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Abstract

In the geotechnical community, the macroelement approach nowadays is largely
considered to be a successful theoretical tool for solving soil-structure interaction
problems. This approach is based on the definition of a generalized constitutive law
putting in relation a small number of suitably defined generalized stress/strain variables.
The macroelement formulations proposed in the literature take into consideration either
drained or undrained cases, but disregard the hydro-mechanical coupling. In this paper,
the authors intend to generalize the theory by introducing a new formulation for shallow
foundations overpassing this limitation and capable of accounting for the influence of
loading rate on the system response. To conceive and to calibrate the model, the authors
numerically analysed the case of a shallow foundation positioned on a normally
consolidated clayey soil stratum whose mechanical behaviour is reproduced by means of
the Modified Cam Clay model.

Finally, the approach is critically discussed in the perspective of its use as designing tool
according to ultimate limit state and displacement based approaches.

Keywords

Shallow foundations, clayey soils, consolidation, macroelement modelling, bearing

capacity
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1. Introduction

In the last thirty years, the employment of the macroelement concept to approach soil-
structure interaction problems has gained popularity in the geotechnical community, in
particular in offshore (Williams et al., 1998, Martin & Houlsby, 2001, Cassidy et al.,
2004, Cassidy et al., 2006, Vlahos et al. 2011, Zhang et al., 2014) and seismic applications
(Grange et al., 2009, Grange et al., 2011). The basic assumptions of the macroelement
approach are (i) considering a rigid footing, (ii) describing the whole soil-foundation
system response by means of a very few number of generalized stress/strain variables and
(iii) defining a generalized coupled (among generalized stress/strain variables) and non-
linear constitutive law putting in relation the ones to the others.

In the past, many authors proposed different generalized constitutive relationships
suitable for reproducing either the drained (Nova & Montrasio 1991, Montrasio & Nova,
1997, Gottardi et al., 1999, Houlsby & Cassidy, 2002, Bienen et al., 2006, Grange et al.,
2008, Grange et al., 2009, Salciarini & Tamagnini, 2009, Salciarini et al., 2011,
Tamagnini et al., 2011, Pisano et al., 2016) or the undrained (Williams et al., 1998, Martin
& Houslby, 2001, Cassidy et al., 2004, Cassidy et al., 2006, Grange et al., 2009, Grange
etal., 2011, Vlahos et al., 2011, Zhang et al., 2014, di Prisco & Flessati, 2020) foundation
response. In practice, all these authors assumed the loading rate to be, with respect to the
system consolidation rate, either very low (drained case) or very high (undrained case).
In this paper, the authors propose a new non-dimensional generalized constitutive
relationship conceived in the framework of the macroelement theory capable of taking
into account the hydro-mechanical coupling and the influence of the loading rate on the
mechanical response of the foundation. In particular, the authors consider the case of a
rigid strip shallow foundation under vertical centred loads resting on a horizontal

homogeneous normally-consolidated clay stratum.
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The model has been conceived by critically interpreting a large series of FEM numerical
analyses results. With respect to what done in the literature (e.g. Nova & Montrasio 1991,
Gottardi et al., 1999), the authors propose a different strategy to make non-dimensional
the generalized kinematic and static variables (82.2), similar these latter to that proposed
in di Prisco et al. (2018) and in di Prisco et al. (2020) with reference to the mechanical
response of both tunnel fronts and cavities. In detail: in §2.3 a non-dimensional time
variable is suitably defined to generalize the mechanical response of the foundation under
“partially drained conditions”, whereas in 83 a 1D elastic-visco plastic strain hardening
constitutive relationship is proposed and calibrated on the numerical results illustrated in
82. In 83 the constitutive relationship is also validated by employing the results of a series
of additional numerical analyses and in 84 an engineering application of the model is

suggested.

2. Numerical analyses results

As is well known, the mechanical response of shallow foundations on saturated soil strata
depends not only on the final value of the applied load, but also on the loading rate, that
is, generally, on the loading time history (Figure 1a).

For the sake of simplicity, in this paper (i) the strip foundation is assumed to be rigid, (ii)
the applied load to be vertical and centred, (iii) only monotonic load histories are
discussed and (iv) the foundation “configurational features” (Pisano et al., 2016), such as
the value of the lateral surcharge, footing embedment and underground phreatic level, do
not change with time. Under these assumptions, the foundation response may be
described in the os-ust-t space (Figure 1a), being osf, Ust and t the average stress applied

on the foundation, the average foundation settlement and time, respectively.
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As it was previously mentioned, the final goal of this paper is the introduction of a
generalized constitutive relationship for reproducing the partially drained mechanical
response of shallow strip foundations. The model will be defined by employing the non-
dimensional variables Q—q-T (Figure 1b), corresponding to os, Ust and t, respectively.
The procedure to define these non-dimensional variables is detailed here below: their
definition, depending on both geometry and mechanical/hydraulic soil properties, is given
for undrained conditions in §2.2 and for partially drained conditions in §2.3.

The numerical results illustrated in 82.2 are obtained by performing a series of numerical
tests following stress paths (OA of Figures 1a and 1b) belonging to the t=T=0 planes and
(i) by employing in the numerical code an elastic-perfectly plastic (Tresca type)
constitutive model. In contrast, all the numerical results in §2.3 are obtained (i) by
imposing constant rate loads (OB of Figures 1a and 1b) and (ii) by employing a strain
hardening elastic plastic constitutive relationship (Modified Cam Clay model). Finally,
OBC stress paths (Figure 1) are discussed in §3.1 and 83.3. In Figure 1, for the sake of
clarity, the projections of the stress paths on the three planes (t=T=0, us=0=0 and os
=Q=0) are also plotted.

The comparison among the numerical results illustrated in §2.2 and in §2.3 allows to the
reader to appreciate the role played by the constitutive relationship in governing the
definition of the non-dimensional variables: a key point of the upscaling procedure
employed in this paper. This mimics what is nowadays commonly done to pass from the
“microstructural” to the “macrostructural” parameters used to define constitutive

relationships at the macroscale.
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2.1 Numerical model

The mechanical response of a B wide strip foundation resting on a homogeneous saturated
normally consolidated clay stratum of thickness H (Figure 1) is investigated by means of
the commercial code Midas GTS NX. Here in the following, thickness H, is assumed not
to affect the bearing capacity of the foundation, i.e. the lower boundary to be sufficiently
far away from the ground level.

As it was previously mentioned, the soil mechanical behaviour is simulated by means of
a strain hardening elastic plastic (Modified Cam Clay model) constitutive relationship,
when the hydro-mechanical coupling is accounted for (82.3), whereas when the biphasic
nature of the soil is disregarded and undrained conditions are taken into consideration
(82.2), the material mechanical behaviour is instead simulated by using an elastic-
perfectly plastic constitutive relationship.

The (weightless) foundation is assumed to be elastic (the Young modulus and the
Poisson’s ratio, representative for a concrete foundation, are imposed to be equal to
30GPa and 0.3, respectively) and the foundation-soil interface is assumed to be perfectly
rough.

The soil domain is subdivided into 3400 triangular elements (Figure 2). In all the cases,
quadratic shape functions are employed for the displacements, whereas for pore water
pressure, in case of coupled numerical analyses, linear shape functions are employed. The
dimension of the elements is not constant in the soil domain: the element size is smaller
in the proximity of the foundation (Figure 2). To assess the reliability of numerical results,
the influence on the results of both the domain horizontal dimension and the spatial
discretization was analysed. The numerical results, demonstrating that the domain
dimensions and the spatial discretization are acceptable, are hereafter omitted for the sake

of brevity.
6
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On the domain vertical boundaries, the horizontal displacements and at the domain base
both vertical and horizontal displacements are not allowed. On the domain upper
boundary, a uniform normal stress distribution (ost0), reproducing the foundation
embedment, is applied. In coupled numerical analyses the water table is assumed to be
coincident with the foundation plane.

The numerical analyses, whose results are reported in §2.2, have been performed as it
follows:

1) the initial state of stress is imposed: total vertical stresses are linearly and
progressively increased to their final target value, depending this latter on both
the saturated soil unit weight (ysat) and the osio value, whereas horizontal total
stresses are progressively increased by imposing the ratio between total horizontal
and total vertical stress (k) to be constant. During this phase the vertical stress
distribution acting on the foundation (osf) is imposed to be coincident with osfo.

2) ost is progressively increased.

On the contrary, the analyses, whose results are reported in §2.3, have been performed as
it follows:

1) a hydrostatic pore water pressure distribution is initially imposed;

2) the initial vertical effective state of stress is obtained by progressively increasing both
gravity and osfo, whereas the initial horizontal effective state of stress by integrating the
constitutive relationship. As a consequence, the at rest lateral earth pressure coefficient
(ko) is a function of the Modified Cam Clay constitutive parameters employed (Roscoe &
Burland, 1968). As in the previous case, during this phase ost is imposed to be equal to
Osf0.

3) ost Is progressively increased with time at a constant rate, hereafter named v.
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2.2 Undrained total stress numerical analyses results

In this section, the soil mechanical behaviour is reproduced by means of an elastic-
perfectly plastic constitutive relationship. The failure condition is described by means of
Tresca criterion (the undrained strength is hereafter named S,) and the flow rule is
assumed to be associated. For the sake of simplicity, both Sy and the elastic soil properties
(undrained Young modulus Ey and undrained Poisson’s ratio v,=0.495) are assumed to
be constant along depth.

To analyse the mechanical response of the system, different geometries and soil
mechanical properties were considered (Table 1). The reference case is UDs. In all the
other cases only one parameter has been changed (bolded in Table 1).

It is worth mentioning that osfo, related the foundation embedment, may be interpreted as

a sort of geometrical parameter. All the cases summarized in Table 1 are associated with

k=1.
B Osf0 Eu Su
(m) (kPa) (MPa) (kPa)

UD: 2 20 5 20
ubD; 2 20 5 10
UDs 2 20 2 20
UD4 4 20 5 20
UDs 2 40 5 20

Tab 1: Geometrical/mechanical parameters (UD: is the reference case, the parameter
bolded values represent the ones changed with respect to the reference case)

Analogously to what presented in di Prisco et al. (2018, 2020) for deep tunnel cavities
and fronts, the foundation response is illustrated by employing a non-dimensional

“characteristic curve” putting in relation the following variables:

__ Osf—0sfo
Q == =

Su

)
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u qlim—0.
sf im st' 1b
Usf el Su

q =
being ust the average foundation displacement, qiim the bearing capacity, whereas Ustei iS
the elastic displacement corresponding to ost=Qiim. TO calculate uste the following

expression was employed:

__qlim—0sfo
usf’el = —Eu BIW, 2.

where the non-dimensional parameter Iy (Giroud, 1972) takes into account the H/B ratio
value. The value of Iy corresponding to H/B=5 is 1.02, whereas for H/B — 0, lw goes to
zero.

The numerical characteristic curves (corresponding to UD;, i=1,5) of Figure 3a clearly
show that the system response plotted in the non-dimensional Q-q plane is not affected
by (i) geometry, (ii) soil mechanical properties and (iii) osfo. It is also evident that the
initial response is linear and elastic (the initial slope is equal to 1) and the non-
dimensional limit load (ultimate load factor) equal to 2+s. This result, coincident with
the one obtained by employing the limit analysis theory, puts in evidence that the
influence of (elastic) strains on the ultimate load factor is negligible.

For the sake of completeness, in Figure 3b the influence of k is discussed (case UD; of
Table 1). As was expected, the initial elastic response and the ultimate load factor are not
affected by k. k only influences the value of Q for which the transition from the linear

and to the non-linear response occurs (di Prisco et al., 2018).

2.3 Partially drained numerical analyses results
In this section, the soil mechanical behaviour is reproduced by means of the Modified
Cam Clay model. Both the yield function and the plastic potential are characterized in the

deviatoric plane by a circular cross section. As far as the elastic behaviour is concerned,

9
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a pressure dependent elastic bulk modulus and a constant Poisson’s ratio (v) value are

assumed. The model constitutive parameters are thus 4 (virgin loading line inclination), «

(unloading-reloading line inclination), M (critical state line slope), eo (initial void ratio)

and v. Permeability k is assumed to be constant within the soil stratum.

A series of numerical analyses by considering different geometries, mechanical and

hydraulic parameters, soil submerged unit weight (y”) and loading rate values (Table 2)

was performed. The reference case is PDy; in all the other cases, the parameters in Table

2 with values not coincident with those employed in PD; are bolded.

B sfo M K K/ k y' 2 t Final T
(m) | kPa) | () | () ¢ (m/s) | (kN/m®) | (kPa/ | (day) o5t Q]
day) value
(kPa)
PD; | 2 20 1 0.05 0.2 108 10 6 7.7 46 0.16
PD; | 2 20 1 0.05 0.2 2:108 10 12 3.8 46 0.16
PD; | 2 20 1 |0025| 0.2 0.5-108 10 6 7.6 46 0.16
PDs | 2 20 1 10025 ] 02 108 10 12 3.8 46 0.16
PDs | 2 20 1 0.05 0.2 108 10 60 0.65 39 0.012
PDs | 2 20 1 0.05 0.2 108 10 6000 0.065 39 1.2-:10*
PD; | 2 20 1 10025 ] 02 108 10 60 0.65 39 0.024
PDg | 2 20 1 0.05 0.1 108 10 60 0.62 37 0.011
PDg | 2 20 1 0.05 0.4 108 10 60 0.73 44 0.014
PDyp | 2 20 0.8 | 0.05 0.2 108 10 60 0.53 32 0.01
PDu | 2 20 1.2 | 0.05 0.2 108 10 60 0.75 45 0.014
PDip | 2 10 1 0.05 0.2 108 10 60 0.38 23 0.007
PDiz | 2 40 1 0.05 0.2 108 10 60 1.18 71 0.022
PDu | 3 20 1 0.05 0.2 108 10 60 0.71 43 0.006
PDis | 4 20 1 0.05 0.2 108 10 60 0.77 46 0.004
PDi | 2 20 1 0.05 0.2 108 8 60 0.63 38 0.012
PDi | 2 20 1 0.05 0.2 108 12 60 0.68 41 0.013
PDig | 2 20 1 0.05 0.2 108 10 2.4 22.5 54 0.42
PDy | 2 20 1 0.05 0.2 108 10 0.8 138 110 2.55
PDy | 2 20 1 0.05 0.2 108 10 0.4 475 190 8.8
PDa | 2 20 1 0.05 0.2 108 10 0.2 1115 223 20.7
PDy | 2 20 1 0.05 0.2 108 10 0.006 40000 240 745
PDy | 2 20 1 0.05 0.2 108 10 0.001 | 240000 240 4460

Tab 2: Geometrical/mechanical/hydraulic parameters, soil unit weight and loading rate
values (e0=0.5, v=0.3). PDx is the reference case, the parameter values in italics represent
the ones changed with respect to the reference case

Analogously to what proposed in Flessati & di Prisco (2018) and in di Prisco et al. (2019)

for tunnel fronts excavated under partially drained conditions, the partially drained
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foundation response is interpreted by employing the non-dimensional variables
introduced in the undrained case (Equations l1a and 1b). In this case, when a strain
hardening elastic plastic constitutive relationship is used, the undrained strength is not a
material property but depends on both the initial (geostatic) effective pressure and the
imposed loading path. Since in the boundary value problem here considered, (i) the initial
effective pressure varies with depth and (ii) since different points belonging to the spatial
domain follow different loading paths, each material point is associated with a different
Sy value. Nevertheless, for the sake of simplicity, to define the non-dimensional variables
Q and g, the authors decided to consider the S, value analytically calculated by integrating
the Modified Cam Clay constitutive equations under standard undrained triaxial

compression stress paths:

_ M ;M 142k (V'B
Su = _22—'6//1 Po = 2_% 3 (T-l‘ USfO 3.
2

and by evaluating po’ as the (oedometric) value of the effective pressure at a depth equal
to B/2, whereas the at rest lateral earth pressure coefficient k, was numerically estimated
from the stress initialization step. It is worth mentioning that a very satisfactory agreement
between the numerical values of ko and the values estimated by employing the analytical
expression proposed by Roscoe & Burland (1968) was retrieved.

In contrast with what assumed in §2.2, also the elastic properties vary with the effective
pressure. Ustel (Equation 1b) is therefore arbitrarily calculated by using Equation 2 in
which Ey is evaluated at a depth equal to B/2 from Cam Clay elastic constitutive

parameters x as it follows:

o= 2ltel-2v, _ 91lte 1-2v 1+2kg (y’B
u 2 Kk 1+v 10 2 kK 1+v 3

T + O'Sfo) 4,
To discuss the influence of loading time on the foundation response, the non-dimensional

time:

11
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B2

has been introduced, being t the physical time and

_ KE
Cv2 = 29w (14v)(1-2v)’
the consolidation coefficient under 2D conditions (Viggiani, 1967), yw the water unit

weight and E the elastic Young modulus calculated at a depth of B/2:

E =350 _gyypy = 3K gy M (XE 5 ) 7.

K 3
The four superimposed curves of Figure 4 are obtained by considering different cyz,
loading time (t; = a5 /v, being a; the final value of o) but keeping constant:

(i) the non-dimensional loading time (Figure 1b):

Cu2ty
Tl = ?, 8

(i) and all the remaining constitutive parameters.

In Equation 5 cy. is assumed to be a function of the elastic volumetric compliance, that is
the plastic volumetric contribution is neglected. As is observed in Flessati & di Prisco
(2018), this hypothesis is acceptable since volumetric plastic strain increments at critical
state are nil and in most of the plastified spatial subdomain the material is at the critical
state. This implies that the role of plasticity in the hydro-mechanical coupling is in

average almost negligible.

2.3.1 Undrained response
The numerical results obtained for sufficiently low values (to ensure an ideal undrained
response) of T, (Ti<0.024) and different «, x/A, M, osto, B and y’ values (PDs-PD17 of Table

2) are summarized in Figure 5. The results illustrated in Figure 5 emphasise the role of

12
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both geometry and material mechanical properties in affecting the system response under

undrained condition, that is for T, — 0.

As is evident (Figure 5a), for T; < 0.024 (PDs-PDy) all the curves are superimposed: the
response is practically undrained and, in the Q-q plane, the system response is not
influenced by the elastic soil property values.

In contrast, the results illustrated in Figures 5b-5f allow to conclude that (i) mechanical
property values, geometry and soil unit weight mainly affect the ultimate load factor value
(Quu) and (ii) the ultimate load factor is not equal to 2+x. By representing the dependency
of QLu 0N osf0, yand B (the corresponding graphs are here omitted for the sake of brevity),
it is possible to derive that QLy is a linear function of all these quantities. This is due to
the fact that, in contrast with what assumed in 82.2, for a normally consolidated material,
according to the Modified Cam Clay model, the soil strength linearly depends on the
initial effective pressure. QLy has been observed to depend on B, asfo and y’ even by Davis
& Booker (1973), who analysed foundations placed on strata with linearly increasing
undrained strength with depth.

For these reasons, the authors have decided to calculate Qg as it follows:

% 1 * * 1 *
Q _ Qim—0sfo __ USfONq+§BV’Ny_Ust _ osfo(Nq_l)*'EBV’Ny 9
L Su Su Su '

where N; and Ny are new undrained Cam Clay bearing capacity coefficients, depending
on Cam Clay constitutive parameters. The numerical FEM results performed by the
authors allow to define the dependence of these coefficients on M and /. (Figures 6a and
6b).

To validate Equation 9, in Figure 6¢ the QLy numerically calculated (Qrurem) are
compared with those obtained by employing Equation 9 (Quut). As is evident, the

agreement is very satisfactory.
13
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2.3.2 Partially drained response

In this subsection, the FEM numerical results obtained by performing OB loading paths
(Figure 1b), are illustrated. The dependence of Q-q curves on T; is illustrated in Figure 7.
The constitutive parameters employed are those of Table 2. To better appreciate the initial
part of the characteristic curves, in Figure 7b a magnification of Figure 7a is reported.
As was previously mentioned, the curves corresponding to cases PDs and PDs are
superimposed and refer to the undrained system response. In contrast, the curves
corresponding to cases PD2. and PD23 (T\=745 and 4460, respectively), corresponding to
the drained case, are also superimposed. For the other cases (0.16< T, <20.7) the system
response is significantly affected by the loading rate. In particular, all the curves for
T1<0.42 are characterized by a horizontal asymptote, corresponding to the development
of a shear failure mechanism, whereas all the others are characterized by a continuous
hardening since in the soil domain a failure mechanism does not develop and the plastic
domain spatially downward propagates, according to a punching mechanism.

The difference in shape of the characteristic curves is due to different strain and
displacement fields developing in the soil spatial domain. For the sake of brevity, in
Figures 8 and 9 strain fields and vertical displacements on the ground surface
(displacements are normalized by employing Equation 1b) are plotted only in case of PDs
(Table 2) and PD23 (Table 2). In particular, Figures 8a, 8c, 8e and 9a correspond to point
P (of PDs), whereas Figures 8b, 8d, 8f and 9b to point R (of PD23), respectively.

As is evident, in Figures 8a, 8c and 8e, for large loading rates, strains mainly accumulate
in the foundation proximity and in shallower zones of the soil domain. A plastic shear
failure mechanism develops (Figure 8a), reaching a stationary spatial configuration. In

contrast, when the loading rate value is sufficiently small (Figures 8b, 8d and 8f), a
14
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punching mechanism seems to take place and plastic strains are diffused in a large plastic
deep zone under the foundation (Figure 8b), continuously expanding in space.

In Figure 9 the evolution of obliquity (defined as W/p’, being J2 the second
invariant of the stress deviator) with the imposed non-dimensional stress Q for
different points belonging to the foundation soil domain (Points A-G of Figure 9) are
reported. Moreover, in Figure 10 the contours of the obliquity corresponding to
point R of Figure 7 are also illustrated. These results clearly put in evidence that
critical state is got only in the proximity of the foundation edge. The subdomain at
critical state is not “closed” under the foundation, meaning that the stress on the
foundation can further increase (positive inclination in the Q-qg curve of Figure 7).
It is worth mentioning that the dimensional displacement value associated with point
R is approximately 3m (while the footing width is 2m).

For the sake of completeness, the authors also performed an additional analysis in
which a larger load value (Q=60) was applied on the foundation. Even in that case,
although (i) the dimension of the subdomain at critical state was larger and (ii) the
foundation displacements were approximately 7m, a shear failure mechanism did
not develop. In principle, a further increase in the load, to reach the critical state in
sufficiently large subdomain under the foundation, could be imposed. Nevertheless,
the associated displacements would be unacceptable, violating the hypothesis of
small displacements. In addition, in case a large displacement approach was
employed, the progressive update of the foundation position would cause a well-
known (Nova and Montrasio, 1991) second order stabilizing effect.

According to the authors, the comparison of the numerical results allows to state that the
shear failure mechanism developing for small T, values, is inhibited in case of large T

values by the development of vertical strains in the deeper layers of the soil stratum, due
15
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to the strain hardening constitutive relationship adopted to model the soil behaviour:
under drained conditions, the pre-failure mechanical behaviour of the soil (the material
deformability) does not allow the development of a standard global (shear) failure
mechanism (Figure 8b relative to point R of test PD23). In contrast, if an elastic-perfectly
plastic Mohr-Coulomb constitutive relationship was employed, even under drained
conditions, a failure mechanism and a limit value for the bearing capacity would be
obtained. The authors have performed these analyses also by using a Mohr Coulomb
elastic-perfectly plastic constitutive relationship, but, for the sake of brevity, these
numerical results are here omitted.

A further confirmation of what observed here above is given in Figure 10 where the
vertical displacement profiles referred to undrained (Figure 10a) and drained (Figure 10b)
tests are compared. In Figure 10a the lateral upward vertical displacements testify the
mechanism development, whereas in Figure 10b the downward displacements testify the
effect of the progressive compaction of deep layers due to the lateral propagation in the
deeper zones of the plastified zone.

Finally, it is worth mentioning that for very large q values, the drained mechanical
response is affected by the H/B ratio value, because of the progressive downward
development of the plastic zone. This dependency, has been quantitatively
appreciated by the authors by comparing the results (here omitted for the sake for
the sake of brevity) obtained by performing additional numerical analyses in which
the spatial domain was doubled along both horizontal and vertical direction,
whereas B has kept constant. This dependence is negligible for displacements lower
than 3B and, for this reason, in the constitutive relationship presented in the

following section this effect was not taken into account.
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3. Definition of the generalized non-dimensional constitutive law

In this section, a constitutive relationship conceived in the framework of the
macroelement theory to reproduce the partially drained foundation response is proposed.
The model is defined in terms of Q, g and T (Equations 1a, 1b and 5, respectively), that
Is in the non-dimensional space of Figure 1b.

The main assumption of the constitutive relationship consists in assuming an in series
scheme (Figure 11), where submodel 1 refers to perfectly undrained, whereas submodel
2 to perfectly drained conditions, respectively.

As is schematized in Figure 11:

dq = dq, +dqq, 10.
where qu and qq are the non-dimensional displacements associated with undrained and
drained conditions, respectively, whereas symbol d stands for increment.

Both dgq, and dq, are obtained by adding a reversible/elastic (dgg' and dgg') to an

irreversible/plastic (dqﬁl and dqgl) contribution. To take the progressive dissipation of
the in excess pore water pressure into account, a viscous damper (submodel 3), in parallel
with the elastic spring and the plastic slider describing the drained response, is introduced
(Figure 11). In the in parallel system, the non-dimensional stress increment dQ is
subdivided into the sum of two terms:

dQ = dQ' +dU 11.
where dQ is the non-dimensional stress increment, dQ’' and dU the non-dimensional
generalized stress increments acting on the drained element (submodel 2) and on the
viscous damper, respectively (Figure 11).

As far as undrained submodel 1 (Figure 11) is concerned,

1
ket

dgé = = do, 12.
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being K¢* the elastic undrained stiffness, whereas the plastic slider response is obtained
once yield function (fy) and plastic potential (gu) are defined. In particular:
fu=9u=0Q0—-0Qu=0, 13.

where Qu is the hardening variable, depending on plastic strain increments as it follows:

dQy = o, (1-2) dg + dQq, 14,
QL

being a, a non-dimensional constitutive parameter, Q, the drained hardening variable

(Equations 19 and 20) whereas Q. is an internal variable, whose evolution is given here

below.

Equation 14 is an extension of Butterfield law (Butterfield, 1980), where:

(i) the limit load value (Qv) is linearly evolving with drained plastic strains qul

(Equation 19):

QL=0Q+ qugl. 15.
being QLu and f4 two non-dimensional constitutive parameters. This implies that the
progressive accumulation of irreversible drained strains may inhibit the development
of the current undrained failure mechanism (hydro-mechanical coupling), that is the
material consolidation causes an increase in the undrained material strength.

(if) The hardening of Qu (Equation 11) is inhibited by the accumulation of drained
strains, that is the evolution of Qq. In fact, by employing both the standard flow rule

and the consistency condition, from Equation 14 it follows:

L& 40 — dQ,). 16.

pl _
dqy = ay QL—Q

This implies that no undrained plastic generalized strains develop when dQ=dQq,
that is when the load is applied very slowly and excess pore water pressure does not

accumulate within the system (dU=0).
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By summarizing, the undrained constitutive law (element 1 of Figure 11) can be thus

written as follows:

1
ket

dgy, = dgg! + dql! = —dQ +—=2-(dQ — dQ,). 17.

QL-Q
As far as the drained response is concerned (submodel 2 of Figure 11), the elastic response
IS given by:

dqs = = dqQ’, 18.

K&
being K& the elastic drained stiffness, whereas the plastic slider constitutive relationship

is obtained again once yield function (fq), plastic potential (gs) and hardening rule are

assigned:
fa=9a=0Q"—Qa=0, 19.
Qa -1
eXp(a_) 1 !
dQ, = [Tpd - K—J dql’, 20.

being K ;7 and a4 two non-dimensional constitutive parameters. The hardening rule, never
nullifying, is inspired to that employed by the authors to describe the characteristic curves
for deep tunnel cavities and fronts (Carter et al, 1986, di Prisco et al., 2018 and di Prisco
& Flessati, 2020) and is intended to reproduce the structural hardening associated with
the continuous spatial expansion of the plastic zone within the deeper zone of the
underneath soil (punching mechanism).

By imposing flow rule and consistency condition:

pl _ eXp(g_Z) I} 1 I}
dqd = Tsde _K_gldQ 21.
And therefore:
Qd Q4
exp(~ exp(~
dqq = dqg' +dqy' = ,fepd) dQ' = ,fepd> (dQ — dU) 22.
d d
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Finally, as far as the viscous damper is concerned (sub model 3 of Figure 11), the

following expression is adopted:

U=nZl, 23.

being 7 is a non-dimensional constitutive parameter. It is worth mentioning that, since the
constitutive law is written by employing non-dimensional quantities (Q, q and T), the
constitutive parameter n does not depend on (i) soil mechanical and (ii) hydraulic
properties and (iii) geometry.

For the proposed constitutive model, U may be interpreted as an internal variable: its
evolution may be in fact obtained by combining Equations 11, 22 and 23:

av
ar

aQ U K
ar 7 exp(Q_U)

aq

do _

As is evident, dU is given by the sum of two terms. The first one (dQ) is a source term,
associated with the application of the load on the strip footing, whereas the second one
(CdT) is a dissipation term, associated with the spatial diffusion and the water drainage.
For very large values of dQ/dT, dU/dT =~ dQ/dT, implying dQ'/dT = 0.

By combining Equations 17, 22 and 24 the global constitutive relationship becomes:

dg = ATX, 25.
being
_ [dQ

X = [ ol 26a.
A1(Q,U)

A= [ 1 ] 26b.
AZ (Q' U)

where
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( 1 1 QLu+ﬁd[ ep eXp(QadU) ?{%llz] )
e oo 40 >dQ
A,QU) =" Qm,;d[ pexp(% )| , 27a.
1 !/
\ Kel dQ <dQ
( Q-U\_Q-U
u u K¥ 1 Q“”Bd[ eXp( ag ) K¢ ,
N 7 exp(ZY) au Q-U\_Q-U dQ > dqQ
A,(Q,U) =4 eXp( ad> QLu+ﬁd[ kP exp( ad) K¢ -Q 27h.
U
— d !
\ ” Q<dQ

The analytical passages to obtain Equation 25 are detailed in Appendix 1.

Equation 25 may be integrated by using an explicit integration scheme. All the results
reported in the following section were obtained by subdividing the loading process into
10000 steps (the solutions obtained for larger numbers of steps are practically identical)
and the computational time, because of the simplicity of the algorithm, is totally
negligible.

In Equations 25-27, dQ is implicitly assumed to be the controlled variable, whereas dq
and dU to be the response variables. In case of an ideal displacement controlled test,

Equations 24 and 25 can be rewritten as follows:

__dq  [4:@U)
v = 4:QU) [Al(Q,U) +C@ U)] dr, 28a.
dQ = —4__ 4Q0) 4p g,

A1(QU)  A1(QU)

3.1 Constitutive parameters

The generalized constitutive relationship is characterized by 8 “macro” constitutive
parameters: 3 (K&, a,, Q,,) define the undrained response, 3 (K¢, K ep and ay) the
drained one, one (n) defines the damper response and the last one (S,) the evolution of

internal variable Q;. In addition, the initial values for Q, and Q; (Q,o and Qgo,
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respectively) have to be assigned to integrate the constitutive relationship. In this paper,
a shallow foundation resting on a normally consolidated clayey soil stratum is considered.
In this case, irreversible strains develop from the very beginning of the loading process,
thus both Q,,, and Q,, are imposed to be nil.

Among the 8 macro constitutive parameters, 7 (Table 3) are assumed not to depend on
geometry and mechanical properties. Their values have been determined on the numerical
results once and for all. This is possible owing to the non-dimensional variables
definitions (Equations 1a, 1b and 5) employed.

On the contrary, Q,,, depends on B, asfo, S0il mechanical properties (M, A/k) and soil unit
weight (y’). Nevertheless, as was already mentioned (82.3), its value may be calculated
by means of Equation 9.

Here below, the procedure to assign the values, the 7 constitutive parameters listed in

Table 3 is briefly outlined.

KE! ay, Kg K;? | ag n Ba
11 1.35 118 013 |90 | 0.095 0.123
Tab. 3: Macro constitutive parameters

In case of undrained conditions (T; — 0), dQ = dU and dQ’ = 0. In this case, the system
response can be schematized with the rheological model of Figure 12a and, from

Equations 10, 16 and 22:

dq = (i+ ! Q#) do. 29.

Ky Quu—0Q
Equation 29 only depends on three constitutive parameters: K¢, Q.,, and .
K&l is calibrated by using the numerical results of an elastic analysis in which the elastic
bulk modulus increases with confining pressure. The parameters employed are not
important since Kg' does not depend on them. Once K¢ is calculated, the a,, value may

be calculated from the initial slope of the undrained characteristic curve in the Q-qg plane.
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In fact, for Q=0 Equation 29 may be written as:

dQ _ Kilay
dqg ~ K&'+ay,

30.

The comparison between the undrained FEM numerical results (case PDs of Table 2) and
Equation 25, in which K£'=1.1 and a,,=1.35 (Table 3) are employed, is reported in Figure
12b.

In case of drained conditions, (T; = +), dQ = dQ' and dU = 0. In this case, from

Equation 17 dqﬁl = 0. Therefore (Figure 13a), according to Equations 10, 17 and 22:

Q
1 exp(a>
el + ep
K¢ K

dq =

] dQ. 31,

Equation 31 depends on three parameters: K¢' (already determined), K;” and a4. For
Q = 0, Equation 31 reduces to

dq = [Kiul + ép] dq. 32.
This implies that parameter K;” can be calculated from the initial slope in the Q-q plane
of the drained characteristic curve. Once K;’is evaluated, for large Q values a4 is
assessed.

The comparison between drained numerical FEM results (case PD»s of Table 2) and the
constitutive relationship prediction (solid line), in which K;? = 0.13 and ;=90 (Table
3) are employed, is reported in Figure 13b.

Analogously to what done for K¢', K¢* has been numerically evaluated by employing the
results of an ad hoc elastic FEM numerical analyses (Table 3). In this case, K&’ depends
on the drained v value. Since v is assumed not to significantly vary for natural soils, here

in the following K¢'will be assumed not to depend on soil properties.
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The value of parameter S, is obtained (i) by employing Equation 15, (ii) by neglecting
elastic accumulated drained displacements:

Qu = Qru + Baqa, 33.
and (iii) by performing a series of FEM numerical analyses suitably designed to describe
the dependency of QL on q¢ (Equation 33). It is about of a series of stepwise load
controlled tests (multi stage test Figure 14a, analogous to the experimental and numerical
tests reported in Zdravkovi¢ et al., 2003, Gourvenec et. al, 2014 and Fu et al. 2015), where
undrained loading phases (OA paths of Figure 1b) were followed by consolidation phases
during which the value of the applied load is kept constant (BC paths of Figure 1b). The
authors performed 7 analyses: each analysis differs for the number of steps imposed: in
analysis i (i=1,7), i steps were imposed. At the end of the load-consolidation steps (points
ic, with i=1,7 of Figure 13a) the foundation is further loaded under undrained conditions
until ultimate load factor Qv is reached (points if, with i=1,7 of Figure 14a). The numerical
results for analysis 7 (the other results are hereafter omitted of the sake of brevity) are
plotted in the Q-g plane in Figure 14b.

The displacements accumulated during all the consolidation phases

Ga = Xi=10da ;. 34.
being Aqy ; the displacement accumulated during a single consolidation phase, are plotted
versus the corresponding Q.—Quu values in Figure 14c. The slope of the interpolating
straight line (Equation 33) gives the value of 8, of Table 3.

Finally, # is calibrated on the numerical results corresponding to the partially drained test

PDss of Table 2 (Figure 15).
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3.2 Validation of the constitutive law
To validate the constitutive relationship, 7 numerical analyses of Table 2 (PD1, PD2o and
PD>1) and 4 additional tests (PD24-PD 27 of Table 4) were employed. All these tests are

characterized by a constant stress rate (stress paths OB of Figure 1.

B Osfo M K K/ k y' ) 1] Final osf T,
ml&a | O | O ms | «m) | wrar | (day) valee | ()
day) (kPa)
PDa | 2 20 0.77 | 0.05 0.4 108 10 60 0.53 32 0.008
PDys | 2 20 0.77 | 0.05 0.4 108 10 12 3.3 40 0.055
PDyx | 2 20 0.77 | 0.025 | 04 108 10 6 6.8 41 0.11
PDy7 2 20 0.77 | 0.025 | 04 108 10 0.012 20000 240 390

Tab 4: Geometrical/mechanical/hydraulic parameters adopted in the FEM analyses for
the constitutive law validation (v=0.3, €9=0.5)

In Figures 16 and 17, the FEM numerical results are compared with the model predictions:
The constitutive parameters employed are those of Table 3, whereas, as already
mentioned, Qvu is calculated according to Equation 9. As is evident, the agreement is very

satisfactory.

3.3 Influence of the loading history on the system response

In this section, the proposed generalized constitutive relationship is employed to put in
evidence the influence of loading rate on (i) the limit load and (ii) the accumulation of
displacements after the end of the loading process.

The two curves of Figure 18a, obtained by employing the constitutive model, and the
points, obtained by performing FEM numerical analyses (geometry and mechanical
properties are those of PD», PD14 and PD1s of Table 2 and cases PD24-PD2s of Table 4),
describe the dependence of the non-dimensional limit load factor (QL) on Ti.

It is evident that the curves in the QL-T, plane are characterized by an upward concavity
and by a vertical asymptote: the dashed domain of Figure 18a is a sort of partially drained

stability domain.
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From a practical point of view, both FEM numerical results (symbols of Figure 18a) and
the constitutive model predictions (solid and dashed lines of Figure 18a) may be

interpolated by using the following expression (Figure 18b):

_ aT;
QL - QL'IJ, + (b—Tl)C 35

where Quu is calculated by using Equation 9 whereas a, b and ¢ are non-dimensional

interpolating parameters, whose values are reported in Table 5.

a b C
10 95 |05
Tab 5: Interpolating parameters for Equation 35

Figure 18 may be fruitfully employed as a design tool according to ultimate limit state
approaches (84.1). Nevertheless, it is worth mentioning that the accumulated
displacements under partially drained conditions corresponding to Q=Q. for T, larger than
101 are very often unacceptable.

To emphasise the role of T, on the accumulation of irreversible displacements, in Figure
19 the theoretical model predictions corresponding to three different loading histories of
OAB type (Figure 1) are discussed. In particular, in Figure 19a the results plotted in the
Q-q plane correspond to the initial loading phase (OA of Figure 1), whereas in Figure 19b
the vertical non-dimensional displacement is plotted against the time period T-Tj
corresponding to the consolidation phase (AB of Figure 1).

As is evident, accumulated displacements markedly depend on T, (final values of the
curves of Figure 19a and initial values of the curves of Figure 19b). The same can be
observed even at the end of the consolidation phase. This justifies the use of the
constitutive relationship to assess how the loading time history affects the final

settlements.
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4. Practical employment

As it was previously mentioned, the approach proposed by the authors is based on the

following assumptions:

- the rigid strip foundation is positioned on a horizontal normally consolidated
clayey soil stratum;

- only vertical centred loads are applied on the foundation;

- the loading history is monotonic;

- the foundation “configurational features” (Pisano et al., 2016), such as the value
of the lateral surcharge, footing embedment and underground phreatic level, do not

change.

The practical employment of the constitutive relationship may be summarized as it

follows (Figure 20):

27

1) definition of geometry, soil hydraulic/mechanical properties, that is of the 10
input “micro” parameters (Table 6 and Figure 20). As was previously
mentioned (82.3), the numerical results were obtained by considering a
circular cross section for the Modified Cam Clay yield function. Since a
plane strain problem is considered, the M value to be employed is not the
one derived from experimental standard triaxial compression tests, but this
must be reduced to take into consideration the actual shape of the soil
failure envelope in the deviatoric plane (e.g Kirkgard & Lade, 1993).

2) assignment of the loading time history:

osp = Osrf (1), 36.

where function f(t) (0 < f(t) < 1) describes the evolution with time of the load;

3a) transformation, by means of Equations 1a and 5, of the dimensional load history

into the corresponding non-dimensional one:
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Q = QF (D), 37.
where Q is the Q value corresponding to s (Equation 1a), whereas F(T) is the
non-dimensional time function corresponding to f(t);
3b) assessment, by means of Equation 9, of the the undrained non-dimensional
bearing capacity Q;,,. This is the unique, owing to the non-dimensional definition
of the constitutive model, macro constitutive model parameter depending on
geometry/soil properties
The subsequent steps depend on the approach chosen to analyse the problem: the case of
ultimate limit state design (ULS) is described in 84.1, whereas the case of displacement

based design (DBD) in 84.2.

Geometry Soil properties

B, H, asio Y | M Ak v,e0 | k

Table 6: Micro input parameters

4.1 Ultimate limit state design
In this case, the designer is interested in evaluating the foundation bearing capacity. As
was previously emphasised, when partially drained conditions are accounted for, the
foundation bearing capacity is not only a function of (i) soil strength and (ii) foundation
dimensions, but also of (iii) the soil deformability (Figure 5 and Equation 5), (iv) soil
hydraulic properties and (v) imposed loading history.
For the simplest case, in which the load is applied at a constant rate, meaning that

T

F(T) =< 38.

T;
Equation 35 may be adopted to estimate the non-dimensional foundation bearing capacity
(Qu).
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On the contrary, for cases characterised by more complex (but in any case monotonic)
loading histories, the bearing capacity cannot be estimated by means of Equation 35. In
fact, in case the instantaneous loading rate is significantly larger than the loading rate
average value, the foundation failure may take place even for load values lower than the
ones estimated by means of Equation 35. Stepwise loading histories are quite common
when rapid construction phases are followed by periods during which the load is kept
constant. In these cases, by introducing the correct load history in the constitutive
relationship (Equation 25) and by integrating this latter, the bearing capacity can be
evaluated.

In both cases (F(T) = T /T, or F(T) # T/T;) once the non-dimensional limit load factor
Qv is assessed the dimensional bearing capacity may be calculated by means of Equation
la.

The dependency of the bearing capacity on soil deformability, permeability and on
loading history makes difficult the employment of the current limit state design
approaches (e.g. Eurocode 7 CEN, 2004). In fact, as is well known, according to these
approaches the partial factors employed in ultimate limit state design only take the
variability in the material strength and in the values of the applied loads into account.
This topic has been already partially tackled by the authors in Flessati & di Prisco (2020)
with reference to tunnel fronts, where an additional partial factor was suggested for soil

deformability. An analogous strategy could be followed in this case.

4.2 Displacement based design
After choosing “micro” parameters (Table 6) and the assigned loading time history, the

model user will calculate, by means of the constitutive model (Equation 25), the
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foundation vertical displacement time history (Figure 20) in both non-dimensional
(Figure 1b) and dimensional spaces (Figure 1a).

This implies, with a rather negligible computational effort, that the user has the possibility
of rapidly assess the scatter of usr as a function of a predefined variability of (i) soil
properties and (ii) load time history.

For the sake of clarity, an exemplifying case is discussed in Appendix 2.

5. Concluding remarks

In this paper a new non-dimensional generalised constitutive relationship, conceived in
the framework of the macroelement theory, capable of describing the hydro-mechanical
coupled response of shallow foundations resting on clayey soil strata is presented. To
achieve this goal, the authors employed a standard upscaling procedure intended to
dramatically reduce the computational costs related to the numerical solution of a
boundary value problem.

The basic assumption of this constitutive relationship is the presence of two different
plastic mechanisms totally activated or partially activated according to the imposed
loading rate. One plastic mechanism, governing the response for large loading rates, is
characterized by the definition of a failure condition, whereas the other one, governing
the response for low loading rates, is characterized by an unlimited hardening response,
corresponding to the activation of a punching mechanism progressively involving deeper
parts of the spatial domain.

To conceive and calibrate the model, the authors performed a series of hydro-mechanical
coupled 2D non-linear FEM numerical analyses in which the soil mechanical behaviour

is modelled by means of a strain hardening elastic plastic constitutive relationship. The
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numerical analyses results were aimed at (i) defining a convenient set of non-dimensional
variables and (ii) defining the upscaling procedure putting in relation “micro” to “macro”
constitutive parameters.

The proposed generalized constitutive model is characterized by eight macro constitutive
parameters. Seven of them are computed once and for all by employing the previously
cited upscaling procedure, only one of them has to be calculated. To this goal, an equation
based on the FEM numerical data is provided by the authors.

It is worth mentioning that, by considering a different constitutive relationship to
reproduce the soil response, the main ingredients of this upscaled model remains
unaltered.

Finally, the comparison between the model predictions and numerical FEM data has
allowed to appreciate the remarkable predictive capability of the proposed constitutive

relationship.

Appendix 1
To obtain Equation 25:

(1) Equations 17 and 22 are substituted into Equation 10:

QI
exp
JKeldQ+ L % 5 55dQ - dQ' + ( )dQ dQ > dq’
dq = : , 39.
xp(“" ) o :
[ rardQ+ dQ dQ < dQ
(if) Equation 21 is integrated and introduced into Equation 15:
Q' Q'
QL= Qru+ Ba [ ep exp( d) K_,‘il 40.

(iii) Equation 11 is introduced in both Equations 39 and 40:
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-U
exp(LY)

(

|G+ ooats) 40 + | — ot Q] (dQ —dU) dQ > dq’
| )

| e dQ+ XpKZZd (dQ — dU) dQ < dQ’
Q= Quu+ bu[srew (L) - 47

(iii) Equation 24 is substituted into Equation 41.:

[ 1 1 eXp(%) 1 Qg KPP v
(ot mactg) 0 + | = — o 4 ~x2dT  dQ > dQ’

dq _ ‘ ay QL—Q exp(%t—;(]) n
! L4 +exp(%) KU op dQ < dQ’
( R S N () Q=d

(iii)  Equation 42 is combined with Equation 43.

Appendix 2

Hereafter the model is employed as a preliminary design/monitoring data
interpretation tool in relation to the construction of a railway, consisting of a
concrete slab track of width B=2.3m (Figure 22). The infrastructure is laid on a
clayey soil stratum, 10m thick and resting on a rigid stratum, whose mechanical
(that is Modified Cam Clay model parameters) and hydraulic properties are enlisted
in Table 7. The concrete base (Figure 22) is founded at a depth of 35cm and, for the

sake of simplicity, the water table level is assumed to be coincident with the

foundation plane.

41.

42.

43.

M
@)

K
@)

A
()

Psat

(KN/m?)

k
(m/s)

1

0.05

0.25

()
0.3

20.6

2:108

Table 7: material mechanical/hydraulic properties (the M value is estimated to take
into consideration the plane strain conditions)

32




©CO~NOOOTA~AWNPE

Once geometry and previously mentioned soil hydraulic/mechanical properties are

assigned, we have also derived: osfo=ysatD=7.2kPa, ko (Roscoe & Burland, 1968):

2
_3r5(1-5)-5o(1-5) +am? m

Su=4.5kPa (Equation 3), Ey=657kPa (Equation 4), E=569kPa (Equation 7),
€2=1.12-10* m?/s (Equation 6), N,*=0.77 (Figure 6a), Ng*=2.56 (Figure 6b), qim=25
kPa (Equation 9) and usfei=0.07m (Equation 2), whereas QLu=4.58 (Equation 9).
The slab track is composed by three elements (Jang et al., 2008): (i) a cast concrete
base, (ii) a precast concrete slab and (iii) the rails, as is sketched in Figure 22.

The construction procedure is expected to consist of three different stages: 1. Soil
excavation and the concrete base cast corresponding to the application of an increase
in osf Aost1=ycDb-ysatD=1kPa (being the concrete unit weight yc=25kN/m?3, whereas
Do is the concrete base thickness, as shown in Figure 22), 2. the concrete slab
installation corresponding to 4asr2=y.Ds=4kPa, (Ds is the concrete slab thickness, as
shown in Figure 22), 3 the rail installation corresponding to 4es3=0.7kPa (the rail
unit weight is assumed equal to 0.6kN/m) .

All the stages are assumed to last 1 day (T\=0.02, Equation 5), whereas stage 2 is
assumed to begin 9 months (corresponding to a non-dimensional time period AT=5)
later and analogously stage 3 after other 9 months (Figure 23a).

The chosen load time history is plotted in Figures 23a. By employing Equations la
and 5, the load time history is converted in its non-dimensional form (the
corresponding curve is omitted for the sake of brevity), to be used as input datum in
the generalized constitutive relationship (Equation 25). The output in the non-
dimensional displacement versus the non-dimensional time plane is then converted

in the dimensional results of Figure 23b by using Equations 1b and 5.
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From a practical point of view, the displacement time curves can be employed not
only in the foundation design phase (for instance, in this case to limit displacements
an enlargement of the concrete base could be suggested) but also to interpret

monitoring data during the evolution of time and to verify the design assumptions.
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List of notation

A vector relating the response variable (dq) and the controlled variables (X)
a interpolating parameter for Eq. 35

B foundation width

b interpolating parameter for Eq. 35

C dissipation term of Eq. 22

c interpolating parameter for Eq. 35

cv2 2D consolidation coefficient

D depth of the foundation plane

Dy concrete base thickness

Ds concrete slab thickness

E, Eu drained and undrained Young modulus

eo intial void ratio

fg, fu drained and undrained yield function

gd, gu drained and undrained plastic potential

H soil stratum thickness

Iw non dimensional coefficient for elastic displacements (Giroud, 1972)
J, the second invariant of the stress deviator

K&, K drained and undrained elastic stiffness (Table 3)

K£' model parameter (Table 3)

k permeability

k geostatic stress anisotropy

M slope of the critical state line

Ny , Ny bearing capacity factors

P, geostatic average effective stress at a depth equal to B/2

Q non-dimensional stress variable

Q’ non-dimensional stress on the drained elastic spring and plastic slider
Q final imposed value of Q

Qa drained hardening variable

Quo initial value of the drained hardening variable

Q. internal variable

Quu undrained non-dimensional ultimate load factor

Quurem , Quuth undrained non-dimensional ultimate load factors obtained in numerical
analyses and by employing Equation 9

Qu undrained hardening variable

Quo intial value of the undrained hardening variable

g non-dimensional strain variable

qa, 95, qgl total, elastic and plastic drained non-dimensional strains
qiim foundation bearing capacity

G 92, qﬁl total, elastic and plastic undrained non-dimensional strains
Su undrained strength

T non-dimensional time

Ti non-dimensional loading time

ttime

ti loading time

U non-dimensional stress on the viscous damper

usf average foundation displacement

Ustel elastic foundation displacement for osi=Qiim
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X vector of the controlled variables

a4, o, model parameters (Table 3)

B4 model parameter (Table 3)

Y', Ysat» Yw SUbmerged, saturated soil unit weight and water unit weight
Y, concrete unit weight

Acst imposed increment in o ¢

n model parameter (Table 3)

k unloading reloading line inclination

A virgin loading line inclination

v, v,, Drained and undrained Poisson ratio
asr stress applied on the foundation

ass final value of o

asro lateral surcharge

v loading rate
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Figure captions

Fig. 1: definition of a) the dimensional and b) the non-dimensional spaces defining the
foundation response

Fig. 2: geometry and spatial discretization

Fig. 3: a) numerical results of Table 1 in the non-dimensional Q-q plane and b) influence
of k on the system response

Fig. 4: Numerical results obtained for a constant non-dimensional loading time (T; =
0.16)

Fig. 5: Influence of soil properties/geometry and initial state of stress on the undrained
foundation response in the non-dimensional Q-q plane for cases PDs-PD17 of Table 2 T; <
0.024)

Fig. 6: a) Variation of N; and with the constitutive parameters, b) variation of N, with
the constitutive parameters and ¢) comparison between the numerical results and the
results of Equation 9

Fig. 7: Influence of the loading rate (cases PD1, PDs-PDg, PD1s-PD23 of Table 2)

Fig. 8: Vertical (a, b), horizontal (c, d) and deviatoric (e, f) strain fields referred to
undrained and drained cases, respectively (Points P and R of Figure 7)

Fig. 9 Evolution of obliquity with Q for different points in the domain

Fig. 10: Contour of obliquity (Point R of Figure 7)

Fig. 11: Ground surface displacement profile: a) undrained case (corresponding to point
P of Figure 7b) and b) drained case (corresponding to point R of Figure 7a)

Fig. 12: Rheological model

Fig. 13: a) Rheological model for the undrained case and b) comparison between the
numerical results and the model predictions (case PDe of Table 2)

Fig. 14: a) Rheological model for the drained case and b) comparison between the
numerical results and the model predictions (case PD2z of Table 2)

Fig. 15: a) definition of the loading-consolidation phases, b) numerical results in the Q-q
plane and c) variation of limit load with the accumulated drained displacements

Fig. 16: Calibration of n on the FEM results (case PD1g of Table 2)

Fig. 17: Validation of the generalized constitutive relationship (cases PD1, PD2o and PD21
of Table 2)

Fig. 18: Validation of the generalized constitutive relationship (cases PD2s-PD27 of Table
4)

Fig. 19: Variation of the non-dimensional limit load with the non-dimensional loading
time

Fig. 20: a) Foundation response during loading and b) displacement accumulation after
the foundation loading

Fig. 21: Practical application of the constitutive relationship

Fig. 22: Sketch of the concrete slab track

Fig. 23: a) imposed stress time history and b) evolution of displacements in time
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