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Abstract

We study the problem of identifying the policy space available to an agent in a learning
process, having access to a set of demonstrations generated by the agent playing the
optimal policy in the considered space. We introduce an approach based on frequentist
statistical testing to identify the set of policy parameters that the agent can control, within a
larger parametric policy space. After presenting two identification rules (combinatorial and
simplified), applicable under different assumptions on the policy space, we provide a
probabilistic analysis of the simplified one in the case of linear policies belonging to the
exponential family. To improve the performance of our identification rules, we make use of
the recently introduced framework of the Configurable Markov Decision Processes,
exploiting the opportunity of configuring the environment to induce the agent to reveal
which parameters it can control. Finally, we provide an empirical evaluation, on both
discrete and continuous domains, to prove the effectiveness of our identification rules.

Keywords Reinforcement learning - Configurable Markov decision processes - Likelihood
ratio test - Policy space identification

1 Introduction

Reinforcement Learning (RL, Sutton and Barto, 2018) deals with sequential decision—
making problems in which an artificial agent interacts with an environment by sensing
perceptions and performing actions. The agent’s goal is to find an optimal policy, i.e., a
prescription of actions that maximizes the (possibly discounted) cumulative reward col-
lected during its interaction with the environment. The performance of an agent in an
environment is constrained by its perception and its actuation possibilities, along with the
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ability to map observations to actions. These three elements define the policy space
available to the agent in the learning process. Agents having access to different policy
spaces may exhibit different optimal behaviors, even in the same environment. Therefore,
the notion of optimality is necessarily connected to the space of policies the agent can
access, which we will call the agent’s policy space in the following. While in tabular RL
we typically assume access to the complete space of Markovian stationary policies, in
continuous control, the policy space needs to be limited. In policy search meth-
ods (Deisenroth et al., 2013), the policies are explicitly modeled considering a parametric
functional space (Sutton et al., 1999; Peters and Schaal, 2008) or a kernel
space (Deisenroth and Rasmussen, 2011; Levine and Koltun, 2013); but even in value—
based RL, a function approximator induces a set of representable (greedy) policies. It is
important to point out that the notion of policy space is not just an algorithmic conve-
nience. Indeed, the need to limit the policy space naturally emerges in many industrial
applications, where some behaviors have to be avoided for safety reasons.

The knowledge of the agent’s policy space might be useful in some subfields of RL.
Recently, the framework of Configurable Markov Decision Process (Conf-MDP, Metelli
et al., 2018a) has been introduced to account for the scenarios in which it is possible to
configure some environmental parameters. Intuitively, the best environment configuration
is intimately related to the agent’s possibilities in terms of policy space. When the con-
figuration activity is performed by an external supervisor, it might be helpful to know
which parameters the agent can control in order to select the most appropriate configu-
ration. Furthermore, in the field of Imitation Learning (IL, Osa et al., 2018), figuring out
the policy space of the expert’s agent can aid the learning process of the imitating policy,
mitigating overfitting/underfitting phenomena.

In this paper, motivated by the examples presented above, we study the problem of
identifying the agent’s policy space in a Conf-MDP,' by observing the agent’s behavior
and, possibly, exploiting the configuration opportunities of the environment. We consider
the case where the agent’s policy space is a subset of a known super—policy space Ilg
induced by a parameter space ® C R?. Thus, any policy 7y is determined by a d—di-
mensional parameter vector § € ©. However, the agent has control over a smaller number
d?¢ <d of parameters (which are unknown), while the remaining ones have a fixed value,
namely zero.” The choice of zero as a fixed value might appear arbitrary, but it is rather a
common case in practice. Indeed, the formulation based on the identification of the pa-
rameters effectively covers the limitations of the policy space related to perception,
actuation, and mapping. For instance, in a linear policy, the fact that the agent does not
observe a state feature is equivalent to set the corresponding parameters to zero. Similarly,
in a neural network, removing a neuron is equivalent to neglecting all of its connections,
which in turn can be realized by setting the relative weights to zero. Figure 1 shows three
examples of policy space limitations in the case of a 1-hidden layer neural network policy,
which can be realized by setting the appropriate weights to zero.

! Although we assume to act in a Conf-MDP, we stress that our primary goal is to identify the policy space
of the agent, rather than learning a profitable configuration in the Conf-MDP.

2 By “controllable” parameter we mean a parameter whose value can be changed by the agent, while the
“uncontrollable” parameters are those which are permanently set to zero. This is a way of modeling the
limitations of the policy space.
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Fig. 1 An example of policy space modeled as a l-layer neural network showing a limitation in the
a perception, b mapping, and ¢ actuation

Our goal is to identify the parameters that the agent can control (and possibly change)
by observing some demonstrations of the optimal policy 7€ in the policy space ITg.> To
this end, we formulate the problem as deciding whether each parameter 0; fori € {1, ...,d}
is zero, and we address it by means of a frequentist statistical test. In other words, we check
whether there is a statistically significant difference between the likelihood of the agent’s
behavior with the full set of parameters and the one in which 0; is set to zero. In such a
case, we conclude that 6; is not zero and, consequently, the agent can control it. On the
contrary, either the agent cannot control the parameter, or zero is the value consciously
chosen by the agent.

Indeed, there could be parameters that, given the peculiarities of the environment, are
useless for achieving the optimal behavior or whose optimal value is actually zero, while
they could prove essential in a different environment. For instance, in a grid world where
the goal is to reach the right edge, the vertical position of the agent is useless, while if the
goal is to reach the upper right corner, both horizontal and vertical positions become
relevant. In this spirit, configuring the environment can help the supervisor in identifying
whether a parameter set to zero is actually uncontrollable by the agent or just useless in the
current environment. Thus, the supervisor can change the environment configuration
o € , so that the agent will adjust its policy, possibly by changing the parameter value
and revealing whether it can control such a parameter. Consequently, the new configura-
tion should induce an optimal policy in which the considered parameters have a value
significantly different from zero. We formalize this notion as the problem of finding the
new environment configuration that maximizes the power of the statistical test and we
propose a surrogate objective for this purpose.

The paper is organized as follows. In Sect. 2, we introduce the necessary background.
The identification rules (combinatorial and simplified) to perform parameter identification
in a fixed environment are presented in Sect. 3 and the simplified one is analyzed in
Sect. 4. Sect. 5 shows how to improve them by exploiting the environment configurability.
The experimental evaluation, on discrete and continuous domains, is provided in Sect. 6.
Besides studying the ability of our identification rules in identifying the agent’s policy
space, we apply them to the IL and Conf-MDP frameworks. The proofs not reported in the
main paper can be found in Appendix A.

3 We stress that, since we restrict the search to the policy space ITg, ¢ might be suboptimal compared to
the optimal policy in the space of Markovian stationary policies.
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2 Preliminaries

In this section, we report the essential background that will be used in the subsequent
sections. For a given set X, we denote with 2(X) the set of probability distributions over
X.

(Configurable) Markov Decision Processes A discrete-time Markov Decision Pro-
cess (MDP, Puterman, 2014) is defined by the tuple M = (S, A, p, u, r,y), where S and A
are the state space and the action space respectively, p : S x A — 2(S) is the transition
model that provides, for every state-action pair (s,a) € S X A, a probability distribution
over the next state p(-|s,a), p € 2(S) is the distribution of the initial state, 7 : S x 4 — R
is the reward model, defining the reward collected by the agent r(s, @) when performing
actiona € Ainstate s € S, and y € [0, 1] is the discount factor. The behavior of an agent is
defined by means of a policy 7 : S — 2(S) that provides a probability distribution over
the actions 7(-|s) for every state s € S. We limit the scope to parametric policy spaces
Mg = {ny: 0 € O}, where ©® C R? is the parameter space. The goal of the agent is to find
an optimal policy within I1g, i.e., any policy parametrization that maximizes the expected
return:

+0o0
078 ¢ argmax J(0) = E {Z V’r(st,az)} .
0co So~ U =0 (1)
a;~mg(-|st)

St+1 NP('|St7at)

In this paper, we consider a slightly modified version of the Conf-MDPs (Metelli et al.,
2018a).

Definition 1 A Configurable Markov Decision Process (Conf-MDP) induced by the
configuration space Q C R” is defined as the set of MDPs:

Co = {Mw = (S,A,pw,uw,r,"/) BN ‘Q}

The main differences w.r.t. the original definition are: i) we allow the configuration of the
initial state distribution y,,, in addition to the transition model p,,; ii) we restrict to the case
of parametric configuration spaces €2; iii) we do not consider the policy space Il as a part
of the Conf-MDP.

Generalized Likelihood Ratio Test The Generalized Likelihood Ratio test (GLR, Bar-
nard, 1959; Casella and Berger, 2002) aims at testing the goodness of fit of two statistical
models. Given a parametric model having density function p(-|0) with 0 € @, we aim at

testing the null hypothesis Hy : 018 ¢ ©,, where @) C O is a subset of the parametric
space, against the alternative H; : 0’8 co \ ©p. Given a dataset D = {X;}._, sampled
independently from p(~|0Ag), where 078 is the true parameter, the GLR statistic is:

A= supogeop(Dlﬂ) __ SUPpeg, L£(0) (2)

~ supgee P(D]0) SUPpeco 2(0) 7

~

where p(D|0) = L£(6) = [T, p(X:]0) is the likelihood function. We denote with £(0) =
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—log 2(0) the negative log-likelihood  function, 0c arg sup Z(()) and
0co

0, € arg sup 2(0) ie., the maximum likelihood solutions in @ and @, respectively.
€6,

Moreover, we define the expectation of the likelihood under the true parameter:

00) = p [(E|0A )[l7 (0)]. As the maximization is carried out employing the same dataset D
i ~p(-|0Ag

and recalling that ©¢ C O, we have that A € [0, 1]. It is usually convenient to consider the
logarithm of the GLR statistic: 4 = —2log A = 2(Z(8,) — £(0)). Therefore, Hy is rejected
for large values of /, i.e., when the maximum likelihood parameter searched in the
restricted set @ significantly underfits the data D, compared to ®. Wilk’s theorem pro-
vides the asymptomatic distribution of A when Hj is true (Wilks, 1938; Casella and

Berger, 2002).

Theorem 1 (Casella and Berger, (2002), Theorem 10.3.3) Let d =dim(®) and
dy = dim(Oy) <d. Under suitable regularity conditions (see Casella and Berger, (2002)
Section 10.6.2), if Hy is true, then when n — +oo, the distribution of A tends to a }(2
distribution with d — dy degrees of freedom.

The significance of a test a € [0, 1], or type I error probability, is the probability to reject
Ho when H, is true, while the power of a test 1 — f§ € [0, 1] is the probability to reject Ho
when H, is false, f§ is the rype II error probability.

3 Policy space identification in a fixed environment

As we introduced in Sect. 1, we aim at identifying the agent’s policy space by observing a
set of demonstrations coming from the optimal policy of the agent. We assume that the
agent is playing a policy 7”2 belonging to a parametric policy space I1g.

Assumption 1 (Parametric Agent’s Policy) The agent’s policy 7*¢ belongs to a known
parametric policy space ITg, i.e., there exists a (maybe not unique) 8¢ € @ such that
Tigne (+|s) = mA2(-|s) almost surely for all s € S.

It is important to stress 7€ is one of the possibly many optimal policies within the policy
space I1g, which, in turn, might be unable to represent the optimal Markovian stationary
policy. Furthermore, we do not explicitly report the dependence on the agent’s parameter
0%¢ € O as, in the general case, there might exist multiple parameters yielding the same
policy mAe.

We have access to a dataset D = {(s;,a;)}._, where s;~v and a; ~n*¢(-|s;) sampled
independently.” v is a sampling distribution over the states. Although we will present the
method for a generic v € #(S), in practice, we employ as v the y—discounted stationary
distribution induced by 7%, i.e., dZAg (s) = (1 —y) 2% Pr(s, = s|M, 7€) (Sutton et al.,

1999). We assume that the agent has control over a limited number of parameters d*¢ <d

4 For exposition simplicity, we limit the presentation to the case of i.i.d. samples (Sutton et al., 2008).
Nevertheless, by means of the blocking technique (Yu, 1994), it is possible to generalize the concentration
results to f-mixing strictly stationary processes, provided that the mixing rate is exponential (e.g., Antos
et al., 2008; Lazaric et al., 2012; Dai et al., 2018).
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whose value can be changed during learning, while the remaining d — d# are kept fixed to
zero.” Given a set of indexes I C {1, ...,d} we define the subset of the parameter space:
0, ={0€0:0,=0,Vie{l,..,d} \I}. Thus, the set I represents the indexes of the
parameters that can be changed if the agent’s parameter space were @;. Our goal is to find
a set of parameter indexes IA¢ that are sufficient to explain the agent’s policy, i.e.,
nA¢ e II 0,4, DUt also necessary, in the sense that when removing any i € "¢ the remaining
ones are insufficient to explain the agent’s policy, i.e., 74¢ & IT Oy We formalize these
notions in the following definition.

Definition 2 (Correctness) Let 7% € [1g. A set of parameter indexes ¢ C {1,...,d} is
correct w.r.t. mhe if:

it e e, NVie€ e it o [1g

e\
We denote with 7”2 the set of all correct set of parameter indexes I42.
Thus, there exist multiple I*¢ when multiple parametric representations of the agent’s policy

nA¢ are possible. The uniqueness of I*¢ is guaranteed under the assumption that each policy
admits a unique representation in I1g, i.e., under the identifiability assumption.

Assumption 2 (Identifiability) The policy space g is identifiable, i.e., forall 0,0 € O,
we have that if 7p(+|s) = my(+|s) almost surely for all s € S than 0 = ¢'.

The identifiability property allows rephrasing Definition 2 in terms of the policy param-
eters only, leading to the following result.

Lemma 1 (Correctness under Identifiability) Under Assumption 2, let 0°% € @ be the
unique parameter such that mps(-|s) = n¢(:|s) almost surely for all s € S. Then, there
exists a unique set of parameter indexes It C {1, ...,d} that is correct w.r.t. ©¢ defined as:

re={iefl,..d}: 078 o}.
Consequently, TAE = {[7¢}.
Proof The uniqueness of A2 is ensured by Assumption 2. Let us rewrite the condition of
Definition 2 under Assumption 2:
TEAg S H@h\g A Vie IAg : TZZAg ¢ H@mg\{i‘,
008 c O, AV INE 0AE 2 O,

@VieIAg:BZAg £0 AViE{l,..,d} \INE: 9iAg =0
=rre=lici a0 0},

5 The extension of the identification rules to (known) fixed values different from zero is straightforward.
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where line (P.1) follows since there is a unique representation for 78 determined by
parameter OAg and line (P.2) is obtained from the definition of @,. []

Remark 1 (About the Optimality of n'*8) We started this section stating that 7 is an
optimal policy within the policy space I1g. This is motivated by the fact that typically we
start with an overparametrized policy space IIg and we seek for the minimal set of
parameters that allows the agent to reach an optimal policy within I1g. However, in
practice, we usually have access to an e-optimal policy n?g, meaning that the performance
of nfg is e-close to the optimal performance.® Nevertheless, the notion of correctness

(Definition 2) makes no assumptions on the optimality of 8. If we replace 78 with e
we will recover a set of parameter indexes I8 that is, in general, different from I, but we
can still provide some guarantees. If 148 C Iﬁg, then I?g is sufficient to explain the optimal
policy mA¢, but not necessary in general (it might contain useless parameters for m”8).
Instead, if /¢ Z I22, then I*¢ is not sufficient to explain the optimal policy 7*¢. In any
case, I?g is necessary and sufficient to represent, at least, an e-optimal policy.

The following two subsections are devoted to the presentation of the identification rules
based on the application of Definition 2 (Sect. 3.1) and Lemma 1 (Sect. 3.2) when we only
have access to a dataset of samples D. The goal of an identification rule consists in

producing a set 7 , approximating Z2. The idea at the basis of our identification rules
consists in employing the GLR test to assess the correctness (Definition 2 or Lemma 1) of
a candidate set of indexes.

3.1 Combinatorial identification rule

In principle, using D = {(s;,a;)}i_,, we could compute the maximum likelihood parameter
0c arg sup Z(()) and employ it with Definition 2. However, this approach has, at least,
0co

two drawbacks. First, when Assumption 2 is not fulfilled, it would produce a single
approximate parameter, while multiple choices might be viable. Second, because of the
estimation errors, we would hardly get a zero value for the parameters the agent might not
control. For these reasons, we employ a GLR test to assess whether a specific set of
parameters is zero. Specifically, for all I C {1, ...,d} we consider the pair of hypotheses
Hoy : n8 € Ilg, against H,; : n¢ € Ilg\p, and the GLR statistic:

~

2O)  on
b= leongz(zw,) - 1(0)), 3)
suppee L£(0)

where the likelihood is defined as Z(O):Hfjl mo(ails;), 0; € argsup L£(0) and
0€0O;

0c arg sup 2(0) We are now ready to state the identification rule derived from
0co

Definition 2.

¢ We can also look at n2 as the optimal policy within I1g for a different MDP M., that is an approxi-
mation of the original MDP M.
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Identification Rule 1 The combinatorial identification rule with threshold function ¢;
selects 7, containing all and only the sets of parameter indexes I C {1, ...,d} such that:

Ar SC‘]‘ AViel: i]\{,} > Cipj-1- (4)

Thus, I is defined in such a way that the null hypothesis Hy; is not rejected, i.e., I contains
parameters that are sufficient to explain the data D, and necessary since for all i € I the set
I\ {i} is no longer sufficient, as M,y is rejected. The threshold function ¢;, which
depend on the cardinality / of the tested set of indexes, controls the behavior of the tests. In
practice, we recommend setting them by exploiting Wilk’s asymptotic approximation
(Theorem 1) to enforce (asymptotic) guarantees on the type I error. Given a significance
level 6 € [0, 1], since for Identification Rule 1 we perform 2¢ statistical tests by using the
same dataset D, we partition ¢ using Bonferroni correction and setting ¢; = 112717 5/20> where

xz. is the e—quintile of a chi square distribution with / degrees of freedom. Refer to
Algorithm 1 for the pseudocode of the identification procedure.

Algorithm 1 Identification Rule 1 (Combinatorial)
input: dataset D, parameter space ©, threshold function ¢ (e.g., ¢; = Xl2,1—6/2d)
I. —{} R
L = maxgeo L£(0)
for I < {1,...,d} sorted by cardinality do
Lr= maxgeo, £(6)
Ar = —2log %
if \r<candViel: Apgy > cr—1 then
fc — fc v {l}
end if

end for
return 7.

3.2 Simplified identification rule

Identification Rule 1 is hard to be employed in practice, as it requires performing O(29)
statistical tests. However, under Assumption 2, to retrieve 1*¢ we do not need to test all
subsets, but we can just examine one parameter at a time (see Lemma 1). Thus, for all
i € {1,...,d} we consider the pair of hypotheses Ho,; : 0/*¢ = 0 against Hy,; : 07 # 0 and
define ©; = {0 € @ : 0; = 0}. The GLR test can be performed straightforwardly, using
the statistic:

Ai = —2log

~ 0 R R
Sup06@, E( ) -2 )7 (5)

suppee £(0) (f(ai) —10
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where the likelihood is defined as Z(O)ij’zlng(a,-|si), 0; = argsup 2(0) and
0co;

0= arg sup 2(0).7 In the spirit of Lemma 1, we define the following identification rule.
0co

Identification Rule 2 The simplified identification rule with threshold function ¢, selects

7. containing the unique set of parameter indexes 1. such that:

Te={ie{l,...d}: % >c}. (6)

Therefore, the identification rule constructs I, by taking all the indexes i € {1, ...,d} such
that the corresponding null hypothesis Hy; : H?g = 0 is rejected, i.e., those for which
there is statistical evidence that their value is not zero. Similarly to the combinatorial
identification rule, we recommend setting the threshold function c¢; based on Wilk’s
approximation. Given a significance level o € [0, 1], since we perform d statistical tests, we
employ Bonferroni correction and we set ¢; = x3, 5 Jd- Refer to Algorithm 2 for the

pseudocode of the identification rule.

Algorithm 2 Identification Rule 2 (Simplified)
input: dataset D, parameter space ©, threshold function ¢ (e.g., ¢1 = XL2 1—6/d)

I —{}

L = maxgeo £(6)

for i e {1,...,d} do
L; = maxeeo ﬁ(@)
A = —210g
if A\ > cl/\then

I « I v {i}

end if

end for _

return {/.}

This second procedure requires a test for every parameter, i.e., O(d) instead of O(29)
tests. However, the correctness of Identification Rule 2, in the sense of Definition 2, comes
with the cost of assuming the identifiability property (Assumption 2). What happens if we
employ this second procedure in a case where the assumption does not hold? Consider, for
instance, the case in which two parameters 6; and 6, are exchangeable, we will include

none of them in IAC as, individually, they are not necessary to explain the agent’s policy,

while the pair (0, 02)T is indeed necessary. We will discuss how to enforce Assumption 2,
for the case of policies belonging to the exponential family, in the following section.

Remark 2 (On Frequentist and Bayesian Statistical Tests) In this paper, we restrict our
attention to frequentist statistical tests, but, in principle, the same approaches can be
extended to the Bayesian setting (Jeffreys, 1935). Indeed, the GLR test admits a Bayesian

7 This setting is equivalent to a detiCllldr case the combinatorial rule in which Hx; = Hx (1...ap\(i}» With
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counterpart, known as the Bayes Factor (BF, Goodman, 1999; Morey et al., 2016). We
consider the same setting presented in Sect. 2 in which we aim at testing the null

hypothesis Hp : 078 ¢ Oy, against the alternative H; : 008 c o \ Op. We take the
Bayesian perspective, looking at each 0 not as an unknown fixed quantity but as a real-
ization of prior distributions on the parameters defined in terms of the hypothesis: p(0|Hx)
for % € {0, 1}. Thus, given a dataset D = {X;}_,, we can compute the likelihood of D
given a parameter @ as usual: p(D]0) = [[_, p(X;|0). Combining the likelihood and the
prior, we define the Bayes Factor as:

sr _ p(PIHo) _ So p(D|6) p(6[Ho) 46
p(DIH1) g p(DIO) p(6]H1)d6

likelihood  prior

A

The Bayesian approach has the clear advantage of incorporating additional domain
knowledge by means of the prior. Furthermore, if also a prior on the hypothesis is available
p(Hy) for * € {0, 1} it is possible to compute the ratio of the posterior probability of each
hypothesis:

p(HolD) _ p(D|Ho) ~ p(Ho)
p(Ha|D)  p(DIH1)  p(H1)

posterior ratio Bayes factor prior ratio

Compared to the GLR test, the Bayes factor provides richer information, since we can
compute the likelihood of each hypothesis, given the data D. However, like any Bayesian
approach, the choice of the prior turns out to be of crucial importance. The computationally
convenient prior (which might allow computing the integral in closed form) is typically not
correct, leading to a biased test. In this sense, GLR replaces the integral with a single-point
approximation centered in the maximum likelihood estimate. For these reasons, we leave
the investigation of Bayesian approaches for policy space identification as future work.

4 Analysis for the exponential family

In this section, we provide an analysis of the Identification Rule 2 for a policy my linear in
some state features ¢ that belongs to the exponential family.® The section is organized as
follows. We first introduce the exponential family, deriving a concentration result of
independent interest (Theorem 2) and then we apply it for controlling the identification
errors made by our identification rule (Theorem 3).

Exponential Family We refer to the definition of linear exponential family given
in (Brown, 1986), that we state as an assumption.

Assumption 3 (Exponential Family of Linear Policies) Let ¢ : S — R? be a feature
function. The policy space Ilg is a space of linear policies, belonging to the exponential
family, i.e., & = R? and all policies my € Il have form:

ng(als) = h(a)exp{07t(s,a) — A(0, 5)}, (7)

8 We limit our analysis to Identification Rule 2 since we will show that, in the case of linear policies
belonging to the exponential family, the identifiability property can be easily enforced.
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where £ is a positive function, ¢(s, a) is the sufficient statistic that depends on the state via
the  feature  function ¢ (.., t(s,a) =t(¢(s),a)) and A(f,s) =
log [, h(a) exp{0”t(s,a)}da is the log partition function. We denote with #(s,a,0) =

t(s,a) — [E(‘ )[t(s,ﬁ)} the centered sufficient statistic.
a~my(-|s

This definition allows modeling the linear policies that are a popular choice in linear time-
invariant systems and a valid option for robotic control (Deisenroth et al., 2013), some-
times even competitive with complex neural network parametrizations (Rajeswaran et al.,
2017). Table 1 shows how to map the Gaussian linear policy with fixed covariance, typ-
ically used in continuous action spaces, and the Boltzmann linear policy, suitable for finite
action spaces, to Assumption 3 (details in Appendix A.1).

For the sake of the analysis, we enforce the following assumption concerning the tail
behavior of the policy my.

Assumption 4 (Subgaussianity) For any @ € © and for any s € S the centered sufficient
statistic #(s, a, 0) is subgaussian with parameter ¢ >0, i.e., for any a € RY:

E [exp{aTi(s, a, 0)}] < exp{%”a”%az}.

a~mo(-ls)

A sufficient condition to ensure that Gaussian and Boltzmann are subgaussian is that the
features ¢(s) are bounded in L,-norm, uniformly over the state space S (Proposition 2).
Furthermore, limited to the policies complying with Assumption 3, the identifiability
(Assumption 2) can be restated in terms of the Fisher Information matrix (Rothenberg
et al., 1971; Little et al., 2010).

Lemma 2 (Rothenberg et al., (1971), Theorem 3) Let Ilg be a policy space, as in
Assumption 3. Then, under suitable regularity conditions (see Rothenberg et al., (1971)), if
the Fisher Information matrix (FIM) F(0):

F(0) = E  [ts,a,0)(s,a,0)"]
s~V (8)
ar~m(-|s)

is non—singular for all 0 € O, then Ilg is identifiable. In this case, we denote with

/lmin = inf()e@ /Imin (]:(0)) > 0.

Proposition 1 of Appendix A.2.1 shows that a sufficient condition for the identifiability in
the case of Gaussian and Boltzmann linear policies is that the second moment matrix of the

feature vector [E [d)(v)qﬁ(s)r] is non—singular along with the fact that the policy 7y plays
s~V

each action with positive probability for the Boltzmann policy.

Remark 3 (How to enforce identifiability?) Requiring that [ [¢(s)¢(s)r} is full rank is
S~V

essentially equivalent to require that all features ¢; are linearly independent for all
i € {1,...,d}. This condition can be easily met with a preprocessing phase that removes the
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Table 1 Action space A, probability density function T, sufficient statistic ¢, and function & for the

Gaussian linear policy with fixed covariance and the Boltzmann linear policy

Policy Gaussian Boltzmann
A aGRk aie{a17--.7ak+l}
w5 b 00 x a-00() e o
21)2 det(X)? ——=—— 11
( ) ( ) 1+ Z;‘:l eﬂfd)(l)
ifi=k

1+ Z;‘:l e;z )

t > la® ¢(s) e P(s) if i<k
0 ifi=k+1
h i 1 I e*%aT):’la 1
(27m)? det(Z)?

For convenience of representation 0 € R is a matrix and 0 = Vec(bT) € RY, with d = kq. We denote
with e; the i—th vector of the canonical basis of R¥ and with ® the Kronecker product

linearly dependent features, for instance, by employing Principal Component Analy-
sis (PCA, Jolliffe, 2011). For this reason, in our experimental evaluation we will always
consider the case of linearly independent features.

When working with samples, however, we need to estimate the FIM from samples, leading
to the empirical FIM, in which the expectation over the states of Eq. (8), is replaced with
the sample mean:

~ 1<

FO)=->"E [t(sia,0)(s:,a,0)"], (9)

— a~m(ls)

where {s;};_, ~v. We denote with Anin = infgco imm(f— (0)) the minimum eigenvalue of
the empirical FIM. In order to carry out the subsequent analysis, we need to require that
this quantity is non-zero.

Assumption 5 (Positive Eigenvalues of Empirical FIM) The minimum eigenvalue of the
empirical FIM JA-‘(O) is non-zero for all @ € O, i.e., Ayin = infgcp Amin(]A-'(())) > 0.

The condition of Assumption 5 can be enforced as long as the true FIM F(0) has a positive
minimum eigenvalue A, i.e., under identifiability assumption (Lemma 2) and given a
sufficiently large number of samples. Proposition 4 of Appendix A.2.1 provides the
minimum number of samples such that with high probability it holds that Emin > 0.

We are now ready to present a concentration result, of independent interest, for the
parameters and the negative log—likelihood that represents the central tool of our analysis.

Theorem 2 Under Assumptions 1,2, 3,4, and 5, let D ={(s;,a;)};_, be a dataset of

n > 0 independent samples, where s;~v and a;~ g (+|s;). Let 0= arg min 2(0) and
0co

0%¢ = argmin £(0). Then, for any € [0, 1], with probability at least 1 — § it holds that:
0co
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[o -, < 55 e

Furthermore, with probability at least 1 — ¢, it holds that individually:

_ Pt 2d " R
00) — 00*) < S tog= and (0%%) — 1(0) < < log = .
om0 om0

min min

Proof sketch The idea of the proof is to first obtain a probabilistic bound on the parameter

difference in norm H@ — 0Ag H2 This result is given in Theorem 6. Then, we use the latter

~

result together with Taylor expansion to bound the differences ¢(0) —Z(()Ag) and

7 (0Ag) — £(0), as in Corollary 1. The full derivation can be found in Appendix A.2.3.

The theorem shows that the L,—norm of the difference between the maximum likelihood
parameter 0 and the true parameter 0*¢ concentrates with rate O(n~'/2) while the likeli-

hood ¢ and its expectation ¢ concentrate with faster rate O(n~1).

Identification Rule Analysis We are now ready to start the analysis of Identification
Rule 2. The goal of the analysis is, informally, to bound the probability of an identification
error as a function of the number of samples n and the threshold function c;. For this
purpose, we define the following quantities.

Definition 3 Consider an identification rule producing T as approximate parameter index
set. We define the significance « and the power 1 — f§ of the identification rule as:
, .

a:Pr(3i¢1Ag:ieI) /;:Pr(aielAg:iggl)

Thus, o represents the probability that the identification rule selects a parameter that the
agent does not control, whereas f§ is the probability that the identification rule does not
select a parameter that the agent does control.’

By employing the results we derived for the exponential family (Theorem 2) we can

now bound « and f, under a slightly more demanding assumption on Ap;,.

Theorem 3 Let TC be the set of parameter indexes selected by the Identification Rule 2
obtained using n >0 i.id. samples collected with Ty, with 08 € ©. Then, under

Assumptions 1, 2, 3,4, and 5, let B?g = argmin £(0) for all i€{l,..,d} and
0<0;

& =min{1, 0} If dnin > 222 and £(0;'%) — 1(6"%) > ey, it holds thar:

° We use the symbols o and f to highlight the analogy between these probabilities and the type I and type 1T
error probabilities of a statistical test.
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22
o < 2dexp{ficl]6d"2“;’:}
(1007%) = 106*%) = €1 ) din

16(d — 1)%¢?

B<(2d—1)) exps —

i€lhe

Proof sketch Concerning o = Pr(ﬂi gIhe:ic IA(), we employ a technique similar to that
of Lemma 2 in (Garivier and Kaufmann, 2019) to remove the existential quantification.

Instead, for § = Pr (Eli €I id IAC) we first perform a union bound over i € I*¢ and then

we bound the individual Pr (i & IAC) The full derivation can be found in Appendix A.3. [J

In principle, we could employ Theorem 3 to derive a proper value of ¢; and n, given a
required value of o and f. Unfortunately, their expression depend on Ay, which is
unknown in practice. As already mentioned in the previous sections, we recommend
employing Wilk’s asymptotic approximation to set the threshold function as ¢; = ﬁ_l_ 5/d"

This choice allows an asymptotic control of the significance of the identification rule.

Theorem 4 Let fc be the set of parameter indexes selected by the Identification Rule 2
obtained using n > 0 i.i.d. samples collected with ., with 0t € O. Then, under suit-
able regularity conditions (see Casella and Berger, (2002) Section 10.6.2), if ¢c; = x%tl_é/d
it holds that o. < 6 when n — 4o00.

Proof Starting from the definition of o, we first perform a union bound over i & I to
remove the existential quantification.

a:Pr(aielAg:ieZ) —pr| \/iel|< ZPr(z‘eTc).
igIhs igIhs
Now, we bound each Pr (i € IA() individually, recalling that /; is distributed asymptotically
as a y* distribution with 1 degree of freedom and that ¢; =y}, ; /-

0

Pr(i € TC) = Pr(),,» > X%‘I—o'/d) — n— .

Thus, we have that when n — +o0:

d — dhe
<

<. P.3
y 5<8 (P.3)
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5 Policy space identification in a configurable environment

The identification rules presented so far are unable to distinguish between a parameter set
to zero because the agent cannot control it or because zero is its optimal value. To
overcome this issue, we employ the Conf-MDP properties to select a configuration in
which the parameters we want to examine have an optimal value other than zero. Intu-
itively, if we want to test whether the agent can control parameter 0;, we should place the
agent in an environment @; € 2 where 0; is “maximally important” for the optimal policy.
This intuition is justified by Theorem 3, since to maximize the power of the test (1 — f3), all

other things being equal, we should maximize the log-likelihood gap Z(Bég) - I(OAg),
i.e., parameter 0; should be essential to justify the agent’s behavior. Let I C {1,...,d} be a
set of parameter indexes we want to test, our ideal goal is to find the environment @; such
that:

o; € argmax {z(e{*g(w)) —1(0¢(0))}, (10)

weQ

where GAg(w) € argmax Ju, (0) and Gf%g(w) € argmax Ju,(0) are the parameters of
0cO 0cO,

the optimal policies in the environment M,, considering IIg and Ilg, as policy spaces

respectively. Clearly, given the samples D collected with a single optimal policy nAg(wo)
in a single environment M,,,, solving problem (10) is hard as it requires performing an
off—distribution optimization both on the space of policy parameters and configurations.
For these reasons, we consider a surrogate objective that assumes that the optimal
parameter in the new configuration can be reached by performing a single gradient step.10

Theorem 5 Let I € {1,....d} and T = {1,...,d} \ I. For a vector v € R?, we denote with
v|, the vector obtained by setting to zero the components in I. Let 0Ag(wo) € O the initial
parameter. Let o.>0 be a learning rate, H;Ag(w) =0+ ochJMm(OAg(wo)) |, and
948 () =0y + ochJMw(HAg(wo)). Then, under Assumption 2, we have:

(012(0) — H0M2()) = 2% [V, (04 o)

Proof By second-order Taylor expansion of ¢ and recalling that ng(()Ag(w)) =0, we
have:

10 This idea shares some analogies with the adapted parameter in the meta-learning setting (Finn et al.,
2017).
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(0P () — 107 () > “m [ g

2
2
07 (@0) + 2V 0d 1, (04 (1)), — 0°E(00) — 2V as, (0°E(0))

(@) - 02w

_ /Lmin
2

/me a

e .
O

Thus, we maximize the L,—norm of the gradient components that correspond to the
parameters we want to test. Since we have at our disposal only samples D collected with
the current policy Tg44(w,) and in the current environment o, we have to perform an off-
distribution optimization over . To this end, we employ an approach analogous to that
of (Metelli et al., 2018b, 2020) where we optimize the empirical version of the objective
with a penalization that accounts for the distance between the distribution over trajectories:

2 da(w|wo)
(OAg(wo))JTHQ*C %7 (11)

dissimilarity
penalization

w/wq

Cr(w/wo) = H I@eJM

gradient estimator

where (>0 is a regularization parameter. We assume to have access to a dataset of
trajectories D = {1;}_, independently collected using policy my in the environment M.
Each trajectory is a sequence of triples {(s;, @, r,v,,)},T: \» Where T is the trajectory horizon.
The expression of the gradient estimator is given by:

||'M:

2 rey [ e (54,0) 1—[ Do (8i,j+1184,55 Gi,j)
7,
t=0 :U’wo(sl U)J OpUU(SL,J+1|SL,J7aL,J)

L |
importance weight

_ 1
Volm,,.,(0) = "

Ve logme (ai,jlsi,j) -

X
o

The expression is obtained starting from the well-known G(PO)MDP gradient estimator
and adapting for off—distribution estimation by introducing the importance weight (Metelli
et al., 2018b). The dissimilarity penalization term corresponds to the estimated 2-Rényi
divergence (Rényi, 1961) is obtained from the following expression, which represents the
empirical second moment of the importance weight:

2
A 1 12 ( i ) L Po (Sit+1|sit7ait)
da (o) = “ :
Z Heny (83, )pr()(szt+l|slt7azr)
Refer to (Metelli et al., 2018b) for the theoretical background behind the choice of this
objective function. For conciseness, we report the pseudocode of the identification pro-

cedure in a configurable environment for Identification Rule 2 only (Algorithm 3), while
the pseudocode for Identification Rule 2 can be found in Appendix B.
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Algorithm 3 Identification Rule 2 (Simplified) with Environment Configuration.

input: parameter space ©, configuration space {2, threshold function ¢;, number of configura-
tion attempts Neonf
Initialize wq arbitrarily
Collect Dy observing W?g in environment M.,
Run the Identification Rule 2 on Dy and obtain f()
I Iy R
forie{l,..,d}:i¢ I do
Wi, < wWo
Dio <« D
for j =1,..., Neonr do
Optimize C{i}(w/wi7j_1) getting Wi j
Collect D; j observing 772]5 in environment Mo, ;
Run the Identification Rule 2 on D; ; and obtain IAZ]
feful,
end for
end for _
return {/}

6 Experimental results

In this section, we present the experimental results, focusing on three aspects of policy
space identification.

e In Sect. 6.1, we provide experiments to assess the quality of our identification rules in
terms of the ability to correctly identifying the parameters controlled by the agent.

e In Sect. 6.2, we focus on the application of policy space identification to Imitation
Learning, comparing our identification rules with commonly employed regularization
techniques.

e In Sect. 6.3, we consider the Conf-MDP framework and we show how properly
identifying the parameters controlled by the agent allows learning better (more specific)
environment configurations.

Additional experiments together with the hyperparameter values are reported in
Appendix C.

6.1 Identification rules experiments

In this section, we provide two experiments to test the ability of our identification rules in
properly selecting the parameters the agent controls in different settings. We start with an
experiment on a discrete grid world (Sect. 6.1.1) to highlight the beneficial effects of
environment configuration in parameter identification. Then, we provide an experiment on
a simulated car driving domain (Sect. 6.1.2) in which we compare the combinatorial and
the simplified identification rules.

6.1.1 Discrete grid world

The grid world environment is a simple representation of a two-dimensional world (5x5
cells) in which an agent has to reach a target position by moving in the four directions.
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Whenever an action is performed, there is a small probability of failure (0.1) triggering a
random action. The initial position of the agent and the target position are drawn at the
beginning of each episode from a Boltzmann distribution p,,. The agent plays a Boltzmann
linear policy my with binary features ¢ indicating its current row and column and the row
and column of the goal.'' For each run, the agent can control a subset /2 of the parameters
0, associated with those features, which is randomly selected. Furthermore, the super-
visor can configure the environment by changing the parameters @ of the initial state
distribution u,,. Thus, the supervisor can induce the agent to explore certain regions of the
grid world and, consequently, change the relevance of the corresponding parameters in the
optimal policy.

The goal of this set of experiments is to show the advantages of configuring the
environment when performing the policy space identification using rule 2. Figure 2 shows

the empirical @ and ﬁ, i.e., the fraction of parameters that the agent does not control that
are wrongly selected and the fraction of those the agent controls that are not selected
respectively, as a function of the number m of episodes used to perform the identification.
We compare two cases: conf where the identification is carried out by also configuring the
environment, i.e., optimizing Eq. (11), and no-conf in which the identification is per-
formed in the original environment only. In both cases, we can see that & is almost
independent of the number of samples, as it is directly controlled by the threshold function

ci. Differently, ﬁ decreases as the number of samples increases, i.e., the power of the test

11— E increases with m. Remarkably, we observe that configuring the environment gives a
significant advantage in understanding the parameters controlled by the agent w.r.t. using
a fixed environment, as ﬁ decreases faster in the conf case. This phenomenon also
empirically justifies our choice of objective (Eq. (11)) for selecting the new environment.
Hyperparameters, further experimental results, together with experiments on a continuous
version of the grid world, are reported in Appendix C.1.1-C.1.2.

6.1.2 Simulated car driving

We consider a simple version of a car driving simulator, in which the agent has to reach the
end of a road in the minimum amount of time, avoiding running off-road. The agent

1 The features are selected to fulfill Lemma 2.
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perceives its speed, four sensors placed at different angles that provide distance from the
edge of the road and it can act on acceleration and steering.

The purpose of this experiment is to show a case in which the identifiability assumption
(Assumption 2) may not be satisfied. The policy 7y is modeled as a Gaussian policy whose
mean is computed via a single hidden layer neural network with 8 neurons. Some of the
sensors are not available to the agent, our goal is to identify which ones the agent can
perceive.

In Fig. 3, we compare the performance of the Identification Rules 1 (Combinatorial)
and 2 (Simplified), showing the fraction of runs that correctly identify the policy space. We
note that, while for a small number of samples, the simplified rule seems to outperform,
when the number of samples increases, the combinatorial rule displays remarkable sta-
bility, approaching the correct identification in all the runs. This is explained by the fact
that, when multiple representations for the same policy are possible (like in this case when
having a neural network as policy), considering one parameter at a time might induce the
simplified rule to select a wrong set of parameters. Hyperparameters are reported in
Appendix C.1.3.

6.2 Application to imitation learning

IL aims at recovering a policy replicating the behavior of an expert’s agent. Selecting the
parameters that an agent can control can be interpreted as applying a form of regularization
to the IL problem (Osa et al., 2018). In the IL literature, a widely used technique is based
on entropy regularization (Neu et al., 2017), which was employed in several successful
algorithms, such as Maximum Causal Entropy IRL methods (MCE, Ziebart et al., 2008,,
2010), and Generative Adversarial IL (Ho and Ermon, 2016). Alternatively, other
approaches aim at enforcing a sparsity constraint on the recovered policy parameters (e.g.,
Lee et al., 2018; Reddy et al., 2019; Brantley et al., 2020).

The goal of this experiment consists in showing that if we have appropriately identified
the expert’s policy space, we can mitigate overfitting/underfitting phenomena, with a
general benefit on the process of learning the imitating policy. This experiment is con-
ducted in the grid world domain, introduced in Sect. 6.1.1, using the same setting. In each
run, the expert agent plays a (near) optimal Boltzmann policy mga. that makes use of a
subset of the available parameters and provides a dataset D = {(s;,a;)}'_; of n samples
coming from m episodes.
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In the IL framework knowing the policy space of the expert agent means properly
tailoring the hypothesis space in which we search for the imitation policy. For this reason,
we propose a comparison with common regularization techniques applied to maximum
likelihood estimation. Figure 4 shows on the left the norm of the parameter difference

HE — ¢ Hz between the parameter recovered by the different IL. methods 0 and the true

parameter employed by the expert 8¢, whereas on the right we plot the estimated expected
KL-divergence between the imitation policy and the expert’s policy computed as:

- 1 n
B (o l;) = ;;Dm(nmg<~|s,->||n;<-|s,->).

The lines Conf and No-conf refer to the results of ML estimation obtained by restricting the
policy space to the parameters identified by our simplified rule with and without employing
environment configurability, respectively (precisely as in Sect. 6.1.1). ML, Ridge, and
Lasso correspond to maximum likelihood estimation in the full parameter space. Specif-
ically, they are obtained by minimizing the objective:

QO A, W) = — > log mo (ailsi) + A" 615+ A (6],

i=1
L |

2(0) log-likelihood

ridge lasso

For ML we perform no regularization (AR = & = 0), for Ridge we set X = 0.001 and
/% =0, and for Lasso we have X = 0 and 2“ = 0.001.

We observe that Conf, i.e., the usage of our identification rule, together with envi-
ronment configuration, outperforms the other methods. This is more evident in the
expected KL-divergence plot (right), which is a more robust index compared to the norm
of the parameter difference (left). Ridge and Lasso regularizations display good behavior,
better than both the identification rule without configuration (No-Conf) and the plain
maximum likelihood without regularization (ML). This illustrates two important points.
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Fig. 4 Discrete Grid World: Norm of the difference between the expert’s parameter #*¢ and the estimated
parameter 0 (left) and expected KL-divergence between the expert’s policy mys. and the estimated policy e

(right) as a function of the number of collected episodes m. 25 runs, 95% c.i
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First, it confirms the benefits of configuring the environment for policy space identification.
Second, it shows that a proper selection of the parameters controlled by the agent allows
improving over standard ML, which tends to overfit.'?> We tested additional values of the
regularization hyperparametrers A® and 2" and other regularization techniques (Shannon
and Tsallis entropy). The complete results are reported in Appendix C.2.

It is worth noting that the specific IL setting we consider, i.e., the availability of an
initial dataset D of expert’s demonstrations with no further interaction allowed'? rules out
from the comparison a large body of the literature that requires the possibility to interact
with the expert or with the environment (e.g., Ho and Ermon, 2016; Lee et al., 2018).
Nevertheless, these IL algorithms could be, in principle, adapted to this challenging no-
interaction setting at the cost of restoring to off-policy estimation techniques (Owen,
2013), that, however, might inject further uncertainty in the learning process (see
Appendix C.2 for details).

6.3 Application to configurable MDPs

The knowledge of the agent’s policy space could be relevant when the learning process
involves the presence of an external supervisor, as in the case of Configurable Markov
Decision Process (Metelli et al., 2018a,, 2019). In a Conf-MDP, the supervisor is in charge
of selecting the best configuration for the agent, i.e., the one that allows the agent to
achieve the highest performance possible. As intuition suggests, the best environment
configuration is closely related to the agent’s capabilities. Agents with different perception
and actuation possibilities might benefit from different configurations. Thus, the external
supervisor should be aware of the agent’s policy space to select the most appropriate
configuration for the specific agent.

In the Minigolf environment (Lazaric et al., 2007), an agent hits a ball using a putter
with the goal of reaching the hole in the minimum number of attempts. Surpassing the hole
causes the termination of the episode and a large penalization. The agent selects the force
applied to the putter by playing a Gaussian policy linear in some polynomial features
(complying to Lemma 2) of the distance from the hole (x) and the friction of the green (f).
When an action is performed, a Gaussian noise is added whose magnitude depends on the
green friction and on the action itself.

The goal of this experiment is to highlight that knowing the policy space is beneficial
when learning in a Conf-MDP. We consider two agents with different perception capa-
bilities: .27 has access to both the x and f, whereas .o/, knows only x. Thus, we expect that
2/ learns a policy that allows reaching the hole in a smaller number of hits, compared to
/5, as it can calibrate force according to friction, whereas .27, has to be more conservative,
being unaware of f. There is also a supervisor in charge of selecting, for the two agents, the
best putter length w, i.e., the configurable parameter of the environment.

Figure 5-left shows the performance of the optimal policy as a function of the putter

length . We can see that for agent .o/, the optimal putter length is wi}fg =5 while for

agent .o/, is (uf;z = 11.5. Figure 5-right compares the performance of the optimal policy
of agent .o/, when the putter length ® is chosen by the supervisor using four different

12 It is worth noting that the classical regularization techniques, like ridge and lasso, require choosing the

regularization hyperparameter 2* with % € {R,L}. In our experiments, we searched for the best parameter
in {0.0001,0.001,0.01,0.1, 1}.

'3 This setting was recently defined “truly batch model-free” (Ramponi et al., 2020).
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Fig. 5 Mingolf: Performance of the optimal policy varying the putter length w for agents .27 and o7 (left)
and performance of the optimal policy for agent .o/, with four different strategies for selecting w (right). 100
runs 95% c.i

strategies. In (i) the configuration is sampled uniformly in the interval [1, 15]. In (ii) the
supervisor employs the optimal configuration for agent .o/| (w =5), i.e., assuming the
agent is aware of the friction. (iii) is obtained by selecting the optimal configuration of the
policy space produced by using our identification rule 2. Finally, (iv) is derived by
employing an oracle that knows the true agent’s policy space (w = 11.5). We can see that
the performance of the identification procedure (iii) is comparable with that of the oracle
(iv) and notably higher than the performance when employing an incorrect policy space
(ii). Hyperparameters and additional experiments are reported in Appendix C.3.

7 Conclusions

In this paper, we addressed the problem of identifying the policy space available to an agent in
a learning process by simply observing its behavior when playing the optimal policy within
such a space. We introduced two identification rules, both based on the GLR test, which can be
applied to select the parameters controlled by the agent. Additionally, we have shown how to
use the configurability property of the environment to improve the effectiveness of identifi-
cation rules. The experimental evaluation highlights some essential points. First, the identi-
fication of the policy space brings advantages to the learning process in a Conf-MDP, helping
to choose wisely the most suitable environment configuration. Second, we have shown that
configuring the environment is beneficial for speeding up the identification process. Addi-
tionally, we have verified that policy space identification can improve imitation learning.
Future research might investigate the usage of Bayesian statistical tests and the application of
policy space identification to multi-agent RL (Busoniu et al., 2008). We believe that an agent
in a multi-agent system might benefit from the knowledge of the policy space of its adversaries
to understand what their action possibilities are and make decisions accordingly.

Appendix
A Proofs and derivations

In this appendix, we report the proofs and derivations of the results presented in the main
paper.

@ Springer



Machine Learning

A.1 Gaussian and Boltzmann linear policies as exponential family distributions

In this appendix, we show how a multivariate Gaussian with fixed covariance and a
Boltzmann policy, both linear in the state features ¢(s) can be cast into Assumption 3. We
are going to make use of the following identities regarding the Kronecker pro-
duct (Petersen et al., 2008):

vec(AXB) = (B @ A)vec(X) (12)

a’XBX"¢ = vec(X)" (B ® ca”)vec(X), (13)

where vec(X) is the vectorization of matrix X obtained by stacking the columns of X into a
single column vector.

A.1.1 Multivariate linear Gaussian policy with fixed covariance

The typical representation of a multivariate linear Gaussian policy is given by the fol-
lowing probability density function:

{3 @ 040)"x a - 99() )

) = ez

where 6 € R¥ is a properly sized matrix. Recalling Assumption 3, we rephrase the
previous equation as:

—laTX"a} exp{gb(s)TaTZ’la — %¢(S)T5TZ’15¢(S)}.

n;(a|s) = mexp{ 3

Recalling the identities at Eqgs. (12) and (13) and observing that ¢(S)T5T271a and
$(s)707 2" 0¢(s) are scalar, we can rewrite:

#(s)" 073 "a = vec (¢(s)T5T2—1a)
= (@27 @ ¢(s)")vec (ET)
= vec (ET)T(Z*Ia © ¢(s))
$(5) 0T 0b(s) = vec (ET)T(Z” 2 $(5)9(5)"vee (7).

Now, by redefining the parameter of the exponential family distribution 6 = vec (ET) we

state the following definitions to comply with Assumption 3:

t(s,a) = X 'a® ¢(s)

a)= %exp{f 1aTZ’la}
(27)2 det(X)? 2

A(0,5) = 0" (7' @ ¢(s)p(s)")0.
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A.1.2 Boltzmann linear policy

The Boltzmann policy on a finite set of actions {ay, ..., a1} is typically represented by

means of a matrix of parameters 0 € RFxa:1
exp{ 07 9(s) |

3k exp{076(5)}
1

L+ exp{0](s) |

where with 5,— we denote the i-th row of matrix 6. In order to comply to Assumption 3, we
rewrite the density function in the following form:

exp{airqb(s) —log (exp{O} + Zjlle exp{ﬂéde)(s)}) } if i<k
exp{O - log(exp{O} + Zjlle exp{5f¢(s)})} ikl

if i<k

)

ifi=k+1

ails) =

n(als) =

By introducing the vector e; as the i—th vector of the canonical basis of R, i.e., the vector
having 1 in the i—th component and O elsewhere, and recalling the definition of Kronecker
product, we can derive the following identity for i <k:

— ~\T
0] p(s) = vec(87) (e; @ B(5)).
In the case i =k it is sufficient to replace the previous term with the zero vector 0.
Therefore, by renaming 0 = vec (ET) we can make the following assignments in order to
get the relevant quantities in Assumption 3:
e; @ P(s) if i<k
t(S, 61,’) = o s
0 ifi=k+1
h(ai) =1

k
A(0,s) = log <1 + Zexp{OT(ej ® ¢(s))}> .

J=1

!4 Notice that we are considering a set made of k + 1 actions but the matrix 0 has only k rows. This allows
enforcing the identifiability property, otherwise if we had a row for each of the k + 1 actions we would have
multiple representation for the same policy (rescaling the rows by the same amount).
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A.2 Results on exponential family

In this appendix, we derive several results that are used in Section 4, concerning policies
belonging to the exponential family, as in Assumption 3.

A.2.1 Fisher information matrix

We start by providing an expression of the Fisher Information matrix (FIM) for the specific
case of the exponential family, that we are going to use extensively in the derivation. We
first define the FIM for a fixed state and then we provide its expectation under the state
distribution v. For any state s € S, we define the FIM induced by 7y(:|s) as:

F(0,s)= E [Vglogmg(als)Velogm(als)']. (14)

a~my(-|s)

We can derive the following immediate result.

Lemma 3 For a policy ny belonging to the exponential family, as in Assumption 3, the FIM for state s € S is
given by the covariance matrix of the sufficient statistic:

F0,5)= E [t(s,a,0)(s,a,0)"] = Cov [t(s,a)].

a~my(-|s) a~my(-ls)

Proof Let us first compute the gradient log-policy for the exponential family:
Vologmg(als) = t(s,a) — VoA(0,s)
—f(sa) — fAt(s,a)_h(E) exp{OTt(_s,a)_}dE
[y h(@) exp{07t(s,a) }da
=t(s,a) — Egony(|olt(s,@)] = £(s,a,0).

(P4)

Now, we just need to apply the definition given in Eq. (14) and to recall the definition of
covariance matrix:

F0,s)= E [_(s,a,O)i(s,a,H)T]

a~my(|s)

= ot [(t(s’ 9~ aw[zE(»\s)[t(s’a)O (t(s’ a) - E~E<<|s>[t(s’a)})1
= Cov [t(s,a)].

a~o(-ls)

O

We now define the expected FIM F(6) and its corresponding estimator F (0) under the y—

discounted stationary distribution induced by the agent’s policy e
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[(si, )(f,,a)T]. (15)

:l'—‘

s~V an~m(ls) a~my(-ls)

FO)=E| E [i(s,a)i(s,a)T]}, F(0) =

>

Finally, we provide a sufficient condition to ensure that the FIM F(0) is non singular in the
case of Gaussian and Boltzmann linear policies.

Proposition 1 If the second moment matrix of the feature vector [ [¢(v)¢(¥)r] is non—singular, the

identifiability condition of Lemma 2 is fulfilled by the Gaussian and Boltzmann linear policies for all 0 € O,
provided that each action is played with non—zero probability for the Boltzmann policy.

Proof Let us start with the Boltzmann policy and consider the expression of £(s,q;) with i € {1, ...,k}:

t(s,a;,0) =t(s,a;) — . [E(m [t(s,a)]

k
=€ ¢(s) ana,|se,®¢()
=1
- ( - 7t) ® ¢(S),
where 7 is a vector defined as 7 = (mg(ayls), ..., mo(ax|s))” and we exploited the dis-

tributivity of the Kronecker product. While for i = k + 1, we have (0 — n) ® ¢(s). For the
sake of the proof, let us define ¢; = e; if i <k and €;,; = 0. Let us compute the FIM:

FO)= E«m (s, a,0)¢(s,a,0)"]

[ i =) @ b(9))((& —m) @ b(s))"]
(€ —m)(ei —m) @(s)(s)"]
[ )6 — )] © ¢(s)p(s)"

a~n9 |s)

awno -Is)

a~n9 |s)
~(,E [#87] -~ mnT ) @ 061806 (tngl) — 7aT) 2 9(0)000)"
~ (-
where we exploited the distributivity of the Kroneker product, observed that [E( ‘ )[eN,-] =
a~my(-|s
n and ( . [e ¢;7] = diag(n). Let us now consider the matrix:
a~my
no(arls) — mo(ar]s)®  — mo(ar|s)molazls) ... — mo(ar|s)mo(axls)
—ng(ar|s)mo(asls)  mo(asls) — mo(anls)® ... — mo(as|s)mo(axls)
diag(n) — nn’ =
—mng(ay|s)me(axls) — mp(an|s)mo(arls) ... mo(arls) — mo(arls)?

Consider a generic row i€ {l,..,k}. The element on the diagonal is
ng(ai|s) — mo(ai|s)* = mo(ai|s)(1 — mg(as|s)), while the absolute sum of the elements out of
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the diagonal is:
mo(ails) > molajls) = mo(ails) (1 — mo(asls) — mo(ari11s))-
JE{L,. kYN

Therefore, if all actions are played with non-zero probability, i.e., my(a;|s) > 0 for all
i € {1,...,k + 1} it follows that the matrix is strictly diagonally dominant by rows and thus

it is positive definite. If also [E [d)(s)q&(s)r] is positive definite, for the properties of the
s~V

Kroneker product, the FIM is positive definite.
Let us now focus on the Gaussian policy. Let @ € R? and denote u(s) = E , ~ 7y(-|s)a]:

f(s.0.0) =tls.a) ~ E W) =5 @~ p(s)) @ 9(0).

a~my(-ls
Let us compute the FIM:

FO)= E [ts,a,00s,a,0)]

a~m(-ls)
= E L @ k) @ 9) (57 (@~ nls) @ 9() ]
= B [F e p) @ p) "2 @ 9(5)0(s)']
=xt E o [la-u)e—p) )2 @ p6)e()"

=3 ' EE @ ¢(s)p(s) =X @ p(s)p(s)”.

If X has finite values, then £~! will be positive definite and additionally, considering that
E [¢(s)$(s)"] is positive definite, we have that the FIM is positive definite. [J

A.2.2 Subgaussianity assumption

From Assumption 4, we can prove the following result that upper bounds the maximum
eigenvalue Ap,x of the Fisher information matrix with the subgaussianity parameter o.

Lemma 4 Under Assumption 4, for any 0 € © and for any s € S the maximum eigenvalue of the Fisher
Information matrix F(0,s) is upper bounded by da”.

Proof Recall that the maximum eigenvalue of a matrix A can be computed as SUp,. . <1 xTAx and the norm
of a vector y can be computed as sup. | <1 x"y. Consider now the derivation for a generic x € R? such that
[lxll, < 1:
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X'FO,5)x=x" E [s,a,0)s,a,0)]x

a~my(-|s)
= [E(‘ )[xTi(s,a7 0)t(s,a, G)Tx]
a~my(-|s
~ E [("Hs,0,0))7]
army(-ls)

IN

2
E swp xi(s,0,0) | | = E [li(s,a,0)lf],
armo(ls) |\ e:llxll, <1 arem(-|s)

where we employed Lemma 3 and upper bounded the right hand side. By taking the
supremum over x € R such that ||x||, <1 we get:

I (F(O.9) = s & FOsx<  Eli(sa 0] (P.5)

x:f|x[l, <1

By applying the first inequality in Remark 2.2 of Hsu et al., (2012) and setting A =1 we
getthat | E )[Hi(s,a,@)”ﬂ <do*. O
a~my(-|s

We now show that the subgaussianity assumption is satisfied by the Boltzmann and
Gaussian policies, as defined in Table 1, under the following assumption.

Assumption 6 (Boundedness of Features) For any s € S the feature function is bounded in L,-norm, i.e.,
there exists ®Ppax <oo such that || (s)]|, < Prax-

Proposition 2 Under Assumption 6, then Assumption 4 is fulfilled by the Boltzmann linear policy with
Py

parameter = 2@, and Gaussian linear policy with parameter ¢ = D"
Zmin

Proof Let us start with the Boltzmann policy. From the definition of subgaussianity given in Assumption 4,
requiring that the random vector #(s, a;, @) is subgaussian with parameter ¢ is equivalent to require that the
random (scalar) variable maTi(s, a;,0) is subgaussian with parameter ¢ for any a € R, Thus, we now

bound the term:
|a#(s,a,0)] = |«" ((€; — 7) @ ¢(s))|
= |lall,ll(e; — =) ® $(s)]l

= llall,lle; = =, ¢(s)ll,
<2]efl Prnax

where we used Cauchy—Swartz inequality, the identity [x @y|;= (x ®y) (x®@y) =
(x"x) @ (y"y) = ||x|l3]ly]l5 and the inequality ||&; — x||5 <2. Therefore, we have that the
random variable Waﬁ(x a;, 0) <2, is bounded. Thanks to Hoeffding’s lemma we

have that the subgaussianity parameter is 0 = 2®p,x.

Let us now consider the Gaussian policy. Let @ € R? and denote with pu(s) = [EH )[a] :
a~my(-|s
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{(s,a,0) =t(s,a)— E [t(s,a)] =2 "(a— us)) @ ¢(s).

a~my(ls)

Let us first observe that we can rewrite:

where f; =3 a;¢(s); for i € {1,...,k}. We now proceed with explicit computations:
)[exp{aTi(&a, 0)}] :a~7[r5(-\s) [exp{a” (27" (a — p(s)) ® ¢(s)) }]
= [exp{fE @ — p(s)}]

a~ma(})
:/ exp{—3(a—n(s)"2" (@ n(s)}
R (2n): det(2)?

a

E
~mo(ls

exp{ﬂTzf1 (a— ,u(v))}da

Now we complete the square:

1

3@ w6 T (@~ () + B2 o )
——3la—u(s) = B'E a—u(s) B+ 58T

Thus, we have:
E )[exp{aTi(s,a, 0)}]

ar~my(-ls
- exp{%ﬂTZ—lﬁ} /Rt, exp{—3(@—us) - BT @a—ps) - p)}

(27)° det(X)?
1
= exp{—ﬁrl’lﬁ}.
2
Now, we observe that:

B E B <IN, < N2l () )12

having derived from Cauchy—Swartz inequality:
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k q 2

k q
1B =" au(s); ) < D3 2> ()]

i=1 \j=1 =1 j=1 =1

|
M~
M=
2
N——

M=
p=q
2
=

lall3 ]l (s)]]5-

We get the result by setting 0 = ®Pnax (/|| 27|, = % O

Furthermore, we report for completeness the standard Hoeffding concentration inequality
for subgaussian random vectors.

Proposition 3 Let X|,X»,...,X, be n iid. zero-mean subgaussian d—dimensional random vectors with
parameter >0, then for any & € RY and € > 0 it holds that:

62}1

1 n
Pr|o” (- Xi|2e|<expd ————
> 2]al36?

Proof The proof is analogous to that of the Hoeffding inequality for bounded random variables. Let s > 0:

1 n 1 n
Pr| of _in >e| =Pr|exp sal —ZX,- > %
= =

1< L N Sz
< oS¢ sal ; —s€ |: { T l}i| < oS¢ 2 2
e E [exp{w (n ;—1 X )} =e ,-l |l E [expy—a'X e expy 3 ||et||50

S2 2 2
= exp _Sﬁ"‘ﬂ”“”ﬂ ,

where we employed Markov inequality, exploited the subgaussianity assumption and the
independence. We minimize the last expression over s, getting the optimal s = M—’Z‘UZ, from
which we get the result:

en

1 n
Pr| of 7ZX,» Ze|<expd ————>5—
i 2||a[302

O

Under the Assumption 4, we provide the following concentration inequality for the min-
imum eigenvalue of the empirical FIM.

@ Springer



Machine Learning

Proposition 4 Let F(0) and F (0) be the FIM and its estimate obtained with n > 0 independent samples.
Then, under Assumption 4, for any € > 0 it holds that:

Pr("lmin(%(e)) - )“min(]:(o))’ > 6) <26xp{—62—n}’

V&

where Y, >0 is a constant depending only on the subgaussianity parameter ¢. In
particular, under the following condition on n we have that, for any 6 € [0,1] and o €

~

[0, 1) it holds that Jumin(F (0)) > otAmin(F(0)) with probability at least 1 — o:
d?c*y, log3
(- OC)Zflmirl(-;’:(o))z .

n>

Proof Let us recall that 7 (0) and F(6) are both symmetric positive semidefinite matrices, thus their
eigenvalues /; correspond to their singular values o;. Let us consider the following sequence of inequalities:

[min(F(0)) = Zia(F(0)| = |omin( F(0)) = on(F(0))]

< s o(70) -z

Fo)-70),

2

<

where last inequality follows from Ben-Israel and Greville, (2003). Therefore, all it takes is
to bound the norm of the difference. For this purpose, we employ Corollary 5.50 and
Remark 5.51 of Vershynin, (2012), having observed that the FIM is indeed a covariance
matrix and its estimate is a sample covariance matrix. We obtain that with probability at

least 1 — §:
|70 - )] < 1o,y L2, P6)

where 1/, >0 is a constant depending on the subgaussianity parameter ¢. Recalling, from
Lemma 4, that || F(0)]| = Zmax(F(0)) < da?, we can rewrite the previous inequality as:

|70) - 7o), <oy Y2 (B-7)

By setting the right hand side equal to € and solving for d, we get the first result. The value
of n can be obtained by setting the right hand side equal to (1 — o) Amin(F(0)). O

A.2.3 Concentration result

We are now ready to provide the main result of this section, that consists in a concentration
result on the negative log—likelihood. Our final goal is to provide a probabilistic bound to

-~

the differences £(0) —€(0Ag) and EA(OAg) — Z(E) To this purpose, we start with a
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technical lemma (Lemma 5) which provides a concentration result involving a quantity
that will be used later, under Assumption 4. Then, we use this result to obtain the con-

centration of the parameters, i.e., bounding the distance H@ — GAg H2 (Theorem 6), under

suitable well-conditioning properties of the involved quantities. Finally, we employ the
latter result to prove the concentration of the negative log—likelihood (Corollary 1). Some
parts of the derivation are inspired to Li et al., (2017).

Lemma 5 Under Assumption 2 and Assumption 4, let D = {(s;,a;)}_, be a dataset of n > 0 independent
samples, where s;~d,;"* and a; ~ Tgag(-|s;). For any 0 € O, let g(0) be defined as:

e0) =13 (£ Wsal- | E i) (16)

=7 \a~m(ls) armag(-1s)

Let § = argmin ?(0) =15 | logmy(ajls;). Then, under Assumption 4, for any 6 € [0, 1],
0O
with probability at least 1 — 9, it holds that:

e @), </ 21022 1)

Proof The negative log-likelihood of a policy complying with Assumption 3 is C2(R?). Thus, since Bisa
minimizer of the negative log-likelihood function ¢(6), it must fulfill the following first-order condition:

Vol ):%Zvomgng(mm):%z t(sna)— E ltsna) | =0.  (P.8)

— — a~m~(|s)
i=1 i=1 o

As a consequence, we can rewrite the expression of g(0) exploiting this condition:

g(@):% "< [Em[t(s”“)}_ E  [tsia)]

a~mpag(-ls)

_1 '” (t(si,ai)— E [t(.ri,a)])

ar~mpag(:[s)

1 n
==Y "i(s;,a;, 008).
n i=1

By recalling that a; ~ mga,(|s;) it immediately follows that g(@) is a zero-mean random

vector, i.e., E [g(ﬂ)} = 0. Moreover, under Assumption 4, g(a) is the sample
Si~V

ai ~ Toag (-s:)
mean of subgaussian random vectors. Our goal is to bound the probability

Pr(Hg(a)H2 > e); to this purpose we consider the following derivation:
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-~

Pr(Hg(a)H2 > e) —Pr(\[> g0 >

= (P.9)

d N €
< Pr(\/ 8/’(9)’ > \/_E>

< jipr(’gj(ﬁ)‘ > %) (P.10)

where we exploited in line (P.9) the fact that for a d-dimensional vector x if ||x||, > € it
must be that at least one component j = 1, ..., d satisfy xf > % and we used a union bound

-~

over the d dimensions to get line (P.10). Since for each j = 1, ..., d we have that g;(0) is a
zero-mean subgaussian random variable we can bound the deviation using standard
results (Boucheron et al., 2013):

Pr( g_,(ﬁ)‘ > i><2exp{—€2—”}. (P.11)

Vd 2da?
Putting all together we get:

Pr(Hg(a)H2 > e) §2dexp{—%}. (P.12)

By setting 6 = 2d exp{— 5;2} and solving for € we get the result. [

We can now use the previous result to derive the concentration of the parameters, i.e.,
bounding the deviation H@ — BAgH .
2

Theorem 6 (Parameter concentration) Under Assumption 2 and Assumption 4, let D = {(s;,a;)}i_, be a
dataset of n >0 independent samples, where s;~v and a;~Tga,(:|s;). Let 0 = argmin £(0). If the
0co

empirical FIM ]A-'(G) has a positive minimum eigenvalue Emin > 0 for all 0 € O, for any o € [0, 1], with
probability at least 1 — 9, it holds that:

~ A o 2d. 2
0—0 gH <7 [ Fieg™, 18
H 27 Jain V1 %5 (18)

Proof Recalling that g(()Ag ) = 0, we employ the mean value theorem to rewrite g(@) centered in 98

g(0) = g(0) —g(0"%) = F(8) (0 - 07¢), (P.13)
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where 8 = 10 + (1 — )08 for some ¢ € [0,1] and F(0) is defined as:

n

F(0)=Vog(®) =~ E [Vologmo(als)t(si,a)]

i—1 a~my(-|s)

:‘ZM,M K (va)— E )[t(sl-,a)])t(sz-va)} — F(0),

a~my(ls

where we exploited the expression of Vylogmy(a|s) and the definition of Fisher infor-
mation matrix given in Eq. (14). Under the hypothesis of the statement, we can derive the
following lower bound:

~_ 112 ~ T~ _ o~ — [~ ~ ~ 2
Hg(O)H = (0-0%¢) 70 F@)(0-0¢) > zimHo - oAgH . (P.14)
2 2
By solving for HE - OAgH2 and applying Lemma 5 we get the result. []

Finally, we can get the concentration result for the negative log-likelihood.

Corollary 1 (Negative log-likelihood concentration) Under Assumption 2 and Assumption 4, let D =

{(s, a;)}l, be a dataset of n>0 independent samples, where si~v and a;~mpag(|s;). Let
0 = argmin Z( ). If Janin(F(0)) = Tmin > 0 for all 0 € @, for any 5 € [0,1], with probability at least
0o

1 — 0, it holds that:

. d*e*  2d
(0) - (0"8) < S log =, (19)
)Vminn
and also:
o d?e* 2d
£08) — 1(0) < 5 log . (20)
;”minn

Proof Let us start with e(@) — Z(HAg). We consider the first order Taylor expansion of the negative log—
likelihood centered in 08

0(0) — 0(018)

- voé(aAg)T(a - oAg) +%(5 _ oAg) Hol (B )( 0Ag) (P.15)

where 0 = 10 + (1 — t)()Ag for some ¢ € [0, 1]. We first observe that Voé(BAg) = 0 being
08 the true parameter and we develop Hy/(0):

@ Springer



Machine Learning

Hol(0) E [Ho log m5(als)]

s~V

a~ Toag(-s)

= E |:V9 (t(&a) - E [t(sva)]>:|
P ar~m(ls)

a~ Toag(-s)

E {vo%%vu’an}

E{ E)K’@ﬁ): E [t(sﬁ)])t(s,a)TH = E [F(0,9)].
SO (1s)

a’\/ﬂa

By using Lemma 4 to bound the maximum eigenvalue of F(0,s), we can state the
inequality:

%(E—OAg)THgé(ﬁ) (6-0¢) < dT‘Tzllﬁ—aAgHz. (P.16)

Using the concentration result of Theorem 6, we get the result. Concerning
Z(OAg) — Z(b\), the derivation is analogous with the only difference that the Taylor

expansion has to be centered in 0 instead of 08, O

To conclude this appendix, we present the following technical lemma.

Theorem 7 Under Assumption 2 and Assumption 4, let D = {(s;, a;)};_, be a dataset of n > 0 independent
samples, where s;~v and a; ~mgag(+|s;). Let 0,0 € O, then for any € > 0, it holds that:

Pr([e(o) - Z(o)} - [z(a’) - Z(e’)} > e) < exp{zwi’;”“}.
20

Proof We write explicitly the involved expression, using Assumption 3 and perform some algebraic
manipulations:
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n

= E [07t(s,a) — A(0,5)] — lX:((JTt(si, a;) —A(0,s,))

S~V ni4

a~ Tpag(-s)
n

- & [(a’)Tt(w)A(a/,s)}+%Z((e’)%(s,»,a,-)A(ocs,-))

a~Tpag(‘[s)

E [(0 —0)t(s,a) — (A(0,5) — A0, s))}

s~V

a~ Toag(([s)
1 n
— > ((0-0)tls1a) — (A0, 5) — A0 51) ).
i=1
Essentially, we are comparing the mean and the sample mean of the random variable

(0—0) t(s,a) — (A(0,s) — A(0',5)). Let us now focus on A(6,s) — A(0',s). From the
mean value theorem we know that, for some ¢ € [0, 1] and 0 = 0 + (1 — ¢)0', we have:

A(B,5) — A0, 5) = V4A(0,5) (0 — 0)). (P.17)
From Eq. (P.4), we know that VA(0,s) = [E( | )[t(s,ﬁ)]. The random variable
a’\’T[t—] s
(s,a,0) =t(s,a) — [E( ‘ [t(s,a)] is a subgaussian random variable for any 6 € ©. Thus,
a~n§ |8

under Assumption 4 we have:

s~V i=1

a~ Tpag(ls)

If we apply Proposition 3, we get the result. [

A.3 Results on significance and power of the tests

Theorem 3 Let IAr be the set of parameter indexes selected by the Identification Rule 2

obtained using n > 0 ii.d. samples collected with mg,, with 0"t € @. Then, under
Assumptions 1, 2, 3,4, and 5, let Hfg = argmin ¢(0) for all ie{l,..,d} and
0co;

¢ = min{1, 2} If Lpin > zmﬂ and £(07%) — 1(6¢) > ¢/, it holds that:
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I/me
a§2dexp{ l6d204}
(1(0,4*%) —1(0%) — cl);,mmén
<(2d—1 - .
ﬁ_( )ig;gexp{ 16(d71)20'2

Proof We start considering o = Pr(ﬂi gl ic 76>. We employ an argument analogous to that
of (Garivier and Kaufmann, 2019):

Pr(3igreicl.) =Pr(3id 1" : Ji > c1)

Ag 2 ﬂ < Cl)“mm
(678) £(0)>2>_2dexp{ 16(1264}

~ o~

where we observed that £ (OAg) > 6(0 ) as 078 ¢ ©; under Ho and we applied Corollary 1
in the last line, recalling that /i\mi

the derivation is a little

"z
more articulated. Concerning f§ = Pr(z creid ) we first perform a union bound:

Pr(EIi eIt ig IC) - Pr<ie\1<gi ¢ Ic) < ; Pr(i ¢ IC).

Let us now focus on the single terms Pr(i & TC) We now perform the following

manipulations:
Pr(i ¢ 1.) = Pr(7(0,) ~ 1(0) < %1)
= pe([0(6) - 20%)] + [1(048) - 1)) + [2001%) - 21078 < )

(P.18)
< pe([U68) - 10%)] + [f0.8) - U0ne)] < )

= pe([00) - 707%)] + [7002%) - c(0%)] + [078) - T(0A2)]

<5+ [uone) - e(oiAg)D (P.19)
= pr([001%) - 28] + [001) - 707%)] + [2(048) — c(042)]
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~ o~ o~

where line (P.18) is obtained by observing that ¢ (OAg) — £(0)>0. Thus, we have:

Pr(i¢l.) < Pr(iw/*g) () > 5 [105%) — 10h2)] - 5)
+Pr (V(‘%Ag) - A(BiAg)} + [Z(BAg) - E(OAg)} > (P.20)

! [roAe) - ewAg)})

< Pr(?(e,»Ag) — (6, > % [(048) — e(648)] 7%1)

+Pr <[€(0,«Ag) - Z(B,Ag)} + [Z(BAg) - ﬂ(ﬂAg)} > (P.21)

[ (08 )] )

{ (e07) — e0™2) - )Am}
<2(d —1)expg —

16(d — 1)%¢*
(P.22)
(e(a,-Ag) - Z(GAg)>/1minn
TPy T 1602
(€0.4%) — £(048) — ¢, ) din
S2d—1)expq = 16(d — 1)%?
(E(G,Ag ) — £(078) — cl)immné
Fexpy 16(d— 1202 (P23
(€002%) — £(0%8) — ¢, ) dinne
<(2d — 1)expg — 16(d — 1)%0? .

where line (P.20) derives from the inequality Pr(X + Y > ¢) < Pr(X >a) + Pr(Y > b) with
¢ =a+Db, line (P.21) is obtained by the following second order Taylor expansion,

recalling that Vyl(0°8) = 0:

00,58 — 0(078) = voz(aAg)T(a,-Ag - eAg) + % (0,-Ag - aAg)TH,,e(T;) (eiAg - oAg)

Amin
>
2

olAg - BAgH27
2
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where 0 = 1078 + (1— t)0,Ag for some ¢ € [0, 1]. Line (P.22) is obtained by applying
Corollary 1, recalling that Imin > ;mﬁ and Theorem 7. Finally, line (P.23) derives by

introducing the term ¢ = min{l, A;“z‘“} and observing that:

(z(aiAg) —0(678) — cl)é (e(a,-Ag) - e(oAg))n
(d-1y : 16 '

Clearly, this result is meaningful as long as E(G,Ag) - E(OAg) —20.0

B Detail on identification rules with configurable environment

In the following, we report the pseudocode for the environment configuration procedure in
the case of application of Identification Rule 1 (Algorithm 4) which was omitted in the
main text.

Algorithm 4 Identification Rule 1 (Combinatorial) with Environment Configu-

ration.
input: parameter space ©, configuration space {2, threshold function ¢, number of configura-
tion attempts Neonf

Initialize wq arbitrarily
Collect Dy observing 7r£‘g in environment M.,
Run the Identification Rule 1 on Dy with ¢’ and get fo
7oz, X
for I {1,..,d}: I ¢7 do
Wi, 0 < wo
Dio <« D
for j =1,..., Neonr do
Optimize Cj(w/w; ;1) getting w; ;
Collect D; j observing 772]5 in environment Mo, ;
Run the Identification Rule 1 on D; ; and obtain f”
f <« i V) ii,j
end for
end for
return 7

C Experimental details

In this appendix, we report the full experimental results, along with the hyperparameters
employed.

C.1 Experimental details for section 6.1
C.1.1 Discrete grid world

Hyperparameters In the following, we report the hyperparameters used for the experiments
on the discrete grid world:
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configuration identification configuration identification
configuration identification configuration identification
configuration identification configuration identification

Fig. 6 Example of configuration and identification in the discrete grid world

Horizon (7): 50

Discount factor (y): 0.98

Learning steps with G(PO)MDP: 200

Batch size: 250

Max-likelihood maximum update steps: 1000
Max-likelihood learning rate (using Adam): 0.03

Number of configuration attempts per feature (Neonf): 3
Environment configuration update steps: 150

Regularization parameter of the Rényi divergence ({): 0.125
Significance of the likelihood-ratio tests (4): 0.01

Example of configuration and identification in the discrete grid world In Fig. 6, we show a
graphical representation of a single experiment with the grid world environment using its
configurability to better identify the policy space. The colors inside the squares indicate the
probability mass function associated to the initial state distribution, consisting of the
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agent’s position (blue) and the goal position (red), where sharper colors mean higher
probabilities. The colored lines represent the features the agent has access to, they are
binary features indicating if the agent is on a certain row or column (blue lines) and if the
goal is on a certain row or column (red lines). Note that, to avoid redundancy of repre-
sentation (and so enforcing the identifiability), the last row and column are not explicitly
encoded, but they can be represented by the absence of the other rows and columns. When
a line is not shown anymore, it means that it has been rejected, i.e., we think the agent has
access to that feature. The agent has access to every feature except for the goal columns,
i.e., only to its own position and to the goal row are known.

The configuration of the environment is updated in the images at even position, the
identification step is performed at even positions. The environment is configured in order to
maximize the influence on the gradient of the first — not rejected — feature, considering the
blue features first and then the red ones. After the model was configured three times for a
feature, and the feature has not been rejected, the model was configured for the next one.

We can see that the general trend of this configuration is to change the parameters in
order to spread the initial value of the mass probability functions across a greater number
of grid cells. This is an expected behavior since with the initial model configuration, very
often an episode starts with the agent in the bottom-left of the grid and the goal in the
bottom-right, causing the policy to depend mostly on the position of the agent. In fact, only
blue column features are rejected at the first iteration, as we can see in the third image.
Instead, distributing the probabilities across the whole grid let an episode starts with the
two positions extracted almost uniformly. Eventually, the correct policy space is identified.
It is interesting to observe that such is can hardly be obtained without the configuration of
the environment, given the initial state distribution shown in the first image.

C.1.2 Continuous grid world

In this appendix, we report the experiments performed on the continuous version of the
grid world. In this environment, the agent has to reach a goal region, delimited by a circle,
starting from an initial position. Both initial position and center of the goal are sampled at
the beginning of the episode from a Gaussian distribution with fixed covariance u,,. The
supervisor is allowed to change, via the parameters w, the mean of this distribution. The
agent specifies, at each time step, the speed in the vertical and horizontal direction, by
means of a bivariate Gaussian policy with fixed covariance, linear in a set of radial basis
functions (RBF) for representing both the current position of the agent and the position of

Fig. 7 &andﬁerrorforconfand M T —
no-conf cases in the continuous 06 - ° a conf
grid world varying the number of e - - B conf
episodes m. 25 runs 95% c.i = " —®— a no-conf
—‘%04, S - - 8 no-conf ||
s -
o u N
o \ - _
s o -
0 ‘:.ﬁ:ﬁ |
1l Lol Lol
102 10° 10*

Episodes m
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the goal (5x5 both for the agent position and the goal). The feature, and consequently the
parameters, that the agent can control are randomly selected at the beginning. In Fig. 7, we
show the results of an experiment analogous to that of the discrete grid world, by com-

paring & and B for the case in which we do not perform environment configuration (no-
conf) and the case in which the configuration is performed (conf). Once again, we confirm
our findings that configuring the environment allows speeding up the identification process
by inducing the agent chaining its policy and, as a consequence, revealing which param-
eters it can actually control.

Hyperparameters In the following, we report the hyperparameters used for the exper-
iments on the continuous grid world:

Horizon (7): 50

Discount factor (y): 0.98

Policy covariance (X): 0.02%1

Learning steps with G(PO)MDP: 100

Batch size: 100

Max-likelihood maximum update steps: closed form

Number of configuration attempts per feature (Neonf): 3
Environment configuration update steps: 100

Regularization parameter of the Rényi divergence ({): le — 6
Significance of the likelihood-ratio tests (J): 0.01

Example of configuration and identification in the continuous grid world In Fig. 8, we
show an example of model configuration in the continuous grid world environment. The
two filled circles are a graphical representation of the normal distributions from which the
initial position of the agent (light blue) and the position of the goal (pink) are sampled at
the beginning of each episode. The circumferences correspond to the set of features (RBF)
to which the agent has access, among which we want to discover the ones accessible by the
agent. Since the policy space is composed by Gaussian policies with mean specified by a
linear combination of these features, each one is associated to a parameter. If a circum-
ference is not shown anymore at an iteration step, it means that the hypothesis associated to
that feature was rejected, i.e., we believe that the agent has access to that feature.

The group of images is an alternated sequence of new environment configurations and
parameter identifications. In the first image we can see the initial model with no rejected
features. The identification with the initial model yields to the rejection of a certain set of
features, which can be seen in the second image. The third image shows the new con-
figuration of the model, in which the mean of the two initial state distributions are moved
in order to investigate the remaining features. Then a new test is performed and the result is
shown in the fourth image, and so on. In this experiment, the environment was configured
in order to maximize the influence of one feature at a time, starting from the blue ones from
bottom-left to top-right in row order, and then with the red ones in the same order. Each
feature is used to configure the model for a maximum of three times, after that point the
next feature is considered.

The only features that were not actually in the agent’s set are the red ones on the two top
rows. We can see that the mean of the initial position of the agent (a configurable
parameter of the environment) always tracked the first available feature yet to be tested, as
expected from this experiment. In fact, when the initial position is close enough to those
features, the agent often moves around those blue circumferences to reach the goal, making
them more important in the definition of the optimal policy. Eventually, the tests reject all
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Fig. 8 Example of configuration and identification in the continuous grid world

the features that are actually accessible by the agent, and only them, yielding to a correct
identification of the policy space. The rest of the configurations are not shown, since no
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more features were rejected. In this experiment, similarly to the discrete grid world case,
the use of Conf-MDPs was crucial to obtain this result.

C.1.3 Simulated car driving

In this environment, an agent has to drive a car to reach the end of the track without
running off the road. The control directives are the acceleration and the steering, and are
expressed through a two dimensional bounded action space. The car has four sensors
oriented in different directions: —7, — g, g, Fw.r.t. the axis pointing toward the front of the
car. The values of these sensors are the normalized distances from the car to the nearest
road margin along the direction of the sensor, or the maximum value if the margin is
outside the range of the sensor. The complete set of state features is made up by the
normalized car speed and the values of the four sensors. In the experiments, the agent has
access to the speed and the sensor at angles % and 7. The track consists in a single road
segment with a fixed curvature. The rewards are given proportionally to the speed of the
car, i.e., greater speeds yield higher rewards. The episode finishes when the car goes
outside the road, and a negative reward is given in this case, when the track is completed,
or when a maximum number of time steps is elapsed.

Hyperparameters In the following, we report the hyperparameters used for the exper-
iments on the simulated car driving:

Horizon (7): 250

Discount factor (y): 0.996

Policy covariance (X): 0.1

Learning steps with G(PO)MDP: 100

Batch size: 50

Max-likelihood maximum update steps: 200

Max-likelihood learning rate (using Adam): 0.1

Significance of the likelihood-ratio tests (6): 0.1 rescaled by 0.1/5 for the simplified
identification rule and 0.1/32 for the combinatorial identification rule

C.2 Experimental details of section 6.2

Hyperparameters In the following, we report the hyperparameters used for the experiments
on the discrete grid world:

Horizon (7): 50

Discount factor (y): 0.98

Learning steps with G(PO)MDP: 200

Batch size: 250

Max-likelihood maximum update steps: 1000
Max-likelihood learning rate (using Adam): 0.03

Number of configuration attempts per feature (Neonf): 3
Environment configuration update steps: 150

Regularization parameter of the Rényi divergence ({): 0.125
Significance of the likelihood-ratio tests (J): 0.01
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Additional Results In the following, we report the complete results about the imitation
learning experiments. These results extend the ones presented in the main paper providing
additional algorithms and additional metrics for comparison.

Concerning the additional algorithms, we include other two regularization techniques
for the maximum likelihood estimation: Shannon and Tsallis entropy. Given a policy 7, the
Shannon H(7) and Tsallis W(7) entropies are defined as follows (Ho and Ermon, 2016;
Lee et al., 2018):

M) = E (W) = E - [lognal)
" S~ i
a~ ()
W = EWr() =5 E - [1-n(al)]
ar(l)

It is worth noting that, differently from the other regularizers (like ridge and lasso),
Shannon and Tsallis entropies require to compute an expectation w.r.t. to the policy m we
are optimizing. Since samples are collected with a policy that is, in general, different and
unknown (the expert’s policy) those expectations are approximated, in our experiments,
with self-normalized importance weighting (Owen, 2013). Thus, the complete loss func-
tion that is optimized, ignoring the ridge and lasso regularizers for brevity, is the following:

n n
Q(0; X3, \W) = Z log mg (ails;) + AS Z i(0)log mg (a;|s;) — Z (1 —mo(ailsi)),
=1 =1 i=1
: Shannon entropy : Tsallis entropy :
where @;(0) =« __ s the self-normalized importance weight.

Furthermore, W& have tested other IL methods that require natively the interaction with
the environment. In our truly batch model-free setting, we replaced again the interaction
with the environment with off-policy estimation. These algorithms are based on the notion
of feature expectation, i.e., the expectation of a feature function ¢(s,a) under the y-
discounted stationary distribution induced by a policy =:

o(n)= E _ [§(s,a)]
s~dj
arm(-ls)

The goal consists in finding a policy e that matches the feature expectations induced by
the expert’s policy 7y, i.e., ¢(n;) >~ ¢(mynre) and applying a regularization on T If the
regularization is the Shannon entropy we have the Maximum Causal Entropy Inverse

Reinforcement Learning (MCE, Ziebart et al., 2010):

max o H (1)
0co

S.t. ¢(TCO) = ¢(T[0Ag),

where o is a scale parameter. Instead, if we employ Tsallis entropy we obtain the Max-
imum Tsallis Entropy Imitation Learning (MTE, Lee et al., 2018):

S
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Fig. 9 Experiment with randomly chosen features on the minigolf domain for different number of episodes
m. 100 runs, 95% c.i

max o W ()
0coO
s.t. @(mg) = P(mpne),

where o' is a scale parameter.

In both cases, similarly to the regularizers presented above, the computation of the
objective requires to perform an off-policy estimation via importance sampling. In these
cases, we have the additional complexity that also the constraint, i.e., matching the feature
expectation, requires off-policy estimation for the left hand side.

The tables reported in the following pages present the complete results. As comparison
metrics, we employed the norm of the parameter difference (Table 2), the estimated
expected KL-divergence (Table 3), as defined in Section 6.2, and the norm of the esti-
mated difference in the feature expectations (Table 4). In each table we report, as an oracle
baseline, the results of ML assuming to have the knowledge of the parameters actually
controlled by the agent (True). FE is a feature matching baseline, obtained by looking for
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the policy that better explains the feature expectations induced by the expert’s data:

2
1

L a0pa) -3 blsa)
i=1 i=1

n

min
0cO

)

2

where @;(0) is the self-normalized importance weight, as defined before. Finally, MCE
and MCT are Maximum Causal Entropy and Maximum Tsallis Entropy, adapted with
importance sampling. As a general trend, we can see that all algorithms that employ
importance weighting do not perform well. This can be explained by the fact that expert’s
policy, which is likely (near) optimal, does not provide good information across the state-
action space. As a consequence, the importance weighting procedure injects a large
uncertainty (Owen, 2013; Metelli et al., 2018b). This also highlights how this no-inter-
action setting makes the IL problem challenging.

C.3 Experimental details of section 6.3

In the minigolf experiment, the polynomial features obtained from the distance from the
goal x and the friction f are the following:

o(x.f) = (1 %1, V& VF. VAT )

While agent .o/, perceives all the features, agent .o/, has access to (1, x, \/)_C)T only.
Hyperparameters In the following, we report the hyperparameters used for the exper-
iments on the minigolf:

Horizon (7): 20

Discount factor (y): 0.99

Policy covariance (X): 0.01

Learning steps with G(PO)MDP: 100

Batch size: 100

Max-likelihood maximum update steps: closed form
Number of configuration attempts per feature (Neons): 10
Environment configuration update steps: 100
Regularization parameter of the Rényi divergence ({): 0.25
Significance of the likelihood-ratio tests (J): 0.01

T

C.3.1 Experiment with randomly chosen features

In the following, we report an additional experiment in the minigolf domain in which the
features that the agent can perceive are randomly selected at the beginning, comparing the
case in which we do not configure the environment and the case in which environment
configuration is performed, and for different number of episodes collected. Although, less
visible w.r.t. to the grid world case, we can see that for some features (e.g., /x and v/xf)
the environment configurability is beneficial.
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