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Abstract

A Cahn-Hilliard equation with stochastic multiplicative noise and a random convec-
tion term is considered. The model describes isothermal phase-separation occurring
in a moving fluid, and accounts for the randomness appearing at the microscopic level
both in the phase-separation itself and in the flow-inducing process. The call for a
random component in the convection term stems naturally from applications, as the
fluid’s stirring procedure is usually caused by mechanical or magnetic devices. Well-
posedness of the state system is addressed, and optimisation of a standard tracking
type cost with respect to the velocity control is then studied. Existence of optimal
controls is proved, and the Gateaux—Fréchet differentiability of the control-to-state
map is shown. Lastly, the corresponding adjoint backward problem is analysed, and
the first-order necessary conditions for optimality are derived in terms of a variational
inequality involving the intrinsic adjoint variables.
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1 Introduction

The aim of this paper is to analyse the stochastic Cahn—Hilliard equation with con-
vection
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dp — Audt +u-Vedt = Blp)dW in(0,T) xO=:0Q, (1.1)
w=—-Ap+¥'(@ inT)x0O, (1.2)
n-Vo=n-Vu=0 in(0,7T) x030, (1.3)

(0 =¢p inO, (1.4)

where O is a smooth bounded domain in RY, d = 2,3, T > 0 is a fixed final
time, and n denotes the normal outward unit vector on 9. The system (1.1)-(1.4)
models isothermal phase-separation occurring in a moving fluid occupying the space
region O during the time interval [0, 7']. The order parameter, or phase-variable, ¢
represents the relative concentration between the pure phases, the variable u represents
the chemical potential of the system, and the nonlinearity ¥ : R — R is a double-
well potential with two global minima. The term u is an external random velocity
field acting on the system, modelling possible stirring and mixing processes of the
fluid which may affect phase-separation itself. The stochastic forcing describing the
thermal fluctuations affecting phase-separation is modelled by means of a cylindrical
Wiener process W on a given probability space and a W-integrable coefficient B,
possibly depending on the phase variable itself, which calibrates the intensity of the
noise.

The Cahn—Hilliard equation is a classical model employed in phase-separation, and
has nowadays numerous applications to physics, biology, and engineering. Its intro-
duction dates back to the pioneering work by Cahn and Hilliard (1958), where it was
proposed, in the deterministic version, to adequately describe spinodal decomposition
in binary metallic alloys. In the last decades, the model has been extensively refined
in several directions. For example, the description of possible viscous behaviours has
been originally presented in Elliott and Stuart (1996), Elliott and Songmu (1986),
Novick-Cohen (1988), and then generalised in Gurtin (1996). The presence of a fur-
ther evolution close to boundary due to the interaction with the hard walls has been
accounted for by proposing several choices of dynamic boundary conditions, for which
we refer to (Fischer et al. 1997; Kenzler et al. 2001; Gal 2012).

The deterministic Cahn—Hilliard equation has been proven to be extremely effective
in describing phase-separation phenomena. Nevertheless, it presents some drawbacks.
Indeed, the phase-separation process inevitably presents some disruptions, acting at a
microscopic level. These are due to unpredictable movements at the atomistic level,
which may be caused, for example, by temperature oscillations, magnetic effects, or
configurational interactions. As such, the classical Cahn—Hilliard system is unable to
capture the erratic nature of the separation process. The most natural way to over-
come this problem is to switch to a random setting instead, by introducing a suitable
noise term in the equation that could effectively describe the unpredictability of the
phenomenon at a small scale. This was proposed by Cook (1970) for Wiener-type
noises and gave rise to the well-known Cahn-Hilliard—Cook stochastic model for
phase-separation. The stochastic version of the model was then confirmed multi-
ple times (Binder 1981; Pego 1989) to be the only one that can genuinely describe
phase-separation in alloys. Since then, the random version of the equation has been
increasingly studied, both in the physics literature (Rogers et al. 1988; Elder et al.
1988; Grant et al. 1985; Langer et al. 1975; Milchev et al. 1988) and in the direction
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of model validation and numerical simulations (Blomker et al. 2001, 2008, 2016;
Hawick 2010; Hawick and Playne 2010; Hawick 2008; Lee et al. 2014).

The classical Cahn-Hilliard equation is the gradient flow associated with the free
energy functional

1
q)HE/ |V¢|2+/ W(p),
O O

with respect to the metric of H'(()*. The gradient term penalises the oscillation of the
order parameter, while the double-well potential models the tendency of each phase to
concentrate. The form of the chemical potential in (1.2) appears then naturally from
the differentiation of the free energy. Typical examples of W are given by

0 O 5
Wy (r) == > ((A+rHIn(l+r)+ A —=r)In(l —7r)) ?r ,
— re(—1,1), 0<6 <6y, (1.5)

and
1 2 2
Wpor (1) == Z(V -D7, rekR (1.6)

Although (1.5) is the most relevant choice in terms of thermodynamical consistency,
its singular behaviour in 1 could be hard to tackle from the mathematical viewpoint,
and in several models the polynomial approximation (1.6) is often employed.

The velocity field u models the transport effects due to convection terms acting
on the system. In our analysis, this will be a prescribed external forcing field which
will play the role of velocity control in a typical optimisation problem. Optimisation
involving phase-separating fluids where the velocity is the control arises naturally in
applications. For example, this is the case of block solidification of silicon crystals in
photovoltaic applications. Here, the flow of the fluid acts as a control to optimise the
distribution of certain impurities, at the atomistic level, in a process of solidification
of silicon melt. For more details about the applications of optimal velocity control
problem in phase-separating fluids, we refer to (Kudla et al. 2013; Rocca and Sprekels
2015). In practice, the motion of the fluid can be achieved in several ways: as pointed
out in Colli et al. (2018a), Rocca and Sprekels (2015), the most common choices
consist in employing either mechanical stirring devices or ultrasound emitters directly
into the container. Another possibility is to prescribe a velocity on the fluid by means
of magnetic fields: this is widely employed, for example, in the case of molten metals
(Kudla et al. 2013) or bulk semiconductor crystals. Nevertheless, it is worthwhile
noting that in all these scenarios, the velocity field is usually obtained in an indirect
way, meaning that the motion of the fluid is achieved only as a consequence of more
direct controls, such as mechanical devices or magnetic effects. This being noticed, it
is clear then that the external prescription of a given velocity is strongly affected by
microscopic noises, which may be caused, depending on the type of motion-inducing
devices, by configurational or electromagnetic disturbances occurring in the flow-
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creating process. Also, the effective induction of the flow is strongly affected by the
imprecision of the above-mentioned devices.

From the modelling point of view, this strongly calls for the introduction of a fur-
ther source of randomness in the velocity field u and for abandoning the classical
deterministic setting of the problem. Let us stress that the random component of the
velocity field prescinds from the stochastic nature of the noise in equation (1.1): while
the Wiener process W models microscopic turbulences occurring in phase-separation,
the random nature of u takes into account the imprecision of the flow-inducing mecha-
nisms. For example, in typical situations u would satisfy a further stochastic equation
involving a further Wiener process, independent of W. Clearly, this extra equation
would specifically depend on the model in consideration: here, in order to make the
treatment as general and light as possible, we only require u to be a stochastic process.
Let us point out that this choice implies that the microscopic fluctuations in u coming
from a possible further noise are not taken into account explicitly here. Indeed, the box
constraint for the controls (see Sect. 2 below) only requires some general measurability
and integrability conditions on u, and does not prescribe any specific requirement on
the microscopic fluctuations of u. To fix the ideas, the reader can naturally think about
focusing only on macroscopic controls, e.g. controls which are C! in time and W7
in space, and neglecting thus the microscopic turbulence in u. Here, since the method-
ology can be directly adapted to more general controls, we preferred to consider a
broader class of admissible controls, for sake of mathematical generality.

The importance of allowing the control variable to be random is crucial when
dealing with a controlled stochastic equation (see, for example, Yong and Zhou 1999).
Indeed, bearing in mind the typical perspective of Monte Carlo simulations, restricting
to deterministic controls would mean to choose a priori a control which is independent
of the possible outcomes of the evolution according to the prescribed underlying
probability space. By contrast, stochastic controls ensure more freedom from the
point of view of the controller, as they allow to adapt the control to the random
outcomes of the phenomenon itself. With this in mind, in our analysis u will be a
prescribed stochastic process satisfying some natural box-constraints, possibly taking
into account the random imprecision of the velocity-inducing devices. The model that
we study presents then two main sources of randomness: the first one is given by
the Wiener noise in equation (1.1), taking into account the microscopic turbulence
affecting phase-separation, and the second one is the stochastic component of the
convection term, modelling the imprecision of the stirring procedure. Hence, one can
think the two random forcings as acting on two separate levels: a microscopic scale
described by W, and a different uncorrelated scale rendered by u.

The mathematical literature dealing with the Cahn—Hilliard equation is extremely
developed. In the deterministic case, attention has been widely devoted to the study
of well-posedness, regularity, long-time behaviour of solutions, and asymptotics. Due
to the considerable size of the literature, we prefer to quote the detailed overview by
Miranville (2019) and the references therein for completeness. Let us only point out
the contributions (Colli et al. 2014; Cherfils et al. 2011; Gilardi et al. 2009) dealing
with well-posedness and (Colli et al. 2015a,b, 2016; Hintermiiller and Wegner 2012)
in the direction of distributed and boundary control problems. Possible relaxations
and asymptotics of the Cahn—Hilliard equation have been recently studied in Bonetti
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etal. (2017, 2018, 2020), Colli and Scarpa (2016), Scarpa (2019a) also with nonlinear
viscosity terms.

In the stochastic case, the original contribution dealing with Cahn-Hilliard equa-
tion is (Da Prato and Debussche 1996), on the existence of mild solutions in the case
of polynomial potentials. Further studies have been then carried out in the works
(Cornalba 2016; Elezovi¢ and Mikeli¢ 1991) again in the polynomial setting, and in
Scarpa (2018, 2020) in the case of more general potentials in variational framework.
The stochastic Cahn-Hilliard equation with logarithmic potential has been studied
in Debussche and Zambotti (2007), Debussche and Goudenege (2011); Goudenege
(2009) in relation to reflection measures, and in Scarpa (2019) in the case of degenerate
mobility. In the context of phase-field modelling with stochastic forcing, it is worth-
while mentioning the contributions (Antonopoulou et al. 2016; Feireisl and Petcu
2019a,b), as well as (Bauzet et al. 2017; Bertacco 2020; Orrieri and Scarpa 2019)
on the stochastic Allen—Cahn equation. In the direction of optimal control, we point
out (Scarpa 2019b) dealing with a distributed optimal control problem of the stochas-
tic Cahn—Hilliard equation, and the recent work (Orrieri et al. 2020) on a stochastic
phase-field model for tumour growth.

Concerning specifically the Cahn—Hilliard equation with convection, in the deter-
ministic case well-posedness has been studied in Colli et al. (2018a) under general
choices of dynamic boundary conditions, in Porta and Grasselli (2015) in a local ver-
sion with reaction terms, while some related optimal velocity control problems have
been analysed in Colli et al. (2018b, 2019), Rocca and Sprekels (2015), Zhao and Liu
(2013), and Zhao and Liu (2014). Also, the relationship between the behaviour of the
convection term and phase-separation has been analysed in the recent work (Feng et al.
2020): here, the authors show that if the velocity field is sufficiently mixing, then no
phase-separation occurs, and the solutions of the respective advective Cahn—Hilliard
equation converge exponentially to a homogenous mixed state instead. This may have
important connections to related optimal control problems with a target distribution
at a final time: in particular, the above-mentioned result makes the optimisation prob-
lem meaningful also when the final target state is not necessarily separated, but is a
homogenous mixed state. Also, it points out how powerful the action of the convec-
tion term is on the phase-separation, and motivates the study of phase-optimisation
problems where the control is the velocity itself. The convective Cahn—Hilliard equa-
tion has also been considered in coupled systems, with a further equation equation
for the velocity field: it is the case, for example, of Cahn—Hilliard—Navier—Stokes
systems, studied in Abels (2009), and Frigeri et al. (2019, 2020, 2016). By contrast,
despite its strong relevance in application to stochastic optimal velocity control, the
convective Cahn—Hilliard has not been analysed yet. The only results available in the
stochastic setting deal with coupled systems, for example in the context of stochastic
Cahn-Hilliard—Navier—Stokes models (Deugoué and Medjo 2018b, a; Medjo 2017).
This paper constitutes a first contribution to optimal velocity control for the stochastic
convective Cahn—-Hilliard equation.

The literature on stochastic optimal control is also quite extensive: for a general
overview we refer to the monograph (Yong and Zhou 1999). Stochastic optimal control
is also studied in Fuhrman et al. (2012, 2013, 2018), Fuhrman and Orrieri (2016),
Guatteri et al. (2017) in the context of the heat equation and reaction-diffusion systems.
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For completeness, we refer also to the works (Du and Meng 2013; Lii and Zhang 2014)
concerning the stochastic maximal principle. Relaxation of the optimality conditions
has been addressed in Brzezniak and Serrano (2013) and Barbu et al. (2018) for
dissipative SDPEs and the Schrédinger equation, respectively. Deterministic optimal
control problems of stochastic reaction—diffusion equations have been analysed in
Stannat and Wessels (2019).

Let us describe now the main points that will be addressed in this work. First of
all, we concentrate on the well-posedness of the state-system (1.1)—(1.4), where the
control u is arbitrary but fixed. Using a Yosida approximation on the nonlinearity and
a time-regularisation on the velocity field, we show existence-uniqueness of solutions
by means of variational techniques and stochastic compactness arguments. Thanks to
monotone analysis tools, we are able to cover very general potentials, not necessarily
of polynomial growth. Also, we prove continuous dependence of the variables with
respect to the control, and this allows to define a suitable control-to-state map S : u —
(¢, ). Secondly, we focus on the optimisation problem, which consists in minimising
a tracking-type cost functional in the form:

o1 (%) o3
J(p,u) := TE/ lo — pol® + 71@] lo(T) — o7 > + EE/ lu|?
[¢) @) 9

subject to the state-system (1.1)—(1.4) and the constraint that u is an admissible control,
meaning that u € U,, with U4 being a suitable bounded, closed subset of the space
p-integrable progressively measurable process with values in L*(0)?. Here, ¢o and
@7 represent some running and final targets, while 1, o2, o3 are nonnegative weights.

Cost functionals in this form arise very naturally from applications. Roughly speak-
ing, the optimisation problem amounts to identify the optimal way of stirring and
mixing the fluid in such a way that the state variable ¢ is as close as possible to
the running target ¢ during the evolution and to the final target ¢7 at the end of
the evolution, without wasting too much energy in inducing the flow u. As we have
anticipated above, a typical example that we have in mind appears in the solidification
process of silicon crystals in the context of industrial photovoltaic applications (Kudla
et al. 2013; Rocca and Sprekels 2015). Here, a certain mixture of impurities needs
to be moved by convection from within the silicon melt to its boundary, in order to
refine the quality of the final silicon block. The flow u of the fluid behaves then as a
control on the silicon melt in order to make the relative distribution of impurities ¢
be close enough to some prescribed targets. In particular, the final target distribution
or of impurities can be seen here as concentrated on the boundary and diluted in the
interior. Analogous applications arise more generally in optimal distribution problems
of melting materials: the local distribution of some substance contained in the separat-
ing fluid is optimised close to some desired targets by inducing a flow in the material
itself.

The starting point in the analysis consists in addressing existence of optimal con-
trols. This is one of the main differences with respect to the deterministic optimal
control problem. Indeed, in the deterministic setting existence of optimal controls fol-
lows with no particular effort from the direct method of calculus of variations, since
one is able to obtain enough compactness from the well-posedness of the state system
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and the boundedness of the set of admissible controls. By contrast, in the stochastic
case these uniform estimates on the minimising sequence of controls do not ensure
enough compactness in probability, due to the stochastic nature of the problem itself.
Also, classical stochastic tools that are usually employed to bypass this problem, such
as the well-known criterion a la Gyongy—Krylov, do not work here: this is due to the
non-uniqueness of optimal controls, which is caused by the highly nonlinear nature
of the minimisation problem. To overcome this issue, we propose instead a relaxed
notion of optimality, which may be considered as optimality in law, i.e. requiring that
the stochastic basis and the Wiener process are part of the definition of optimal control
themselves. This technique mimics the definition of probabilistically weak solution for
stochastic evolution equations, and has been employed in other settings such as (Barbu
et al. 2018; Orrieri et al. 2020). In this framework, we prove existence of relaxed opti-
mal controls, and we show that when one restricts the attention only to deterministic
controls, then it is possible to get existence in the classical (probabilistically strong)
sense.

We move then to the study of the differentiability properties of the control-to-
state map S. More specifically, we prove that S is Gateaux and Fréchet differentiable
between suitable Banach spaces. This is done by showing well-posedness of the
so-called linearised system, obtained from (1.1)—(1.4) formally differentiating with
respect to u, and by carefully proving that the unique linearised solution actually coin-
cides with the derivative of S. This will allow to explicitly characterise, thanks to the
chain rule in Banach spaces, the derivative of the reduced cost functional J o S, so that
the optimisation problem could be seen only in terms of the control u. Consequently,
itis possible to obtain a first rudimental version of necessary conditions for optimality,
by imposing the classical first-order variational inequality D(J o §)(u) > 0 on a given
optimal control.

The last part of the paper aims at refining the first version of necessary conditions,
by removing any explicit dependence on the linearised variables. This is done by intro-
ducing and studying a suitable adjoint problem, which is formally related to the dual
problem of the linearised system. The adjoint problem consists of a backward-in-time
stochastic partial differential equation, and its analysis is the most challenging point
of the work. The first main difficulty is indeed the backward nature of the equation:
although this is not a great limitation in deterministic problems, in the stochastic case
it calls for the introduction of an extra variable, in order to preserve adaptability of
the processes in play, and requires different analytical techniques such as martingale
representation theorems. The second and most crucial difficulty depends instead on the
nonlinear nature of the system. Indeed, the presence of the nonlinear term ¥” (¢) and
the dual structure of the equation prevent from obtaining uniform estimates directly
on the adjoint system. Consequently, well-posedness cannot be obtained classically
by tackling the adjoint problem straightaway, and a different idea is needed. In this
regard, we use a duality method. We consider a more general version of the linearised
system, where an arbitrary forcing term is added, and we show that this is well posed
and the solutions depend continuously on the forcing term. Then, we prove that such
system is in duality with the adjoint problem that we want to study, and this allows
to recover by comparison some first uniform estimates on the adjoint variables. This
tool is extremely powerful, as it allows to bound the adjoint variables without even
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working on the adjoint system itself: the main intuition behind this is that the linearised
system is usually much simpler to study, and the duality between linearised-adjoint
systems allows to “transfer” uniform bounds on the solutions from one problem to the
other. Once these first crucial estimates are obtained, using classical techniques we are
then able to prove well-posedness of the adjoint problem. Lastly, the duality relation
is employed to refine the first-order conditions for optimality and to write them as a
variational inequality only depending on the intrinsic adjoint variables.

The main novelty of the work is the presence of two sources of randomness in
equation (1.1), accounting for noises both in the phase-separation process and in the
flow-inducing procedure. As interesting as it may be from the applied point of view,
certainly this novel framework does not come without effort on the mathematical
side. Indeed, let us stress that the fact that u is assumed to be a stochastic process,
and not a deterministic function, causes several non-trivial issues in estimating the
solutions: this is due to a lack of satisfactory computational tools of Gronwall type in
the genuinely pure stochastic case. Such difficulties are evident especially in the study
of the forward problems, i.e. in the state system (1.1)—(1.4) and in the corresponding
linearised system. Here, the idea is to argue instead combining carefully the Holder
inequality and several iterative patching arguments, in order to avoid applying the
Gronwall lemma, which does not work. In the adjoint problem, the situation is slightly
better: we will show that the backward nature of the equation allows indeed to use a
very general and recent backward-in-time version of the stochastic Gronwall lemma
(see Lemma 6.1).

We conclude by summarising here the structure of the paper. Section 2 contains the
description of the setting of the work, the precise assumptions, and the main results
that we prove. In Sect. 3, we prove well-posedness of the state-system, while Sect. 4
focuses on the existence of optimal controls. Then, in Sects. 5 and 6, we study the
linearised system and the adjoint system, respectively. Finally, in Sect. 7, we prove
the two versions of the first-order conditions for optimality.

2 Setting and Assumptions

In this section, we specify the general setting, notation, and assumptions of the work.
We then present the main results of the paper.

Let (2, %, (F1)ie0.17, P) be a filtered probability space satisfying the usual con-
ditions, where T > 0 is a fixed final time and W is a cylindrical Wiener process on a
separable Hilbert space K . For convenience, let us fix now once and for all a complete
orthonormal system (e;); of K. The progressive o-algebra on  x [0, T'] is denoted
by Z.

As far as notation is concerned, the dual of a given real Banach space E is denoted
by E*, and the duality pairing between E* and E is denoted by (., -) g« p. Weak
convergence in E and weak* convergence in E* will be denoted by the respec-

tive symbols — and A Also, for all g € [1, 400] we employ the usual symbols
L9(2; E) and L9(0, T; E) for the spaces of g-Bochner integrable functions, and
CcY%(0,T1; E) and Cg([O, T1; E) for the spaces of strongly and weakly continuous
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functions from [0, 7] to E, respectively. For spaces of stochastic processes, we use the
notation L‘Q}(Q; L9%2(0, T; E)) to further specify that measurability is also intended
with respect to the progressive o-algebra Z2. In the case that g > 1 and E is separable,
we explicitly set L (Q; L>(0, T; E*)) as the dual space of quj(Q; LY(0,T; E)),
which we recall can be characterised (Edwards 1965, Thm. 8.20.3) as the space of
weak*-measurable random variables y : Q — L°°(0, T'; E*) with finite g-moment in
Q. Finally, if E| and E» are separable Hilbert spaces, we use the notation .22 (Ey, E»)
for the space of Hilbert—Schmidt operators from E; to E».

In the proofs, the symbol c is reserved to denote any generic positive constant,
whose value depends on the structure of the problem and may be updated from line
to line in the proofs.

Let © ¢ R? (d > 2) be a smooth bounded domain. We use the classical notation
Q0:=0,T)x 0O, Q; == (0,1) x O, and Q,T = (t,T) x O foreveryt € (0, 7).
The outward normal unit vector on the boundary 9O is denoted by n. We introduce
the functional spaces

H:=L*0), V,:=H"(0),
Voi={ve H(O): n-Vv=0 ae.ondO}, Vz:=VoNH ),

endowed with their natural norms |||z, [I-lly,, lI-lly,, and |||y, respectively. We
identify H to its dual, so that we have the continuous and dense inclusions

V3‘—>V2‘—>V1L)H‘—>V1*.

For all y € V}*, we use the notation yp := ﬁ (y, 1) for the spatial mean of y, and

define the subspaces of zero-mean elements as
V]*,O ={y¢€ Vl* : yo =0}, Hy:=HnN Vf’jo , Vio = V1IN Hy.

Let us recall that the variational formulation of the Laplace operator with Neumann
conditions

'C:Vl_)v]*’ (Ey’§>:AVyV§7 yié—evla

is a well-defined linear operator, and its restriction to V| ¢ is an isomorphism onto the
space V]*jo. Its inverse NV : Vl*,o — V0 is the resolvent operator associated with the
abstract elliptic problem on O with homogenous Neumann conditions, meaning that
forall y € Vf’jo the element z := N’y € V) ¢ is the unique solution with null mean to

—Az=y inO,
onz=0 1n00.

As a consequence of the Poincaré—Wirtinger inequality, it is immediate to check that
¢ VNG = o)l +1col, ¢ e Vf,
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yields an equivalent norm on V*. In particular, it follows the compactness inequality

Ve>0, Je:>0: [yl <elVyly +cIVNyl3 YyeVip. 2.1

We introduce the space
U .= {u € L3((9): divu=0, u-n:Oa.e.ona(’)} ,

where the divergence is intended in the sense of distributions on O. The space of
velocity controls u that we focus on will be

U:=L%(Q L0, T:U)), pe(2,+00).

Let us note that this includes as a special case the choice of deterministic controls,
which has also received a strong mathematical interest on its own: see, for instance,
Stannat and Wessels (2019). Indeed, we can set

U .= LPO, T;U) CU.

The following assumptions on the problem will be in force throughout the paper.

Al: ¥ : R — Ris of class C2, P’ (0) = 0, and there exist Cy > 0 and y € [1, 2]
such that

v’ (r) > —Cy VreR,
W'+ V') <Ce(14+¥(r) VreR

Let us point out that the classical polynomial double-well potential W ,; satisfies
these assumptions with y = 2. Nonetheless, by allowing also the smaller values
y € [1,2] we are able to include possibly more singular potential, such as the
first-order exponentials. We set 8 : r > W' (r) + Cyr,r € R:then 8 : R — Riis
aC? nondecreasing function; hence, it can be identified with a maximal monotone
(single-valued) graph in R x R. Let us also denote by ,E : R — [0, +00) the
convex lower semicontinuous function with E(O) =0.

A2: ¢ € Vi and W(gpg) € L' (O).

A3: B:V, - % 2(K , V1) and there exists a constant Cg > 0 such that

1B — B g2k 1y <Clyi —y2llg Yy1,y2€ H,
||B(J’)||J2(K,V]) <Cp (1 + ||y||vl) VyeVy,

o
> |BGe;|> . <Cp ¥yeH.
j=0 LY=1(0)

Moreover, we prescribe that
B:V, > Z*(K, Vio)  in case of multiplicative noise.
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Let us note that in case of additive noise B € . 2(K , V1), these conditions are
trivially satisfied for all y € (1,2]if d = 2 and for all y € [3/2,2] if d = 3:in
particular, the classical polynomial case in dimension two and three is always cov-
ered. In the genuine multiplicative noise case, i.e. when B is not constant in Vi, we
also suppose that B is £ (K, V1.0)-valued: this amounts to requiring that the noise
is conservative, in the sense that it preserves the mean ¢ of the phase-variable. A
direct consequence is the conservation of mass, which is a fundamental feature of
Cahn-Hilliard-type evolutions. This hypothesis on the noise is very classical and
natural in literature: for example, let us stress that a relevant multiplicative choice
of B can be given as:

B(y)ej :==hj(y) = (hj»)o, yeVi, jeN,

where the sequence (h;); C WL2(R) is such that

o
2
Cp = Z |h ”WLOO(R) < +00.
j=0

It is not difficult to show that this example allows for all values of y € [1, 2] in
every space-dimension d = 2, 3.

In the context of the optimal velocity control, it will be useful to introduce a
polynomial-growth assumption on W. This will be necessary only in the study of
the optimisation problem, but is not needed for the well-posedness of the state system.

C1: it holds that y = 2 in Al and
(1)) < Co(l+r>) VreR.

Such requirement is very natural in the Cahn—Hilliard context, since it is satisfied
by the classical choice of the polynomial double-well potential W, of degree
4.

The first main result of the paper states existence and uniqueness of strong solutions,
and their continuous dependence with respect to the velocity field.

Theorem 2.1 Assume A1-A3. Then, for everyu € U, there exists a unique pair (¢, ()
with

@€ L, (2 WHP(0,T: Vi) n C([0, T]; H) N L*(0, T; V2)) N LA (Q: L0, T; V1)),
1= —Ag+ V' (p) e L7 LXO0. T; W),

foralls € (0,1/2), and such that

(w(r>,c>H+f ww—/ ou- V¢

1 Qt

@ Springer



45  Page 12 of 57 Journal of Nonlinear Science (2021) 31:45

t
= (90, On + (/0 B(g(s)) dW (s), C) VeV,

H

for every t € [0, T], P-almost surely. Furthermore, there exists a constant K > 0,
only depending on the structure of the problem, such that for allu € U, the respective
solution (¢, 1) satisfies

lolr @i rvinnLs, @ c20.:vay I 220120, 7:v0)
+ ”q’((p)”LP/Z(Q;LOO((),T;LI((’))))
i Vi
+ ”LIJ (®) ”L%Z(Q;LZ(O,T;H)) + ”\Ij (@) ”Lvﬂ/z(Q;LDO(O,T;LV(O)))

2
<K [1 - ||u||5,2} , 2.2)
and for every {u;}i=1 2 C U, the respective solutions {(¢;, Li)}i=12 verify

ller = ¢2llr, @icoqo.rivinz2.r:viy
2
P2

2
<K [1 + fluy ||5,2] [1 + uall, } luy — wallyy . 2.3)

Lastly, if also C1 holds, then

||(ﬂ1 - (pz”LZ?(Q;CO([O,T];H)QLZ(O,T;V2)) + ”/J'l - M2||L%3(Q;L2(0,T;H))

_4 _4 _2_ _2_
<K [1 + [l Il + ||uz||5,2} [1 + [luy ||5,2} [1 + ||u2||5{2] llup — wallyy -
2.4)

Once the analysis of well-posedness of the state system has been addressed, we can
turn our attention to the optimal velocity control problem. As far as the controls are
concerned, we consider classical box-constraints on the velocity controls, by defining
the set of admissible controls as:

Upg == {ll eu ||u||Lp(0)T;U) <L ]P)-EI.S.} ,

where L > 0 is a prescribed constant. The prescription of a box-constraint on the
admissible controls is classical on the mathematical side. In applications, the constant
L is typically related to the maximum capacity of the flow-inducing devices that convey
the velocity field. It will be useful to introduce an enlarged bounded open set U, in
U containing Uy, as

Ug :={ueld: |ully <L+1}.
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Analogously, we introduce the corresponding spaces of admissible deterministic con-
trols as:

U =U N Uaq, UL = U N Ugq.
The cost functional that we study is of quadratic tracking-type and reads
J 0 L% (2 CO([0, T1; H)) x L%, (Q: L*(0, T; H)) — R,
ol o2 a3
s = 5E [ 1o =gl + ZE [ 100~ pr+ TE [ .
2 2 Jo 2
0 0
(. ) € L%, (Q: CO([0, T1: H)) x L3,(Q: L*(0, T: H)), (2.5)

where o, a2, a3 are non-negative constants with @1 + o2 + a3 > 0 and the targets
are fixed with

9o € L% (2 L*(0,T; H)),  axpr € LX(Q, Fr: H).

The optimal velocity control consists in the following:

(CP) minimise the cost functional J with the constraints that u belongs to U4,; and ¢ is
the unique corresponding solution component to the state system (1.1)—(1.4).

By virtue of the well-posedness Theorem 2.1, it is well defined the control-to-state
map
Sy — [Lg, (sz; c0([0, T]; H) N L2(0, T: V2)> N LD L%, T vl))]

x L7235 L20, T: V)
as

S) = (Si1(w), ) = (g, 1), W E Uya.

This implies that the optimal control problem can be reduced to the only variable u,
by introducing the so-called reduced cost functional as:

T il — R, T :=J(Si(),u), uelly.

Remark 2.2 Clearly, the well-posedness result in Theorem 2.1 continues to hold on
any new stochastic basis (€', ﬂ; ", ', W), provided to analogously define the new
spaces of controls U', U, ,, and U, ,. Hence, if also (go’Q, @) are some new targets on
(', Z’,P') with the same law of (¢, ¢7), one can define the corresponding cost
functional J’, the corresponding control-to-state map S’, and the new reduced cost

functional J” on the new probability space, by simply replacing Q2 with &’
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With this notations, we can state the exact definition of optimal control as follows. As
anticipated, we also give some relaxed notions of optimality, one based on the concept
of optimality-in-law and the other obtained minimising only on the deterministic
controls.

Definition 2.3 An optimal control for (CP) is an element u € U,y such that

J) = inf J(v).

VEUad

A relaxed optimal control for (CP) is a family (Q’, F' AFDero, 1), P W, go’Q 7 u’)
where (', .#’, P) is a probability space, (%, )s¢[o, 7 is a filtration satisfying the usual
conditions, W’ is a K -cylindrical Wiener process on it, a1 (p/Q € LZ@ (' L%0,T; H))
and txz(p’T € LZ(SZ’, ﬁ/T; H) have the same laws of «1¢ and a7, respectively, and
u' € U, satisfies

J) = inf J(v).

veldyy

A deterministic optimal control for (CP) is an element u € L{g;’ such that

J) = inf J(v).

det
vellsd

Our first result in the analysis of the optimisation problem (CP) concerns existence
optimal controls. It is worthwhile noting that due to the non-uniqueness of optimal
controls, in the genuinely stochastic case one can only show existence of relaxed
optimal controls: this is typical in highly nonlinear stochastic optimal control prob-
lems, see, for example, (Barbu et al. 2018; Scarpa 2019b). By contrast, we show that
deterministic optimal controls always exist.

Theorem 2.4 Assume A1-A3. Then, there exist a relaxed optimal control w and a
deterministic optimal control u®®" for problem (CP).

Once existence of minimisers for (CP) is proved, we can now turn to the main focus
of the work, i.e. the investigation of necessary conditions for optimality. The first main
step in this direction is the study of the differentiability of the control-to-state map S,
along with the characterisation of its derivative through the analysis of the linearised
state system. This will allow to obtain a first version of the first-order conditions for
optimality by means of a suitable variational inequality involving the derivative of the
reduced cost functional. In this direction, we introduce the assumptions

C2: the map B : Vi — Z*(K, H) is of class C'. Let us point out that this implies
together with A3 that | DB (y)¢ || »2x gy < Cp |I¢ ]Iy forally, ¢ € V. Moreover,
let us stress this requirement is very natural, and it is satisfied, for instance, in the
relevant example described in A3, provided to replace W1 (R) with W1-*°(R) N
C'(R).
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C3: Wisofclass C3, DB € CO\(Vy; Z(Vi, £*(K, H))), and it holds that
()| <Co(1+1r]) VreR.

This is a refinement of assumptions C1-C2 and ensures, as we will see, better
differentiability properties for S. Still, C3 is satisfied by the polynomial poten-
tial W,,; and the relevant noise coefficient described in A3, provided to replace
W1L(R) with W2 (R).

The linearised system can be formally obtained by differentiating the state system
(1.1)—(1.4) with respect to the control u in a given direction h € U/, and reads

dop — Avpdt +h-Vedt +u-Véydt = DB(¢)6hdW  in(0,7) x O, (2.6)
vh=—-Ah+V (@6 in(0,T)x0O, 27

n-Vohb=n-Vy, =0 in(0,T) x 90, (2.8)

6h(0) =0 inO. 2.9)

The next result ensures exactly that the linearised system (2.6)—(2.9) is well posed in
a suitable variational sense, and that the unique solution to (2.6)—(2.9) coincides with
the derivative of the control-to-state map S in the point u along the direction h.

Theorem 2.5 Assume A1-A3, C1-C2, and p > 3. Then, for allu € Z:iad andh € U,
setting ¢ := S1(0), there exists a unique pair (6y, vn) with

on € L, (2 €0, T Vi) N 120, T: vi)) N L2 (2 €00, 71 HY N 120, T3 Va)

vh = — Ay + V(@) € L7 Q: L20. T: H)).

such that, for every t € [0, T, P-almost surely,

<9h(r>,c>H—/Q e RCILURE:

t
= </0 DB(¢(s))bn(s)dW(s), ;) VieW.

H

Furthermore, the control-to-state map S\ is Gateaux-differentiable in the following
sense: for allu € Uyg andh € U, as § \ 0, it holds that

w S 0n  in LY (2 L20,T; Vy) YLell p),
51(l1+51;)—51(11) LY inL?
Si(u+8h) — Siw) «
s
Si(a+ Sh)(t) — Si(w)(r)
5

(Q: L0, T; V) N LY, (sz; 120, T; Vl)) ,
O in L/ (Q: L0, T; H)) N L7 (sz; L2(0, T Vg)) ,

—6n(t) inLP3(Q, F;H) VYtelo,T].
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Moreover, if p > T and C3 holds, then Sy is also Fréchet-differentiable as a map
St Uag — L7 (2 €00, T1; Vi) N L2(0, T: V7).
The second step in the analysis of necessary conditions for optimality consists in
studying the so-called adjoint system and by proving a suitable duality relation with
respect to the linearised system. The adjoint system can be formally obtained as the

dual system of (2.6)—(2.9), and reads

—dP — APdr + V" (9)Pdt —u-VPds

=a1(p —9g)dt + DB(¢)*Zdt — ZdW  in (0,T) x O, (2.10)
P=—AP in(0,T)x0O, (2.11)

n-VP=n-VP=0 in(0,7T)x 00, (2.12)

P(T) = as(¢(T) —r) inO. (2.13)

Let us point out that the adjoint system is backward in time: due to the stochastic
framework of the problem, this necessarily requires the introduction of the additional
variable Z in view of the classical martingale representation theorems. The situation
here is then much more complex than the deterministic one: the variable of the adjoint
system is indeed the couple (P, Z), with P being an auxiliary variable. Due to the
difficulty of analysis of the adjoint system, we will need to require more regularity on
the targets, namely

C4 p > 6 and it holds that
LP4 2p
a1pg € LD, (Q L*(0,.T: H)),  axpr € L7=3(Q, Fr: V).

The next result ensures that the adjoint system (2.10)—(2.13) is well posed in a suitable
variational sense, and state a duality relation between (2.6)—(2.9) and (2.10)—(2.13).

Theorem 2.6 Assume A1-A3, C1-C2, and C4. Then, for all u € Upa, setting ¢ =
S1(w), there exists a triplet (P, P, Z), with

P e L2,(Q: C°([0. T]; Vi) N L*(0, T; V3)) ,
P =LP e L% 0, T VYN L0, T; V1)),
Z e L25(Q: L*(0. T: L2(K. V1),

such that, for every t € [0, T, P-almost surely,
(P@®), O +/ VP .V +/ W () Be +/ Pu. Ve
o/ of o/

T
= (2(@(T) = 1), O +/QT DB(p)*Z¢ — (/ Z(S)dW(S),E) V¢eV.
! t

H
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Furthermore, the solution components VP, 15, and VZ are unique in the spaces
L%,(Q: C°([0, T1; HY)), L,(Q: C°(10, T1; Vi), and L2, (Q; L*(0, T; L*(K, HY))),
respectively.

At this point, we are finally ready to state the necessary conditions for optimality:
more specifically, we present here two different versions. The first one is deduced
directly by the characterisation of the derivative of S; in Theorem 2.5, and consists of
a variational inequality depending also on the linearised variables. The second one is a
refinement of this, as it employs the adjoint problem and only depends on the intrinsic
adjoint variables (P, f’, Z), not on the linearised ones.

Theorem 2.7 Assume A1-A3, C1-C2, and p > 6. If u € U,q is an optimal control
for (CP) and ¢ := Si(u) is its respective optimal state, then

alE /Q(w — ¢0)0y—u + x2E /O((P(T) — ¢1)0y—u(T)

+ot3E/ u-(v—uw) >0 Vvely, (2.14)
0

where Oy_y is the unique first solution component of the linearised system (2.6)—(2.9)
with the choice h := v — u, in the sense of Theorem 2.5.

Theorem 2.8 Assume A1-A3, C1-C2, and C4. If u € U,q is an optimal control for
(CP) and ¢ := S (u) is its respective optimal state, then

E/(goVP fan)-(V—w) >0 Vvely, (2.15)
0

where VP is the uniquely determined solution component of the adjoint system
(2.10)—(2.13) in the sense of Theorem 2.6. In particular, if a3 > 0, then u is the
orthogonal projection of —%(pVP on the closed convex set Uy, in the Hilbert space

L%,(2; L*(0,T; HY)).

Remark 2.9 Letus comment on the necessary condition for optimality. When handling
the optimisation problem in practice, the main role of condition (2.15) is to restrict the
class of possible candidates to be optimal controls. Roughly speaking, the optimisation
analysis begins with the identification of some natural candidates u to the role of
optimal controls. Secondly, for such controls u the forward and the backward systems
are solved, so that the respective variables ¢ = ¢(u) and VP = V P (u) are identified.
Finally, if condition (2.15) is not met, then the candidate u is cut off from the analysis,
otherwise it is confirmed. Nonetheless, let stress again that condition (2.15) is only
a necessary requirement, and can only help to restrict the class of potential optimal
controls. In order to further refine the analysis, sufficient conditions for optimality
should be investigated. The mathematical idea behind this is very natural: if the reduced
cost functional J can be shown to be twice (Fréchet or Gateaux) differentiable, then
any control u satisfying the first-order stationary condition (2.15) and the positive
definiteness condition D2J (u) > Oisan optimal control. Such second-order analysis is
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extremely challenging, and to the best of the author’s knowledge, it has been performed
so far only in relation to some selected optimal control problems in the deterministic
setting (Colli et al. 2015b; Colli and Sprekels 2015). In the stochastic case, the second-
order analysis is open and is currently being investigated in a work in preparation.

3 Well-posedness of the State System

This section is devoted to the proof of Theorem 2.1 about well-posedness of the state
system.

3.1 Uniqueness

Let{u;};—=12 C U andletusdenote by {(¢;, i;)}i=1,2 any respective solutions to (1.1)—
(1.4) in the sense of Theorem 2.1. Let us set for brevity of notation ¢ := ¢ — ¢2,
W= 1 — U2, 0 :=uj] — up: then we have

dp — Apdt +u- Ve di +up - Vodr = (B(g1) — B(g2))dW,  ¢(0) =0,

where the equality is intended in the usual variational sense of Theorem 2.1.
Taking Ilﬁl € Vj as test function yields directly by assumption A3 that

9o = 0, so that actually ¢ € LZz(Q; Cco([0, T1: Vf'jo)) and B(p1) — B(¢) €

Lf;z(SZ; L0, T; L*(K, Vl*,o)))~ Hence, 1td’s formula for the function % ||VN<P||%1
yields

1
SIVN I + / Vol + [ Wlon ~ ¥

+ | (u-Vg+u-Vo)Ng
0

1 t
=5 /0 IV (B @) = B ®la e ds
t
+ [ W), B - B 6 aW ).

Now, the mean value theorem and assumption A1 give

W)~ W e = ~C / 02,

while the inclusion V; < L®(0), the Holder and the Poincaré—Wirtinger inequalities
yield
0 (- Vo, +uy - Vo)Ng
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= C/o Vo1l g a) lly + Ty Ve lg) INe) Iy, ds

1 t
< lleilz=.r:v) ||u||iz<“;,,>+5fg \V¢|2+c/0 (1+||u2<s>||%,) IVN@(s)I17 ds.

Furthermore, assumption A3 ensures that

t
/0 IV (B@1) — B ®)ln gy ds < ¢ / ol

t

Using the compactness inequality (2.1) and rearranging the terms, we are left with

IVN I3 + fQ IVol* < clleiloervy 1172 .09
' 13
to [ (14 1) 1VAp) 1 ds
t
+c fo Ne(s), (B(g1) — B(p) () dW () . (3.1)

On the right-hand side, we have, by the Holder inequality in time,

t
1-2
/0 (1+ TuIE) 1VN @@ ds < e ™7 (14 1013 07,0, ) 19V (0 -

and, thanks to the Burkholder-Davis—Gundy and the Young inequalities, assumption
A3, and again the compactness inequality (2.1),

r r/2
E sup / WNo(s), (B(g1) — B(2))(s) dW(s))
rel0,t] 1J0
1
p p
= gE ”VN(p”Loo(o’t;H) + cE ”(0”1‘2(0,[;[_[)
1 1
p p p
S g]E ”VN('D”LOO(O,I,H) + EE ||V(p||L2(0’t;H) + CE ”VN(OHLZ(O,I;H) .

Consequently, taking power p/2 at both sides of (3.1) and rearranging the terms yield

E VNI + EIVOIT 01

P _
< clulfy B l@1 1 7y + €t 2 1A + I0IDENVN L w0 1.1y -

Hence, setting

2
p—2

o 1 —1 PN—1
Ty = (3¢7" 0+ wallf) AT,
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we get

p p
]E ”vN(p”LOO(O’TO;H) + E ”V(p”LZ(O,T();H)

1
< Il E 1011, 7,v0) + ZEIVN O g, 70

Since Ty is independent of the initial time, we can iterate the procedure and close the
estimate on each subinterval [kTp, (k + 1)Tp] for all k € N until (k + )Ty > T:
summing up, noting that the number of such subintervals is less than Tlo + 1, and
renominating ¢ independently of u;, we get then

P
ler = e2lr (. coqo,rivipnez. vy
2

14 p—2 14
S Cc ”(Pl ”LP(Q;LDO(O,T;V])) <1 + ||u2||u ) ”ul - u2||u k]
from which uniqueness of solutions follows.

3.2 Approximation

We turn now to existence of solutions. First of all, for every A let g, : R — R
be the Yosida apE\roximation of B and B : R — [0, +00) be the Moreau—Yosida
regularisation of 8, which are defined, respectively, as:

—(I A —1 . r
Biir) =" (2’3) ") ﬂm::/oﬂm)ds, reR.

Let us recall that 8, is %-Lipschitz continuous, ,@ is convex and quadratic at oo, and
as A N\ 0 it holds that 8, (r) — B(r) and B\;\ ry / ,E(r) for all » € R. For further
details about the properties of 8, and B} we refer to the monograph (Barbu 2010,
Ch. 2). We define the approximated double-well potential as:

_ c
U R >R, W)= W)+ Bi(r) — T‘I’rz, reR,

so that in particular we have W, (r) = B, (r) — Cyr for r € R. Secondly, we define
u), ‘= o) *xu,

where (p3), C C°(R) is a classical non-anticipative sequence of mollifiers in time.
In particular, let us point out that it holds

u}\eL{O;(QX(O,T);U), u —u ianéz(Q;Lp(O,T;U)) Vg > 1.
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The approximated system is obtained by replacing W’ with W, and u with u;, in

(1.1)—(1.4):

doy — Apypdt +uy - Vo, dt = B(g;)dW  in (0, T) x O, (3.2)
i =—Ag, +Wi(p) in(0,T)x0O, (3.3)
n-Vg,=n-Vu, =0 in(0,T)x00, (3.4

¢(0)=¢o inO. (3.5

We formulate (3.2)—(3.5) in an abstract way as
dop + (A +CO (@) dt = B(p)dW ., ¢,(0) = g0, (3.6)
where the variational operators
Ay Vo — Vi, Cr:Q2x[0,T] x Vo = VS,

are defined as:
(As(3), €)= /O(—Ac)(—Ayw;(y)), yLews,
and
(Cx(w,l,y)&)1=—/Oyux(w,f)'vé“7 yCeVs, 10T

Since \IJ)’\ is Lipschitz-continuous, it is not difficult to show (see, for example, Scarpa
2018, Lem. 3.1) that 4, is weakly monotone, weakly coercive, and linearly bounded,
in the sense that there are two constants c;, Cj\ > 0 such that

(A1) = Gy =) Zalyi—nly, =l —»ly  Yy.yneWn

and

Iy =L+ 1ylly,) Yy e Ve

As far as the convection operator C,, is concerned, since divu, = 0, thanks to the
divergence theorem we have

CG.o1) —C(2), y1 —y2) = — /O(yl —y)u, - V(y1 —y2) =0,

and, thanks to the Holder inequality and the inclusion V| < L6((9),

IC D lyy = sup {—/Oyllx : VC} = Iylla oy

IZlly, <1
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< iz @x .m0y 1¥lly, Vy € Va.

Hence, the operator Ay 4 Cy :  x [0, T] x Vo, — V' is weakly monotone, weakly
coercive, and linearly bounded. Besides, due to the Lipschitz-continuity of W and
the regularity of u,, it is immediate to check that it is also hemicontinuous. Moreover,
assumption A3 ensures that B : H — £*(K, H) is Lipschitz-continuous. It follows
then by the classical variational approach to SPDEs by Pardoux (1975) and Krylov
and Rozovskii (1979) that the evolution equation (3.6) admits a unique variational
solution

@1 € L2(2:; CO([0, T1; H) N L0, T; Va)).
Let us set p1), 1= —Ag, + V] (¢) as the approximated chemical potential.

3.3 Uniform Estimates

1t6’s formula for the square of the H-norm yields

1
Enm(t)n%ﬁ f |A@a* + / W (02) (—Ag;) — / oy, - Vo

t Q[ Q[

1 1 t 1
=5 lgoll?; + 5 /0 1B (@x (D) i gy A5 + /0 (@3.(5), B(@2(5)) AW (5)) 1 .

Now, on the left-hand side, we have, thanks to the monotonicity of §;,

/ W, (¢2) (—Agy) = /Q Bl Verl® — Cy / 0 (=Ag)

1
‘Z/ |Ag;] - Cé/ o
1 Ql

Also, by the Holder inequality and the inclusion Vi < L°(0), it holds

v

t
—/ o, - Vo > —/0 loa (Ml w1y o)y, ds.
t

Thanks to the elliptic regularity theory for the Neumann problem (see, for exam-
ple, Brezis 2011, §9.6) there is ¢ > 0 independent of A such that [y, <
c(Igllg + 1AC | ) for every ¢ € Va: consequently, renominating ¢ and using the
Young inequality we get

1 t
—/ fﬂxux'vmz—zf |A<PA|2—62/ lgn ()13 (1 + [lup(s)[3) ds.
(o} QO 0
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Furthermore, noting that % > 4 since y € [1, 2], assumption A3 yields

1 t
5/0 1B (D g gy ds < c.

Putting this information together and using assumption on the right-hand side we get,
possibly updating the value of c,

1 1 1 !
S lex o)l + 5/ A0 < 3 ool +c/ lor @I (4 + )13) ds
O 0
t
+/(; (pa(s), By (s))dW (s)) i Vte[0,T], P-as.

Taking now power p/2 at both sides, the stochastic integral on the right-hand side can
be treated again thanks to A3, using classical computations based on the Burkholder—
Davis—Gundy inequality (see, for example, Marinelli and Scarpa 2018, Lem. 4.3).
Consequently, the same iterative argument used in Sect. 3.1 ensures that

2p
p p—2
1021.r, @cono.rimnrzorivey =€ (1 - llul ) ' 37

In order to deduce further estimates on ¢; and w,, we rely on the free-energy
estimate. Namely, we consider the approximated energy

1
= EyQ) I=§/ |VC|2+/ v (), <¢eVr.
O O

Clearly, E) is well defined and of class C Lin v, with derivative
DE; :Vi = Vi,  DE) =L+ WV, (), teV,

so that in particular we have DE, (¢,) = w,. Moreover, the Lipschitz-continuity of
\Il)’x ensures that DEj : Vi — V" is actually Fréchet-differentiable with

D?Ex(0)[z1, 22] =/OV11 ~V22+f0‘11§/(§)2112, £,22,22 € V1.

Now, we would like to write Itd’s formula for E; (¢;): in order to do this, we need
to show first that ¢, and ) enjoy more regularity. This can be shown by performing
a further approximation on the problem (for example, the classical Faedo—Galerkin
approximation of the abstract evolution equation (3.6)). Indeed, by the classical vari-
ational theory on stochastic evolution equations (Liu and Rockner 2015), there is a
sequence (H,), of finite-dimensional subspaces of H, included in V, and with U, H,,
dense in H, such that, setting P, : V;* — H, as the orthogonal projection onto H,,
the unique solution (¢}, uf) of the finite-dimensional system
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del' — Apldt + Py(uy - Vi) dt = P,B(g])dW  in(0,T) x O,
Wy =—A¢l + P,V (¢}) in(0,T)xO,
n-Vel=n-Vui =0 in(0,7) %00,
920 =¢5 inO,

satisfy, as n — o0,
@i—=@n inL7,(Q L*0,T:Va)),  pi—px inL7,(Q: L*(0.T: H)).

At this point, the finite-dimensional It6 formula for Ey |y, yields

1 1
—f |w;’<t)|2+f %(cpi’(t))+f |wz|z=—/ |w3|2+f W (of)
2 Jo o 0, 2 Jo o

+/ prw. - Vil
t
1 [t 2 ad
+5/ |V PuB@} ) k. ds+2f W (¢})| PaB(g})e; I
0 ' i—0Y Q1
j=0

t
+/0 (15.(5), B(@ () AW (5))

forevery ¢ € [0, T], P-almost surely. We show now uniform estimates on the terms on

the right-hand side, independent of both A and n. These will show a posteriori that ¢,

and p; are actually more regular. For this reason and for brevity of notation, we omit

from now on the dependence on n and refer to (Scarpa 2018, 2020) for more detail.
To this end, noting that the definition of i, and assumption A1 imply

ol = (W @))ol < %@ e, < (1 + /O %(m)) :
on the left-hand side, we get

1
/ Ui (r () = =l(ma(®)ol —c.
o c

On the right-hand side, thanks to the Holder and Young inequalities, the inclusion
V| < L%(O), and the estimate (3.7), proceeding as in Sect. 3.1, we have

1
/W%H/ QOAU,\-VMS/ ‘If(sﬂo)+—/ Vi
O Qr O 2 Qt

e 2 2
5 lex®ly, ln®lly ds
0

- 1 Vo, =2l 1Vl
<c+ 5 [V ™+ct ”u”u I (p”L“’(O,t;H)
t
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Moreover, assumptions A3 and A1 yield, together with the Holder inequality and (3.7),

1 [! ad
; /0 IV B Dy ds+ 3 /Q W ()| B(p)e;
=079

<c(1+ [ hnolR, o)+ Z [ 19D o B o0er [ 2 s

N{(@))
5c<1 +f0 IVor )% ds+/Q %(m))

<c+ct IIV(MHioc(OJ;H) + et [Wle) lLoo,r:01(0)) -

Finally, the Burkholder—Davis—Gundy and the Poincaré—Wirtinger inequalities give,
together with assumption A3,

p/2

/O (11.(8), B(.(s)) dW ()

E sup

ref0,7]
t 5 5 p/4
SC]E </ ”/’L)»(S)”H ||B(‘PA(S))H||$2(K’H) ds)
< B lmlPhey iy < SENVIID g iy + 6 (T+E N0l ) -
for every § > 0, where we have updated the value of ¢ and c;s step-by-step, inde-

pendently of A. Putting all this information together, choosing § sufficiently small,
rearranging the terms, and updating again the value of ¢, we infer that

E ”v‘PA ”Loo(o t; H) + E ||\IJ)L(¢)»)”LOO(0 t: LI(O)) + E ”(M}»)O ” 00(0 l) + E ”VM)””LZ(O t;H)
< c[t+ (5 1l + o5 ) ENVOl g i
B @I 0 oy T B0 g,y | Yielo. 7).
Consequently, we can close the estimate on a certain subinterval [0, Ty], where Ty is
chosen sufficiently small in order to incorporate the terms on the right-hand side into
the corresponding ones on the left. Also, a patching argument as in Sect. 3.1 allows
then to extend the estimate to the whole interval [0, 7], and we obtain
leallr@:Lo.1:vp) + ”'U“)‘”L%Z(Q;LQ(O,T;VQ) HIVealier, @:20,7:m)

2p
+ ||\I’A(QOA)||LP/2(Q;LOO(0,T;L1(Q))) =c (1 + ||u||z/p(_2> > (3.8)

which by comparison in u), = —Ag; + W (¢;) and estimate (3.7) gives also

2p
W@l o2 o207 = € (1 + ||u||5,‘2> : (3.9)
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Finally, note that by assumption A3 and the estimate (3.8), we have

1 B(@) Lo (@x(0,7);. 22 (K, H)NLP (Q: L% (0,T: 22(K, V1)) = € »

so that the classical result by Flandoli and Gatarek (1995, Lem. 2.1) ensures in partic-
ular that

<cy  Vse(0,1/2). (3.10)
LY, (:WsP(0.T; V1))

I = /0 Bp(s) W (s)

Consequently, by comparison in (3.2), it is not difficult to check that

”@A”L{Z} (Q;W12(0,T; Vi)+ WP (0,T; V) < Cs Vs e (0,1/2).

Now, recalling that p > 2, for all arbitrary s € (0, 1/2) we have that s — % < %, SO
that the usual Sobolev embeddings ensure that
W20, T; Vi) < WSP0,T; Vi) Vs e (0,1/2),
and we deduce that
”(p)L”LZZ (Q;WS~1’(0,T;V1*)) <y Vs e (O, 1/2) (311)

3.4 Passage to the Limit

From the estimates (3.7)—(3.9), there exists a pair (¢, @), with

¢ € LO(Q: L0, T; V) N LY, (2 LXO0, T: V2)) . pe L7 (Q: L2(0, T; V1))
such that, as A N\ 0, on a non-relabelled subsequence we have

¢~ ¢ inLL(Q L0, T; V) N LD,(Q: L2(0, T; V).,
o in L@ 120, T5 Vi),

Now, since p > 2, we can fix § € (%, %), so that sp > 1: with this choice, by the
classical Aubin—Lions—Simon compactness results (Simon 1987, Cor. 5) we have

L0, T; V)N L2(0, T; Vo) NWSP(0, T; Vi)
— CO([O, T, H)N L2(0, T; Vi)  compactly.

Hence, setting B, as the closed ball of radius n in L*°(0, T; V) N Lz(O, T:; V)N

W5P(0, T; V}¥), we have that B, is compactin C°([0, T'1; H)NL*(0, T; V}), forevery
n € N. Consequently, denoting by v;, the law of ¢, on C°([0, T]; H) N L?(0, T; V1)
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for brevity, the Markov inequality and the uniform estimates (3.7), (3.8), and (3.11)
yield

v (By) = Pllloall = o,7:vnr20.7:voynwsro.1:ve) > 1}

1 c
< ;E l@3ll Lo 0,7:vi)nL20. 75 V) Wi 0,75 vy = o
from which

lim sup v, (BB) = 0.
n—oo )\,>O

By the Prokhorov theorem, this implies that
the laws of (¢);, are tight on C°([0, T1; H) N L?(0, T; V).
Similarly, estimate (3.10) ensures by the same argument that
the laws of (7)), are tight on CO([O, T); H).

Let us show now that, possibly on a further subsequence, we have also the strong
convergence

¢, — ¢ inC%0,T]; HYNL*0,T;V)) P-as. (3.12)

To this end, we use the following lemma due to Gyongy and Krylov (1996, Lem. 1.1),
which characterises the convergence in probability in a Polish space.

Lemma 3.1 Let X be a Polish space and (Z,),, be a sequence of X -valued random vari-
ables. Then, (Z,), converges in probability if and only if for any pair of subsequences
(Zp,)k and (Z,,j)j, there exists a joint sub-subsequence (Z"ke’ Z,,j( )¢ converging in
law to a probability measure v on X x X such that v({(z1,22) € X x X : z1 =
2p) =1

We apply this lemma to X = Cc%([0, T1; H) N L%(0, T; V) and (¢y)y. Given two
arbitrary subsequences (¢;, )x and (¢;, i ) j» since the laws of the pairs (¢;, , ¢, j)k, j are
tight on (CO([O, T]; H)N LZ(O, T; V1))2, there is a joint subsequence (Wk,- , (p)‘ji)"
converging weakly to a probability measure v on (C([0, T1; H) N L%(0, T; V)2
By the Skorokhod representation theorem (Ikeda and Watanabe 1989, Thm. 2.7) and
(van der Vaart and Wellner 1996, Thm. 1.10.4, Add. 1.10.5), there exist a new prob-
ability space (', .#’, P') and measurable maps ¢; : (2, F') — (Q, %), such that
P o qﬁi_l = P foreveryi € Nand

(@, 95,0 1= @i 0n) 06 = (9. @h) i (CO0. TI H)N L2, T: Vi))? . Plas.,
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for some measurable random variables
(@1, 93 : (2, F) — (C°([0, T1; H) N L*(0, T; Vi)™
Similarly, we have

(uﬁxk, ) u/le,) =y, ;) 0hi — (uj,uy) inLP(0,T;U)?*, P-as.,
(L, L) = by By)ogi — U ) inCO0. T HY? . Pas.,
Wii=Wogi — W in CO([0, T1; K), P-as.

for some measurable random variables
(), uy) : (Q, F)— LP(0,T; U)
and
(I}, B): (, 7 — (0, T, H)*, W (@, F)— 0, T]; U).

Now, since u;,, — uin L?(0, T; U) P-almost surely on the whole sequence A, for
every arbitrary f € C O(R) N L*®(R) we have
LP(O,T;U))1|

= [ (106l 0)] = 2 [
= lm E| f ( |wy, —w, =0,
=00 [f < Yhy = W LP(O,T;U)):I
from which u1 = u), [P’-almost surely due to the arbitrariness of f. Let us set then

u :=u} =uj and (“Ak ’H’A ) = (u;\k s g, ) o ¢;: since the maps ¢; preserve the
laws, from the uniform estlmates (3.7)—(3.9) we deduce also that

/ /
u)‘ki N u)‘ji

(3, 95,) = @19 in LG Q5 CO0. T H) N L20.T: Vi) VL e[l p),
@5, 95,) = (@], @5 in LD(Q; L0, T; Vi) N LE, (@5 L20, T; V2)?
(Wi M5, )= (homy)  in LEA(Q L2O. T3 V).
(“,Ak,- , u/k_;l-) X (W, u) in LZ(Q; LP(0, T; U)?,
for some measurable random variables
(W, ph) = (R, F') — L*0, T; Vi),
Now, if we introduce the filtration (Z’J)te[oj] as

e N OR N ORI O NN ORI ORI OR O ORI OERES B
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using classical representation theorems for martingales (see Flandoli and Gatarek 1995
and Da Prato and Zabczyk 2014, § 8.4) we have that W/ is a cylindrical Wiener process
on (Q/a th/’ (’gt/)lE[O,T]’ ]P)/) and

L, = fo B(g}, () AW/(s), I}, = /0 B(g}, () dW/(s),

so that on the new probability space (€', #’, P') we have

d¢iki — Au’kk’_ dr + u’kk’_ . V<p§\ki dr = B(Q"ik,.)dwil’ (pikl_ 0) = g0,
d(p;»_/,- — AM;‘./}- dr + u;hjl_ . V(pij’_ dt =B (wiji)dWi’, (pﬁ\jl_ 0) = ¢o,

where the equations are intended in the usual variational sense (3.6). Now, the strong
convergences of (‘/’ik. , ga)’\j_ ); imply, together with the Lipschitz-continuity of B, that

(B¢}, ). B} )) = (BW)). B(gh) in Li,y(Q:CO10. T £2(K. H)? Veell p).
Introducing then the limiting filtration (.#/);¢(0,7] as
F =0 {91(5), 5(5), ' (5), u5(s), 0’ (s), W (s), I{(s), Iy(s) : s <t}, 1€[0,T],

a classical argument based again on the martingale representation theorem (see Flan-
doli and Gatarek 1995 and Da Prato and Zabczyk 2014, § 8.4) yields the identification

= [ Beioraws. 5= [ Beeawo.

Moreover, the strong convergences of (@ik , (pij_ ); together with the uniform estimate
(3.9) on the nonlinearities also give

. 2
(W, @), W () )=~ (W), Wigp) in LY2(Q'5 L2, T3 H)).

Putting all this information together, we deduce that (¢], ¢5) solves the limit problem
(1.1)=(1.4) in the sense of Theorem 2.1 on the new probability space (2, Z', ),
namely

dg} — Apydr +u' - Vi de = Bep)dW',  ¢1(0) = g0,
dg) — Apbde +u’ - Vehdr = B(ph)dW',  ¢5(0) = go.

Since we have already proved uniqueness of solutions in Sect. 3.1, we deduce that
V(@122 € X%z = 22) = P { 0] = 6l cogo re o v =0} = 1
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so that Lemma 3.1 ensures the strong convergence (3.12) also on the original probabil-
ity space (2, .%, P). Proceeding now in exactly the same way on (2, .%, P) instead,
it is a standard matter to show that (¢, u) is the unique solution to the state system
(1.1)—(1.4). Clearly, the global estimate (2.2) follows directly by the computations in
Sect. 3.3 and assumption A3,

3.5 Continuous Dependence

Here we conclude the proof of Theorem 2.1 by showing the continuous dependence
estimates (2.3)—(2.4).

First of all, (2.3) is a consequence of the already proved (2.2) and Sect. 3.1. Now,
let us focus on proving (2.4). To this end, we use the same notation of Sect. 3.1 and
use Itd’s formula for the square of the H-norm instead, getting

1 2
S e} +/

o

IAcplz—/Q (‘I’/(wl)—‘l”(wz))Aer/Q (u-Vo+uy- Vo) g
1 t t

=3 /0 1B@1() — Bpa(s) 12 gy ds + /O (9(s), (B(g1(5))
—B(p2(s)dW(s)) g .

The third term on the left-hand side can be handled thanks to assumption Al, the
Holder and Young inequalities, and the embedding V| < L%(0), as

0 (W' (p1) — ¥ () Ap

1
<3 [ 1aelae [ (1+ial +iet) P
t Qt

l t
5 / AgP + / (14 B e ) + 10206 ) ) 190 ) s
t 0

IA

IA

1
E/Q |A(P|2 + (1 + ”(Pl”ioowj;vl) + ||€02||A]too(0,T;Vl)) ||(p”%2(0,T;V1) .
t

The convection terms on the right-hand side can be treated similarly using the diver-
gence theorem, the Holder and Young inequalities, and the inclusion LO(Q) — V;
as

(u-Vo+u- Vo) o
0

=fQ u- Vo1 < 16070, 7.1,) + € 10110, 7,01 181720 70 -
t
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Hence, we rearrange the terms and take power p/6 at both sides, obtaining, thanks to
the Holder and Young inequalities,

3 3
E N8 0.7y + ENAGITSG o)
2 2
3P 3P p/3
=c [1 el L. Lo0.7:my) + ”‘””Zp(sz;m%o,T;vl))} NP 20,71y
3
+ Bl v,
3 3
+c ||(P1 HZ{’(Q;L“’(O,T;V])) ”u”{j{/
t p/6
+cE sup / (p(s), (B(@1(s)) — B(p2(s))) dW(s)) g
te[0,T] 10

where the Burkholder—Davis—Gundy inequality and the Lipschitz-continuity of B
yield

r/6
E sup
t€[0,T]

t
/0 (@(s), (B(@1(s5)) — B(p2(5))) dW(s))

r/3

3
< 0B NI L o 7.0y + CoBIOIE, 1 a1

for all o > 0. Hence, choosing o sufficiently small and rearranging the terms, the
continuous dependence (2.4) follows from the already proved estimates (2.2)—(2.3).
This concludes the proof of Theorem 2.1.

4 Existence of Optimal Controls

In this section, we prove Theorem 2.4 showing that the optimisation problem (CP)
always admits a relaxed optimal control u € U4 and a deterministic optimal control
ule ¢ L{;lj’ . The main idea is to use the direct method from calculus of variations,
combined with a stochastic compactness argument.

Let (u,), C U,q be a minimising sequence for the functional 7. , in the sense that

J(uy) \, in Ty,
v ad

and define (¢;, ,), as the unique respective solutions to the state system (1.1)—(1.4),
in the sense of Theorem 2.1. Thanks to the definition of U{,; and the estimate (2.2),
we deduce that there exist u € U,4 and a triplet (¢, u, §) with

¢ € L7,(Q: C°(10. T1: H) N L*(0, T: Vo)) N LE(Q: L™(0, T: V1)),
we P L20.T: V), & e L@ LX0. T; H)),
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such that, as n — 00, possibly on a subsequence,

on — ¢ i LL(Q; L0, T; V1)) N LD,(Q: L2(0, T; V) ,
pa—p in L2 L20, T; V),
W(p)—¢ i L2 L20, T: H)),

w, —~u  inL5(Q; L7, T; U)).
Assumption A3 and the uniform estimates on (¢, ), ensure also that

I B(@n) | Loo (% (0.7): £2(K . H)NLP(: L0.T: L2(K . Vy))) = €

so that in particular

I, = /‘B(gon(s))dW(s) <c¢ Vse(0,1/2).
0

LY, (WP (0,T; V1))

By comparison in the equation (1.1), we infer then
lenllLr, @wsro.r;vey =€ Vs €(0,1/2),

which ensures that the laws of (¢y), are tight on the space c%(0,T]: H) N
L2(0, T; V7). We argue now on the same line of Sect. 3.4. As a consequence of the
Skorokhod theorem, there is a probability space (', %', P’) and measurable maps
¢ : (,.F) — (2, F)withP o ¢>i_1 =P foralli € N, such that

O =¢modi — ¢ in L5 (0, T]; H)NL*(0,T; V1)) Yeell, p),

¢ — ¢ inLD(Q L0, T; Vi) N LY, L20, T; Va)) .
. 2
Wy, =t 0= in IR L20, T W),

’ *

w, ==u, o¢; ~u inLG(Q;LPO,T;V)),

nj
0o =9ood—¢y inL%(Q;L*0.T; H)),
Or = rogi—ep in LAQ, Fp; H).

Furthermore, on the new probability space we have
dg, — A, dr +w, - Vo, dt = B(g, )dW/, ¢, (0) =g,

where the stochastic integral is intended with respect to a suitably defined filtration
(Zi 1)tefo,1]- Proceeding as in Sect. 3.4, we infer that

V(g )=V (¢ in LP(Q L20, T; H)),
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so that by assumption A3 and the martingale representation theorem we can pass to
the limit as i — oo on the new probability space and get

dg — Ap/dt +u' - V¢'dr = B(¢)dW', ¢ (0) = gp.

This shows that u’ € I/ , and that (¢’, ') = §’(w’). To conclude that u’ is a relaxed
optimal control for the optimisation problem (CP), we note that by the weak lower
semicontinuity of the cost functional J we have

J(u)——E/kp — P+ E/ 19/(T) — oy 2 + E/|u|
P X1 ror 2, Y2y / 2, 93y ;2
< liminf IE |<pn, ?0.il + IE |<pn_(T) oriI°+ =K [u, |
i—00 ! ’ ! ’ 2 0 !

—hmmf( fm, vol + E/ 0w (T) — pr > + E/|un,|)
i—00 2

= lim inf J(u,,) = 1nf J(v),

n— 00 “d

so thatu’ € U/ , is a relaxed optimal control in the sense of Definition 2.3.
In order to show existence of a deterministic optimal control, the argument is similar.
We start taking a minimising sequence (u,), C U de’ such that

Juw,) N\, inf J(v).
VEUZ{(;’

Arguing exactly as above, thanks to the fact that (u,), are deterministic, in this case
we have that u;,l_ = u,, for every i € N. Consequently, in this case we can (¢,),
inherits some strong compactness properties on the original probability space, using
a similar argument to the one of Sect. 3.4, by employing Lemma 3.12. Namely, we
infer the strong convergence

¢on— @ inC°%0,T]; HYNL*0,T; V), P-as.

on the original probability space (€2, .#, P). It follows then that § = /() almost
everywhere, and letting n — oo yields

dp — Apdt +u-Vedr = Ble)dW,  ¢(0) = ¢,

so that (¢, u) = S(u). At this point, the conclusion follows as above by lower semi-
continuity of the cost functional.
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5 Linearised System and Differentiability of the Control-to-State Map
The aim of this section is to prove that the linearised state system (2.6)—(2.7) is well

posed and to characterise its solution as the derivative on the control-to-state map.
Namely, we prove here Theorem 2.5.

5.1 Existence

Letu € ﬁad and h € U be arbitrary and fixed. Using the notation of Sect. 3.2, we
consider the approximated linearised problem

A6, — Avp, df +h - Vodt +u, - Vo, df = DB(@)fh, dW  in (0,T) x O,

5.1

Vh = —Abh i + ¥ (@)bh,  in(0,T)x O,
(5.2)
n-Vop,=n-Vy,,, =0 in(0,7) x 30,
(5.3)
6 (0) =0 in O. 5.4)

Noting that W} (¢) € L*°(2 x Q), the classical variational approach ensures existence
and uniqueness of the approximated solution

s € L2 (2 C°U0. 1 )N L2, T5 V)
Vi = Al + W (@) € L2 (2 L20. T3 ),

in the sense that, for every ¢ € V», for every ¢ € [0, T], P-almost surely,

t
(O (), ¢) _/Q Vh,3 AL —/Q (¢h +6hu) - V¢ = (/0 DB(¢)bh, dW(S)J)
t t H
(5.5)

Noting that (6p,,)o = 0, we can write Itd’s formula for % || VN6, Hi, getting
= | VN0 |5 + |Voh,|
2 o
= _/ WY (9)[6h,1.1* +/ (¢h + 6pw) - VNG ;.
Qt Qt
1 [! 2
+3 /0 IV DB )y gy ds

t
+ /0 (N6h1(5), DB($(5))0n1(5) dW(s)) , -
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Now, assumption A1, the Holder—Young inequalities and the compactness inequality
(2.1), and the embedding V| — L%(O) give, for all ¢ > 0,

_/ ‘I’f\/(QO)IQh,Alz—i-/ (gOh-I—eh’)Lll)L)-V./\[Qh,)L
' o
2 2
58/ [VOh,.|” + ”‘p”LOO(O,T;Vl)
O
t
2
e [ (14 MO+ @I ) [T o
0
Similarly, by C2 and again the compactness inequality (2.1), we have
L[ VA DB () o)12 ds < Vo2 [HVN I d
2 ), (@GN 'y gy ds = & Q,| hoal” + ce A O (8) |y ds.

As for the stochastic integral, the Burkholder—Davis—Gundy and Young inequalities
give (see, for example, Marinelli and Scarpa 2020, Lem. 4.1), together with (2.1) and
C2

r/2
E sup
rel0,z]

< eB [ NOhi [ pr) + B [On Hi%o,z;H)
<¢E HVNQM HIZOO(OJ;H) + ¢E ”Veh,l HILJOO(O,t;H) +c.E ”VN@IM ”iz(o,z;H) :

fo (N6 (5). DBg(s))bn(5) dAW(s)) ,

Consequently, using the same iterative-patching argument of Sect. 3.1, raising to power
p/2, taking supremum in time and expectations, we infer that

[6n.1

L%, (@:C0(0,T1,VHNL2 0, Vi) = € (-6)

Now, Itd’s formula for % ||9h, A ||2 yields

1 2 2 1
> |62 ] 5 +/Q [ A6, .| =/Q (¢h+9h,xux)~V9h,A+f W3 (¢)6h, 2 Abh, 5.

1 t t
+5 /O | DB@()001 ()| g2k gy s + /0 (On.1 (), DB(9())6h,.(s) AW (5)) ; »

where by the divergence theorem we have

/ (¢h + 6p2uy) - Vo = / oh - Vo ;.

t t

Hence, it is not difficult to see that, using again the Holder, Young and Burkholder—
Davis—Gundy inequalities, assumption C2, and the estimate (5.6), all the terms on
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the right-hand side can be handled, except the one containing ¥”. For this one, we
proceed using C1, the embedding Vi < L°(0), as

1
2
/ W ()0 Ay, < ¢ / A+ e / (1+ lo@I, ) [on ]2, s
t [on 0

2
S 8/ |A9h,)x|2 + Ce (1 + ”90”106(0,T;V1)> ||9h>)‘”L2(O,T;V1) ’
t

where, thanks to (5.6) and the Holder inequality,

2
H ”(p”;too(oj;vl) “Gh,k ||L2((),T;V1) LP/6(Q)

<ol r im0 v 10025 o2 <c.
— LP(Q;L(0,T; V1)) AL, (L%(0,T; V) —

Consequently, we deduce that

%Y LP(©:C0(0,T]: FHNLA(0.T; Va)) = € 5.7
from which, by comparison in (5.2),
| ”hJHLgf(gz;LZ(o,T;H)) =¢, (5-8)
We infer the existence of (6, vp) with
el (sz; oo, T1; VYN L0, T; Vl)) NLP3(Q; L0, T; H))
N L@ L20. T; V),
v € L2 (Q: L2(0, T; H)).,
such that, as A N\ 0 (possibly on a subsequence),
bnj — 6 in LD (2 L0, T; Vi) N LY (2 L%, T; H)) (5.9)
Ohy—0n LD, (Q; L0, T: vl)) nL?? (sz; L0, T: vz)) . (5.10)
Vh, —Vh In L%3 (SZ; LZ(O, T; H)) . (5.11)

Since the systems (5.1)—(5.4) and (2.6)—(2.9) are linear, the passage to the limit is
straightforward. Indeed, by assumption C2 and the dominated convergence theorem,
it follows that

DB(¢)6h,—~DB(p)fy inL’, (sz; L*(0,T; Z*(K, H))) .
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Moreover, thanks to C1 and the regularity of ¢, we have W (¢) € L3(Q; L®(0, T; L3(0))),
S0 in particular

V(@) = W) inL}(Qx Q).
and also, thanks to (5.10),
W (@)0h—~ W (@) in L2 (@5 L0, T3 LY (O)).
We deduce that letting A \ 0 in (5.5) we get that (6, vp) is a solution to (2.6)—(2.9)

in the sense of Theorem 2.5. The strong continuity in H of 6y, follows a posteriori with
a classical method by It6’s formula on the limit equation (2.6).

5.2 Uniqueness
We show here that the linearised system (2.6)—(2.9) admits at most one solution. By
linearity, it enough to check that if (6, v) is a solution to (2.6)—(2.9) in the sense of

Theorem 2.5 with h = 0, then 6 = v = 0. To this end, we note that (2.6) yields
0o = 0, so that It6’s formula gives

1
S IVAOOIG + / V6P + / V(@6
Oy Oy
t
=/ 9“°VN9+/ (NO(s), DB(@(s)0()
I 0
l t
5 [ VN DBGEOI e 05

Now, we can argue on the same line of Sect. 5.1 by using assumption A1 on ¥, C2
on DB, together with Burkholder-Davis—Gundy and Young inequalities to get

1917, @;coq0,m1vinr20,m3v) =0

from which # = 0, and also v = 0 by comparison in (2.7). This show that the linearised
system (2.6)—(2.9) admits at most one solution.

5.3 Gateaux-Differentiability

We prove here that S is Gateaux-differentiable. Let u € Z/{ad and h € U be arbitrary
and fixed: since Z/Iad is open in U, there exists o > O such that u + éh € Z/lad for all
8 € [—do, do]. For every such 8, setting (¢s, is) := S(u + sh) and (¢, ) := S(u),
the difference of the respective equations (for § # 0) gives

- - B(gs) — B
(1(“)‘357"))—A<“‘3(S )dt+ v(%)dwh.v%dzzwdw,
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_ _ \Ij/ _ \IJ/
Hs— 1 _ A (P=¢) L Y (¢) ’
8 8 8

gs — ¢ _
(T) 0) =0,

whose natural variational formulation reads

(‘”8_‘”(:),;) —/ “"(S—_“A;— (fﬂah-i-%;(pu)'vi
H t O

(/’ B(ps(s)) — B(p(s))
0 5

dW(s), {) VeV, Vtel0, T], P-as.
H
(5.12)

Now, by the continuous dependence estimate (2.4), we deduce that there exists a
constant ¢ > 0 independent of § such that

’wa 4 —c.
8 ller, @coqo.rivHnL2o.; vy
‘%—w +“M5—M —c.
8 lrf@icoqo,r m)nL2,1,v)) § Merp@2orimy)

so that there exist (6, vp) with

On € L5(Q; L0, T; Vi) N LY,(2; L*(0, T: Vi) N LE/3(Q: L®(0, T: H))
N LY@ L20. T; Vo)),
v € L2 L2(0, T; H)),

such that, as § — 0 possibly on a subsequence,

Ys — ¢ * .
BTt L@ DO T Vi) N @ O V) (5.14)
M(S_MA”" in LI L2(0, T; H)). (5.15)

It follows in particular that

gs > ¢ in L7, (2; C°([0, T1: Vi) N L*(0, T; V1))
NLY (@; €010, T1; H) N L2(0, T, V2)). (5.16)
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Furthermore, since u € U, by the inclusion V| — L6(O), the Holder inequality, and
the convergence (5.14), it holds that

— 2p
(‘”6—‘/’> u—fhu  in L7,(Q; L7720, T; HY)). (5.17)

As far as the nonlinear term is concerned, thanks to the mean-value theorem we have

V(ps) —¥'(p)

8 _ \y//((p)eh
_ W) — V() -V (@)es—9) o (0s—¢
= 5 + V() ( 5 9h>
_ 1 _
= : 4 /0 (W + 5(5 — 9)) — W'(9)) ds + W' () (‘”‘3 : L. eh).

Now, by the strong convergence (5.16) and the continuity of ¥”, we have
U (@+s(ps —@) — V(@) -0 Vse[0,1], ae.inQx(0,T)x 0O,
where, recalling that by C1 ¥” has quadratic growth, thanks to the embedding V| <

L%(0O) the left-hand side is uniformly bounded in the space L?/?(2; L>(0, T; L3(0))),
so that

1
/O (W (@ +s(ps — ) =W (@)) ds = 0 in L5 (2 LY (0, T; L3(0)))

for every £ € [1, p/2) and £” € [1, +00). Taking (5.14) into account, we infer in
particular that

P5s—¢
)

1
fo (9" (@ +s(ps — @) —W"(p)) ds—0 in L%, (2 LY (0, T; H))

for every £’ € [1, p/3) and £” € [1, 2). Similarly, thanks to C1 and the regularity of
@, we have W (p) € LP/2(Q: L0, T; L3(0))), and the same argument as above
yields

v’ () <“"3 3 v 9h> —0 in L% LY (0, T; H))

for every ¢/ € [1, p/3) and £” € [1, 2). It follows that

W (p5) — V' (p)

5 —~ (@) in L (LY (0, T; H)) Y e[l,p/3), V¢ €[l,2).

(5.18)
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Lastly, let us handle the stochastic integral. By the Lipschitz-continuity of B in A3,
we have

B(ps) — B(p)
— 5 DB ()6

B(gs) — B(¢) — DB - _
_ B(gs) — B(9) ' (@) (¢s ¢)+DB(¢)<%5¢_9")

1 _ _
=/0 (DB(g + 5(p5 — 9)) — DB(g)) ‘”‘38 g"ds+DB(¢)(“"“5 ¢ —eh>.

Now, the strong convergence (5.16), the continuity and boundedness of DB in C2
imply together with the dominated convergence theorem that

1
f (DB(¢ +s(gs —¢)) — DB(p)) ds — 0 in L(; LY(0, T; Z(V1, Z*(K, H))))
0

for every ¢ € [1, +00). Since ¥ is bounded in LP/3(Q; L*(0, T; V1)) by interpo-
lation of (5.13)—(5.14), it follows that

1 _
/ (DB(g + s(¢s — 9)) — DB(g)) % ds—0 in LY L2(0. T: Z*(K . H)))
0

forevery ¢ € [1, p/3).Similarly, by the boundedness of D B in C2 and the convergence
(5.14), we have also

DB(g) <§068—§0

— 9h> —0 inL,(Q: L*(0, T; £*(K, H))).

Hence, we obtain that

M—\DB(@)Q;«, in LY(; L*(0, T; Z%(K, H))) Veell,p/3).

(5.19)

Finally, letting 6 — 0 in (5.12) using convergences (5.13)—(5.19), we deduce that
actually (6p, vh) is the unique solution of the linearised system (2.6)—(2.9) in the
sense of Theorem 2.5.

It remains to show now the strong convergence of w. To this end, note that by
the Lipschitz-continuity of B in A3 and (5.14), we have

<c
LP/3(Q;L>(0,T;.L2(K,H)))

bl

” B(ps) — B(p)
B

from which, thanks to the classical result (Flandoli and Gatarek 1995, Lem. 2.1) we
get
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By comparison in the equation (5.12) and the estimates proved above, we infer then
that

dW(s) <c¢  Vre(0,1/2).

8 LY (@ Wr-p/3(0,T; H))

/' B(gs(s)) — B(gp(s))
0

<c¢ Vre(0,1/2).

H s — ¢
Lo QW e/3(0.T: V)

8

Now, recalling that by (Simon 1987, Cor. 5), we have

L*(0,T; Vo)) N W"P3(0, T; Vi) < L*0,T;Vy)  compactly,

so that the laws of (£5%); are tight on L?(0, T; V}). By using again Lemma 3.12
together with the uniqueness of the limit problem at § = 0, proceeding as in Sect. 3.4,

we also get the strong convergence

Ys — ¢
8

— 6y inL*(0,T;Vy), P-as.
which in turn yields, together with (5.14), the strong convergence of Theorem 2.5.

This proves that Sy is Gateaux-differentiable, and its derivative is a solution to the
linearised system, in the sense of Theorem 2.5.

5.4 Fréchet-Differentiability

We are only left to show the Fréchet-differentiability of S;. To this end, since LN{ad
is open in U, there is a U-ball B,u (u) of radius r = ry > 0 centred at u such that
BY(u) C Uyy. For allh € BY(0), we set (gn, un) := S+ h), yh := ¢on — ¢ — 6h,
and zp := (nh — {4 — vp, SO that

dyn — Azndr +u - Vypdr +h - V(gh — ¢)dt = (B(¢n) — B(¢) — DB(¢)6n) dW ,
zh = —Ayn+ F'(¢n) — F'(9) — F"(¢)6h.

Noting that (yn)o = 0, Itd’s formula yields

1
- IIVNyw)II%Jr/ |VJ’h|2+/ (F'(on) — F'(9)
2 o o
— F"(¢)0h) yn — /Q (¢n — @)h - VANyp
t
= / yu - VNyp + /0 WNyn(s), (B(gn(s)) — B(¢(s)) — DB(¢(5))0n(s)) dW(s)) g

1 t
+3 fo IV (B(gn(s) = B(@(5)) = DB@($)n)I% 24y ds

Vte[0,T], P-as.
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Now, the Young and Holder inequalities give, together with the embedding V| —
L),

t
/ Yt - VA yp < g/ |V yn|? +cs/ (1+ luI3) VA3 ds Ye>0
' O 0

and similarly

gV = /Q VA + ¢ llon = 01240 7.vpy 124 701
t t

Moreover, note that by the mean value theorem and assumption A1 we have
/Q (F'(¢n) — F'(¢) = F"(9)0n) yn

1

=f /O F"(¢ + 0 (pn — ¢)Iml* do
t
1
[ [ (@t o) - F) tamdo
: J0
1 1

> —Cy / Iynl® + f / / F" (¢ +ot(pn — 9)o (gn — ¢)hyndr do,

Qr t 0 0

where, by the Holder inequality, the compactness inequality (2.1), the embedding
Vi — L%(©), and assumption C1,
1 1
[ [ [ e+ arn—onan—ommarao

t
< C/O (1+ lo) 6oy + H</7h(5)||L6(o)) l(on — @) 6oy 100 ()| 6oy Iy ()| 7 ds
2 2
<e [ [Vl +C£/ [VN ynl
[oF [0
2 2 2 2
+c (1 + ”(p”L’”(O,T:Vl) + ”(ph”Lm(O,T;V])) lo — (ph”L“(O.T;Vl) ”9h|lL4(0,T;V1) .

Lastly, we have

1
B(¢n) — B(9) — DB(¢)6h — /0 [DB(p + 0 (¢h — )y

+(DB(¢ +0(¢n — ¢)) — DB(9)) th] do

so that by A3, C2—C3, and the compactness inequality (2.1),

1 t
3 /0 IB(@n(s)) = B(9($)) = DB(@()6h ()| 22 g g, ds
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t
SCé/ |yh|2+cf Ien — @) (113, 16a ()17, ds
0 0
< Vnl? VN ynl? — onl? 2
=€ | yhl +C8 | yhl _|_C||§lJ ¢h||L4(0,T;V1)”9h||L4(0,T;V1)'
' O

Consequently, taking all this information into account, we can choose ¢ small enough
and rearrange the terms to get

1
SIVA W, + / IV ynl?

t
[ 1 2) IVN 2.d —ol? h|?
< + 1)) IV I ds + ¢ lon — 0124 7.p,, T4 7.0,
| T e
¢ (1410107 + lonl 07110 ) 19 = 0120, 12vs) 1601240 711

t
+/0. (Nyn(s), (B(gn(s)) — B(g(s)) — DB(¢(s))0n(s)) dW () p -

Thanks to the embedding L>(0, T; H)NL>(0, T; Vo) < L*(0, T; Vi), by (2.4) and
(5.13)—=(5.14), we have

”(ph - ¢||L%3(Q;L4(O,T;V1)) + ||0h||LPy/3(Q;L4(0,T;V1)) S c ”h”Z/{ )
while (2.2) yields

lenllzr, @;roo0,m;v) T 1912, @iL©7;v1)) =€

where the constant ¢ is independent of h. Taking power ﬁ at both sides, supremum
in time and expectations, on the right-hand side we use the Holder inequality with
exponents % + % + % = 1to get

124 124 p/7 p/7
[ (1 10152 0 vy + NemlPL vy ) g = om0 o ORI 1

2p/7
<clnl?

’L'(Q)

and similarly
p/7 p/7 2p/7
e = 07 1y IS .0 1 = € MIEE
Consequently, arguing again as in Sect. 3.1, using an iterative argument and the
Burkholder-Davis—Gundy and Young inequalities (see also Marinelli and Scarpa 2020,
Lem. 4.1) gives then

||yh||Lp/7(Q;CO([(),T];VI*)nL2(0,T;V1)) <c ||h||12,{ = 0(||h||u) as ||h||z,{ — 0.

This proves the Fréchet-differentiability of S; and concludes the proof of Theorem 2.5.
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6 Adjoint System

In this section, we study the adjoint problem (2.10)—(2.13), proving that it is well
posed in the sense of Theorem 2.6.

As we have anticipated in Introduction, the presence of the extra-random com-
ponent in the convection term calls for non-trivial mathematical tools when deriving
estimates on the solutions. Let us recall here a general backward version of the stochas-
tic Gronwall lemma that will be used in this section: for details we refer to (Hun et al.
2020, Thm. 1) and (Wang and Fan 2018).

Lemma6.1 Let & € L*(2, Fr) be non-negative, a € L% (2; L0, T)) with « >
oo > 0 almost everywhere in Q2 x (0,T), and X € L?@(Q; CO([O, T1)) be a non-
negative process such that

T
X <E |:§ —l—/ a(s)X(s)ds ﬁt] Yt e[0,T], P-as.
t

Then, for every t € [0, T] it holds that
X() < E[é expllll 11 ‘34‘,] P-a.s.

6.1 Approximation

For every A > 0, using the approximations on W and u as in Sect. 3.2, we consider
the approximated problem

—dP, — AP, dt + W] (p) P, dt —u; - VP dr

=a1(¢ — 9g)dt + DB(¢)*Z; dt — Z, dW  in (0, T) x O, (6.1)
PL=—AP, in(0,T)x0O, (6.2)

n-VP =n-VP =0 in(0,T) %30, (6.3)

P (T) = aa(p(T) —¢r) inO. 6.4)

This can be written in abstract form as:

—dPy + Fo(Py)dt = ay(p — (pQ) dr + DB((,{J)*Z)L dt — Z, dW,
PU(T) = aa(e(T) — 1),

where F : @ x [0, T] x V, — V; is given by
(Falw,1,y).¢) :=/O(AyAc—Wi’(cp(w,mAyc+yuk(w,r>~vc), y,{ € Va.

By construction it holds that \I/;f((p) e L®(Q x Q)anduy, € L%}(Q x (0, T); U), so
that using similar arguments to the ones in Sect. 3.2, we have that the operator F; is
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progressively measurable, hemicontinuous, weakly monotone, weakly coercive, and
linearly bounded. Moreover, the Lipschitz-continuity of B in A3 implies that D B(¢)*
is uniformly bounded as well. The classical variational theory for backward SPDEs
(Du and Meng 2010, Sec. 3) ensures then that such approximated problem admits a
unique variational solution (P;, Q,), with

Pe L% (2, C0, T1; HYNL2(0,T; V2)),  Zy € L, (2 L*(0, T; (U, H))).
Actually, let us note that thanks to the assumption on the target ¢ and the regularity
of ¢, the final value satisfies a2 (¢(T) — @7) € L*(Q, Fr; V1). Consequently, by
a standard finite dimensional approximation of the approximated problem with A >

0 fixed, it follows that the approximated solution actually inherits more regularity,
namely

Pe L%, (2; CO[0, T, Vi) N L0, T; V3)),  Zy € L%, (2 L2(0, T; LU, V1))).
‘We can then set
Py = LPy € L2,(Q: C([0, T1; Vi) N L*(0, T; V1)),

so that (Py, Isk, Z,) satisfy, for every ¢ € [0, T'], P-almost surely, for every { € Vi,

(PA(I),OH‘F/ VP, - V¢ +/ \I’:\/((ﬂ)ﬁxf‘f‘/ Py, - V¢
of or 7

t

= (a2(@(T) —o1), )y + /QT ai(¢ — )¢

t

T
+/ DB(p)*Z5¢ — (/ ZA(S)dW(S),§>
or t

6.2 An Estimate by Duality Method

H

The first estimate that we prove is based on a duality method between the approximated
adjoint system (6.1)—(6.4) and a suitably introduced approximated linearised system.
This step is fundamental as it allows to obtain some preliminary estimates on the
adjoint variables without working explicitly on the adjoint system, which may be not
trivial. Such duality method is extremely powerful, and it will be crucial in showing
well-posedness of the adjoint system.

The idea is the following: we consider the A-approximated version of the linearised
system (2.6)—(2.9), in a more general version where the forcing term is given by an
arbitrary term

2p
ge Ll (2 L*0,T; H)).
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Namely, for h € U/ we consider

6y, — Avg, dt +h-Vedr 4w, - V6 dr = DB(p)6), dW  in(0,T) x O,

(6.5)
vﬁ’k = —Aelf,A + 111;/(@)9;;”,A —g in(0,T)x0O,
(6.6)
n-Ve, =n-Vig, =0 in(0,7T)x30,
(6.7)
05, (0)=0 inO. (6.8)

Since W} (¢) € L>®(Q x Q), the classical variational approach (see again Sects. 3.2
and 5.1) ensures that the system (6.5)—(6.8) admits a unique solution

2p 2p

6, €L’ (Q; c0([0, T1; H) N L2(0, T: V2)> v, e L@ L0, T; ).

Moreover, we can show that the system (6.5)—(6.8) is in duality with the approximated
adjoint system (6.1)—(6.4). To this end, by It6’s formula we have that

d(éﬁw P))H
= =Py, di + gh- VP, di + 65 ,u; - VP di + (Py, DB(9)6 , dW)n
+ P (=AGE  + W (@) ) di + Pauy - VO, dif — a1 (¢ — 90)by , dt
— (DB(9)*Zy, 05 ) di + (6 . Z:. AW + (DB(@)0yy ;. ) o2,y d1

which readily implies by comparison in the two systems that

wiE [ 6,0~ o)+t [ 6, ~ o) =E [ gh-vr1E [ B
(4] @] 0 9]
(6.9)

Let us set now for brevity of notation 6§ := 6, and vj := vy ; with the choice
h = 0. Noting that (65 ) = 0, Itd’s formula for § | VA/6§ ||2 yields

1
E||W\/9§(t)||2+f |V9§|2=f quA~VN9§—/ xy;’(¢)|9§|2+/ 808
o o o o,
1 t
+5/0 | VA DB@s)6S ) |k iy D
t
+fo (N6 (5), DB(g(s))65 (5) AW (5)) , -

Using the fact that W}’ > —Cy and the boundedness of D B(¢) in £ (V1, L%(K, H)),
thanks to the Holder—Young inequalities and the compactness inequality (2.1) we get,
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forall e > 0,
||VNGf(t)||i,+/Q Vo2
2 t 2 ! 2 2
5/ gl +s/ V65 | +ce/ (1+||u(s)||U) VNGO ()7 ds
0 [ 0
t
+/0 (VO (s), DB(@(s))65 () AW (s)) ,

We take now power + —t— atboth sides, supremum in time, and expectations. Thanks to
the Burkholder—Davis—Gundy inequality (see Marinelli and Scarpa 2020, Lem. 4.1),
assumption C2, and (2.1), we get

E sup
ref0,]

/ (NVB5(s). DB(p(s))65 () AW (s)) ,,

p+4
L2(0 t H)

I A

‘]E |vnes ”5;4(0 iy T CE loy

2p

feonm ¥ E | ve; ”Z;&n m Tt PE | VNG ||££(0 HH)

I A

—]E (NAYCH

Moreover, since u € g, by the Holder inequality we have

, G
2 s | [ (14 o)1) [vaes ol o

rel0,¢]

7
< L4 ||VN9g||£;4(0,r;H)'

1-2 2 g112
S CE ‘t P (1 + “u”L/’(O,T;U)) ”VNG)L HLOO(O,t;H)

Since -t > 0 and p—:ri > 0, we can close the estimate rearranging all the terms

on [0, Ty] for Ty sufficiently small (independent of both A and g). Using once more a
classical iterative procedure on every subinterval until 7', we infer that there exists a
constant ¢ > 0, independent of both A and g, such that

G <cligll 2 . (6.10)
LD (@;¢0(0, 71, VHNL2(0,T; V1)) L2 (@120, 1))

Now, by assumption C4 and the regularity of ¢ (since % < p for p > 6), it holds

2
ai(p — ¢g) € L7 TR LPO.T HY) . aae(T) —gr) € LES(Q. Fri Vi),

so that the duality relation (6.9) (with h = 0) and the estimate (6.10) yield

B[P0l a, lerto —90)| 2
0 L5 (@i L2(0,T; H)) Lo (@ L20,T; H))
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+[6f] 2 lex(@(T) = o)l 20,
L5 (@:C0(0,71: V) LP=3(Q.Fr; V1)

<cllgl 2 .
LD (@ L2(0,T; H))

By the arbitrariness of g we obtain

1Pl 20 =c (6.11)
L (Q:L2(0.T:H))

6.3 Further Estimates
We show here that the initial estimate (6.11) allows to obtain uniform estimates on the

adjoint variables. To this end, It6’s formula for % || P, ||%_1 + % |V P, ||%, yields, recalling
that 13)L =LP,

1 ro 7
3 ||Px(t)||%/, +/t ||P;L(s)||%,] ds + 5/[ ||Z)L(S)||52gz(,(,vl) ds
_ Ol% 2 " D. 12 " D D
== le(T) —erlly, — W (@) | Pr]” — W (@) Py Py, + (P, + Puy, - VP
of of of
va [ -vo it Byt [ 0Bz P
Q! Qf

T
—/ (P)L(s)+f’x(s),ZA(s)dW(s))H Vi el[0,T], P-as. (6.12)
t

On the right-hand side, we have already noticed that oy (¢ (T) —¢7) € L%(Q L Fri V).
Moreover, by Al, the compactness inequality (2.1) and the fact that P, = LP,, for
the second and third terms we have

—f w;/(gonﬁuzscw/ uﬂﬁss[ |VI~’A|2+Cgf VP
of of of o

t

and, thanks to the Holder—Young inequalities, the embedding V| < L°(©), and C1,
_ T ) T 5 _
- / A= f IPL()I}, ds +c / |97 @D 30, 122 () 17 ds
Qy t t

T
< / 1)1y ds 4 (14 10l v ) 1B 0 7oy
t

Also, note that since fﬁ = L Py, in particular it holds that (ISA)O = 0. Hence, using
the Young and Holder inequalities, the embedding V| < L6(O) yields, forall ¢ > 0,

T T
T(PHP»uA.vpkse/ ||PA(S)||%/1dS+Cs/ (1+ I3 ) 121}, ds,
t

: t
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and similarly

D 2 2 1 2 1 D 12
o1 (@ —9o)(Pr+P) <oy | le—9ol +§ | Py +§ | Py ]°.
of 0 or or

Lastly, thanks to A3 and C2, and again the compactness inequality (2.1), we have that

T
/QtT(DB(go) ZA)(PA 4+ PA) = /t (Z)L(S), DB((P(S))(PA + PA)(S)),ZZ(K,H) ds

T
< 1/ 1Z: )10 ds+2c,%/ P2
~ 4, ZL2(K,H) of

1 r 2 D. 12
<3 [ 12Oy s te [ 19R

! t

T
+c5/ 1P, ()3, ds.
t

Choosing & small enough, rearranging the terms in (6.12), and conditioning (6.12)
with respect to .%; we are left with

T T
1P}, +E [/ 1P ()13, ds + / ||Zx(s)||fgzz(,<,v,> ds
t t

< e+ cE[(1+ 10lmorivn ) 11220 7.

T
+ f (14 @I ) 1)1}, ds
t

7).
so that the backward version of the stochastic Gronwall Lemma 6.1 yields

<E [(c e (14 10l rivn ) 11220 7o) ) &0 (1 + 101220 7.1 ) ‘fi} .

T T
||PA(I)||%/I+E[/ 1B, ()12, ds + f 1Z3() 12k ) 4
t t

Consequently, taking expectations we infer that

ENP.OIY, +EIPul 720 7., + ENZal 20 102 k.v1))

<c(1+exp Il E[1+ (1410 1m0m) ) 1P 20 72|
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where, by the Holder inequality and the duality-estimate (6.11), we have

E [(1 + ||§0||ioo(0j;vl)> HPAH%AZ(O,T;H)]

=|

4 D. |12
|1 bl v |, g 1B 207 | .

4 D112
<c (1 + ||§0||Lp(Q;Loc(o,T;Vl))> ”P}L”L%(Q-LZ(O oy =c,

which yields in turn

IPillcoqo,r:2@iviy + 1PNz, @120, 73wy T 1200112, (@200, 75220k vy = €
(6.13)

With this additional information, we can perform a classical refinement on the esti-
mates going back to the inequality (6.12), repeating the same steps but this time taking
first supremum in time and then expectations: the estimate (6.13) allows to apply the
Burkholder-Davis—Gundy inequality on the stochastic integral, so that we obtain,
thanks also to elliptic regularity,

IPxll22, @;coq0,m1:vone20,; vy + 1P L2, (@:coqo, 11 vine2,75vi) = €

(6.14)
6.4 Passage to the Limit
From (6.13)—(6.14), we infer that there exists (P, 15, Z) with
P e L}, (Q: L0, T: V1)) N L% (Q: L*(0, T; V3))
P=LPeL%(QL®0,T; Vi) NLL(Q L*0,T; V1)),
Z e L3(Q: L*(0, T; LXK, V1)),
such that as A N\ 0, possibly on a subsequence,
* 72 00 2 2
Pp— P in Ly (; L>(0,T; V)N L, L0, T; V3)), (6.15)
b p 72 00 * 2 2
P, — in Ly, ($2; L7°(0, T; V")) N Lp(2; L7(0, T; V1)), (6.16)
Z,—Z in L% (Q L*0,T; Z*(K, V1)) (6.17)

Now, thanks to C1 and the regularity of ¢, we have W (¢) € L3(Q; L>(0, T; L3(0))),
so in particular

W (p) — W'(p) inL*(QxQ),
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and also, thanks to (6.16),
W (@) BV (@) P in LY (2 L0, T; L5 (0))).

Similarly, since u;, — u in L?@(Q; LP(0, T; U)) for every g > 1, from (6.15) we
have

2
u, -VP,—u-VP inL?;,(Q;LTfZ(O, T;H) Viell,?2).
Lastly, convergence (6.17) readily implies that
DB(9)*Z,—~DB(@)*Z  inL% (2 L*0.T: H)),

while by the linearity and continuity of the stochastic integral we have

T T
/Zk(s)dW(s)—\/ Z(s)dW(s)  in L%,(Q; C°([0, T1; V).

Consequently, we can let A N\ O in the variational formulation of the approximated
system (6.1)—(6.4) and deduce that (P, P, Z) solve the limit adjoint problem (2.10)—
(2.13). The pathwise continuity of P, hence by comparison also of P, follows by
classical methods using It&’s formula on the limit equation.

6.5 Uniqueness

By linearity of the adjoint system, it is enough to show that if (P, P, Z) is a solution
of (2.10)—(2.13) witha@; = ap = 0,then VP =0, P = 0, and VZ = 0. To this end,
1t6’s formula for % VP ||%_1 yields

! 2 TN 2
EIIVP(I)IIH+/QT |V P +§/t IVZ) 2k gy ds

:—/QT qz/’(go)|ﬁ|2+/QT f’u~VP+/QT(DB(g0)*Z)13

_ /IT (ﬁ(s), Z(s)dW(s))H

Now, as the computations are similar to the ones of Sect. 6.3, we avoid details for
brevity. The terms on the right-hand side can be treated using A1, the Holder—Young
inequalities, the embedding Vi < L°(©), and the compactness inequality (2.1) as

—f \11”(<p)|15|2+/ Pu-VP
T T

t t

t
58/ |VP|2+cg/ (14 I ) 1V PG ds,
of 0
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and similarly, since DB (¢) P is £2(K , Hy)-valued by A3, by the Poincaré—Wirtinger
inequality and C2 we have

~ t ~
/QT(DB(@*Z)P :/o (Z(s), DB(p() P () g2k 1y ds

1 g 2 D12
< Z/, IVZO 0k ds+efT VA

t

T
+cgf VP ds.
t

T
||VP(¢)||%,+1EUQT IVPI2+[ ||VZ(S)||?gZ(K’H) ds

Rearranging the terms and taking conditional expectations with respect to .%;, we get
t

that
O‘\ }
1t )

so thatapplying the backward stochastic Gronwall Lemma 6.1 and then taking expecta-
tions yield VP = 0 almost everywhere in  x Q, hence also P = 0 almost everywhere
in Q x Q since Pp = 0. Consequently, the stochastic integral appearing in the estimate
above vanishes, and we deduce also VP = 0in L2, (2; C°([0, T]; H?)), from which
P =0in L%,(Q: C°([0, T1; V}")). Also, VZ = 0in L%,(Q; L2(0, T: £>(K, H'))).
This concludes the proof of Theorem 2.6.

T
< (E [/ IVP@)IZ ds
t

7 Necessary Conditions for Optimality

In this last section, we prove the two versions of necessary conditions for optimality
contained in Theorems 2.7-2.8. Let then u € U4 be an optimal control for problem
(CP) and let us set (¢, u) := S(u) as its corresponding optimal state. Let us also fix
an arbitrary v € Uyg.

By convexity of U4 we have u + §(v —u) € U,y for all § € [0, 1]. Hence, setting
(¢s, ns) := S(a + §(v —u)), for every § € [0, 1] the minimality of u yields

J(p,u) < 7151] los — gol® + 7]1«:] los(T) — gr|* + 7151/ lu+38(v—wl?,
0 O 0
which entails in turn
ot 2,02 _ _
. E/Q (Igs = lel = 205 - 9)00)
(2%}
+5E / (15 (D)1 = o ()P = 205 — )(Tor )
O
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+§]E/ (82|v—u|2+26u-(v—u)) > 0.
2 Jo

Now, the functions { +— E [, 0 |£|*> and ¢ +— E [, |¢|* are Fréchet-differentiable

on L?,,],(Q; L%(0,T; H)) and L*(Q, Fr; H), respectively. Hence, the mean-value
theorem yields

_ 1
il [ 8 [+t — o) - p0) do
0 0

(6%} 2
+ a3ELu : (V - u) + 781@ ”V - u||L2(O,T;Hd)

_ 1
+012E/O 2o 3 (p(T)_/O ((@(T) + (s —)(T)) — 1) dT > 0.

At this point, as 6 — 0, we have u + §v — uin U, so (2.3)—(2.4) imply that

1
/0 (9 + (s — 9) — g0) dr — p—xg  in L2 (2 L2(0, T; V),
1
/0 ((@(T) + t(ps — )(T)) —@r) dt — o(T) —r  in LPP(Q, Fr; H).

Moreover, Theorem 2.5 ensures that
Qs — @
)

= O (T)~0y_u(T) in LP3Q, Fr: H).

—Oy_u in LY, (Q L?(0,T: H)),
¥s

Hence, noting that % > 2, letting § — 0 we obtain exactly (2.14), and Theorem 2.7
is proved.

Lastly, we note that (2.15) follows directly from (2.14) provided to show the duality
relation

alE/ 9v7u(§0—<ﬂQ)+012E/ 9v7u<T)<¢<T>—¢T>=E/ o(v—u)- VP.
0 O 0

In order to prove this, we can take g = 0 and h = v — u in the duality relation (6.9),
and then let A N\ O thanks to the convergences (5.9)—(5.10). This concludes the proof
of Theorem 2.8.
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