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ABSTRACT

The noise generated by the rolling tyre contributes significantly to the cars interior noise. This is caused by the

tyre-road contact, and at low frequencies (0-500 Hz) is mostly transmitted inside the cockpit through the structure-

borne transmission path. In support of the studies in this research field, an interpretative model of the tyre-wheel

system accounting for the effects induced by the angular speed represents a useful tool. To this aim, we implemented

an analytical model based on a flexible ring on an elastic foundation to analyse the dynamics of the tyre-wheel

system, in both static and rotating configurations. We fine-tuned the parameters of the tyre based on data coming

from an Experimental Modal Analysis of the static tyre. Particular attention has been paid to the system’s free

and forced responses, commonly analysed with the so-called cleat test. The results are discussed interpreting the

behaviour in different reference systems.
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1 Introduction

For a long time, cars were used only as means of transport, but nowadays vehicles have become also places of leisure

and work. Consequently, demands for car quality are increasing, particularly in terms of vibro-acoustic comfort. Indeed,

excessive vehicle noise decreases interior sound quality and negatively affects people on-board by interfering with speech

communication, work performance and sleep. The demand for improved vibro-acoustic comfort has led NVH (noise, vibra-

tion and harshness) performance to become an important design criterion in the development of new and better vehicles.

The car is subjected to three main noise and vibration sources: the powertrain, aerodynamics and tyre/road contact. Tyre

noise is the major interior noise source when a vehicle moves at middling speed, especially on rough road [1]. This source

is nowadays becoming more and more important, also thanks to the introduction of hybrid and electric power units, where

powertrain excitation is reduced up to 15 dB at low speed [2].

The noise generated at the contact patch is transmitted inside the cabin both through the airborne and the structure-borne

transmission paths. The first one contributes mainly at high frequency (>500 Hz) and is generally controlled through the

optimal design of the cabin soundproofing. Being the results of the vibrations transmitted through the tyre structure to the

hub and then through the suspension system and vehicle frame to the cabin, structure-borne noise instead contributes at low

frequencies (0-500 Hz). In this case, the most promising way to reduce its influence is to act directly on the source [3, 4].

Among the different contributions, many authors, such as Wang and Bolton [5, 6, 7, 8], deepened the structural-acoustic

coupling, with particular attention to tyre cavity mode. This resonance is typically located in the frequency range 200-220

Hz and results into a tonal contribution. A very effective solution to mitigate this disturbance is the introduction of sound

absorbing materials (e.g foam liners) inside the tyre air volume, selectively increasing the damping of the acoustic mode [9].

As for the influence of tyre dynamics on structure-borne noise, both vehicle and tyre industries have invested in the

development of predictive models [2, 10, 11, 12]. The models presented in the scientific literature can be divided in two

main groups, finite element-based models and analytical models. The finite element (FE) models are computationally very

expensive but allow accurate results and good correspondence with the real system. Lopez et al. [13] proposed the modelling

of the vibrations of a rotating tyre up to 500 Hz. Their work is based on modal information extracted from an FE software,

by means of which natural frequencies and mode shapes of a rolling tyre are computed. The authors compare the results with

FE 2D and 3D models, being able to observe the asymmetry of the dispersion diagrams due to the effect of tyre rotation at

frequencies above 100 Hz. Accurate FE based models have been developed by Nackenhorst [14] for the study of eigenvalues

and eigenmodes of a stationary rolling tyre based on an Arbitrary Lagrange Eulerian (ALE) formulations: this combines

the classical Lagrangian and Eulerian formulation allowing to obtain a model able to describe large deformations with high

resolution. Starting from this theory, the weak formulation of the equations of motion have been developed: these are an

integral form of the Partial Differential Equations (PDE), which are needed to formulate the FE method. Comparing the

results of this author with others available in literature, an additional flux term is present in the equations of motion related

to artificial boundaries coming from the ALE approach adopted. Diaz et al. [11] applied the ALE formulation previously

presented in [14]. They compare the results from the numerical and the experimental approaches to study the effect of

rotation on the tyre dynamics. A Finite Element model of a slick tyre as been developed through the software Abaqus 6.11.1.

2



This analysis suggested that in the non-rolling configuration, two waves are generated for each mode order, a regressive and

a progressive wave travelling at the same speed. The superimposition of these two waves creates a standing wave. In the

loaded rolling condition, the tyre is subjected to Coriolis acceleration, which makes the wave speed of the progressive and

regressive waves to be different. This results in travelling mode shapes.

However, due to the complexity of the tyre-wheel system to be analysed, detailed FE models are not adequate for

analysing this type of problem. Therefore, there is a need for a simpler model that can correctly present the physics of the

tyre and simulate the dynamic response with a low computational effort. With this aim, analytical approaches have been

introduced [15, 16]. A pioneer in the analytical modelling of a complex shape as the one of the thin ring is Soedel [17, 18].

Together with Huang [19], they analysed in detail the case of a rotating ring on elastic foundation and the effect of rotation

on its dynamics. A thin ring of generic properties in the complete range of frequency bandwidth has been considered. For

the calculation of the natural frequencies and mode shapes, a propagative wave solution is substituted in the equations of

motion linearised around the steady state position. Solving the nth order equations, the bifurcation of the natural frequencies

resulting from the introduction of the rotating speed is observed. For what concerns the eigenvectors, usually identifying

the modes in the stationary condition, relevant differences from the ones defined in vibration analysis are obtained as they

are function of time. Moreover, because of the ring rotating effect, they are neither standing nor rotating with the same

speed Ω of the ring. The Huang-Soedel model is very interesting from the point of view of the natural response of the thin

ring. However, it gives an erroneous result in terms of steady-state position when the thin ring is subjected to a stationary

constant load: this results to be independent of the speed of rotation when no damping is taken into account. This is a

consequence of the strain-displacement relation and the linearisation procedure, which lead to the Coriolis and centrifugal

forces to cancel the pretensioning effect [21]. This detail is hardly mentioned by researchers except in [22] [23]; however, it

is not so relevant if thin rings of very stiff materials such as steel are considered. Gong [12, 24] and Cooley [25] apply the

theory of circular ring on elastic foundation on a real tyre case. The aim is to develop a tyre model suitable for the study of

all aspects of in-plane dynamics and the vibration transmission properties. For what concerns the modelling, an approach

similar to the one proposed by Soedel in [17,18] is followed starting directly from the linearized equations of motion around

the inflated tyre position. The only remarkable difference consists in adding an additional three degrees of freedom: in fact,

the hub is considered as an independent element which is free to translate and rotate in the wheel plane. This fact allows

a better understanding of the transmission properties on different boundary conditions. Once the natural frequencies and

mode shapes are obtained, a parametric analysis investigating the extensional stiffness of the ring, the foundation stiffness,

the rotating speed and the movement of the wheel is carried out.

More recently Metrikine et al. [21] proposed a revised model for the study of free vibrations of a thin rotating rings

supported by an elastic foundation. In order to investigate the onset of instability phenomena associated to high rotating

speeds in case of relatively stiff elastic bed, they introduced a through-thickness variation of the radial stress, emphasizing

the stiffening resulting from the radial expansion due to the centrifugal load. In [26] they also proposed a higher-order

formulation to include shear strain contribution and improve the study of the critical speeds.

Based on these ideas, we developed an analytical model of a flexible ring to reproduce the in-plane vibrating modes
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of the non-rolling tyre and the behaviour in the case of rotating at constant speed. Attention is given to the study of the

bifurcation effect of the natural frequencies caused by tyre rotation; for what concerns the system motion, its stationary

or wave-like behaviour is investigated considering different reference systems. The validated model is tuned on a real

tyre thanks to an Experimental Modal Analysis and is then used to simulate a cleat test: the tyre vibrational response is

investigated focusing on the influence that rotation and damping have on tyre dynamics. From these results considerations

are made on the interpretation of data coming from experimental cleat tests.

Differently from other literature models (see [12, 19]), in this paper the equilibrium position due to stationary constant

loads is computed since its contribution is significant on elastic materials such as tyres, with an approach similar to [20]. The

non-linear equations of motion are formulated considering also higher order terms in the strain-displacement relation. In a

second step, the equilibrium position due to centrifugal load and inflation pressure is computed and the equations of motion

are linearised around it. This procedure reduces the number of hypotheses the model relies on, making it more general and

complete.

2 The Flexible Ring Theoretical Model

The model developed in this work is similar to the one presented in [19], in which the equations of motion of a steel

flexible ring are derived. One remarkable assumption made in [19] is that the stress induced by the centrifugal force is

independent of the radius variations and approximately equal to ρa2Ω2, being ρ the density per unit length, a the mean

radius and Ω the angular speed of the ring considered to be constant. As a consequence of the introduction of this assumption,

the computational effort is reduced since the equations of motion turn out to be already linearised around the equilibrium

position, which is unknown. In this paper some improvements are introduced to take into account the different behaviour of

a tyre. Due to its high flexibility, the pre-tensioning of the ring subjected to uniform loads such as the inflation pressure and

the centrifugal load needs to be correctly computed. Therefore, the non linear equations of motion are here derived firstly in

the most general way. Then the equilibrium position due to uniformly distributed loads is evaluated and finally a linearization

process is performed.

The tyre-wheel system is modelled as a thin circular ring supported on an elastic foundation as can be seen in Fig. 1.

The in-plane dynamics of the tyre-wheel system is treated as a two-dimensional problem. The real system results from the

assembly of three elements: the belt package, the sidewalls and the wheel. The first component, corresponding to the tread, is

treated as a circular, thin, flexible ring made of a homogeneous elastic material. The ring is characterized by a mean radius in

non-inflated conditions a and a thickness h. The wheel is represented by an infinitely rigid and symmetric body characterized

by its mass and moment of inertia. The belt package and the wheel are linked by the sidewalls, modelled as a massless elastic

foundation composed of radial and circumferential springs (kr, kθ) distributed along the entire ring circumference. The entire

system rotates with an angular speed Ω.
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Fig. 1: Analytic model formulation of the thin flexible ring on elastic foundation: (a) the reference systems and (b) the independent
coordinates

In Fig. 1.a, two types of reference systems are shown: the x∗−z∗ absolute (fixed in space) reference system and the x−z

system rotating with the wheel. The main reason for using two coordinate systems is that it is more convenient to study the

vibration of the tyre in a rotating reference while the transmission to the car body in a fixed reference. The transformation

equations that allow moving from one system to the other are:

x∗ = xcos(Ωt)− zsin(Ωt) (1a)

z∗ = xsin(Ωt)+ zcos(Ωt) (1b)

φ = θ+Ωt (1c)

All the degrees of freedom (DOF) of the system are shown in Fig. 1.b. The circular flexible ring is characterized by

infinite DOFs; to these, three DOFs (two displacements and one rotation) related to the wheel are added. Indeed, in the

vertical plane, the wheel is characterized by three DOFs defined with respect to the rotating x− z system: two translational

(vertical zw and longitudinal xw) and one rotational θw. As for the tread, it can deform in radial and circumferential directions.

The displacement components of the circular ring expressed in a rotating reference system are described by ur in radial

direction and uθ in circumferential direction (Eq. (2)). These quantities are formed by two contributions:

ur = uo
r +ur (2a)

uθ = uo
θ +uθ (2b)
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where uo
r and uo

θ
are time-independent terms indicating the equilibrium/steady-state position; ur and uθ represent the dynamic

oscillation around the equilibrium/steady-state position. The circumferential time-independent term uo
θ

is present only in the

case a θ-dependent load is applied. Only θ-independent loading conditions are considered for the calculation of the free

response.

The proposed modelling approach results in two Partial Differential Equations (PDE) of motion (relative to the ring’s

bending and circumferential deformation) and three Ordinary Differential Equations (ODE) (relative to the wheel). Hamil-

ton’s principle is applied to obtain the governing equations of the tyre-wheel system [27]. This approach requires the

formulation of the energy functions: particular attention should be devoted to the potential energy U of the thin flexible ring

and the virtual work of the external forces applied on the ring in order not to neglect important terms for the steady state

equilibrium position. For what concerns the first term, the general strain-displacement relations of the flexible ring have to

be derived. Under the Euler-Bernoulli assumption for thin rings, in accordance with the frequency range of interest (limited

to 0-300 Hz), the cross section of the ring remains plane and normal to the middle circumference after the deformation, so

the only significant strain is in θ direction, while the transverse shear strain is negligible and the radial strain is null. The

final expression of the strain-displacement relation in circumferential direction is:

εθ =
1
a

(
ur +uo

r +u
′
θ +u

′o
θ

)
+

s
a2

(
u
′
θ +u

′o
θ −u

′′
r −u

′′o
r

)
+

1
2a2

[(
ur +uo

r +u
′
θ +u

′o
θ

)2
+
(

uθ +uo
θ −u

′
r −u

′o
r

)2
]

(3)

where □
′

stands for the derivatives with respect to θ and s is an auxiliary variable representing the radial distance from

the middle circumference. The latter is adopted to compute the integral along the ring thickness, in between [-h/2; +h/2].

Second order non-linear terms in εθ are taken into account so as not to lose information related to the tension in the ring. In

this way, the procedure adopted makes the model more specific with respect to the in-plane tyre dynamics.

the model is more complete and general than the ones present in literature since the number of hypothesis it is based on

is reduced.

For what concerns the virtual work of the external forces applied on the ring, two generic forces qθ(θ, t) and qr(θ, t) re-

spectively applied in circumferential and radial direction are considered. Moreover, the contribution of the inflating pressure

po in radial direction should be considered. Its contribution is indeed fundamental for determining the correct equilibrium

position and for properly investigating the tyre dynamics by accounting for the preload effect induced in the ring by the

pressure itself. The final expression of the virtual work per unit width of the tyre yields:

δE1 =
∫ 2π

0
[qθδuθ +(qr + po)δur]adθ (4)

being δuθ and δur the virtual displacements in circumferential and radial direction of a generic point.
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The kinetic energy can be computed by considering the velocity of each infinitesimal arc element as a function of the

radial and circumferential speed u̇r and u̇θ expressed in the absolute reference system.

Once all the necessary energetic quantities have been obtained, Hamilton’s Principle is applied for deriving the non-

linear equations of motion of the tyre-wheel system (see Appendix A for details). In deriving them, the terms relative to

the time-independent contribution, uo
θ

and uo
r , are still present. These terms define in this specific case the steady-state

displacements of the spinning ring in operating condition: because of the centrifugal forces and the inflation pressure, a

pre-tensioning of the springs is present altering the position around which the dynamic response takes place. It is assumed

that the spinning and inflating pressure effects are uniformly distributed along the ring, so uo
θ

and uo
r are supposed to be

independent of the angular position. As a consequence, all the derivatives with respect to θ are zero, obtaining:


(uo

r )
3
(

K
2a4

)
+(uo

r )
2
(

3K
2a3

)
+(uo

θ
)2
(

K
2a3

)
+uo

r (u
o
θ
)2
(

K
2a4

)
+uo

r (−ρhΩ2 + kr +
K
a2 )−ρhaΩ2 − po = 0

(uo
θ
)3
(

K
2a4

)
+(uo

r )
2uo

θ

(
K

2a4

)
+uo

r uo
θ

(
K
a3

)
+uo

θ
(−ρhΩ2 + kθ) = 0

(5)

where K = Eh, D = Eh3/12 are respectively the axial and bending stiffness per unit width of the ring. From the second

equation we can immediately notice that one possible solution is uo
θ
= 0. This is also the only acceptable solution for this

case because of the axial-symmetry of the problem. The first cubic algebraic equation has been numerically solved to find

the three possible solutions. We noticed that two out of three are out of the acceptability range. Consequently, only one

couple (uo
r ,0) defining the steady-state position is obtained. From the previous system of equations we observed that the

steady-state radial displacement uo
r varies with the speed of rotation. In particular, the higher the speed of rotation, the bigger

the radial displacement. In the same way, uo
r varies also with the inflation pressure, where this effect is always present, also in

the non-rotating case. Therefore, a steady-state radial displacement will always appear both in the rotating and non-rotating

cases.

The formulation of the steady state position makes the model more general: in [19] the equations of motion are already

linearized around a constant and assigned uniform equilibrium position. By means of the complete formulation, the model

proposed in this paper can be used also for non-uniform pre-tensioning forces whose analytical expression is known (such

as the tyre pressed on the road).

Once the steady-state position of the spinning circular ring has been found, the equations of motion can be linearised

around this position and the expressions representing both radial and circumferential perturbed motion are derived.

PDE tyre: radial direction

−ρh(−ür +2u̇θΩ+urΩ
2)+

K
a2 (u

′
θ +ur)+

D
a4 (u

IV
r −u

′′′
θ )+

K
2a4 (u

o
r )

2(3ur +4u
′
θ −u

′′
r )+

+
K
a3 uo

r (3ur +4u
′
θ −u

′′
r )+ kr(ur − xwcosθ− zwsinθ) = qr

(6)
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PDE tyre: circumferential direction

−ρh(−üθ −2u̇rΩ+uθΩ
2)− K

a2 (u
′′
θ +u

′
r)−

D
a4 (u

′′
θ −u

′′′
r )−

K
2a4 (u

o
r )

2(−uθ +4u
′
r +3u

′′
θ)−

+
K
a3 uo

r (−uθ +4u
′
r +3u

′′
θ)+ kθ(uθ + xwsinθ− zwcosθ−aθw) = qθ

(7)

The same procedure followed for the tyre is applied also on the wheel, and the governing linearized equations are obtained.

These are important for investigating the transmission properties of the vibrations inside the cockpit.

ODE wheel:

−m(−ẍw +2żwΩ+ xwΩ
2)+aπ(kθ + kr)xw +a

∫ 2π

0
[kθuθsinθ− krurcosθ]dθ = fx (8)

−m(−z̈w −2ẋwΩ+ zwΩ
2)+aπ(kθ + kr)zw +a

∫ 2π

0
[−kθuθcosθ− krursinθ]dθ = fz (9)

Irθ̈w +2πkθa3
θw −a2

∫ 2π

0
kθuθdθ = Ty (10)

where fx and fz represent the forces in vertical and horizontal direction applied at the hub and Ty the torque.

3 Tyre Vibration - Free Response Solution

The equations of motion introduced in Section 2 can be used to study the free response of the system. The PDE equations

of motion of the flexible ring (Eq. (6) and Eq. (7)) under the assumption of fixed hub are considered. This is a common

experimental condition for tyres in indoor tests on rigid corners. Due to the geometry of the tyre, the displacements of the

ring in radial and tangential direction must be periodic functions of the angular coordinate. Furthermore, assuming a time

harmonic dependency eiωt , a wave propagative solution of the following form is considered:

ur(θ, t) = Aneinθeiωnt (11a)

uθ(θ, t) = Bneinθeiωnt (11b)
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where n is an integer representing the mode order (being 2π/n the period with respect to the angular position θ). By taking

the required derivatives and substituting in the equations of motion, the following matricial form can be obtained:

M11 M12

M21 M22


An

Bn

= 0 (12)

with:

M11 =−ρhω
2 −ρhΩ

2 +
K
a2 +

D
a4 n4 +

3K
2a4 (u

o
r )

2 +
K

2a4 (u
o
r )

2n2 +
3K
a3 uo

r +
K
a3 uo

r n2 + kr

M12 = i
(
−2ρhΩω+

K
a2 n+

D
a4 n3 +

4K
2a4 (u

o
r )

2n+
4K
a3 uo

r n
)

M21 =−M12

M22 =−ρhω
2 −ρhΩ

2 +
D
a4 n2 +

K
a2 n2 +

K
2a4 (u

o
r )

2 +
3K
2a4 (u

o
r )

2n2 +
K
a3 uo

r +
3K
a3 uo

r n2 + kθ

The forcing terms qr and qθ are set to zero to investigate the system free motion. In order to get a non-trivial solution,

the determinant of the coefficient matrix in Eq. (12) must be zero. This would result in the following 4th order polynomial

characteristic equation:

a3ω
4
n +a2ω

2
n +a1ωn +a0 = 0 (14)

with:

a3 = ρ
2h2

a2 = −ρh
(
−ρhΩ

2 +
D
a4 n2 +

K
a2 n2 +

K
2a4 (u

o
r )

2 +
3K
2a4 (u

o
r )

2n2 +
K
a3 uo

r +
3K
a3 uo

r n2 + kθ

)
+

−ρh
(
−ρhΩ

2 +
K
a2 +

D
a4 n4 +

3K
2a4 (u

o
r )

2 +
K

2a4 (u
o
r )

2n2 +
3K
a3 uo

r +
K
a3 uo

r n2 + kr

)
+

−4ρ
2h2

Ω
2

a1 = 4ρhΩ

(
K
a2 n+

D
a4 n3 +

4K
2a4 (u

o
r )

2n+
4K
a3 uo

r n
)

a0 =

(
−ρhΩ

2 +
K
a2 +

D
a4 n4 +

3K
2a4 (u

o
r )

2 +
K

2a4 (u
o
r )

2n2 +
3K
a3 uo

r +
K
a3 uo

r n2 + kr

)
·(

−ρhΩ
2 +

D
a4 n2 +

K
a2 n2 +

K
2a4 (u

o
r )

2 +
3K
2a4 (u

o
r )

2n2 +
K
a3 uo

r +
3K
a3 uo

r n2 + kθ

)
+

+
( K

a2 n+
D
a4 n3 +

4K
2a4 (u

o
r )

2n+
4K
a3 uo

r n
)(

− D
a4 n3 − K

a2 n− 4K
2a4 (u

o
r )

2n− 4K
a3 uo

r n
)

The solutions of Eq. (14) are the characteristic polynomial roots corresponding to the nth wave-like motion of the ring, being

n an integer number in between [−∞;+∞]. In general, for each integer value of n ̸= 0, there are four characteristic poly-
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nomial roots k = 1,2,3,4 (two positive and two negative). The magnitudes of the positive ones are the circular frequencies

associated to a regressive wave-like motion, while the magnitudes of the negative ones are the circular frequencies associated

to a progressive wave-like motion. Noting that the coefficient a1 depends on the tyre-wheel angular speed Ω, in the specific

case where the ring is not rotating (Ω = 0) the solutions to Eq. (14) come in couples: this means that the circular frequencies

ωn,1, ωn,2, ωn,3, ωn,4 are opposite in sign two by two (ωn,2 =−ωn,1). Otherwise, if the ring is rotating (Ω > 0), four distinct

circular frequencies ωn,1, ωn,2, ωn,3, ωn,4 can be found resulting from the bifurcation caused by the Coriolis acceleration

2ρhΩω present in the extra-diagonal terms of matrix M. Two circular frequencies, lower in magnitude, are called inexten-

sional, while the other two, higher in magnitude, are called extensional [19]. Since the aim of this paper is to investigate the

0-300 Hz frequency range, particular attention will be paid to the inextensional results. Once the characteristic polynomial

roots are known, the associated eigenvectors can be computed through Eq. (12). Since the matrix M has been imposed to be

singular, the two corresponding equations are no longer independent. A normalized eigenvector is therefore sought, where

one of the coefficients An or Bn is imposed and the remaining one is computed by solving one of the tyre equations.

In Tabs. 1 and 2 the relationships between the different characteristic polynomial roots and eigenvectors are presented

for varying angular speed Ω and order n. In Tabs. 1 and 2 first row the non-rotating case is shown where the two couples of

characteristic polynomial roots are equal in modulus. In the case n ≤−1 the couples are still present, but roots are inverted

(ω−n,1 = −ωn,1). Looking at the eigenvector, we can notice that for each couple k = 1,2 or k = 3,4 and for a given order

n they are equal in sign. However, comparing the cases n ≥ 1 and n ≤ −1 for the same k, we can see that the term relative

to the circumferential displacement changes in sign. These last two properties are very important for realizing a real valued

wave-like motion (the so-called standing wave).

In Tabs. 1 and 2 second row, an angular speed different from zero is considered and we can see that the characteristic

polynomial roots now are all different. Relating to the case n ≤−1, the same considerations on the signs done for the Ω = 0

case can be applied.

From now on, in all the analyses the characteristic polynomial roots and eigenvector components will be written with

the explicit sign.

Conditions Inextensional Extensional

ΩΩΩ n k=1 k=2 k=3 k=4

Ω = 0
n ≥ 1 ωn,1 −ωn,1 ωn,3 −ωn,3

n ≤ 1 −ωn,1 ωn,1 −ωn,3 ωn,3

Ω ̸= 0
n ≥ 1 ωn,1 −ωn,2 ωn,3 −ωn,4

n ≤ 1 −ωn,1 ωn,2 −ωn,3 ωn,4

Table 1: Relation between characteristic polynomial roots in the non rotating (Ω = 0) and rotating (Ω ̸= 0) case; notice that all signs are
explicit
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Conditions Inextensional Extensional

ΩΩΩ n k=1 k=2 k=3 k=4

Ω = 0
n ≥ 1 [1, iBn,1] [1, iBn,1] [1,−iBn,3] [1,−iBn,3]

n ≤−1 [1,−iBn,1] [1,−iBn,1] [1, iBn,3] [1, iBn,3]

Ω ̸= 0
n ≥ 1 [1, iBn,1] [1, iBn,2] [1,−iBn,3] [1,−iBn,4]

n ≤−1 [1,−iBn,1] [1,−iBn,2] [1, iBn,3] [1, iBn,4]

Table 2: Relation between eigenvectors in the non rotating (Ω = 0) and rotating (Ω ̸= 0) case; notice that the signs and the imaginary unit
are explicit

4 Model Tuning and Validation

The model developed was first validated based on data of the steel ring introduced in [19]. High correspondence of the

natural frequencies was obtained confirming that the approach proposed in this paper and based on a reduced number of

hypothesis is complete and general.

Subsequently, the model was tuned on a real tyre based on results coming from an experimental campaign performed

in Politecnico di Milano laboratories. This activity aims at identifying the modal dynamic properties of the tyre in order to

validate the developed model. The test set-up and the measurement system were entirely designed during this research and

an Experimental Modal Analysis (EMA) was performed to identify the natural frequencies and mode shapes in the 0-300 Hz

frequency band.

(a)

F0

ai

(b)

 

(c)

 

(d)

Fig. 2: Experimental Modal Analysis (EMA) setup at the Mechanical Department of Politecnico di Milano: (a) design of the test bench;
(b) summary sketch of excitation and measuring points; (c) picture of accelerometers placed in radial direction; (d) picture of a detail of
the excitation point
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The complete experimental set-up is depicted in Fig. 2. The reference tyre (tyre model 225/55R17) is mounted on

a commercial wheel with the external side upwards. The entire structure is rigidly fixed by means of clamps to the sus-

pended foundation underneath. The tyre is excited by an electro-dynamic shaker TiraVIB TV5500. The excitation point

was preloaded with 50 N to avoid the detaching of the leading stinger from the tyre. In between the stinger and the tyre, a

piezoelectric loading cell was installed to measure the force entering the system (Fig. 2.d ). The response of the system was

measured sticking 13 piezo-electric accelerometers (PCB333B30) on the external part of the tyre with cyanoacrylate and

2 PCB Piezotronics conditioning system 483C50 with 8 channels (Fig. 2.c). To increase the number of measuring points

and avoid any kind of mass load effect, the 13 accelerometers were uniformly distributed along the circumference and then

rotated. Given a 5-degree measuring grid, a total of 72 measuring positions were obtained corresponding to 6 configurations.

Only one accelerometer out of the 13 available was kept fixed as a reference to verify that no relevant differences in the tyre

dynamic response was obtained by the change in sensor positioning. The signal was acquired with a sampling frequency of

2 kHz for a time of 250 seconds.

At the post processing stage, the frequency response function (FRFs) between each accelerometer signal and the shaker

force were computed, applying the H1 FRF estimator and 10 averages to reduce the background noise. Furthermore, the

modal identification procedure was performed, thus providing in output the natural frequencies, the non-dimensional damp-

ing ratios and the mode shapes. The software adopted ( [28], [29]) is based on two steps:

1. The first, based on the LSCE algorithm (Least Squares Complex Exponentials), allows the identification of the poles of

the system on the frequency range of interest. It evaluates the stability and provides a first attempt data for the natural

frequencies and the damping ratios.

2. The second step consists in the classical FRF-based curve fitting method: according to the idea of modal superposition,

the measured FRFs are fitted with an analytical model consisting of a series of second order dynamic systems. Least

squares minimisation operates in a user-defined frequency band which includes a certain number of vibration modes: a

limited variation of their natural frequencies and damping ratios with respect to the previous LSCE estimates is allowed.

To reach suitable curve-fit, high and low frequency residuals are added to the resonant modes so as to account for the

contribution of the modes not included in the selected frequency band.

The final outputs are the modal parameters (i.e. natural frequencies, damping ratios and mode shapes) of the system included

in the frequency band of interest. In Fig. 3, as an example, the comparison between the experimental (dashed line) and the

identified (solid line) FRF (inertance) between the force applied and the acceleration measured in node 20 is presented. Tab.

3 summarises the first seven natural frequencies and the damping ratios identified for the considered unloaded tyre.
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Fig. 3: Frequency Response Function (FRF) between the radial force and the radial acceleration measured at node 20 (100◦): comparison
between the measured and the identified transfer inertance

Mode (n) Frequency (Hz) Damping ratio ξ (-)

1 78,73 0,039

2 100,31 0,033

3 121,40 0,024

4 145,45 0,022

5 170,78 0,021

6 196,52 0,020

7 224,40 0,018

Table 3: Identified natural frequencies and damping ratios (unloaded tyre)

Being the EMA completed, the natural frequencies and corresponding mode shapes can be used to tune the analytical

model. The main variables of the theoretical model influencing the system dynamics are:

◦ the density per unit width ρh

◦ the radial stiffness of the elastic bed kr

◦ the circumferential stiffness of the elastic bed kθ

◦ the axial stiffness of the circular ring K

◦ the bending stiffness of the circular ring D

Through an optimization algorithm these parameters are varied in order to match the experimental results. In particular,

considering the characteristic polynomial presented in Section 3 (Eq. (14)), the experimental natural frequencies are imposed,

while the coefficients of the polynomial are unknown since they depend on the parameters to be optimized. Throughout the

13



optimization, a relation is introduced between the axial stiffness of the tyre K and the radial stiffness of the elastic bed kr

resulting from the equilibrium position equation in radial direction (Eq. (5)): indeed, there is a strong relation between the

inflation pressure and the elastic properties of the thin ring and the elastic bed. As a result, the condition:

K =
ρhΩ2uo

r +ρhaΩ2 − kruo
r + po

(uo
r )

3

2a4 + 3(uo
r )

2

2a3 + uo
r

a2

(16)

is included reducing the total number of variables. Being FUN the function to be minimized, the operator computes:

minFUN =
[

min
7

∑
n=1

Fun2
n

]
(17)

where:

Funn = an
3ω

4
n +an

2ω
2
n +an

1ωn +an
0 = 0 (18)

and an
j are the coefficients depending on the parameters to be optimized (ρh, kr, kθ, D) varying with the order n, while ωn is

the natural frequency desired coming from experimental analysis.

The non-linear least square problem is solved with a trust region reflective algorithm, which identifies local minima.

Therefore, to guide the minimization, reliable initial conditions have to be assigned (coming from FEA). Moreover, a con-

straint minimization is performed. A sensitivity analysis has been carried out to test the vibration mode dependency on model

parameters. Thus, upper and lower bounds of the constraints have been defined. The algorithm returns a vector containing

the optimized parameters. Tab. 4 summarizes the outcomes of the optimization algorithm obtained by using the measured

mean radius a = 0.33 m.

Parameter Optimized Value

ρh (kg m−2) 19,69

kθ (N m−3) 6,56 ·105

kr (N m−3) 8,27 ·106

K (N m−1) 2,52 ·107

D (N m) 7,45

Table 4: Optimal parameter values
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In Fig. 4 the correspondence between the experimental and the analytical natural frequencies and mode shapes, com-

puted from the model at Ω = 0 rad/s after the optimization process, is shown in terms of scatterplot (Fig. 4.a) and MAC

(Modal Assurance Criterion) (Fig. 4.b). High levels of accuracy are reached. The frequencies resulting from the updated

model show variations with respect to the experimental ones lower than 1%. The only exception is represented by the

first mode, for which a difference of 3 Hz is obtained. For what concerns the modes, a correspondence greater than 80%

(MAC> 0.8) is shown for all the seven modes.
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Fig. 4: Comparison between the identified and the analytical modal parameters of the inflated tyre at Ω = 0 rad/s: (a) scatterplot of the
natural frequencies; (b) Modal Assurance Criterion (MAC) of the vibration modes

The model parameters, identified in static conditions and providing accurate results both in terms of natural frequencies

and vibration modes, will be assumed constant also in the rolling tyre condition for the considered range of speed.

5 Results and Discussion

Hereafter we present the results of the model tuned on the data of Tab. 4 (tyre model 225/55R17). First of all, the free

response of the tyre in the rotating and non-rotating cases is analysed starting from the considerations made in Section 3.

Then the same response in different reference systems is evaluated and considerations are made on the stationarity of the

generated wave. Finally, the tyre inertance due to a single impulsive radial load is calculated too.

5.1 The Free Response of the Undamped Tyre

Let us consider the non-rotating and rotating cases separately. According to the relationships presented in Tabs. 1 and 2

first row, in the non-rotating case (Ω = 0) the expressions for the displacements in radial and circumferential directions can

be obtained by considering only the inextensional solutions and superimposing k = 1 and k = 2:

ur,tot = 2cos(nθ+ωn,1t)+2cos(nθ−ωn,1t) (19a)

uθ,tot = −2Bn,1sin(nθ+ωn,1t)−2Bn,1sin(nθ−ωn,1t) (19b)
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By using Prosthaphaeresis trigonometric formulae, Eq. (19) can be rewritten as:

ur,tot = 4cos(nθ)cos(ωn,1t) (20a)

uθ,tot = −4Bn,1sin(nθ)cos(ωn,1t) (20b)

The waves in Eq. (20) have been rewritten as the product of two sinusoidal functions. The first, depending only on the

angular position θ, represents the mode shape while the second acts as a time modulating function. Thanks to the previous

mathematical passages, we can assert that a standing wave occurs at the ring natural frequencies in the non-rotating case.

This is the result of the superposition of the two waves propagating with the same speed c = ω/n in opposite directions.
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Fig. 5: Free response, (ur,tot ), of the flexible ring resulting from the superimposition of the progressive and regressive waves at n = 3 and
Ω = 0 rad/s. Different time lapse in the rotating reference system (in this case equal to the absolute one)

From the sequence in Fig. 5 representing the ring radial displacement (ur,tot ) at different time instants, we can see that,

by summing the two waves, a pulsing behaviour takes place, clearly showing the nodes and antinodes of the standing wave.

The curves at t = 0 s and t = 0.008 s representing the beginning and end of a cycle respectively, are perfectly superimposed.

The same reasoning can be applied to any order n, for which the two resulting waves will always superimpose to realize a

standing wave.

When the tyre is rotating (Ω ̸= 0), coefficient a1 in Eq. (14) is not null and four different circular frequencies ωn,1, ωn,2,

ωn,3, ωn,4 are obtained. With respect to the non-rotating case, one frequency is increased while the other is decreased. The

values, which in the non-rotating case are coincident, here are separated and the increment/decrement depends on the angular

speed and on the order considered. This behaviour is called bifurcation and is a result of the Coriolis effect 2ρhΩω present

in the extra-diagonal terms of matrix M (Eq. (12)).
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Fig. 6: Natural frequencies of the flexible ring analytical model as a function of the rotating speed. Bifurcation effect of the inextensional
frequencies ( fn = ωn/2π) for (a) n=1 and n=2; (b) n=3 and n=4

Fig. 6 shows the bifurcation of the inextensional frequencies due to the rotational speed of the tyre. For each bifurcation,

the higher frequency lines are associated to a regressive wave-like motion, while the lower frequency lines are associated to

the progressive wave-like motion (see Eq. (21)).

We can see that for n = 1 the bifurcation is linear, otherwise for n > 1 the effect is non-linear, and the frequencies

associated to the regressive wave-like motion are monotonously increasing while the frequencies associated to the progressive

wave-like motion are characterized by a minimum.

Starting from the eigenfrequencies, the eigenvectors can be addressed too. Referring to Tabs. 1 and 2 second row, in

order to obtain a real-valued mode, the superposition of the two waves with n ≤−1 and n ≥ 1 and the same k is necessary.

The resulting radial and circumferential displacements in the rotating reference system are:

ur,tot = 2cos(nθ+ωn,1t)+2cos(nθ−ωn,2t) (21a)

uθ,tot = −2Bn,1sin(nθ+ωn,1t)−2Bn,2sin(nθ−ωn,2t) (21b)

In the considered range of rotating speed Ω the coefficients Bn,1 and Bn,2 are very similar to each other. By using

Prostaphaeresis trigonometric formulae, Eqs. 21 can be rewritten as:

ur,tot = 4cos
(

nθ+
ωn,1 −ωn,2

2
t
)

cos
(

ωn,1 +ωn,2

2
t
)

(22a)

uθ,tot = −4Bn,1sin
(

nθ+
ωn,1 −ωn,2

2
t
)

cos
(

ωn,1 +ωn,2

2
t
)

(22b)

The radial and circumferential motions have been rewritten as the product of two sinusoidal functions: the first is a wave-like

function that depends on both angular position and time, while the second is a time modulating function depending only on
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time. Due to the first sinusoidal function, it is evident that in this case the superposition of the two waves does not result in a

standing wave.

Fig. 7 reports the radial displacement (ur,tot ) for Ω = 67.3 rad/s (V = 80 km/h) and n = 3 in the rotating reference

system. The pulsating behaviour of the wave is still recognisable but, by looking at the entire sequence, we can notice that

the wave is rotating. The two curves representing the beginning and the end of a cycle are not superimposed as in the case

Ω = 0 (Fig. 5). The rotating direction depends on the speeds of the progressive and regressive waves. These are defined as:

cn,1 =
ωn,1

n
(23a)

cn,2 =
ωn,2

n
(23b)

where cn,1 and cn,2 represent the speeds of respectively the regressive and progressive wave in the rotating reference system.

The speed of the superimposed wave is defined as:

cn,tot =
|ωn,1 −ωn,2|

2n
(24)
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Fig. 7: Free response, (ur,tot ), of the flexible ring resulting from the superimposition of the progressive and regressive waves at n = 3 and
Ω = 67.3 rad/s (V = 80 km/h). Different time lapse in the rotating reference system

5.2 Interpretation of the Tyre Free Response in Different Reference Systems

To investigate the phenomenon highlighted in the previous section, it is possible to discuss the response in different

reference systems.
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A transformation can be made to move from the rotating to the absolute reference system. The relationships to move

from the rotating to the absolute reference system are reported in Eq. (1), so the superimposed waves in the absolute reference

system become:

ur,tot = 2cos(nφ+(ωn,1 −nΩ)t)+2cos(nφ− (ωn,2 +nΩ)t) (25a)

uθ,tot = −2Bn,1sin(nφ+(ωn,1 −nΩ)t)−2Bn,2sin(nφ− (ωn,2 +nΩ)t) (25b)

The speeds of propagation respectively of the regressive and progressive waves in the absolute reference system read like:

cn,1 =
|ωn,1 −nΩ|

n
(26a)

cn,2 =
|ωn,2 +nΩ|

n
(26b)

This means that the regressive wave seen is slowed down in the absolute reference system, while the progressive wave

is speed up. We can thus state that from the superposition of the two waves a non-standing wave is generated also in the

absolute reference system. Indeed, through procedures similar to the ones described for the rotating reference system (Eq.

(22)), the two superimposed waves can be written as:

ur,tot = 4cos
(

nφ+
ωn,1 −ωn,2 −2nΩ

2
t
)

cos
(

ωn,1 +ωn,2

2
t
)

(27a)

uθ,tot = −4Bn,1sin
(

nφ+
ωn,1 −ωn,2 −2nΩ

2
t
)

cos
(

ωn,1 +ωn,2

2
t
)

(27b)

The time modulating function is the same, while the wave-like function still depends on the angular position and time. The

speed of the wave-like motion component is defined as:

cn,tot =
|ωn,1 −ωn,2 −2nΩ|

2n
(28)

Fig. 8 shows the time radial displacement (ur,tot ) for n = 3 at Ω = 67.3 rad/s (V = 80 km/h) in the absolute reference system.

Again, the beginning and the ending curve of the cycle can be compared to observe the rotating effect.
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Fig. 8: Free response, (ur,tot ), of the flexible ring resulting from the superimposition of the progressive and regressive waves at n = 3 and
Ω = 67.3 rad/s (V = 80 km/h). Different time lapse in the absolute reference system

So, analysing the problem in the two reference systems (rotating and absolute, see Fig.1 ), we can conclude that Ω = 0

results in a standing wave while for Ω ̸= 0 it does not. However, an alternative reference system can be identified in which

the superposition of the two travelling waves gives rise to a standing wave even in the case Ω ̸= 0.

Z'
Z

X'

X

t

Fig. 9: Analytical model formulation of the flexible ring on elastic foundation: transformation from the rotating (x,z) to the stationary
(x′,z′) reference system

To this aim, in Fig. 9 the stationary reference system (x′,z′) is introduced. A change of coordinates is made in order to

move from the rotating to the stationary frame as:

θ = γ+βt (29)

The stationary reference system is rotating with a relative speed β that allows speeding up the slower wave (ωn,2) and
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slowing down the faster wave (ωn,1). The new expressions of ur,tot and uθ,tot in the stationary reference system become:

ur,tot = 2cos(nγ+(ωn,1 +nβ)t)+2cos(nγ− (ωn,2 −nβ)t) (30a)

uθ,tot = −2Bn,1sin(nγ+(ωn,1 +nβ)t)−2Bn,2sin(nγ+(ωn,1 +nβ)t) (30b)

The speeds of propagation respectively of the regressive and progressive waves in the stationary reference system are:

cn,1 =
ωn,1 +nβ

n
(31a)

cn,2 =
ωn,2 −nβ

n
(31b)

By substituting in Eq. (31) the value of:

β =
ωn,2 −ωn,1

2n
(32)

the speeds of propagation become equal for the two waves (cn = (ωn,1 +ωn,2)/(2n)), which means that their superposition

gives origin to a standing wave in the stationary reference system. This effect can be seen by looking at Fig. 10.
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Fig. 10: Free response, (ur,tot ), of the flexible ring resulting from the superimposition of the progressive and regressive waves at n = 3 and
Ω = 67.3 rad/s (V = 80 km/h). Different time lapse in the stationary reference system

So, in general in the rotating case a non-standing wave is obtained unless a stationary reference system is defined. It is
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worth mentioning that the stationary reference system is not unique since it changes with the order n and the rotating speed.

5.3 The transfer inertance of the damped tyre

In the previous sections the free response of the system has been investigated in different reference systems. To deepen

the comprehension of the behaviour of the tyre, the forced response should be analysed also. The PDE of motion (Eq. 6 and

7) is taken into account by adding the damping with two contributions. The first is simply given by dampers of the elastic

bed in radial and circumferential directions. The second is introduced to consider the damping of the tyre material: this

contribution is introduced as a loss factor in the Young Modulus, such that E ′ = E(1+ iη) and it is estimated through data

coming from the EMA (see Section 4). Consequently, the complex values of the axial and bending stiffnesses (respectively

K′ and D′) can be calculated. Tab 5 lists the damping parameters, being cθ and cr the damping coefficients adopted for the

elastic bed.

Parameter Value

cθ (N s m−3) 1,5 ·103

cr (N s m−3) 1,9 ·103

η ( - ) 2,5 ·10−2

Table 5: Damping parameters

To simulate the forced response of the system, an approach similar to the one proposed by Nilson in [27] for bending

waves in slender rectilinear beams is considered. The equation of motion in radial direction is written only in ur exploiting

a relation between ur and uθ, called inextensional assumption and introduced by Soedel in [18]. It states that:

ur =−u′θ (33)

and, together with the boundary conditions that allow the formulation of a propagative solution as described in Section 3, it

provides the tools for the calculation of the forced response of the system.

Analytically, the system has been forced with a unitary impulsive force applied in a given angular position. This choice

simulates a common test performed on tyres, the so-called cleat test. Through the passage over an obstacle the tyre is

instantaneously excited while rotating and its forced response can be measured. The impulsive force also allows having a

response similar to the one obtained through the EMA performed in Section 4 in the non-rotating case.

Fig. 11 shows a comparison between the experimental inertance and the analytical one for the non-rotating tyre (Ω = 0

rad/s) in correspondence of the same angular position. A good matching both in terms of frequencies and amplitudes is

achieved, confirming the effectiveness of the identification process of the model parameters.

22



50 100 150 200 250
Frequency (Hz)

-5

0

5

10

15

20

25

30

T
ra

n
s
fe

r 
In

e
rt

a
n
c
e
 (

d
B

)

- 
d
B

 r
e
f.
 1

 m
/s

2
/N

  

Experimental Ω=0 rad/s
Analytical Ω=0 rad/s

Fig. 11: Transfer Inertance between the radial force at Θ = 0◦ and the radial acceleration at Θ = 100◦ computed in the rotating reference
system. Comparison between the FRF measured and the one simulated through the flexible ring model in non rotating conditions (Ω = 0
rad/s)

When rotation is introduced (Ω ̸= 0 rad/s), the bifurcation effect discussed in the previous sections is expected. However,

due to the high damping associated to the materials forming the tyre, there is a coupling of the different frequencies and this

behaviour is not so evident (Fig. 12). The progressive and regressive waves generate a complex interaction resulting, for

example in the case of study, in an increase of the peaks at low frequencies.
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Fig. 12: Transfer Inertance between the radial force at Θ = 0◦ and the radial acceleration at Θ = 100◦ computed in the rotating reference
system. Comparison between the FRF simulated through the flexible ring model in non rotating (Ω = 0 rad/s) and rotating conditions
(Ω = 67.3 rad/s)

6 Conclusions

In this paper, we investigated the tyre-wheel system by implementing a flexible ring model suitable for studying the

in-plane dynamics of the tyre. We derived the general equations of motion governing both radial and circumferential dis-

placement of the tyre, together with the equations of motion governing the wheel dynamics. Differently from other literature

models, we computed the equilibrium position due to the centrifugal load and the inflation pressure to account for the tyre
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flexibility and linearised the equations of motion around it. This procedure makes the model more specific with respect to

the case study (the in-plane tyre dynamics). Moreover, due to the remarkable influence of the preloads on the stiffness of the

tyre-wheel system, the computation of the equilibrium position has an important role in the estimation of the tyre parameters

based on experimental data.

Once the linearised equations of motion were written, we implemented the procedure for obtaining the natural frequen-

cies and mode shapes. The model was first validated against literature data, and then a realistic set of tyre parameters were

estimated through an Experimental Modal Analysis performed on a reference tyre. We investigated the effect of rotation on

the system’s natural frequencies (namely bifurcation). We obtained the four circular frequencies for each mode order n. In

the non-rotating case, the circular frequencies are equal in pairs, while, when the angular speed is non null, they are different.

This effect is due to the Coriolis acceleration and the increment/decrement of the circular frequencies depends on the angular

speed and on the mode order considered.

As for the mode shapes, we described the procedure for realizing a real propagative wave thanks to the superposition

of the n ≤ −1 and n ≥ 1 eigenvectors. For each mode order, we computed a progressive and a regressive wave for the

inextensional and extensional cases, and investigated the stationarity of their superposition for different rotating speeds

and reference systems. In the ”non-rotating tyre” case, the progressive and regressive waves travel at the same speed in

opposite directions, so that their superposition always results in a standing wave. When the tyre system is put in rotation, the

stationarity is no longer guaranteed for both the rotating and absolute reference systems. We thus introduced the concept of

a stationary reference system, which, rotating with an intermediate speed between the progressive and the regressive wave

circular frequencies, allows a standing wave to be observed.

Finally, we presented a comparison between the experimental and analytical results in terms of transfer inertance for

static cases, where the analytical model gives a good prediction of the tyre behaviour. We also performed a simulation for the

rotating case, demonstrating how, due to the high damping of the system, the bifurcation effect is not clearly evident during

the experimental cleat test.
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Appendix A

The governing equations of the thin, flexible ring on elastic foundation are derived applying the Hamilton’s principle.
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Energy functions

The total kinetic energy per unit width is

T = T1 +T2 (34)

where T1 and T2 are respectively the kinetic energy per unit width of the thin flexible ring and of the wheel. The first

contribution can be expressed as

T1 =
1
2

∫ 2π

0
ρhaV 2dθ (35)

The expression of the velocity V of each infinitesimal arc element composing the ring is formulated as

V 2 = (u̇r −uθΩ)2 +[u̇θ +urΩ+(a+uo
r )Ω]2 −2uo

θu̇rΩ+(uo
θ)

2
Ω

2 +2uo
θuθΩ

2 (36)

being □̇ the time derivative of the considered term. Substituting equation 36 in equation 35 leads to

T1 =
ρha

2

∫ 2π

0
[(u̇r −uθΩ)2 +[u̇θ +urΩ+(a+uo

r )Ω]2 −2uo
θu̇rΩ+(uo

θ)
2
Ω

2 +2uo
θuθΩ

2]dθ (37)

The kinetic energy of the wheel (T2) is given by the sum of translational and rotational terms

T2 =
1
2

m(ẋ∗w
2
+ ż∗w

2
)+

1
2

Ir(Ω+ θ̇w)
2 (38)

where m is the mass of the wheel body and Ir is the mass moment of inertia of the wheel per unit width. In order to formulate

the equations of motion in the rotating reference system, a transformation of coordinates is needed. Applying relations (1)

equation 38 becomes
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T2 =
1
2

m[(ẋwcos(Ωt)− xwΩsin(Ωt)− żwsin(Ωt)− zwΩcos(Ωt))2+

+(ẋwsin(Ωt)+ xwΩcos(Ωt)+ żwcos(Ωt)− zwΩsin(Ωt))2]+
1
2

Ir(Ω+ θ̇w)
2

(39)

U is the potential energy composed of the strain energy of the flexible ring (U1) and the elastic energy of the foundation

(U2). To write the first contribution, the general strain-displacement relations of the flexible ring have to be derived. The

three strain-displacement relations are:

◦ εr, the normal strain in radial direction

◦ εθ, the normal strain in circumferential direction

◦ εrθ, the in-plane shear strain

Under the Euler-Bernoulli assumption on thin rings, the cross section remains plane and normal to the middle circumference

after deformation. So the only significant strain is in θ direction, while the transverse shear strain is negligible and the radial

strain is null. The final expression of the strain-displacement relation in circumferential direction is

εθ =
1
a

(
ur +uo

r +u
′
θ +u

′o
θ

)
+

s
a2

(
u
′
θ +u

′o
θ −u

′′
r −u

′′o
r

)
+

1
2a2

[(
ur +uo

r +u
′
θ +u

′o
θ

)2
+
(

uθ +uo
θ −u

′
r −u

′o
r

)2
]

(40)

where □
′

stands for the derivatives with respect to θ and second order non linear terms in εθ are taken into account so as not

to lose information related to the tension in the ring; s is the radial distance from the middle circumference.

The strain energy per unit width of the ring can be expressed as

U1 = a
∫ h/2

−h/2

∫ 2π

0

1
2

σθεθdθdr (41)

Hooke’s low can now be introduced

σθ = Eεθ (42)

with E being the Young’s modulus of the ring’s material. By substituting equations 42 and 40 in 41 and computing the
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integral over the thickness, the following expression of the strain energy is obtained

U1 =
1
2

a
∫ 2π

0

[ K
a2 (u

′
θ +u

′o
θ +ur +uo

r )
2 +

D
a4 (u

′
θ +u

′o
θ −u

′′
r −u

′′o
r )2 +

K
4a4 (ur +uo

r +u
′
θ +u

′o
θ )

4+

+
K

4a4 (u
′
r +u

′o
r −uθ −uo

θ)
4 +

K
a3 (u

′
θ +u

′o
θ +ur +uo

r )
3 +

K
a3 (u

′
θ +u

′o
θ +ur +uo

r )

(u
′
r +u

′o
r −uθ −uo

θ)
2 +

K
2a4 (ur +uo

r +u
′
θ +u

′o
θ )

2(u
′
r +u

′o
r −uθ −uo

θ)
2
]
dθ

(43)

where D = E h3

12 and K = Eh, are respectively the bending and axial stiffness per unit width of the ring. The sidewalls of

the tyre are modelled as an elastic foundation consisting of springs distributed along the entire circumference in radial and

circumferential direction.

The potential energy of the elastic foundation is defined as

U2 =
1
2

∫ 2π

0
(kθ∆l2

θ + kr∆l2
r )adθ (44)

being ∆lr and ∆lθ the elongations of the springs respectively in radial and circumferential direction and kr and kθ the radial

and circumferential stiffness ot the springs of the elastic bed. The elongations in radial and circumferential direction can be

obtained as

∆lr = ur +uo
r − xwcos(θ)− zwsin(θ) (45a)

∆lθ = uθ +uo
θ + xwsin(θ)− zwcos(θ)−aθw (45b)

Substituting equations 45 into 44 the the final expression of the potential energy of the elastic foundation can be written as

U2 =
∫ 2π

0
[kθ(uθ +uo

θ + xwsin(θ)− zwcos(θ)−aθw)
2 + kr(ur +uo

r − xwcos(θ)− zwsin(θ))2]adθ (46)

The tyre-wheel system in working conditions is subjected to forces acting at the tyre-road contact patch and at the hub.

The first ones would appear in the equations of motion of the tyre, while the second ones would appear in the equations of

motion of the wheel.

The tyre external forces per unit width in tangential and radial direction applied to the ring are represented by qθ(t) and

qr(t), while po is the static contribution of the inflating pressure in radial direction. The final expression of the virtual work
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per unit width of the tyre yields

δE1 =
∫ 2π

0
[qθδuθ +(qr + po)δur]adθ (47)

being δuθ and δur the virtual displacements in circumferential and radial direction of a generic point.

Considering the reaction forces acting between the wheel and the hub, their virtual work is derived as

δE2 =
∫ 2π

0
fxδxw + fzδzw +Tyδθw (48)

where δxw, δzw and δθw are the virtual displacements and rotation of the wheel and fx, fz and Ty represent the reaction forces

and torque in the rotating reference system.

Hamilton’s principle

The Hamilton’s Principle is applied to derive the equations of motion of the tyre-wheel system. The variational form

leads to

δ

∫ t2

t1

[
T − (U +E)

]
dt = 0 (49)

where E is the potential energy of the external forces (E1 +E2). By substituting the energy functions previously introduced,

the integral contribution of each term is computed. Starting from equation 37, the T1 contribution is

∫ t2

t1
δT1dt = ρha

∫ t2

t1
dt

∫ 2π

0

[
(u̇r −uθΩ)(δu̇r −δuθΩ)+ [u̇θ +urΩ+(a+uo

r )Ω](δu̇θ +δurΩ)+

−uo
θΩδu̇r +uo

θΩ
2
δuθ

]
dθ

= ρha
∫ t2

t1
dt

∫ 2π

0

[
[u̇θΩ+urΩ

2 +(a+uo
r )Ω

2]δur +(−Ωu̇r +uθΩ
2 +uo

θΩ
2)δuθ+

+(u̇r −uθΩ−uo
θΩ)δu̇r +[u̇θ +urΩ+(a+uo

r )Ω]δu̇θ

]
dθ

(50)
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The last two parenthesis are multiplied by δu̇θ and δu̇r which are the time derivatives of the virtual displacements. Integration

by parts of these terms has been performed to reconduct them to be dependent on the virtual displacement δur and δuθ

∫ t2

t1
(u̇r −uθΩ−uo

θΩ)δu̇rdt = (u̇r −uθΩ−uo
θΩ)δur

∣∣∣t2
t1
−

∫ t2

t1
(ür − u̇θΩ)δur (51)

∫ t2

t1
[u̇θ +urΩ+(a+uo

r )Ω]δu̇θdt = [u̇θ +urΩ+(a+uo
r )Ω]δuθ

∣∣∣t2
t1
−

∫ t2

t1
(üθ + u̇rΩ)δuθdt (52)

In both cases, from the integration by parts two terms appear: the first ones are equal to zero because of the assumption that

the virtual displacement is zero at t = t1 and t = t2; the second ones have to be inserted in equation 51. Combining equations

51 and 52 with 50 and putting in evidence the terms multiplying δuθ and δur, the final expression of the kinetic energy T1 is

obtained

∫ t2

t1
δT1dt =

∫ t2

t1
dtρha

∫ 2π

0

[
[−ür +2u̇θΩ+urΩ

2 +(a+uo
r )Ω

2]δur+

+[−üθ −2u̇rΩ+(uθ +uo
θ)Ω

2]δuθ

]
dθ

(53)

The first term is the one belonging to the equation of motion in the radial direction while the second one belongs to the

equation of motion in the circumferential direction.

As concerns T2, it generates contributions to the equations of motion of the wheel.

∫ t2

t1
δT2dt =

[
−m(−ẍw +2żwΩ+ xwΩ

2)

]
δxw +

[
−m(−z̈w −2ẋwΩ+ zwΩ

2)

]
δzw + Irθ̈wδθw (54)

Applying a similar procedure to the potential energies U +E, we obtain
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∫ t2

t1
δ(U +E)dt =

[
(uo

r )
3
(

K
2a4

)
+(uo

r )
2
(

3K
2a3

)
+(uo

θ)
2
(

K
2a3

)
+uo

r (u
o
θ)

2
(

K
2a4

)
+uo

r

(
kr +

K
a2

)
− po+

+
K
a2 (u

′
θ +ur)+

D
a4 (u

IV
r −u

′′′
θ )+

K
2a4 (u

o
r )

2(3ur +4u
′
θ −u

′′
r )+

K
a3 uo

r (3ur +4u
′
θ −u

′′
r )+

+ kr(ur − xwcosθ− zwsinθ)−qr

]
δur +

[
(uo

θ)
3
(

K
2a4

)
+(uo

r )
2uo

θ

(
K

2a4

)
+uo

r uo
θ

(
K
a3

)
+uo

θ(kθ)+

− K
a2 (u

′′
θ +u

′
r)−

D
a4 (u

′′
θ −u

′′′
r )−

K
2a4 (u

o
r )

2(−uθ +4u
′
r +3u

′′
θ)−

K
a3 uo

r (−uθ +4u
′
r +3u

′′
θ)+

+ kθ(uθ + xwsinθ− zwcosθ−aθw)−qθ

]
δuθ+

+

[
aπ(kθ + kr)xw +a

∫ 2π

0
[kθuθsinθ− krurcosθ]dθ− fx

]
δxw+

+

[
aπ(kθ + kr)zw +a

∫ 2π

0
[−kθuθcosθ− krursinθ]dθ− fz

]
δzw+

+

[
2πkθa3

θw −a2
∫ 2π

0
kθuθdθ−Ty

]
δθw

(55)
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