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1. Introduction

Multilayer approach for shallow flows [1-4] have become quite popular in the last two decades to reduce the computa-
tional cost of river and coastal flow simulations. A version of these models was derived in [13] from the full Navier-Stokes
system, by assuming a discontinuous profile of velocity, showing that the solution of the multilayer model is a particular
weak solution of the full Navier-Stokes system. In our previous work [5], we have shown that, in the barotropic, constant
density and hydrostatic case, these models can be made more computationally efficient by two complementary strategies.
On the one hand, a classical semi-implicit time discretization can be employed to remove the time step restriction based on
the external gravity wave celerity, which adversely affects efficiency in low Froude number regimes. On the other hand, we
showed that multilayer shallow water models can also use different numbers of layers in different mesh locations, so as to
reduce the computational cost and to allow for a more efficient allocation of the degrees of freedom as well as for adaptive
strategies. Notice that both [5] and the developments in the present paper are closely related to seminal works by V. Casulli
and co-workers, such as e.g. [7-11,18]. Indeed, our work can be considered as an extension of the approach proposed in
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these references to the case of multi-layer discretizations and more accurate time discretizations. Also work by G. Stelling
and co-workers, presented e.g. in [22,23,28], is related to our approach.

Nevertheless, our previous work has an important limitation when simulating realistic flows, since the density is there
assumed to be constant, as commented before. In variable density flows under the action of gravity, stratifications effects
and internal gravity waves arise. Thus, the density field can have a strong effect over the dynamics of realistic coastal flows.
In particular, it makes increase the vertical structure of the fluid because of the density variations (see e.g. [12,15]). Therefore
the use of multilayer models is relevant in this context to account for this vertical structure. Several multilayer models and
numerical strategies have already been proposed to deal with variable density flows. In [6,14,25], multilayer models with
variable density due to suspended sediments are introduced. In [4], the multilayer system [2] is extended to the variable
density case, where the density is constant in each layer but may be different across the layers. This model is solved using a
kinetic scheme, using again an explicit time discretization. Recently, a robust second-order explicit scheme for the multilayer
systems with variable density, deduced from [13], has been proposed in [19].

In the present paper, we extend the findings of [5] to the hydrostatic, variable density case in the Boussinesq regime. This
works is different from the results presented in [4,19] in several main aspects. Firstly, these papers use explicit discretiza-
tions, while we use a semi-implicit time discretization to make more efficient the multilayer method for variable density
flows (for the first time to our knowledge), which allows to reduce significantly the computational cost in realistic simula-
tions in the subcritical regime. Furthermore, in the present work the number of vertical layers is no longer constant, leading
to a more flexible and efficient discretization. We also work making the Boussinesq approximation, so that the resulting
system and also its numerical approximation are conceptually simpler, while still being applicable to coastal flow modelling.
In addition, the proposed model and that in [19] differ from [4] in the procedure to obtain the multilayer system. Concretely,
the vertical velocity and the momentum transference terms are different, and the solutions of our system yield a particular
weak solution of the full Navier-Stokes system. In the present work we also study the linearization of the proposed model
equations, showing how the presence of complex eigenvalues and the resulting loss of hyperbolicity are strictly related to
the nontrivial vertical structure.

The paper is organized as follows: in Section 2, we derive the equations defining the variable density multilayer shallow
water models. In Section 3, the corresponding linearized equation are derived. In Section 4, the spatial semi-discretization is
introduced, while the time semi-discretization approach is introduced in Section 5. Results of a number of numerical exper-
iments are reported in Section 6, showing the significant efficiency gains that can be achieved by the proposed techniques.
Conclusions and perspectives for future work are presented in Section 7.

2. Variable density multilayer system

We start here from the same multilayer system as in the previous work [5] and for convenience we recall the multilayer
notation introduced there. The computational domain is divided in N shallow vertical layers €2,, @ =1,..., N, where the
upper and lower interfaces of layer 2, are o1 and ', _;. In particular, 'y = b and Fyo1=1m denote the topography

2 2 2

and the free surface. As usual, hy, denotes the height of the layer « =1,...,N, while h is the total height of the fluid,
ie, h=>N_ hy. Thus, the interfaces [, 1 are writtenz, 1 =b+ Z%=] hy and the free surface level is = b+ h. Given a
2

function f which is continuous at the interface I" its approximation there is denoted by f, L1 Furthermore, we define
2

a+%’
positive coefficients Iy, & =1, ..., N such that Zgﬂ lo =1 and hy = Igh.

The extension of the multilayer system presented in Equation (7) of [5] to the case of flows with variable density is
performed assuming that the Boussinesq approximation is valid [15], i.e., that the density variations are so small that their
effects can be accounted for only in the computation of the pressure gradient. To this aim, we define the density in layer
a as pg = po + Pl Where pg is a constant reference density and p/, is assumed to be small. More precisely, in typical
geophysical applications one has |p}, /0| < 0(1072). Under this hypothesis, the density perturbations can be accounted for
only in the pressure term of the momentum equation, which must be computed by vertical integration in the multilayer
framework. After some straightforward algebra, we obtain

Fa+1/2 N a-1 h2
/F 0Pa(2) dz = pogha 0 + gha x| D phhp | + gooha dx| b+ hg +g8x<p& 2“), (1)
a-1/2 B=a+1 B=1

where p, (z) is the pressure term of the layer . Under these assumptions and using the same notation as in [5], our model
equations can be written as

N
8t7) + 8x<thﬁu5> =0,

p=1

lyhoeuy + lyhugosuy + glyhdin
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N a—1
paha hﬂf
+glah8x( o+ > pﬂhﬂ)+g1ahpaax b+§jhﬂ+2)

B=a+1 B=1
1 . _
= %(Ka—% _Ka+%> +Ga+%Aua+% +Ga_%Aua_%
at(palah) + ax(palahua) = /OaH/ZGOH_% - pa—l/ZGa_%s (2)
for @ =1,---,N, where we have redefined for simplicity the perturbation density as py = p}/po. We recall that combin-

ing the mass conservation equations of each layer, the following explicit expression for the mass transference term at the
interface I'y1,2 is obtained:

o N
Gusy = Z[ax(hzﬂuﬁ) 1, Zax(lyhuy):l. 3)

B=1 y=1

Moreover, in system (2) we have used the following property relating the mass transference terms with constant and vari-
able densisty:

!

Gury =Poi1Goyyr With pf = (0441 + 05)/2.

Notice that the pressure term (1) can also be rewritten as

Lot N h 8 / N
/ xPa(2) dz = (0o + py) gha xn + gha | Y hpdepp + “pr"‘ +ghe > (ph — pb)oxhg, (4)
a-172 B=a+1 B=a+1
which can be useful if separate treatments are sought for the density perturbation gradients and the layer thickness gra-
dients. If the reformulated pressure gradient (4) is employed, the corresponding equations are given for « =1,.--,N as
follows.

N
8[77 + 8X<hzlﬂuﬁ> =0,

p=1

lyhoruy + lyhugoiuy + glyh(1 4+ pg)0xn

N N
+glah ( Y hpduop + h"az"p"‘> +glah Y (0 — pa)dihs

B=a+1 p=a+1

1 ) )
- (KH - 1<a+%) Gy Al + Gy y AT,

(5)

Notice that, as discussed [13], the above introduced equations can be regarded as a vertical discretization of the hydrostatic
Navier-Stokes equations. This inevitably leads to the possibility that the proposed equations fail to constitute an hyperbolic
system, since the hydrostatic (or primitive) Navier-Stokes equations are well known to lose hyperbolicity as a consequence
of the hydrostatic approximation, see e.g. the classical analysis in [26].

at(palah) + ax(palahuoz) = pa+1/26a+% - ,Oot—l/ZGD,_1

1

3. Linear analysis

We will now derive explicitly the linearization of equations (2), in order to study the hyperbolicity of these equations at
least in the linear regime and to carry out stability analyses and discuss the efficiency of time discretizations in the variable
density case. We consider for simplicity the inviscid case v, 1 = 0 with constant number of layers N across the computa-

2

tional mesh. We assume that h = H + k', b =0 (which implies n = h), uy = Uy + u,, where H, Uy are constants. Concerning
the density variables, on the one hand, coherently with the Boussinesq approximation, these are already small perturbations
of the reference density pg. On the other hand, however, the impact of stratification on the propagation of linear waves can
be significant. Therefore, we will consider first the general case py, = 0o + pj,, allowing for different reference densities in
each layer and assuming the products h’oq, u),0+ to be non negligible. We will then consider the simplified case o4 = 0, in
which possible stratification effects are disregarded.
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Considering then the former situation and disregarding terms of second order in the perturbations, the following lin-
earized equations are obtained, where the primes denoting the perturbation variables have been dropped for convenience:

N N
8th +H Z Iﬁaxuﬂ + Z lﬂUﬂaxh =0,
p=1 f=1

N
Oclly + Uy Oxllg +g{l +out Y lglop —Qa)j|axh

B=a+1
l,H N
+875-Oxpu +8H Y lgdupp
B=a+1
A UoH—l —Ua = Uoz — Ya-1
= Cory ofl, TGt 2L,
atpa + Us 3x,0a = Qa;}_”_ Qu (_;OH—% + QaZ_H?ail Ga—%’ (6)
o o
where now
_ o N
GaJr% = Z |:lﬁH8xuﬁ + lﬂUﬁaxh — 1/3 Z ly (Haxuy + U,,axh)j| (7)
p=1 y=1
for a=1,....N—1 and G, = G_N+l =0 as in the nonlinear case. It is important to remark here that the same
2 2

equations (6) also arise from linearization of the modified system (5). For compactness, we now set, again for o =
1,...,N—-1,

N o
U=> LU, 8Us=Us-U0 8Us=) L,38U,.
y=1

y=1
Us 1 = Us -
8ﬁ.a+%U: T oHL: Tqy = Qa + Z lﬂ(Qﬂ_Qot) (8)
A B=a+1

and we also define the matrix

My, :ly(l—Zlﬂ) for y <«
p=1

My, = -1 Zlﬁ for y > «a, 9)
B=1
so that
_ L N
Gory = 8Uadxh+H Y Mo,y dxuly (10)
y=1

and the momentum equations can be rewritten as

I«H N
Oty + Uy Oty +8(1 +ra)axh+ga78xpa +gH Z l/jaxpﬁ

B=a+1

a1 U080+ 8y U)o [

N
+HY [(SQVM%U)MQ,V + (SQ‘a_%U)Ma,w]axuy
y=1

N
= —UgOh—HY W, duy, (11)
y=1
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while the density equation reads

¢ Pa + Uy Oxpo = [(SQ_M%Q)WLY + (Sau_%Q)Wa—liIaxh

N
+ H Z I:(Sa,aJr%Q)Ma,y + ((Sa.a—%g)Mafl,y]axuy
y=1

N
= —vhoxh—H Y WZ,du,. (12)
y=1

Setting now

q:(hvuvp):(h’u11~'-7uN7p17""pN)a

the previous equations can be written as

0rq+ Adxyq =0,
where we have now defined
U LH InH 0 0 ]
g51 Uq -|—HW1,1 HWl_N gl1H/2 gINH
852 HWZ,] e HWZ,N 0 . glNH
A= |8&n HWhy 1 ... Uv+HWyy 0 ... glyH/2 |,
v]p HW{’l .. HW{’N U; ... 0
p p HWY? 0 0
vh HW,, N
_vﬁ HW,{,’J HW,{,’N 0 Uv |
where now sy = (1 + 14 + Vs ). More compactly, this can also be rewritten as
[ U HI” 0
A=|gs U+HW gHTL |,
| v° HW? U

where I'=[l;,....Iy]T, 0=[0,....0]", s = [sy.....sy]". v¢ = [v{.....v4]". Note that W and W” are the contributions corre-
sponding to mass transference terms multiplied by the differences of reference velocities and densities, respectively. Further-
more, L denotes the diagonal matrix with elements [; on the main diagonal, U denotes the diagonal matrix with elements
U, on the main diagonal and T denotes the upper triangular matrix such that

1/2 1 1 l;/2 I, Iy

0 1/2 ... 1 0 L2 ... In
T=| . i . sothat TL=| . . . .

0 0 .. 172 0 0 .. I

The structure of A is simpler if special cases are considered. For example, it can be immediately observed that, for a constant
reference velocity profile, e.g. Uy, =U = U, one has v, =0 and W = 0. If the reference density values are also taken to be

zero, one then has v5 =0, W° =0 and s =e = [1,..., 1]7, thus yielding
U HI' 0
A=|ge U gHTL|.
0 0 U

In this particular case, matrix A has eigenvalues U +,/gH and U (with multiplicity 2N — 1), independently of the layer
distribution, so that the system is hyperbolic. If instead the reference velocity and density profiles are both constant, but
Po = p # 0, one still has has v2 =0, WP =0, so that

U HI' o
A=|gs U gHIL
0 o U

with sy =14p, a=1,..., N, so that the matrix A has eigenvalues U +,/g(1 + p)H and U (with multiplicity 2N — 1), in-
dependently of the size of the layers. On the other hand, if p, = 0 but the reference velocity profile is not constant, it

5
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lai—12 1 laiviy2
hi—i2 hi hiya2
Ua,i-1/2 Pi Ua,i+1/2

z . .
A Lo : TNty
. 4 . . .
Dol hs : : ho

: Ti—1 : Zi : Tit1 : x
Ti—3/2 Ti—-1/2 Tit+1/2 Ti+3/2

Fig. 1. Sketch of the domain and of its subdivision in a variable number of layers.

follows
U HI” 0
A=|ge U+HW gHTL|.
0 0 U

The characteristic polynomial of A reads then

U-2 HI
det(A — AI) = det(U — M)det([ . U+ HW - M})' (13)

By application of Banachiewicz-like decompositions, see e.g. [27,29], it follows that the determinant of the last matrix is
equal to

- A—gH
U — A)det| U+ HW — — I).
@ e )

This implies that, if z denotes an eigenvalue of U+ HW, the eigenvalues A of A must satisfy the equation
(z=M@-X1)—gH=0.

Therefore, is it sufficient that the non symmetric part of W is large enough to yield complex eigenvalues for A as well. As
remarked in the introduction, this should not be regarded as a deficiency of the multilayer model, but rather as a conse-
quence of its being a convergent approximation of a three-dimensional hydrostatic flow. Let us remark that this situation is
related to large deviations from the constant velocity profile, and therefore to large values of the mass transference terms
Gg12- To our experience, moderate values are obtained in simulations in the hydrostatic regime. Therefore, in practice the
linearized system (6) is expected to be hyperbolic.

4. Spatial discretization

We now consider a spatial discretization for system (2), which extends to the variable density case the finite volume
approach presented in [5]. We only recall the main features of the discretization, referring to our previous paper for the
full description and focusing on the novel terms coming from the variable density pressure and the evolution of the per-
turbations of density in each layer. It should be remarked that many other options can also be considered, such as finite
difference or finite element methods.

We consider the usual finite volume description of the horizontal domain, which is subdivided into control volumes V; =
(Xi_1,2, Xi11/2), with centers x; = (X112 +Xj_1,2)/2, for i=1,..., M. The distances between x; and x;,; is denoted Ax; 1/,
and the length of the control volume is Ax; = X;, 1,5 — X;_1,2. A staggered mesh is considered, where the discrete free surface
and density variables 7;, p; are defined at the centers of the control volumes, x;, while the discrete velocities u,, ;, 3 are

i
defined at the interfaces, x;,1,, (see Fig. 1).

As discussed in [5], the positive coefficients [, ;, 1 are also defined at half-integer locations, so that the number of layers

N 1is also specified at these locations and may vary across the discrete mesh. For simplicity, the vertical mesh is assumed
2
to be conformal, i.e., either a layer splits in several of some layers merge into a single one, and only a transition between
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cells with different number of layers is allowed in a 3-point stencil, i.e., it is not possible to have two consecutive tran-

sitions. These two hypothesis reduce the complexity of the implementation, namely in the case of advection terms in the

momentum equation. The number of layers at integer locations is defined as N; = max{N, 1, N, L1 } and the discrete layer
2 2

thickness coefficients at integer locations I, ; are taken to be equal to those at the neighbouring half-integer location with
larger number of layers, that is, assuming for example Ni_% < Nl.+%, we take I, ; =1, i+l

Given these definitions, the spatial semi-discretization reads then

1 N

dn;
@A /; <lﬁ'i+%h”%uﬁ*f+% - lﬂ-f—%hr‘—%“ﬂ,i—%) (14)
dua i+l 1
i+ o
dc AXH% la,i+%hi+% gMix1 — M)
a+y.ity la+%.i+%hi+% -1+ laf%,pr%hpr%
1 g ~
_la<i+% hi+% AZ,H% + m (AuaJr%.iJr% o+ 1ivd + Auﬂl*%,w%gaf%,u%)
2
lyipihi N et — o
—2 2 o i+ 11 — P illi
_ Wg Z lﬁ,i.;.% (pﬁ.i+1hi+1 - ,0)3,,']1,') + la,i+% f
B=a+1
lOt i+lhi+l a-1 la i
T Axiay SPaiey | b = b (i =) ﬁz_l’m% t—) (15)
dpa i 1
d?,l = _l CAX <la,i+%hi+%pa'i+%ua_i+% — layllf%hi—%pa,if%ua_[f%)
aifXi 1
1
(Pt Gurg o= Pucy o) (16)

foraa =1,...,N. Here hi+1, Py is1- Lo i are the defined as the upwind values and AZ sl denotes the discretization of the mo-
2 ) il

mentum advection term, which is carried out by a first or second order upwind method. More specifically, we use the same
second-order upstream based second order finite difference approximation as in [5], i.e. (ua E)xua)

= Uy it1/2 Oxlly

i+1/2 i+1/2
where
u . 3—4u . 1+3u 1
o1— ,172 U.H»? .
2Ax. 4 if uoc.H% >0,
1+
Oxllg =
i+1/2 u . s—4u . 3+3u . 1
_ (X.H»Z Q.l+7 d,l‘z .
—ZAXH] if UQ‘H% < 0.

5. IMEX-ARK2 time discretization

This spatial discretization may be coupled with any time discretization. As in the previous work, we use an explicit third
order Runge-Kutta method for the reference solutions and one of the semi-implicit scheme presented in [5], the second or-
der IMplicit-EXplicit Additive Runge-Kutta method (IMEX-ARK2) including the terms coming to the variable density pressure
terms. Moreover, we have an additional equation for the perturbations of the density, which must be discretized accordingly.

We extend here the method presented in [5] to the variable density case. To introduce IMEX-type methods, we write the
ODE system as

V =8({.t)+8us(y. 1),
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where the s and ns subscripts denote the stiff and non-stiff components of the system, respectively. In our case, we have

N

gg = Ax Z (lﬂ 1+lhz+2uﬁ i+l lﬁ,i—%hi—%uﬂ,i—%>;
B=1
gSZa—l = —ijflla.pr%hpr% E(Mis1 — M)
2

u 1-uo1 u .o1-u .1
v o a+li+ 5 ity v o i+ a-1i+5
a+5.i+3 I 1. 1h 1 a—zi+3 I 1. 1h 1 ’
at g ity ity o=ty iy

[N

200 _ 1
s T T Labx (la1+lht+1pa1+‘uat+— lotl—%hl—;pal—f al——>’
2

and
ggs =0;
201 1
g = iy iy AL+ f(A“ e tind + D190 1t )
ld.”%hﬂ% N l h: h l Pa.i+1 hi+1 - loot,ihi
~ A 8 Z B.i+1 (Pﬁm i+1 ~ PB.i 1) Tl — 5
B=a+1
la i+ h1+ i lavi+%
- ﬁgpa i+d bit1 = bi + (hiz1 — hy) Zlﬁ,u% + D) )
B=1
2 1
gn? = E(pour; zGoz+ i ,Oa,, IGa—— i)’
foro =1,...,N, where h; +1 Py} .ly ;i are the upwind values. Note that the stiff and non-stiff parts for the extra equation

are defined in order to be con51stent with the continuity equation in the sense of [17].
Then, the s—stage IMEX-ARK2 method can be defined as follows. For [ =1, 2, 3:

-1
u® —u" + At Z (a,mgns(u(m), t + cnAt)
m=1 (17)

+ Upgs (@™ ¢ + cmAt)) + At gsu® t 4+ Ab).

and the updates values u™*! are computed as

3
u = u" + ALY b (grs(u® t+ AL + g (u?, t + g AD)).
1=1

We use the IMEX method proposed in [16], whose coefficients are given in the Butcher tableaux reported in Tables 1,2 of
[5]. The implicit part of this method coincides with the TR-BDF2 scheme [21], which is unconditionally stable, while the
explicit part has to comply with a stability condition on the Courant number C,,; (21).

Next, we detail the IMEX discretization for the equation of the evolution of the perturbations of the density. The mass
and the momentum equations are discretized at each stage as detailed in [5], then we refer the reader to previous work for
that discretized equations. In order to avoid solving an extra linear system to find ,0 1 k = 2,3, we propose a modified

2

IMEX discretization. It consist of linearize of the density in the second and third stages of the IMEX scheme, as we detail in

the following.

For the first stage, we define n?* =7l ,00” = py ;> and u2*1+1 = u(’l 1 respectively. For the second stage, we have
Aty Aty

lalhnz ou = lalhnpa,

—A(l PR gk ot )

Axi \ i+ Vi ] ozH—% it} a,i-z Otl—% a.i-1

+10 ot

rande(pp!, Gil — ot G ).
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where u}?

= Gyou? + Gyul!. Here, ,o ', is computed as the upwind value depending on u’;2. For the third stage,
+3
3, n3
L il Py = loihf oG

= B (LM P22 2 = L gh 002 )

Ax \ ity i) o(H—% ai+d oi—g ai—% a,i-1
2 n,2
asy At e G
a3 ( Ji a+ ’Oa—%,z a-13.i
_ hn n1 n1 _ . n n1 n,1
a3 AX ( 2 z+2 ou+2ua i+ av'*%hl—lpa i—%ua,i—%>
+an At p™l, G, — p™ G"l
+3i o+l a-ti a1t

where now u? = G5u3 + d3;ut?, and ,0 "l the upwind value depending on u;>. Finally, the assembly of the solution at

time level n+1 is

n+1 n+l _
lo il Py = luihi Py

n,j nj
Zb (al+lhl+1pa1+ ai+d l o,i- %hlnfl’oaz—lual 1) (18)

n.j
+Atzb( a+‘i a+‘i_'0 lGa—fz)

Notice that we obtain the consistency with the discrete continuity equation in the sense of [17] by using the values of the
height at time level n, h", in the advection terms. In the equations above we use the discrete transference term

o
n,l n,l
Coiyi = a3 /82_; (lﬁ UGy = Ty Ut
N
u™ 1 u™ 1
y:
and pgi » is the upwind value depending on the vertical velocity. To this aim, we define
2
& onl sgn( —G™' |
pu 4o ( a+li
1 i +1i 1 1
p2+1/2.i = 2 . - 2 = (p2+l,i_p2,i)’ (19)
forl=1,2,3.

6. Numerical results

We present in this section some numerical tests in order to validate the proposed method through some academic con-
figurations of variable density flows. Based on the linear analysis in Section 3, we define a Courant number based on celerity
as

i N N
Ceot = Max. (Iuil +v (1 +pi)gh ) A 0= lalle, Z o Pus (20)
=I= 1 —

a=1

where i, p are the vertically averaged velocity and density perturbation corresponding to each control volume, and a
Courant number based on velocity as

N N
Cvel— max <|u|+vngh> Zl Uy, ,[):Zlapav (21)

a=1

Since the terms associated to the barotropic pressure gradient are treated implicitly in our approach, the resulting stability
condition will be based on Cy rather than Cg,, thus allowing for substantial computational gains.

For all the tests, we compute a reference solution with a third-order Runge-Kutta method with a fixed value C.; = 0.1.
That is, the time-step is adaptive, as a function of C,; (20). The accuracy is measured with the following definitions: Erry [ ]

9
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Fig. 2. Density field for different times: t =0, 2.4 and 54 s.

and Erry [l ] denote the relative error for the free surface, and for the velocity and density fields we use

2 1/2
N M
Za:l Zi:l Sa,i+l _Sref 1 Axihoz,i
Erri[ly] = ! ; (22a)
N M
D SR PNT
T2
MaXy Max; |Sq i, 1 —s;e{+l
[4mm]Err[l.] = —, (22b)
max, max; s/ |
i+

where s = p or s =u, and s/ denotes the reference solution.

Note that a factor depending on the density is included in the Courant numbers (20) and (21). In these definitions,
p is used to obtain an approximation of the gravity wave speed associated to the density perturbation. Finally, all the
computational times showed in this section have been measured on a Mac Mini with Intel® Core™j7-4578U and 16 GB of
RAM.

6.1. Internal gravity wave

We consider here a internal gravity wave produced by a perturbation in the density field. The computational domain is
[0, L], with L =2 m. It is supposed to be closed (wall boundary conditions), with flat bottom, and the fluid at rest at initial
time, when the initial height is 79(x) = 0.3 m everywhere. The fluid have two separate areas with densities p; = 1000
kg/m> and p, = 1030 kg/m3. These values are rewritten in terms of the relative perturbation as p; = 0 and p, = 0.03. Thus,

the initial condition for the density is given, for @« =1,...,N, by
_ 0.03 if Zo < Ziim
Po.a(X) = {O otherwise
B

where zj;,, = 0.15 + 0.04¢-100-1)? and 7, = 71021,3 (see Fig. 2). We take Ax = 0.01 m and a non-uniform distribution of
i=1

the vertical layers in order to get an accurate definition of the density perturbation. To this aim, we consider that the layers

are concentrated over the central part (along the vertical direction) of the domain. Then, 54 layers are used, where four of

them are in the first and last quarter of the domain, and 50 layers over the central part. Therefore, the coefficients I, are

defined as

L=L=0125 [=0.01,i=3,...,52, Is53 =154 =0.125.

Note that this definition of the layers should be equivalent to consider 100 uniform layers. Actually, we have checked that
obtained results are similar in both cases.
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Fig. 3. Time evolution of vertical profiles of density at the point x = 0.745 m.

Table 1
Relative errors and Courant numbers achieved by using the IMEX-ARK2
method at t =4.8 s.

At (s)  Ca Coel Erry [b/le]  Erry [b/lc]  Errp [l/1s]

(x107%) (x10-2) (x10°2)
0.01 17 022 0823 2.9/1.5 0.03/0.1
0.02 35 045 0.7/18 7.7/6.9 0.2/1.1
0.04 70 091 23/54 7.3/15.2 0.9/6.4
0.06 103 135 1.8/3.9 10.4/27.4 1.5/10.8
0.08 13.8 181 1837 10.5/21.7 1.8/14.3

Table 2
Speed-ups achieved with the IMEX-ARK2 method at final time t; = 10
s.

Method At (s)  Cg Comput. time (s)  Speed-up
Runge-Kutta 3 - 0.1 719.3 (12 min.) -
Runge-Kutta 3 - 0.9 83 1
IMEX-ARK2 0.01 1.7 421 2.0
IMEX-ARK2 0.02 35 20.8 4.0
IMEX-ARK2 0.04 7.0 10.8 7.7
IMEX-ARK2 0.06 10.3 7.1 11.7
IMEX-ARK2 0.08 138 52 15.9

In Fig. 2 we see the density field for the initial time, and also for t = 2.4, 5.4 s. As expected, the initial density pertur-
bation is subdivided in two internal waves, which travel in opposite directions. In this test, there is no significant variation
of the initial height. Fig. 3 shows the time evolution of the density at the point x = 0.745 m. We see one of the gener-
ated waves getting through that point. Thus, the interface between the areas with different density rises and then falls. In
these figures we see the numerical dissipation introduced by the vertical discretization. It could be improved by using a
more accurate discretization of the equation for the density perturbation, namely for the definition of o1, given by (19).
Nevertheless, it is not the goal of this paper but showing how the proposed semi-implicit method is efficiently adapted to
variable density flows.

Table 1 shows the relative errors and Courant numbers for this test, when comparing with the solution computed using
the explicit method, at time t = 4.8 s, before the perturbations arrive to the boundaries. The errors for the velocity field
are greater than the ones for the density field by one order of magnitude. We have reasonable errors till Courant number
Ceet = 7.0, which are lower than 8% and 1% for the velocity and density fields, respectively. For C.; = 13.8, these errors are
10% approximately for the velocity. When a larger time step is used, the errors grow up quickly and the simulation becomes
unstable for At ~ 0.09, corresponding to Cp,; ~ 2.04.

Table 2 shows the computational times and speed-up that we obtain with the semi-implicit methods for a final time
ty =10 s. We see that with At =0.04 s, the semi-implicit method is almost 8 times faster than the explicit method with
Ceer = 0.9, and for At = 0.08 the speed-up is 16.

1
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Fig. 4. Density distribution for initial time and times t = 42, 84 s.

Table 3
Relative errors and Courant numbers achieved by using the IMEX-ARK2
method at t =84 s.

At (s) Cer G Erry [L/le]  Erry [b/L]  Errp [L/1s]

(x1073) (x10°2) (x102)
0.1 1.8 031 06/18 12/2.2 0.3/2.5
0.2 35 062 08/19 2.7/15.0 1.3/13.0
0.3 53 093 1332 7.5/50.0 4.8/56.8

6.2. Lock exchange

Let us consider now a classical test for variable density flows, the lock exchange problem, where the fluid that is located
on the right hand side of the domain have a density higher than the fluid located on the left hand side. We consider a
closed domain, with x € [-L/2,L/2], whose length is L =20 m and Ax = 0.1 m. In this case we take 20 uniform layers to
reproduce the vertical structure of the density field.

The flow starts from the rest, with initial height no(x) = 0.3 m, while the initial density is defined by the function

0.03 ifx>0,

oo (X) = {0 otherwise. fora¢=1,...,N.

In this case, the discontinuous initial profile of density makes necessary to apply a flux limiter to the second-order
discretization of the advection term udyu. Otherwise, spurious oscillations appear in the simulation. Here we consider the
classical minmod flux limiter (see e.g. [24]).

The behaviour is the expected one, qualitatively. Fig. 4 shows the density field at initial time, an intermediate time
(t =42 s), and the time where we measure the errors between explicit and the semi-implicit method (t = 84 s).

Table 3 shows the relative errors and Courant numbers achieved, where we got a Courant number C,; = 5.3. Even
thought the results are good enough, we see that these errors are greater than in previous test, namely for the density
field. In this case, the error for the velocity and density fields are lower than 3% for C. = 3.5. However, high values of the
errors are observed, in particular using the norm I, when C; are larger. It is due to the fact that the vertical structure
of the fluid is stronger in this test, therefore the discretization of the mass transference terms start playing a role and only
allows to achieve Courant numbers lower than for the previous test.

In addition, as commented before, since the goal of this work is to evaluate the accuracy of the proposed semi-implicit
method, we have chosen a first order discretization of the equation of the density evolution. If one need to reduce the error
for the density and velocity, a more accurate discretization of that equation could be used.

In Table 4 we see the speed-ups achieved for the semi-implicit method. We get a speed-up of 5.3 in this case.

We have also measured the front velocity in both, the surface and the bottom. Following [20], one could estimate that, if
all the potential energy in the initial condition is transformed into kinetic energy, the theoretical velocity of the front should
be V = ,/0.25 ghp, where p is the density perturbation. In this case, it leads to V = 0.1485 m/s. We have also numerically

12
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Table 4
Speed-ups achieved with the IMEX-ARK2 method at final time t; = 100
s.

Method At (s)  Ce Comput. time (s) Speed-up
Runge-Kutta 3 - 0.1 197.11 (3.3 min.) -
Runge-Kutta 3 - 0.9 213 1
IMEX-ARK2 0.1 1.8 12.0 1.8
IMEX-ARK2 0.2 35 6.0 3.6
IMEX-ARK2 0.3 53 4.0 5.3

Time: 99 h.

L —— 1
0.00 0.005 0.01 0.015 0.02 0.025 0.03

Time: 111 h.

0.00 0.605 0.01 0.015 0.02 0.025 0.03
4 6x(kn|) 10 12 14 16 18 20 22

= . —
———a.

Time: 117 h.

0.00 0.605 0.01 0.015 0.02 0.025 0.03
6 -4 -2 0 x(k”\) 10 12 14 16 18 20 22

Fig. 5. Saltwater intrusion into the river at times t = 99, 105, 111, 117 hours.

computed the front velocity in both the surface and the bottom. We obtain identical values for the explicit and semi-implicit
methods at any time step. These velocities, measured at time t = 10 s, are 0.145 m/s for the surface and 0.095 m/s for the
bottom, which leads to a mean error of 19%, approximately.

6.3. Tidal forcing with variable density

Now, we look for a more realistic flow, simulating the mouth of a river into the sea. We consider the computational
domain x € [-7500, 22500] m, whose length is 30 km, and the variable bathymetry is given by

b(x) = zo — z1 tanh(A (x — X)) + 20 e~ -x)?*/0?

with zy = —z; = 46, xy = 7500, x; = 16000, A = —1/3000 and o = 2000. This test is analogous to the one in [5] with some
differences. Mainly, the height of the bump in the bottom is 20 m. We take a smaller pick in order to ensure the subcritical
regime, since an hydraulic jump due to the variable density is observed with the bottom definition in [5]. Also the height
of the shallowest part of the domain is lower, in order to properly reproduce the saltwater intrusion into a river.

We consider a fluid with constant density, oo = 1000 kg/m3, in the whole domain at initial time. Downstream the water
going into the domain have a higher density p; = 1030 kg/m?3. To this aim, we assume that the water is at rest at initial time,

13
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Fig. 6. Time evolution of vertical profiles of density at the point x = 0 km (left hand side) and x = 4 km (right hand side).

Table 5
Relative errors and Courant numbers achieved by using the IMEX-ARK2
method at t = 144 h.

At (s)  Ca Cret Erry [L/ls]  Erry [b/le]  Errp [B/1]

(x1076) (x1072) (x1072)
5 2.7 045 4.1/125 1.0/4.8 0.3/2.1
10 5.4 0.9 3.0/8.5 0.8/4.1 0.2/0.8
15 8.1 135  3.7/11.2 1.0/2.9 0.2/1.2
20 10.7 1.8 4.1/14.9 1.2/7.4 0.2/1.4

and the deviation of the constant density is zero everywhere (pg o (x) = 0). The initial free surface is defined by ny(x) = 100
m. We consider 10 uniform vertical layers, and 500 nodes in the horizontal discretization, i.e. Ax =60 m. Now, subcritical
boundary condition are imposed:

« Downstream: a tidal downstream condition 7(t, L) = 100 + 3 sin(wt) m is assumed, where w = 27 /43200. For the den-
sity, in order to avoid spurious oscillation appearing as consequence of the discontinuous boundary condition, we account
for the vertical structure of the flow. In particular, we run a simulation with constant density perturbation p (t, L) = 0.03
for o« =1,...,N, and after some periods of tide (when the dynamics of the flow is stabilized), the profile of the density
perturbation close to the boundary is pyext = 0.03, ¢ =1,...,7, and

Ps.ext = 0.028, pgext = 0.025, pro.ext = 0.015.

Then, we consider as boundary condition the obtained profile py (t, L) = min (0g ext, Po.extt/(6 - 3600)), that is, the den-
sity perturbation goes into the domain slowly and smoothly.

Upstream: for the discharge, we define q(t, —7500) = min (1,t/(6 - 3600)) m?2/s, and we impose fresh water going into
the domain p (t, —7500) =0, fora =1,...,N.

In this case we also consider a turbulent viscosity as in [5] (we refer to previous work for details), with friction parame-
ters Az = l;h m, Azg=3.3 x 10~ m and « = 0.41. The wind drag is defined by Cy = 1.2 x 10~% and wind velocity 1, = 1
my/s. Notice that, for the sake of simplicity, we consider this turbulence model which does not take into account the density
perturbation. In realistic applications, more accurate turbulence models would have to be applied.

We simulate twelve 12-hours periods of tide, i.e., 144 h. Fig. 5 shows an example of 1.5 periods of tide. The density
distribution is the expected one, the water with higher density goes to the low part of the domain, and a layer with lower
density is observed in an upper layer, especially in the right-hand side (deepest area) of the domain. The saltwater intrusion
phenomenon is well reproduced, and we obtain the expected periodic behaviour. It is also observed in Fig. 6, where the
vertical profiles of density are shown at points x = 0 km and x = 4 km (mouth of the river). We see the water level falling
(ebb tidal phase), and most of the water column is fresh water. Next, the water level rises (flood tidal phase) and saltwater
is going into the river.

In Table 5 we see the relative errors and Courant numbers achieved at final time t = 144 h. We have a Courant number
C.; = 10.7 with C,,; = 1.8. The I,-errors in the free surface position has order 10-, while the errors are larger for the
velocity and density fields.

Table 6 shows the speeds-up achieved with the semi-implicit method for a final time t = 144 hours. The IMEX discretiza-
tion is almost 5 times faster for At = 10 s (C,,; = 0.9), and 11 times faster for At =20 s.
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Table 6

Speed-ups achieved with the IMEX-ARK2 method at final time t; = 144 h.
Method At (s)  Ce Comput. time (min)  Speed-up
Runge-Kutta 3 - 0.1 597.3 (9.95 h) -
Runge-Kutta 3 - 0.9 68.31 1
IMEX-ARK2 5 2.7 28.95 24
IMEX-ARK2 10 5.4 14.52 4.7
IMEX-ARK2 15 8.1 9.69 7.0
IMEX-ARK2 20 10.7  7.25 9.4

(t = 144 1)
15 20
r =4 km
15
10
\E:‘/ 10
[
5
5
0 0.6 0 -0.3 -0.25 -0.2 -0.15 -0.1
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80 80 ; 80 .
=16 km N, { \.\ ; /
60 “*["o Reference solution ! \;r 60 D ’
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—-NVAR(3) : A
20 NVAR(4) S 00 -8
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—8.2 0.2 0.4 0.6 —8.1 0 0.1 0.2 0.3 —8.4 -0.2 0 0.2 0.4
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Fig. 7. Vertical profiles of horizontal velocity obtained with the reference solution (black circles), and the IMEX with At =10 s, and either 10 layers in
the whole domain (solid black line) or configurations (23)-(25). Profiles are taken at points x = 4 km and x = 16 km. Dash-dotted red lines are the profiles
with constant density. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Vertical profiles of density obtained with the reference solution (black circles), and the IMEX with At =10 s, and either 10 layers in the whole
domain (solid black line) or configurations (23)-(25). Profiles are taken at points x = 4 km and x = 16 km.
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Fig. 9. Vector map of the velocity field (u, w) at time t = 130 h for the variable density (upper figure) and the constant density (lower figure) cases. Colors
represent the magnitude of the velocity.

In the following, we analyze the possibility os reducing the number of degrees of freedom of the multilayer system in
the shallowest part of the domain. We study several configurations trying to reduce the error made, and preserving the
vertical structure if needed. They are denoted hereinafter as (NVAR(n)), where (n) indicates the number of layers used in
each configuration. Thus, we simplify the vertical discretization in the shallowest part of the domain (x < 0 km) as follows:
The vertical discretization is totally removed and a single layer is considered in the first part of the domain:

N==1’ L =1, if x<0; (23)

10, ;=1/10,i=1,...,N, otherwise.

The following configurations correspond to non-uniform distribution of the layers. Three and four layers are used in the
shallowest part of the domain, increasing also the thickness of the layers close to the bottom in order to improve the vertical
discretization, namely the friction effect:

N==3, li=l,=02,1=06 ifx<O0; (24)

10, 1, =1/10,i=1,...,N, otherwise,
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and

N :4, li=l,b=02,1=021,=04, ifx<O0; (25)

10, 1;=1/10,i=1,... N, otherwise.

For these configurations with a variable number of vertical layers, we consider the IMEX method with At =10 s in all the
simulation.

Fig. 7 and 8 show the vertical profiles of horizontal velocity and density at points x = 4 km and x = 16 km (the top of the
peak) at different times. For x = 16 km, which is far from the zone with reduced number of layers, the vertical profiles for
configurations (24)-(25) coincides with the ones using a constant number of layers. The approximation with configuration
(23) slightly differs from these ones. For x = 4 km, which is close to the zone where the transition between the area with
constant and variable number of layers occurs, we need configurations (24)-(25) to reproduce the profiles with constant
number of layers, although the mean variation is well reproduced by all the configurations. As conclusion, we see that
configuration (25) notable reduce the degrees of freedom of the system and it reproduces perfectly the profiles obtained
with 10 layers in the whole domain.

Fig. 7 also shows the vertical profiles of velocity obtained with constant density, i.e. p, = 0, in the whole domain. We see
that the density field notably changes the profiles of velocity, increasing the vertical structure and dynamics of the flow. This
is also observed in Fig. 9, where the vector velocity field is represented for the variable and constant density configurations.
We see again that the vertical structure of the flow increases because of the density field and that the magnitude of the
velocity is greater.

7. Conclusions

The numerical methods proposed in [5] for the barotropic, constant density and hydrostatic case have been extended to
the variable density case in the Boussinesq regime. To this aim, a transport equation for a variable, which represents the
relative deviation of a reference density, is coupled to the mass and momentum equations. Although multilayer systems with
variable density have been considered previously in the literature, they have never been discretized using a semi-implicit
method. An IMEX method is combined with a specific and consistent discretization of the density equation and with a
multilayer description in which the number of vertical layer can vary along the computational domain. An analysis of the
linearized multilayer system is presented, showing that the system is hyperbolic for moderate values of the mass transfer
terms, while stronger vertical shear induces a loss of hyperbolicity, as can be expected in a three-dimensional hydrostatic
flow. This analysis allows us to define appropriate Courant numbers taking into account the density field.

Some classical tests for variable density flows, as the lock exchange problem, have been performed. We have shown
that the proposed semi-implicit method allows us to notably reduce the computational cost of the simulations without a
significant loss of accuracy. In particular, we have shown a realistic configuration of variable density flow, which simulates
the saltwater intrusion into a river. We have seen that the multilayer configuration can be adapted to complex bathymetries
by changing the number of vertical layers if needed, without a loss of accuracy with respect to the simulations with constant
number of vertical layers.

In future work, we will investigate even more flexible and dynamical multilayer discretizations, allowing the number of
vertical layers to vary in time, as well as including more sophisticated turbulence models accounting for the non constant
density field.
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