arXiv:1904.03497v1 [math.CVv] 6 Apr 2019

DOMAINS WITH A CONTINUOUS EXHAUSTION IN
WEAKLY COMPLETE SURFACES

SAMUELE MONGODI! AND ZBIGNIEW SLODKOWSKI?

ABSTRACT. In previous works, G. Tomassini and the authors stud-
ied and classified complex surfaces admitting a real-analytic pluri-
subharmonic exhaustion function; let X be such a surface and
D C X a domain admitting a continuous plurisubharmonic ex-
haustion function: what can be said about the geometry of D?
If the exhaustion of D is assumed to be smooth, the second au-
thor already answered this question; however, the continuous case
is more difficult and requires different methods. In the present
paper, we address such question by studying the local maximum
sets contained in D and their interplay with the complex geometric
structure of X; we conclude that, if D is not a modification of a
Stein space, then it shares the same geometric features of X.

1. INTRODUCTION

In [8-10], G. Tomassini and the authors initiated the study of the
geometry of weakly complete spaces; the question had been raised by
G. Tomassini and the second author in [I5], where they also defined
the minimal kernel of a weakly complete space, an essential tool in the
investigations presented in [9,10].

In that first attempt, complex surfaces which admit a real-analytic
plurisubharmonic exhaustion function were considered; in [6], the first
author considered, inside such surfaces, open domains with an exhaus-
tion which could be, a priori, only smooth and proved that they actu-
ally admit a real-analytic exhaustion.

This paper aims to study the case of an open domain, inside a com-
plex surface with a global real-analytic exhaustion, which admits only
a continuous plurisubharmonic exhaustion function, thus generalizing
the results of [6] to the continuous case.

We obtain the following result.

Theorem 1.1. Let X be a complex surface which admits a real-analytic
plurisubharmonic exhaustion function and consider a domain D C
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X which admits a continuous plurisubharmonic exhaustion function.
Then, one of the following holds true:

(1) D is a modification of a Stein space of dimension 2
(2) X and D are proper over open Riemann surfaces
(3) X and D are of Grauert type.

Such an exploration is also useful as a small step towards the general
problem of understanding the geometry of a weakly complete surface,
with no assumptions on the regularity of the exhaustion.

Our work is organized as follows.

In Section 2 we gather some preliminary results which are essentially
well known in the smooth case and whose extension to the continuous
case relies, for the most part, on the approximation results of Richberg
(see [12]); Section 3 studies the connections between compact sets with
the local maximum property and the (complex) analytic structure of
the minimal kernel. Finally, Section 4 contains the proof of our main
result, together with some easy, but interesting, consequences.

2. PRELIMINARY RESULTS

Let M be a complex manifold.

An upper semicontinuous function ¢ : M — R is called strongly
plurisubharmonic at p € M if it is plurisubharmonic at p € M and
stays so under small C? perturbations; if this happens at every point
p € U for some open set U, we call ¢ a strongly plurisubharmonic
function on U.

Suppose M is endowed with a continuous plurisubharmonic exhaus-
tion function, i.e. M is weakly complete; for every such function
¢ M — R, let Z, be the set of points p € M at which ¢ is not
strongly plurisubharmonic. We define the continuous minimal kernel
of M as

Sv =) %
®

where the intersection is taken over all the continuous plurisubhar-
monic exhaustion functions ¢ : M — R. This is the same construction
described in [15] for C* functions, k > 2; we do not emphasize the use
of continuous functions in the symbol 3,,, as opposed to C? o C* or
real-analytic functions, because in the present paper we only deal with
the continuous case and, for the same reason, we will refer to it simply
as the minimal kernel.
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A continuous plurisubharmonic exhaustion function ¢ : M — R is
called minimal (for X)) if Zy = X); it can be showed that, if M is
weakly complete, a continuous minimal function always exists.

Now, we present the generalization to the continuous case of the
following well-known result: if a manifold admits a smooth exhaustion
function which is strongly plurisubharmonic outside of a compact set,
then it is a modification of a Stein space of the same dimension.

The proof is essentially a suitable application of Richberg approxi-
mation theorem (see [12]); the result itself is surely known, but we were
not able to find an appropriate reference.

Lemma 2.1. Let M be a complex manifold and ¢ : M — R a contin-
uous plurisubharmonic exhaustion function. Assume that ¢(Xy) does
not contain any half-line (a,4+00), with a € R. Then M is a modifica-
tion of a Stein space.

Proof. Let 1) be a (continuous) minimal function on M.

Since ¢(3)) does not contain any half-line, there is an increasing
sequence {c, nen of real numbers such that ¢, — +o0o and ¢(Xy,) & ¢,
for every n € N. Set ¢y = —o0 and

F,=Yyn{c,1<op<cy}.

The sets F), are compact and pairwise disjoint and their union is > ,;
we define
/ : /!
¢, = min ¢ ¢, = maxeo .
n Fn

/ Z
We have ¢, < ¢, < ¢, s0
/ Z / Z 1 / 1 /
(<< <...<c¢ 1<¢<c¢ <c <.

and ¢(F,) C [c,, .

Consider U,, = {c, < ¢ < ¢, .1}, for a fixed n, and the function

¢; = ¢ + t1, where t > 0 is chosen such that
J —
tmax |y < 2L —§
Un 8

The function ¢; is strongly plurisubharmonic on U,,, because v is mini-
mal and X5, does not intersect U,; moreover, if ¢, +20 < ¢ < ¢, —26,
then

{or=c} C{le—gl =tlpl} S{lc—¢| <} S{c—0 <P <c+d} C Uy

which implies that the level set {¢, = ¢} is compact in U,.
Set V,, = {c,+26 < ¢ < ¢, .1 —20} and apply Richberg’s approxima-
tion result [12, Satz 4.3] to ¢:|y,, which is strongly plurisubharmonic,
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in order to obtain a C*> function %, : V,, — R such that 1), is strictly
plurisubharmonic on V,, and

(1) 05 (o) — (o) < 3 min{6r(a) — ) — 26,y = 2 — ()}

By Sard’s theorem, there is d,, € (¢, + 20, ¢}, ,; — 20) such that the
level {¢,, = d,,} is regular; by (I), such a level is compact. Therefore,
the domain

Q.={xeM : ¢x)<d +20yU{z eV, : Y.(x) <d,}
is relatively compact in M and, for 0 < n < d,, — ¢/, — 29, the function

o () xe M\ (Q2,UV,)
pn(x) = ¢ max{c, +20 +n,9,(v)} €V,
ar4+25+n x €, \V,

is continuous and plurisubharmonic on M ,smooth and strictly plurisub-
harmonic on a neighborhood of Q2,,. By [I, Theorem 1], €, is holo-
morphically convex and, given the existence of p, a modification of a
Stein space.

We note that €, is strictly contained in {¢ < ¢, ,} and 2,4, con-
tains {¢ < ¢}, s0, as ¢, > ¢, we have that Q, € Q4.

Therefore 2, € Qy € ... @ (), € ... is an increasing family of
relatively compact domains which are all modifications of Stein spaces
and all have smooth stricly pseudoconvex boundary.

Let us show that €2; is Runge in €2;,4, for every j; to such aim, we
will use some well known facts about Remmert reduction, which we
collected in [7], as we were not able to find a concise reference.

Let m; : ©; — Y; be the Remmert reduction of Xj;; let R be the
relation on €2; such that z; Rz, if and only if there exists a compact
connected complex subvariety of (2; which contains both z; and x5,
then Y; = X;/R. Therefore, 7rj_1(y) is a compact complex subvariety
of Q; for every y € Yj, so, p;_1 is constant on 7rj_1(y) for all y € Yj.
This grants us the existence of a continuous function %; : ¥; — R such
that ©; om = pj_.

Set

S;={yeY; : dimm;'(y) >0,
then 7; is a biholomorphism from X \ 7T]-_1(Sj) to Y; \ S, therefore
1, is plurisubharmonic on Y; \ S; and, being continuous, is bounded
around every point of S;. By [2, Satz 3], ¥y, s, extends uniquely to a

plurisubharmonic function ¢; : ¥Y; — R; let y € S; and let S, = 7rj_1(y).
We know that p;_; and @j om; are both constant on Sy; let j : A — M
be a complex disc intersecting S, at a single regular point p € Sy,
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such that j(0) = p. The functions p;_; o j and @j om; o j are both
subharmonic on A and coincide in A\ {0}, but then

hjom;0j(0) = limsup ¢y om;0j(¢) = limsup p;_1 0 j(¢) = pj—104(0) .
¢(—0 ¢—0

So pj_1(p) = @Ej o mj(p), therefore @Ej(y) = 9;(y), thus proving that 1,
is (continous and) plurisubharmonic on Y.
In conclusion, by [11l Corollary 1, Section 4], the set

{ye; - ¢ily) <dj}
is Runge in Y;. By [3, Lemma 63.4], this implies that X;_; is Runge
in Xj.

Finally, as M is an increasing union of holomorphically convex do-
mains, each one Runge in the next one, we conclude that M is itself
holomorphically convex. Let m : M — Y be the Remmert reduction
of M; as 1) is strongly plurisubharmonic on M \ ), we conclude that
m: M\ XM — w(M\ X)) is biholomorphism, therefore Y and M have
the same dimension and Y is an irreducible (because M is a manifold)
Stein space, so M is a modification of a Stein space.

It is now easy to show that

S={yeY : dimn'(y) >0}

is a discrete set in Y, which implies that M is the modification of YV
along a collection of at most countably many points. U

As an obvious consequence, we have the following.

Corollary 2.2. Let M be a compler manifold, with ¢ : M — R a
continuous plurisubharmonic exhaustion, which is strongly plurisubhar-
monic outside a compact set. Then M is a modification of a Stein
space.

Remark 2.1. In the situation of Lemma 2.1l the Remmert reduction of
M has the same dimension of M, i.e. there exists a proper holomorphic
function f : M — N, where N is a Stein space of the same dimension of
M; moreover there exists a locally finite collection {E;};en of compact
complex subspaces of N, pairwise disjoint, such that, setting £ =
U, £j, the restriction of f to M \ E is a biholomorphism and f(E)
is a discrete set of points in N. It is easy to show that ¥, = F.

As a general principle, if we have an exhaustion which is strongly
plurisubharmonic outside a compact set which is, in some sense, “spe-
cial” for plurisubharmonic functions, then such a compact set has to
belong to the minimal kernel; we see an easy instance of this idea in
the following statement.
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Corollary 2.3. Assume M admits a continuous plurisubharmonic ex-
haustion function which is strictly plurisubhamonic outside | J,, C,, where
{C} is a sequence of compact complex curves. Then 3y =, C,, and
M is a modification of a Stein space.

Proof. By definition, ¥,; C |J,, C\,. Moreover, given a minimal function
a: M — R, we see that o|¢, = ¢, € R, so Xy = |J,, Cn; therefore,
a(X)) is a countable set in R and the previous lemma applies. O

3. MINIMAL KERNEL AND LOCAL MAXIMUM SETS

The general principle stated before Corollary 2.3 applies also to com-
pact sets with the local maximum property, as it is shown in the next
lemma. The rest of this section studies the interplay between local
maximum sets and the analytic structure of the minimal kernel that
was studied in [9].

Lemma 3.1. Let K be a compact set in M with the local maximum
property and suppose there exists ¢ : M — R continuous plurisubhar-
monic exhaustion which is strongly plurisubharmonic on X \ K. Then

K is contained in the union of finitely many compact complex subspaces
of M.

Proof. Obviously, ¥, C K. By Lemma 2.1 and the Remark following
it, we have a proper holomorphic surjection f: M — N, where N is a
Stein space and f(3)/) is a discrete set; however, as ¥.); is compact in
this case, f(2j;) will be a finite number of points. Therefore, Sing/ N
consists of finitely many points and we can embedd properly N into
some C" by some holomorphic map j : N — C". Theset S = j(f(Xy))
is obviously complete pluripolar in C", so we have a plurisubharmonic
function u : C* — R U {—o0} such that u~!(—oc0) = S; by considering
p=wuojo f, we show that ¥,; is complete pluripolar in M. We can
suppose that p is smooth and strongly plurisubharmonic outside Xj;.

Now, suppose that K ¢ >, and let m = maxg p; then m > —oc.
Take 2y € K such that m = p(zg) and consider a small ball B around
2o such that BN X, = 0 and a function x € C§°(B) such that

x>0, x(2)=1, x(=)<lifzeB\{z2}.

For sufficiently small € > 0, the function p. = p+ey is plurisubharmonic
in B and its restriction to B N K has a strict maximum in 2z, € K,
which contradicts the characterization of local maximum sets given
in [13, Prop. 2.3(iv)]. As this is impossible, we conclude that K =
Y- O
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In [9], we describe the structure of the minimal kernel of a complex
surface which admits a real-analytic plurisubharmonic exhaustion; we
find two types of compact sets with some analytic structure: com-
pact complex curves and compact Levi-flat hypersurfaces with dense
complex leaves. Both are “minimal” among compact sets with local
maximum property, in a sense which we make more precise in what
follows.

The next proposition is obvious.

Proposition 3.2. Let C be a complex compact irreducible curve in a
complex manifold M. Then C does not contain any proper compact
local maximum set.

More generally, the presence of a Levi foliation prescribes the be-
haviour of local maximum sets.

Lemma 3.3. Let M be a complex manifold of (complex) dimension 2
and S C M a compact regular real-analytic Levi-flat hypersurface (i.e.
of real dimension 3). Let K be a compact local mazimum set in S, then
K is a union of leaves of the Levi foliation.

Proof. We start by proving a local version.

Let L be a leaf of the Levi foliation. Then for every p € L there
exists a netghborhood B, such that every connected component
of LN B, is either contained in K or disjoint from K.

Since S is regular and real analytic, there are holomorphic coordinates
(z,w) in some neighborhood V' of p such that p has coordinates (0, 0);
we define B, = {(z,w) : |z|*+ |w|* < 1}, then SN B, C {Imw = 0}.
The foliation of S in {Imw = 0} N {|z]* + |w|*> < 1} are the discs
{Rew = const} N {lmw =0} N {|2]* + |w|* < 1}.

If the local version is false in B,, then K intersects the disc

{Rew = to} N {Imw = 0} N {|2> + |w|* < 1}

but does not contain it. The set Ky = K N B, N {Rew = ¢y, Imw = 0}
is a proper relatively closed subset of a complex disc, so it must have a
peak point in the disc. That is, there are a complex number 2, and a
polynomial f(z) such that f(z) =1 and |f(2)| < 1if (2,t9) € Ky and
z # zg.Let now

U(z,w) = |f(2)] — Re[(w —t)°] .

Then v is a plurisubharmonic function on B, such that ¢y < 1 on
Ko\ {(z0,t0)} and ¢(z,t9) = 1; this contradicts the local maximum
property of K, thus proving the local version.
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Let us now turn our attention to the original statement. Let L be
a leaf which intersects K; we will denote by Ly the leaf L with the
topology induced by the inclusion in S and by L., the leaf L with
the topology whose open sets are the connected components of the
intersection of L with any open set of S.

The identity map idy : Leow — Lg is continuous, so K N L is a
relatively closed subset of both; the local version implies that K N
L is relatively open in L.,; as L is connected with respect to both
topologies, K N L =L, ie. L CK. O

As a consequence, we finally obtain the analogue of Proposition
for compact Levi-flat hypersurfaces with dense leaves.

Corollary 3.4. If M is a Grauert type surface and x is the plurihar-
monic function given by [9, Main Theorem|, then S = x~'(d), where d
1s a reqular value, does not contain any proper compact local mazimum
set.

Proof. By the previous lemma, a local maximum set in .S would contain
a leaf of the Levi foliation, but every leaf is dense in S (see [9, Corollary
3.8]), so every local maximum set contained in S coincides with §. O

4. SUBDOMAINS OF A WEAKLY COMPLETE SPACE

We now prove Theorem [I.11

Let X be a complex surface which admits a real-analytic plurisub-
harmonic exhaustion function and D C X a domain which admits a
C plurisubharmonic exhaustion function.

According to [9, Main Theorem]|, there are three possibilities:

(1) X is a modification of a Stein space
(2) X is proper over an open Riemann surface
(3) X is of Grauert type.

The first case is the easiest.

Proposition 4.1. If X is a modification of a Stein space, then D is a
modification of a Stein space as well.

Proof. We have that ¥p C ¥y, so Xp is contained in a union of com-
pact complex curves. By Proposition B.2] ¥p is the union of some
irreducible components of these curves, which are then contained in D.
By Corollary 23] D is a modification of a Stein space. U

In the other two cases, we have a set 7' C R™ and a real-analytic
proper map F': X — T with pluri(sub)harmonic components; for the
Grauert type surface it is obvious, with n = 1 and F' = x (up to
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passing to a double cover of X), where x is the pluriharmonic function
given by [9, Main Theorem] (on X or on a double cover of X). In the
remaining case, let 7 : X — R be the proper surjective holomorphic
map, where R is an open Riemann surface; we embedd properly R in
C®*by g: R — C?, then F = gor is a proper map from X to R”,
n = 6, with pluriharmonic components.

We set V' = F(D) and we note that in both cases the set of singular
values is a discrete set {t;};en. We recall a result from [6].

Proposition 4.2. If there is to € V such that F~'(ty) C D, then
D = F~Y(V), hence F : D — V is proper and D is of the same type
as X.

To conclude, we just need to prove the following.

Lemma 4.3. If for allt € V, F~Y(t) ¢ D, then D is a modification
of a Stein space.

Proof. Let ¢ be a minimal continuous function for ¥p; consider tg € V
such that Xp N F~!(ty) # (. For p in this intersection, let

K={F=t}n{¢=0o)iNp.

We claim that K is a compact set with the local maximum property;
indeed, as ¢ and the components of F' are plurisubharmonic functions,
we can apply [14, Lemma 4.8], which proves that K is a local maximum
set. Compactness is obvious.

Either by Proposition or Corollary B4 if ¢y is a regular value,
then K = F~1(ty), which is impossible; then, ¥p N {F~1(¢)} # 0 if and
only if ¢ is a singular value. Therefore,

p CJF(t)
jEN
For 7 € N, let
Kj :ZDD{F:t]}
and note that
K= |J Son{F=t}n{p=c}.
c€p(Kj;)

The sets on the right were shown to be local maximum sets, so their
union Kj, being closed, also enjoys the local maximum property (see
[13| Proposition 3.5(b)]).

Fix 7 € N, let B be a small ball around ¢; in V' C R" such that, for

m # j, t,, € B and define D; = DN F~'(B). Consider v: B — R a
convex exhaustion, then p = ¢+vo F is a continuous plurisubharmonic
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exhaustion for D;, which is strongly plurisubharmonic outside K; (as
¢ is minimal for ¥p and D; N Xp = Kj).

By Lemma[3.1] K is contained in the union of finitely many compact
curves; therefore ¥p C |J K is contained in the union of at most
countably many compact curves. By Corollary 23] D is a modification
of a Stein space. O

This concludes the proof of our main result.

There are two easy consequences, which are nonetheless worth men-
tioning.

The first consequence is that, in the situation we study, the minimal
kernel does not depend on the regularity of the functions we consider.

Corollary 4.4. Let X be a complex surface which admits a real-analytic
plurisubharmonic exhaustion function and consider a domain D C
X which admits a continuous plurisubharmonic exhaustion function.
Then the minimal kernels of D with respect to continuous function and
with respect to real-analytic functions are the same set.

The second consequence can be formulated as a regularization result:
if we know that a continuous exhaustion exists, we can produce a real-
analytic exhaustion.

Corollary 4.5. Let X be a complex surface which admits a real-analytic
plurisubharmonic exhaustion function and consider a domain D C X;
if D admits a continuous plurisubharmonic exhaustion function, then
it admits a real-analytic plurisubharmonic exhaustion function, which
1s strongly plurisubharmonic outside the minimal kernel.

Finally, by Corollary [£.4] a minimal continuous exhaustion and a
minimal real-analytic exhaustion are strongly plurisubharmonic on the
same open set.

It is also worth noting that the results presented imply that we can
generalize Corollary 3.1 in [6] to the case of domains with a continuous
exhaustion, thus implying an analogue of Main Theorem in [5] and
Theorem 1.1 in [4] for such domains in a Hopf surface.
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