1 2
2¥ "

1

Sl =l
1

S5 llz = ul
1

29/&2 (||x||0

1
(

21

(” : ||c < ch“ : ||s)
c) 2 } (triangle inequality)

(change of variable: y =

lull2)



nd (20 L) L el 2
=min< | = — —||7||.
ver \\2 " 2002, )Y Ou?, Y 20u2, " ¢

(minimum of a quadratic function)

It follows that f(x) < (1 + Ou2,) M?’g(x) for all z, which implies ||| < (1+6u2)Y?||- || m.

Next we show the lower bound. Similarly, by definition we have for any € R that

1 1
M2 (o) = min {2 + 5l — w2}

1 1
< are%%) {§|]ax|]z + %Hx - osz?} (restrict u = ax for a € (0, 1))
Lo ,  (1—a)?
< gllol? min a2+ L0 Call- e < 1 10
11, ., » - S
=11om 5“:5”C (minimum of the quadratic function)
1
RN RA

It follows that f(x) > (1 4 6¢2) M?’g(:z:) for all z, which implies ||-||. > (14+6062)Y2||||m-

2.6.2  Proof of Proposition 2.4.1

Before proving Proposition 2.4.1, we first explicitly state the requirement for choosing the

stepsize sequence {ay }.

Condition 2.6.1. The sequence {«y } is non-increasing and satisfies

gty k-1 < MiIN 22 ,i
k> - @3142 4A
for all k£ > .

Condition 2.6.1 boils down to Condition 2.2.1 when the expression of the stepsize is

explicitly specified.
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Using Proposition 2.3.1 (1) and the update equation of Algorithm 1, we have for any

kE > 0 that

L
Mﬁ’g(xkﬂ —a") < MP9(wp — 2%) + (VM9 (2 — &%), Tpr — 1) + @kaﬂ — a3

= M (z), — %) + ap(VM P (x), — %), F(w, Vi) — x5 + wg)
Lao?

— Mﬁg(xk — ) + ak<VMﬁ’g(xk — %), Fxy) — 2x)

TV
Th : Expected update

+ ak<VMJ€’g(xk — "), wy,)

S/

~
T>: Error due to Martingale difference noise wy,

+ ozk<VMﬁ’g(xk — ), F(xy, Vi) — F(xp))

J/

TV
T’3: Error due to Markovian noise Y

Lao?
+ g 1P (o, Vi) — e+ w3 (2.6)

J/

Vv
Ty : Error due to discretization and noises

The term 7} represents the expected update of Algorithm 1, and is bounded in the following

lemma.

Lemma 2.6.1. The following inequality holds for all k > 0:

cm

Ty < -2 (1 - Bzcm) akM?’g(wk —z").

As we have seen in Lemma 2.6.1, the term 77 provides us the desired negative drift,
i.e., the —O(ay,) term in the target one-step contractive inequality (cf. Equation 2.3). What
remains to do is to control all the error terms 75 to 7 in Equation 2.6.

We begin with the term T5. Since {wy, } is a martingale difference sequence with respect

to the filtration Fj, (cf. Assumption 2.2.4), while x;, is measurable with respect to Fj, we
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have by the tower property of conditional expectation that
E[Ty] = E[E[T: | Fi)] = axB(V M9 (a2, — 2*), Elwy, | Fi]]) = 0.

Next we analyze the error term 73, which is due to the Markovian noise {Y} }. We first

decompose 73 in the following way:

T; = ozk<VMﬁ’g(xk — "), F(xy, Vi) — F(xp))

= oy, (VMﬁ’g(xk —z") — VM?’g(xk_tk — %), F(xy, Vi) — F(xp))

(.

Vv
T51

+ Qg <VM?’Q($k_tk - .%‘*), F(l’k, Yk) - F(xk—tm Yk) —+ F(xk—tk) — F(l’k»

(. J

v~

T52

+ o (VM (g, — ), F(@hot, Vi) = Flany,)) - 2.7)

(.

~~

Ts3

To proceed, we need the following lemma, which allows us to control the difference

between xy, and zy, when |k; — k| is relatively small.

1

Lemma 2.6.2. Given non-negative integers ky < ky satisfying au, x,—1 < 11,

we have for
all k € [ky, kol:
(D) llze = oy lle < 200, ko1 (All, [l + B),

(2) |lxr — why e < 4oy g1 (All2r, e + B).

Using the assumption that ag, ,—1 < ﬁ in the resulting inequality of Lemma 2.6.2,

we have the following corollary, which will also be frequently used in our analysis.

Corollary 2.6.1. Under same conditions given in Lemma 2.6.2, we have for all k € [k, k2]

that ||zy, — x, [lc < max({|z, [le, |25, ]lc) + 3-

Recall that we require oy, -1 < ﬁ for all £ > ¢, in Condition 2.6.1. Therefore,
Lemma 2.6.2 and Corollary 2.6.1 are applicable when &y = k — t;, and ky = k£ — 1 for any

k> tg.
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Now we are ready to control the terms 733, 739, and 733 in the following lemma. The
terms 735, and T35 are controlled mainly by constantly applying Lemma 2.6.2 and the Lips-
chitz property of the operator F'(-) (cf. Assumptions 2.2.2). Bounding the term 733 requires

using the geometric mixing of the Markov chain {Y}} (cf. Assumption 2.2.3).

Lemma 2.6.3. The following inequalities hold for all k > ty.:

16LA2U(2;m06k—tk,k—1

(1) Ty < e MO (@, — %) + AL (A2 |+ B,

002,

64LA%u2, oty k-1

(2) T32 S 002,

M (ay = o) + == (Al + B

2U2 (&} * o *
(3) E[Tss) < BEZa  B[MPS () — 2*)] + 25625 (All2* . + B)2

Now that Lemma 2.6.3 provides upper bounds on the terms 75;, 755, and 753, using

them in Equation 2.7 and we have the following result.
Lemma 2.6.4. The following inequality holds for all k > ty:

112LA%2 coev—g, k1 56 Lovgovg—ty, k-1

0, * * 2
BTy < T BIM{? oy — a°)] 4 g (Al + B
Lastly, we bound the error term 7} in the following lemma.
Lemma 2.6.5. It holds for any k > 0 that
QLAQUEmOZ% 6 * Lal% * 2

Now we have control on all the error terms 77 to Tj. Using them in Equation 2.6, and

we have for all k > ¢;:

E[M?g(xk-kl —a")]

114LA* U2 cov—g, k1 B[
602,

< (1 — 200, +

STLago 4, k1

Atk (A7) + B)?
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P3CoQ O —t) k—1
2
2uz,,

= (1 — 2@20% + @3A2ak04k_tk’k_1) ]E[M?’g(l’k - ZE*)] +
This proves Proposition 2.4.1.

2.6.3 Proof of Theorem 2.5.1

Note that Proposition 2.4.1 provides the one-step contractive inequality. We next repeatedly
use Proposition 2.4.1 to derive finite-sample convergence bounds of Algorithm 1. Since
Uty k-1 < P2/ (p3A?) for all k > K (cf. Condition 2.6.1), we have by Proposition 2.4.1

that

CoP30 Oy k—1
2
2uz,,

E[M?,g(ka —2%)] < (1 — paay) E[M?’g(xk — )] +
for all £ > K. Recursively using the previous inequality and we have for any k£ > K:

E[||lzx — 2|2]

< 2u§mE[M?’g(xk — )] (Proposition 2.3.1 (3))
k—1 k—1 k—1
< ngmE[ Yok —a” H 1 — paaj) + caip3 ZCY Qi—t;,i—1 H (1 = p2aj)
j=K =K j=i+1
u2 k—1 k-1 k—1
< > Ellex — 2|2 [T (1 = o)) + caps Y avcrigin [ (1= 02)
=K i=K Jj=i+1

(Proposition 2.3.1 (3))

k—1
= 1B [|lzx — 22 [T (1 — 2y) +903622042az im1 H (1 — 20;).
J=K J=i+1

According to Condition 2.6.1, we also have ag ;1 < 1/(4A) for any k € [0, K]. Using

Corollary 2.6.1 one more time and we have for any k£ € [0, K| that

Efllzx — 27|le] < El(l2x — @olle + ll2o — 27]c)?]
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B 2
< _*c c T 5
< (1o =l + aul + 5

=C1.

This proves Theorem 2.5.1 (1). Since the previous inequality implies E[||xx — 2*||?] < ¢4,

we obtain for all k¥ > K:

k—1 k—1 k—1
Ellze — 2*]2) < pren [ (1= p205) + 0362 Y aictivin [[ (1= 020y).  (2.8)
j=K i=K j=i+1

To proceed and prove Theorem 2.5.1 (2), we next evaluate the RHS of the previous inequal-
ity when the stepsize sequence {cy} is explicitly chosen.
Constant Stepsize. Consider using constant stepsize o = «. It is clear that Condition

2.6.1 is satisfied when at, < min(ﬁ, ﬁ). We first verify that there exists a threshold &

such that at, < min(_ 5z, ) forall a € (0, @).

Note that we have by definition of ¢, and Assumption 2.2.3 that

tagmin{kZO : Cakga}

~ min . log(1/a) + log(C)
- {kzo‘kz log(1/0) }

log(1/a) + log(C/o)
log(1/0)

It follows that lim,_,o at, = 0. Hence there exists @ € (0, 1) such that Condition 2.6.1
is satisfied for all @ € (0, @), which is stated in Condition 2.2.1 (1). We next evaluate

Equation 2.8. When a = «, we have for all £ > #,:

k—1 k—1 k—1
Elllzs — 2*|2) < pren [ [ (1= 000)) + 0300 > ascigin [ (1= 2ay)
j=ta i=te j=it1

k-1
= prc1(1 = 020)" " + p3c0 Y @Pta(1 — gpa)*

i=tq
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C
< prer(1 — o)t 4 B %20z

©2

This proves Theorem 2.5.1 (2) (a).

Linearly Diminishing stepsize. Consider using linearly diminishing stepsizes of the
form oy, = k%h We first verify that for any o > 0, there exists a threshold h such that
Condition 2.6.1 is satisfied for all b > h. We begin by comparing a;_;, with aj. Using

Assumption 2.2.3 and we have

log(k + h) + log(C/(oa))
log(1/0) '

k=

It follows that

(073 tk
=1- 1 k+h .
— en as (k+h) = oo

Therefore, there exists h; > 0 such that ag—t, < 20y holds for any £ > t;, when h > hy.
Now consider the requirement stated in Condition 2.6.1. Using the fact that {a4} is non-

increasing, we have
Op—t) k—1 < tkak_tk < 2auty — 0 as (k’ + h) — Q.

Hence there exists hy > 0 such that oy, 1 < min(ﬁ, ﬁ) holds for any k£ > t; when
h > hy. Now choosing h = max(hy, hy), Condition 2.6.1 is satisfied. This is stated in
Condition 2.2.1 (2). Furthermore, by construction we have ay,_;, < 2ay for any k£ > 1.

We next evaluate the RHS of Equation 2.8 in the following lemma.
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Lemma 2.6.6. The following inequality holds for all k > K:

( K+ h pae 8 3CQCY2 tk 1
Yic1 + Ld , o< —,

E+h 1 — o (k + h)¥2e P2

K+h tr log(k + h) 1

E _*]]2 < ] 2 _
flow =271 < § pres iy +Spacac?®BRED,
(K + h)ma N 8epscoa®  t . 1
EREY o0 — 1 k+h o2

This proves Theorem 2.5.1 (2) (b).

Polynomially Diminishing stepsize. Finally we consider using polynomially dimin-
ishing stepsize of the form oy, = m, where ¢ € (0,1) and a, h > 0. Using the same
line of proof, one can show that for any ¢ € (0,1) and a > 0, there exists 4 > 0 such
that Condition 2.6.1 is satisfied for all 4 > h. Furthermore, we assume without loss of
generality that oy, < 20y, forall k >t and h > [2¢/ (gpga)]l/ (1=8) We next evaluate the

RHS of Equation 2.8 in the following lemma.

Lemma 2.6.7. The following inequality hold for all k > K:

4
P20 (g h)1E (K 1 b)) | 4 22D

E |2 < — :
i = 2”2 < presexp | ~225 o (R HhE

This proves Theorem 2.5.1 (2) (c).

2.7 Proof of All Technical Lemmas

In this section, we present the proofs of all technical lemmas used to establish our main

theoretical results in Section 2.6.
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2.7.1 Proof of Lemma 2.6.1

Using the fact that F'(z*) = x*, we have

<VM?’g(xk — "), F(xy) — x8)

= (VM?’g(xk — %), F(xy) — F(2*)) — (VM?’g(xk —a"),xp — ") . (2.9)

T1’1 Tl,2

For the gradient of M?’g (x), since Mﬁ’g (z) = %||z||2,, we have by the chain rule of subd-
ifferential calculus [46, Theorem 3.47] that VM?’g (x) = ||z||mve, where v, € Oz, is a
subgradient of the function ||x||,,, at z. In fact, from the equation VM?’Q (x) = ||z||mve, we
see that v, is unique (i.e., v, = V||z||,,) for all z # 0.

Now consider the term 7 ;. Using Holder’s inequality, we have

Tl,l - ”fL’k - x*||m<vwk—m*7p(xk) - F(ZL'*)>

< llr = 2" lmllva,—o 5| F () = F (@), (2.10)

where || - || is the dual norm of || - ||,,,. To further control 77 ;, the following result is

needed.

Lemma 2.7.1 ([54]). Let h : D — R be a convex function. Then h is L — Lipschitz over D

with respect to some norm || - || if and only if for all w € D and z € Oh(w) we have that
|zl < L, where || - ||« is the dual norm of || - ||.
Since ||z, as a function of z is 1 — Lipschitz with respect to || - ||,,, we have by

* < 1. For the term || F'(zy) — F'(2*)|, in Equation 2.10, using

m —

Lemma 2.7.1 that ||v, ;-

Proposition 2.3.1 (3) and the contraction of F'(-) with respect to || - ||, we have

f(F(zy) — F(x*)) (Proposition 2.3.1 (3))




2

< o8 flzy, — ") (Assumption 2.2.1)
1 + Ou?
< 52%1\@9(% — ") (Proposition 2.3.1 (3))
/62 1 + ngs * |12
= 71+—0f2”xk — x5,
2 U .

which implies

u
L L

1F (zx) = F(a)lm < B

Substituting the upper bounds we obtained for |[v,, .«||%, and ||F(x;) — F(z*)||, into

Equation 2.10, we have

mllF(z1) = (@) [lm

Tia < ek — ||| Vay—an

qu *
< B8 g — |,
- 26;“1 M?’g(xk —a").

cm

Now consider the term 7 » in Equation 2.9. Since the norm || - ||, is a convex function of
x, we have by definition of convexity that ||0||,, — ||zx — 2*||lm > (Vep—a, — (2K — 2%)).

Therefore, we have
Tip = ||lor — 2% [lm (Vay—ar, 20 — &%) > ||y, — 2|7, = 2M79 (. — ).

Combining the bounds on 7} ; and 7 » and we obtain

ucm *
Tl = Oék(Tl,l — TLQ) S -2 (1 — ﬁf ) CKkM?’g(l‘k — X )

cm
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2.7.2 Proof of Lemma 2.6.2

We first show that under Assumption 2.2.2, the size of ||F(x,y)||. and || F(z)]|. can grow

at most affinely in terms of ||z ||.. Using triangle inequality, we have

1F (2, )]l = 1FO, )]l < |1F(2,y) — FO,y)lle < Aillz]le, VaeRLye),

where the last inequality follows from Assumption 2.2.2. It follows that

1E @z, y)lle < Adllzlle +1F(0,y)lle < Arflz]lc + By

Furthermore, we have by Jensen’s inequality and the convexity of norms that

IF@)lle = By wpy [F (2, Y)lle < Bywpy [IIF (2, V)] < Asllle + By

The previous two inequalities will be frequently used in the derivation here after. Now we
proceed to prove Lemma 2.6.2.

For any k € [k, k2 — 1], using triangle inequality, we have

[Zks1lle = l@elle < l@rer — @l
= || F(xg, Yi) — z1 + wy|.
< on([[F(2r, Yi)lle + ekl + llwelle)
< ap(Arllzlle + By + [[zkle + Aollzkllc + Ba).
(Assumptions 2.2.2 and 2.2.4)
< ag((Ar + Ag + )|kl + By + Ba)

= ap(Alzgll. + B). 2.11)
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Note that the previous inequality is equivalent to

B B
ol + 5 < (4 Aaw) (Nl + 5 ).

which implies for all & € [k, ko:
k-1
B B
foul < TL0+ 40 (Jeule+ ) - 5
Jj=k1
Using the fact that 1 + = < e* < 1+ 2z for all z € [0, 1/2], we have when ay, j,—1 < 75
k-1
H (14 Aa;) <exp (Ao, k—1) < 1+ 2A0, k1.

Jj=k1

It follows that for all k € [k, ko]:
[zlle < (1 + 240k, k-1) |k, [|e + 2Bk, je—1-
Using the previous inequality in Equation 2.11 and we have for any k € [k, ko — 1]:

k1 = zille < ar(Allzelle + B)
< OékA(l + 2Aockl7k_1)||xk1 ||c + 20ékABOékl’k_1

< 20, (Al [lc + B). (ki k-1 < 77)

Hence, we have for any k € [k, ko]:
k—1 k—1

lox — @ lle < Y lwgn —2lle <2 (Al e + B) = 208, g1 (Al || + B).
Jj=k1 Jj=k1
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Since ag, k-1 < g, k,—1 When k € [kq, ko], we obtain the first claimed inequality:
||w/€ — Tk ||C < 2ak1,k2—1(A||xk1 ”C + B)? VEe [kla kQ]
Now for the second claimed inequality, since

Tk, — kg le < 200, g1 (Al 21y [l + B)
< 2ak17k2—1("4”xk1 - xk’QHC + A||$k2 ||C + B)

1
< 5”3:7432 — Ty HC + 2ak1,/€2—1(Aka2 HC + B)?

we have ||zg, — T, ||c < 4ag, ky—1(Al| Tk, || + B). Therefore, we have for any k € [k, ks:

|2x — Ty [le < 200, k-1 (Allzk, || + B)
< 20y g1 (AllTr, — 2y l|e + Allzg, || + B)
< 20%1,162*1(4Aak17k2*1(Aka2”C + B) + Akaz HC + B)

S 4afkl:kZ*l(‘/4||xl'€2 HC + B)’ (akl,kgfl S ﬁ)
which is the second claimed inequality.

2.7.3 Proof of Lemma 2.6.3

(1) For the term 733, using Holder’s inequality and we have

Ty = <VM]€’9(:(;,€ — ) — VM?’Q(xk_tk —x*), F(xp, Y3) — F(xz))
< |\VMP (g, — 2*) = VM (2rg, — &) 2IF (20, Ya) — F(aw)ls
1 _
< €—||VM?’9(1’1€ — a%) = VM (2, — )21 F(an, Vi) = F () e,

(KCSH ’ Hs < H ’ Hc)

34



where || - ||* denotes the dual norm of || - ||s. We first control the term ||V]\4](f’g(x;C —a*) —
VM?’Q (1, — =*)||%. Recall that an equivalent definition of a convex function i(x) been

L — smooth with respect to some norm || - || is that
IVh(z1) = Vh(z)||s < Lljzy — 22l V21,22,

where || - ||« is the dual norm of || - || [46]. Therefore, since Mjf’g (z) is Z-smooth with

respect to || - ||s, we have

IV MY (2 — 2*) — VM9 (wgyy, — 27)I2
L
< glloe = @ lls
L

0/,
< ALy, -1
- 0cs

<

|2k — g, ||

(Allzy = 2l + Allz"[le + B), (2.12)

where the last line follows from Lemma 2.6.2 and triangle inequality.
We next control the term ||F(xy, ;) — F(z1)]|.. Using Assumptions 2.2.1, 2.2.2, and

the fact that F'(z*) = z*, we have

1F (w5, Vi) = Fap)lle = [|1F(ax, Vi) — F(a) + F(a*) — 2",
< |[F (g, Ya)lle + || F (k) — F(2")]le + [l2*]]e
< Aillzglle + B+ lzx — ™[ + [|27.
< (Ay+ Dl — 2l + (A + D™l + By

< Allwg — 2" + Allz*|| + B.
It follows that
1 _
T < K—HVM;)’g(ﬂ?k — ") = VM (2, — 2°) |2 F (24, Yi) — F ()
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4Lo_ ;. g
SOt h L (Al — | + All]| + B)?

= e
8Love_t, SLay g 1
< SEAhtikml g2y |2 4 2B A B)? (a4 ) < 2(a? + b?)
002, 0z,
16LA2ungék_ k—1 % 8Lak_ k—1 %
< oo MY (g — ) + —— = (Al + B)*

(2) Consider the term 732. Using Holder’s inequality and we have

Ty = (VM9 (4, — 27), F (21, Y2) — F(@hs,, Y2) + Faiy,) — Flan))

< VM (g, — o) GIF (@ Ya) = Flng, Vi) + Flar-g) = Fla)lls

(Holder’s inequality)

1 _ _
< S IVMP iy, — 2P, V) ~ Flaio, ¥ + Flae,) — Pl
For the term ||VM?’g(xk_tk — )%, we have

IV M (21 = 2")I2 = VM (24, — 27) = VMP(a" = 2*)];

L
< 7 |ek—t, — 2*||s (equivalent definition of smoothness)
L *
S chs H‘/Ek—tk -z HC
L x
< g (s, = e+ llow = =°))
2L B
< R (||x;C — x| + || + Z) , (2.13)

where the last line follow from Corollary 2.6.1.

For the term ||F(z,Y:) — F(2h_s,, Ys) + F(ap_, ) — F(x1)

¢, using Assumptions

2.2.1 and 2.2.2 and we obtain

|F(x, Yi) = F(@p—t,, Yi) + F(xp-y,) — F(ax)|c
< || F (@, Vi) = F(h—t, Yi)lle + [|F(r—s,) — F(2x) |

< 2A4 |2k — @t e
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<24z — g ||

< 8Aag gy k-1 (Allzr — 27| + Allz™|| + B),
where in the last line we used Lemma 2.6.2. It follows that

1 _
Tz < [V MP sy = )P Yi) = Flan, Vi) + Flai) = Flaw)le

16 Log_y, 1o
< —— W (Alzy — 2%l + Al + B)?

- 002,
32LA2Oék,t k—1 112 32[/0%,,5 k—1 % 2

< g =l S A+ B
64LA2uszzk_t k—1 0 % 32L0é]€_t k—1 %

< P M 0, — %) 4 S (A4 B

(3) Consider the term T33. We first take expectation conditioning on z;_;, and Y}, to

obtain

IE[T33 | Th—ty, 5 Yk—tk]

1 _
< VM (et — &) [SNELF (@t Y) | Bt Yion] = F(n-n)le

For the term HVM?’g(xk,tk — z*)||%, we have from Equation 2.13 that

2L B
VM a1, = o) < g (o=l + e+ 5 ).

For the term || E[F(x—t,, Yi) | Tr—t,, Yit,] — F'(2x—t, )] using the geometric mixing of

the Markov chain {Y}} (cf. Assumption 2.2.3), we have

NE[F(p—t,, Yi) | Thotys Yis,) — F(Tr—s,) e

= [[EE @hte; Ye) [ 2htes Vit ] = By oy [F (00, Y]]

C
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ST (P Yieo y) — iy (1)) F 21ty y)

yey c
< PF Vit w) — iy )] I (s ),
yey

< 275112§§ 1Py (yo, -) — iy ()l (At ||z, |l + Br)
0

< 200" (Ayl|lzk — zr—s, || + Arl|l7g]|e + Br) (Assumption 2.2.3)
<20 (A1(||zklle + B/A) + Ayl|zg]|lc + B1)  (Definition of ¢; and Corollary 2.6.1)

<dag(Allzy, — 2| + Allz"[|c + B).
It follows that

E[Tss | Lhk—ty, 5 Yk—tk]

1
< K—HVM?’Q(%—Q — ) SNEF (@t Yi) | Ty, Yimti] = F(@is) e

8L(1/k
602,
16[/(1/1C
<
-0,

32LA*2 « .
< g My =) +

<

(Aflzx — 2"l + Afl2"[l + B)*

16Lak
602,

Ay, — 2"l + (Afl2"|lc + B)*

16L&k
002,

(Allz"[lc + B)*.

Taking the total expectation on both sides of the previous inequality gives the desired result.

2.7.4 Proof of Lemma 2.6.5

Using Proposition 2.3.1 (2), Assumption 2.2.2, and Assumption 2.2.4, we have

La?
Ty = 2—9k||F($k,Yk;) — x5 + w2
Loj ) y
< g 1F(@n, Yi) — 2+ |2 (Proposition 2.3.1 (3))
La?
< 5o N F @ Yolle + llzelle + flwxlle)
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2
Lo

< 2op (Al|zgle + B)? (Assumptions 2.2.4 and 2.2.2)
< 2%5 (Allzg — 2*[|c + All2" | + B)?
Laj a2, Log * 2
< @A |zx — 2™[|2 + @MH:U e+ B)
2LA*2 o I e .
< My  — o) + g (Al + B

2.7.5 Proof of Lemma 2.6.6

We first simplify the RHS of Equation 2.8 using o, = 2. Since we have chosen h such

that a4, k-1 < 20y, for any k > 5, Equation 2.8 implies

k—1 k—1 k—1
Elllzs — 2*|2) < pren [ [ (1= p20y) + 0362 > ascviin [ (1= 20))
=K i=K j=i+1
k—1 k—1 k—1
< orer [0 = paay) + 20302 Y afts [T (1= 2ey)
j=K i=K j=i+1
k-1 o001 L R -
2 2
= Y101 H (1 — = ) +2<P3C2tkz . 5 H (1 — = )
iy j+h Z‘:K(Hh)j:i+1 j+h
P B
(2.14)
For the term FE;, we have
k—1 k %2pxe]
1 1 K+h
i < — — | < — d = .
1_@m< Wag;j+h>—e@( %al;x+hx> (k+h)

Now consider the term F5. Similarly we have

Al okl -
E, = 1—
2T u+m2II( j+h)

i=K j=i+1

k—1 2 . p20x
- o (z+l+h>
T (i RPN k+h
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k—1

<
- k+hw2az z+1+h2 P2

Z=K
2
1 ilo:pw (k +1h)<p2aa paa € (0,1),
o) 4e? 12gikh+ h I
kwj;ajllﬁu;h’ pacx € (1, 00).

The result then follows from using the upper bounds we obtained for the terms F; and F,

in Equation 2.14.

2.7.6 Proof of Lemma 2.6.7

When oy, = similarly we have from Equation 2.8 that

_a
(k+h)¢?

E—1 k—1
* (2 Pat¥ Ll
E[ka — HC] < p1q H (1 — —<] n h)ﬁ) +2p30aty Z i+ h EEAY R H ( - ] + h >

=K i=K =i+1
By B
(2.15)
The term £ can be controlled in the following way
k—1 oo
Er =] (1 -2 )
it (j +h)*
k—1 1
< exp (—%a > )
par A URaON
|
< exp (—gaga dm)
- x (x+h)
«
= exp [— fig ((k+h) (K +h)' 5)}
As for the term F,, we will show by induction that £y < 2a for all £ > 0.
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Consider a sequence {uy }r>o (With ug = 0) defined by

062

«
—(1=-pg—o-— +— " Vik>0.
Y1 ( 2(k—{—h)E) b (k + h)2’ =0

It can be easily verified that u;, = E,. Since uy = 0 < 221 we have the base case. Now
y 2 hE

suppose u, < 2 0 TiTIE for some k£ > 0. Consider w1, and we have

k+h

a2

20 1 20 1 o .
P2 n)E) T e h)x

okt 11 hE T b1t h)E

2 1 _< i )2_0z - a

o (k11 R k1)) g2 (kT B (k+ h)%

204 1 1 pe) 1
[(k+1+h) TED (k:+h)2f}

20 1 o%e! k+h \¢
" g (k + h)% [ g U+ h)yf (1_ (m) )]

Note that

__&
k—l—h 13 1 k+h k+h 5 5
TR ) = (e — > LS O I
(k+1+h) (+k+h> —exp< k+h)— kth

where we used (1 + %)x < eforallz > 0and e® > 1+ z for all z € R. Therefore, we

obtain
2a 1 2a 1 Yo E+h \*
S S YA i —(k+n)E 1 [
@2 (k+ 1+ h) uk+1_g02(k+h)25[2 (k+h) < (k:+1+h>
S 2a 1 Yox 13
T pa (k+h)% [ 2 (k+ h)L=¢
>0,
where the last line follows from h > h > [2¢/(¢2a)]"/?™%). The induction is now com-

plete, and we have E, < 29 o TELI)E for all £ > 0. Using the upper bounds we obtained for

k—i—h)

the terms £ and F» in Equation 2.15 and we have the desired result.
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2.7.7 Proof of Corollary 2.5.1

(1) When || - || = || - |2, we choose § = 1 and g(z) = 3||=||3. It follows that L = 1 and

ues = Les = 1. Therefore, we have o1 = 1, o = 1 — 3, and p3 = 228.

(2) Recall the definition of {¢; }1<;<3 in the beginning of Section 2.4. When || - ||. = || - || .

2
we choose 0 = (%) — land g(z) = 3|lz||2 with p = 2log(d), where d is the di-

mension of the iterates {x;}. It follows that L = p — 1 < 2log(d) [46], u.s = 1, and

les = 1/d*? = 1/\/e. Therefore, we have

14 0u? 140
— CS — < < 3
=T i1gage S Ves?
1+8 1-5
= 1-Bp*>1— =
114L(1 + 0u?)  228elog(d)(1 +6) _ 456elog(d)
p3 = < < -
0, 6 =3

2.8 Conclusion and Future Work

In this chapter, we have established finite-sample bounds for Markovian SA algorithms
involving contraction operators with respect arbitrary norms. We prove this result using
a novel Lyapunov function. Such a a smooth Lyapunov function is constructed using the
generalized Moreau envelope, which involves the infimal convolution with respect to the
square of some other suitable norm.

Beyond mean-square bounds, sometimes high probability (concentration) bounds are
more preferred for practical applications, which is our immediate future direction of this

line of work.
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CHAPTER 3
STOCHASTIC APPROXIMATION UNDER A STRONGLY
PSEUDO-MONOTONE OPERATOR

In the previous chapter we studied Markovian SA algorithms under contractive operators.
In this chapter, we consider a different Markovian SA algorithm, where instead of having
contractive operators, we have strongly pseudo-monotone operators. The results in this
chapter will be used to design and analyze convergent RL algorithms in the presence of the

deadly triad in Part III.

3.1 Problem Setting

Consider the problem of solving for z* € R? in the equation

G(CB) = EMY [G(xv Y)] =0, (3.1)

where Y € ) is a random vector with distribution py, and G : R% x )+ R% is a general
nonlinear operator. Similarly as in Chapter 2, we assume the set ) is finite.

When the distribution gy is unknown, Equation 3.1 cannot be solved analytically.
Therefore, we consider solving the equation using the SA method presented in the fol-
lowing. Here in Algorithm 2, {Y}} is a uniformly ergodic Markov chain with stationary
distribution puy, {wy} represents the additive martingale difference noise that possibly de-
pends on {z}, and {«y} is the stepsize sequence.

We next state our assumptions to study Algorithm 2. Before that, the following defini-

tion is needed. Recall that we use || - ||2 for the /5-norm for vectors.

Definition 3.1.1. An operator F' : R? — R is said to be strongly pseudo-monotone with
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Algorithm 2 SA under a Strongly Pseudo-Monotone Operator

1: Input: Integer &', and initialization z, € R?
2: fork=0,1,--- k' —1do

3: Tyl = T + ozk(G(xk, Yk> + wk)

4: end for

5: Output: x;

respect to Z € R? if there exists ¢y > 0 such that

(x —2)" (F(x) — F(z)) > col|lz — /|2, Vo € R

Remark. Recall that an operator F' : R? — R being strongly monotone if and only if there
exists ¢, > O such that (x—y) " (F(z)—F(y)) > c)||lz—yl||3 forall x,y € R% Therefore, an
operator being strongly monotone implies it being strongly pseudo-monotone with respect

to any point.

Assumption 3.1.1. The target equation G(z) = 0 has a unique solution, which we denote
by z*. In addition, the operator —G/(-) is strongly pseudo-monotone with respect to x*, i.e.,

there exists x > 0 such that

(z — %) (G(x) — G(2%)) < —k|jx — 2*|3, Vo € R™

In the SGD setting (i.e., G(z,y) = —V.J(x) + y for some cost function J(-)), As-
sumption 3.1.1 is satisfied when the objective function .J(-) is strongly convex. Moreover,
Assumption 3.1.1 can be viewed as an exponential dissipativeness property of the following

ODE

i(t) = G(x(1)), 3.2)

which is the ODE associated with Algorithm 2 [31]. In fact, this assumption guarantees

that x* is the unique exponentially stable equilibrium point of the ODE. To see this, let
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W (z) = ||z — =*||3 be a candidate Lyapunov function. Then we have by Assumption 3.1.1

that

S W) = 2(a(t) — 2) i (t) < —26W (2(t)), (3.3)

which implies that W (z(t)) < W (x(0))e~2* for all ¢ > 0. The parameter « is called the

negative drift, and we see that the larger « is, the faster z(¢) converges.
Assumption 3.1.2. The following statements hold.
(1) Lipchitz Continuity. There exists constant L; > 0 such that

@) ||G(z1,y) — G(xa,y)|| < Li||x1 — x5 forall 21,25 € R7and y € ),

() [|G(0,y)]| < Ly forally € V.

(2) Uniform Ergodicity. The Markov chain {Y} } is uniformly geometrically ergodic with

unique stationary distribution iy .
(3) Additive Martingale Difference Noise. The random process {wy,} satisfies

(a) E[wg | Fix] = 0 for all & > 0, where Fj be the Sigma-algebra generated by
{zi, Y, wito<i<i—1 U {xp },

(b) ||wkl|l2 < La(||zk|]2 + 1) for all & > 0, where Lo > 0 is a constant.

Assumption 3.1.2 is analogous to Assumptions 2.2.2, 2.2.3, and 2.2.4 given in Chap-
ter 2. Specifically, Assumption 3.1.2 (1) states that the operator G(z,y) is L;-Lipschitz
continuous with respect to x uniformly in y. In the special case where G(x,y) is a lin-
ear function of = as considered in [40, 12], i.e., G(z,y) = A(y)x + b(y), Assumption
3.1.2 (1) is automatically satisfied. Assumption 3.1.2 (2) is made to control the Marko-
vian noise in Algorithm 2, and implies that there exist C > 1 and o € (0, 1) such that
max,ey | PE(y, ) — py()|lrv < Co* for all k& > 0. Using the definition of mixing

time (cf. Definition 2.2.1), Assumption 3.1.2 (2) implies 5 < L3(log(1/6) + 1), where
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Ls = llzgg(g//j)) Assumption 3.1.2 (3) states that {wy} is a martingale difference sequence,
and ||wg||2 at most scales affinely with respect to the latest iterate ||z ||2.

Finally we state the requirement for choosing the stepsize sequence. Recall that we
denote ¢, = t,, and o;; = f;:i «ap. Let L = L + Lo, and assume without loss of

generality that L > 1.
Condition 3.1.1. The stepsize sequence {cy} satisfies the following conditions:
(1) {a4} is non-increasing and o € (0, 1),

(2) it holds that gy, -1 < 130% for all £ > t;.

The reason we impose Condition 3.1.1 on the stepsize sequence is the following. Recall
that a key step in deriving the convergence rate of the ODE given in Equation 3.2 is to es-
tablish the negative drift (cf. Equation 3.3). Similarly, when deriving finite-sample bounds
for Algorithm 2, there will also be a negative drift term. In addition, there are error terms
that arise because of the discretization and the stochastic noise. Using small stepsize helps
suppressing these error terms and hence ensures that the negative drift is the dominant term
in our analysis.

Suppose we use constant stepsize, i.e., o = « for all £ > 0. Since in this case we
have a4, -1 = at,, and lim,_,o at, = 0, Condition 3.1.1 is satisfied when « is small
enough. In addition to constant stepsize, when using polynomially diminishing stepsizes
of the form oy, = «/(k + h)%, Condition 3.1.1 is satisfied for any o > 0 and £ € (0, 1],

provided that h is appropriately chosen.

3.2 Finite-Sample Convergence Guarantees

In this section, we present the finite-sample bounds of Algorithm 2.

Theorem 3.2.1. Consider {z} of Algorithm 2. Suppose that Assumptions 3.1.1 and 3.1.2

are satisfied, and {cy.} satisfies Condition 3.1.1. Let K = min{k : k > ti}. Then we have
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forallk > K:

k—1 k—1 k—1
Elllay — 23] < e [J(1 = ko) + 2> ai [ (1= k), (3.4)
j=K i=K  j=i+l

where ¢y = (||zo||2 + ||To — z*||2 + 1)% co = 130L3(||x*|]2 + 1)% and &; = G0t i1

Remark. Although the parameter K is defined as K = min{k : k > t;}, we indeed have
K = tg. To see this, suppose that K > tx. Since both K and ¢y are integers, we must
have K — 1 > tx > tx_, where the second inequality follows from the fact that ¢, = ¢,,
is an increasing function of k. This contradict to the definition of K and hence we have
K =tg.

On the RHS of Equation 3.4, the first term represents the bias due to the initial guess
xo, and the second term captures the variance due to the noise. After establishing the finite-
sample bounds of Algorithm 2 in its general form, we next consider using stepsizes of the

form oy, = G +h — == and see more explicitly the corresponding convergence rates.
Corollary 3.2.1. We have the following finite-sample guarantees.

(1) Constant Stepsize. When & = 0 and « is chosen such that at,, < we have

_K__
130L2°

ta
Ef|lzg — 2|2 < e1(1 — k)t~ + e, 2% Yk > t,..
K

(2) Linearly Diminishing Stepsizes. When £ = 1 and o > 1/k, we have for all k > K:

(K—{— h)m 8ecoa® L [log (A1) + 1]

E . * |2 <
llew = 2lla) < ¢ kE+h ka — 1 kE+h

(3) Polynomialy Diminishing Stepsizes. When & € (0,1) and o > 0, assume without loss

of generality that K > [2¢/(ka)]"/ (=9, then we have for all k > K:

— 55 (e S —(emy =) | Acaals log (57) + 1].

Elllzy - *[3] < cre P PRI
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Corollary 3.2.1 is qualitatively similar to Theorem 2.5.1 in Chapter 2. Specifically,
using constant stepsize results in constant variance and geometric decaying bias, and using
diminishing stepsizes results in both decaying variance and decaying bias (albeit at a slower
decay rate).

Unlike almost sure convergence, where the usual requirement for stepsizes are Y -, oy, =
oo and Y o @i < oo (which corresponds to £ € (1/2,1] in our case), we have conver-
gence in the mean-square sense for all ¢ € (0, 1]. The same phenomenon has been observed

in [40], where they study linear SA and nonlinear SA with martingale difference noise.

3.3 Proof of All Theoretical Results

In this section, we present the proofs of Theorem 3.2.1 and Corollary 3.2.1.

3.3.1 Proof of Theorem 3.2.1

We prove Theorem 3.2.1 using a Lyapunov approach with W(z) = ||z — z*||3 being the
Lyapunov function. Using the update equation of Algorithm 2 and we have for all £ > 0

that

lzrgr — 2[5 = |z — ¥ = 202k — &%) T (@ — 23) + l2ner — 2l

= 20y (2 — %) " G(2g) + 200, (2 — %) Twy

J/

-~ -~

Ty T

+ 20y — ") Gy, Vi) = Glan))

Ts

+ |Gk, Vi) + wi3] - 3.5)

—~
Ty

The term 7} corresponds to the negative drift of the ODE given in Equation 3.2, and we
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have by Assumption 3.1.1 that
* |12
Ty < —2k0g||zr — %5

The term 75 corresponds to the error due to martingale difference noise {wy}. Using
the tower property of conditional expectation and we have 75 = 0.

The term T3 corresponds to the error due to the Markovian noise {Y}}, and the term
T}, arises mainly because of the error due to discretization. We next control the terms 75
and 7, in the following sequence of lemmas. Their proofs are identical to that of Lemmas

2.6.2,2.6.4 and 2.6.5 in Chapter 2 and hence is omitted.

Lemma 3.3.1. For any k; < ks satisfying oy, p,—1 < L

< 4p the following two inequalities

hold:
(1) |vny — 2ry[l2 < 2L py—1(||zp, [|l2 + 1),
(2) |y — 2hy[l2 < 4Ly ky—1(]|Tr, |2 + 1).

Lemma 3.3.2. The following inequality holds for all k such that o,y 1 < ﬁ (where we

recall that gy, -1 = Zf:_kl_tk o;):

E[T3] < 128L%cvpgy 1 [EllJaw — 27[[2] + (|2*[|2 +1)%] .
Lemma 3.3.3. The following inequality holds for all k > ty.:
Ty < 2L%j, [[log — 2*[I3 + ([l27[|2 + 1)°] -

Substituting the upper bounds we obtained for the terms 7} to 7} into Equation 3.5, we

have the following recursive bound.
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Lemma 3.3.4. It holds for all k satisfying ax ¢, k-1 < 37 that

El||zrs1 — 23] < (1 — 280y + 130L%4 ) E[||zr — 2*[|3] + 130L2 Gy (||2* |2 + 1)?,
(3.6)

where we recall that &y, = oy, k1.

In view of Equation 3.6, as long as the drift term dominates the error terms, i.e.,
2k, > 130L%A4y,, we can repeatedly use Equation 3.6 to derive finite-sample error bounds
of Algorithm 2. In particular, when Condition 3.1.1 is satisfied and £ > K (see Theo-

rem 3.2.1 for the definition of K'), we have by Equation 3.6 that
Elllzies — 272 < (1 — ko) Ef||lzx — 27(I3] + cadi,

where c; is defined in Theorem 3.2.1. Repeatedly using the preceding inequality starting

from K, we obtain

k—1

k—1 k-1
El||zr — 2*[3] < E[||lzx — 2*||3] H 1 — Kkay) +CQZ@1 H (1 — kaj).
=K

Jj=t+1

To bound E[||zx — 2*(3], we use Lemma 3.3.1 and ax ¢, k-1 = 0o x—1 < 77 to obtain
Elllox — 23] < E[(ex — 2ollz + [l = @o[l2)°] < e

This completes the proof.

3.3.2  Proof of Corollary 3.2.1

The result is obtained by evaluating the RHS of Equation 3.4 when the stepsize sequence
{ay } is explicitly chosen. The proof is identical to that of Theorem 2.5.1 after Equation 2.8,

and hence is omitted.
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3.4 Conclusion

In this chapter we have established finite-sample convergence guarantees for Markovian SA
algorithms under strongly pseudo-monotone operators. Specifically, we have shown that
the optimal convergence rate is O(1/k) with appropriately chosen diminishing stepsizes.
The rate matches with the results in Chapter 2 for contractive SA, and that of SGD with a
smooth and strongly convex objective.

The results in this chapter will be frequently used in Part III of the thesis to study RL

with linear function approximation.

51



CHAPTER 4
STATIONARY BEHAVIOR OF STOCHASTIC APPROXIMATION
ALGORITHMS

In the previous two chapters, we have characterized the finite-sample behavior of SA al-
gorithms under contractive operators and under strongly pseudo-monotone operators. In
particular, we have shown that using constant stepsize leads to geometric convergence (in
the mean-square sense) to a ball centered at the desired limit point, and using diminishing
stepsize leads to asymptotic convergence at a polynomial rate. In this chapter, we switch
our focus to the asymptotic region of constant stepsize SA algorithms, and characterize the

stationary distribution of properly scaled iterates as the constant stepsize goes to zero.

4.1 Introduction

As we have shown in the previous two chapters, theoretically, to achieve asymptotic conver-
gence, we should use diminishing stepsizes with proper decay rate [28, 11, 33]. However,
constant stepsize SA algorithms are preferred in practice due to their faster convergence.
In that case, instead of converging asymptotically to the desired solution, the iterates of
constant stepsize SA algorithms have a stationary distribution. Although such weak con-
vergence to a stationary distribution was established in the literature [55], it is not possible
to fully characterize the limiting distribution. The reason is that, when constant stepsize is
used, the distribution of the noise sequence within the SA algorithm plays an important role
in the stationary distribution of the iterates. Since the distribution of the noise is in general
unknown, the stationary distribution cannot be analytically characterized. In this chapter,
building upon the works on stationary distribution of constant stepsize SA algorithms, we
aim at understanding the limiting behavior of the properly scaled stationary distribution as

the constant stepsize goes to zero.
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More formally, with initialization X(()a) € R?, consider the SA algorithm
(@) _ y(a) (@)

where F' : R? — R? is a general nonlinear operator, « is the constant stepsize, and {wy, } is
the noise sequence. Observe that Equation 4.1 can be viewed as an iterative algorithm for
solving the equation F'(x) = 0 in the presence of noise [10]. A typical example is when
F(z) = —cV f(z) (where ¢ > 0 is a constant) for some objective function f(-). In this case
Equation 4.1 becomes the popular SGD algorithm for minimizing f(-) [23, 43]. Another
example lies in the context of RL, where F'(z) = T (xz) — x, and T (-) is the Bellman
operator [1]. In this case, Equation 4.1 is closely related popular RL algorithms such as
TD-learning [56] and )-learning [17].

Under some mild conditions on the operator F'(+), it was shown in the literature that the
sequence {X ,ﬁ“)} converges weakly to some random variable X (@) 157, 58, 55, 59]. How-
ever, for a fixed «, it is not possible to fully characterize the distribution of X (@) pecause it
depends on the distribution of the noise sequence {wy, }, which is usually unknown. In this
chapter, we further consider letting o go to zero, and study the distribution of a properly
centered and scaled iterate. Specifically, let Yk(a) = (X ,ga) — 2%)/g(«), where z* is the
solution of F'(x) = 0 (provided that it exists and is unique), and g : R +— R is a properly
chosen scaling function'. When k goes to infinity, we expect that Yk(o‘) converges weakly to
some random variable Y(® . Then we let o go to zero, and our goal is to further character-
ize the weak limit of Y(®). Notice that proper scaling of the iterates is essential for raveling
its fine grade behavior because otherwise the limiting distribution of the un-scaled iterates
will converge to a singleton as the stepsize a goes to zero, which is analogous to the almost
sure convergence results for using diminishing stepsizes in SA algorithms [10].

To summarize, we want to find a suitable scaling function ¢(-) and to characterize

the following two-step weak convergence of the centered scaled iterate Yk(o‘) = (X ,5‘” —

IThe scaling function is unique up to a numerical factor
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")/ g(e):
v =E vy =2y, 4.2)
where we use the notation = for weak convergence (or convergence in distribution).

4.1.1 Main Contributions

In this subsection, we present the main contributions of this chapter.

Characterizing the Distribution of Y. We propose a general framework for charac-
terizing the distribution of Y in the following 3 cases: (1) SGD with a smooth and strongly
convex objective, (2) linear SA with a Hurwitz matrix, and (3) SA involving a contractive
operator. In particular, we show that in all three cases above the correct scaling function is
g(a) = /a, and the distribution of Y is Gaussian with mean zero and covariance matrix
being the unique solution of an appropriate Lyapunov equation. Our proof is to use the
characteristic function as a test function to obtain an implicit equation of the distribution of
Y, and then show that the desired Gaussian distribution solves the implicit equation.

Determining the Suitable Scaling Function. For more general SA algorithms, we
show empirically that the scaling function need not be g(«) = /« and the distribution
of Y need not be Gaussian. Inspired by this observation, we propose a method to find
the the correct scaling function for general SA algorithms. In particular, our results indi-

a

cate that the scaling function g(a) should be chosen such that (1) lim,_ g T = 0 and

limy_00 g(r) = 0, and (2) the function F(-) defined by F(y) = lima_, w is
non-trivial in the sense that it is not identically zero or infinity. Our proposed condition is
verified in numerical experiments. Moreover, we make an insightful connection between

the choice of the scaling function g(«) and the Euler-Maruyama discretization scheme for

approximating stochastic differential equations (SDEs) — Langevin diffusion [60].
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4.1.2 An Illustrative Example

We next provide an example to illustrate the problem we are going to study. Consider
Equation 4.1. Suppose that F'(x) = —uz is a scalar-valued function, and {wy} is a sequence
of i.i.d. standard normal random variables. We make such noise assumption here only
for ease of exposition, and it will be relaxed in later sections of this chapter. In this case,

Equation 4.1 becomes
X\ = (11— )X + awy. (4.3)

This algorithm has the following two interpretations: (1) it can be viewed as the SGD
algorithm for minimizing the quadratic objective function f(z) = x?/2, which has a unique
minimizer at z* = 0, and (2) it can also be viewed as an SA algorithm for solving the fixed-
point equation 7 (x) = x with 7 (x) being identically equal to zero, therefore * = 0 is the
unique fixed-point.

Let Yk(a) =X ,5“) /+/ be the centered scaled iterate. To obtain an update equation for

Yk(a), dividing both sides of Equation 4.3 by 1/« and we obtain for all k£ > 0:

Yk(a) =(1- oz)Yk(ﬂ + vawy_,

(1-— a)2Yk(f; + (1 — a)vVawg_s + Vawg_,

k—1
=(1- )M + > (1 - o) aw,.
=0
Since Yk(a) is a linear combination of mutually independent Gaussian random variables,

Yk(a) itself is also a Gaussian random variable. Therefore, the distribution of Yk(a) 18

uniquely determined by its mean and variance. Using the fact that {wy} is an i.i.d. se-
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quence of standard normal random variables, we have
k—1
B = (1= a)'¥g™ + (1= @) VaEfw] = (1 - )",
i=0
and

k-1
VI =V (1 - o)y + > (1 — o) aw,
=0

:aZ(l—a)zi
:2ia(1—(1—0¢)2k),

where V(-) represents the variance of a random variable. It follows that limy,_, E[Yk(o‘)} =

0 and limy_, o0 V[Yk(a)] = ﬁ Therefore, the sequence Yk(a) converges weakly to a random
variable Y(®), whose distribution is A(0, 7). In this case, we are able to analytically
characterize the distribution of Y'(®) for a fixed o because of the simplicity of Equation 4.3
and the noise sequence {wy.} being i.i.d. standard normal. For Equation 4.1 with limited
information on the noise sequence {wy}, it is in general not possible to fully characterize
the distribution of ().

Now that we have characterized the first weak convergence in Equation 4.2, consider
the second weak convergence. Note that we have already shown Y (®) ~ A/(0, -1-). As
o goes to zero, we have that Y(®) converges weakly to a random variable Y, whose dis-
tribution is A/ (0, %) As opposed to the first weak convergence in Equation 4.2, where the
distribution of Y'(®) in general cannot be fully characterized, we are able to characterize (in
later sections) the distribution of Y for more general SA algorithms under more general
noise assumptions. Intuitively, the reason is that as the constant stepsize decreases, the ef-
fect of the entire distribution of the noise {wy} on the distribution of Y'* is weakened. This

is analogous to central limit theorem type of results.

To summarize, we have shown in the special case of Equation 4.3 that the correct scaling
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function is g(«) = /v, and the distribution of the limiting random variable Y is a Gaussian
distribution with mean zero and variance 1/ V/2. In later sections, we extend this result to

more general SA algorithms with weaker noise assumptions.

4.1.3 Related Literature

Since proposed in [10], SA has been popular for solving large scale optimization problems
[43, 23]. Although in principle it requires using diminishing stepsizes to achieve asymp-
totic convergence, constant stepsize is preferred in practice [61]. Although there are many
existing papers studying SA algorithms with both constant and diminishing stepsizes [62,
63, 64, 65, 66, 67, 68, 12], the focus of this chapter is fundamentally different from them.
In particular, we are interested in the stationary distribution of the centered scaled iterate
(scaled by some function of the constant stepsize), while most of the existing papers study
the convergence or convergence rate of the original iterates, and do not study the stationary
distribution.

Constant Stepsize SGD. In contrast to the success in machine learning practice, there
is little discussion about the stationary distribution of constant stepsize SGD. Among ex-
isting literature [57, 58, 55], [57] introduced Markov chain theory in the study of constant
stepsize SGD algorithm under the strong convexity assumption. They utilized the property
that the sequence of iterates is an homogeneous Markov chain to provide an explicit asymp-
totic expansion of the moments of the averaged SGD iterates. [55] generalized the results
in [57] to the setting where the objective function is neither strongly convex nor smooth but
satisfies a dissipativity assumption. Under the dissipativity assumption, the authors of [57]
established an asymptotic normality result for the constant stepsize SGD algorithm. [58]
studied the asymptotic behavior of constant stepsize SGD with a nonconvex, nonsmooth,
but locally Lipchitz objective function. It was shown that in a small stepsize regime, the
interpolated trajectory of the algorithm converges in probability towards the solutions of

the differential inclusion & = OF(x) and the invariant distribution of the corresponding
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Markov chain converges weakly to the set of invariant distributions of the differential in-
clusion.

The work mentioned before establish the existence of the stationary distribution for
constant stepsize SGD type of algorithms. However, it is in general not possible to fully
characterize such stationary distribution unless the update rule and the noise sequence are
extremely simple (see Subsection 4.1.2). Therefore, we propose studying the limit of such
stationary distribution as the constant stepsize goes to zero. Since the SGD iterates will
converge to a singleton as the constant stepsize goes to zero, without proper scaling, it
is not possible to provide meaningful results regarding the distribution of iterates. Hence
none of the previously mentioned work can be applied to study the limiting behavior of
SA algorithms in our setting. A concurrent work [59] studied the constant stepsize SA
algorithms on a Riemannian manifold and established the limiting distribution of the /v
scaled iterate (cf. [59, Theorem 7]). However, for general SA algorithms, the scaling
function need not be g(«) = v/« and the corresponding distribution need not be Gaussian.
In this case, a proper method to determine the correct scaling function is of vital importance.

Diminishing Stepsize SA. A set of closely related literature is on studying the asymp-
totic normality of SA algorithms using diminishing stepsizes, in particular O(1/k) stepsize
[69, 70, 71, 72]. Note that in order to have a meaningful distribution, O(\/E) scaling of the
iterates is also required. This type of results can be viewed as an extension of the central
limit theorem (which considers only the average of random variables) to the more general
SA setting. In contrast, we study constant stepsize SA, which is more preferable in prac-
tice due to its fast convergence. In addition, since we have a two-step weak convergence
(see Equation 4.2), the analysis is fundamentally different. Moreover, for general SA al-
gorithms, we are the first to demonstrate that the scaling function need not be /«, and the
limiting stationary distribution need not be Gaussian, see Section 4.3.

Diffusion Approximation of SGD. Another set of related literature is on the diffusion

approximation of SGD [73, 74, 75, 76, 77], where the authors aim to approximate the
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trajectory of SGD by a diffusion process which solves the corresponding SDE. Notice that
they also study the scaled version of the diffusion limit of SGD. However, different from
our approach, their scale is in temporal domain and cannot be applied to our research.
Heavy Traffic Analysis in Stochastic Networks. The Markov chain perspective of
studying SGD iterates when the constant stepsize goes to zero [57] is qualitatively related
to the heavy traffic analysis for stochastic networks [78]. It has been studied in the literature
using fluid and diffusion limits [79, 80, 81, 82, 83, 84], where the interchange of limit is
usually problematic [78]. An alternative approach in studying stochastic networks is based
on a Lyapunov drift argument introduced by [78] and further generalized by [85, 86, 87, 88,
89]. We adopt similar techniques in quantifying the limiting distribution of the scaled SGD
iterates. Notice that in stochastic networks, people mainly focus on finite (or countable)
state-space Markov chains. However, when it comes to the SA iterates, the state-space is

continuous and thus more challenging.

4.2 Characterizing the Asymptotic Stationary Distribution

Through out this section, we make the following assumption regarding the noise {wy}.

Assumption 4.2.1. The noise sequence {wy} is independent and identically distributed

with mean zero and a positive definite covariance matrix ¥ € R%*?,

Note that Assumption 4.2.1 is much weaker than the assumption used in Subsection 4.1.2,
where the noise is assumed to obey the standard normal distribution. That being said, ex-
tending our results to the more general noise setting (e.g. martingale difference noise, and

Markovian noise, etc) is one of our future directions.
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4.2.1 SGD for Minimizing a Smooth and Strongly Convex Objective

Suppose that F'(z) = —V f(x), where f(-) is an objective function. Then Equation 4.1

becomes
X = x V(X 44
k1 ko to JXE) +we ) (4.4)

which is the well-known SGD algorithm for minimizing f(-).
To characterize the asymptotic behavior of Equation 4.4, we make the following as-

sumption.

Assumption 4.2.2. The objective function f : R? — R is twice differentiable, and is both

L — smooth and o — strongly convex.

Assumption 4.2.2 implies that

F) < F@) + (V@) = 2) + 2 e = il (L~ smooth)

and  f(y) > f(z) +(Vf(x),y —z) + %Hx — 3 (o-convex)

for all x,y € R% In addition, the function f(z) has a unique minimizer (or F(z) = 0 has
a unique solution), which we have denoted by z*. To proceed, let Yk(a) =(X ,Ea) —x%)/a
be the centered scaled iterate. We first derive the corresponding update equation of Yk(a) in

following:

Y =y - avy <\/5Y,j” + g;) + Vawy, 4.5)

which is obtained by subtracting z* from both sides of Equation 4.4 and then dividing by

Ja.

We next characterize the two-step weak convergence (cf. Equation 4.2) of {Yk(a)} in

the following theorem. Let H; € R%*? be the Hessian matrix of the objective function f(-)
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evaluated at z*, which is well-defined because f(-) is twice differentiable.

Theorem 4.2.1. Consider the iterates {Yk(a)} generated by Equation 4.5. Suppose that

Assumptions 4.2.1 and 4.2.2 are satisfied, then the following statements hold.

(1) There exists a threshold & > 0 such that for all o € (0, &), the sequence of random

variables {Yk(a)} converges weakly to some random variable Y'®), which satisfies

E[|Y[|3] < oo.

(2) For any positive sequence { oy} satisfying oy, € (0, @) forall k > 0 and limy,_, o, oy, =
0, the sequence {Y “¥)} converges weakly to a random variable Y, which satisfies

the following equation
E ({75t + 20t HyY) Y] =0, ¥t € R, (4.6)

where i is the imaginary unit. In addition, suppose that Equation 4.6 has a unique
solution (in terms of the distribution of Y'), then the distribution of Y is the multivari-
ate normal distribution with mean zero and covariance matrix Xy being the unique

solution of the Lyapunov equation

HiYy + SyH] = 3. (4.7)

Remark. To establish Theorem 4.2.1 (2), we require Equation 4.6 to have a unique solution
in terms of the distribution of Y. Such uniqueness assumption will be discussed and relaxed

to some extent in Subsection 4.2.4.

Since Y is positive definite, and H is also positive definite under strong convexity, it
is well established in the literature that the Lyapunov equation H;Yy + Xy H/ = X has a

unique solution [90]. One way of writing the solution Xy is given by

o0
_ _gT
Zy:/ e Hruye=Hy vy,
0
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See [91] for an alternative approach of solving Lyapunov equations using Kronecker prod-
uct.

To better understand Theorem 4.2.1, consider the scalar setting where f(z) = z?/2 and
¥ = 1. In this case we have H; = 1 and hence ¥y = 1/2 by the Lyapunov equation (cf.
Equation 4.7). As a result, the distribution of the limiting random variable Y is a Gaussian
distribution with mean zero and variance 1/2. This agrees with the illustrative example
presented in Subsection 4.1.2.

From Theorem 4.2.1, we see that the distribution of Y only depends on the Hessian of
f(+) at *. This makes intuitive sense because we are studying the asymptotic behavior of
Equation 4.4, and only the properties of f(-) around z* should play a role in characterizing

the stationary distribution.

4.2.2 Linear Stochastic Approximation

Suppose that F'(z) = Az + b, where A € R™? and b € R?. Then Equation 4.1 becomes
XD = X+ o (AXE) + b+ wy ) 4.8)
k+1 k k k) .

which aims at iteratively solving the linear system of equations Az + b = 0. Note that
since the matrix A is not necessarily symmetric, F'(x) = Az + b need not be the gradient
of any objective function. Such linear SA algorithms arise in many realistic applications.
One typical example is TD-learning (with linear function approximation) for solving the
policy evaluation problem in RL, where the goal is to solve a linear Bellman equation. See
[11,92, 12, 40] for more details about TD-learning as a linear SA algorithm.

To study the asymptotic behavior of Equation 4.8, we make the following assumption

regarding the matrix A.

Assumption 4.2.3. The matrix A is Hurwitz., i.e., all eigenvalues of A have strict negative

real parts.
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Remark. Since A being Hurwitz implies A being non-singular, Assumption 4.2.3 ensures

that the target equation Az + b = 0 has a unique solution, which we have denoted by x*.

Assumption 4.2.3 is standard in studying linear SA algorithms. In particular, it was
shown in the literature that under Assumption 4.2.3 and some mild conditions on the noise
{wy}, Equation 4.8 converges in the mean square sense to a neighborhood around z* [12].

To study the asymptotic distribution, for a fixed stepsize o, we define the centered
scaled iterate ¥, by ) = (X* — 2*)/\/a for all k > 0. To find the corresponding

update equation for Yk(a), we first subtract 2* from both sides of Equation 4.8 to obtain
X = X 4a (A(X(a) —z")+w )
k+1 = Ak k k)

where we used Az* + b = 0. Then we divide both sides of the previous inequality by /«

to obtain:
Y = (I +aA)Y + awy. (4.9)
The full characterization of the two-step weak convergence (cf. Equation 4.2) of the ran-

dom process {Yk(a)} is captured by the following theorem.

Theorem 4.2.2. Consider the iterates {Yk(a)} generated by Equation 4.9. Suppose that

Assumptions 4.2.1 and 4.2.3 are satisfied, then the following statements hold.

(1) There exists a threshold & > 0 such that for all o € (0,a’), the sequence of random

variables {Yk(a)} converges weakly to some random variable Y'®), which satisfies

E[I[Y ]3] < oo.

(2) For any positive sequence { oy} satisfying oy, € (0,&) forall k > 0 and limy,_,, o, =

0, the sequence of random variables {Y (**)} converges weakly to a random variable
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Y, which satisfies the following equation
E|(tTst—2it7AY) Y| =0, vieR: (4.10)

In addition, suppose that Equation 4.10 has a unique solution in terms of the distri-
bution of Y, then Y obeys the multivariate normal distribution with mean zero and

covariance matrix being the unique solution Xy of the Lyapunov equation.

AYy + Sy AT+ =0. 4.11)

Since the matrix A is Hurwitz, and the matrix X is positive definite, the existence and
uniqueness of a positive definition solution to the Lyapunov equation (cf. Equation 4.11)
are guaranteed [91].

Lyapunov equations were used extensively in the stability analysis of ODEs. For ex-
ample, the ODE associated with Equation 4.8 is given by @(¢) = Axz(t) + b [33], and the
function W (z) = (v — 2*) "3y (z — 2*) is a valid Lyapunov function for showing the
global geometric stability of this ODE [91]. Interestingly, according to Theorem 4.2.2, the
solution Xy also plays an important role in characterizing the limit distribution of centered
scaled iterates of linear SA algorithm (cf. Equation 4.8), which can viewed as a discrete

and stochastic counterpart of the ODE #(t) = Ax(t) + b.

4.2.3 Stochastic Approximation under Contraction Assumption

Suppose that F'(z) = T (z) — z, where T : R? x R? is a general nonlinear operator. In this

case, Equation 4.1 becomes

X =X ta (T (X,ga>) —X® wk) , 4.12)
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which can be interpreted as an SA algorithm for finding the fixed-point of the operator
T (). These type of algorithms arise in the context of RL. Specifically, many popular RL
algorithms such as ()-learning [17] and TD-learning [56] are SA algorithms for solving
fixed-point equations (i.e., Bellman equations), where the fixed-point operators (i.e., Bell-
man operators) are contraction mappings. Therefore, our result is closely related to those
RL algorithms. In fact, one of our immediate future directions is to actually extend our
study to constant-stepsize RL algorithms and provide theoretical insights about their sta-
tionary distributions.

To proceed and study Equation 4.12, we need the following definition.

Definition 4.2.1. Let v;, 1 < ¢ < d be positive real numbers. Then the weighted ¢5-norm

||, with weights {v; }1<i<q is defined by |||, = (30, v;22)"/2 for all z € RY.
AN =1

i
Next, we state our assumption regarding the operator 7 (+).

Assumption 4.2.4. The operator 7 (-) is continuously differentiable, and there exists 5 €
(0, 1) such that |7 (z1) — T (z2)||, < Bllxr — x2||, for any x1, 25 € R?, where || - ||, is

some weighted ¢5-norm with weights {1 }1<i<a-

Assumption 4.2.4 essentially states that the operator 7 (-) is a contraction mapping with
respect to the weighted ¢5-norm || - ||,,. By Banach fixed-point theorem [47], the operator
7 (+) has a unique fixed-point z*.

()

To proceed, we derive the update equation of the centered scaled iterate Yk(a) = (X, ' —

x*)/+/a in the following:
v =+ va (T (var® +o7) - (Vay +27) ) + vaw.  @13)

To characterize the distribution of the limiting random vector Y (cf. Equation 4.2), let
J € R%*4 be the Jacobian matrix of the operator 7 (-) evaluated at z*, which is well defined

because 7 (-) is continuously differentiable. We first show that all eigenvalues of the matrix
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J are contained in the open unit ball of the complex plane. This result is important for us

to later describe the covariance matrix of the limiting random vector Y.

Lemma 4.2.1. The spectral radius r(J) := maxi<;<q |\i(J)| of the matrix J is strictly less

than 1.

Proof of Lemma 4.2.1. We first show that r(J) < ||J|| for any induced matrix norm || - ||.
Let (\;,v;) be an eigenvalue-eigenvector pair of the matrix J. Then we have ||Jv;|| =
| Aivil| = [Ai]]|vil], which implies

|7]| := max | S| > | Jvs | _
a20 x| T |lvi]

| Ail.

Since the previous inequality holds for any eigenvalue \; of the matrix J, we have r(J) <
| /||. The rest of the proof follows by showing ||./||,, < /5 under the contraction assumption,

which can be found on standard analysis textbooks. 0

The next theorem characterizes the distribution of the two-step limiting random vector

Y of the centered scaled iterates {Yk(a)} of Equation 4.12.

Theorem 4.2.3. Consider the iterates {Yk(a)} generated by Equation 4.13. Suppose that

Assumptions 4.2.1 and 4.2.4 are satisfied, then the following statements hold.

(1) There exists a threshold &" > 0 such that for all « € (0,&"), the sequence of random

variables {Yk(o‘)} converges weakly to some random variable Y'®, which satisfies

E[[Y @3] < cc.

(2) For any positive sequence {«y } satisfying oy, € (0,&") forall k > 0 and limy,_, o, o, =
0, the sequence of random variables {Y (**)} converges weakly to a random variable

Y, which satisfies the following equation
E [(tTEt —2itT(J — I)Y) eitTY} —0, VieR" (4.14)
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In addition, suppose that Equation 4.14 has a unique solution, then Y obeys a multi-
variate normal distribution with mean zero and covariance matrix being the unique

solution of the Lyapunov equation (J — )Xy + Xy (J — )T + X = 0.

Under the contraction assumption, the spectral radius of the Jacobian matrix J is strictly
less than one (cf. Lemma 4.2.1). Therefore, all eigenvalues of the matrix JJ — I belong to
the open-left half of the complex plane. As a result, the matrix J — [ is Hurwitz and hence
the Lyapunov equation (J — )Xy + Xy (J — I)T + ¥ = 0 has a unique positive definite

solution >y [91].

4.2.4 The Uniqueness Assumption

In Theorem 4.2.1, Theorem 4.2.2, and Theorem 4.2.3, after obtaining the implicit equations
(i.e., Equation 4.6, Equation 4.10, and Equation 4.14), to conclude that the distribution of Y’
is Gaussian, we need to assume that the equation has a unique solution. In this subsection,

we show that such uniqueness assumption can be relaxed to some extend.

Uni-Dimensional Setting

Suppose that we are in the uni-dimensional setting, i.e., d = 1. Then Equation 4.6, Equa-
tion 4.10, and Equation 4.14 all reduce to an equation of the following form: E[(at +
20iY )e™] = 0 for all t € R, where a and b are positive constants. Let ¢y (t) = E[e"]
be the characteristic function of the random variable Y. Then we can rewrite the previous
equation as

doy (t)
dt

atdy (1) + 2b =0, (4.15)
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where the interchange of integral and differentiation is justified [93]. Now Equation 4.15
is an ODE, which has solutions of the form

¢y (t) = Cexp (—%tz) ;

where C' is a constant. Since ¢y (¢) as a characteristic function, hence satisfies ¢y (0) = 1,
we have C' = 1. It follows that ¢y (t) = exp(—£t®), which is the characteristic function
for a Gaussian random variable with mean zero and covariance m .

Based on the previous analysis, the uniqueness assumption about Equation 4.6, Equa-

tion 4.10, and Equation 4.14 can be removed in the uni-dimensional setting.

Multi-Dimensional Setting

Moving to the multi-dimensional setting, consider Equation 4.6 of Theorem 4.2.1 as a rep-
resentative example. To reproduce Theorem 4.2.1 (2) without imposing the uniqueness
assumption, we consider the setting where (1) the Hessian matrix H; of the objective func-
tion f(-) evaluated at z* is the identity matrix, and (2) the covariance matrix of the noise
wy, 18 also an identity matrix. Extending the result to the more general setting where H ¢
and Y can be any positive definite matrices is a future research direction.

Similarly let ¢y (t) = E[e“TY] be the characteristic function of the random vector Y.
Then in this case Equation 4.6 becomes ¢ty (t) + 2t " Vy (t) = 0, which is equivalently

to

Voy(t)
Py (t)

="t 4 2t"Vihy (1), (4.16)

O=t"t+2t"

where 1y (t) := log(¢y (t)). To solve the partial differential equation (PDE) (i.e., Equa-

tion 4.24), we will first convert the PDE from Cartesian coordinates to spherical coordi-
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nates, which then becomes directly solvable.
The d-dimensional spherical coordinate system consists of a radial coordinate p, and

d — 1 angular coordinates {6;}1<;<4—1. The relation between the Cartesian coordinates

(t1,--- ,tq) and the spherical coordinates (p, 01, - ,04_1) is given by

t1 = psin(by)sin(6s) - - - sin(04_2)sin(04_1),
to = pcos(01)sin(Bs) - - - sin(fg_o)sin(04_1),

ts = pcos(0y)sin(f3) - - - sin(f4_2)sin(f4_1),

tag—1 = pcos(04_2)sin(64_1),

tqa = pcos(0q_1),

where 0, € [0,27) and 6; € [0,7] for all i« = 2,3,---,d — 1. To proceed, we first
compute the Jacobian matrix J; of the transformation based on the formula presented in

[94]. Specifically, we have

I, = O(ty,ta, -+ ,tq)
A(p, 01,0, ,041)
[ % ticot(0y)  ticot(fy) -+ ticot(By ) tycot(0g_1) |
%2 —totan(by) tocot(fy) - -- tocot(04—2) tocot(04-1)
th‘l 0 0 coo —tgqtan(04_2) tg_ycot(04_1)
i %‘i 0 0 e 0 —tgtan(0g-1) |

Using the spherical coordinate system, Equation 4.24 can written as

p2 + ZtTchlva(p7 917 T 79d71)'
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which by direct computation simplifies to

QawY(pa 917 T 70d71)

o =0.

p+

This implies that ¢y (p, 601, ,04_1) = —% + C(6,--- ,04-1). Using the initial condi-
tion that ¢y (0,61, ,04-1) = log(¢y(0)) = log(1) = 0 for any 6y, --- ,0;_1, we see
that C'(64,--- ,04—1) = 0 and hence ¢y (p, 01, -+ ,04-1) = %. Therefore, we have that
Uy (t) = —4t, which implies ¢y (t) = exp(—1). It follows that the distribution of ¥
is the multinormal distribution with mean zero and covariance matrix being I,/+/2. This
agrees with Theorem 4.2.1 (2) when Hy = > = I, but the uniqueness assumption is not

required to establish the result.

4.3 Identifying the Suitable Scaling Function for More General Stochastic Approxi-

mation Algorithms

In the previous section, we have shown that for several particular SA algorithms (e.g. SGD,
linear SA, and contractive SA), the scaling function is g(«) = +/« and distribution of
the limiting random variable Y is a Gaussian distribution. In this section, we consider
more general SA algorithms. We first show impirically in the following subsection that in
general the scaling function need not be g(a) = \/«, and the distribution of Y need not be

Gaussian.

4.3.1 Numerical Experiments

Suppose that Equation 4.1 is the SGD algorithm for minimizing the scalar objective f(x) =

2t /4. That is:

X0 = X+ o (—(X) + w) 4.17)

70



Note that f(-) in this case is neither smooth nor strongly convex. It is clear that the
unique minimizer of f(-) is zero. Let the centered scaled iterate Yk(a) be defined by
Yk(a) =X ,go‘) /g(a). We next use numerical simulation to show that the correct scaling

function in this case should be g(a) = '/ instead of g(a) = \/a.

0.08
0.06
S Stepsize
Q004 1 0.01
1 005
1 01
0.02
0.00

Figure 4.1: Estimated Density Functions When Choosing g(a) = o'/?
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Figure 4.2: Estimated Density Functions When Choosing g(a) = a'/4

In Figure 11.1 and Figure 11.2, we plot the empirical density function of Y () for

different «. For the right scaling function, we expect the density function to converge
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Figure 4.3: log(py (y)) as a Function of y*

as « decreases, while for the wrong scaling function, we expect the density function to
change drastically for order-wise different c. As we see, it is clear that g(«) = \/« is not
suitable in this case, and g(a) = a!'/* seems to be the right scaling.

To further verify this result, we plot the logarithmic empirical density function as a
function of y* in Figure 11.3. We observe linear growth in Figure 11.3. This indicates that
the density function py (y) is proportional to ", where f is some numerical constant.
Therefore, numerical experiments suggest that the distribution of Y is not Gaussian but

super Gaussian in this problem.

4.3.2 A Method to Determine the Suitable Scaling Function

Inspired by the numerical simulations provided in the previous section, we here provide a
method to determine the correct scaling function for general SA algorithms.
To gain intuition, we consider the centered scaled iterates Y, = X /a!/* for Equa-

(@)

tion 4.17. The update equation of Y,/ is given by

Yk(a) Yk(a) _ a3/2(Yk(a))3 + oz3/4wk.

+1 =

Notably, the factor in terms of the stepsize o in front of the term (Y;*)3 is /2, which is
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equal to the square of the factor a®/* in front of the noise term wy,.
Now for the general SA algorithm presented in Equation 4.1, by rewriting Equation 4.1

in terms of the centered scaled iterate Y, = (X* — 2*)/g(a), we have

2 a *
Y@ — y@ +( a)) 9(a) P (Y Vg(a) + o*) L@

1 = e - G (4.18)

In view of the previous equation and the empirical observations in the previous section,
we see that we need to choose a scaling function g(«) such that the following condition is

satisfied.
Condition 4.3.1. The scaling function ¢(-) should be chosen such that
(1) limg_so ﬁ = 0and lim,,og(a) =0

(2) The function F : R? — R? defined by F(y) = lim,_,o Z2EWs+2") ¢ 4 nontrivial

«

function in the sense that F() is not identically equal to zero or infinity.

We next verify the choice of scaling functions in Section Section 4.2 using our proposed

Condition 4.3.1. For SGD with a smooth and strong convex objective, since
olle = 2" < |[Vf(2) = VI(@")ll2 = [Vf(@)]2 < Lllw = 2*]2, Yz eR,

we have

g(a)?

2
g (0%

, <9,

(6%

lyll2 < H g(a)vf(géa)y + )

2

In view of the previous inequality and Condition 4.3.1, it is clear that the only possible
choice of g(«a) is g(a) = /o
For linear SA algorithms studied in Subsection 4.2.2, since
9(@)[Alg(a)y + ") +b] g(a)QAy

0% o
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to satisfy Condition 4.3.1, we need to choose g(«) = /a.
As for contractive SA algorithms studied in Subsection 4.2.3, using the contraction

property and we have

(=Nl =2l < NT (@) =zl = [T () = T(2") = (z = 2) | < A+ )|z = 27|,

It follows that

g(a)?

9(a)[T(g(a)y + %) — (g(a)y + 27)]

<
In

2 (1) Iyl

=l < |

Since all norms are “equivalent” in finite dimensional space, the previous inequality implies
that we must choose g(«) = /a.
To further verify the correctness of the scaling function suggested by Condition 4.3.1,

consider the SGD algorithm
X(a) — X(a) i v X(a)
k+1 po T a(=VAXT) +wy)

with the following two choices of objective functions: (1) f(z) = e, and (2) f(z) =
% + szﬁ Note that in these two cases the function f(-) is not smooth and strongly
convex.

Case 1. In the first case where f(z) = ¢*°, since

2
_ g(a) 2‘y’€(y9(a))2
o

2

when choosing g(a) = /a, we have F(y) = lima_,o 9% 90 ew9(@)® — 2y This suggests

«

that the distribution of the limiting random variable Y has a density function proportional

/.2 . .
to e#'*", where (' is a numerical constant.

22
One interesting insight of this example is the following. Observe that we have d;x =
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> e, (2k)2**~! by Taylor series. The function F(-) in this example is exactly the dominant
term that appears in the Taylor series.
We next verify this choice of g(c) and the distribution of Y'(®) for small enough o using

numerical simulation in the following.
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Figure 4.4: Estimated Density Functions When Choosing g(a) = a!/?
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Figure 4.5: log(py (y)) as a Function of y?

We see from Figure 11.4 that with the scaling function g(a) = +/«, the empirical
density function of the random variable Y () seems to converge. Figure 4.5 further justifies

this result by showing that the density function py (y) of the distribution of Y in this case
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. . /2 . .
is proportional to ¢?*", where /3’ is a numerical constant.

Case 2. Consider case where f(x) = ””4—4 + SIHQ% Observe that

_9(e)

- ly°g()® + sin(yg())cos(yg(a))].

H g9(a)F(yg(e))

2

Since lim,_, S“;ﬂ = 1, the only possible choice of the scaling function g(«) to satisfy

Condition 4.3.1 (2) is g(a) = y/a. In this case, we have F(y) = lim,_ \/iay?’a?’/2 -
sin(yy/a)cos(yy/a) = y by L'Hopital’s rule. Since z* is dominated by sin?(x) as x
approaches z* (which is 0), the scaling function and the function £ (+) are determined only
by the dominant term.

Similarly, we verify this choice of scaling function via numerical experiments. In Fig-
ure 4.6 and Figure 4.7, we plot the empirical density function of the random variable Y ()
for different stepsize «, and see if the density function converges as o goes to zero. The

results suggest that g(a) = /2

seems to be the correct scaling. To further verify this
result, we plot the logarithmic function of the empirical density of Y(*) as a function of
y? and observe straight lines. Therefore, the distribution of Y () is proportional to e?'e?,

where (5" is a numerical constants.
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Figure 4.6: Estimated Density Functions When Choosing g(a) = o!/?
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Figure 4.7: Estimated Density Functions When Choosing g(a) = a/!/4
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Figure 4.8: log(py (y)) as a Function of y?

4.3.3 Connection to Euler-Maruyama Discretization Scheme for Approximating SDE

The choice of the scaling function suggested by Condition 4.3.1 has an insightful connec-
tion to the Euler-Maruyama discretization scheme for approximate the solution of an SDE,

as elaborated below. Let (B;);>( be a Brownian motion. Consider the following SDE:

dX, = F(X,)dt + dB, (4.19)
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with initial condition X,. The Euler-Maruyama discretization {X %} to the solution (X;) of
SDE (cf. Equation 4.19) is defined as follows. Let At be the discretization accuracy. Set

Xo = Xo, and recursively define X, according to
X1 = Xi + AtF(Xk:) + (Br+1)at — Brat).

Since (By)¢>o is a Brownian motion, we have (B;41)a: — Brat) ~ N (0, At). Therefore,
by letting {Z;} be an i.i.d. sequence of standard normal random variables, we can rewrite

the previous equation as
X1 = Xp + AtF(Xy) + VAL Zy,. (4.20)

The approximation property of the Euler-Maruyama discretization to its corresponding
SDE has been studied in the literature, see [95]. Specifically, it was shown that under some
mild conditions on F(-), the Euler-Maruyama scheme is known to have the first-order accu-
racy of the SDE. As a consequence, intuitively, when (X} );>( has a stationary distribution
1, the limiting distribution pa; of {X x} as a function of the discretization accuracy At
should converge weakly to 1 as At tends to zero. If we view the discretization accuracy
At as the stepsize in Equation 4.20. In order for pa; to converge to some nontrivial distri-
bution p as At tends to zero, it is important to notice that the scaling factor of the noise 7
in terms of At must be order-wise equal to the square root of the scaling factor of F'(X},).
This observation coincides with Equation 4.18 in the previous section, which eventually

leads to our Condition 4.3.1.

4.4 Proof of All Theoretical Results

In this section, we present the proofs of Theorem 4.2.1, Theorem 4.2.2 and Theorem 4.2.3.
We begin with Theorem 4.2.1.

High Level Idea. Before going into details, we first highlight the main ideas for the
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proof. Theorem 4.2.1 (1) follows from existing results in the literature, in particular, [55,
Proposition 2.1]. As for Theorem 4.2.1 (2), consider any positive sequence {4} such that
limy_00 ax = 0. Since the family of random variables {Y(®*)} is tight (which is implied
by Theorem 4.2.1 (1)), there is a weakly convergent subsequence {Y **¢}. We further
show that the weak limit Y of the subsequence {Y(“*¢)} solves Equation 4.6. In this case,
under the assumption that Eq. (Equation 4.6) has a unique solution, the random variable
Y is a Gaussian random variable with mean zero, and covariance matrix Xy being the
unique solution of the Lyapunov equation H;Yy + Xy H} = . Since for every sequence
{Y(@x)}, there is a weakly convergent subsequence {Y (“*¢)} with a common weak limit, the

sequence of random variables {Y (®*)} also converges weakly to the same random variable

Y.

4.4.1 Proof of Theorem 4.2.1 (1)

To prove the result, we will apply [55, Proposition 2.1]. For completeness, we first state

[55, Proposition 2.1] (using our notation) in the following.

Proposition 4.4.1. Consider {X ]Ea)} generated by Equation 4.4. Suppose that
(a) There exists L' > 0 such that |V f(z)||s < L'(1 + ||z||2) for any z € R
(b) There exist (1,05 > 0 such that (z,V f(z)) > l,||x||3 — ls for all x € R,

(c) The noise sequence {w} is an i.i.d. sequence satisfying E[w;] = 0 and EV/?[||wy||2] <

L"(1 + ||zk||2) for all k > 0, where L” > 0 is a constant.

01—/ max(£3—(3L"2+L"),0)
3L/2 +L”2

Then, when the constant stepsize a < , the following statements

hold.

(1) The iterates {X ,ga)} admit a unique stationary distribution t,,, which depends on the

choice of o In addition, let X(®) ~ r,, then we have E[|| X ||2] < oc.
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(2) For a test function ¢ : R? — R satisfying |p(z)| < Ly(1 + ||x||2) for all z € R? and
some Ly > 0, and for any initialization X(()a) € R? of the SGD algorithm given in
Equation 4.4, there exists p € (0,1) and k (both depending on «) such that we have

E[p(X,™)] = ma(@)] < kpF(L+ | XSV]3), where o (9) = E[¢(X@)).

Note that Proposition 4.4.1 (2) implies that { X ,EO‘)} converges weakly to X (@ To apply

Proposition 4.4.1, we next verify the assumptions.
(a) Since the objective function f(-) is assumed to be L — smooth, we have for any

r € Rethat |V f(z) — V£(0)|l2 < L|z||2, which implies

IVF@)ll2 < IVF(O)ll2 + Lllzlls < max([[Vf(O)llo, L) ([[2 +1).

J/

-

L/

(b) Since the objective function is assumed to be o — strongly convex, we have for any

r € R%:
o
F(0) = f(2) 2 (Vf (@), =) + S I3,
which implies that

(Vi(x),2) = Slally + @) = £0) = 5 Ilel3+ f(a") = F(0) = 1.
2 s

(c) This is immediately implied by Assumption 4.2.1, with L” = Trace(X)'/2.

Now apply Proposition 4.4.1, when the stepsize « satisfies o < 5 = @, the

SGD iterates { X ,ga)} converge weakly to some random variable X (®), which is distributed
according to the unique stationary distribution 7,. In addition, we have E[|| X (|]3] < cc.
Since Yk(a) is the centered scaled variant of X ,S"), the sequence {Yk(a)} converges weakly

to some random variable Y(®) and E[||Y @ ||2] < oc.
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4.4.2 Proof of Theorem 4.2.1 (2)

Following the road map described in the beginning of this section, we present and prove a

sequence of lemmas in the following. Together they imply the desired result.
Lemma 4.4.1. The family of random variables {Y )} o o<q is tight.

Proof of Lemma 4.4.1. We first show that there exists an absolute constant C' > 0 such that
E[[|[Y®]]?] < C for any a € (0, ap]. Using the update equation (cf. Equation 4.1), we

have

« « a «@ *

=Y — avf(/ay!® + %) + Vaw,

The existence and uniqueness of a stationary distribution Y'(®) is proved in Part (1) of this
theorem. We next show that the family of random variables {Y () }<,<q is tight. Using

the equation
Y@ Z2y@ _ av(ay® +z*) + Vaw,
and we have

B[y 3] = BV @[3 + oF [||Vf(vaY® +27)

—2\/aE [Y@Tv F(yay® ¢ x*)] .

2
2} + aTrace(X)

By smoothness, we have

|V F(VaY® +29)|s < L2af| Y @3
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By strong convexity, we have

Y@ ' Vi(/ay® 4 2*) = %(\/EY(O‘) +a* =) (V/aY® +2%) — Vf(2"))

> o/al|Y 3.

Therefore, we obtain

0 < L*”E[[|Y @3] + aTrace(X) — 20aE[|[Y|3].

When a € (0,a) C (0, %), we have from the previous inequality that

Trace(X) < Trace()

E[||Y©@)2] <
[l ||2]_20_L2a_ -

Hence, for any o € (0, @), let M = /Trace(X)/o«, then we have

E[Y @2 _ Trace(3)

P|lY @] > M) <
(I | > M) < WE S T

It follows that the family of random variables {Y (™ }o_,<q, is tight.

(4.21)

O

Lemma 4.4.2. Let {a} be a positive sequence of real numbers such that oy, € (0, &)

for all k and limy_,, oy, = 0. Suppose that {Y ¥} converges weakly to some random

variable Y. Then Y verifies the following equation

E — € = —E [exp(it'Y)it' H;Y] .

Proof of Lemma 4.4.2. For any k > 0, we have

ylew) 2 yr(ar) VoV f(VarY @) + o) + Jagw,
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which implies for any ¢ € R%:

E [eiﬂy(%)} =K [exp (itTY(O"“)) exp (—\/a_kitTVf(\/a_kY(a’“) + :E*))] E [emitTw]

(4.23)

Using Taylor’s theorem and we have

exp (—v/agit V f(y/arY @) + 2%))
= 1= oyt Vf(orY ) +2%) + O (au|t]*| V f (VarY @) + 2*|]?) .

Using Theorem 3.3.20 from [96] and we have

at 't

E [emﬁw(%ﬂ =1- + oaxlt]?).

Substituting the previous two inequalities into Equation 4.23 and we have

E [eitTY(%):|
= E [exp(it Y ™)) exp(—+/agit |V f(\/arY @) + 2%))] [Vt u]

tT3t
= (1 _ 5 ) x Elexp(it 'Y @) (1 — \Jagit "V f (/oY @) + 2*)

+ O (a2 V£ (vary @ + 7))
+E [exp(@tTy ay) ) exp(— \/_ZtTVf(\/_Y ar) 4 g ))} o(ax|t]?)

T 'Yt L Ty(e —
—E [ethY( k):| - E [%TethY( k):| _FE [eXp(ZtTY(ak)) /_Ofk-ZtTVf( aky(ak) + x*):|

[yt T30t
B |2

exp(it 'Y @) Jayit TV f (oY ©@F) 4 2*)
+E [0 (aHPIV S (Vary @) + o) |
_Ozkt >t 4Ty (o)

o O (P IV (VoY )+ a7|?)

+E [exp(it 'Y ) exp(— /it V f(varY ™ + 2))] o(ay||t]?).

—-E
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Simplify the above equality and we obtain

B |:tTEt€itTy(ak):|

2
71
[ YAAVA y (ak) *
= —E exp(z’tTY(%))Z f (Vo + )}
L A/ O
T
(1Tt
+ E exp(itTY(ak))w/akitTVf( /_aky(ak) + x*)}
E >
FE [0 (PIVA(VaRY ) o)
T4
[tTSt Ty
—E | O (|t PV S (ary +x*||2>]
5—‘2 >y
t 2
+E [eXP(ZtTY 1)) exp(—+/agit | V f(\/apY ) +2%))] O(O‘I;JL 1) '

(. J/
v~

Ts

We next let £ go to infinity on both sides of the previous inequality and evaluate the limit
of the terms {7} }1<;<6-
Since {Y(**)} converges weakly to some random variable Y, we have by continuity

theorem (Theorem 3.3.17 in [96]) that

tTt a tTt ,
lim E [ et k)] =—02F [e”Ty} .

For the term 7s, we have by bounded convergence theorem that lim,, ,o7s = 0. To
evaluate the terms 75 to 75, the following definition and a result from [97] is needed.

Definition 4.4.1. A sequence of random variables { X, } is called asymptotically uniformly

integrable if limy;_,, limsup,,_, . E[|X,|I{|X,| > M}] = 0.

Theorem 4.4.1 (Theorem 2.20 in [97]). Let f : R? — R be measurable and continuous at
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every point in a set C. Let X,, = X, where X takes its values in C. Then E[f(X,)] —
E[f(X)] if and only if the sequence of random variables f(X,,) is asymptotically uniformly

integrable.
Now consider the term 75. Observe that

?

it TV f(JagY @) + z*)

exp(it | Y (@) X
Ty o) TN
TV F(Jary @) +
]I{ exp(itTY(o"“))Z v ) > M} ]
VvV Ok

2

it 'V f(\/apY @) 4 2*)

1
—E
M |: \/ O
it 'V f(\/apY @) + 2%)

I

{ Vv
LE ’tTVf<\/a_kY(0‘k) + z%)
OékM

]1{ it"V f(aY ) 4 a*)

IN

exp(it Y (@) X

-]
-]

exp(itTY (@)

2
X

IN

exp(it Y (@)

Vv Ok
t 2
< l ‘]|\4E [ va(\/a—ky(ak) + m*)||2} (Cauchy Schwarz inequality)
Qy
Lt
< %]E [ Y es)]1?] (Definition of smoothness)
LTrace(2)||¢|?
< LTrace(S)[t]* (Eq. Equation 4.21)
oM

which goes to zero as M — oco. Therefore, we have by Theorem 4.4.1 that

lim T, = E [exp(it " Y)it " H;Y] .

k—o0

Using the same line of analysis, we have limy_, ., T3 = limy_ o Ty = limg_ o 15 = 0. It

follows that

E —5 e = —E [exp(it'Y)it' H;Y].

Rearranging terms and we obtain the desired equation. [
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Lemma 4.4.3. Suppose that Equation 4.6 admits a unique solution. Then the random vari-
able Y given in Lemma 4.4.2 obeys the Gaussian distribution with mean zero, and covari-

ance matrix Yy being the unique solution of the Lyapunov equation H; Yy + Sy H] = 3.

Proof of Lemma 4.4.3. 1t is enough to verify that the multinormal distribution with mean
zero and covariance matrix being the unique solution to the Lyapunov equation fTEy +

Yy Hy = ¥ solves Equation 4.6. The proof is given in the following:

E [(2¢tTHfY + tTZt)e“TY]

=C /d(2itTny + tTZt)eitTye_%yTE;lydy C = 1
R

v/ (27r)ddez(2y))

_ O bTEve / (2it T Hpy + tTSt)e 20T vt g,

S
&

= Ce 2t Vvt (2it" Hy(z +i%yt) + tTEt)e_%sz;lzdz (change of variable)

= Ce 2!t [ (22t TH Syt 4+t St)e 27 P %z

= Ceat ™! (—tT(HfEY + EYHfT)t + tTEt)e*%ZTE;lzdz

= Cea!' v (—t" %t + tTZt)e_%ZTEazdz (The Lyapunov equation)

=0.

]

Now that we have proved Theorem 4.2.1, we next provide the proofs of Theorem 4.2.2
and Theorem 4.2.3 below. First of all, linear SA can be reformulated as contractive SA
and hence we only need to prove Theorem 4.2.3. To see this, note that the target equation
Az + b = 0 in linear SA is equivalent to (nA + I)x + nb = x for any positive constant 7.
Define 7 (z) = (nA + I)x + nb. When A is Hurwitz, one can easily show that 7(-) is a
contractive operator with respect to some weighted ¢,-norm when 7 is small enough. Since
the proof of Theorem 4.2.3 is entirely similar to that of Theorem 4.2.1, we omit the details

and only highlight the major steps.
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The first step is to show that for a fixed stepsize «, the centered scaled iterate {Y,*}
converges weakly to a random variable Y(®), which satisfies E[||Y®||2] < oo (i.e., Part
(1) of Theorem 4.2.3). This can be proved by either following the same steps of proving
Proposition 2.1 of [55], or directly applying Theorem 1.1 in [98].

To prove Part (2) of Theorem 4.2.3, we again establish a sequence of lemmas analogous
to Lemmas 4.4.1, 4.4.2, and 4.4.3. The major difference is that, instead of repeatedly using
the strong convexity and smoothness property in SGD, we utilize the contraction property
of the operator 7 () for contractive SA. Specifically, we have the following three lemmas,

which together immediately give Theorem 4.2.3.
Lemma 4.4.4. The family of random variables {Y(a)}0<a§a// is tight.

Proof of Lemma 4.4.4. Following from the same steps of proving Lemma 4.4.1, we have

E[|Y @2 = E[[Y @] + oF [IIT(\/aY(“) +a%) = (vVaY'® 4 %)

.| + aEllel]
+2VaE [y D(T(/ay® +2%) - (Vay® + )|

where D = diag(u). To proceed, observe that we have for any x € R<:

[T (z +2%) = (@ +2") [y = [[T(z +27) = T(2") + 27 = (z + 27|,
= [Tz +2%) = Tl + |27 = (z + 27|,

< (v+ D=l
and

" D(T(x+2%)— (x+2%))=2"D(T(x +2%) —2*) —2' Dx

< (v = DIzl
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It follows that

0 < a®(y + 1E [|[Y 5] + aE[[Jwl] - 2a(1 = 7)E [IIYF],

E[ll

—ﬂ‘z‘] for all o small enough. The rest of the proof follows

which implies E[||Y)[|2] < =

by applying the Markov inequality, which is the same as in the proof of Lemma 4.4.1. []

Lemma 4.4.5. Let {ay.} be a positive sequence of real numbers such that oy, € (0,a")
for all k and limy,_,o, oy, = 0. Suppose that {Y“¥)} converges weakly to some random

variable Y. Then Y verifies the following equation
E ({75t —2it7(J - DY) " | =0, ViR (4.24)

Proof of Lemma 4.4.5. Following from the same steps of proving Lemma 4.4.2, we have

T T (k) *) (ak) *
E {t ZteitTy(ak):| _E {exp(itTY(O‘k))Zt (T (VarY @) + %) — (o Y(@r) + 1%))
2 \/ O

6
2N,
j=3

where {N; }3<;<¢ correspond to {7 }3<;<¢ in the proof of Lemma 4.4.2. Using the tight-
ness property established in Lemma 4.4.4 and Theorem 4.4.1, letting k go to infinity and

we have from the previous inequality that
E|(st—2it"(J— DY) e V| =0, ViR

]

Lemma 4.4.6. Suppose that Equation 4.24 admits a unique solution. Then the random
variable Y given in Lemma 4.4.5 obeys the Gaussian distribution with mean zero, and

covariance matrix Xy being the unique solution of the Lyapunov equation (J — )Xy +
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Sy(J—1)T +%=0.

Proof of Lemma 4.4.6. The proof is identical to that of Lemma 4.4.3, where we verify that
the desired Gaussian distribution solves Equation 4.24 by using the Lyapunov equation.

]

4.5 Conclusion and Future Work

In this chapter, we characterize the asymptotic stationary distribution of properly centered
scaled iterate of SA algorithms. In particular, we show that for (1) SGD with smooth and
strongly convex objective, (2) linear SA, and (3) contractive SA, the scaling function is
g(a) = y/a and the corresponding stationary distributions are Gaussian distributions with
mean zero and covariance matrices being solutions of appropriate Lyapunov equations.
For SA beyond these cases, we empirical show that the stationary distribution need not
be Gaussian, and provide a heuristic method to determine the suitable scaling function.
Theoretically studying more general SA algorithms is an immediate future direction of this
work.

One benefit from characterizing the stationary distribution of the centered scaled iter-
ates is that we can use this result as a guideline to design stochastic approximation algo-
rithms with improved performance. For example, a possible future direction is to inves-
tigate how to modify SA algorithms so that the limiting random variable Y has a smaller
covariance matrix. This is related to various variance-reduction techniques in SA. Another
possible future direction is to characterize the convergence rate of Y (*) to Y as the constant
stepsize « goes to zero using Stein’s method. This in conjunction with full characterization
of the distribution of Y will enable us to study the distribution of Y (% in the non-asymptotic

regime.
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Part 11

RL with a Tabular Representation
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CHAPTER §
PRELIMINARIES

From now on, we will dive into RL. The RL problem is usually modeled as an MDP.
However, unlike MDP, the environmental model (e.g. transition probabilities and the re-
ward function) is unknown in RL. As a result, typical algorithms for solving MDPs such
as value iteration and policy iteration are not implementable in RL because carrying out
those algorithms requires using the environmental model, which is unknown. To overcome
this difficulty, RL agent implements data-driven stochastic iterative algorithms, i.e., SA
algorithms.

At a high level, RL algorithms can be divided into two categories: value-based algo-
rithms and policy-based algorithms. In value-based algorithms, the agent aims at learning
the optimal value function (or state-action value function), which is then used to compute
an optimal policy via the Bellman optimality equation. Typical examples of value-based
algorithms are (-learning, and its on-policy variant SARSA.

Unlike value-based algorithms, policy-based algorithms directly work with policies. In
each iteration, the agent first perform policy evaluation to estimate the value function of the
current policy iterate, which is then used to update the policy via either approximate policy
iteration or policy gradient.

In Part II of the thesis, we focus on value-based RL algorithms with a tabular repre-
sentation. Specifically, we consider various on-policy TD-learning algorithms (e.g. n-step
TD and TD(\)), various off-policy TD-learning (Q7()), Retrace()), and Q-trace, etc., and
(Q-learning, and establish their finite-sample guarantees. The major theoretical workhorse
used here is the results on Markovian SA under contractive operators presented in Chap-

ter 2.
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5.1 Problem Formulation

In this thesis, we consider modeling the RL problem as an infinite horizon discounted
MDP defined by M = (S, A, P, R,~), where S is a finite state-space, A is a finite action-
space, P = {P, € RISXISI | ¢ € A} is a set of action-dependent transition probability
matrices, R : S x A — [—1,1] is a reward function, and vy € (0, 1) is a discount factor.
The transition probabilities and the reward function together are called the environmental
model of the MDP. Importantly, in RL, the environmental model is unknown to the agent.

At each time step k£ > 0, the agent is at a certain state of the environment, denoted by
Sk, and selects an action A according to some chosen policy 7, where 7 is a (possibly
stochastic) mapping from the state-space to the action-space. Then the agent moves to a
new state Sy based on the underlying transition probabilities, i.e., Sii+1 ~ Pa, (Sk,-)s
and receives a one-stage reward R (S, Ax). This process is then repeated, and the goal is
to find an optimal policy of selecting actions to maximize the long-term reward.

The performance of a policy 7 is captured by its value function V™ : § +— R, which is

defined by
V(s) =Er | D Y"R(Sk, Ar) | So = s] ,VseS,
k=0
where we use E, [ - | to indicate that the actions are selected according to the policy 7.

Since we work with MDPs with finite state-action spaces, V™ can equivalently be viewed
as a vector in RI!S!. With the value function defined above, the goal of RL is to find an
optimal policy 7* such that its associated value function, denoted by V*, is maximized

uniformly across the states, i.e.,

V*(s) >V7(s), VseS8, V.

For discounted MDPs, an optimal policy always exists [9].
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In the rest of this chapter, we will present various value-based RL algorithms and es-
tablish their finite-sample guarantees. The idea is to reformulate the RL algorithm in the
form of a Markovian SA algorithm under a contractive operator (i.e., Algorithm 1) and then

apply Theorem 2.5.1.

5.2 TIllustration via ()-Learning

To illustrate the recipe of applying our SA results to RL algorithms, we use the popular
(Q-learning algorithm as an example. The ()-learning algorithm is a recursive approach for
finding the optimal policy corresponding to an MDP (see Chapter 8 for details). At time
step k, the algorithm updates a vector (of dimension state-space size X action-space size)
(Qk, which is an estimate of the optimal ()-function (*, using noisy samples collected along
a single sample trajectory. After a sufficient number of iterations, the vector () is a close
approximation of Q)*, which (after some straightforward computations) delivers the optimal
policy for the MDP. Concretely, let { (S, Ax)} be a sample trajectory of state-action pairs
collected by applying some behavior policy to the underlying MDP model. The )-learning

algorithm performs a scalar update of a (vector-valued) iterate () according to

Qri1(s,a) = Qr(s,a) + oy, (R(Sk:» Ap) + Y max Qr(Sk+1,0") — Qr(Sk, Ak)) (5.1)

when (s, a) = (Sk, Ax), and Qx11(s, a) = Qk(s, a) otherwise.

At a high-level, this recursion approximates the fixed-point of the Bellman equation
through samples along a single trajectory. There are, however, two sources of noise in this
approximation: (1) asynchronous update where only one of the components in the vector
Qy, is updated (component corresponding to the state-action pair (S, Ax) encountered at
time k), and other components in the vector (), are left unchanged, and (2) stochastic noise
due to the expectation in the Bellman operator being replaced by a single sample estimate,

i.e., R(Sk, Ax) + vymaxyea Qr(Sk+1,a’), at time step k. For simplicity of notation, we
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denote I'1(Q, s, a,s") = R(s,a) + ymaxyeq Q(s',a') — Q(s, a).

To apply our SA results, the first step is to reformulate asynchronous ()-learning in
the form of Algorithm 1 by introducing an operator F(-,-) and a Markov chain {Y}} that
captures asynchronous updates along a trajectory. Let F : RISIM x § x A x S s RISIMI be
an operator defined by [F(Q, so, a0, 51)](5, @) = L{(sp,a0)=(s,0)} L 1(@; 50, G0, 51) + Q(5, a)

for all (s, a). Then the ()-learning algorithm given in Equation 5.1 can be rewritten as:

Qi1 = Qr + ar (F(Qk, Sk, Aky Skt1) — Qk) (5.2)

which is in the form of Algorithm 1 with x; replaced by Qy, wyx = 0, and Yy, = (Sk, Ak, Sk+1)-
The key takeaway is that in Equation 5.2, the various noise terms (both due to performing
asynchronous update and due to samples replacing an expectation in the Bellman equa-
tion) are encoded through introducing the operator F'(-) and the associated evolution of the
Markovian noise {Y}}.

With the SA reformulation, to apply our SA results, we need to establish the con-
traction property of the operator F'(-) := E[F(-, Sy, Ay, Sk11)] associated with the Q-
learning algorithm, where the expectation is taken with respect to the stationary distribu-
tion of the Markov chain {(Sy, Ay, Sr11)}. Under mild conditions, we show that F'(Q) =
NH(Q) + (I — N)Q. Here H(-) is the Bellman optimality operator for the Q)-function
[11]. The matrix N is a diagonal matrix with {p(s, @)} a)ecsxa sitting on its diagonal,
where p(s, a) is the stationary visitation probability of the state-action pair (s, a).

An important insight about the operator F'(+) is that it can be viewed as an asynchronous
variant of the Bellman operator #(-). To see this, consider a state-action pair (s,a). The
value of [F(Q)](s,a) can be interpreted as the expectation of a random variable, which
takes [H(Q)](s, a) with probability p(s, a), and takes Q(s, a) with probability 1 — p(s, a).
This precisely captures the asynchronous update in the ()-learning algorithm in that, at

steady-state, Qx (s, a) is updated with probability p(s,a), and remains unchanged other-
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wise. Moreover, since it is well-known that 7{(-) is a contraction mapping with respect to
| - ||oo» We also show that F(-) is a contraction mapping with respect to || - ||o, With the
optimal ()-function being its unique fixed-point.

The SA reformulation together with contraction property enables us to apply our SA
results to get the finite-sample bounds and the sample complexity guarantees of ()-learning.
Beyond Q)-learning, TD-learning variants such as off-policy V -trace, n-step TD, and TD(\)
can all be modeled by Markovian SA algorithms involving a contraction mapping (possibly
with respect to different norm), and Markovian noise. Therefore, our SA results provide a

unified recipe for the finite-sample analysis of value-based RL algorithms.
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CHAPTER 6
ON-POLICY PREDICTION: THE EFFICIENCY OF BOOTSTRAPPING

6.1 Introduction

Although the ultimate goal of RL is to find an optimal policy, there is usually a small goal,
which is to estimate the value function of a given policy. This is called the prediction
problem, or the policy evaluation problem. Solving the prediction problem is important for
several reasons. First of all, suppose we are given a policy. Before implementing the policy
in practice, we need to have an estimate on how good (or how safe) the policy is. More
importantly, solving the prediction problem is usually an intermediate step to eventually
find an optimal policy. For example, the popular actor-critic algorithm iteratively performs
policy evaluation and policy improvement to solve the RL problem.

Formally, the prediction problem refers to the problem of estimating the value function
V7™ (or state-action value function ()™) of a given policy 7, which we call the farget policy.
The most popular approach to solve the policy evaluation problem is TD-learning. To
motivate the TD-learning algorithm, we next introduce the Bellman equation for V™. Let

T : RISl — RIS be the Bellman operator (associated with policy 7) defined by

[TT™(V)](s) = Ex [R(Sk, Ar) + YV (Sks1) | Sk = 5], Vs € S.

Then it was shown in the literature that V™ uniquely solves the following fixed-point equa-

tion:

VT =T(VT). 6.1)

Therefore, to find V7, it is enough to solve Equation 6.1. Since 7™ (-) is known to be a con-
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traction mapping (with respect to the ¢,-norm), with contraction factor -y, Equation 6.1 can
be efficiently solved with the fixed-point iteration Vi, = 7™ (V}). However, since com-
puting 7™ (V) requires using the underlying transition probability matrices of the MDP,
we are not able to carry out such fixed-point iteration algorithm in the RL setting.

The TD-learning algorithm is designed to solve Equation 6.1 using the SA method, In
addition to vanilla TD-learning, there are other variants of TD-learning algorithms such
as n-step TD and TD(A). The n-step TD-learning algorithm is designed to solve the n-
step Bellman equation V™ = (77)"(V™), and the TD(\) algorithm is designed to solve
the A-discounted Bellman equation V™ = (1 — \) > A" 1(7T™)*(V™). Both of the
above variants of the Bellman equation are equivalent to the original Bellman equation (cf.
Equation 6.1) in the sense that they all have V'™ as their unique solution. However, the
induced SA algorithms (i.e., n-step TD and TD(\)) are different.

In n-step TD and TD(\), there is an important open problem, which is called the effi-
ciency of bootstrapping [18]. Formally, it refers to the problem about how to choose the
tunable parameters n and A so that n-step TD and TD(\) achieve their optimal perfor-
mance. In the rest of this chapter, we will establish finite-sample guarantees of both n-step
TD and TD()), and provide theoretical insights into the problem about the efficiency of

bootstrapping.

6.2 Finite-Sample Analysis of n-Step TD

In this section, we present the n-step TD-learning algorithm for solving the prediction

problem, and establish its finite-sample guarantees.

6.2.1 The n-Step TD-Learning Algorithm

We begin by presenting the n-step TD-learning algorithm in the following.
Observe that in Algorithm 3, the policy used to collect samples (called behavior policy,

or sampling policy) is the target policy w. This is called on-policy sampling. When the
pling policy get policy policy pling
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Algorithm 3 n-Step TD-Learning

1: Input: Integer K, initialization V; € R!SI, and a trajectory of samples
{(Sk, Ak) Yo<k<ri+n—1 collected under the target policy 7

2: fork=0,1,--- ,K —1do

3 Vira(Se) = Vi(Se) + an(Ci ™ 7 R(Si, Ai) + 7" Vi(Skan) — Vi(Sk))
4: end for

5: Output: Vi

behavior policy is different than the target policy, the corresponding algorithm is called
off-policy learning. We will study off-policy variants of TD-learning in Chapter 7.

In view of Algorithm 3, n-step TD-learning performs asynchronous update in the sense
that only a single entry of the vector-valued iterate V}, is updated in each time step. More-
over, the update can be viewed as a sample estimate of the difference between the LHS and
the RHS of the n-step Bellman equation.

An important idea in n-step TD is to use the parameter n to adjust the bootstrapping
effect. When n = 0, Algorithm 3 is the standard 1-step TD update, which corresponds to
extreme bootstrapping. When n = oo, Algorithm 3 is the Monte Carlo method for estimat-
ing V™, which corresponds to no bootstrapping. A long-standing question in RL is about
the efficiency of bootstrapping, i.e., the choice of n that leads to the optimal performance
of Algorithm 3 [1].

In the following subsections, we will establish finite-sample convergence bounds of the
n-step TD-learning algorithm. By evaluating the resulting sample complexity bound as a
function of n, we provide theoretical insights into the bias-variance trade-off in terms of
n, as well as an estimate of the optimal value of n. To proceed, we make the following

assumption about the target policy 7.

Assumption 6.2.1. The Markov chain Ms = {Si} induced by the target policy 7 is

irreducible and aperiodic.

Since we are using on-policy sampling in n-step TD, the target policy must enable the

agent to sufficiently explore the state-space. Assumption 6.2.1 ensures this property, and
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also implies that { S} has a unique stationary distribution (denoted by x5 € All), and the

geometric mixing property [48].

6.2.2 Properties of the n-Step TD-Learning Algorithm

Our plan is to reformulate n-step TD as a Markovian SA algorithm of the form Algorithm 1,
and then apply Theorem 2.5.1 to establish the finite-sample bounds.

We begin with the reformulation. Let a sequence {Y}} be defined by
Yk = (Sk, A/m ooy Sk+n—17 Ak-{—n—la Sk+n)7 vk > 0.

It is clear that {Y}} is a Markov chain, whose state-space is denoted by ) and is finite.

Define an operator F : RISl x Y — RIS by

[F(Voy)](s) = [F(V, s0, a0, -, $n)](s)
= L{so=s} <i 7iR(5z‘7 a;) + 7"V (sn) — V(So)> +V(s), VseS.

Then the update equation of n-step TD (i.e., line 3 of Algorithm 3) can be equivalently

written by
Vier = Vi + aw(F (Vi Ya) — Vi), (6.2)

which is in the form of Algorithm 1 with w;, = 0. We next establish the properties of the n-
step TD algorithm in the following proposition, which enables us to apply Theorem 2.5.1.

Let g € RISIXISI be a diagonal matrix with diagonal entries {ks($)}ses, and let Kg min =

Minges Kg(s).

Proposition 6.2.1. Under Assumption 6.2.1, the n-step TD-learning algorithm has the fol-

lowing properties.
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(1) The operator F(-,-) satisfies:

(@) ||F(V1,y) — F(Va,y)|la < 2||Vi — Valla for all Vi, Vs € RISl and y € Y.
(b) |F(0,y)l2 < 1= forally € V.

(2) The Markov chain {Y}} has a unique stationary distribution, denoted by [iy. More-

over, there exist C' > 0 and o € (0,1) such that

maz,ey|| PP (y, ) — py () |lrv < Co*, ¥V k> 0.

(3) Define an operator F : RIS| — RIS| by F(V) = By, [F(V,Y)] forall V € RISI,
Then

(a) F(-)is explicitly given by

n—1 n—1

F(V) = |- Ks Z(Vpﬂ)i(j — 7P|V +Ks Z(Vpﬂ)iRm

i=0 i=0
where R, € RI! is defined by R(s) = >_,. 4 m(a|s)R(s,a) forall s € S.

(b) F(-) is a contraction mapping with respect to the {,-norm || - ||, for any p €

[1, 00|, with a common contraction factor  := 1 — Kgmin(1 — ™).

(c) F(-) has a unique fixed-point V™.

From Proposition 6.2.1, we see that the asynchronous Bellman operator F'(-) associated
with the on-policy n-step TD-learning algorithm is a J-contraction with respect to || - ||,
for any p € [1, 0c]. In particular, this implies that F'(-) is a contraction with respect to the
standard Euclidean norm || - ||o. This is the property we are going to exploit in establishing
the finite-sample bounds of n-step TD in the next subsection.

To intuitively understand the || - ||o-contraction property, recall a “less known” property

from [92, 11] that the n-step Bellman operator 7."(-) is a contraction operator with respect
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to the weighted ¢y-norm || - || .4, with weights being the stationary distribution xg. Similar
to Q-learning, the asynchronous Bellman operator F'(-) is a convex combination of the
identity operator and the n-step Bellman operator 7."(-), using the stationary distribution
ks as weights. Therefore, due to this “normalization”, the asynchronous Bellman operator

is a contraction mapping with respect to the unweighted ¢5-norm.

6.2.3 Finite-Sample Bounds of n-Step TD

In this subsection, we use the || - ||o-contraction property from Proposition 6.2.1 to derive

finite-sample convergence bounds of Algorithm 3. Define
ts = min {k >0: max |P5(s,-) — kg()|lrv < 5}
se

as the mixing time of the Markov chain {S;} (under policy 7) with precision 0. For sim-

plicity, we here only present the case for using constant stepsize.

Theorem 6.2.1. Consider {V}.} of Algorithm 3. Suppose that Assumption 6.2.1 is satisfied,
and oy = o with o chosen such that a(t, +n) < ¢éo(1 — ) (where ¢ is a numerical

constant). Then we have for all k > t, + n:

a(ty +n)

e I (e e

where ¢1 = (||Vo — V™2 + ||Voll2 + 4)? and ¢, = 228(4(1 — )||[V™ |2 + 1)%

To analyze the impact of the parameter n, we begin by rewriting the convergence
bounds in Theorem 6.2.1 focusing only on n-dependent terms. Using the explicit ex-
pression of the contraction factor [, in the k-th iteration, the bias term is of the size
(1 — ©(1 — 4™)*. Since the mixing time ¢, of the original Markov chain {S;} does
not depend on n, the variance term is of the size O(n/(1 —~")). Now we can clearly see

that as n increases, the bias goes down while the variance goes up, thereby demonstrating
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a bias-variance trade-off in the n-step TD-learning algorithm.
To formally characterize how the parameters of the n-step TD algorithm impact its
convergence rate and to compute an estimate of the optimal choice of n, we next derive the

sample complexity of n-step TD based on Theorem 6.2.1.

Corollary 6.2.1. In order to make E|[||Vi. — V7 ||l2] < € the number of samples required

for the n-step TD-learning algorithm is of the size

o (1) 5) () S ot

d Quality of exploration

Vv Vv Vv
Accuracy Effective horizon Parameter n

Note that we used ||[V7||s < |S]'/2/(1 — ) in deriving the sample complexity.
In light of the dependence on the parameter n, which is @(n(l — ~™)~2), the optimal
choice of n can be estimated by minimizing the function n(1 — 7")~2 over all positive

integers. By doing that, we obtain the following estimate:

Moptimal ™~ min (17 Ll/ 10g<1/7)-|) )

where | x| stands for the integer closest to x. This result implies that when the discount
factor y is small (specifically v < 1/e), there is not much improvement in using multi-
step TD-learning over using single step TD-learning, and when the discount factor is large,

using n-step TD-learning with n ~ |1/log(1/~)] has provable improvement.

6.2.4 Related Literature

The concept of using multi-step returns instead of only one-step return was introduced in
[99]. See [1, Chapter 7] for more details about n-step TD. The asymptotic convergence of
n-step TD can be established using the general stochastic approximation algorithm under
contraction assumption [11]. Regarding the choice of n, it was observed in empirical ex-

periments that n-step TD (with a suitable choice of n) usually outperforms both 1-step TD
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and Monte Carlo method [100, 1]. However, theoretical understanding to this phenomenon
is not well established in the literature. We derive finite-sample convergence bounds of
the n-step TD-learning algorithm as an explicit function of n. This requires us to compute
the exact expression of the contraction factor 3 of the asynchronous Bellman operator (cf.

Proposition 6.2.1 (3)), and the mixing time (cf. Proposition 6.2.1 (2)).

6.3 Proof of All Theoretical Results in Section 6.2

6.3.1 Proof of Proposition 6.2.1

(1) (a) For any V4, V; € RISl and y € ), we have

[F(Vi,y) — F(Va,9)]2

= (Z [Liso=sy (7" (Vi(sn) = Va(sn)) — (Vi(s0) — Va(s0)))

SES

1/2
FVis) - v2<s>]2)

1/2
= <Z[1{SO—5}(V” +DVi - V2H2]2> +[IVi = Vall2 (triangle inequality)

seS

< 3[[Vi = Va2

(1) (b) For any y € ), we have

||F(07 y)”% = Z (1{505} if}/in(sﬁ al))

seS =0
n—1 2
S Z ]l{sois} (Z ,}/1)
seS i=0
< 1
T (L=y)?
It follows that | 70, y)[|2 < 1=.
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(2) Since the Markov chain {S} induced by the target policy 7 is irreducible and ape-
riodic, there exists C' > 0 and o € (0, 1) such that max,es || P*(s, ) — ||s(*)|ltv < Co* for

all & > 0 [48]. Now consider the Markov chain {Y}}. We have for all £ > 0:

max H Pk+n+1 (

yeY

1
= — max E
2 50,a0,.-,5n,an

/ / / ’
807a07"'7sn1an

Y,) — “Y(')HTV

D Pa(s0,8) Py (s, 5) — ws(sp)|

s

n—1

7 (ag|so) H Pa;(sgw Sip)T(@ig[S541)

1=0

(P, 1s the transition probability matrix of the MDP under action a)

5]@3%352
- 3%2 P (50.8) 3| PE(s. 85) — ms(s)

!
S0

| /\

i (Sns S Pk (s,50) — Ks(sp)

1
< émsaxz |P7'f(s, s0) — ks(s)]

S0

- IEE%XHPIC ) = ks (: HTV

< Co*.

(3) (a) Since the n-step Bellman operator is explicitly given by

Z (I —~Py)

n—1
VY (7o) Ry
i=0

forany V € RISl we have

n—1 n—1
F(V)=|I=Ks> (YP)'(I =7Po) | V+Ks Y (vPr) Rn.
i=0 =0
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(3) (b) For any V1, V5 € RIS and p > 1, we have

n—1
IF(Vi) = F(Va)llp = || |1 = Ks D _(vPx)'(I = vPx)| (Vi — V&)
=0 P
n—1 4
<|[I=Ks Y (vPa) (I = 7P| Vi = Valp.
=0 p

For simplicity of notation, we denote G' = I — Ks 27 (vP,)'(I — vP,). Since

n—1
G=1-KsY (vPr)'(I—~Py)
=0
n—1 ' n—1 ‘
=1-Ks Z(Vpﬂ)z + Ks Z('}/Pﬂ)Hl
=0 1=0

n—1 n

=1 - ’CS — ICS Z(")/Pw)i + ICS Z(,-)/Pﬂ_)i

i=1 i=1

=1—-Ks+ Ks(vPr)",
we see that the matrix GG has non-negative entries. Therefore, we have
[Glloo = 1G1|ec =

n—1
1—/§SZ’yi(1—7) =1—Kgmin(l—7").
=0

o)

Moreover, using the fact that g is the stationary distribution of P, (i.e., ﬁgPﬂ = /fg), we

have

n—1

1T — kg > '(1-7)

1=0

IGl = 117Gl =

To proceed, we need the following lemma.

Lemma 6.3.1. Let G € R¥? be a matrix with non-negative entries. Then we have for all
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p € [1,00]:
1 _
IGl, < GG e,

Proof of Lemma 6.3.1. The result clearly holds when p = 1 or p = oco. Now consider

p € (1, 00). Using the definition of induced matrix norm, we have for any = # 0:

Z [G1pP! Z Gijr} (Jensen’s inequality)
d d
<GB el > Gy
j=1 =1
d
=[lGIE" Y T a)
j=1
< [GIEH G2 llp-

It follows that |G/, < |GGl .

Using Lemma 6.3.1 and we have
IGll, < IGIPIGIY? < 1= Ksmin(l = 7") = 8.

Therefore, we have ||F(V;) — F(V3)|2 < B||Vi — Va||2. Hence the operator F'(-) is a con-

traction mapping with respect to || - ||2, with contraction factor 5.

(3) (c) The result follows by observing that F(V™) = V™ and F(-) being a contraction

mapping (hence has a unique fixed point).
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6.3.2 Proof of Theorem 6.2.1

We will apply Theorem 2.5.1 and Corollary 2.5.1 (1) to the n-step TD algorithm. We begin

by identifying the constants:

1
A:A1+A2—|—1:4, B:Bl+82:1—, g01§1, (70221—6, ¢3§228
-7

1
(I =)

e < (IIVo = V7llz + [Vollz + 4)%, c2 = (A1 =IVTl2 + D)™

Now apply Theorem 2.5.1 (2) (a). When «, = « for all £ > 0, where « is chosen such that

©2 _ 11— /3
g03A2 3648’

a(te +n) <

we have for all £ > ¢, + n:

P3C2
Y2
< (Vo = V™la + |[Vollz + 4)2(1 — (1 = B)a)r—(altatn)

228 1
T e Al - 2 + 1)t
t 1—5(1—7)2( L=V 2 + 1)*a(te +n)

— &1(1— (1= B)a)i-letm) g

E[[|[Vi = VT3] < prer(1 = paa)t~@let™) 4 T2, (My)

a(ty +n)
(1= =)

where ¢, = (||[Vo — V™|a + ||[Voll2 + 4)? and &, = 228(4(1 — 7)||[V™ 2 + 1)2.

6.4 Finite-Sample Analysis of TD()\)

In this section, we consider the on-policy TD(\) algorithm, which effectively uses a con-
vex combination of all the multi-step temporal differences at each update. We begin by
describing the TD(\) algorithm for estimating the value function V™ of a policy .

The sequence {z;} is called the eligibility trace [11, 1], which according to line 3 of

Algorithm 4 can be expressed as zx(s) = Zfzo(’y)\)k_i]l{si:s} forall s € S.
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Algorithm 4 The TD(\) Algorithm

1: Input: Integer K, initialization V; € RIS, z_; = 0, and a trajectory of samples
{(Sk, Ax) }o<k<r—1 collected under the target policy 7

2: fork=0,1,--- ,K —1do

3 zk(s) = (YA )zk—1(s) + Lyg,=s) forall s € S

4. Vk+1(Sk) = Vk(Sk) + akzk(s)(R(Sk, Ak) + ’ka(SkH) — Vk<Sk>>
5: end for

6: Output: Vi

A key idea in the TD(\) algorithm is to use the parameter A to adjust the bootstrapping
effect. When A = 0, Algorithm 4 becomes the standard TD(0) update (or 1-step TD), which
is pure bootstrapping. Another extreme case is when A = 1. This corresponds to using pure
Monte Carlo method. Theoretical understanding of the efficiency of bootstrapping is a core
problem in RL [18].

In the following subsection, we establish finite-sample convergence bounds of the TD(\)
algorithm. By evaluating the resulting bound as a function of A\, we provide theoretical in-
sights into the bias-variance trade-off in choosing A. Similar to n-step TD, we make the

following assumption.

Assumption 6.4.1. The Markov chain {S}} induced by the target policy 7 is irreducible

and aperiodic.

As a result of Assumption 6.4.1, the Markov chain {.S;} has a unique stationary distri-

bution, denoted by xg € AlSl, and the geometric mixing property [48].

6.4.1 Properties of the TD()\) Algorithm

Unlike the n-step TD-learning algorithm, the TD()) algorithm cannot be viewed as a di-
rect variant of the SA algorithm presented in Chapter 2. This is because of the geometric
averaging induced by the eligibility trace in TD(\), which creates dependencies over the
entire past trajectory. We overcome this difficulty by using an additional truncation argu-
ment, and separately handle the residual error due to truncation. For ease of exposition, we

consider only using constant stepsize in the TD(\) algorithm, i.e., oy, = a for all k£ > 0.
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For any k > 0, let Yy, = (S, ..., S, Ag, Sk11) (which takes value in ), := S*+2 x A),

and define a time-varying operator F}, : RISl x Y, — RISl by

[FL(V,y)l(s) = [Fi(V, S0, ., Sk @iy Spr1)](5)

k
= (R(sk, ar) + VVi(sk+1) — Vi(sw) Z YN Lsimsy + V(s)
=0

forall s € S. Note that the sequence {Y},} is not a Markov chain since it has a time-varying
state-space. Using the notation of {Y}} and Fj(-,-), we can rewrite the update equation of

the TD(\) algorithm by
Vier = Vi + a (Fe(Vie, Yi) — Vi) (6.3)

Although Equation 6.3 is similar to the update equation of the contractive Markovian SA
algorithm presented in Chapter 2, since the sequence {Y}} is not a Markov chain and the
operator Fj(-, ) is time-varying, Theorem 2.5.1 is not directly applicable.

To overcome this difficulty, let us take a careful look at the operator F(-,-). Although
Fy(Vi, Yx) depends on the whole trajectory of states visited before (through the eligibility
trace 2;(s) = 0o (YA)F 1 (5,—s}), due to the geometric factor (vA)*~", the states visited
during the early stage of the iteration are not important. Inspired by this observation, we
define the truncated sequence {Y;7 } of {Y;} by Y] = (Sk—+, ..., Sk, Ay, Sk+1) forall k > 7,
where 7 is a fixed non-negative integer. Note that the random process {Y,”} is now a
Markov chain, whose state-space is denoted by ), and is finite. Similarly, we define the

truncated operator £} : RISI x Y+ RISIof Fy (-, -) by

[FL(VoyDI(s) = [FX(Vesiery o+ s Sk, @y k1)) (8)
= (R(sk, ar) +Vi(skr1) = Vilse)) D (YN gy + V(s)

i=k—T1
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for all s € S. Using the above notation, we can further rewrite the update equation of

Algorithm 4 by

~
The Error Term

Now, we argue that when the truncation level 7 is large enough, the last term on the RHS
of the previous equation is negligible compared to the other two terms. In fact, we have the

following result.

Lemma 6.4.1. For all k > 0 and 7 € [0, k|, denote y = (s, ..., Sk, Ok, Sk+1) and y, =

(Sk—r» v Sk Ak, Sp41)- Then the following inequality holds for all V € R!S!:

- (A
— <
1EVoyr) = BelVoylle < 57—

(14 2[[V][2)-

Lemma 6.4.1 indicates that the error term in Equation 6.4 is indeed geometrically small.
Suppose we ignore that error term. Then the update equation becomes Vi, ~ Vi +
ar(FY (Vi, Y)T) — Vi). Since the random process My = {Y/7} is a Markov chain, once
we establish the required properties for the truncated operator F} (-, -), our SA results in

Chapter 2 become applicable.

log(1/a)
log(1/(v)))?

the constant stepsize we use. This implies that the error term in Equation 6.4 is of the size

From now on, we will choose 7 = min{k > 0 : (yA)*™! < a} < where « is

O(a?). Under this choice of 7, we next investigate the properties of the operator F} (-, -)
and the random process {Y;”} in the following proposition. Recall that g € RISIXIS! js a

diagonal matrix with diagonal entries {ks(s)}ses, and Kgmin = minges £s(s).

Proposition 6.4.1. Suppose that Assumption 6.2.1 is satisfied. Then we have the following

results.
(1) For any k > T, the operator F{ (-, -) satisfies
(@) | F7(Vi,y) = FL (Va, )2 < 725 1Vi = Valla for any Vi, Vo € RISl and y € Y,
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(b) | F7 (0,92 < L5 for any y € V.
(2) The Markov chain {Y,] }x>, has a unique stationary distribution, denoted by |iy.

Moreover, there exist C > 0 and o € (0, 1) such that

mmax | PAFT g, ) = iy ()l < Co¥, Wk 20
yeVr

(3) For any k > T, define the expected operator F7 : RISl s RISI py FT(V) =

Eynpy [F{ (V.Y)]. Then

(a) FY(-) is explicitly given by

FI(V) = (I —Ks Z(W\Pﬂ)i([ — yP,,)) V+Ks Z(VAP,,)’RW.

=0 =0

(b) F7(-) is a contraction mapping with respect to || - ||, for any p € [1, 00}, with a

common contraction factor

(1= =N

=1-K min
b % 1—9A

(c) F7(-) has a unique fixed-point V™.

Similar to n-step TD, the truncated asynchronous Bellman operator £} (-) associated
with the TD(\) algorithm is a contraction with respect to the ¢,-norm || - ||, for any 1 <
p < oo, with a common contraction factor 3. This enables us to use Theorem 2.5.1 along

with Corollary 2.5.1 (1).

6.4.2 Finite-Sample Bounds of TD(\)

We now present the finite-sample convergence bounds of the TD(\) algorithm for using

constant stepsize, where we exploit only the || - ||2-contraction property from Proposition

6.4.1.
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Theorem 6.4.1. Consider {V}.} of Algorithm 4. Suppose that Assumption 6.4.1 is satisfied
and oy, = a with a chosen such that ot + 27 + 1) < éo(1 — B)(1 — Y\)? (where ¢y is a

numerical constant). Then the following inequality holds for all k > t, + 27 + 1:

a(ta+7+1)
(1 =721 =5)

E[|Vi = V3] < & (1 — (1= B)a)*~ et 4 g,

where ¢1 = (||Vo — V™2 + ||Voll2 + 1)? and ¢, = 114(4||V™ ||y + 1)2

Remark. Under Assumption 6.4.1, the mixing time £, is at most an affine function of

log(1/a), and does not depend on the parameter \.

The convergence rate of TD(\) is similar to that of n-step TD. We here focus on the
impact of the parameter A\. We begin by rewriting both the bias term and the variance
term in the resulting convergence bound of Theorem 6.4.1 focusing only on A\-dependent
terms. Then, the bias term is of the size (1 — ©(1/(1 — y\)))* while the variance term is
between ©(1/(1 — y\)log(1/(vA))) and ©(1/(1 — vA)). Now observe that the bias term
is in favor of large A (i.e., less bootstrapping, more Monte Carlo) while the variance term
is in favor of small A (i.e., more bootstrapping, less Monte Carlo). This observation agrees
with empirical results in the literature [1, 101]. Therefore, we demonstrate a bias-variance
trade-off in choosing A, thereby providing theoretical insights into the open problem of the

efficiency of bootstrapping in RL [18].

6.4.3 Related Literature on TD()\)

The idea of using A-return and eligibility traces was introduced and developed in [99, 29].
See [1, Chapter 12] for more details. The convergence of TD(\) was established in [102].
Regarding the parameter )\, empirical observations indicate that a properly chosen inter-
mediate value of A usually outperforms both TD(0) and TD(1) [100]. Theoretical justifica-
tion of this observation is, to some extend, provided in [101], where they study a variant of

the TD(\) algorithm called phased TD. The TD(\) algorithm is often used along with func-
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tion approximation in practice. The asymptotic convergence of TD(\) with linear function
approximation was established in [92]. More recently, [40, 12] established the finite-sample
bounds of TD(\) with linear function approximation by modeling the algorithm as a linear
stochastic approximation with Markovian noise. The result of [40] indicates that TD(\)
in general outperforms TD(0). However, [40] does not provide explicit trade-offs between
the convergence bias and variance in choosing A. Similarly, [12] does not have an explicit
bound, and thus do not study bias-variance trade-off, which is what we did in this paper.
To achieve that, we need to carefully characterize the contraction factor 3 of the truncated

Bellman operator £ (-), as well as the mixing time of the truncated Markov chain {Y; }.

6.5 Proof of All Theoretical Results in Section 6.4

6.5.1 Proof of Lemma 6.4.1

The following lemma is useful when proving Lemma 6.4.1 and Proposition 6.4.1.

Lemma 6.5.1. Let T be a finite set. For any k > 0, define two sequences {i; }o<i<x and
{a;}o<i<k be such that i, € T and a; > 0 forallt = 0,1, ..., k. Let v € R be defined by

x; = Zf:o a1 (i,—iy for all i € I. Then we have

k
lzlls <) a.
t=0

Proof of Lemma 6.5.1. Using the definition of || - ||2, we have

k 2
Izl = (Z M{n:i})

ieT \1=0
kook
= E E E agapll (5,—; 5=
i€l =0 (=0
kook

= ataéE ﬂ{itzi,igzi}
=0 (=0

t i€l
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The result follows by taking square root on both sides of the previous inequality. [

We now proceed to prove Lemma 6.4.1. For any V' € RISI and (S0y -+ Sky Ak, Sk+1)s WE

have by definition of the operators F} (-, -) and Fj(-, -) that

||Fl:(‘/’ Sk—15 -y Sk Qf, 5k+1) - Fk(‘/v S0 -5 Sky Ak, Sk+1)||%

k—1—1 2
= |(Rsksar) 1V (sk41) = Vi(sk)) D> (WA, —s}]
seS =0
k—7—1 2
<A+2VIR*D | Y (%)k_zﬂ{sis}]
seS =0
(7)\)2(7—%1) )

The result follows by taking the square root on both sides of the previous inequality.

6.5.2 Proof of Proposition 6.4.1

(1) (a) For any V3, V, € RISl and y € )),, we have by triangle inequality that

1F7 (Vi y) — F (Va, y)l2

< ||Vi = V4|2
i o\ 1/2
+ Z (Y(Vi(sk41) = Va(ske1)) — (Vi(sk) — Va(sk)) Z (yA)~ ]1{32—8}]
seS i=k—T1
k 2\ /2
< Vi = Valla + 2[|V1 — Vil Z [ Z (YA~ Z:ﬂ-{sls}]
seS Li=k—T1

<|[[Vi = Vall2 + T Vi = Valf2 (Lemma 6.5.1)
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3
<
S1C

Vi~ Vil

(1) (b) Similarly, for any y € ),, we have

- k 2
IFZ 0,013 =D |Riskrar) > (YN " Lo= s}]
seS L i=k—T1

< Z Z (fy)\)k_i]l{si:s}] (R(s,a) € [0,1] for all (s, a))

seS Li=k—1

-7

It follows that || F7 (0, y)[|ls < =5

X"

(2) The proof is identical to that of Proposition 6.2.1 (2).

(3) (a) Forany V € Rll and s € S, we have

By oy [[EE (V. Y)](5)]

k
=Eypy |(R(Sk, Ak) + 7V (Sk+1) — ) > (N T Ls—g | + V(s)
L i=k—T1
Ik
= EYN,uY Z "Y)\ k Zﬂ{s S}E [(R(Sk,Ak) =+ ’}/V(Sk_H) — V(Sk)) ‘ Sk, Sk—h ey SQ]]
Li=k—T
+ V(s)
Mok
=By | O (0N Iis,—g (Re(Sk) + Y[P:V](Sk) = V(Sk) | + V(s)
Li=k—7
k
= Y O ms(s0) Pilso s) Y P (s, 8)(Rals)) +A[PVI(s) = V(5)
i=k—T1 SQES s'eS
+ V(s)

k
$) > (WY PE (s, ) (Rals) + A [PVI(s) = V() + V(s)
i—k—

) T s'eS
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=rs(s) D (NPT (Be APV = V)](s) + V(s).

i=k—T1

It follows that

F{(V)=Ks

(2

k
(VAP (Ry + 9P,V = V) +V
=k—1
=Ks Y (YAPR) (Re + 7PV = V) +V
=0

V+KsY (YAP) Ry

=0

T

I— ’CS Z(’)/)\Pﬂ)i(f - IVPW)

=0

(3) (b) For any V1, V5 € RISl and p € [1, oc], we have

IFF (Vi) = FL(Va)llp = || [T = Ks D _(7APR)' (I = 7 Px) | (Vi = Va)
=0 p
< =Ks Y (AP (I =~Po)|| Vi = Vall,.
1=0 p

Denote Gy, = I — KsY_i_o(YAP;)"(I — vPy). It remains to provide an upper bound on

|Gx.r||p- Since

T T

Grr=1—Ks) (Y\Pr)' +Ks Y (YAP:)'7Px

=0 =0
T T

=1-Kg—Kg Z(’YAPw)i +Ks Z(V)‘PW)i'VPW

i=1 1=0

T—1 T
=1—Ks—Ks Y (AP +Ks Y (YAP:)'y Py
i=0 i=0

T—1
=1 —Ks+Ks > (YAPr)'vPr(1 = \) + Ks(YAP:) 7Py,
=0

the matrix GG ; has non-negative entries. Therefore, we have

1Gxlloe = 1GA oo
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L == ()T
- Hl " T—7A .
e 0=y =(NT
=1 ICS,mln 1_ 7/\
and
G-l = 117Gl
4T (I =7)(1 - (’V\)TH)
= ‘ 1 Kg [ N
_ _ T+1
PN Clele) | Gl 020 0}
’ 11—~

It then follows from Lemma 6.3.1 that

| - (1= =A™
[Gaslly < 1Gar NG 17 < 1= Kmin——3— =

Hence the operator F} (-, -) is a contraction with respect to || - ||, for any p € [1, 00|, with a

(=)A=

common contraction factor 8 = 1 — Kg min jE—

(3) (c) It is enough to show that V'™ is a fixed-point of F,CT (+), the uniqueness follows from

F7 () being a contraction. Using the Bellman equation R, + vP, V™ — V™ = 0, we have

FL(VT) = Ks S (AP (Re + 4PV = V) 4 VT = V7.

=0

6.5.3 Proof of Theorem 6.4.1

We will exploit the || - ||o-contraction property of the operator F} (+) provided in Proposition

6.4.1. Let M (z) = ||z||% be our Lyapunov function. Using the update equation Equation 6.4
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and we have for all £ > 0:

[Vigr = VT3 = Vi = VI3 + 2a(Vi, = V™) T (FT (Vi) — Vi)

J/

-~

T

+20(Vie = V)" (FL (Vi Yi7) = FL(Vi) + 02| FY (Vie, YY) — Vil

v~ v
2 /
T} T3

+ || Fu(Vi, Yi) — FY (Vi YY)l

T3

+20(Vi = V)T (F(Vi, Yio) = FL(Vi, YY)

~~
/
T5

+ 2a (T (Vi, Vi) = Vi)' (Fe(Vie, Ya) = FL (Vi YY) - (6.5)

~~
/
T6

The terms 77, T3, and 7% correspond to the terms 77, T3, and 7, in Equation 2.6, and hence
can be controlled in the exact same way as provided in Lemmas 2.6.1, 2.6.4, and 2.6.5.
The upper bounds of 77, T, and 7% are summarized in the following lemma, whose proof

is omitted.
Lemma 6.5.2. The following inequalities hold:
(1) T] < =2a(1 = B)||Vi — V|3 for any k > 7.

(2) B3] < St y; — ym |2 4 20200l n) (4| Y7y 4 1)2 for all k> 27 + .

(3) Ty < 22905 |Vi — V7|13 +

=z

= % 4|V o + 1)2 for all k > 7.

As for the terms 77, T, and 7§, we can easily use Lemma 6.5.3 along with the Cauchy-
Schwarz inequality to bound them, which gives the following result.

Lemma 6.5.3. The following inequalities hold:

() Tj < 255 Vi = VI3 + 22552 @IV |lo + )2 forall k> 7.

1'y)\

(2) T: < 16a HVk VT2 + (4|]V”H2 + 1) forallk > 7.
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(3) Tg < 64a 2||Vk: V™3 + 22 (4||[V™||s + 1)* forall k > 7.

1~/A

Proof of Lemma 6.5.3. (1) For all k£ > 7, we have

Ty = o®||Fu(Vi, Yi) — F{ (Vi, YY) II2

(,y)\) (7+1)
T (=2

a4

< =

T (=)
8a? 202

S ) VA e T S

(2[|[Viell2 + 1)? (Lemma 6.4.1)
@IVe = V72 +2[V7[l2 + 1)

(4[v7lz +1)%

(2) For all £ > 7, we have

T =2a(Ve = V) (Fe(Vi, Ya) — FL(Vi, Yi7))

< 2a||Vi = V™2l Fi(Vi, Yi) — Fy (Vie, i) ll2

20(y )T N
= (1(7 7)_) Ve = VT ll22[[Vill2 + 1) (Proposition 6.4.1 (1))
2a(yA)™ )
< — 7 (2 _ YT 92 ™
Y Vi = V7 l2 + 2[[VT]l2 + 1)
160 (yA)™! da(yA)TH )
< Vi — V|2 + 2 (4| V72 + 1
Ve = VI + G a+ 1)
162 402 ‘
< TN IV = V713 + m(‘ln‘ﬁr”z +1)%,. (The choice of 7)

(3) For all £ > 7, we have

Ty =20 (F(Vi, YT) = Vi) " (Fu(Vi, Ya) — Ff (Vii, YY)
< 20| F (Vie, YyT) = Viellal| B (Vi, Ya) — Ff (Vi Y70l

204(7)\)”rl 3
<
< 1_7>\||V/g||2—l—1_

Vil ) @IVl + )

— A
7)\ T+1
< —(1(_,,&) (VL + D2IVEll + 1
f)//\ T+1 i _
= ﬁ(ﬁlllw — Vo +4VT]2 + 1)
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Gda(yA)™" o | Aoy 2
= (1= A2 Vi = V72 + (1_7)\)2< [V™l2 + 1)
640{2 4&2 .
= (1 —~N)2 Vi = V7llz + W(ZIHV“HQ +1)% (The choice of 7)

]

The rest of the proof is to use the upper bounds we derived for the terms 77 to T}
in Equation 6.5 to obtain the one-step contractive inequality. Repeatedly using such one-
step inequality and we get the finite-sample bounds stated in Theorem 6.4.1. This part is

identical to the proof of Theorem 2.5.1.

6.6 Conclusion and Future Work

In this chapter, we present finite-sample guarantees of two popular families of TD-learning
algorithms, namely the n-step TD and the TD(\). Moreover, the finite-sample guarantees
shed light on the open problem about the efficiency of bootstrapping, which is about how to
pick the parameters n and A so that n-step TD and TD(\) achieve their best performance.
However, the bias-variance trade-off we demonstrate (or the estimated optimal choice
of n in n-step TD) may not be accurate since we only have upper bounds. To complete
the story, in addition to upper bounds, we also need lower bounds (hopefully of the same
order). Deriving lower bounds of n-step TD and TD(\) is a future direction of this line of

work.
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CHAPTER 7
OFF-POLICY PREDICTION: THE BIAS-VARIANCE TRADE-OFF

7.1 Introduction

In TD-learning, a key ingredient is the policy used to collect samples (called the behavior
policy). Ideally, we want to generate samples from the target policy whose value function
we want to estimate, and this is called on-policy sampling. However, in many cases such
on-policy sampling is not possible due to practical reasons [103, 104], and hence we need
to work with historical data that is generated by a possibly different policy (i.e., off-policy
sampling).

Off-policy learning is inevitable in high-stakes applications such as healthcare [105],
education [106], robotics [107] and clinical trials [108, 104]. The agent there may not have
direct access to the environment in order to perform online sampling, and one has to work
with limited historical data that is collected under a fixed behavior policy. Moreover, off-
policy sampling enables off-line learning by decoupling data collection from learning, and
is observed to extract the maximum possible utility out of limited available data [109].

Although off-policy sampling is more practical than on-policy sampling, it is more
challenging to analyze and is known to have high variance [110], which is a fundamental
difficulty in off-policy learning. To overcome this difficulty, many variants of off-policy
TD-learning algorithms have been proposed in the literature, such as Q™(\) [13], TB()))
[14], Retrace()\) [15], and Q-trace [16], etc.

7.1.1 Main Contributions

In this chapter, we establish finite-sample bounds of a general n-step off-policy TD-learning

algorithm that also subsumes several algorithms presented in the literature. The key step is
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to show that such algorithm can be modeled as a Markovian SA algorithm for solving a gen-
eralized Bellman equation. We present sufficient conditions under which the generalized
Bellman operator is contractive with respect to a weighted ¢,-norm for every p € [1, 00),
with a uniform contraction factor for all p. Our result shows that the sample complexity
scales as O(e~2), where ¢ is the required accuracy. It also involves a factor that depends
on the problem parameters, in particular, the generalized importance sampling ratios, and
explicitly demonstrates the bias-variance trade-off.

Our result immediately gives finite-sample guarantees for variants of multi-step off-
policy TD-learning algorithms including Q™(\), TB(\), Retrace()), and @Q-trace. For
Q™ (A\), TB(A), and Retrace()), we establish the first-known results in the literature, while
for (-trace, we improve the best known results in [16] in terms of the dependency on the
size of the state-action space. The weighted £,-norm contraction property with a uniform
contraction factor for all p € [1, 00) is crucial for us to establish the improved sample com-
plexity. Based on the finite-sample bounds, we show that all four algorithms overcome the
high variance issue in vanilla off-policy TD-learning, but their convergence rates are all

affected to varying degrees.

7.1.2  Generalized Bellman Operator and Stochastic Approximation

In this subsection, we illustrate the interpretation of off-policy multi-step TD-learning as an
SA algorithm for solving a generalized Bellman equation. Consider the policy evaluation
problem of estimating the state-action value function Q™ of a given policy 7. In the sim-
plest setting where TD(0) with on-policy sampling is employed, it is well known that the
algorithm is an SA algorithm for solving the Bellman equation @) = H™(Q)), where H"(-)
is the Bellman operator defined by [H™(Q)](s,a) = R(s,a) + YE[maxyeca Q(Sk+1,d’) |

Sy = s, Ay = a] for all (s,a). The generalized Bellman operator () we consider in this
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paper is defined by:

B(Q)=TH(Q) -Q)+Q, (7.1)

where 7 (-) and (-) are two auxiliary operators. In the special case where 7 () = I(-)
and H(-) = H"(-), the generalized Bellman operator B(-) reduces to the regular Bellman
operator H™(-). Note that any fixed point of H(-) is also a fixed point of B(-), as long
as 7 (-) is such that 7(0) = 0. Thus, the operator #(-) controls the fixed-point of the
generalized Bellman operator 5(+), and as we will see later, the operator 7 (-) can be used
to control its contraction properties.

To further understand the operator 53(-), we demonstrate in the following that both on-
policy n-step TD and TD(\) can be viewed as SA algorithms for solving the generalized
Bellman equation B(Q) = @, with different auxiliary operators 7 (-) and (-). On-policy
n-step TD is designed to solve the n-step Bellman equation ) = (H™)"(Q), which can
be explicitly written as () = ZZZJ (YPr)'R + (vP;)"Q. Here R is the reward vector, 7 is
the discount factor, and P is the transition probability matrix under policy 7. By reverse

telescoping, the n-step Bellman equation is equivalent to

n—1

Q= (P (R+7PQ - Q) +Q=T(H(Q) - Q) +Q.
i=0
where T(Q) = Y27~ (vP;)'Q. Similarly, one can formulate the TD()\) Bellman equation
in the form of B(Q) = @, where T7(Q) = (1 = A\) >~ X Z;;B(yPW)iQ and H(:) =
H™ ().

In these examples, the operator 7 (-) determines the contraction factor of B(-) by con-
trolling the degree of bootstrapping. In this work, we show that in addition to on-policy
TD-learning, variants of off-policy TD-learning with multi-step bootstrapping and gener-
alized importance sampling ratios can also be interpreted as SA algorithms for solving the

generalized Bellman equation. Moreover, under some mild conditions, we show that the
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generalized Bellman operator 3(-) is a contraction mapping with respect to some weighted
¢,-norm for any p € [1, 00), with a common contraction factor. This enables us to establish

finite-sample bounds of general multi-step off-policy TD-like algorithms.

7.1.3 Related Literature

The TD-learning method was first proposed in [56] for solving the policy evaluation prob-
lem. Since then, there is an increasing interest in theoretically understanding TD-learning
and its variants.

On-Policy TD-Learning. The most basic TD-learning method is the TD(0) algorithm
[56]. Later it was extended to using multi-step bootstrapping (i.e., the n-step TD-learning
algorithm [99, 111, 112]), and using eligibility trace (i.e., the TD(\) algorithm [56, 113]).
The asymptotic convergence of TD-learning was established in [24, 29, 114]. As for finite-
sample analysis, a unified Lyapunov approach is presented in [115]. To overcome the curse
of dimensionality in RL, TD-learning is usually incorporated with function approximation
in practice. In the basic setting where a linear parametric architecture is used, the asymp-
totic convergence of TD-learning was established in [92], and finite-sample bounds in [40,
12, 116, 41]. Very recently, the convergence and finite-sample guarantee of TD-learning
with neural network approximation were studied in [117, 118].

Off-Policy TD-Learning. In the off-policy setting, since the samples are not necessar-
ily generated by the target policy, usually importance sampling ratios (or “generalized”
importance sampling ratios) are introduced in the TD-learning algorithm. The resulting
algorithms are Q7 (\) [14], TB(\) [13], Retrace(\) [15], and Q-trace [16] (which is an
extension of V-trace [25]), etc. The asymptotic convergence of these algorithms has been
established in the papers in which they were proposed. To the best of our knowledge,
finite-sample guarantees are established only for ()-trace and V' -trace [16, 119, 115]. In the
function approximation setting, TD-learning with off-policy sampling and function approx-

imation is a typical example of the deadly triad [1], and can be unstable [1, 8]. To achieve
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convergence, one needs to significantly modify the original TD-learning algorithm, result-
ing in two time-scale algorithms such as GTD [120], TDC [121], and emphatic TD [122],

etc.

7.2 Finite-Sample Analysis

In this section, we present our unified framework for finite-sample analysis of off-policy
TD-learning algorithms using generalized importance sampling ratios and multi-step boot-

strapping.

7.2.1 A Generic Model for Multi-Step Off-Policy TD-Learning

Algorithm 5 presents our generic algorithm model. Due to off-policy sampling, the two
functions ¢, p : & x A — R, are introduced in Algorithm 5 to serve as generalized im-
portance sampling ratios in order to account for the discrepancy between the target policy
7 and the behavior policy m,. We denote ¢.x = max; , ¢(s, @) and ppax = maxs, (s, a).
We next show how Algorithm 5 captures variants of off-policy TD-learning algorithms in

the literature by using different generalized importance sampling ratios c(-, -) and p(-, -).

Algorithm 5 A Generic Algorithm for Multi-Step Off-Policy TD-Learning

. Input: K, {ag}, Qo, 7, T, generalized importance sampling ratios ¢, p : Sx A — R,
and sample trajectory {(Sk, Ax) }o<k<k+n collected under the behavior policy 7.
2: fork=0,1,--- K —1do
ag(s,a) = agl{(s,a) = (S, Ax)} for all (s, a)
4 A(Si, Ay, Siva, Aigr, Q) = R(Si, Ai) +70(Sig1, Aig1) Qi (Sig1, Aigr) —Qr(Si, Ai)
foralli € {k,k+1,...,k+n—1}. '
Qir1(s,a) = Qu(s, a)+an(s,a) S5 v F [T sy o(Sy, Aj)A(S;, Ai, Sivt, Air, Q)
for all (s, a)
6: end for
7: Output: Qi

—_—

W

9]

Vanilla IS. When c(s,a) = p(s,a) = w(als)/m(als) for all (s,a), Algorithm 5 is
the standard off-policy TD-learning with importance sampling [14]. We will refer to this

algorithm as Vanilla IS. Although Vanilla IS was shown to converge to ()™ [14], since the
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m(4;1S;5)

product of importance sampling ratios H;:k 1 S
71

is not controlled in any way, it
suffers the most from high variance.

The Q™ (\) Algorithm. When c(s,a) = X and p(s,a) = 7(als)/m(als), Algorithm 5
is the @7 (A) algorithm [13]. The Q™(\) algorithm overcomes the high variance issue in
Vanilla IS by introducing the parameter A\. However, the algorithm converges only when A
is sufficiently small [15].

The TB()\) Algorithm. When c(s,a) = An(a|s) and p(s,a) = 7w(als)/m(als), we
have the TB(\) algorithm [14]. The TB(\) algorithm also overcomes the high variance
issue in Vanilla IS and is guaranteed to converge to ()™ without needing any strong as-
sumptions. However, as discussed in [15], the TB(\) algorithm lacks sample efficiency as
it does not effectively use the multi-step return.

The Retrace(\) Algorithm. When ¢(s,a) = Amin(1, 7(a|s)/m(als)) and p(s,a) =
m(als)/mp(als), we have the Retrace(\) algorithm, which overcomes the high variance and
converges to Q™. The convergence rate of Retrace(\) is empirically observed to be better
than TB(\) in [15].

The Q-trace Algorithm. When we choose ¢(s,a) = min(¢, 7(als)/m(als)) and
p(s,a) = min(p, 7(a|s)/m(als)), where p > ¢, Algorithm 5 is the @-trace algorithm
[16]. The Q-trace algorithm is an analog of the V-trace algorithm [25] in that )-trace
estimates the ()-function instead of the V-function. The two truncation levels ¢ and p in
these algorithms separately control the variance and the asymptotic bias in the algorithm
respectively. Note that due to the truncation level p, the algorithm no longer converges to
@™, but to a biased limit point, denoted by Q™ [16].

From now on, we focus on studying Algorithm 5. We make the following assumption

about the behavior policy 7, which is fairly standard in off-policy TD-learning.

Assumption 7.2.1. The behavior policy 7, satisfies m,(a|s) > 0 for all (s, a). In addition,

the Markov chain {S}} induced by the behavior policy my, is irreducible and aperiodic.

Irreducibility and aperiodicity together imply that the Markov chain {S;} has a unique
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stationary distribution, which we denote by kg € AlSI. Moreover, the Markov chain {Sk}
mixes geometrically fast in that there exist C' > 0 and o € (0, 1) such that maxes || P% (s, -)—
ks(:)||ltv < Co* for all k& > 0, where || - ||y is the total variation distance [48]. Let
ks € AlSIMI be such that ks (s, a) = ks(s)my(als) for all (s, a). Note that kg, € AlSIH
is the stationary distribution of the Markov chain { (S, Ax)} under the behavior policy 7.
Let Kg = diag(kg) € RISX¥ISI and let Kgy = diag(rga) € RISIMIXISIAL Denote the min-
imal (maximal) diagonal entries of g and Kga by Ks min (Ksmax) and Kga min (s max)

respectively.

7.2.2 Identifying the Generalized Bellman Operator

In this subsection, we identify the generalized Bellman equation which Algorithm 5 is try-
ing to solve, and also the corresponding generalized Bellman operator and its asynchronous

variant. Let 7., H,, : RISIAL s RISIAI be two operators defined by

TA@)(s.@) = > 7En[[[ (5, A)Q(S: A) | S =5.40=d]. and

[H,(Q)](s,a) = R(s,a) + VEr, [p(Sk+1, Art1)Q(Skt1, Aks1) | Sk = s, Ax = a]

for all (s, a). Note that the operator 7.(-) depends on the generalized importance sampling
ratio c(-, -), while the operator #,(-) depends on the generalized importance sampling ratio
p(:)-

With 7.(-) and H,(-) defined above, Algorithm 5 can be viewed as an asynchronous
SA algorithm for solving the generalized Bellman equation B, ,(¢)) = (), where the gen-
eralized Bellman operator B, ,() is defined by B.,(Q) = T.(H,(Q) — Q) + Q. Since
Algorithm 5 performs asynchronous update, we further define the asynchronous variant

B, ,(-) of the generalized Bellman operator .. o»(+) by

B.,(Q) = KsaB.,(Q) + (I — Ksa)Q = KsaT(H,(Q) — Q) + Q. (7.2)
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Each component of the asynchronous generalized Bellman operator BQ »(+) can be thought
of as a convex combination with identity, where the weights are the stationary probabilities
of visiting state-action pairs. This captures the fact that when performing asynchronous
update, the corresponding component is updated only when the state-action pair is visited.
It is clear from its definition that /.. ,(-) has the same fixed-points as B, ,(-) (provided that
they exist).

Under some mild conditions on the generalized importance sampling ratios ¢(-, -) and
p(, ), we will show in the next section that both the asynchronous generalized Bellman op-
erator ., ,(-) and the operator 7,,(-) are contraction mappings. Therefore, since 7.(0) = 0,
the operators ,(-), B.,(-), Be,(-) all share the same unique fixed-point. Since the fixed-
point of the operator H,(-) depends only on the generalized importance sampling ratio
p(+,+), but not on ¢(, -), we can flexibly choose ¢(+, -) to control the variance while main-
taining the fixed-point of the operator 1’5’67 »(+). As we will see later, this is the key property
used in designing variants of variance reduced n-step off-policy TD-learning algorithms

such as Q" (\), TB()), and Retrace(\).

7.2.3  Establishing the Contraction Property

In this subsection, we study the fixed-point and the contraction property of the asyn-
chronous generalized Bellman operator [5’67 »(+). We begin by introducing some notation.
Let D., D, € RISIIXISIA be two diagonal matrices such that D.((s,a), (s,a)) =
YoweaTs(d|s)c(s,a’) and D,((s,a),(s,a)) = > cam(ad|s)p(s,a’) for all (s,a). We
denote D min (Demax) and D, iy (D) max) as the minimal (maximal) diagonal entries of
the matrices D, and D, respectively.
In view of the definition of B, ,(-) in Equation 7.2, any fixed-point of ,(-) must also be

a fixed-point of B, ,(-). We first study the fixed point of H,,(-) by establishing its contraction

property.
Proposition 7.2.1. Suppose that D, max < 1/7. Then the operator H,(-) is a contraction
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mapping with respect to the {.-norm, with contraction factor YD, y.x. In this case, the

fixed-point Q™" of H,(-) satisfies the following two inequalities:

S ymaxses Cye a lr(als)—my(als)p(s.0)
(D) Q7 = Q™" lloe < ——=F51=3D, ) :

(2) 1@l < 1=p

1=yDp,max "

Observe from Proposition 7.2.1 (1) that when p(s,a) = w(als)/m(als), which is the
case for Q™(\), TB(\), and Retrace()), the unique fixed-point Q™" is exactly the target
value function Q™. This agrees with the definition of the operator ,(-) in that it reduces
to the regular Bellman operator #,(-) when p(s,a) = 7(a|s)/m(als) for all (s,a). If
p(s,a) # m(als)/my(als) for some (s, a), then in general the fixed-point of H,(-) is dif-
ferent from (™. In that case, Proposition 7.2.1 provides an error bound on the difference
between the potentially biased limit Q™ and Q™. Such error bound will be useful for us
to study the @)-trace algorithm in Section 7.3. Proposition 7.2.1 (2) can be viewed as an
analog to the inequality that ||Q™||. < 1/(1—+) for any policy 7. Since #,,(-) is no longer
the Bellman operator H.,(-), the corresponding upper bound on the size of its fixed-point
Q™" also changes.

Note that Proposition 7.2.1 guarantees the existence and uniqueness of the fixed-point
of the operator 7{,(-), hence also ensures the existence of fixed-points of the asynchronous
generalized Bellman operator l’;’c, »(+). To further guarantee the uniqueness of the fixed-point

of B, (), we establish its contraction property. We begin with the following definition.

Definition 7.2.1. Let {y;}1<i<q be such that y; > 0 for all i. Then for any z € RY, the
weighted £,-norm (p € [1,00)) of z with weights {y;} is defined by |||, = (3, pilz:[P)/P

for any z € R,

We next establish the contraction property of the operator l’;’c, »(+) in the following theo-

rem. Let w = Kga minf(YDemin) (1 — YD) max), Where the function f : R — R is defined

by f(z) =nwhenz =1, and f(z) = =%~ when z # 1.

1—
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Theorem 7.2.1. Suppose c(s,a) < p(s,a) for all (s,a) and D, nax < 1/7. Then we have

the following results:

(1) For any 6 € (0,1), there exists a weight vector i € AISIAl satisfying (s, a) >

ﬂ—b;(i—i«z)\lftl for all (s, a) such that the operator lg’c,p(-) is a contraction mapping with
respect to || - || ., for any p € [1, 00), with contraction factor v, = (1 — w)'=Y/P(1 —
ew)l/p’

(2) The operator B, ,(-) is a contraction mapping with respect to || - | so, with contraction

factor v, =1 — w.

Consider Theorem 7.2.1 (1). Observe that we can further upper bound v, = (1 —
w)'=1/P(1—0w)'/? by 1—Hw, which is independent of p and is the uniform contraction factor
we are going to use. Theorem 7.2.1 (2) can be viewed as an extension of Theorem 7.2.1
(1) because lim, o, ||2||,.p = ||| for any z € R? and weight vector g, and lim,, (1 —
W)IVP(1 — gw)P =1 — w.

Theorem 7.2.1 is the key result for our finite-sample analysis. The weighted £,-norm
(especially the weighted ¢,-norm) contraction property we established for the operator
qu(-) has a far-reaching impact even beyond the finite-sample analysis of tabular RL in
this paper. Specifically, recall that the key property used for establishing the convergence
and finite-sample bound of on-policy TD-learning with linear function approximation in
the seminal work [92] is that the corresponding Bellman operator is a contraction mapping
not only with respect to the ¢..-norm, but also with respect to a weighted /5-norm. We
establish the same property in the off-policy setting, and hence lay down the foundation for

extending our results to the function approximation setting.

7.2.4 Finite-Sample Convergence Guarantees

In light of Theorem 7.2.1, Algorithm 5 is a Markovian SA algorithm for solving a fixed-

point equation l’;’ap(Q) = (Q, where the fixed-point operator [S’W(-) is a contraction map-
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ping. Therefore, to establish the finite-sample bounds, we use a Lyapunov drift argument
where we choose W(Q) = [|Q — Q™% , as the Lyapunov function. This leads to a
finite-sample bound on E[[|Q, — Q™”||> ]. However, since j is unknown, to make the
finite-sample bound independent of 1, we use the lower bound on the components of p
provided in Theorem 7.2.1, and also tune the parameters p and 6 to obtain a finite-sample
bound on E[||Q; — Q™"||%.]. The fact that we have a uniform contraction factor 1 — 6w (cf.
Theorem 7.2.1) plays an important role in such tuning process.

To present the results, we need to introduce more notation. For any 6 > 0, define
ts as the mixing time of the Markov chain {S;} (induced by m;,) with precision 4, i.e.,
ts = min{k > 0 : maxyes ||P% (s,-) — ks()|ltv < d}. Under Assumption 7.2.1, one
can easily verify that t5 < L(log(1/6) 4+ 1) for some constant L > 0, which depends
only on C' and 4. Let 75,, = t5 + n + 1. The parameters c;, c2 and c3 used in stating
the following theorem are numerical constants, and will be explicitly given in Section 7.4
where we present its proof. For ease of exposition, we here only present the finite-sample

bound for using constant stepsize.

Theorem 7.2.2. Consider {Q} of Algorithm 5. Suppose that (1) Assumptions 7.2.1 is

satisfied, (2) c(s,a) < p(s,a) for all (s,a) and D, max < 1/7, and (3) the constant stepsize

. clw .
o is chosen such that at,, , < e CISTTATS) F o) o T2 Then we have forall k > 7, ,,:

k=Tan max 2 max 1)%1 2|S||A
E[HQk . Qmﬂ”io] S Cl (1 . %) T C2f(’}/c ) (7p +w ) Og( | H ‘/W)O”—oc,ny

(7.3)

where (1 = ¢3([|Qo — Q™"||os + [|Qolloe + 1)% and {3 = c3(3[|Q™" || + 1)%

Theorem 7.2.2 enables one to design a wide class of off-policy TD variants with prov-
able finite-sample guarantees by choosing appropriate generalized importance sampling
ratios ¢(-, -) and p(-, -). The first term on the RHS of Equation 7.3 is usually called the bias

in SA literature [23], and it goes to zero at a geometric rate. The second term on the RHS
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of Equation 7.3 stands for the variance in the iterates, and it is a constant proportional to
aT, . To see more explicitly the bias-variance trade-off, we derive the sample complexity

of Algorithm 5 in the following.

Corollary 7.2.1. For an accuracy € > 0, to obtain E[||Q) — Q™"||] < € the sample

complexity is

10g2(1/€) (1 A nf(chaX)2(7pmax + 1)2
© ( ) © (F) © < (1= 7Dy max)? ) ' 79
T Ts T3

In Corollary 7.2.1, the @(6_2) dependence on the accuracy is the same as n-step TD-
learning in the on-policy setting (cf. Chapter 6), and is in general not improvable. The
term T} can be equivalently written as O(1/(1 — Contraction factor)?), hence capturing the
impact from the contraction factor. This agrees with our intuition that smaller contraction
factor leads to better sample complexity. The term 75 arises because of the variance term on
the RHS of Equation 7.3. The linear dependence on n is due to using n-step bootstrapping.
By optimizing the sample complexity in terms of 1, we have nopimar ~ 1/10g(1/(7De.min))-
This is analogous to the optimal 7 in the on-policy setting, which is 1/log(1/v) in Chap-
ter 6. The additional D, ,,, factor arises because of using off-policy learning. The rest
of parameters in 75 are determined by the choice of the generalized importance sampling
ratios ¢(-,-) and p(-,-). It is clear that smaller ¢y, and py.y lead to smaller variance.
As we will see later, this is the reason for the variance reduction of various off-policy
TD-learning algorithms in the literature. In light of the previous analysis, the bias-variance

trade-off in general off-policy multi-step TD-learning Algorithm 5 is intuitively of the form

@ Variance
(1— Contraction factor)? /] *
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7.3 Application to Various Off-Policy TD-Learning Algorithms

In this section, we apply Theorem 7.2.2 to various off-policy n-step TD-learning algo-
rithms in the literature. We begin by introducing some notation. Let Tpax (Tmin) and 7 max
(b, min) be the maximal (minimal) entry of the target policy 7 and the behavior policy
mp respectively. Let rya = max; q(m(als)/m(als)) (rmm = ming (7 (als)/m(als))) be
the maximum (minimum) ratio between 7 and 7,. We will overload the notation of (;

and (> from Theorem 7.2.2. Note that Q™" = Q™ in Q™ (), TB()\), and Retrace(\), but
Q™" # Q7 in Q-trace.

7.3.1 Finite-Sample Analysis of Vanilla IS

We first present the sample complexity bound of the Vanilla IS algorithm, where ¢(s, a) =

p(s,a) = m(als)/my(als) for all (s, a).

Theorem 7.3.1. Consider Algorithm 5 with Vanilla IS update, where we note that Cy.x =
Pmax = Tmax De = D, =1, and w = Kgamin(1 — ™). Suppose that Assumption 7.2.1 is

satisfied. Then, to achieve e-accuracy, the sample complexity is

o(502)o 2)e (455

In the special case where m = 7, (i.e., on-policy n-step TD), the sample complexity

bound reduces to O ( o ”ng_(l{f)Q -~ 2), which is comparable to the results in Chap-
K5 A min (1=7")2(1—7)

ter 6. In the off-policy setting, note that the factor ((yrmax)™ + 1)? appears in the sample

complexity. When 7., > 1 (which can usually happen), the sample complexity bound

involves an exponential factor (yry.y)”. The reason is that the product of importance

sampling ratios c(+,-) are not at all controlled by any means in Vanilla IS. Therefore, the

variance can be very large. On the other hand, since the importance sampling ratios are

not modified, Vanilla IS effectively uses the full n-step return. As a result, the parameter
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w = Ksamin(l —~") within Vanilla IS is the largest (best) among all the algorithms we

study.

7.3.2 Finite-Sample Analysis of Q™ ()\)

In this subsection, we present the sample complexity of the Q™ () algorithm, where ¢(s, a) =

A and p(s,a) = 7w(a|s)/m(als) for all (s, a).

Theorem 7.3.2. Consider Algorithm 5 with Q™ (\) update, where we note that ¢ = A,
Pmax = Tmax» De = A, D, =1, and w = Kg g min f (YA)(1 — 7). Suppose that Assumption
7.2.1 is satisfied, and A < ryi,. Then, to achieve e-accuracy, the sample complexity is

0 (L) o (L) 0 (PON e £ 1),

€ w? (1—7)?

To see how Q™(\) overcomes the high variance issue in Vanilla IS, observe that since
YA < Yrmin < v < 1, we have f2(y\) < 1/(1 — yA\)%  Therefore, by replacing
c(s,a) = m(a|s)/m(als) in Vanilla IS with a properly chosen constant A, Q™(\) algo-
rithm successfully avoids an exponential large factor in the sample complexity. However,
choosing a small \ to control the variance has a side effect on the contraction factor. In-
tuitively, when A is small, Q™ ()\) does not effectively use the n-step return. Hence the

parameter w in Q™ (\) is less (worse) than the one in Vanilla IS.

7.3.3 Finite-Sample Analysis of TB(\)

In this subsection, we present the sample complexity of the TB(\) algorithm, where ¢(s, a) =

Am(als) and p(s,a) = w(a|s)/mp(als) for all (s, a).

Theorem 7.3.3. Consider Algorithm 5 with TB(\) update. Note that ¢ayx = Mmax, Pmax =
Tmax De(s,a) =AY, m(als)m(als), Dy(s,a) =1, and w = Kgaminf (YDemin) (1 — 7).

Suppose that Assumption 7.2.1 is satisfied, and X\ < 1/ max. Then, to achieve e-accuracy,
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the sample complexity is

0 () o (L) (MM e 1107

e w? (1—1)2

Suppose we further choose A < 1/(V7max), the TB(A) algorithm also overcomes the
high variance issue in Vanilla IS because f(yATpax) < 1/(1 — A Tmax), Which does not
involve any exponential large factor. When compared to Q™ (), an advantage of TB(\) is
that the constraint on A is much relaxed. However, the same side effect on the contraction
factor is also present here. To see this, since D yin = Amin,, » m(a|s)m(als) < 1, the
TB(\) algorithm does not effectively use the n-step return, hence the parameter w in TB(\)

is less (worse) than the one in Vanilla IS.

7.3.4  Finite-Sample Analysis of Retrace(\)

In this subsection, we present the sample complexity of the Retrace(\) algorithm, where

c(s,a) = Amin(1, w(als)/mp(als)) and p(s,a) = w(als)/mp(als) for all (s, a).

Theorem 7.3.4. Consider Algorithm 5 with Retrace(\) update. Note that Cpax = A, Pmax =
Tmax De(s,a) = XY, min(my(als), 7(als)), Dy(s,a) =1, andw = Kga minf (YDemin) (1—
7). Suppose that Assumption 7.2.1 is satisfied, and A\ < 1. Then, to achieve e-accuracy, the
sample complexity is

o (Y o (L) o (PN e £11).

€ w (1—7)?

The Retrace(\) algorithm overcomes the high variance issue in Vanilla IS by truncating
the importance sampling ratio at 1, which prevents an exponential large factor in the vari-
ance term. In addition, it does not require choosing A to be extremely small as required in
Q™ (\). As for the compromise in the contraction factor, note that min(1, 7 (al|s) /m(als)) >
m(a|s), which implies that D.(s, a) (and hence D, ;) is larger in the Retrace(\) algorithm

than the TB(\) algorithm. As a result, Retrace(\) does not truncate the n-step return as
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heavy as TB(\), and hence the parameter w is larger (better) in Retrace(\) than in TB(\).

7.3.5 Finite-Sample Analysis of )-Trace

Lastly, we present the sample complexity of the (-trace algorithm, where we have c(s, a) =

min(¢, m(als)/m(als)) and p(s,a) = min(p, w(als)/m(als)) for all (s, a).

Theorem 7.3.5. Consider Algorithm 5 with (Q-trace update, where we note that cy,.x = C,
Pmax = P De(s,a) = 35, min(emy(als), m(als)), Dy(s,a) = 3_, min(pm(als), 7(als)),
and w = Kga minf (YDemin) (1 — YD p max)- Suppose that Assumption 7.2.1 is satisfied, and
¢ < p. Then, to achieve e-accuracy, the sample complexity is

; (M) 5 ( | ) 5 (nf(vc)2(7p+ 1)2) |

€2 w? (1 =D max)®

To avoid an exponential large variance, in view of the term f(v¢) in our bound, we
need to choose ¢ < 1/v. The major difference between (-trace and Retrace(\) is that the
importance sampling ratio p(-, -) inside the temporal difference (line 4 of Algorithm 5) also
involves a truncation. As shown in Subsection 7.2.3, due to introducing the truncation level
p, the algorithm converges to a biased limit ()™ instead of (™. Such truncation bias can be
controlled using Proposition 7.2.1. These observations agree with the results [16], where
the finite-sample bounds of ()-trace were first established.

Compared to [16], we have an improved sample complexity. Specifically, the result

log?(1/e)nf(v2)?(vp+1)?

2B AD, man)? ), which has an additional
p,max

in [16] implies a sample complexity of (5(

1 1

factor of w™'. Since w™ o< Ky} i > |S||Al, our result improves the dependency on
the size of the state-action space by a factor of at least |S||.4| compared to [16]. Similarly,
since the V' -trace algorithm [25] is an analog of the ()-trace algorithm, we can also improve
the sample complexity for V'-trace in [115].

In addition to analyzing existing algorithms, observe that our results, especially The-

orem 7.2.2, provide sufficient conditions under which Algorithm 5 has provable finite-
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sample guarantees, and hence enable us to design new algorithms. As an example, in light
of the Retrace(\) algorithm and the -trace algorithm, one can take advantage of both algo-
= Apmin(p, w(als)/m(als)),

where A, A\, ¢, and p are tunable parameters. Aslong as A\.c < A\,p <1 /7, Theorem 7.2.2

rithms to let ¢(s, a) = A\, min(¢, w(als)/m,(als)) and p(s, a)
is applicable and hence finite-sample convergence is guaranteed. To avoid an exponentially
large variance, we choose A\.¢ < 1/ so that there are no exponentially large terms in the
term 735 of sample complexity bound. After that, we can tune the rest of the parameters to
further optimize the performance of the algorithm.

Sample Complexity Comparison. Now that we have derived the sample complexity
bounds of various off-policy n-step TD-learning algorithms, we summarize them in the
following table. For ease of exposition, we omit the common factor log*(1/¢) /(e2K% Amin)
when presenting the sample complexity, and use a A b (a V b) to denote the minimum

(maximum) of two real numbers a and b.

Table 7.1: Summary of the Sample Complexity Bounds

Algorithm c(s,a) p(s,a) Requirements Sample Complexity
Vanilla1s | 2l e None O (et
Q () A xlals) A < P O (—sz;aj”z)
TBO) | Anlals) | EES | A< ey | O (M)
Retrace(A) | A[LA 2] | xlek) A< o (& f;f:“z*?) )
Q)-trace ¢N % pA % <p,c< % ( D.. m:{:) (zpizl))jmax) >

In view of Table 1, when r,,x < 1/, which indicates that the target policy 7 and the
behavior policy 7, are relatively close to each other, Vanilla IS has the best performance
since it has the best contraction factor, and the cumulative product of the generalized impor-
tance sampling ratios does not result in exponentially large variance. When 7, > 1/7,
then Vanilla IS can potentially have exponentially large variance, while other four algo-

rithms do not. In this case, among "()\), TB(A), and Retrace(\), Q™(\) has the best
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sample complexity bound. However, we need to point out that the requirement A\ < 7,
for @7 () is most restrictive, and the algorithm can easily diverge when this requirement
is not satisfied, as evidenced by the numerical experiments presented in [15]. As for the
(Q-trace algorithm, although rigorously speaking it is not directly comparable with the other
algorithms as it converges to a biased limit point, it is clear that using truncated importance
sampling ratio for p(-, -) can further reduce the sample complexity.

We want to mention that our comparison is based on the upper bounds we derived for
the sample complexity, which may not be tight. To complete the story, one should also
derive lower bounds on the sample complexity, which is an interesting future direction.
Nevertheless, our comparison provides insight into the behavior of off-policy n-step TD-

learning algorithms.

7.4 Proof of All Theoretical Results

7.4.1 Proof of Theorem 7.2.1

We begin by explicitly computing the asynchronous generalized Bellman operator 1’5’67 o(4).
Let 7. and 7, be two policies defined by 7.(a|s) = % and 7,(als) = %
for all (s,a). Let R € RISIMI be the reward vector defined by R(s,a) = R(s,a) for all
(s,a). For any policy 7', let P, be the transition probability matrix of the Markov chain

{(Sk, Ar)} under 7', i.e., P ((s,a),(s’,a")) = P,(s,s)n'(a’|s") for all state-action pairs

(s,a) and (s, a).

Proposition 7.4.1. The operator B, ,(-) is explicitly given by B, ,(Q) = AQ + b, where
A=T—Ksa Xty (YPe.D)(I —yPy,D,) and b = Ksa 31— (vPr.D.)'R.

In light of Proposition 7.4.1, to prove Theorem 7.2.1, it is enough to study the matrix

A. To proceed, we require the following definition.

Definition 7.4.1. Given 3 € [0, 1], a matrix M € R%*? is called a substochastic matrix

with modulus § if and only if M;; > 0 for all ¢, j and Zj M;; <1 — B forall .
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Remark. Note that for any non-negative matrix M, we have |[M|l« = max;)_; M;;.
Therefore, a matrix M being a substochastic matrix with modulus § automatically implies

that || M| < 1— 5.

We next show in the following two propositions that (1) the matrix A given in Proposi-
tion 7.4.1 is a substochastic matrix with modulus w, and (2) for any substochastic matrix M
with a positive modulus, there exist weights {; } such that the induced matrix norm || M|| .,

is strictly less than 1. These two results together immediately imply Theorem 7.2.1.

Proposition 7.4.2. Suppose that c(s,a) < p(s,a) for all (s,a) and D, max < 1/7. Then

the matrix A given in Proposition 7.4.1 is a substochastic matrix with modulus w.

The condition ¢(s,a) < p(s,a) ensures that the matrix A is non-negative, and the
condition D e < 1 /~ ensures that the each row of the matrix A sums up to at most 1 —w.
Together they imply the substochasticity of A. The modulus w is an important parameter
for our finite-sample analysis. In view of Theorem 7.2.1, we see that large modulus gives

smaller (or better) contraction factor of B, ,(-).

Proposition 7.4.3. For any substochastic matrix M € R4 with a positive modulus 3 €

(0,1), for any 0 € (0,1), there exists a weight vector u € A? satisfying j1; > (’f(_lg_;))d for

all i such that |M|,., < (1 — B)'=YP(1 — 0B)Y/? for any p € [1,00). Furthermore, if M

is irreducible ', then we can choose 6 = 1.

The result of Proposition 7.4.3 further implies || M||,., < 1 — 6, which is independent
of the choice of p. This implies that l’;’c, »(+) is a uniform contraction mapping with respect
to || - ||, for all p > 1. In general, for different p and p’, an operator being a || - ||,-norm
contraction does not imply being a || - ||,,-norm contraction. The reason that we have such
a strong uniform contractive result is that the operator BQ,)(-) has a linear structure, and

involves a substochastic matrix.

' A non-negative matrix is irreducible if and only if its associated graph is strongly connected [123].
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Note that Proposition 7.4.3 introduces the tunable parameter . It is clear that large 6
gives better contraction factor of 53, ,(-) but worse lower bound on the entries of the weight
vector p. In general, when M is not irreducible, we cannot hope to choose a weight vector
p € A? with positive components and obtain [|[M||,, < 1 — w. To see this, consider
the example where M = (1 — w)[0,0,--- ,1], which is clearly a substochastic matrix
with modulus w, but is not an irreducible matrix. For any weight vector 1 € A?, we have
[ M|p = (1 —w) max,cpd o, =1 |Ta| = (1—w)/,u(11/p > 1—w. However, by choosing /.4
close to unity, we can get || M ||, ,, arbitrarily close to 1 — w. This is analogous to choosing

6 close to one in Proposition 7.4.3.

7.4.2  Proof of Proposition 7.2.1

For any Q1, Q> € RISIMI, and state-action pairs (s, a), using the definition of #,(-) and we

have

[Ho(Q)](s,a) = [H,(Q2)](s, a)|
=7 Z Pa(sv 3/) Z Wb(a/‘sl)p(slv a/)(Ql(S/7 a/) - Q2(8/7 a/))

s'eA a’eA
<7 Puls ) 3 mla )l )| Qu(s',a') — Quls', )
s'e A a’'e A
<ANQ1 — Qalloe Y Pals, ) Y mo(a'|s)p(s', )
s'e A a’eA
S Y Z Pa(57 S/)Dp,maxHQl - Q2Hoo
s'eA

= YD) max || @1 — Q2][0-

It follows that | H,(Q1) —H ,(Q2) |loc < VD pmax||@1—Q2|lco- Since D, max < 1/, the op-

erator H,(-) is a contraction mapping with respect to |- ||, with contraction factor yD, max.

(1) We now derive the upper bound on ||Q™ — Q™"||«. Since Q™ = H.(Q™) and Q™ =
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H,(Q™"), we have

Q7 (s,a) = Q™" (s,a)]
= [[H(Q@T)](s,a) = [H,(Q™")](s, a)]
= [[H(Q@T)](s,a) = [H,(QT)](s, @) + [H,(QT)](s, a) = [H,(Q™")](s,a)]
< [[HA(Q@T)](s,a) = [H,(Q@T)](s, a)| + [[H,(Q7)](s, @) = [H,(Q™")](s, a)

=7 Z Pa(Sa S/> Z (7‘(‘(@’|3/) — Wb(a,|8/)p(3,7a,)) QW(S,,(I,) + /pr,max“Qﬂ— B Qﬂ—’p“m

s'eS a’eA
< T2 D Balsns) D Ir@ls') = ml@ls)p(s' )| Dy [QT = @ e ()
sGS a’'eA
< g2 max Y [n(als) = m(als)p(s, )| + 7Dy [Q7 = Q"
acA

where in Eq. (+) we used the inequality |Q" (s, a)| < 32,2, v" = ¢ for all (s, a). There-

fore, we have

Q7 — Q™ |loe < —maxz [m(als) —my(als)p(s; @)l + YD pmax [QT = @™ oo

-1 es
® acA

Rearranging terms and we obtain the desired result.

(2) To prove the upper bound on ||Q™"||~, we begin with the fixed-point equation
Q™ =H,(Q™") = R+ ~vP,,D,Q™", (7.5)

where we recall the definition of D, and 7, in Section 7.2. Equation 7.5 is equivalent to

Q™ = (I —~vP,,D,)""R. Therefore, we have

x - 1
1Q™lloc = I = ¥Pr, D) " Rllow < (1 = 7Pr, Dp) "l Rl <
1—

Dp,max

141



7.4.3 Proof of Proposition 7.4.1

Recall the definition of B, ,(-) in Equation 7.2:

B.,(Q) = Ksa(B.,(Q) — Q) + Q = KsaTo(H,(Q) — Q) + Q.

We first explicitly compute the operators 7.(-) and H,(-). For the operator #,(-), we have

from its definition that

[(Ho(Q)](s,a) = R(s,a) + VEx, [p(Skr1, Aks1)Q(Sks1, A1) | Sk = 8, A = a

=R(s,a) +7 Z Pu(s,s") Z mp(d' | )p(s',a)Q(s', ')

=Ris,0)+7)_ Fals,5) ) Wb(‘;;f&/ﬂg)a e Dy(s',d)Q(s',a')

s a’

=R(s,a) +7 Z Pu(s,s")m,(d'|s")D,(s",a")Q(s", a’)

s’ ,a’

= [R+ P;,D,Q|(s,a).

Note that P, € RISIMIXISII here is the transition probability matrix of the Markov chain
{(Sk, Ax)} under 7,, i.e., Pr, ((s,a), (s, a’)) = Py(s,s")w,(d|s) for any (s,a) and (s',d’).

Hence we have
H,(Q) = R+ P, D,Q.

As for the operator 7.(+), similarly using the Markov property and the tower property

of conditional expectation, we have T,(Q) = 7~ (v Py, D.)'Q. It follows that

Bep(Q) = KsaTe(MH,(Q) — Q) + Q

=Ksa > (VP D) (R+7P:,D,Q - Q)+ Q

=0
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n—1 n—1
= [I=Ksa Y (YPr.D.)'(I = 7Pr,D,)| @+ Ksa Y (vP-.D.)'R.
1=0 1=0

N / N J/

-~

A b

7.4.4  Proof of Proposition 7.4.2

Consider the matrix A given in Proposition 7.4.1. To show that A is a substochastic matrix

with a positive modulus, we first show that A is non-negative. Observe that

n—1 n—1
A - [ — ICSA Z(P}/Pﬂ'CDc)’L + ]CSA Z(WPWCDC)i,yPﬂ'pr

1=0 =0

n—1 n—1
= ([ — ICSA) — ICSA Z(’YPWCDCY + ICSA Z('VPWCDC)i'VPﬂpr

i=1 =0

n—2 n—1
= (I = Ksa) = Ksa ) (vPr.De)™ + Ksa D (vPr.De)'vPr, D,

i=0 =0
n—2

= (‘[ - ICSA) + ’CSA Z(’YPWCDC)Z"Y(PWpr - PWCDC) + KSA(WPWCDCyn_I,yPﬂ'pr'
=0

(7.6)

It remains to show that the matrix P, D, — P D, has non-negative entries. For any (s, a)

and (s',a’), since ¢(s',a’) < p(s',a’) for all (s',a’), we have
[Pr,Dp = Pr.Dc|((s,a), (s, d')) = Pa(s, s")m(d|s") (p(s", a') — c(s',a')) = 0.

We next show that A1 < (1 — w)1, where 1 € R is the all one vector. Since A is

non-negative and D, . < 1/ forall (s, a), we have

n—1 n—1

Ksa D (vPr.De)' (I = 7Pr,Dp)1 > Ksa Y (VPr, Do) (I = 7 Pr, Dpmax) 1
=0 =0

n—1

- (1 - FYDp,maxyCSA Z(’YPW,,DC)l].
=0

143



n—1

2 ICSA,min Z(’YDC,min)i(]- - VDp,maX)]-
1=0

- ICSA,minf(/yDc,min>(1 - rpr,max)]--

It follows that

n—1

Al = |I—Ksa Y (7Pr.D)'(I —~4P:,D,)| 1
=0

S [1 - lCSA,minf(fyDc,min)(]- - 'YDp,max)]l-

This implies that A is a substochastic matrix with modulus w = Kga minf(YDemin) (1 —

VD max)-

7.4.5 Proof of Proposition 7.4.3

Consider a substochastic matrix M € R?*? with modulus 3 € (0,1). For any 6 € (0,1),

let

, M B1-6F
M=T=05" 105 a

where FE is the all one matrix. It is clear that M’ > 0. Moreover, since

/ 1_6 5(1_9) _
M1§1_961+ 1_%1_1,

the matrix M’ is a substochastic matrix with modulus 0, there exists a stochastic matrix
M" such that M"” > M’ > 0. Since M" has strictly positive entries, the Markov chain as-
sociated with the stochastic matrix M" is irreducible and aperiodic, hence admits a unique
stationary distribution ;¢ € A9, In the special case where M itself is irreducible, we are
allowed to choose # = 1 in the preceding construction process, and the resulting stochastic

matrix M" is also guaranteed to be irreducible, and hence has a unique stationary distribu-
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tion p. Since " = p' M”, we have

BL-0)E _ B(L-90)
1-05 d (1—0p8)d

MT — MTM” 2 NTM/ Z [LT 1T.

This proves the lower bound on the entries of p.

Now using y as the weight vector and we have for any p € [1,00) and x € R%:

p

IMa|f, = pi > My
( J
_ZA ZM pz M;; T
= i |27 - 174 - Ze Mié J
p—1
< Z L (Z Mw> Z M;j|x;|P (Jensen’s inequality)
i £ J
S@=BPY iy Myl
i J

S@@=BP T A=08)> i Y M|yl (definition of M”)
( J

p

S@=BPH—08)> Y M|l (definition of M")
( J

= (1-B)P(1-6pB) Z |;]P Z i M (change of summation order)
j i

= (1=BP (1 =608) D pilayl” (W'M"=p")
J

= (1= (1= 0p)l«|,-

It follows that | Mz||,, < (1 — w)'=YP(1 — 08)Y?||z|,., for any 2 € R? and p € [1, 00).

Using the definition of induced matrix norm immediately gives the result.

7.4.6 Proof of Theorem 7.2.2

We first state a more general result in the following, which implies Theorem 7.2.2.

Theorem 7.4.1. Consider the iterates {(Q);.} generated by Algorithm 5. Suppose that As-
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sumption 7.2.1 is satisfied, and c(s,a) < p(s,a) for all (s,a) and D, ax < 1/7. Then

for any 6 € (0,1), there exists a weighted {,-norm with weights i € AISIA satisfying

Hmin = (lwe(l—”z)‘w such that the following inequality holds when the constant stepsize « is

chosen such that at, , < 30525 (vemas ) rpmn T2

max max 12
e R A

Mmll’l

where 51 = (”QO - QmpHu,p + ||Q0||u,p + 1)2’ and 52 = 228(3|’Q7r’p|’u,p + 1)2-

By using the inequality that NmmH llp < ||l .., (Where ||-||,, is the unweighted £,-norm),

Theorem 7.4.1 implies the following finite-sample bound on E[||Qx — Q™*||,].

Corollary 7.4.1. Under same assumptions as Theorem 7.2.1, we have for all k > 7, ,:

e 2 2
T, —r p Cmax max + 1
Ef|Qx —Q™|I, ]S—CI (1 = fwa)rTen 4 52 el >2(w =t 1) OTan,
m /p [ /p

To proceed and prove Theorem 7.2.2, observe that for any p > 1 we have

E[|Qr — QII5] < E[Qx — Q7I[}]
§2pf<f)/cmax>2(7pmax + 1>2

< C—}(1 — Qwa)Ten 4

: ATo .-
ol fINeen
Let# = 1/2 and p = 4log(1/ftmin). Then we have
= O = TR — /5 <9, and
it
2|S
p/ < 4elog(1/pmin) < 4elog (M) ) (Using the lower bound on ;)
Mmln w

w

It follows that when a7, , < T e AT A f (o) o 2

we have for all k > 7, ,,:

ap ~ wa\ k=Ta,n
EflQx — @7I1%) < 26 (1- =)
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Fman)* (s + 1) (IS ||AY )

—|—4€§2 a,n
w
wa\ k=Ta.n
-6 (-)
2 1)?log(2
4 g, F 1 e + 1P B SIIA)

w

where in the last line we used 2(; < ¢; = 2(||Qo — Q™||o + [|Qol|o0 + 1)% and 4ey <

Ca = 912¢(3]|Q™"||x + 1)*. This proves Theorem 7.2.2.

7.4.77 Proof of Theorem 7.4.1

To prove Theorem 7.4.1, we apply Theorem 2.5.1, which studies general SA under con-

traction assumption. We begin by rewriting Algorithm 5 using simplified notation. Let
Yk = (Sk7 Ak‘a Tt 7Sk’+n7 Ak+n)

for all £ > 0, which is clearly a Markov chain, with finite state-space denoted by )). Note
that under Assumption 7.2.1 the Markov chain {Y}} has a unique stationary distribution
ry € AV Define an operator F' : RISIAI x Vs RISIAI by
[F(Q.y)](s;a) = [F(Q, 50, ao; ., 5n, an )] (s, a)
n—1 7
= Lspan)=say 7 [ [ s> a5)
=0  j=1
X (R(siyai) +vp(8it1, iy1)Q(Siv1, aiy1) — Q(s4, i)

+ Q(s,a).

Then the update equation of Algorithm 5 can be equivalently written by Qr11 = Q +
a(F(Qg, Yi) — Qr). We next establish in the following proposition the properties of the

operators F'(-,-) and the Markov chain {Y}}.

Proposition 7.4.4. The following statements hold.
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(1) The operator F(-,-) satisfies for any 1, Q2 and y:

(a) ||F(Q17y) - F(Q% y)”u,p < #f('ycmaX)(’meax + 1)||Q1 - Q2”u7p’
() [[F(0,9)]up < f(7Cmax)-
(2) Foranyk > 0andn > 0, we have max,cy || P (y, ) — ky (+)||lzv < Co™.

(3) Forany Q, we have Ey ., [F(Q,Y)] = BN’C,,,(Q).

We next present how to apply Theorem 2.5.1 to obtain the results. We begin by restating
Theorem 2.5.1 in the case of weighted /,-norm contraction with weights {; }1<;<q. Using
the notation in Chapter 2, we choose the smoothing norm || - || to be the same norm as the

contraction norm: || - ||,

Theorem 7.4.2. Consider the SA algorithm
xk—&-l ZIk—i—Oé(F(%’k,Yk) —{L‘k). (77)

Suppose that

(1) The random process {Y}} is a Markov chain (denoted by MCy ) with finite state-
space Y. In addition, {Y}} has a unique stationary distribution ry, and there exist

Cy > 0and oy € (0,1) such that max,cy ||P*(y, ) — ky (-)||rv < Ciof forall k > 0.
(2) The operator F : R? x Y+ R? satisfies for any 1,1, € R4 andy € Y

(a) ||F(z1,y) — F(xo, y)|lup < a1||x1 — 22]|,p, where a; > 0 is a constant,

(b) ||F(0,9)]|,p < b1, where by > 0 is a constant.

(3) The expected operator F' : R? — R? defined by F(x) = Ey .., [F(x,Y)] satisfies
F(z*) = x*, and is a contraction mapping with respect to || - || .., with contraction

factor v, € (0,1).

148



(4) The constant stepsize o is chosen such that ot (MCy) < 55—

228p(a1+1)2°
Then we have for all k > t,(MCy) that
228pc
Blllox = o2,) £ @(1 = (1= 90)a)f MO+ FE B ata(MCy),
’ — Ve

where ¢, = (||zo — 2*|| i + [|Zollup + 01/ (a1 +1))* and & = ((a1 + 1)[|27([,up + b1)*.

Proposition 7.4.4 in conjunction with Theorem 7.2.1 imply that the requirements for

applying Theorem 7.4.2 are satisfied. For any ¢ € (0, 1), when the constant stepsize « is

2/p
elu’mln

2052p f (Yemax)? (YPmax+1)

chosen such that ar, , < 5, we have for any k& > 7, ,,:

. rom o 7 PF(YCmax)* (Vpmax +1)°
]E[HQIC - Q 7p||i,p] S ( Qwa)k +C 2/p ATan,

/J/mlrl

where 51 = (HQO - Qmp”u,p + HQOHH,P + 1)2» and 52 = 228(3|’Q7r’p|’u,p + 1)2-

7.4.8 Proof of Proposition 7.4.4

(1) For any (1, Q> € RISIMI and y = (S0,a0,"** , Sn,an) € YV, we have

HF(QD S0, A0, --+5 Sn, an) - F(QQa 80,005 -+-5 Sns an)HIMP

o1 p 1/p
ZILL S, (H{ (s,a)=(s0,a0) }Z ’}/Cmax 7pmaX + )HQl - QQHOO) ]
=0

+[1Q1 — Q2llup (triangle inequality)
= f(¥Cmax) (VPmax + D |Q1 — Q2lsc + |Q1 — Q2l|,up-

2
< 1_/pf('VCmaX>(’Y/)max + D[Q1 — Q2 -

min

Similarly, for any y = (sg, ag, - - - , Sp,a,) € ), we have

n—1 p1/p
1F(0, S0, Qg s Sy @) || pp < Zu S, a)g(s,0)=(s0,00)} (Z(’chax)l> ]

s,a
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< f(Vemax)-

(2) Under Assumption 7.2.1, it is clear that {Y} } has a unique stationary distribution, which

we have denoted by ky, and is given by

Ky (80, @0y -+y Sny @) = Ks(So) (Hﬂ' a;|s;) Py, sz,szﬂ)) m(an|sn)-

Now use the definition of total variation distance, and we have for any y = (s, ag, .., Sp, @n)

and k > 0:

||Pk+n+1((807 (10, A 8717 Cln), ) - HYC)HTV

1 Z
2 / ! ! /
80580 5+++»Sn 0y

1
:52/

an<8na S)P;:b(87 3,0) - ’{S(S,O)

(H () P <>> (d)s,)

an (S5 8) P, (5, 5) — ks (sp)

S_Zzpan Sn, S | 530 (36)‘
:_ZPan Sn, S Z| SSO _’%5(56)‘

< _ZP‘M (Sn, s maXZ{ (s, s0) — rs(sh)|
— max [P (5.) = s

< Co*.

(3) It is clear that Ey ., [F(Q,Y)] = KsaT.(H,(Q) — Q) + @, which by definition is

equal to B.,(Q).
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7.4.9 Proof of Theorem 7.3.1

Since Vanilla IS is a special case of Algorithm 5, one can directly apply Theorem 7.2.2 to
obtain the finite-sample bound. However, there is one special property of Vanilla IS we can
exploit to obtain a tighter finite-sample bound. In particular, consider Proposition 7.4.4 (1)
(a). In the case of Vanilla IS, the corresponding Lispchitz constant is % (Y7 max) (Y max +
1). We next show that due to ¢(s,a) = p(s,a) in Vanilla IS, we c;r;nuse telescoping to

improve the Lipschitz constant. Specifically, in Vanilla IS, for any Q € RIS/l ¢ € ), and

(s,a), we have

[F(Q,y)](s,a)

n—1 7
= Lf(s0,a0)=(s,0)} 7’ c(s5,a;)(R(si; a;) + ve(Sip1, @ip1)Q(Si1, @iv1) — Q(5i,a:))
i=0  j=1
+ Q(s,a)
n—1 7
= Lsoao)=ea)y D7 | | s> a;)Risi, ai)
i=0  j=1
n—1 i+1
+ Lsoanr=sa)y Y7 [ ] (55, 05)Q(si41, ai41)
1=0 7j=1
n—1 7
_H{(so ao)=(s,a)} H Sj7a] Szaai) —I—Q(s,a)
1= ]:
-1 7 n 7
- H{ (s0,a0)=(s,a)} Z H Sj7a] S”ai) +H{(50,a0):(s,a)} Z’)/ZHC(SJ'7(1]')Q(SZ',CLZ‘)
=0 j=1 i=1  j=1

i

n—1
{(s0,a0) (sa)}Z'y H S]7aj Q(Sivai>+Q(sva)

H{(so ao)=(s,a)} Z 8 H C\Sj, Gj R<Si7 ai) + H{(so,ao):(s,a)}ryn H C(Sjv aj)Q<Sn7 an)

j=1

+ (1 = Ti(sg,a0)=(s,00}) @ (5, @).
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Therefore, we have for any @1, Q, € RISIMI and y € V:

”F(th) - F(Q2,y)||u,p

> uls,a)

+|Q1 — Qa|lup

IN

I[{(so,ao):(s,a)}fyn H C(Sj7 aj)(Ql (5n7 an) - Q2(3n> an))

J=1

p] 1/p

1/p

D 1(5,0) (1) "1Q1 = Qallocl”| + Q1 = Q2llus

S (ermaxylHQl - Q2Hoo + HQI - Q2HN7P

(’)/Tmaxyl +1
< e+ 116, — Qe

min

Using this improved Lipschitz constant and we obtain Theorem 7.3.1, where the rest of the

proof is identical to that of Theorem 7.2.2.

7.4.10 Proof of Theorem 7.3.2 to Theorem 7.3.5

The results are obtained by directly applying Theorem 7.2.2.

7.5 Conclusion

In this chapter, we establish finite-sample guarantees of general n-step off-policy TD-
learning algorithms. The key in our approach is to identify a generalized Bellman op-
erator and establish its contraction property with respect to a weighted £,-norm for each
p € [1,00), with a uniform contraction factor. Our results are used to derive finite-sample
guarantees of variants of n-step off-policy TD-learning algorithms in the literature. Specif-
ically, for Q™(\), TB()), and Retrace(\), we provide the first-known results, and for Q-
trace, we improve the result in [16]. The finite-sample bounds we establish also provide
insights about the trade-offs between the bias in the limit and the variance in the stochastic

iterates.
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CHAPTER 8
OFF-POLICY CONTROL: Q- LEARNING

8.1 Introduction

The (Q-learning algorithm is the most popular value-based RL algorithms in the literature.
Specifically, a variant of ()-learning known as the Deep ()-Network was used at scale in
solving practical problems, such as Atari games [7], robotics [124], and healthcare [125],
etc.

Unlike TD-learning, which is for policy evaluation, and must be used in an actor-critic
framework to find an optimal policy, )-learning is for directly finding an optimal policy
through finding the optimal ()-function. To motivate ()-learning, we first define the state-
action value function (aka. the ()-function) in the following. Let Q™ : S x A — R be
defined by

Q" (s,a) =E, nykR(Sk, Ag)

k=0

Sk:s,Ak:a],V(s,a,)ESxA.

Similar to the V-function, Q™ can be viewed as a vector in R!SIM|. Denote Q* as the Q-
function associated with an optimal policy 7*. Note that all optimal policies share the same
optimal @)-function. The motivation of the ()-learning algorithm is based on the following

result [11, 1]:
7" is an optimal policy <= {a | 7*(a|s) > 0} C arg mz%i(Q*(s,a), V (s,a). (8.1)
ac

Note that arg max, 4 @*(s, a) should be understood as a set since the maximum action
may not be unique. Equation 8.1 states that the optimal policy is supported on the set of

actions that maximize the optimal ()-function. Therefore, knowing the optimal ()-function
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alone is enough to compute an optimal policy.
To find the optimal ()-function, we next introduce the Bellman optimality equation.

The optimal Q)-function Q)*, uniquely solves the following system of equations:

Q*(s,a) = R(Sk, Ax) + ~E max Q" (Sky1,0d") ‘ Sp =5, A, = a] , V(s,a) € S x A

(8.2)

For simplicity of notation, let 7 : RISl RISIAI be the Bellman optimality operator

defined by
HIQ(s.0) = R5,0) 49 [max QS o) [ S = 5.4 =
for all Q € RISl and (s,a) € S x A. Then Equation 8.2 can be written compactly as

Q" =H(Q"), (8.3)

which is the fixed-point equation of the Bellman optimality operator 7(-). Since the opera-
tor 7(-) is a contraction mapping with respect to the /,-norm ||- || ., with contraction factor
being the discount factor v [9], Equation 8.3 can be efficiently solved using the fixed-point

iteration:

Qi1 = H(Qr), YKk >0. (8.4)

which is also known as the value iteration algorithm, and converges to Q* geometrically fast
[47]. However, to carry out such fixed-point iteration, we need to compute the expectation
within the definition of the Bellman optimality operator #(-), which is not possible since
the environmental model is unknown in RL.

To overcome this challenge, [17] proposes the ()-learning algorithm, which can be
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viewed as a stochastic variant of Equation 8.4. Other variants of ()-function estimation

algorithms includes SARSA [126], fitted (-iteration [127], and zap ()-learning [128], etc.

8.1.1 Related Literature

The (-learning algorithm [17] is perhaps one of the most well-known algorithms in RL
literature. The asymptotic convergence of (-learning was established in [24, 29, 31], and
asymptotic convergence rate in [129, 128]. Beyond asymptotic behavior, finite-sample
analysis of ()-learning was also thoroughly studied in the literature. The results are sum-
marized in Table 8.1. Note that there is a different perspective about ()-learning in terms
of regret bound [130], which is fundamentally different to the setting of this work.

From Table 8.1, we see that for synchronous ()-learning, the state-of-the-art mean

|S||A]
(1-7)°e?

establishes the state-of-the-art concentration bound with only a 1/(1 — ~)* factor in the

square bound goes to [132, 119], and is @( ). For synchronous ()-learning, [131]
sample complexity.

In this thesis, we consider the asynchronous ()-learning algorithm, which is fundamen-
tally different from synchronous ()-learning in terms of the update rule and the sample
collecting process, and is more challenging to analyze. The state-of-the-art mean square
bound of asynchronous ()-learning goes to [20] and concentration bound goes to [134]. It
is clear that our result advances the results in [20] by a factor of at least |S||.A|. To com-
pare our result with the results in [134], we need to first translate concentration bound to
mean square bound using the formula E[X] = [ P(X > x)dz (which holds for any non-
negative random variable X'), and then perform the comparison. By using this translation
technique for [134], the concentration bound in [134] does not imply our results. Even if
we conjecture a stronger concentration bound based on the results in [134] and integrate
that bound, the resulting mean square bound is no better than ours. See [16, Appendix B.5]

for a detailed discussion.
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Table 8.1: Summary of the Results about ()-Learning

Algorithm Reference Sampl§ Guarantees
Complexity
= _1SlI4] : :
[21] 277 Ayie concentration (tail)
Synchronous [131] ISIAL bound
Q-learning (=)

[19] IS2|A]2

(1—7)°e?

SIAl mean square bound
[132] i
191 | a5ya
T
tiowey
(211 (1—7)%e? concentration (tail)
Agl;chropous [133] R 'tm(ii_’y)562 bound
-learning ,min

[134] Tt

Eover S| A]
[20] (1—7)°¢? mean square bound
] S S

This work S

In Table 8.1, all the polylogarithmic factors are ignored. The parameter ¢nix = t1,4 stands for the mixing
time of the underlying Markov chain {(Sy, A)} generated by the behavior policy 7. The parameter tcover

roughly represents the amount of time needed to visit all state-action pairs at least once. The parameter

Ks.4,min is the minimal entry of the stationary distribution on S x A. Note that we have tcover > |S||-A| and
Ksamin <1/(]S||A]). Note that high probability (tail) bounds and mean square bounds are not directly
comparable. See [16] for more details.

8.2 Finite-Sample Analysis

In this section, we formally present the ()-learning algorithm, reformulate it as a Markovian
SA algorithm under a contractive operator, and apply Theorem 2.5.1 from Chapter 2 to

establish the finite-sample bound and the sample complexity of ()-learning.

8.2.1 The @-Learning Algorithm

We first present the ()-learning algorithm in the following.

Several remarks are in order. First of all, for ease of exposition, we use a fixed behavior
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Algorithm 6 ()-Learning

1: Input: Integer K, initialization )y € R, and behavior policy

2: fork=0,1,--- K —1do

3:  Sample Ay ~ m(+|Sk), observe Sii1 ~ Py, (S, )

40 Qr1(Sk, Ak) = Qr(Sk, Ak) + (R(Sk, Ar) + ymaxgea Qr(Sk41,0") —
Qr(Sk, Ax))

5: end for

6: Output: Qg

policy T, to present the ()-learning algorithm. In practice, the behavior policy can be time-
varying. For example, it can be the e-greedy policy, or the e-softmax policy with respect to
the current ()-function estimate. The asymptotic convergence of ()-learning is guaranteed
as long as the behavior policy ensures sufficient exploration [24].

Similar to TD-learning, ()-learning performs the so-called asynchronous update, and
the amount of update is equal to the difference between the LHS and the RHS of the Bell-
man optimality equation (cf. Equation 8.2), after replacing the expectation by sample esti-
mate.

To establish the finite-sample bounds of the ()-learning algorithm, we make the follow-

ing assumption.

Assumption 8.2.1. The behavior policy 7, satisfies m,(als) > 0 for all (s,a), and the

Markov chain Mg = {S;} induced by m, is irreducible and aperiodic.

The requirement that m,(a|s) > 0 for all (s, a) is necessary even for the asymptotic
convergence of ()-learning [24]. The irreducibility and aperiodicity assumption is also
standard in related work [92, 135]. Since we work with finite-state MDPs, Assumption
8.2.1 implies that M g has a unique stationary distribution, denoted by x5 € AlSI and Mg

mixes at a geometric rate [48].

8.2.2 Reformulation through Markovian SA

In this section, we formally remodeling the ()-learning algorithm as a Markovian SA algo-

rithm in the form of Equation 4.12. Let Y, = (Sk, A, Sk+1) for all & > 0. Note that the
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random process My = {Y}} is also a Markov chain, whose state-space is given by
Y=A(s,a,5") | s € S,m(als) >0, P,(s,s) >0},
and is finite. Define an operator F' : RISIA! x J s RISIAI by

[F(Q,)](s,a) = [F(Q; 50, a0, 51)](s, a)

- 1{(30,a0):(s,a)}(R(507 (Io) + W/g}gjl( Q(317 a/) - Q(S()a aO)) + Q(S7 a)

for all (s, a). Then the update equation of the (Q-learning algorithm (i.e., Algorithm 6 line

4) can be written by

Qi1 = Qr + ar (F(Qr, Yz) — Qi)

which is in the same form of Equation 4.12 with wy being identically equal to zero. Next,
we establish the properties of the operator F'(-,-) and the Markov chain {Y}} in the fol-
lowing proposition, which guarantees that Assumptions 2.2.2 — 2.2.3 are satisfied in the
context of ()-learning.

Let Kga € RISIMXISIAI be the diagonal matrix with {ks(s)my(als)}(smesxa sitting
on its diagonal. Let K g4 min = ming ) kg(s)ms(als), which is positive under Assumption

8.2.1.

Proposition 8.2.1. Suppose that Assumption 8.2.1 is satisfied, Then we have the following

results.
(1) The operator F(-,-) satisfies
(@) |F(@Q,y) — F(Qa 1)l < 21Q1 — Qallo for all @1, Qs € RS and y € 3,
(b) ||F(0,9y)]|ec < 1forally e Y.
(2) The Markov chain My = {Y};} has a unique stationary distribution iy, and there
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exist C > 0 and o € (0, 1) such that

max ”beﬂ(ya )=y ()lrv < Cdk, Vk>0.
yey

(3) Define an operator F : RISIAl — RISIA by F(Q) = By, [F(Q,Y)]. Then

(a) F(-)is explicitly given by F(Q) = KsaH(Q) + (I — Ksa)Q, where H(-) is the

Bellman optimality operator.

(b) F(-) is a contraction mapping with respect to || - ||, With contraction factor
5 =1- ICSA,min(l - ’Y)

(c) F(-) has a unique fixed-point Q*.

As we see, the (s, a)-th entry of the asynchronous Bellman operator F'(Q) is given by

ks (s)me(als)[H(Q)](s, a) + (1 — ks(s)m(als))Q(s, a),
which captures the nature of performing asynchronous update as illustrated in Chapter 5.

8.2.3 Finite-Sample Guarantees

Proposition 8.2.1 enables us to apply Theorem Theorem 2.5.1 to the ()-learning algorithm.

For ease of exposition, we only present the result of using constant stepsize. Define
ts = min {k‘ >0: max 1PE (s,) — ks () |rv < 5}
se

as the mixing time of the Markov chain {S}} with precision ¢.

Theorem 8.2.1. Consider {Qy} of Algorithm 6. Suppose that Assumption 8.2.1 is satisfied,

and o, = o for all k > 0, where « is chosen such that a(t, + 1) < CQ,O% (where
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cQ,0 is a numerical constant). Then we have for all k > 1,:

k—to
(1 _ ﬂ)()é) + co. log("SH‘ADa(ta + 1)’

ElI0: - @] < cau (1- 15 it

where cq1 = 3(||Qo — Q"[lc + [|Qollec + 1)* and cq 2 = 912¢(3]|Q" || + 1)*.

Remark. Using Proposition 8.2.1 (2), we see that ¢,, produces an additional log(1/«) factor

in the bound.

We view the first term on the RHS of the convergence bound as the the bias, and the
second term as the variance. Since we are using constant stepsize, the bias term goes to
zero geometrically fast while the variance is of the size O(alog(1/«)).

Based on Theorem 8.2.1, we next derive the sample complexity of (-learning.

Corollary 8.2.1. In order to make E[||Q) — Q*||] < € where € > 0 is a given accuracy,

the total number of samples required is of the size

fg(log?g/e))?((l_lw) A5 ) -

> . .
v~ R Quality of exploration
Accuracy Effective horizon

Remark. We upper bound ||Q*||« by 1/(1 — ) in deriving the sample complexity result.

From Corollary 8.2.1, we see that the dependence on the accuracy ¢ is O(e~2log?(1/¢)),
and the dependence on the effective horizon is O((1 —~)~?). These two results match with
known results in the literature [20]. The parameter Kg4 min = min, , kg(s)m(als) captures
the quality of exploration of the behavior policy 7. Since Kgamin > 1/|S||Al, we see that

the best possible dependence on the size of the state-action space is O(|S[*|AJ?).
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8.3 Proof of All Theoretical Results

8.3.1 Proof of Proposition 8.2.1

(1) For any Q1, Q> € RISl and y € ), we have

||F(Q17y) - F(Q2a y)HOO < max 71{(80,a0):(5,a)}(maxQ1(517 al) — max QQ(Slv a2))
(s,a) ar€A az€A
+ max | 1 (s0,00)(5,0)} (@1 (50, a0) — Q2(s0, o))

< 2|Q1 — Q2|
Similarly, for any y € )/, we have
17(0,)llo = mmax | L (s0.a0)=(s.0)} R (50, a0) | < 1.

(2) Tt is clear from Assumption 8.2.1 that {Y}} has a unique stationary distribution, which
we have denoted by py. Moreover, we have p(s,a,s’) = kg(s)m(als)P,(s,s") for any
(s,a,s’) € Y. Consider the second claim. Using the definition of total variation distance,

we have for all £ > 0:

Pk+1 .
max | (Y, ) — py ()]lv

| —

max Z |PETY((50, a0, $1), (5,0, 5')) — Ks(s)my(als) Pa(s, s')|

2 (50,a0,51) ey

= —maxz |Pk (s1,8)m(als)Pa(s, 8") — ks(s)my(als) Pu(s, s')|

s,a,s’
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where C' > 0 and o € (0, 1) are constants. Note that the last line of the previous inequality

follows from Assumption 8.2.1.

(3) (a) Using the Markov property, we have for any ) € RISl and (s, a):

Espns [F(Q, Sk Ars Sk1)](s, )]

= Esyns [ﬂusk,Ak)(s,a)} (R(Sk, Ay) + ymax Q(Sks1, a') — Q(Sk, Ak)> +Q(s, a)}
= Bigyns {ﬂﬂsk,Ak)(s,a)} <R(Sk, Ap) +7max Q(Sp1, a’))
+ (1 = Ly(sp,40)=(s,:0)}) Q( Sk, Ak)]

= rs(s)m(als)[H(Q)](s, a) + (1 = Ks(s)m(als))Q(s, a),

where H(-) is the Bellman optimality operator. Now use the definition of the matrix g4

and we have F(Q) = KsaH(Q) + (I — Ks4)Q.

(3) (b) Since it is well-known that the Bellman optimality operator #(-) is a y-contraction

with respect to || - ||o0, We have for any Q;, Q, € RISIMI:

1F(Q1) — F(Q2)l
= [[N(H(Q1) = H(Q2)) + (I = N)(Q1 — @2)l
= max ks (s)me(als)([H(Qu)](s, a) — [H(Q2)](s, a))

s,a

+ (1 = rs(s)m(als))(Qi(s, a) — Qa(s, a))]

< max |5 (s)m(als)|[H(Q1))(s, @) — [#(Q2))(5, a)

+ (1= rs(s)m(als))|@1(s, a) — Qa(s, a)]

< r(r;zg; [ks(s)my(als)||H(Q1) — H(Q2)||eo + (1 — ks(s)mp(als))||@Q1 — Q2||o]
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< max [ris(s)m(als)7[[Qr — Qafloc + (1 = Ks(5)m(als))[Q1 — Q2|

= Qs = Qall o max(1 = (1 = 7)rs(s)m(als))

= (1 - ]CSA,rnin<1 - 7))”@1 - C22”00

Therefore, the operator F'(+) is a contraction mapping with respect to || - ||, with contrac-

tion factor § =1 — Kgamin(1 — 7).

(3) (c) It is enough to show that Q* is a fixed-point of F(-), the uniqueness part follows

from F(-) being a contraction [47]. Using the fact that H(Q*) = Q*, we have
F(Q) = KsaM(Q) + (I = KsA)Q" = KsaQ™ + (I — Ks2)Q" = Q"

8.3.2 Proof of Theorem 8.2.1

We prove Theorem 8.2.1 using Theorem 2.5.1 for general Markovian SA under a contrac-
tion operator. Since the contraction norm is || - ||o, Corollary 2.5.1 (2) is applicable. To
apply Theorem 2.5.1, we first identify the corresponding constants using Proposition 8.2.1
in the following:

A=A +A,+1=3, B=B1+By=1, 91 <3, 9022ﬂ,

2
456el S||A
oo < DA ) < (1Q) - @'l + @0l + 12 2 = (B1Q7 e + 1)

Now we apply Theorem Theorem 2.5.1 (2) (a). When o, = « with o chosen such that

o P (1-75)°
“ = 3A28208¢ log(|S||A])

at
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we have for all k > ¢,

ket
1= 6&) Lk ate(My)

ElI0: - Q] < i (1- 25 "
P2

_ k—to
< 3(1Qo — @l + | Qolloc + 1) (1 -5 ﬁ“)
912¢elog(|S]|.A|)
(1-7)?

_ 1-5 \"" log(|S]1A[)
=CQ,1 (1 — 9 Oé) + CQQWatQ,

B1Q" [l + 1)*ata

where co1 = 3(|Qo — Q*[lee + [ Qolloo + 1)? and o2 = 912¢(3]|Q*[|c + 1)

8.4 Conclusion and Future Work

In this chapter, we have established the finite-sample mean-square bounds of the ()-learning
algorithm, which implies an @(ﬁ) sample complexity. Our approach is to formulate
(Q-learning as a Markovian SA algorithm under an ¢..-norm contraction operator, which is
called the asynchronous Bellman operator. The finite-sample bounds then follow from our
SA results in Chapter 2.

Empirically, numerical simulations presented in [132] suggest that the dependence on
the effective horizon is 1/(1 — ), implying that there is a gap between theory and ex-
periment. The 1/(1 — )* dependence was later established theoretically for synchronous
Q-learning in [131]. Establishing the 1/(1 — v)* dependence for the more practical asyn-

chronous ()-learning is an immediate future direction of this line of work.
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Part 111

RL with Linear Function Approximation
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In Part II, we provide a unified approach for finite-sample analysis of tabular RL al-
gorithms. However, tabular RL algorithms become computationally intractable when the
size of the state-action space is large. This motivates the use of function approximation.
The idea here is to approximate the desired quantity (e.g. ()-function, V-function, etc.)
from a pre-specified function class, thereby artificially reducing the complexity of the prob-
lem. For example, the popular Deep ()-Network is designed to approximate the optimal
(Q-function using deep neural net. Since most of the realistic RL problems have huge state-
action spaces, function approximation is of vital importance for the successes of RL.

Theoretically, a major challenge for studying RL with function approximation is the
deadly triad, which refers to bootstrapping, off-policy sampling, and function approxima-
tion. In particular, it was observed in the literature that when the deadly triad appears, RL
algorithms can diverge. In this part of the thesis, we are going to consider RL with lin-
ear function approximation, and design algorithms with provable convergence and finite-
sample guarantees in the presence of the deadly triad.

We first consider TD-learning in Chapter 9 and design a convergent algorithm under
off-policy sampling and linear function approximation, where we exploit the advantage of
using multi-step return. Such TD-learning algorithm was later used in Chapter 10 to study
general policy-based methods, where we establish the O(e~?) sample complexity. In Chap-
ter 11, we switch our focus to ()-learning with linear function approximation, and show that
the algorithm provably converges and establish the finite-sample bounds when the discount
factor of the problem is small. Later in Chapter 12, by modifying the original ()-learning
algorithm using target network and truncation, we successfully remove the restriction on

the discount factor for achieving convergence.
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CHAPTER 9
OFF-POLICY TD-LEARNING WITH LINEAR FUNCTION APPROXIMATION

9.1 Introduction

Recall the TD-learning algorithms we studied in Chapter 6 and Chapter 7. An important
feature there is that TD-learning performs asynchronous update, where only a single entry
of the vector-valued iterate is updated in each time step. Therefore, we require at least
|S| (or |S]|.A|) amount of samples to update each entry of Vj, (or Q) if we are estimating
()™) once. In practical applications, the state-action space of the RL problems is usually
extremely large. Therefore tabular TD-learning becomes computationally intractable.

To overcome the curse of dimensionality, in this chapter, we consider TD-learning (for
evaluating ()™ of some target policy m) using linear function approximation, and we employ
off-policy sampling. However, when TD-learning is used along with off-policy sampling
and linear function approximation, the deadly triad appears and the algorithm can be unsta-
ble. In addition, the product of the importance sampling ratios in off-policy learning may
cause high variance in the stochastic iterates.

We propose a generic framework of TD-learning algorithms (including two specific
algorithms: the A-averaged ()-trace and the two-sided ()-trace), which provably converge
in the presence of the deadly triad, and do not suffer from the high variance issue in off-

policy learning (albeit at a cost of a bias in the limit point).

9.1.1 Related Literature

The TD-learning method is used to solve the policy evaluation sub-problem, and is usu-
ally used in policy-based methods to ultimately find an optimal policy. The asymptotic

convergence of TD-learning was established in [24, 102, 136]. Finite-sample analysis of
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variants of TD-learning algorithms using on-policy sampling was performed in [16], and
using off-policy sampling was performed in [137, 138].

In the function approximation setting, TD-learning with linear function approximation
was studied in [92, 139, 12, 40] when using on-policy sampling. In the off-policy linear
function approximation setting, due to the presence of the deadly triad, TD-learning algo-
rithms can diverge [1]. Variants of TD-learning algorithms such as TDC [121], GTD [140],
emphathic TD [122], and n-step TD (with a large enough n) [141] were used to resolve the
divergence issue, and the finite-sample bounds were studied in [142, 143, 141]. Note that
TDC, GTD, and emphathic TD are two time-scale algorithms, while n-step TD is single
time-scale, it suffers from a high variance due to the cumulative product of the importance

sampling ratios.

9.1.2 Problem Setting

In linear function approximation, we choose a set of basis vectors ¢; € RISIMI 1 < < d.
Let ® € RISIAXd be a matrix defined by ® = [¢y,--- ,¢4). Then, the goal is to find
from the linear sub-space Q = {Q, = ®w | w € R?} the “best” approximation of the
Q-function )™, where w € R? is the weight vector.

Let ¢(s,a) = [p1(s,a), da(s,a), -+, da(s,a)]” € R? be the feature vector associated
with the pair (s, a). Throughout this chapter, we impose the following assumption on the

basis vectors.
Assumption 9.1.1. The matrix ® has full column-rank, and satisfies || ® ||, < 1.

Assumption 9.1.1 is indeed without loss of generality since we can disregard dependent
basis vectors, and performing feature normalization does not change the approximation

power of the function class.
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9.2 Algorithm Design

We present in Algorithm 7 a generic TD-learning algorithm using off-policy sampling and

linear function approximation.

Algorithm 7 A Generic Multi-Step Off-Policy TD-Learning with Linear Function Approx-
imation

1: Input: Integer K, bootstrapping parameter n, stepsize sequence {«y }, initialization
wy, target policy 7, behavior policy m,, generalized importance sampling ratios c, p :
S x A — R,, and a single trajectory of samples {(Sk, Ax) to<k<xin—1 generated by
the behavior policy 7.

2: fork=0,1,--- K —1do

3: Az(wk) = R(SZ, A1)+7p(51+1, Ai+1)¢(Si+1; Ai+1) wk—Qﬁ(S“ A; ) W, 1 € {]{7, k-+

Jk+n—1}
Wit = wg + xSk, Ap) S A T T (S5, Ay A(wy)
5: end for
6: Output: wx

In Algorithm 7, the choice of the generalized importance sampling ratios ¢(-,-) and
p(-,-) is of vital importance. We next present two specific choices, resulting in two novel
algorithms called \-averaged ()-trace and two-sided ()-trace.

The \-Averaged Q-Trace Algorithm. Let A € RISl be a vector-valued tunable pa-
rameter satisfying A € [0, 1]. Then the generalized importance sampling ratios are chosen

as c(s,a) = p(s,a) = A(s )”((“" )) + 1 — A(s) for all (s,a). Observe that when A = 1,
7(als)
m(als)’

off-policy TD-learning algorithm presented in [141], which however suffers from an ex-

we have c(s,a) = p(s,a) = and Algorithm 7 reduces to the convergent multi-step
ponential large variance due to the cumulative product of the importance sampling ratios.
On the other hand, when A = 0, we have c(s,a) = p(s,a) = 1, and hence the product of
the generalized importance sampling ratios is deterministically equal to one, resulting in
no variance at all. However, in this case, we are essentially performing policy evaluation of
the behavior policy 7, instead of the target policy 7, hence there will be a bias in the limit
of Algorithm 7. More generally, when A € (0, 1), there is a trade-off between the variance

and the bias in the limit point. Such trade-off will be studied quantitatively in Section 9.4.
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The Two-Sided ()-Trace Algorithm. To introduce the algorithm, we first define the
two-sided truncation function. Given upper and lower truncation levels a,b € R, define
Gap : R = R by gup(x) = awhen x < a, gop(x) = x whena < x < b, and g,,(z) = b
when x > b. Let £,u € RIS be two vector-valued tunable parameters satisfying 0 < ¢ <
1 < u. Then, for the two-sided ()-trace algorithm, the generalized importance sampling
ratios are chosen as c(s,a) = p(s,a) = gos)u(s) (7(als)/m(als)) for all (s,a). The idea
of truncating the importance sampling ratios from above was already employed in existing
algorithms such as Retrace(\) [15], V-trace [25], and Q-trace [137], and is used to control
the high variance in off-policy learning. However, none of them were shown to converge
in the function approximation setting. Introducing the lower truncation level is crucial to
ensure the convergence of the two-sided ()-trace algorithm in the presence of the deadly

triad. This will be illustrated in detail in Section 9.4.

9.3 The Generalized PBE

We next theoretically analyze Algorithm 7. Specifically, in this section, we formulate Al-
gorithm 7 as an SA algorithm for solving a generalized PBE and study its properties. We

begin by stating our assumption.

Assumption 9.3.1. The behavior policy 7, satisfies 7, (a|s) > 0 for all (s, a), and induces

an irreducible and aperiodic Markov chain {.Sj }.

Assumption 9.3.1 implies that the Markov chain {Sy} induced by 7, has a unique sta-
tionary distribution kg € AlSl. Moreover, there exist C > 1 and ¢ € (0, 1) such that
max,es | P (s,) — ks(-)|[rv < Co* forall k > 0, where Py, is the transition probability
matrix of the Markov chain {S; } under ; [48].

For simplicity, denote ¢; ; = i:i ¢(Sk, Ag). The target equation Algorithm 7 aims at
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solving is:
n—1 .
Esons |0(S0, Ao) > y'eridi(w) | =0, 0.1)
=0

where A; ~ m,(-|S;) and S; 41 ~ Pa,(S;, ). The following lemma formulates Equation 9.1
in the form of a generalized PBE. To present the lemma, we first introduce some notation.
Let Kg4 € RISIMIXISIAI be a diagonal matrix with diagonal entries {r5(s)m(a|$) }(s.a)esx45
and let fCga min be the minimal diagonal entry. Let || - ||c,, be the weighted ¢2-norm
with weights {£5(s)my(a|s)}(s,a)esx.4, and denote Proj, as the projection operator onto
the linear sub-space Q with respect to || - ||xs,- Let To,H, : RS s RISIA be two
operators defined by [7.(Q)](s,a) = Z?;Ol E,,[v'c1:Q(Si, A4) | So = s,4p = a] and
[H,(Q)](s,a) = R(s,a) + VEx, [p(Sk+1, A1) Q(Sk41, Ak1) | Sk = s, Ax = a] for any

Q € RISIMI and state-action pair (s, a).

Lemma 9.3.1. Equation 9.1 is equivalent to
Qw = ProjoB.,(Pw), 9.2)

where B, ,(-) is the generalized Bellman operator defined by B.. ,(Q)) = T.(H,(Q)—Q)+Q.

The generalized Bellman operator B, ,(-) was previously introduced in Chapter 7 to
study off-policy TD-learning algorithms in the tabular setting (i.e., & = I[gs4), where the
contraction property of B, ,(-) was shown. However, B, ,(-) alone being a contraction is not
enough to guarantee the convergence of Algorithm 7 because of function approximation,
which introduces an additional projection operator Proj,. What we truly need is that (1)
the composed operator ProjB3. ,(+) is a contraction mapping, and (2) the solution w], of
Equation 9.2 is such that Pwy , is an approximation of the Q-function ()". We next provide

sufficient conditions on the choices of the generalized importance sampling ratios ¢(-, -) and

p(+,-), and the bootstrapping parameter n so that the above two requirements are satisfied.
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Let D., D, € RISIIXISIA be two diagonal matrices such that D.((s,a), (s,a)) =

YoweaTs(d|s)c(s,a’) and D,((s,a),(s,a)) = > cam(a|s)p(s,a’) for all (s,a). Let
D max and D), 1oy (D¢ min and D, 1,5,,) be the maximam (minimum) diagonal entries of the

matrices D, and D, respectively.

Condition 9.3.1. The generalized importance sampling ratios c(-, -) and p(-, -) satisfy (1)

< 2 D 1 'Y(Dp,max*Dc,min) 1.
C<S7 a) - p(57 a)’ v (87 a), ( ) prmax < /77 and (3) (lf'yDc,min)\/K:SA,min <

Condition 9.3.1 (1) and (2) were introduced in Chapter 7, and were used to show the
contraction property of the operator B, ,(-). In particular, it was shown that the generalized
Bellman operator B, ,(-) is a contraction mapping with respect to || - ||, With contraction
factor ¥(n) = 1 — fo(YDemin) (1 — YDy max), Where f,, : R — R is defined by f,(z) =
S~ o' for any . It is clear that 7(n) € (0,1), and is a decreasing function of n.

As illustrated earlier, B, ,(-) being a contraction mapping is not sufficient to guarantee
the stability of Algorithm 7. We require the composed operator Proj,B. ,(-) to be con-
traction mapping with appropriate choice of n. This is guaranteed by Condition 9.3.1 (3).
To see this, first note that we have the following lemma, which is obtained by using the
contraction property of B3 ,(-) and the “equivalence” between norms in finite-dimensional

spaces.

Lemma 9.3.2. Under Condition 9.3.1, it holds for any Q1, Qs € RISIAl that

) . y(n
1Proj B (Q1) — ProjoBuy(@2)lles < — 101 - Qallxan.

\V K:SA,min

In view of Lemma 9.3.2, the composed operator Proj,. ,(+) is a contraction mapping
as long as lim,, . 7(n)/1/Ksamin < 1, which after straightforward algebra is equivalent
to Condition 9.3.1 (3).

To satisfy Condition 9.3.1 (3), intuitively we should make D, 1,ax and D, i, arbitrarily
close to each other. It is not clear if this is possible for existing off-policy TD-learning

algorithms such as Retrace() [15], Q™(A) [13], V-trace [25], and ()-trace. That is the
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reason why none of them were shown to converge in the function approximation setting.
In contrast, consider the A\-averaged ()-trace algorithm. Both D, and D, are identity ma-
trices (which implies D, nax = Demin = 1), hence Condition 9.3.1 (3) is always satisfied.
Similarly, in the two-sided ()-trace algorithm, for any choice of the upper truncation level
u > 1, we can always choose the lower truncation level 0 < ¢ < 1 appropriately to satisfy
Condition 9.3.1 (3). Specifically, for any s € S and u(s) > 1, choosing ¢(s) < 1 such
that Y . m(als)gecs)u(s)(m(als)/m(als)) = 1 satisfies Condition 9.3.1 (3). Therefore,
compared to V-trace, Retrace()\), and @)-trace, where the importance sampling ratios were
only truncated above, the primary reason for introducing the lower truncation level is to sat-
isfy Condition 9.3.1 (3), thereby ensuring convergence of the resulting two-sided ()-trace
algorithm.

In the next lemma, we show that under Condition 9.3.1, with properly chosen n, the
composed operator Proj,B3. ,(+) is a contraction mapping, which ensures that Equation 9.2
has a unique solution, denoted by wy ,. Moreover, we provide performance guarantees on
the solution w , in terms of an upper bound on the difference between ()™ and ®wy . Let

7, be the solution of generalized Bellman equation Q) = B, ,(Q), which is guaranteed to
exist and is unique since B, ,(-) itself is a contraction mapping under Condition 9.3.1 (1)

and (2) [138].

Lemma 9.3.3. Under Condition 9.3.1, suppose that the parameter n is chosen such that
Ye := ¥(n)/\/Ksamin < 1. Then the composed operator ProjyB. ,(-) is a .-contraction
mapping with respect to || - ||k, In this case, the unique solution w( , of the generalized

PBE (cf. Equation 9.2) satisfies

Q™ — g,

1 .
< ———=|QF, — ProjoQ7 s

foa = T— 2
Y MaXses ZaeA |7T(a|5) - Wb(a|5)ﬁ(57 a)l
(1 =91 =Dy max)

9.3)

The first term on the RHS of Equation 9.3 captures the error due to function approxima-
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tion, which is in the same spirit to Theorem 1 (4) of the seminal paper [92], and vanishes in
the tabular setting. The second term on the RHS of Equation 9.3 arises because of the use of
generalized importance sampling ratios, which is introduced to overcome the high variance
in off-policy learning. Note that the second term vanishes when p(s, a) = m(als)/m(als)
for all (s, a), which corresponds to choosing A = 1 in A-averaged ()-trace and choosing
((s) < min,,m(als)/mp(als) and u(s) > max,,7(a|s)/m(als) for all s in two-sided
(Q-trace. However, in these cases, the cumulative product of importance sampling ratios
leads to a high variance in Algorithm 7. The trade-off between the variance and the bias in
we, (i.e., second term on the RHS of Equation 9.3) will be elaborated in detail in the next

section.

9.4 Finite-Sample Analysis

With the contraction property of the generalized PBE established, the almost sure conver-
gence of Algorithm 7 under mild conditions directly follows from standard SA results in
the literature [11, 33]. In this section, we take a step further and perform finite-sample
analysis of Algorithm 7. For ease of exposition, we here only present the finite-sample
bounds of \-averaged Q-trace and two-sided ()-trace, where ¢(+, -) and p(+, -) are explicitly
specified.

For any 0 > 0, let t5 = min{k > 0 : max,es || P} (s, ) — #s(-)||rv < 0} be the mixing
time of the Markov chain {S;} under m, with precision . Note that Assumption 9.3.1
implies that t; = O(log(1/6)). Let Ay, be the mininum eigenvalue of the positive definite
matrix & Kgs®. Let L = 1 + (7pmax)", Where pra = max, , p(s, a).

We next present finite-sample guarantees of the A-averaged ()-trace algorithm when
using constant stepsize (i.e., oy = «). The results for using diminishing stepsizes are

trivial extensions.

Theorem 9.4.1. Consider {wy} of the M-averaged Q-trace Algorithm. Suppose that (1)

Assumptions 9.1.1 and 9.3.1 are satisfied, (2) A € [0, 1], (3) the parameter n is chosen such
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that 7y, == 7" /\/Ksamin < 1, and (4) the stepsize « is chosen such that o(t, +n + 1) <

—(17138)22‘“‘“. Then, we have for all k > t, +n + 1 that

al?(ta+n+1)
(1 - Vc))\min ,

Ewwk - wZ,pHg] < Cl(l - (1 - f)/c>)\min05)k7(t&+n+1) + o (94)

where ¢y = ([lwoll2 + lwo — w7 |l2 + 1) and ¢ = 130(||w] ||2 + 1)*. Moreover, we have
Q" — Pwy

1 T . ™
p||’CSA < \/1—_772||Qc,p - PrOJQQc,pH/CSA

L ymaxses(l = As))[[7(ls) = m([s)lh

9.5
1) ©-)

Using the common terminology in SA literature, we call the first term on the RHS of
Equation 9.4 convergence bias, and the second term variance. When constant stepsize is
used, the convergence bias goes to zero at a geometric rate while the variance is a constant
roughly proportional to at,. Since lim,_,o at, = 0 under Assumption 9.3.1, the variance
can be made arbitrarily small by using small «.

The parameter L = 1 + (7pmax)” plays an important role in the finite-sample bound.
In fact, L appears quadratically in the variance term of Equation 9.4, and captures the
impact of the cumulative product of the importance sampling ratios. To overcome the high
variance in off-policy learning (i.e., to make sure that the parameter L = 1 + (Ypmax)"”
does not grow exponentially fast with respect to 1), we choose A € RIS! such that ppax =
max; A(s)(max, w(als)/m(als) — 1) +1 < 1/v. However, as long as A # 1, the limit
point of the A-averaged ()-trace algorithm involves an additional bias term (i.e., the second
term on the RHS of Equation 9.5) that does not vanish even in the tabular setting.

In light of the discussion above, it is clear that there is a trade-off between the variance
(cf. second term on the RHS of Equation 9.4) and the bias in the limit point (cf. the second
term on the RHS of Equation 9.3) in choosing the parameter \. Specifically, large A leads

to large pmax and hence large L and large variance, but in this case the second term on the

175



RHS of Equation 9.3 is smaller, implying that we have a smaller bias in the limit point.

Next, we present the finite-sample bounds of the two-sided ()-trace algorithm.

Theorem 9.4.2. Consider {wy} of the two-sided Q-trace Algorithm. Suppose that (1)
Assumptions 9.1.1 and 9.3.1 are satisfied, (2) the upper and lower truncation levels {,u €
RISI are chosen such that y",_ , m,(als)gus)us)(m(als)/my(als)) = 1 for all s, (3) the
parameter n is chosen such that ~y, == "/ \/m < 1, and (4) the stepsize a is chosen

such that o(t, +n+1) < w Then, we have for all k > t, +n + 1 that

al*(ty +n+1)

E — ™ 2 < 1— 1_ c /\min k—(t0+”+1)
[l — w12 < er(1 = (1 = 7o) Amin@) e T

(9.6)

where ¢; = (|lwoll2 + [lwo — wl |l2 + 1)* and c; = 130(||w ,||2 + 1)*. Moreover, we have

HQ7T - CI)wszKSA < —— HQ q)w::r,pH/CSA

= /—1 —
4 Y MaXses ZaEA(uﬂ,ﬂb (Sa a) €7T \Th (S CL))
(1—7)? ’

9.7)

where uy ., (s,a) = max(7(a|s)—mp(als)u(s),0) and by 1, (s,a) = min(7(a|s)—my(als)l(s),0)
forall (s,a).

The finite-sample bound of the two-sided ()-trace algorithm is qualitatively similar to
that of the A-averaged ()-trace algorithm. To overcome the high variance issue in off-policy
learning, we choose the upper truncation level such that yu(s) < 1 for all s, which ensures
that the parameter L = 1 + (7pmax)” < 1+ (7 maxsu(s))™ does not grow exponentially
with respect to n. Then we choose the lower truncation level accordingly to satisfy re-
quirement (2) stated in Theorem 9.4.2. However, as long as there exists s € S such that
u(s) < max,,m(als)/m(als) or £(s) > min,,w(a|s)/m(als), the second term on the
RHS of Equation 9.7 is in general non-zero, hence adding an additional bias term to the
limit point even in the tabular setting. As a result, the trade-off between the variance and

the bias in the limit point is also present in the two-sided ()-trace algorithm.
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In view of Theorem 9.4.1 and Theorem 9.4.2, one limitation of this work is that the
choice of n to make 7. < 1 depends on the unknown parameter Kg4 i, of the problem. In
practice, one can start with a specific choice of n and then gradually tune n to achieve the

convergence of the A\-averaged ()-trace algorithm or the two-sided ()-trace algorithm.

9.5 Proof Sketch of Theorem 9.4.1 and Theorem 9.4.2

Instead of proving Theorem 9.4.1 and Theorem 9.4.2, we will state and prove finite-sample
bounds for Algorithm 7 with ¢(-,-) and p(-, -) satisfying Condition 9.3.1, which subsumes
Theorem 9.4.1 and Theorem 9.4.2 as its special cases. In this more general setup where we

do not have ¢(-,-) = p(-, -), we define the constant parameter L as

(1 + (’YpmaX)n): C('7 ) = P(‘, ')7
L= (9.8)

(1 + ’Ypmax)fn<’ycma)c)> C('v ) 7& p('v ')7

where Cpax = max,, ¢(S, a) and pyax = Maxs, (s, a).

Theorem 9.5.1. Consider {wy} of Algorithm Algorithm 7. Suppose that (1) Assumptions
9.1.1 and 9.3.1 are satisfied, (2) the generalized importance sampling ratios satisfy Condi-

tion 9.3.1, (3) the parameter n is chosen such that . := ¥(n)/\/Ksamin < 1, and (4) the

(1_')/(:))\min

o Then, we have for all

constant stepsize o is chosen such that a(t, +n + 1) <

k>t,+n+1:

- —(totm a(ta +n+1
Eflue ~ a2, 8] < el - (1= 2w~ 4 o250,

where ¢; = (||wol|2 + |Jwo — wngg +1)%and ¢y = 130(ngp|\2 +1)2

To prove Theorem 9.5.1, we first rewrite Algorithm 7 as an SA algorithm. Let {X}}
be a finite-state Markov chain defined by Xy = (Sk, Ak, ..., Skn, Axtn) for any & > 0.

Denote the state-space of { X} by X. It is clear that under Assumption 9.3.1, the Markov
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chain {X}} also admits a unique stationary distribution, which we denote by v € Al¥l, Let
F : R?x X s R?be an operator defined by F(w, ) = ¢(s0, a0) iy 7'c1:A(w) for any
w € R%and z = (s, ag, ..., Sn,an) € X. Let F : R? — R be the “expected” operator of
F(-,-) defined by F'(w) = Ex,[F(w, X)]. Using the notation above, the update equation

(line 4) of Algorithm 7 can be compactly written as
Wi y1 = Wy, + apF(wy, X), 9.9)

which is an SA algorithm for solving the equation F'(w) = 0 with Markovian noise. Note
that F'(w) = 0 is equivalent to the generalized PBE (cf. Lemma 9.3.1). We next establish
the properties of the operators F'(-,-), F'(-), and the Markov chain {X}} in the following

proposition, which enables us to use our SA results in Chapter 3 to derive finite-sample

bounds of Algorithm 7.
Proposition 9.5.1. The following statements hold.

(1) ||[F(wy,2) — F(wa, 2|2 < L||lwy — ws|s for any wi,we € R and x € X, and

|1F(0,2)|l2 < fu(YCmax) for any z € X,

(2) max,cy HP)’I“(J“”JFI(x7 D —=v( < Cd* for all k > 0, where Px is the transition

v

probability matrix of the Markov chain { X} under policy
(3) (w—wl,) F(w) < —(1 =) Aminl|lw — w] |3 for any w € R%

Proposition 9.5.1 (1) establishes the Lipschitz continuity of the operator F'(-, -), Propo-
sition 9.5.1 (2) establishes the geometric mixing of the auxiliary Markov chain { X} }, and
Proposition 9.5.1 (3) essentially guarantees that the ODE i (t) = F(x(t)) associated with
SA algorithm (Equation 9.9) is globally geometrically stable. The rest of the proof follows

by applying Theorem 3.2.1 to Algorithm 7.
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9.6 Proof of All Theoretical Results

9.6.1 Proof of Lemma 9.3.1

We begin by introducing some notation. Let 7, and 7, be two policies defined by

mp(als)e(s, a)

m(als)p(s, a)
Yowea™(a]s)c(s,a’)’ vV (s,a).

2 weam(d[s)p(s,a)’

and 7,(als) =

Te(als) =

Let P, and P, be the transition probability matrices of the Markov chain {5} } induced by
the policies 7. and 7, respectively. Then, Equation 9.1 can be compactly written in vector

form as

n—1

' Ksa» (YPr. D) (R + 7Py, D,ow — Pw) =0,

i=0
where R € RISIMI is defined by R(s,a) = R(s,a) for all (s,a). Observe that the above
equation is further equivalent to

n—1
(D Ksa®) '@ Ksa Y (vPr. Do) (R + vPx,D,ow — dw) = 0. (9.10)

=0

To see this, since the matrix ® has full column-rank, and the matrix ® " Kg,® is positive
definite and hence invertible, we have z = 0 if and only if ®(® " Kg4®P) 'z = 0.
To rewrite Equation 9.10 in the desired form of the generalized PBE (cf. Equation 9.2),

we use the following three observations.

(1) The projection operator Proj,(-) is explicitly given by
Projo(-) = ®(® Ksa®) '@ Kgal-),
(2) The operator 7.(-) is explicitly given by T.(-) = > (vPr. Do) (-),

(3) The operator H,,(-) is explicitly given by H,(-) = R+ vPy, D,(-).
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Therefore, Equation 9.10 is equivalent to

Projo[Te(H,(Pw) — dw)] = 0, 9.11)

Finally, adding and subtracting ®w on both sides of the previous inequality and we obtain

the desired generalized PBE:

dw = Projo[Te(H,(Pw) — dw)] + dw
= Proj o [Te(H,(Pw) — dw) + Pw)

= Proj,B.,(dw),

where the second equality follows from (1) dw € Q and (2) Proj,(-) is a linear operator.

9.6.2 Proof of Lemma 9.3.2

For any )1, Q) € RISIMI we have

[ProjgBe,,(Q1) — ProjoBe ,(Q2)|lksa < 1Bep(Q1) — Be p(Q2)|lxcs
< 1Bep(@Q1) = Bep(@Q2) oo (- llicsa < I+ lloo)
<A(n)[|Q1 — Q2o

Y(n
S L”Ql - QZHKSA7
\V ICSA,min

(H ’ ”oo < \/ﬁ” ’ HICSA)

where the first inequality follows from Proj, being non-expansive with respect to || - [/,
and the third inequality follows from B, ,(-) being a §(n)-contraction operator with respect

to || - |lo [138] 1.

'In Chapter 7, we work with an asynchronous variant of the generalized Bellman operator, which is shown
to be a contraction mapping with respect to || - || With contraction factor 1 — Kga min frn(7YDe,min) (1 —
¥D, max). In this paper we work with the synchronous generalized Bellman operator B, ,(-). In this case,
one can easily verify that the corresponding contraction factor can be obtained by simply dropping the factor

180



9.6.3 Proof of Lemma 9.3.3

We first show that under Condition 9.3.1 (3), we have lim,, o ¥(1)/1/Ksammn < 1. Using
the explicit expression of 7(n), we have

F(n) 1 — fu(YDemin) (1 — ’memax)

——— = lim
n—o0 \V4 ’CSA,min n—o0 \V4 ICSAJnin

1-— Dc min "
1 — 0l (1 — 4Dy )

— hm 177Dc,min
n—o0 vV ICSA,min

(falz) =30 2" and YDe i < 1)
V(Dp,max - Dc,min)

(]- - /YDc,min) V ICSA,min

< 1. (Condition 9.3.1 (3))

Therefore, when 7 is chosen such that v, = — 30 <1, we have by Lemma 9.3.2 that
’ ¢ \/ ICSA,min ’

IProjoBe,,(@1) — Projg < 7e[|Q1 — Qallisa, ¥ Q1, Qo € RIS

It follows that the composed operator Proj, 3., () is a contraction mapping with respect to
| - |lxcs> With contraction factor ..
Next consider the difference between ()" and ®wy ,. First of all, we have by triangle

inequality that

Q" — (I)w;r,pH/CSA = Q" - ZP + Qgﬁ - (I)w:’PHKSA

< HQW - QZ;}HKSA + HQ(T:r,p - q)prHKSA’ 9.12)

We next bound each term on the RHS of the previous inequality. For the first term, it was

ICSA,IIlil’l'
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already established in Proposition 2.1 of [138] that

Y MaXges Za A m(als) — my(als)p(s,a)l
Q" — Qf llkss S QT — QF lloe < -
|| ,p” SA || 7/’” (1 —’}/)(1 —'YDp,maX)

. (9.13)

Now consider the second term on the RHS of Equation 9.12. First note that

”Qgp - q)wng’QCSA = ||Q7crp - PrOjQQZp + PrOjQQZp - (I)wnglZCSA
= Q7 = Projo@Q7, llks, + IProjoQf, — ®ul, iy, ()
= |QF, — ProjoQr 1%,
+ [[ProjoBe,»(Q7 ;) — ProjoBe,(®wf, )l ,

< 1Q7, — ProjoQ7 Ik, + 7 l1QF, — P [k,

where Eq. () follows from the Babylonian-Pythagorean theorem (i.e., Q7 , — Proj (7 , L

Q and Proj, Q7 , — Pwy , € Q). Rearrange the previous inequality and we have

™ P 1 T . T
||Qc,p - q>wc,p||ICSA < —HQc,p - PrOJQQc,pH’CSA‘ (914)

Vi

Substituting Equation 9.13 and Equation 9.14 into the RHS of Equation 9.12 and we finally

obtain

Q™ — Bl |lics, < Ymaxses Y, |m(als) — my(als)p(s, a)
’ (1 _7)<1 _’Y-Dp,max)

1 ™ . ™
+ —”Qc,p - PrOJQQC,pH’CSA‘

V1-=12
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9.6.4 Proof of Proposition 9.5.1

(1) (a) We first rewrite the operator F'(-, -) in the following equivalent way. For any w € R?

and x = (so, ag, ..., Sp, a,) € X, we have

n—1
F(w,z) = ¢(s0, ao Z’yZHc Sj, ;)X

=0

(R(si, ai) +vp(Sit1, @ig1)P(Sis1, air1)  w — @84, ;) Tw)

i

—_

i

n—1
é(s0,a0) > 7' [ [ el a)Risi, ai) — d(s0,a0) Y+ [ el 05)(si, a:) "w

3

i=0  j=1 i=0  j=1
n—1 7
i+1 T
307a0 E 9 HC 8]7% 8z+1,az’+1)¢(8i+1,ai+1) w
i=0 j=1

i
L
.

i=0  j=1 z:O j=1
n i—1
¢(50aa0)272HC SJ’CLJ Slvai>¢(5i7ai)Tw
i=1  j=1
n—1 i
é(s0,a0) Y 7' [ [ elsjr a;)R(si, a:) — é(s0, a0)é(s0, ap) "w
=0 j=1
n—1 i—1
+ d(s0,a0) Y 7 [ elsir i) (p(siyai) = e(si, a:)) (s, ai) "w
i=1  j=1
n—1
+ ¢(807 CLO)’Y” C(Sj7 aj)p(sna an)(b(Sna an)Tw
7j=1

We now proceed and show the Lipschitz property.
For any wy, w, € R? and x = (8¢, ag, ..., 5, @) € X, using the fact that ||$(s, a)||z <

|lo(s,a)]l1 < |||l < 1, we have

[F(wy, z) = F(wa, z)|2

< || (50, ao)P(so, GO)T(wl — wa)|[2

s0.00) Y7 TT el ) ol ) = el )5 ) (s = )
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d(s0,a0)Y" H c(85,a;7)p(Sn, an)P(5n, an)T(wl — wy)

2

| /\

[y = walla + sz Claax MaX [(s, @) = (s, a)[lwr — ws]],

+ ’YHCga}(pmaxnwl — ws|

1— Cmax n—l n.n
= (14 lp(s.0) = s, I et ) s -

(1 + (’}/pmaX)n)le - w2H27 C('? ) = p('v )

(1 + Ypmax) o (Vemax) w1 — w22, c(+,-) # p(- ).

(1) (b) For any x = (sq, ag, ..., Sn, a,) € X, we have

2

n—1
1P (w,0) 2 = H‘“SO’%) S T etssoa Rissea
=0

J=1

—1
< Z Chax = < /fn 'chaX)
1=0

(2) It is clear that the stationary distribution v of the Markov chain { X} } is given by

n—1
v(80, o, -, Sn, Gn) = Ks(So) (H mo(ailsi) Pa, (i, 81’+1)) To(anlsn)

1=0

for all (sg, ag, ..., Sn, an) € X. Moreover, for any = = (s, ao, ..., Sn, a,) € X, we have for

any k£ > 0 that

X

" 1
”Pk+ +1 ) ()HTV - 92 Z

Lol ol o)
SO(LO 3Sm0n

[H 7Tb a | 8 SwSerl)] Wb(a;"b ’ 8;1>
2>
5ZPan(sn, Z| (s,50) — “5(56>‘

< rglgsxﬂ “(s,) — ks ()]ltv

Z P, (50, 8)Pr, (5, 50) — ks (sp)

an Snv S SO) RS(SZ))

I/\
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< Co*.

Therefore, we have max,cy || PEF" 1 (z, ) — v(- < Co* forall k > 0.

My
(3) Using the fact that B. ,(-) is a linear operator, we have for any w € R? that

(’UJ - wz:r,p)TF(w)
= (w— wgp)T(I)TICSA (Be,p(Pw) — dw)
= (w— wgp)TQ)TICSA (BQP(CIDw) — Bc,p(q)wgp)) — (w — wgp)TéTK5A®(w — wzp)
= (w — wgp)Tq)TKSACD(‘I)T’CSA@)ilq)TKSABC,p((I)(U} — wgp))

— (w — wgp)TfI)TICSAqD(w - pr)
= (’LU — wzp)T(DTK:SA@(@T’CSAq))flq)TlCSABC,p((I)(w — wzp))

—(w—wl,) @ Kga®(w —w],)
<D (w = wl,) s |O(@TKsa®) 0T KgaBe p(@(w — W) |lics.s

T 2

— 2w —wg )k,
= [|®(w — w,)llicsa IProjoBe o (P(w — w ) licss — [@(w — w] )k,
< el P(w — w ) s |P(w — wl ) Iksa — 19w = wT,) Iy,
= — (1 =7)®(w —wl)lIX,,

< = (1= 7 Aminflw — w13

9.6.5 Proof of Theorem 9.4.1

The finite-sample bound (i.e., Equation 9.4) follows directly from Theorem 9.5.1. To show

the performance bound (cf. Equation 9.5) on the limit point w;, ,, we apply Lemma 9.3.3 to

the A-averaged Q-trace algorithm. Note that when c(s, a) = p(s, a) = A(s) =4+ 1 \(s)

m(als)
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for all (s, a), we have for any s € S that

> Imlals) = my(als)p(s, a)l = (1 = A(s)) Y |m(als) — my(als)|

acA acA

= (L= Al (-[s) = m(-[s)lr-
This proves the result.

9.6.6 Proof of Theorem 9.4.2

The finite-sample bound (i.e., Equation 9.6) follows directly from Theorem 9.5.1. To show

the performance bound (cf. Equation 9.7) on the limit point w7 ,, we apply Lemma 9.3.3 to

c,p’
the two-sided Q-trace algorithm. Note that when c(s, a) = p(s, a) = go(s)u(s)(T(als)/m(als))

for all (s, a), we have

> Imlals) = m(als)p(s,a)l = Y [(w(als) — m(als)f(s))I{r(als) < £(s)m(als)}

acA acA

+ (m(als) — my(als)u(s))I{m(als) > u(s)m(als)}|

< Y |(w(als) = m(als)e(s){m(als) < (s)m(als)}|
acA
+ > |(w(als) = my(als)u(s))I{r(als) > u(s)m(als)}]
acA
= Zmax(ﬂ(a\s) — my(als)u(s),0)
acA
— Z min(7(als) — m(als)l(s),0)
acA
= Z(umm(37 a) = Uz (s, a)).
acA

This proves the result.
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9.7 Conclusion and Future Work

In this chapter, we focus on TD-learning with off-policy sampling and linear function ap-
proximation, and designed a convergent multi-step TD-learning algorithm. To overcome
the high variance issue in off-policy learning, we propose using generalized importance
sampling ratios. However, the variance reduction is achieved at a cost of an asymptotic
bias. Therefore, a potential future direction of this line of work is to investigate whether

variance reduction is possible without introducing bias.

187



CHAPTER 10
POLICY-BASED METHODS UNDER OFF-POLICY SAMPLING AND LINEAR
FUNCTION APPROXIMATION

10.1 Introduction

So far we have been focusing on value-based RL algorithms, such as TD-learning for policy
evaluation and ()-learning for control. In this chapter, we switch our focus to policy-based
methods.

Unlike value-based methods, policy-based methods directly work with the policies, and
in general consist of two phases: namely policy evaluation and policy improvement. Typ-
ical policy-based methods are approximate policy iteration and various actor-critic (AC)
algorithms. Approximate policy iteration updates the policy by performing the arg max
operator to the latest ()-function estimate, while AC updates the policy using gradient as-
cent with preconditioning. Specifically, an identity pre-conditioner corresponds to regular
AC, while a pre-conditioning with fisher information results in natural actor-critic (NAC)
[144]. As for policy evaluation, it usually uses the TD-learning method and its variants,
such as TD(0), n-step TD [56], TD(), or Monte Carlo method.

While at a high level, all policy-based methods iteratively perform policy evaluation and
policy improvement, the actual implementation, however, has many variants. For example,
policy-based algorithms can be implemented in a two-loop manner or a two time-scale
manner. Depending on the sample collection procedure, there are on-policy learning and
off-policy learning [145]. Also, policy-based algorithms can be incorporated with function
approximation to overcome the curse of dimensionality in RL.

In this chapter, we focus on policy-based methods under off-policy sampling and linear

function approximation, where the policy evaluation sub-problem is solved with the TD-
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learning algorithm studied in Chapter 9.

10.1.1 Main Contributions

We propose a general policy-based framework that uses linear function approximation and
off-policy sampling. The framework subsumes popular existing algorithms such as approx-
imate policy iteration and NAC as its special cases. We establish an overall @(6_2) sam-
ple complexity of the general policy-based method up to a function approximation error.
This is the first time that O(e~2) sample complexity is established in the off-policy linear
function approximation setting. Importantly, our results do not require strong exploration

assumptions as in existing literature.

10.1.2 Related Literature

Approximate Policy Iteration. In the MDP setting (i.e., known environmental model),
policy iteration is a popular method for finding an optimal policy [9], and is known to
find an optimal policy in finitely many steps. In the RL setting, policy iteration becomes
approximate policy iteration due to the possible error in solving the policy evaluation sub-
problem. See [155] for a survey about approximate policy iteration and its variants.
On-Policy AC. Several variants of AC were proposed in [156, 157, 158, 144, 159]. In
the tabular setting, [160, 33, 157] studied the asymptotic convergence of AC algorithm.
Furthermore, [146, 152] characterize the asymptotic convergence of on-policy AC under
function approximation. Recently, there has been a flurry of work studying the finite-
sample convergence of AC and NAC [161]. [162, 163, 137] perform the finite sample
analysis of NAC under tabular setting, and [164, 148, 149, 165, 147, 166, 167, 168, 169]
establish the finite-sample bounds of AC in function approximation setting. To the best of
our knowledge, the best sample complexity bound of AC algorithms is provided in [163],
where the authors characterize an @(6*2) sample complexity. However, [163] only studies

tabular RL in the on-policy setting.
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Table 10.1: Sample Complexity Bounds of the AC-Type Algorithms Using Function Ap-
proximation

. Sampling Sample Single
Algorithm Procedure References Complexity 1% | Trajectory
[146] Asymptotic v
Actor | On-Policy [147] O(e79) X
Critic [148, 149] O(e™) X
Off-Policy [150, 151] Asymptotic v
[152] Asymptotic v
Natural | On-Policy [147] O(e ™) X
Actor [153] D(e ) X
Critic =

154 O(e™* X

Off-Policy [1>4] ()
This work O(e?) v

! In this table, for the AC (respectively NAC) algorithms, sample complexity is the
number of samples needed to find a policy 7 such that E[||[VV™ (1) ||?] < € + Epias
(respectively E[V* (1) — V™ ()] < € + Epias), Where Epqs is @ non-vanishing error due to
the function approximation.

2 Here O(-) ignores all the logarithmic terms.

Off-policy AC. Off-policy AC, was first proposed in [145]. After that, there has been
numerous extensions to that work such as DPG [170], DDPG [171], ACER [172], TD3
[173], IMPALA [25], ACE [174], etc. The asymptotic convergence of off-policy AC was
established for Gradient-AC in [150], and for AC with emphasis in [151]. The first finite-
sample bound of off-policy NAC was established in [175]. However, in [175] only tabular
setting was studied. In the function approximation setting, [ 154] provided the finite sample
analysis of a doubly robust off-policy AC. [176] also provided a convergence bound for
off-policy AC, however their convergence bound does not involve a bound for the critic.
A detailed comparison between our results and the related literature on off-policy AC-type

algorithms with function approximation is presented in Table 10.1.
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10.2 Policy Update Rules

We begin by presenting a generic policy-based algorithm in the following, where the pol-
icy evaluation sub-problem is solved with Algorithm 7. For simplicity of notation, for a
given target policy 7, behavior policy 7, constant stepsize «, initialization wy, and samples

{(Sk, Ax) Yo<k<x+n—1, We denote the output of Algorithm 7 after K iterations by

w = ALG<w07 T, Ty, O K? {(Skv Ak)}0§k§K+n—1)'

Algorithm 8 A Generic Policy-Based Algorithm

1: Input: Integers 7', K, initial policy 7o, sample trajectory {(S;, A¢)}o<i<r(i4n) cOI-
lected under the behavior policy 7.
cfort=0,1,..., T —1do
dataset = {(Sk, Ak) F(K-+n)<k<(t+1)(K+n)—1
w, = ALG(0, 7y, mp, v, K, dataset)
Ti41 = G<q)wt77rt)
end for
: Output: 7p

AN Al

Although Algorithm 8 is presented with a fixed behavior policy 7, our results can be
easily generalized to the case where the behavior policy is updated across t. The only
requirement on the behavior policy is that it should enable the agent to sufficiently explore
the state-action space. In Algorithm 8 line 5, the function G(-,-) represents the policy
update rule, which takes the current policy iterate m; and the ()-function estimate ®w; as
inputs. Many existing policy update rules fit into this framework, as elaborated below.

1/31-Greedy Update. Let 5, € [1,00] be a tunable parameter. For any ¢ > 0 and

state-action pair (s, a), we update the policy by

1

_— a # argmax ¢(s,a’) w
B /BI|A’ % g a’E.A ¢< ) t
malal) = §
— 41— —, a=argmaxa(s,a) wy.
,61|./4’ /81 g A ¢( ) t
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In this chapter, whenever the arg max is not unique, we break tie arbitrarily. More gener-
ally, we allow the tunable parameter 3, to be time-dependent (i.e., 31 is a function of the
iteration index ¢) and/or state-dependent (i.e., 3; is a function of the state s).

B2-Softmax Update. Let 3, > 0 be a tunable parameter, which is allowed to be time

varying and state-dependent. Then the policy is updated by

exp(Ba20(s, a) Twy)

e €XP(P20(s, ) Twy)’

mer1(als) = 5 Y (s,a).

In 1/3;-greedy update or 35-softmax update, there is no need to parametrize the policy
because it is uniquely determined by the estimate of the ()-function, which already uses
linear function approximation.

At a first glance of Algorithm 8 line 5, it seems that we need to work with |S||.A|-
dimensional objects to update the policy at each state-action pair, which contradicts to
the motivation of using function approximation. However, there is an equivalent way of
implementing Algorithm 8 without explicitly executing line 5. To see this, first note that
the target policy 7; in each iteration is only used in the policy evaluation step (Algorithm 8
line 4). To view of our policy evaluation algorithm (cf. Algorithm 7), we only need to
compute the policy value of 7; at state-action pairs that are visited by the sample trajectory
{(Sk, Ar) }-

When using 1/;-greedy update or /35-softmax update, Algorithm 8 subsumes the pop-
ular value-based method SARSA [11] as its special case. To see this, suppose that we
are in the on-policy setting (i.e., # = ), and the inner-loop iteration number K is set
to 1. Then Algorithm 8 corresponds to SARSA with 1//;-greedy exploration policy or
Boltzmann exploration policy. However, we need to point out that our result does NOT
imply finite-sample bounds for SARSA since we need a relatively large K to provide a
sufficiently accurate estimate of the value function before using it in policy improvement.

(B3-NPG Update. Unlike 1/(;-greedy update or [s-softmax update, where we need
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only the estimate of the ()-function to perform to update, in NPG, to update the policy, we
need both the current policy and the estimate of its ()-function. Therefore, to keep track of
the policy, in this case we also need to parametrize the policy using softmax parametrization

and compatible linear function approximation. Specifically, with parameter # € R¢, the

: : : : : ex s,a)7 6
policy 7 associated with parameter 6 is given by my(als) = Za/e;g;( ¢()S7a,))T 7
Let 83 > 0 be a tunable parameter, which is allowed to be time varying. Then NPG

updates the parameter 6; of the policy according to the formula
Or11 = O + Bawy. (10.1)

See [177] for more details about this update rule. Denote 7; as 7y, for simplicity of notation.
Then the update equation can be equivalently written in terms of the policy update (and also

in the form of Algorithm 8 line 5) as

mi(als) exp(Bs¢(s, a) "wy)
D wea™(@|s) exp(Bsp(s, a’) Twy)’

Y (s,a).

T (als) =

This enables us to use the previous equation for our analysis of NPG while using Equa-

tion 10.1 for the implementation of Algorithm 8.

10.2.1 Finite-Sample Analysis

In this section, we present the finite-sample guarantees of Algorithm 8. For ease of exposi-
tion, we implement line 4 of Algorithm 8 with the \-averaged ()-trace algorithm. The re-
sults for using either two-sided ()-trace algorithm or Algorithm 7 with more general choices
of ¢(-,-) and p(-, -) (as long as Condition 9.3.1 is satisfied) are straightforward extensions.
As for the policy improvement (cf. line 5 of Algorithm 8), we use either 1/5;-greedy pol-
icy update, or 3-softmax policy update, or S3-NPG policy update, with the corresponding

parameters satisfying the following condition. Denote a; s = arg max,c 4 ¢(s,a’) " w.

Condition 10.2.1. Let 5 > 0 be a tunable parameter. (1) The parameter /3; is time-varying
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and state-dependent, and is chosen such that (¢, s) > % maxXqe |@(s,a) "wy| for all s
and t. (2) The parameter 35 is chosen such that 3, > %log(|A|). (3) The parameter (35 is

time-varying, and is chosen such that 35(t) > 3 log(1/ minses m¢(ay,s|s)) for all ¢.

Theorem 10.2.1. Consider m, of Algorithm 8. Suppose that the assumptions for applying
Theorem Theorem 9.4.1 are satisfied, and the choices of 1, (2, and B3 satisfy Condition

10.2.1. Then we have for any T' > 0:

27814 roX 272gbia9 T
EQ" - Q<] < 75+ 7T Q- Q7
(1-7)2 (1=9)"" v 2
N Nj3: Convergence bias in the actor
N1 N2

+68(1 — (1 — ) Aine) 2 (atnt )]

J/

Ny: Convergenc‘efbias in the critic
+7OLé[a(ta+n+1)]l/2 278
Vl_fyc\/)\min (1_7)27
~ —~ /S N———

N5 Critic variance Ne

(10.2)

where

Y
V )‘min\/ I 70(1 - 7)37

gappr()x = sup ||Q7cr,p - (I)wér,pHOO»
™

c =

Epias = Jax Iglee}SX(l = A()|me(-]s) = (-] 5)]1-

Notably on the LHS, our finite-sample guarantees are stated for the last policy iterate
7, while in many existing literature it was stated for the best policy among {7 }o<:<r
[177].

The Terms IN; and N,. The term NV, represents the function approximation bias, and
is present in all existing literature that study policy-based methods under function approx-
imation [177]. Note that N; = 0 when we use a complete basis. The term N, repre-

sents the bias introduced to the algorithm by using generalized importance sampling ratios

194



c(+,+) and p(-,-). Note that we have Ny = 0 when c(s,a) = p(s,a) = w(als)/m(als),
which corresponds to using A = 1 in the A-averaged ()-trace algorithm, and using u(s) >
max , 7(als)/m(als) and £(s) < min, , 7(als)/m(als) for all s in the two-sided ()-trace
algorithm. However, this choice of A (or v and ¢) might lead to a high variance. In particu-
lar, the parameter L within the term N5 could be large.

The terms /N3 and IN4. The term ;3 represents the convergence bias in the actor, and
goes to zero geometrically fast as the outer loop iteration number 7' goes to infinity. Such
geometric convergence is the main reason why we obtain improved sample complexity of
[3-NPG compared to [141], where the convergence rate of the actor is O(1/T"). The term
N, represents the convergence bias in the critic, and goes to zero geometrically fast as the
inner loop iteration number K goes to infinity.

The terms N5 and Ng. The term Nj represents the variance in the critic, and is
proportional to v/at, = O(y/alog(1/a)). Therefore, N5 can be made arbitrarily small by
using small enough stepsize o. The term Ny captures the error introduced to the algorithm
by the policy update rule G(-, ). To elaborate, consider the following example. Suppose
that the underlying MDP model has a unique optimal policy, and suppose we use 1//-
greedy update (with a fixed 1) in Algorithm 8 line 5. Then as long as (3 is finite, we can
never truly find the optimal policy 7* because of the deterministic nature of 7*. As a result,
the difference between (Q* and ()™ will always be above some threshold, which depends
on the choice of 1, and is captured by Ng. Observe that Ng can be made arbitrarily small
by using small enough £.

Based on Theorem 10.2.1, we next derive the sample complexity of Algorithm 8. To
enable fair comparison with existing literature, we choose A = 1 to eliminate the error due
to using generalized importance sampling ratios. Note that A = 1 implies &y, = 0 (and

hence Ny = 0) in Theorem 10.2.1.

Corollary 10.2.1. For a given accuracy level € > 0, to achieve E[||Q* — Q™ || o] < €+ Ny,
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the number of samples (e.g. the integer 'K ) required is of the size

© (M) 0 ((1 = W([ﬁ %>3A§;m> '

Notably, we obtain @(6*2) sample complexity for policy-based methods, which matches

with the sample complexity of value-based algorithms such as ()-learning [134]. In the case
of 33-NPG update, to our knowledge, [178, 163] establishes the @(6‘2) sample complexity
of on-policy NAC under regularization, and [141] establishes the @(6*3 ) sample complex-
ity of a variant of off-policy NAC (where the infamous deadly triad is present). We improve

the sample complexity in [141] by a factor of ¢~*

, and we do not use regularization.

In addition to the dependence on e, the dependence on 1/(1 — ~) (which is usually
called the effective horizon) is also improved by a factor of 1/(1 — ) compared to existing
work [177, 141]. The bootstrapping parameter n appears linearly in our sample complexity

bound. This matches with the results for n-step TD-learning in the on-policy tabular setting

[16].

10.3 Proof Sketch of Theorem 10.2.1

We first introduce some notation. Let H : RISIMI s RISIMI be the Bellman optimality
operator defined by [H(Q)](s,a) = R(s,a) + YE[maxyea Q(Sk+1,a’) | Sk = s, A = a]
for all (s, a), and let H, : RISIMI s RISIAI be the Bellman operator associated with policy
7 defined by [H,(Q)](s,a) = R(s,a) + VE[Q(Sk+1, Ak+1) | Sk = s, A = a] for all
(s,a).

The key to prove Theorem 10.2.1 is the following proposition.

Proposition 10.3.1. Consider {mr} of Algorithm 8. The following inequality holds for any
T2>0:

E[lQ" — Q" [loe] <7'I1Q" — Q™ Ay
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T—

Z TUE(IQ - Bwile 4y
T—
2 .
L _”7 B (B0) - HEw) ] s
=0

In light of Proposition 10.3.1, to proceed and establish finite-sample bound of Algo-
rithm 8, it remains to control the terms A, and A3 when the policy evaluation algorithm
and the policy update rule are specified. Specifically, we control A; by using Theorem
Theorem 9.4.1, and control A3 by using Condition 10.2.1 on the parameters /31, 55, and (33
for various policy update rules. See the next section for more details.

Before we present the key steps to prove Proposition 10.3.1, consider a special case of
tabular RL, and choosing c(s,a) = p(s,a) = ((l;l\i)) in Algorithm 7. Note that the term
Ag vanishes. Since the term A3 can be made arbitrarily small by using large enough /3,
Proposition 10.3.1 implies geometric convergence for NPG. The geometric convergence
of NPG was previously established in [178, 163] under regularization, and in [179] in the
asymptotic region. We do not require regularization to establish the result, and our result
holds for all 7" > 0.

Next we present the proof sketch of Proposition 10.3.1. In most of the existing lit-
erature, for policy-based type of algorithms, the analysis is usually based on the mirror
descent analysis in optimization [43], where the K L-divergence was chosen as a poten-
tial/Lyapunov function, and the performance difference lemma was extensively used [177,
178]. To establish Proposition 10.3.1, we use a completely different approach, where we
only exploit the contraction and the monotonicity of the Bellman operators 4. (-) and #(+).
Such proof technique was inspired by [11] Section 6.2. However, only asymptotic error
bound of approximate policy iteration was established in [11], while we establish finite-
sample bounds for various policy update rules. Proposition 10.3.1 builds on the following

two lemmas.
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Lemma 10.3.1. It holds for all t > 0 that

2 ™ — O Qwy) — H(P
max(Q (s.a) — Q" (5,)) < 2O = Ptlloe & Mo (Brte) = PR
s,a -

Lemma 10.3.2. It holds for all t > 0 that

291Q™ — Pwilloo + [1Hr,ys (Pwr) — H(Pwy)|[oo

10" = Q™ e <111Q" — Q" lloo + -

Proposition 10.3.1 then follows by repeatedly using Lemma 10.3.2 and then taking

expectation on both sides of the resulting inequality.

10.4 Proof of All Theoretical Results

10.4.1 Proof of Theorem 10.2.1

We begin with the result of Proposition 10.3.1:

T-1
* T * T 27 —1—1 T4
EfIQ" = Qo] S77NQ" = Q%llow + 75 37" TEIIQT - Pwi]
1=0

(. S
~~

Ao

T-1

2 )
T 2 B (Bw) — H(Rwi) ] (103
1=0

Az

+

The Term A,

To control the term A,, using triangle inequality and we have for any 0 <i <7 — 1:

E[|Q™ — Qwillo] < E[[|Q™ — ®w), + P, — Pwil|]

< E[Q™ — Qw(,

so] T E[|®(we), — wi)||oc]

<E[Q™ — Qw(,

so] 1@l Ef[[ w7, — wi|oo]
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< E[[|Q™ — duw,

so] + Ef[|wf, — willo]

< E(IQF, — Pl llod] + ElIQF, — Qlloc] + Ellf, — willo]
([®lloe < 1

< B + 7y (1 = AG)|ImiCls) = 7ul15)]:
+ E[ ), — willod (10.4)
< Eapprox + Wé‘bm + Ef[Jwg), — wills]- (10.5)

It remains to control E[|[w[, — w;|]. Forany 0 < i < T — 1, we have by Theorem 9.4.1

that

Elllwe), — willoo] < Effjwg), — will2]

< (E[flw, - w||4])Y? (Jensen’s Inequality)
lota 40+ D'
V - ’Yc\/ min

< (1 — (1 — 7o) Aina) 2K Catnt Dy )

where the last line follows from v/a + b < v/a++/b for any a,b > 0, and ¢, ; = |lw7,

9+1
and ¢p; = 11.5L(Hw§jpl|2 + 1). To further control the constants ¢; ; and ¢y ;, note that we

have for any policy 7 that

[wZ,lle < —m=I1Pw,llics.a

V mln

1
<
<= (IIQ s + 1_73(1_”)

1 1 1
< +
Amin (1—7 \/1—%(1—7))
2
< .
)‘min(l - /7) V - Ve
. A 35L . B
Therefore we have ¢; ; < G ) T and Coi < Y G sy forany 0 <7 <T—1.

Substituting the upper bound we obtained for E[||w, — w;||] into Equation 10.5 and we
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have forany 0 <: < T — 1:

; 2
E[”Qm - (I)wzHoo] S ga rox + —gbias
(1)

+ - (1= (1 = 70 Amig)HE Gt

V >\min(1 - ’7) V I - Ve
35L[a(ty +n + 1)]/2
(1 =) =) Amin

Finally, using the previous inequality and we obtain the following bound on the term A,:

T-1

27 —1—1 T
Ay = LS — dula
70
2 ga rOX 2 28 ias ~ 1
JCopron g 2T IV 1 62(1 — (1 — ) Ainer) 2 Aot D)

T (1=9)2 (=)
N T0CL[a(ty + n + 1)]/2
\/)\min\/]- — Ye ’

where ¢ = J .
\//\min \/1 7'Yc(1 *7)3

The Term As

Now consider the term A3z, whose upper bound depends on which policy update rule we

use.

1/31-Greedy Update For simplicity of notation, denote )y = Pw;. Then we have for

any 0 <t < T — 1 and state-action pair (s, a) that

0 S [H(Qt)](sa (I) - [HWH—l (Qt)](s’ CI,)

(Recall that a; ¢ = arg max,ec4 Q:(s',a’))

) lms,a) £ 30 Pals, )@ )

s'eS

~ {R(s, )+ Pu(s, o) [ (1 -5 (tl? =+ |A|611(t, Sl)) Qils, ars)

s'eS

Y mase )

a'#ay o
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/ 1 1 ! 1 Sl a,/
=72 Puls:) (ﬁlu,s')‘|Aml<t,s/>>@<3"‘“’>‘ 2 @)

/7511

<72p (s,5) )aeA|Qt(s )|

<5,

where the last line follows from [, (¢, s) > = max,c4 |Q:(s,a)| for all s € S (cf. Condi-

27 1
B
tion 10.2.1). Therefore, we have

B2-Softmax Update The following lemma is needed for us to control the term Aj.

Lemma 10.4.1. For any © € R? and y € A? satisfying y; > 0 for all i, denote i, =

arg max<;<q &;, then the following inequality holds for any 3 > 0:

d BT 1 1
maxxi—M<—log< )

¢ d - .
1SZSd E] 1 y] 6’8357 /8 ylmax

Proof of Lemma 10.4.1. For any 3 > 0, consider the function hg : R? — R defined by

d
hs(z) = %1055 (Z yieﬁxi> :
=1

Assume without loss of generality that i,,,,, = 1. Then it is clear that hg(z) < 1. On the

other hand, we have

< —log (Z vi 5’“) = hg(x) + %log (i) . (10.6)

zlyl

Since it is well-known that hg(z) is a convex differentiable function, we have for any
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x € R% that hs(0) — hs(x) > (Vhg(x), —z), which implies

d 1. BTi
(Vhs(), ) = % > halw) — hs(0) = hsla). (10.7)
=197

Using Equation 10.6 and Equation 10.7 and we finally obtain

d B,

L TYyen 1 1
max ; — Zﬁ# <z — hg(x) < =log (—) .
1<i<d ijl Y; eBTj B hn

]

We now proceed to control the term A3 when using the [(>-softmax update. For any

0 <t <T — 1 and state-action pair (s, a), we have

0 < [H(Qu)I(s,a) = [Hr,,, (Q1)](s,0)

) / exp(f2Qi(s, ')
T2 (?25@*3 O 2 e Q)

Qt(sl, a/))

= ! exp(B2Qi(s’, ")) /| Al .
— ’y;Pa(S,S) (maXQt s’ a) ;4 S (B, a”)/\A]Qt(s’G))

< % log(].A|) (Lemma 10.4.1)

<,

where the last line follows from 5 > 7} log(|A|). Therefore, we have

T-1
2y 1 270
Ay <——=3% 477175 < :
1—7; (1—7)?

B3-NPG Update Recall that 53-NPG updates the policy according to

mi(als) exp(Bs(t)Qy(s, a))
(B Y (s,a).

i (als) = )
S mi(d]s) exp(Ba(OQu(s. @)
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Therefore, for any 0 < ¢ < T — 1 and state-action pair (s, a), we have

0 < [H(Q0)](s,a) = [Hr, 1 (Q)](s, @)
- yZPa(s,s/) (max@t s’ a')

5 ()
=50\ e

< B,

m(a '|8 ) exp(B3(t) Qi (s, a')) )
Z 5= Qs a )>

L Daream(a|s") exp(Bs(t)Qu (s, a)

where the last line follows from f5(¢) > 7 log(1/ minses 7¢(at,s|s)). Therefore, we have

27
-7

2’7 T-1
Ag S _er ,}/T—l—iﬁ S
11— ; (1

10.4.2 Putting Together

Using the upper bounds we obtained for the terms A and A3 in Equation 10.3 and we have

forany K > t, +n -+ 1and T > 0 that

278approx 2'}/Z‘F"bias
(1=7)2 Q=71
+68(1 = (1 — Ye) Ampmey) 2K~ (tatnt 1)

N T0CL[u(ty + n + 1)]/2 N 278
\//\min\/]-_’)/c (1_7>27

E[|Q" — Q™[] < 1"IQ" = Q™| +

where ¢ = J .
\/)\min\/lff}’c(lf’}’)3

10.4.3 Proof of Lemma 10.3.1

For simplicity of notation, denote ¢; = max; ,(Q™(s,a) — Q™' (s, a)). Then we have by

definition of ¢; that Q™+ > Q™ — ¢§,1. Using the monotonicity of the Bellman operator
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[11, Lemma 2.1 and Lemma 2.2] and we have

QWHI — Hnt+1(Qm+1> Z Herl (Qm _ 5t1) — HWHl (QM) — ’75t1

It follows that

o™ — Qr
<Q™ = Hr,, (Q™) +70:1

= Q™ = My (Q™) + Hary (Q1) = Hay (Q1) + H(Qr) — H(Q) + 761
Q) — Har Q1) — Hay (@) + iy (@) — Han (@) + H(QU) + 7011

< 291Q™ = Qilloo + [[Hr1 (@) = H(Q1) oo + 70,1

Therefore, we have

0 < 29[|Q™ — Qtlloo + [ Hrpsr (Qr) — HAQ) lo + V6t

which implies

209" = Qulloc + (@) = H@)l

)
¢ 1=~

10.4.4 Proof of Lemma 10.3.2

For simplicity of notation, denote (; = max,,(Q*(s,a) — Q™(s,a)) = ||Q* — Q™||cc-
Then we have by definition of (; that Q™ > Q* — (;1. Using the monotonicity of the

Bellman operator and we have

Qﬁwl — Hﬂt+1 (Qﬁt+1)

> Hop, (QT — rg%X(Q“(sa a) — Q™ (s,a))1)
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= s (@) =y max(@7(s.@) = Q" (s, )1

272|‘Qm - QtHOO + 7”7_[7&&4—1 (Qt) - H(Qt)”oo

1
I—7

> Hr, (QT) — , (10.8)

where the last line follows from Lemma 10.3.1. We next control #,,, (Q™) from below

in the following. Again by monotonicity of the Bellman operator we have

M1 (Q) 2 Mo (@ — Q1 — Q7 [[01)

Ha 1 (Qr) = V@ — Q7 [|oo1
Ha 1 (Qr) = H(Qu) + H(Qr) — V(@ — Q7 [|o1
Har 1 (Qr) = H(Qe) + H(Q™ — [|Qr = QT [|oo1) = 7[|@r — @™ |1
Hrr (Qr) = H(Qe) + H(Q™) — 29[|Q¢ — @™ |1

> Hrpoy (@) = H(Qr) + H(Q" — G1) — 29(|Qs — Q7" [| 1

= Hrpr (@) = H(Qr) + H(QY) —7G1 = 29[|Qr — @™ |1

> = [Hr 1 (Q) = H(Q1)[lool + @ =71 = 29[ Q) — Q™[ 1.

>

Using the previous inequality in Equation 10.8 and we have

_ 2@ — Qulloo + [1Hrisy (Qr) = H(@e)lloo

Qm+l - Q* > —’)/Ctl 1
-7

which implies

29)1Q™ = Qilloo + [1Hr,41 (Q1) = H(Q1) oo
1—7 '

Ger1 < G+

10.5 Conclusion and Future Work

In this chapter, we focus on general policy-based methods under off-policy sampling and

linear function approximation, and establish an @(6‘2) sample complexity, which matches
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with the sample complexity of value-based algorithms such as ()-learning. Note that our
generic algorithm is a two-loop algorithm, while in practical applications, two time-scale
algorithms are more preferred. However, analyzing two time-scale algorithms is funda-
mentally more challenging, and the state-of-the-art sample complexity there is worse than
that of two-loop type of algorithms. Studying two time-scale AC algorithms and getting

improved sample complexity are interesting future directions.
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CHAPTER 11
@-LEARNING WITH LINEAR FUNCTION APPROXIMATION

11.1 Introduction

Recall from Chapter 8 that the goal of ()-learning is to learn the optimal ()-function Q*,
and once (0* is obtained, we can immediately find an optimal policy by computing 7*(s) €
argmax, e Q*(s,d’) for all s € S. While @)-learning provably converges, due to the fact
that ()-learning performs asynchronous update, it lacks computational tractability when
the size of the state-action space is large. In this chapter, to overcome the aforementioned
computational challenge, we consider ()-learning with linear function approximation.

We begin by describing the linear parametric architecture. Let ¢; € RISIMI § =
1,2, ...,d, be a set of basis vectors, and denote ¢(s,a) = (¢1(s,a), -, pa(s,a)) € R?
for all (s,a), which can be viewed as the feature associated with state-action pair (s, a).
We assume without loss of generality that the basis vectors {¢; }1<;<4 are linearly inde-
pendent, and are normalized so that ||¢(s,a)||s < 1 for all (s,a). Let the feature matrix

® ¢ RISIMIX4 be defined by

| | —  P(s1,a1)T —

| | — d(sisp )’ —

Using the feature matrix ®, the linear sub-space spanned by {¢;}1<;<4 can be compactly
written as W = {Qg € RISIMI | Q4 = ®0, 6 € R?}. The goal of Q-learning with linear
function approximation is to design a stable algorithm that provably finds an approximation

of the optimal Q)-function QQ* from the linear sub-space V.
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11.2 Classical Semi-Gradient ()-Learning with Linear Function Approximation

In this section, we present the classical (-learning algorithm under linear function approx-

imation [11], and provide its finite-sample bounds.

11.2.1 The Algorithm

We begin with the semi-gradient ()-learning algorithm presented in the following.

Algorithm 9 Classical Semi-Gradient ()-Learning with Linear Function Approximation

. Input: Integer K, initialization 6, € R%, and behavior policy m,
cfork=0,1,--- ,K —1do
Sample Ay ~ m,(+|Sk), observe Siy1 ~ Pya, (S, )
Or+1 = O + rd(Sk, Ar) (R(Sk, Ak) + Y maxyea ¢(Sii1,a’) " 0p — ¢(Sk, Ax) "6r)
end for
: Output: Og

AN AN S s

The reason that Algorithm 9 is called semi-gradient ()-learning is that it can be inter-
preted as a one step stochastic semi-gradient descent for minimizing the projected Bellman
error. See [11] for more details.

Alternatively, Algorithm 9 can be viewed as an SA algorithm for solving the equation
Brsm, |0(S, A)(R(S, A) + ymaxé(S',a') 0 — 6(S,4)"6)| =0, (1L.1)
S

where kg stands for the stationary distribution of the Markov chain {Sj} under policy
7, (provided that it exists and is unique). Under some mild conditions, Equation 11.1
is equivalent to a so-called projected Bellman equation [180]. In the special case where
the feature matrix ® is an identity matrix, Algorithm 9 reduces to the tabular ()-learning
algorithm, and Equation 11.1 becomes the regular Bellman equation for Q)*.

In general, Equation 11.1 may not necessarily admit a solution [181], and the iteration
in Algorithm 9 may diverge [8]. However, it was shown in [180] that under an assumption

on the behavior policy 7, 0 converges to the solution of Equation 11.1, denoted by 6*,
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almost surely. In this chapter, we work with a similar condition, and focus on establishing

the finite-sample bounds of Algorithm 9. We begin by stating our assumptions.

Assumption 11.2.1. The behavior policy 7, satisfies m,(als) > 0 for all (s,a), and the

Markov chain {S;} induced by 7, is irreducible and aperiodic.

Assumption 11.2.1 essentially requires that the behavior policy 7, has enough ex-
ploration, and is standard in studying off-policy value-based RL algorithms [92, 135].
Under Assumption 11.2.1, the Markov chain {S;} has a unique stationary distribution,
which we have denoted by xg. In addition, since the state-space S is finite, the Markov
chain {S;} mixes geometrically fast in that there exist C' > 1 and o € (0,1) such that

MaxXes HPffb(s, ) = ks()|ltv < Co* forall k > 0 [48].

Assumption 11.2.2. The target equation (cf. Equation 11.1) has a unique solution 6*, and

there exists x > 0 such that the following inequality holds for all # € R%:
Y Ers[max Qp(S, a)*] = By, [Q(S, A)°) < —5[|0]3. (11.2)

We make Assumption 11.2.2 and especially Equation 11.2 to ensure the stability of
Algorithm 9, which is in the same spirit to the conditions proposed in [180]. A detailed
discussion about this assumption and comparison to related conditions are presented in

Subsection 11.2.3.

11.2.2 Finite-Sample Guarantees

To establish the finite-sample guarantees of Algorithm 9 using our SA results, we begin
by modeling Algorithm 9 in the form of the SA algorithm presented in Chapter 3 (cf.
Algorithm 2).

Define Y, = (Sk, Ak, Sk+1) for all £ > 0. Tt is clear that {Y}} is also a Markov chain

with finite state-space ) = {(s,a,s’) | s € S,m(als) > 0, P,(s,s’) > 0}. Moreover,

209



under Assumption 11.2.1, the Markov chain {Y}} also has a unique stationary distribu-
tion, which we denote by py, and is given by py (s, a,s’) = kg(s)m(als)P,(s,s") for all

(s,a,s') € Y. Define an operator F' : R¢ x ) s R? by

F(0,y) = F(0,s,a,s") = ¢(s,a) (R(s, a) + 7 max o(s',a") "0 — ¢(s, a)Tb’) (11.3)

for all # and y = (s,a,s’) € ). Then the update equation of Algorithm 9 can be written
in the same form as Algorithm 2 with the additive noise wy, being identically equal to zero.
Let F(0) = E,, [F(0,Y)]. We see that () = 0 is exactly the targeting equation (cf.
Equation 11.1).

To apply Theorem Theorem 3.2.1, we first show in the following proposition that As-
sumptions 3.1.1 and 3.1.2 are satisfied in the context of ()-learning with linear function

approximation.

Proposition 11.2.1. Suppose that Assumptions 11.2.1 and 11.2.2 are satisfied, then we

have the following results.

(1) The Markov chain {Y}} has a unique stationary distribution py. In addition, we

have maxycy | PX(y, ) — piy (+)|lzv < Co* for all k > 0.
(2) The operator F(-,-) satisfies

(@) |F(61,y) — F(62,9)]2 < 316 — balls for all 61,6, € Rl and y € .

(b) |F(0, y)ll> < 3forall y € V.

(3) The equation F(0) = 0 has a unique solution 0*, and we have

(6—67)T(F(6) = F(9") < —5 60— 0"[3, V6 e R

Similarly as in previous chapters, given precision 6 > 0, we define t5 as the mixing

time of the Markov chain {Y}} with precision § > 0. Observe that Proposition 11.2.1 (1)
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implies that there exists a constant L; = llzgg(g//j)) such that t5 < Li(log(1/0) + 1) for any
6> 0.

We next use Theorem Theorem 3.2.1 to establish the finite-sample bounds of Algo-
rithm 9. Let ¢; = (||6o]|2 + [|60 — 0%]|2 + 1)* and ¢, = 1170(]|0*||2 + 1)?. The following

theorem is a direct implication of Theorem Theorem 3.2.1, hence we omit its proof.

Theorem 11.2.1. Consider {0y} of Algorithm 9. Suppose that Assumptions 11.2.1 and
11.2.2 are satisfied, Then we have the following results.

(1) When oy, = o with o chosen such that at,, < ﬁ, we have for all k > t,:

Eflox — 03] < e (1- 5

(2) When o, = «a/(k + h), where « > 2/k and h is appropriatly chosen, there exists
K’ > 0 such that we have for all k > K':

K'+ h) T 16ecya?Ly [log (B2 + 1]

kE+h

Bl ~ 03] < o e [ob e

(3) When oy, = o/ (k + h)S, where € € (0,1), a > 0, and h is appropriatly chosen, there

exists K' > [4¢ (k)| =8 such that we have for all k > K':

N 8coaly [log (A1) + 1]

8]

K (k4 h)*

E[||x — 67]3] < Cle_ﬁ((k+h)17§—(K’+h)1*£)

Theorem 11.2.1 (1) is qualitatively similar to Corollary 3.2.1 (1) in that the iterates of
(Q-learning converge exponentially fast to a ball centered at 6, and the size of the ball is
proportional to at,. This agrees with results in [12, 40], where the popular TD-learning
with linear function approximation algorithm was studied. Theorem 11.2.1 (2) suggests
that for properly chosen diminishing stepsizes, the optimal convergence rate is roughly

O(log(k)/k). The log(k) factor is a consequence of performing Markovian sampling of
{(Sk, Ar)}-
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11.2.3 Discussion

In this subsection, we take a closer look at Assumption 11.2.2 and especially Equation 11.2,
which is made for the stability of the ()-learning with linear function approximation algo-

rithm. First note that Equation 11.2 is equivalent to

VEyg [max Qo(S, a)*] < Epg.m,[Qa(S, A)?] (11.4)

for all nonzero 6. The direction Equation 11.2 implying Equation 11.4 is trivial. As for the
other direction, let

= 0:\1\191‘?;21{72EHS [Igle%i{ Q9(57 CL)2] - IE"‘ﬁerb [QQ(S’ A)2]}

By Weierstrass extreme value theorem [182], « is well-defined and strictly positive because
it is the maximum of a continuous function over a compact set. This immediately gives
Equation 11.2.

Similar assumptions on the behavior policy were also proposed in [180, 183]. Although
the exact form of the conditions are different, they all follow the same spirit. That is, with a
chosen Lyapunov function, the condition should enable us to show that the corresponding

ODE
O(t) = F(6(t)) (11.5)

of the ()-learning algorithm (cf. Algorithm 9) is globally asymptotically stable (GAS). We
next briefly compare our condition to those proposed in [180, 183]. The condition in [180]

(i.e., their Eq. (7)) implies

Q’YQEHS [(r(?gi{ QH(Sa a))Z] < Efismb [Q9(Sv A>2] (11.6)
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for all nonzero 6 !. The RHS is the same for both Equation 11.6 and Equation 11.4. On
the LHS, Equation 11.6 has an additional factor of 2, and the square is outside the max
operator. Although they are similar, our condition and the condition proposed in [180] do
not imply each other. As for the condition proposed in [183], while it is not clear if it is less
restrictive than ours, it is shown that the condition in [183] implies the condition in [180]
under more restrictive assumptions. However, [183] assumes i.i.d. sampling, and studies
only the asymptotic convergence rather than finite-sample error bounds.

We next analyze how the discount factor, the basis vectors {¢; }, and the behavior policy
7, impact Equation 11.4. In terms of the dependence on the discount factor, it is clear that
Equation 11.4 is easier to satisfy for smaller discount factor. This agrees with our numerical
simulations provided in the next subsection. Utility of smaller discount factors in RL was
also noted in [184], albeit in a completely different context of generalization. To see the
impact of the basis vectors and the behavior policy, consider the following two examples.

Uni-Dimension Case. Suppose that d = 1. That is, there is only one basis vector ¢,

and the weight 6 is a scalar. Equation 11.4 reduces to
P Ers[max 6(5,0)%] < Engr, [0S, 4)%]. (11.7)
Define

ht = Elisﬂrb hqb(sv A) H,lgj( ¢(S/7 CL,) - ¢(S7 A)2]7
h™ = Elisﬂrb hqb(sv A) melﬂ 925(5/7 a/) - ¢(Sv A)2]7
and 7, = B, [0(S, A)R(S, A)]. Then we have the following result.

Proposition 11.2.2. Equation 11.7 implies h* < 0 and h~ < 0, and the following state-

ments regarding the relation between the stability of ODE (cf. Equation 11.5) and the sign

I'The factor of 2 appears to be missing in [180].
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of h™ and h™ hold:

4

ht <0,h~ <0, whenr, =0,

ODE (cf. Equation 11.5) is GAS <= ¢ ht < 0,h~ <0, whenr, > 0,

ht <0,h~ <0, whenr, <D0.

Proposition 11.2.2 implies that Equation 11.7 is “almost necessary” for the GAS of the
ODE given in Equation 11.5. Moreover, it is clear from Equation 11.7 that when d = 1,
there always exists a behavior policy 7, such that Equation 11.7 is satisfied. For example,
my(s) € argmax,e4 ¢(s, a)? is a feasible behavior policy.

Full-Dimension Case. Suppose that d = |S||.A|, i.e., there is no dimension reduction at
all. We want to emphasize that this is not equivalent to the tabular ()-learning. Even when
® is a full-rank square matrix, the ()-learning with linear function approximation algorithm
does not coincide with the tabular ()-learning algorithm. In fact, the divergence counter-
example provided in [8] belongs to this setting. We show in the following proposition that,
in the full-dimension case, Equation 11.4 is feasible in terms of the behavior policy 7, only

when the discount factor -y is sufficiently small.

Proposition 11.2.3. When d = |S||A| andv* > 1/|A

, Equation 11.4 is infeasible for any

behavior policy .

We now compare the results for the two extreme cases, i.e., d = 1 and d = |S||A|.
We see that in the uni-dimensional case, Equation 11.4 implies a condition which is almost
sufficient and necessary for the GAS of the equilibrium 6* to ODE given in Equation 11.5.
Moreover, there always exists a behavior policy 7, satisfying Equation 11.4. However, in
the full-dimensional case, Equation 11.4 is infeasible in terms of the behavior policy

when 72 > 1/|.A|, which can usually happen in practice.
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11.2.4 Numerical Simulations

In this subsection, we present numerical experiments to demonstrate the sufficiency of
Equation 11.4, as well as the resulting convergence rates of the ()-learning with linear
function approximation algorithm.

We begin by verifying the sufficiency of Equation 11.2. Let

w(r) = min —treml@(S AN
{o:lell=1} Eig [maxoe 4 Qo (S5, a)’]

(11.8)

Then Equation 11.2 is equivalent to w(7) > 2. One way to compute w(7) is presented in
Subsection 11.3.4.

In our simulation, we consider the divergent example of ()-learning with linear func-
tion approximation introduced in [8], which is an MDP with 7 states and 2 actions. To
demonstrate the effectiveness of Equation 11.2 for the stability of ()-learning, in our first
set of simulations, the reward function is set to zero. Since the reward function is identi-
cally zero, (Q* is zero, implying 8* is zero. We choose the behavior policy 7 which takes
each action with equal probability. In this case, we have w(m) & 0.5, giving the threshold

1/2 2 0.7. In our simulation, we choose constant

for  to satisfy Equation 11.2 being w()
stepsize a = 0.01, discount factor v € {0.7,0.9,0.97}, and plot |62 as a function of the
number of iterations % in Figure 11.1. Here, 6; converges when v = 0.7, 0.9, but diverges
when v = 0.97. This demonstrates that Equation 11.2 is sufficient but not necessary for
convergence. This also shows that when Equation 11.2 is satisfied, the counter-example
from [8] converges.

To show the exponential convergence rate for using constant stepsize, we consider the
convergence of 6, when v = 0.7 given in Figure 11.2, where we plot log E[||6||3] as a
function of the number of iterations k. In this case, f; seems to converge geometrically,

which agrees with Theorem 11.2.1 (1).

We next numerically verify the convergence rates of ()-learning with linear function
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Figure 11.1: Convergence of ()-Learning with Linear Function Approximation for Differ-
ent Discount Factor v
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Figure 11.2: Exponentially Fast Convergence of ()-Learning with Linear Function Ap-
proximation for v = 0.7

approximation for using diminishing stepsizes o, = a/(k + h)*. We use the same MDP
model and behavior policy. The only difference is that the reward is no longer set to zero,
but is sampled independently from a uniform distribution on (0, 1) for all state-action pairs.
The constant x given in Equation 11.2 is estimated by numerical optimization, and the
discount factor ~ is set to be 0.7 to ensure convergence. In Figure 11.3, we plot E[||6,—6*||3]
as a function of & for £ € {0.4,0.6,0.8,1}. In the case where £ = 1, the constant coefficient
« 1s chosen such that ka > 2 in order to achieve the optimal convergence rate. We see that

the iterates converge for all £ € (0, 1]. Moreover, the larger the value of £ is, the faster )

converges.
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Figure 11.4: Asymptotic Convergence Rate for Diminishing Stepsizes

To further verify the convergence rates, we plot log E[||0), — 6*]|3] as a function of log k
in Figure 11.4 and look at its asymptotic behavior. We see that the slope is approximately

—&, which agrees with Theorem 11.2.1 (3).

11.3 Proof of All Theoretical Results

11.3.1 Proof of Proposition 11.2.1

(1) Under Assumption 11.2.2, it is easy to verify that the Markov chain {Y}} admits a
unique stationary distribution, which we have denoted by py. In view of the definition of

Yy, it is clear that uy (s, a,s’) = kg(s)m(als)P,(s,s’) for all (s, a, s"). Therefore, for any
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y = (s,a,s") € ), we have by definition of the total variation distance that

1Pe (s ) = py (Vv = 5 Z{Pk“yyo — oy (o) |

yoey

1
- 5 Z ‘be(s/’ 80) o KS(So)l W(a0|SO)Pao (SOa 51)

(50,00,51)€Y

— Z |PE (s, s0) — Ks(s0)]

(s0,a0,51)€Y
< [|PE (s0,-) = ks (-)[lrv

< Co*

DN | —

for all & > 0. It follows that max,ecy || PEH (y,-) — py (+)||rv < Co* for all k > 0.

(2) Using Cauchy-Schwarz inequality, and our assumption that ||¢(s, a)||; < 1 for all state-

action pairs, we have for any 6;, 0, and y = (s, a, s') that

1F(0r,y) — F(62,9)]l2
= [l9(s, a)(R(s, a) + 7y max (s’ @) 0 — ¢(s,a) " 61)

= 9(s,a)(R(s, a) + 7y max (s’ az) 0y — ¢(s,a) 65)|2
< l16(s, @) (max ¢(s', ar) "1 — max é(s', a2) ' 62)]]>

+ [|p(s,a)p(s,a)" (1 — 62)]|2

< ! o, — ! ) 61 — 05ll5.
_V|gg§¢(57a1> 1 gg}ﬂ&w) o] + (|61 — Oal|2

Since

|£Tllgx¢(5 ar) "6, —gg«ﬁéﬁ(s/;al)TQQ\ < Iangjdéf?(s a)" (0, — 6y)| (11.9)
< / / _
< e [o(s'. )] 161 — bl
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< |61 — 2]z,
we have for any 6., 6, and y:
[F (01, y) — F(02,9)[l2 < (v + 1)|[01 — Ozf]2 < 201 — s
Moreover, we have
I1F(0,9)[l2 = llo(s, a)R(s, a)ll2 < 2

forany y = (s,a,s’) € V.

(3) Using the fact that F'(6*) = 0, we have

(0 —07) " (F(0) — F(67))

=70 — 0")"E,.[¢(S, A)(max ¢(S',a;) "0 — max ¢(S’, ap) " 07)]

a1€A az€A
~Es i, [(0(8,4)7(0 — 67))?]

< B 1905, A)T(0 = 0) | max |6(S', ') (0 — 0°)]

~Esm, [(0(8,4) (0 — 6))7] (11.10)
< fy\/ Ersm[(0(S,A)T(0 — 9*>>2]\/Ens [max(¢(S, a)" (0 — 6%))?]
— Ergm (005, 4) (0 — 67))7]. (11.11)

Equation 11.10 follows from Equation 11.9. Equation 11.11 follows from the fact that

when S ~ kg, we have S’ ~ kg. For simplicity of notation, denote

A= /B (08, A)7(0 = 0)), and B =, /B, fmax(0(5., )7 (6= )7
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Since Assumption 11.2.2 gives v2B? — A% < —x||0 — 6*||*, we have
2p2 _ A2
. _ = ’}/B - A K 112
0 —0) (F(0) — F(0") < -t < —2 |10 — 07|
0- 0 (F0) - Foy < L=< o]

11.3.2  Proof of Proposition 11.2.2

We first show that Equation 11.7 implies h*t < 0, and A~ < 0. Note that Jensen’s inequality
implies
nN21 _ N\ 2 : N2
B (5,0 = By {m | (anag (5,0, i 5.}

> max {E“Kg}gf #(S,a’))?, E.g[(min ¢( S, a'))Q]} . (11.12)

a’eA

Thus, using Equation 11.7, we have

ht = Epo,m[76(S, A) g}gj‘: ¢(SI7 a/>] — E[o(5, A)z]

= By, [10(S, A) max 6(5', )] = /B [6(S, AP B [0S, A)?

< Eram [19(5, A) maxt 6(S", )] = 7, /B [mag &(S, ) Ers [0S, A

<0

- )

where the last inequality follows from Cauchy-Schwarz inquality and the fact that S’ and
S are equal in distribution if S ~ kg. Similarly, we also have h~ < 0.
We next prove the equivalence stated in Proposition 11.2.2. By definition of 4™ and h~,

in uni-dimensional case, the ODE given in Equation 11.5 can be equivalently written as

, WHO(t) + ey O(t) > 0,
0(t) =

h0(t) + rr,  O(t) < 0.
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In the case where 7, = 0, it is easy to see that the ODE is globally asymptotically stable if
and only if ™, h~ < 0. Now we assume without loss of generality that r, > 0. The proof
for the other case is entirely similar.

Sufficiency: We first note that * = —r./h* > 0. Let W(f) = 3(0 — 6*)* be a
candidate Lyapunov function. It is clear that W (6) > 0 for all € R, and W (#) = 0 if and

only if # = #*. Moreover, we have

W(0(1)) = (6(t) — 67)6(t)

W (0(t) — 6%)2, o(t) > 0

(O(t) — 0*)(h=0(t) — h*6%), 6(t) < 0.

It is clear that W (6(t)) < 0 when 6(t) € [0,0*)U(6*, 00). For A(t) < 0, since (t)—6* < 0,
ht0* = —r, < 0, and h=0(t) > 0, we must also have W (6(t)) < 0. Therefore, the
time derivative of the Lyapunov function W (0) along the trajectory of the ODE is strictly
negative when 6(t) # 6*. It then follows from the Lyapunov stability theorem [91, 90] that
0* is globally asymptotically stable.

Necessity: We prove by contradiction. Suppose that the equilibrium point 6* is globally
asymptotically stable, but At > 0 or A~ > 0. Suppose that h* > 0. When 6(0) >
max (0, 0*), we have 0(t) = h*0(t) + . > r, > 0. It follows that 6(t) > 6(0) > #* for all
t > 0, which contradict to the fact that * is a globally asymptotically stable equilibrium
point. Suppose that = > 0. When 6(0) < min(6*, —(1 + r,)/h~), we have (t) =
h=0(t) + r. < —1 < 0. It follows that #(t) < 6(0) < 6* for all ¢ > 0, which also

contradict to the fact #* being globally asymptotically stable.
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11.3.3 Proof of Proposition 11.2.3

When d = |S||Al, the feature matrix ® is a square matrix. Define
O, = span ({¢(s', a)|(s",a) € S x A, (s',a') # (s,a)})" .

Note that O , exists for all state-action pairs since ® is full rank. Now for a given state-

action pair (s, a), let § # 0 be in O ,, Equation 11.4 implies

Vhs(8)((s,a) ' 0)* < ws(s)m(als)((s, a) ' 0)?,

which further gives 72 < m(a|s). Therefore, by running (s, a) though all state-action pairs,
we have 2 < ming g)esxa m(als) < ﬁ. Thus, if 42 > 1/|.A|, there is no behavior policy

7 that satisfies Equation 11.4.

11.3.4 Computing w(7)

We here present one way to compute w(7) for an MDP with a chosen policy © when the

underlying model is known. Before that, the following definitions are needed.

Definition 11.3.1. Let D € RISIIXISIAl be a diagonal matrix with diagonal entries being
{rks(s)my(als)}s.ayesxa, and let & = @TDP € R4, where @ € RISIAIX4 is the feature

matrix.
Definition 11.3.2. Let B = A™ C R" be the set of all deterministic policies.
Definition 11.3.3. Let H € R"*" be a diagonal matrix with diagonal entries {ks(s)}sess

and let ¥, = &) H®, € R™?, where &, € R"™*? (b € B) is defined by:

- ¢(817 b)T -

- ¢(Sna b)T -
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We now compute w(w) given in the following lemma. Let A« (-) return the largest

eigenvalue of a positive semi-definite matrix
Lemma 11.3.1. w(7) = minyep [1/Anax(S7/25,5712)].

Proof of Lemma 11.3.1: Recall our definition for w(7):

Y ms() S mlals)(0(s.0) 0
wim) = 020 Y s ks(s)maxaea(d(s,a)’0)? (11.13)

Let f(6) be the numerator. Then we have

F(0) =) rs(s) D mlals)(9(s,a)"0)*

sES acA

=0"d"DPO =020,

Since the diagonal entries of D are all positive, and @ is full column rank, the matrix

is symmetric and positive definite. To represent the denominator of Equation 11.13 in a

similar form, let

9(0,) = > rs(s)(6(s,b)"0)?

=0"d  HDW = 07540,

where b € B. Since the columns of &, can be dependent, the matrix ¥ is in general

only symmetric and positive semi-definite. Using the definition of f(6) and g(0,b), we can

rewrite w(7) as

o f(9)
wim) = %2%)1 maxpes g(6,0)

I { ()
= 111111 IN1n
020 beB (0,

= min min 10 .
beB 00 g(0,b)

)

~—

223



Now since X is positive definite, /2 and $~!/2 are both well-defined and positive definite,

we have

i 1O 'maxgw,b)]‘l
620 g(0,b) Loz f(0)

I I -

~ 0% 0TS, .0

i . -
D
== max
270 [E3(P

1
Amax(z;:,lr/z E,u,bz;,lr/z) ‘

It follows that

— mi —1/2% y—1/2
w(m) Igélél[l/)\max(x Y29
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CHAPTER 12
TARGET NETWORK AND TRUNCATION OVERCOME THE DEADLY TRIAD
IN Q-LEARNING

12.1 Introduction

In the previous chapter, we studied the classical semi-gradient ()-learning algorithm un-
der linear function approximation, and established its finite-sample guarantees. However,
there are several limitations with the results. A major limitation is that we require 11.2.2
(which is highly restrictive) to establish the finite-sample bounds. In addition, there is no
characterization on where the limit point is relative to the optimal ()-function. Since classi-
cal -learning with linear function approximation has divergent counter-examples [8], the
divergence issue is not because of the artifact of proof. This motivates us to design new
variants of (-learning under linear function approximation.

While theoretically unclear, it was empirically evident from [7] that the following three
ingredients: experience replay, target network, and truncation together overcome the di-
vergence of (-learning with function approximation. In this chapter, we show theoretically

that target network together with truncation is sufficient to provably stabilize ()-learning.

12.1.1 Main Contributions

The main contributions of this chapter are summarized in the following.

* Finite-Sample Guarantees. We establish finite-sample guarantees of the output of
(Q-learning with target network and truncation to the optimal ()-function )* up to a
function approximation error. This is the first variant of ()-learning with linear func-
tion approximation that is provably stable (without needing strong assumptions), and

uses a single trajectory of Markovian samples. The result implies an @(6_2> sample
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complexity, which matches with the sample complexity of ()-learning in the tabular
setting, and is known to be optimal up to a logarithmic factor. The function approxi-
mation error in our finite-sample bound well captures the approximation power of the
chosen function class. In the special case of tabular setting, or assuming the function
class is closed under Bellman operator, our result implies asymptotic convergence in

the mean-square sense to the optimal ()-function Q*.

* Broad Applicability. In existing literature, to stabilize ()-learning with linear func-
tion approximation, one usually requires strong assumptions on the underlying MDP
and/or the approximating function class. Those assumptions include but not limited
to the function class being complete with respect to the Bellman operator, the MDP
being linear (or close to linear), and a so-called strong negative drift assumption, etc.
In this work, we do not require any of those assumptions. Specifically, our result
holds as long as the policy used to collect samples enables the agent to sufficiently
explore the state-action space, which is to some extent a necessary requirement to

find an optimal policy in RL.

12.2 Related Literature

When using function approximation, the infamous deadly triad (i.e., function approxima-
tion, off-policy sampling, and bootstrapping) [1] appears in ()-learning, and the algorithm
can be unstable even when linear function approximation is used. This is evident from
the divergent MDP example constructed in [8]. Over the past 20 years, there are many
attempts to stabilize ()-learning with linear function approximation, which are summarised
in the following.

Strong Negative Drift Assumption. The asymptotic convergence of ()-learning with
linear function approximation was established in [180] under a “negative drift” assump-
tion. Under similar assumptions, the finite-sample analysis of ()-learning, as well as its

on-policy variant SARSA, was performed in [49, 185, 183, 186] for using linear function
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approximation, and in [187, 118] for using neural network approximation. However, such
negative drift assumption is highly artificial, highly restrictive, and is impossible to sat-
isfy unless the discount factor of the MDP is extremely small (see Chapter 11). In this
chapter, we do not require such negative drift assumption or any of its variants to stabilize
(Q-learning with linear function approximation.

Modifying the Problem Discount Factor. Very recently, new convergent variants of
-learning with linear function approximation were proposed in [188, 189], where target
network was used in the algorithm. However, as we will see later in Section Subsec-
tion 12.5.3, target network alone is not sufficient to break the deadly triad. The reason
that [188, 189] achieve convergence of ()-learning is by implicitly modifying the discount
factor. In fact, the problem they are effectively solving is no longer the original MDP, but
an MDP with a much smaller discount factor, which is the reason why their algorithms do
not converge to the optimal ()-function )* in the tabular setting. In this chapter we do
not modify the original problem parameters to achieve stability, and in the special case of
tabular RL, our algorithm converges to Q*.

The Greedy-GQ Algorithm. A two time-scale variant of ()-learning with linear func-
tion approximation, known as Greedy-GQ, was proposed in [190]. The algorithm is de-
signed based on minimizing the projected Bellman error using stochastic gradient descent.
Although the Greedy-GQ algorithm is stable without needing the negative drift assumption,
since the Bellman error is in general non-convex, Greedy-GQ algorithm can only guaran-
tee convergence to stationary points. As a result, there are no performance guarantees on
how well the limit point approximates the optimal )-function Q*. Although finite-sample
bounds for Greedy-GQ were recently established in [191, 192, 193], due to the lack of
global optimality, the finite-sample bounds were only on the gradient of the Bellman error
rather than the distance to Q*. In this work we provide finite-sample guarantees of our
algorithm to the optimal ()-function (Q* (up to a function approximation error).

Fitted ()-Iteration and Its Variants. Fitted ()-iteration is proposed in [127] as an of-
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fline variant of -learning. The finite-sample guarantees of fitted ()-iteration (or more gen-
erally fitted value iteration) were established in [194, 195]. More recently, [196] proposes a
variant of batch RL algorithms called BVFT, where the authors establish an O(e~*) sample
complexity under the realizability assumption. Notably, [194, 195] employed truncation
technique to ensure the boundedness of the function approximation class. Such trunca-
tion technique dates back to [197]. We use the same truncation technique in this paper.
In the special case of linear function approximation, ()-learning with target network can
be viewed as an approximate way of implementing the fitted ()-iteration, where stochastic
gradient descent was used as a way of performing such fitting. Compared to [194, 195],
the main difference of this work is that our algorithm is implemented in an online manner,
and is driven by a single trajectory of Markovian samples.

Another variant of fitted ()-iteration targeting finite horizon MDPs was proposed in
[198] using a distribution shift checking oracle. However, [198] requires the approximating
function class to contain the optimal ()-function, and only polynomial sample complexity,
1.e., (’3(6‘") for some positive integer n, was established. In this work, we do not require
Q" to be within our chosen function class, and our algorithm achieves the optimal @(6*2)
sample complexity.

Linear MDP Model. In the special case that the MDP has linear (or approximately
linear) transition dynamics and linear reward, convergent variants of ()-learning with linear
function approximation were designed and analyzed in [199, 200, 201, 202, 203, 204]. In
this work, we do not assume the underlying MDP is linear.

Other Work. [205] studies ()-learning with function approximation for deterministic
MDPs. The Deep Q-Network was studied in [206]. See Appendix Subsection 12.7.2 for a

more detailed discussion about the Deep ()-Network.
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12.3 A Stable Algorithm Design

In this section, we present the algorithm of ()-learning with linear function approximation
using target network and truncation. Before that, we introduce the truncation operator ||
in the following. For any vector x, let [2]| be the resulting vector of 2 component-wisely
truncated from both above and below at r = 1/(1 — ), i.e., for each component [z]; of
[x], we have [z]; = rifz; > r, [x]|; = z; if x; € [-r,r],and [2]; = —rif z; < —r. As
will become clear later, the reason that we pick the truncation level  to be 1/(1 — ) is that

Q™| < 1/(1 — ) for any policy 7.

Algorithm 10 ()-Learning with Linear Function Approximation: Target Network and
Truncation

1: Input: Integers 7', K, initializations ¢, = O forall t = 0,1,...,7 — 1 and éo =0,
behavior policy

2: fort =0,1,--- ;T —1do

33 fork=0,1,--- , K —1do

4: Sample Ay~ 7Tb('|5k)’ Sk+1 ~ PAk(Sk; )

5: Orpr1 = Oip + ard(Sk, Ar)(R(Sk, Ap) + ymaxgea[¢(Skt1,a’) 6] —
6(Sk, Ax)T6,)

6: qnd for

7. O = O

8: So = Sk

9: end for

10: Output: éT

Several remarks are in order. First of all, Algorithm 10 is simple, easy to implement,
and can be generalized to using arbitrary parametric function approximation in a straight-
forward manner (see Subsection 12.7.2). Second, in addition to {#, ; }, we introduce {6, } as
the target network parameter, which is fixed in the inner loop where we update ¢, ;,, and is
synchronized to the last iterate 6, x in the outer loop. Target network was first introduced in
[7] for the design of the celebrated Deep ()-Network. Finally, before using the ()-function
estimate associated with the target network in the inner-loop, we first truncate it at level r
(see line 5 of Algorithm 10).

Note that the location where we impose the truncation operator is different from that
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in the Deep (Q-Network [7], where instead of only truncating ¢(Sk41,a’ )Tét, truncation
is performed for the entire temporal difference R (S, Ax) + v maxyeq ¢(Sky1,a’ )Tét —
o(Sk, Ak)Tétvk. Similar truncation technique has been employed in [195, 130]. The reason
that target network and truncation together ensure the stability of ()-learning with linear
function approximation will be illustrated in detail in Section 12.5.

On the practical side, Algorithm 10 uses a single trajectory of Markovian samples gen-
erated by the behavior policy 7, (see line 4 and line 8 of Algorithm 10). Therefore, the
agent does not have to constantly reset the system. Our result can be easily generalized to
the case where one uses time-varying behavior policy (i.e., the behavior policy is updated
across the iterations of the target network) as long as it ensures sufficient exploration. For
example, one can use the e-greedy policy or the Boltzmann exploration policy (aka. soft-
max policy) with respect to the Q-function estimate associated with the target network ()5,

as the behavior policy.

12.4 Finite-Sample Guarantees

To present the finite-sample guarantees of Algorithm 10, we first formally state our as-

sumption about the behavior policy 7, and introduce necessary notation.

Assumption 12.4.1. The behavior policy 7, satisfies m,(a|s) > 0 for all (s, a), and induces

an irreducible and aperiodic Markov chain {.Sj}.

This assumption ensures that the behavior policy sufficient explores the state-action
space, and is commonly imposed for value-based RL algorithms in the literature [92]. Note
that Assumption 12.4.1 implies that the Markov chain {Sy} admits a unique stationary
distribution, denoted by xg € Al®l, and mixes at a geometric rate [48]. As a result, letting
ts =min{k > 0 : maxyes ||PZ (s,-) — rs(-)|lrv < 6} be the mixing time of the Markov
chain {Sy} (induced by ) with precision 6 > 0, then under Assumption 12.4.1 we have

ts = O(log(1/4)).
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Under Assumption 12.4.1, the Markov chain {(Sk, Ax)} also has a unique stationary
distribution. Let D € RISIMIXISIAI be a diagonal matrix with the unique stationary dis-
tribution of {(Sk, Ax)} on its diagonal, i.e., D((s,a), (s,a)) = ks(s)m(als) for all (s, a).
Moreover, let anorm || - || p be defined by ||z||p = (2T Dx)'/2. Denote A, as the minimum
eigenvalue of the positive definite matrix ® ' D®.

Let Eupprox = SUPQ.(|g[w<r | [PTOIH(Q)] — H(Q)||oo» Which captures the approxi-
mation power of the chosen function class. Denote Q; = [@éﬂ, which is the truncated
(Q-function estimate associated with the target network 0,.

We next present the finite-sample bounds. For ease of exposition, we only present the
case where we use constant stepsize in the inner-loop of Algorithm 10, i.e., ax = a. The

results for using various diminishing stepsizes are straightforward extensions.

Theorem 12.4.1. Consider 0 of Algorithm 10. Suppose that Assumption 12.4.1 is satis-

. _ 2
ed, the constant stepsize o is chosen such that o < M, and K > t, + 1. Then we
14 130

have for any T' > 0 that

A * A * 2(1 — /\miﬂa) Kﬁg"‘*l
ElQr — Q" ll] < 7"1Q0 — @[l e
~ ~ g )\min(l - 7)2
E1: Error due to fixed-point iteration ~
FEo: Bias in the inner-loop
24 to +1 Eapprox
M “approx (12.1)
Amin(1 = 1) I
N———— ——

E3: Variance in the inner-loop E4: Function approximation error

As a result, to obtain IE[||QT — Q] < €+ 51”%’”;‘ for a given accuracy ¢, the sample

o) ()

Remark. While commonly used in existing literature studying RL with function approxi-

complexity is

mation, it was argued in [175] that sample complexity is strictly speaking not well-defined

when the asymptotic error is non-zero. Here we present the “sample complexity” in the
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same sense as in existing literature to enable a fair comparison.

Theorem 12.4.1 is by far the strongest result of ()-learning with linear function approx-
imation in the literature in that it achieves the optimal @(6*2) sample complexity without
needing strong assumptions, and meets all the requirements described in the beginning of
this chapter.

In our finite-sample bound, the term F; goes to zero geometrically fast as 7' goes to
infinity. In fact, the term F; captures the error due to fixed-point iteration. That is, if we
had a complete basis (hence no function approximation error), and were able to perform
value iteration to solve the Bellman equation Q* = H(Q*) (hence no stochastic error), E;
is the only error term.

The terms F, and E5 represent the bias and variance in the inner-loop of Algorithm 10.
Since the target network parameter 0, is fixed in the inner-loop, the update equation in
Algorithm 10 line 5 can be viewed as a linear stochastic approximation algorithm under
Markovian noise. When using constant stepsize, the bias goes to zero geometrically fast
as K goes to infinity but the variance is a constant proportional to y/at,. Since geometric
mixing implies t, = O(log(1/a)), the term \/at, can be made arbitrarily small by using
small enough constant stepsize. This agrees with existing literature studying linear stochas-
tic approximation [12]. When using diminishing stepsizes with a suitable decay rate, one
can easily show using 3.2.1 that both 5, and E, go to zero at a rate of O(1/+/I), therefore
the resulting sample complexity is the same as when using constant stepsize.

The term £, captures the error due to using function approximation. Recall that we
define Eypprox = SUPg. || <r | [PTOjyH(Q)] — H(Q)l|oo- Therefore to make the func-
tion approximation error small, one only needs to approximate the functions that are one-
step reachable under the Bellman operator. In addition, using truncation also helps reduc-
ing the function approximation error to some extend since ||[Proj,, 7 (Q)] — H(Q)||cc <
|Proj,, H(Q) — H(Q)||« for any @) such that ||Q||« < r. The 1/(1 — ) factor in E, also

appears in TD-learning with linear function approximation [92], where it was shown to be
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not removable in general. Observe that /4 vanishes (and hence we have convergence to
()*) when (1) we are in the tabular setting, or (2) we use a complete basis (i.e., ® being an
invertible matrix), or (3) under the completeness assumption in existing literature, which
requires H((Q)) € W whenever ) € W. In existing work [188, 189], the algorithm does

not converge to (J* even in the tabular setting (see Section 12.2).

12.5 The reason that Target Network and Truncation Stabilize ()-Learning

In the previous section, we presented the algorithm and the finite-sample guarantees. In
this section, we elaborate in detail why target network and truncation together are enough
to stabilize ()-learning.

Summary. We start with the classical semi-gradient ()-learning with linear function ap-
proximation algorithm in Subsection 12.5.1, which unfortunately is not necessarily stable,
as evidenced by the divergent counter-example constructed in [8]. In Subsection 12.5.2,
We show that by adding target network to ()-learning, the resulting algorithm successfully
overcomes the divergence in the MDP example in [8]. However, beyond the example in
[8], target network alone is not sufficient to break the deadly triad. In fact, we show in
Subsection 12.5.3 that ()-learning with target network diverges for another MDP example
constructed in [49]. In Subsection 12.5.4, we propose the last ingredient needed to achieve
a stable algorithm design: truncation, which leads to Algorithm 10. By truncating at the
right place in the ()-learning with target network algorithm, the resulting algorithm is prov-
ably stable and achieves the optimal @(6*2) sample complexity. The reason that truncation
successfully stabilizes ()-learning is due to an insightful observation regarding the relation

between truncation and projection.

12.5.1 Classical Semi-Gradient ()-Learning

We begin with the classical semi-gradient ()-learning with linear function approximation

algorithm [11, 1], which we have studied in detail in the previous chapter. With a trajectory
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of samples {(Sk, Ax)} collected under the behavior policy 7, and an arbitrary initializa-
tion 6y, the semi-gradient ()-learning algorithm updates the parameter ¢, according to the

following formula:

B = b+ 0w(S1. Ax) (R(Su A1) + 7 1y (S, ) 0~ 651 40761 ).

(12.2)

Unfortunately, Equation 12.2 does not necessarily converge, as evidenced by the divergent
example provided in [8]. The MDP example contructed in [8] has 7 states and 2 actions.
To perform linear function approximation, 14 linearly independent basis vectors are cho-
sen. The important thing to notice about this example is that the number of basis vectors
is equal to the size of the state-action space, i.e., d = |S||.A|. Hence rather than doing
function approximation, we are essentially doing a change of basis. Surprisingly even in
this setting, Equation 12.2 diverges. Due to the divergence nature, [180, 49, 183] impose
strong negative drift assumptions to ensure its stability.

By viewing Equation 12.2 as a stochastic approximation algorithm, the target equation
itis trying to solve is Eg, g, A, (150) [0(Sks Ak) (R(Sk, Ar) +7 maxgea ¢(Ski1,a’) 10—
&(Sk, Ax)T0)] = 0. The previous equation can be written compactly using the Bellman

optimality operator (-) and the diagonal matrix D as
®TD(H (D) — @F) = 0, (12.3)
and is further equivalent to the fixed-point equation
0 =Ho(0), (12.4)

where the operator Hg : R? — R? is defined by He(0) = (P D®)~'d" DH(PH). Equa-

tion 12.4 is closely related to the so-called projected Bellman equation. To see this, since
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® is assumed to have linearly independent columns, Equation 12.4 is equivalent to

®) = &(®' DP) D" DH(H) = Proj,, H(PF), (12.5)

where Proj,, denotes the projection operator onto the linear subspace VV (which is
spanned by the columns of ®) with respect to the weighted ¢5-norm || - || p.

We next show that in the complete basis setting, i.e., d = |S||.A|, which covers the
Baird’s counter-example as a special case, the operator Hg(-) is in fact a contraction map-
ping with #* = ®~'Q* being its unique fixed-point. This implies that the design of the
classical semi-gradient ()-learning algorithm (cf. Equation 12.2) is flawed because if it
were designed as a stochastic approximation algorithm which is in effect performing fixed-
point iteration to solve Equation 12.4, it would converge [24]. Instead, it was designed
as a stochastic approximation algorithm based on Equation 12.3. While Equation 12.3 is
equivalent to Equation 12.4, their corresponding stochastic approximation algorithms have
different behavior in terms of their convergence or divergence.

To show the contraction property of He(:), first observe that in the complete basis
setting we have Hq(0) = (T D®) 10T DH(PO) = ®~1H(PF). Let || - |4, be anorm on
R? defined by [|0]|s,00 = ||P0]| (the fact that it is indeed a norm can be easily verified).

Then we have

[Hao(01) = Hao(02)]|0.00 = [[H(P01) — H(Pb2) oo <Y P(01 — b2)l[cc = 7[[01 — bal[0.00

for all 6, 6, € RY, where the inequality follows from the Bellman optimality operator ()
being an /..-norm contraction mapping. It follows that the operator H¢(+) is a contraction
mapping with respect to || - ||¢ . Moreover, since Ho (6*) = O H(PO*) = dTH(Q*) =
d~1Q* = 6*, the point 6* is the unique fixed-point of the operator Hg(+). The previous
analysis suggests that we should aim at designing ()-learning with linear function approx-

imation algorithm as a fixed-point iteration (implemented in a stochastic manner due to
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sampling in RL) to solve Equation 12.4. The resulting algorithm would at least converge

for the Baird’s MDP example.

12.5.2 Introducing Target Network

We begin with the following fixed-point iteration for solving Equation 12.4:

Opr1 = (DT DD) 'O T DH(DH,), (12.6)

where we write Hg () explicitly in terms of ®, D, and #H(-). Equation 12.6 is what we
would like to perform if we had complete information about the dynamics of the underlying
MDP. The question is that if there is a stochastic variant of such fixed-point iteration that
can be actually implemented in the RL setting where the transition probabilities and the

stationary distribution are unknown. The answer is ()-learning with target network.

Algorithm 11 )-Learning with Linear Function Approximation: Target Network and No
Truncation
1: Input: Integers 7', K, initializations ¢,y = O forall ¢ = 0,1,...,7 — 1 and éo =0,
behavior policy

2: fort=0,1,---, T —1do

32 fork=0,1,--- ,K —1do

4: Sample Ay ~ m,(+|Sk), Sky1 ~ PAk(Skv ) )

5 Ok = O + Oék</5(5k7 Ak)(R<Sk7 Ak) + YmaXgeAa ¢<Sk+1, a/)TQt -
&(Sk, Ar) "0 )

end for

. SO == SK
: end for R
10: Output: 01

6
7. b1 =ik
8.
9

We next elaborate on why Algorithm 11 can be viewed as a stochastic variant of the
fixed-point iteration given in Equation 12.6. Consider the update equation (line 5) in the
inner-loop of Algorithm 11. Since the target network is fixed in the inner-loop, the update

equation in terms of 0, ; is in fact a linear stochastic approximation algorithm for solving
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the following linear system of equations:
—&" DO + " DH(D;) = 0. (12.7)

Since the matrix —® " D® is negative definite, the asymptotic convergence of the inner-loop
update follows from standard results in the literature [11]. Therefore, when the stepsize
sequence {«y } is appropriately chosen and K is large, we expect 6, ;¢ to approximate the
solution of Equation 12.7, i.e., 0, x ~ (&7 D®)'®" DH(PF,). Now in view of line 7 of
Algorithm 11, the target network étﬂ is synchronized to 6, x. Therefore ()-learning with
target network is in effect performing a stochastic variant of the fixed-point iteration in
Equation 12.6.

Note that on an aside, ()-learning with target network can be viewed as an online version
of fitted ()-iteration. To see this, recall that in the linear function approximation setting,

fitted (Q-iteration updates the corresponding parameter {ét} iteratively according to

- ' 1 B o \?
;41 = arg mlnéERdm Z <q§(5, a)'0 —R(s,a) — 7 max (s, a )Tet) , (12.8)
(s,a,s")eN

where N = {(s, a, s') } is a batch dataset generated in an i.i.d. manner as follows: s ~ p(+),

a ~ my(-|s), and s" ~ P,(s,-). Observe that Equation 12.8 is an empirical version of
0,1 = arg minéeRquDé — H(DO)|>. (12.9)

In light of Equation 12.9, the inner-loop of Algorithm Algorithm 11 can be viewed as a
stochastic gradient descent algorithm for solving the optimization problem in Equation 12.9
with a single trajectory of Markovian samples.

Revisiting Baird’s counter-example (where d = |S||.A|), recall that the fixed-point it-
eration (cf. Equation 12.6) reduces to 0y, = CID_l’H(CI)@k) = He(0). Since the operator

He(-) is a contraction mapping as shown in Subsection 12.5.1, the fixed-point iteration
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in Equation 12.6 provably converges. As a result, ()-learning with target network as a

stochastic variant of the fixed-point iteration in Equation 12.6 also converges.

Proposition 12.5.1. Consider Algorithm 11. Suppose that Assumption 12.4.1 is satisfied,
the feature matrix ® is a square matrix (i.e., d = |S||A]), ax = a < %1077)2, and

K > to + 1. Then the sample complexity to achieve E[||®0; — Q*||so] < € is O(e72).

To further verify the stability, we conduct numerical simulations for the MDP example
constructed in [8]. As we see, while classical semi-gradient ()-learning with linear func-
tion approximation diverges in Figure 12.1 (which agrees with [8]), ()-learning with target

network converges as shown in Figure 12.2.

== Classical QLFA|

0 1 2 3 4
iterations (k) x 10*

Figure 12.1: Classical Semi-Gradient ()-Learning

10

mmQLFA with Target Network

0 5 10
iterations (k) x 10*

Figure 12.2: )-Learning with Target Network
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12.5.3 Insufficiency of Target Network

The reason that ()-learning with target network overcomes the divergence for Baird’s MDP
example is essentially that the projected Bellman operator reduces to the regular Bellman
operator (which is a contraction mapping) when we have a complete basis. However,
this is not the case in general. In the projected Bellman equation (cf. Equation 12.5), the
Bellman operator H(+) is a contraction mapping with respect to the {,,-norm || - ||, and the
projection operator Proj,, is a non-expansive mapping with respect to the projection norm,
in this case the weighted ¢5-norm || - || . Due to the norm mismatch, the composed operator
Proj,,,H(-) in general is not a contraction mapping with respect to any norm. This is the
fundamental reason for the divergence of ()-learning with linear function approximation,
and introducing target network alone does not overcome this issue, as evidenced by the

following MDP example.

Example 12.5.1. Consider an MDP with state-space S = {si, so} and action-space A =
{a1,as}. Regardless of the present state, taking action a; results in state s; with proba-
bility 1, and taking action a, results in state s, with probability 1. The reward function
is defined as R(s1,a1) = 1, R(s1,a2) = R(s2,a1) = 2, and R(sa,a2) = 4. We con-
struct the approximating linear sub-space with a single basis vector, which is given by
O = [¢(s1,a1),0(s1,a2),d(52,a1),d(s2,a2)]" = [1,2,2,4]". The behavior policy is to
take each action with equal probability. In this example, after straightforward calculation,

we have the following result.
Lemma 12.5.1. Equation 12.4 is explicitly given by 0 = 1 + ?—89 + 3%06(}1{920} — Lo<oy)-

When the discount factor v is in the interval (5/6,1), for any positive initialization
0y > 0, it is clear that performing fixed-point iteration to solve Equation 12.4 in this exam-
ple leads to divergence. Since (-learning with target network is a stochastic variant of such

fixed-point iteration, it also diverges. Numerical simulations demonstrate that performing
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either classical semi-gradient (-learning (cf. Figure 12.3) or )-learning with target net-

work (cf. Figure 12.4) leads to divergence for the MDP in Example 12.5.1.

400

== Classical QLFA|

0 2 4 6 8
iterations (k) x 10*

Figure 12.3: Classical Semi-Gradient ()-Learning

100 |
80
60
40 |
20

log E|6y|

'm=QLFA with Target Network|

0 2 4 6 8
iterations (k) x 10?

Figure 12.4: ()-Learning with Target Network

12.5.4 Truncation to the Rescue

The key idea that we use to further overcome the divergence of ()-learning with target
network is truncation. Recall from the previous section that ()-learning with target network

is trying to perform a stochastic variant of the fixed-point iteration in Equation 12.6, which

can be equivalently written as

C~21&+1 = PrOjWH<Qt)a (12.10)
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where we use Qt to denote the ()-function estimate associated with the target network ét,
ie., Q, = ®6,. To motivate the truncation technique, we next analyze the update given in
Equation 12.10, whose behavior in terms of stability aligns with the behavior of ()-learning
with target network, as explained in the previous section. First note that Equation 12.10 is

equivalent to

@tJrl -Q" = H(Qt) —H(Q") + Proij(Qt) —H(Q:).

A simple calculation using triangle inequality, the contraction property of (), and tele-

scoping yields the following error bound of the iterative algorithm in Equation 12.10:

Q11 = Q7lloe < 7F1Q0 = Q" lloo + Y 77" |[Projyy H(Q:) — H(Qi)|os

1=0 b

A;

The problem with the previous analysis is that the term A; (which captures the error due
to using linear function approximation) is not necessarily bounded unless using a complete
basis or knowing in prior that {Qt} is always contained in a bounded set. The possibility
that such function approximation error can be unbounded is an alternative explanation to
the divergence of ()-learning with linear function approximation. This is true for arbitrary
function approximation (including neural network) as well since it is in general not possible
to uniformly approximate unbounded functions.

Suppose we are able to somehow control the size of the estimate Q; so that it is always
contained in a bounded set. Then the term A; is guaranteed to be finite, and well captures
the approximation power of the chosen function class. To achieve the boundedness of the
associated Q-function estimate (), of the target network, tracing back to Algorithm 11, a
natural approach is to first project ®6; onto the ¢,,-norm ball B, := {Q € RISIMI | Q|| <
r} before using it as the target ()-function in the inner-loop, resulting in Algorithm 12
presented in the following.

In line 8 of Algorithm 12, the operator 115, stands for the projection onto the ¢.,-norm
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Algorithm 12 Impractical ()-Learning with Linear Function Approximation: Target Net-
work and Projection

1: Input: Integers 7', K, initializations ¢, = O forall t = 0,1,...,7 — 1 and éo = 0,
behavior policy

2: fort =0,1,--- ;T —1do

32 fork=0,1,--- ,K —1do

4: Sample Ay ~ m,(+|Sk), Sk+1 ~ Pa, (Sk,*) .
5: Orsr = O + pd(Sk, Ar)(R(Sk, Ax) + ymaxgea Qi(Skt1,a’)
O(Sk, Ar) ")

6 gnd for

ik ‘9~t+1 = Ok R

8 Qi1 =1lp, POy
9: SO = SK

10: end for

11: Output: O

ball B, with respect to some suitable norm || - ||. The specific norm || - || chosen to perform
the projection turns out to be irrelevant as result of a key observation between truncation
and projection.

Algorithm 12 although stabilizes the ()-function estimate Q,, it is not implementable in
practice. To see this, recall that the whole point of using linear function approximation is
to avoid working with |S||.4| dimensional objects. However, to implement Algorithm 12
line 8, one has to first compute ®6;.; € RISIMI, and then project it onto B,. Therefore, the
last difficulty we need to overcome to achieve a stable algorithm design is to find a way to
implement Algorithm 12 without working with |S||.A| dimensional objects. The solution

relies on the following observation.

Lemma 12.5.2. For any v € RIS and any weighted (,-norm || - || (the weights can be

arbitrary and p € [1,00]), we have [x] € argminep, ||z — y|.

Remark. Note that argmin,cp, ||« — y|| is in general a set because the projection may not
be unique. As an example, observe that any point in the set {(z,1) | * € [—1,1]} is a
projection of the point (0,2) onto the /.,-norm unit ball {(z,y) | =,y € [—1,1]} with

respect to the /,,-norm.
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Lemma 12.5.2 states that for any = € R!SIMI, if we simply truncate z at r, the resulting
vector must belong to the projection set of x onto the /,,-norm ball with radius r, for a
wide class of projection norms. This seemingly simple but important result enables us to

replace projection I1p (-) by truncation [-| in line 8 of Algorithm 12:

Qi1 = HBTCI)ét-i-l — Q1= [(I)éwﬂ'

Unlike projection, truncation is a component-wise operation. Hence Qtﬂ = [@étﬂ] is
equivalent to Q1 (s,a) = [¢(s, a) " 0,41] for all (s, a).

The last issue is that we need to perform truncation for all state-action pairs (s, a),
which as illustrated earlier, violates the purpose of doing function approximation. How-
ever, observe that the target network is used in line 5 of Algorithm 12, where only the
components of Q, visited by the sample trajectory is needed to perform the update. In light
of this observation, instead of truncating ¢ (s, a) 6, for all (s, a), we only need to truncate
¢(Sk+1,a’) 76, in Algorithm 12 line 5, which leads to our stable design of Q-learning with
linear function approximation in Algorithm 10. The following proposition shows that target
network and truncation together stabilized ()-learning with linear function approximation,

and serves as a middle step to prove Theorem 12.4.1.

Proposition 12.5.2. The following inequality holds:

A * A * ga roX
El|Qr — @ll] <771Q0 — @l + 7722
T—1

+ Y AT Qi — [Projyy H(Q:) lloo)- (12.1D
1=0

Because of truncation, the error due to using function approximation is bounded, and
is captured by E,pprox. This is crucial to prevent the divergence of (-learning with linear
function approximation. The last term in Equation 12.11 captures the error in the inner-loop

of Algorithm 10, and eventually contribute to the terms F; and F5 in Equation 12.1.
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Similar truncation technique was previously used in [195] to achieve a stable design
of fitted (-iteration. [195] studies fitted ()-iteration for general (possibly nonlinear) func-
tion approximation, where truncation is used to ensure the boundedness of the function
approximation class.

Revisiting Example 12.5.1, where either semi-gradient ()-learning or ()-learning with
target network diverges, Algorithm 10 converges as demonstrated in Figure 12.5. More-
over, observe that Algorithm 10 seems to converge to a positive scalar, which we denote by
0*. As aresult, the policy 7 induced greedily from ®6* is to always take action as. It can be
easily verified that 7 is indeed the optimal policy. This is an interesting observation since
the optimal ()-function )* in this case does not belong to the linear sub-space VV (which
is spanned by a single basis vector (1,2,2,4)"). Nevertheless performing Algorithm 10
converges and the induced policy is optimal. Figure 12.6 shows that Algorithm 10 also

converges for the Baird’s MDP example.

\— Proposed Algorithm \

0
0 0.5 1 1.5 2
iterations (k) x 10*

Figure 12.5: Algorithm 10 for Baird’s MDP Example
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== Proposed Algorithm \

0 5 10
iterations (k) x 10*
Figure 12.6: Algorithm 10 for Example 12.5.1

12.6 Proof of All Theoretical Results

12.6.1 Proof of Theorem 12.4.1

Analysis of the Outer-Loop (Proof of Proposition 12.5.2)

Recall that we denote ), = [®6,]. Using the fact that Q* = #(Q*), we have for any ¢ > 0

that

Qi —Q = Qr —H(Q")
= H(Qs1) — H(Q") + Q; — [Projy, H(Qs—1)]

A

+ [Projyy H(Qe-1)] — H(Qe-1)-
It follows that

1Qr = Q" lloo < IH(Q1-1) = H(Q")loo + |Q¢ = [ProjyyH(Qe—1) Tl
+ | Projyy H(Qe-1)] = H(Qi-1)llo

S ’7”@7&—1 - Q*Hoo + ||Qt - [PrOjWH(Qt—l)—I ||oo + gapproxa
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where the last line follows from #(-) being a y-contraction mapping with respect to || - || s
and the definition of &pprox-
Repeatedly using the previous inequality and then taking expectation on both sides of

the resulting inequality, and we have for any 7" > 0:

T-1
A * A * —i— A . A ga rox
EflQr = Q"llu] < 71100 = @l + 27" EllQiss = [Proj Q)] ] + T2
=0

(12.12)

This proves Proposition 12.5.2. The remaining task is to control E[|Qy41— [Proj,, (Q:)] ||sc]
forany i = 0,..., T —1. First of all, since Q; = [®6;] = [®6,_1 x| and ||[Q1] — [Q2]||se <

1Q1 — Q:| for any @1, Q2 € RIIMI, we have
E[[|Qis1 — [Projyy H(Q)]lloo] < E[[|®6; s — Projy, H(Q:)]oc)-

To further bound the RHS of the previous inequality, we need to analyze the inner-loop of

Algorithm 10, which is done in the next section.

Analysis of the Inner-Loop

We begin by presenting the inner-loop of Algorithm 10.

Algorithm 13 Inner-Loop of Algorithm 10

1: Input: Integer K, initialization 6, = 0, target network 0, behavior policy 7,

2: fork=0,1,--- K —1do

3. Sample Ay ~ 7y(+|Sk), Skt1 ~ P, (Sk, )

4 Oppr = Ok + ad( Sk, Ae) (R(Sk, Ar) + 7 maxaea[d(Ski1, @) 0] — 6(Sk, Ar) T 6r)

5: end for

[*))

: Output: Ok

In view of the main update equation, Algorithm 13 is a Markovian linear stochastic
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approximation algorithm for solving the following linear system of equations:
—®TD®O 4+ &' DH(PF) = 0.

Since the matrix —® " D® is negative definite, the finite-sample guarantees follow from
standard results in the literature [12, 49]. Specifically, we will apply Corollary 3.2.1 to
establish the result.

To apply Corollary 3.2.1, we first rewrite the update equation in line 4 of Algorithm 13
in the form of the SA algorithm given in Algorithm 2. Then we verify that Assumptions

3.1.1 and 3.1.2 are satisfied.

* Reformulation. For any k > 0, let Y}, = (Sk, A, Sk+1), which is clearly a Markov
chain with state-space given by )V = {y = (s,a,s') | s € S, m(als) > 0, P,(s,s") >

0}. Define the function F' : R x ) + R? by

F(0,5.0.5) = 6(s.0) (Rls0) + ymaols'a) 0] = o(5.0) 70 )

for any 0 € R? and y = (s,a,s’) € ). Then the update equation of Algorithm 13

can be equivalently written as

9k+1 = Qk + OZFW(QI€7 Yk)

e Verification of Assumption 3.1.2 (1). For any x1, 2, € R¢and y = (s,a,s") € Y, we

have

1F(01,y) = F(02,9)]l2 = [|6(s,0)d(s,a) " (61 = 02)]|2
< llo(s, a)[131101 — ba]l2

< 161 = O2l2- (lo(s, a)ll2 < [|é(s, a)|ly < 1forall (s, a))
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Similarly, we have for any y = (s,a,s’) € ) that

a’'eA

< (14172 ) Iots. 0l

1
11—~

1E(0, ) = H¢<s,a> (Res0) + 9 mafots'a) 761

2

IN

* Verification of Assumption 3.1.2 (2). Under Assumption 12.4.1, the Markov chain

{Y}} has a unique stationary distribution v, which is given by

v(s,a,s") = p(s)m(als) Fa(s, ')

for all (s,a,s’) € V. In addition, we have for any y = (s,a,s’) € ) that

1
1P ) = Ol =5 D0 [Pr (' s0) = plso)] wlao]so) Pay (50, 51)

(s0,a0,51)€Y

Z |Pk (s, s0) M(So)’

so eS

< k=1(o N oo,
max [| e (s, ) — p()rv

< Cok 1L,

o Verification of Assumption 3.1.1: By definition of F'(-,-), we have
F(f) = —d"D®Y + &' DH([F]),

where we recall that D € RISIMIXISIAL js a diagonal matrix with diagonal entries
{p(s)mp(als)}(s.a)esxa- Since  has linearly independent columns, the matrix " D
is invertible. Solving F(#) = 0 and we obtain 6* = (&7 D®)~'®T DH([®F]). Fur-

thermore, note that the matrix ® " D® is positive definite, whose smallest eigenvalue
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is denoted by A,;,. Therefore we have for any 6 € R<:

(06 F(0)=(0—0") (F(0) - F(6))
—(0—6)"d"DD(H — )

< —Auin|0 — 6713

Now that Assumptions 3.1.1 and 3.1.2 are satisfied, Corollary 3.2.1 and we obtain for

any k > t, + 1:

B[l — 07[13) < ([16"]]2 + 1)*(1 = Amincr)* ™"

130 ya(te +1)

Tz 7)2((1 = Dl + D)=,

(12.13)

where we used 6y = 0 in Algorithm 13. The last step is to provide an upper bound on

|6%||2- Note that

16712 =~ A2 167

1/2 min
1/2 ||(I)9*||D
1/2 —— | ®(@" D®) ' DH([®O])|p (F(6%) = 0)

min

[IProjy, 1 ([€6])]|p

1 /2
min

< 1/2 17 ([®0])||p (Proj,,(+) is non-expansive with respect to || - || p)

min

1
< 1/2
Amin(1 =)

min

o
A1 =)

min

11lp (—=1 < H([Q]) < 121 forany Q € RISIMI)

Substituting the previous upper bound we obtained for ||#*||; into Equation 12.13 and we
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finally have for all k£ > ¢, + 1:

2
E[|6x — 6*]13] < 520 salte+1).  (12.14)

4
Amin ket !
2(] - Oé) )\Qi (] ,y)

)\min(l - ’7)

Putting Together

We next combine the analysis of the outer-loop and the inner-loop to establish the overall
finite-sample bounds of Algorithm 10. Denote 6 = (®7D®)'®" D#(Q;). Note that

we have ®07 = Proj,,H(Q;). Using the fact that || - ||c < || - ||2 and we obtain for any

0<¢<T:

E[]|®6; x — Projy, H(Q:)||] = E[[|®(0; e — 67)loo]
S E[[|®[oo[|6s,5 — 07 o]
< E[[|0; x — 07 ||] ([¢(s,a)|ly < 1forall (s,a))
< E[||0:x — 67 ||2]
< (E[)|0:x — 9;““%])1/2 (Jensen’s inequality)

4 P 520 12 _
< (1 ) et 1) Baaon 1219
2 K—tg—1 24

S—l—)\minaf_’_— ata+17

A1 = w( ) Sl =) Y et 1)

where the last line follows from va + b < y/a + Vb for any a,b > 0.
Substituting the previous inequality into Equation 12.12, and we obtain the overall

finite-sample guarantees of Algorithm 10:

to—1

N N 2 K—
o * < T _ * - o . 5
24 bl
t 1 approx.
* )\min(l - ’7)2 a( * ) * 1- v

In view of the finite-sample guarantee, to obtain E[||Qr — Q*||c] < € + g{“’%; for a
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given accuracy e, the number of sample required is of the size

O (¢ *1og?(1/e)) O (ﬁ) .

12.6.2  Proof of Proposition 12.5.1

The proof is identical to that of Theorem 12.4.1, and hence is omitted.

12.6.3 Proof of Proposition 12.5.2

See the analysis of the outer loop in Subsection 12.6.1.

12.6.4 Proof of Lemma 12.5.1

We first compute the transition probability matrix of the Markov chain {Sj} under 7.

Since

0
P, = and P,, = ;

and m(als) = 1/2 for any a € {a1,a2} and s € {s1,5:}, we have P, = 1,. Asa
result, the unique stationary distribution p of the Markov chain {S}} under 7, is given by
p = (1/2,1/2). Therefore, the matrix D € RISIAXISIAI (defined before Theorem 12.4.1)
is given by D = il4. We next compute Equation 12.4 in this example. First of all, by

definition of the Bellman operator we have for any 6 € R that

[H(0)](s1,a1) = Rls1, ar) + 7E[max ¢(Sy, a0 | Sk = s1, A = aq]
= R(s1,a1) +ymax @(sy,a’)d
a’'eA
14296, 6 >0,

1+~60, 6<0.
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Similarly, we also have

[H(®0)](s1,a2) =

[(H(D0)] (52, a2) =

.

2+ 440,

\2—|—2’y€,

(

4+ 4~0,

\4—1—276,

Therefore, Equation 12.4 in the case of Example 12.5.1 is explicitly given by

0= (®"DO)'OdT DH (D)

(

25

25

\

e

e

( 6
1+_79a 92()’

>

3
kl—i‘z’}/e, 0 <0,

-1 + 279-
2+ 4~0
2+ 2v6

_4 + 476’_

- 1+~0 -

24270

2+~6

4+ 20

, <0

9 3
=14 570 + 1570 Wez0p — Lo<oy).
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12.6.5 Proof of Lemma 12.5.2

Let {v(s,a)}(sa)csx.a be any positive weights, and denote the weighted £,-norm with

weights {v/(s,a)}(s.a)esxa by || - ||vp- For any 2 € RISIMI we have

yEB,

1/p
min [l = yllp = i (Zu<s,a>|x<s,a> - y(s,a>|P>

s,a

1/p
= (Z V(Sv (1) _T<I;1(£I}l)<r |IL‘(S, (l) - y(37 a)|p>

s,a

1/p
- (Zv<s,a>1x<s,a> ~ [(s,0)] |p>

s,a

= |z = [z ]llvp.
Therefore, we have [z] € arg mingep, ||z — yl[u,p-

12.7 Conclusion and Future Work

The work presented in this chapter makes fundamental contributions towards one of the
most important open problems in RL: the behavior of ()-learning with function approxima-
tion. In particular, we design a stable ()-learning with linear function approximation using
target network and truncation, which achieves the optimal (’3(6*2) sample complexity up to
a function approximation error. Furthermore, the establishment of our results do not require
strong assumptions (e.g. linear MDP, strong negative drift assumption, sufficiently small
discount factor +, etc.) as in related literature. There are two immediate future directions
in this line of work. One is to improve the function approximation error, and the second
is to extend the results of this work to using neural network approximation, i.e., the Deep

-Network. The detailed plan is provided in the following.
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12.7.1 Establishing the Asymptotic Convergence and Improving the Error Due to Function

Approximation

Although Theorem 12.4.1 establishes the mean-square error bound of ()-learning with lin-
ear function approximation, due to the function approximation error, the bound does not
imply asymptotic convergence. In light of our discussion in Section 12.5, suppose Algo-
rithm 10 indeed converges (as K,T" — oo and a — 0) . The corresponding ()-function
estimate of the output, i.e., QT = PI)QAT} , can only converge to the solution of the truncated

projected Bellman equation:

Q = [Proj, H(Q)]. (12.15)

Unlike the projected Bellman equation (cf. Equation 12.5), which may not have a solution
in general (see Example 12.5.1), since the truncated projected Bellman operator maps a
compact set B, to itself, Equation 12.15 must have at least one solution according to the
Brouwer fixed-point theorem. However, whether the solution to Equation 12.15 is unique
or not is unclear. Therefore, it is also unclear if performing fixed-point iteration to solve
Equation 12.15, or its stochastic variant (i.e., Algorithm 10) can actually leads to asymp-
totic convergence. Further investigating the truncated projected Bellman equation to show
asymptotic convergence is one of our immediate future directions.

Suppose we were able to show the asymptotic convergence of Algorithm 10 to the
unique solution of the truncated projected Bellman equation presented in Equation 12.15,

denoted by (). Then, instead of establishing finite-sample bound of the form

E[|Qr — Q*llo] < Ei+Ey+Es  + By, (12.16)

gotozeroas K,T — ooand @ — 0  Function approximation error

which is in fact what we did in this work, we would seek to establish the finite-sample

bound of E[||Qr — Q||], and separately characterize the difference between Q* and Q.
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This is in the same spirit of the seminal work [92], which studies the TD-learning with
linear function approximation algorithm for policy evaluation. There are two advantages
of this alternative approach. One is that the sample complexity of QT converging to Q is
well-defined once we establish finite-sample convergence of E[||Q7 — Q][] to zero, while
the sample complexity of convergence bounds of the form given Equation 12.16 is strictly
speaking not well-defined because of the additive constant F,, and may lead to erroneous
result, as illustrated in [175] Appendix C. Second, this approach would enable us to reduce

the function approximation error by removing the sup operator in Epprox, i.€., from the

current Supq. o). <, |[Proj H(Q)] — H(Q) |l to [ [Projyy H(Q)] = H(Q) -

Although the lack of asymptotic convergence is a major limitation of this work, we want
to point out that such limitation is present in almost all related literature on both value-space
and policy-space methods whenever function approximation is used. To our knowledge,
the only exception is [92] (as well as its follow-up work), where asymptotic convergence
was established for TD-learning, and the limit was characterized as the unique solution of
the projected Bellman equation. Other literature studying RL with function approximation
either do not have asymptotic convergence [153], or have asymptotic convergence without

knowing where the limit is [190].

12.7.2 The Deep () Network

The ultimate goal of this line of work is to provide theoretical understanding to the cele-
brated Deep (Q-Network. We first present the extension of our Algorithm 10 to the setting
where we use arbitrary function approximation (cf. Algorithm 14). Let F = {fy : Sx A —
R | & € RY} be a parametric function class (with parameter §). For example, F can be
the set of functions representable by a certain neural network, and 6 is the corresponding
weight vector.

While the algorithm easily extends, the theoretical results do not. In particular, there

are two major challenges.
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Algorithm 14 ()-Learning with Arbitrary Function Approximation

1: Input: Integers 7', K, initialization 0y o = éo =0
2: fort =0,1,---, 7T —1do

33 fork=0,1,--- , K —1do

4: Sample Ay ~ m,(|Sk), observe Si1 ~ Pa, (Sk,-)

5 Orksr = Ok + 'V fo,, (S, Ax)(R(Sk, Ax) + ymaxaeal fy, (Ski1,a")] —
f9t,k<Sk7 Ak))

6: gnd for

7. b1 =bik

8: So == SK

9: end for

10: Output: Or

)

2)

With recent advances in deep learning [207], it is possible to explicitly characterize
the function approximation error &,yprox as a function of the hyper-parameters of the
chosen neural network, such as the width, the number of layers, and the Holder

continuity parameter, etc.

A more significant challenge is about the convergence of the inner-loop of Algo-
rithm 14. Recall that in the linear function approximation setting, the inner loop (line
5 of Algorithm 10) can be viewed as a one-step Markovian stochastic approximation
for solving the linear system of equations —® DB + & DH([®F,]) = 0, or a
one-step Markovian stochastic gradient descent for minimizing a quadratic objective
|®0 — H([®6,])]|3, in terms of 6. In this case, convergence to the global optimal
of the inner-loop iterates is well established in the literature. Now consider using
arbitrary function approximation in Algorithm 14. Although the inner-loop (line 5)
is still performing a one-step Markovian stochastic gradient descent for minimizing
|fo — H([ f3,1)II7, in terms of 6, since the objective is now in general non-convex,
the convergence to global optimal remains as a major theoretical open problem in the

deep learning community.

Although the Deep ()-Network was previously studied in [206], their results rely on

the following two assumptions: (1) the function approximation space is closed under the
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Bellman operator, and (2) there exists an oracle that returns the global optimal of non-
convex optimization problems. Under these two assumptions, both challenges described
earlier are no longer present.

Once we explicitly characterize the function approximation error &pprox, and show
global convergence of the inner-loop, substituting the result into our analysis framework
and we would be able to obtain finite-sample guarantees of Deep ()-Network, thereby

achieving the ultimate goal of this line of research.
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