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1 Introduction

Random Matrix Models have been introduced in order to give an approximate statisti-
cal description of quantum systems involving disorder, chaos, complexity or whatever
prevents from solving the equations of motion exactly. Those models are described by
a matrix (Hamiltonian, transfer matrix, or scattering matrix) of large size N, which is
too complicated to be diagonalized exactly, and for which only statistical observations
of the spectrum are available (see [1, 2] for a review on RMT).

Most of the quantities of interest and observables are related to the short range
(in energy scale) behavior of the spectrum (indeed small energies correspond to long
time evolution, i.e. to equilibrium thermodynamical properties). This is why the short
range correlation functions are the most studied.

At first, the simplest models assumed a gaussian weight for the random matrix
and gave good agreement with observations, provided that the ensemble of matri-
ces(hermitian, orthogonal, quaternionic...) has the required symmetries (time re-
versibility,...) [2, 3].

It has been observed that the correlation functions of the spectrum possess universal
properties at sort range, which do not depend on the probability weight, gaussian or
not. This universality has been proved for a wide range of models by several approaches
[3, 4, 5, 6, 7], but a very general proof and the exact hypothesis which lead to it are
still under investigations.

Moreover, the long range correlation functions appear to share also some universal
properties, which depend on the probability weight only through a few parameters
[8, 7]. The most striking example is the 2-point correlation function that we shall

discuss below.

In the following we will restrict our attention to the so called Hermitian-One-Matrix-
Model® [2, 9] (hermiticity corresponds to a system with broken time reversibility, for
instance in the presence of a magnetic field).

We consider a hermitian matrix M of size N x N with a probability law of the

form:
P(M) _ e—Ntr V(M)

where V' is a polynomial potential bounded from below.

We wish to study the statistical properties of the eigenvalues (Aq,...,Ay) of M
in the large N limit, in particular the density of eigenvalues p()), and the correlation
function R(A, ), which measures the probability that two of the eigenvalues take the

values A and pu.

5The other ensembles are of course worth considering, but this one is the simplest.



Roughly speaking, the eigenvalues tend to occupy a finite interval centered around
the bottom of the potential well, and in the large N limit, the density of eigenvalues
p(\) is a continuous function with a compact support.

The simplest case, where the support is connected, known as the “l-cut case”, has
been extensively studied [2]. It is then found that the density p(\) is not universal,
it depends on the details of the potential V', while the connected correlation function
R.(A, i) is universal in the short range regime (|\ — | ~ O(1/N)), but also in the long
range regime (|A — u| ~ O(1)) once the short range oscillations (of period ~ O(1/N))
have been smoothed out.

What happens when the potential V' possesses several wells, of approximatively the
same depths? Then the density p()A) has a disconnected support, [a1, by]U[az, bo]U. ..U
las, bs], each interval [a;, b;] being centered around one well of the potential V. This
case is known as the multicut (or multiband) case (here s cuts).

In the multicut case the density is still not universal, whereas the 2-point correla-
tion function is universal in the short range regime and seems to have some universal
properties in the long range regime after smoothing: in [10] an explicit form of the
2-point connected correlation function was given, and is claimed to be universal: in-
deed, according to the authors of [10] “it depends only on the number of connected
components of the support and on the position of the endpoints, but not on the po-
tential”. However, more recently several authors [11, 12, 13] have studied the two-cut
case s = 2: they concentrated on the case of an even potential V' (the two cuts are
thus symmetric [a,b] and [—b, —a]). Using an ansatz for the asymptotic expression
of orthogonal polynomials in the large N limit, and rederiving the two-point function
from this ansatz, they observed that the connected correlation function is still uni-
versal in the short distance regime (which was expected), but more surprisingly, that
the smoothed connected correlation function in the long range regime depends on the
parity of N (N being the size of the matrix). This seems to contradict the former
result of [10] !

In this paper, we will solve this paradox.

We will show that the semi-classical method of [10] gives the 2-point connected
correlation function only up to an additional non-universal term, which is already
present in the free energy, but subdominant at large N in this case. We correct the
semi-classical argument of [10], and give a simple (and physically appealing) derivation
of the origin of the additional term, that we compute explicitly. This allows us to
recover the results of [11, 13] for the symmetric case, and to generalize them to non

symmetric potentials, without using orthogonal polynomials.



Using the same semi-classical argument, we are able to derive large N asymptotics
for the orthogonal polynomials, recovering the results of [11, 13] as well as the general
s cuts asymptotics which appeared recently in the mathematical literature [14], and to

extend these results to the case of complex potentials.

The effect leading to the new term in the semi-classical calculation is simple enough
to be explained briefly in this introductory section.

In [10], the free energy F' of the matrix model is derived by a saddle point approx-
imation. In particular, one has to extremize the action with respect to variations of
the number n; (i = 1...s) of eigenvalues in each connected part of the support, or in
other words with respect to the occupation ratio x; = n;/N:
oF
o

However, one has here missed the crucial fact that n;, = Nx; are not real numbers but

F=F(x.) where =0 (1.1)

T=xc

integers. When Nz, is not an integer, the extremum of F'(z) is never reached, and the
saddle point approximation has to be slightly modified. Roughly speaking the discrete

sum cannot be approximated by an integral:

z:e—g(n—]\fmc)2 # /dxe—N29($_mC)2 (12)

n

The discrete sum actually depends on how far from an integer Nz, is. For instance, in
the symmetric case, we have ., = %, and the result depends on the parity of V.

We will show that (as expected from Eq. (1.2)) in general the result involves elliptic
theta functions depending on Nz, thus leading to a quasi-periodic dependence on N.
This effect is of order N~2 for the free energy, but is of order 1 for the computation of
the orthogonal polynomials and for the correlation functions. It implies in particular
that there is no regular large N topological expansion (involving only power series
in N=2) for the 2-cut matrix model.

We will find out that the short range correlation function is universal, while the

long range smoothed correlation depends on N quasi-periodically.

The paper is divided as follows: in section 2 we introduce the method and notations
for the 2-cut model, and we compute the free energy. In section 3 we derive the 2-point
correlation function, and we recover the expression of [11, 13, 14] in the symmetric
case. In section 4, we give an asymptotic expression for the orthogonal polynomials,
which we use to rederive the universal short range properties of the spectrum, as well
as the smoothed long range 2-point correlation function.

The generalizations to a complex potential or to an arbitrary number of cuts are
presented in Appendix B and C. Appendix A is a summary of some relationships

between elliptical functions in case the reader is not familiar with them.



2 The free energy

2.1 Basics

We start from the standard Hermitian matrix model defined by the partition function
Z[V;N] = /dN [M] e~ Nt VM) (2.1)

where N is the dimension of the matrix M, V' is an analytic — in general polynomial —
and for the moment real — function, and d[M] is the standard U (V) invariant measure

over Hermitian matrices
N
dy[M] = [[dMs [ 2dRe(M;;)dIm(M;;) (2.2)
i=1 1<i<j<N

Integrating out the ”angular part” of M, Z can be rewritten as an integral over the N

eigenvalues A, ..., Ay of M [2]

Z[V;N] = CyZ[V;N] (2.3)
i N N
ZIViN] = / [T an eV TT 0w =) = / [Tdre e 50 (2.4)
k=1 k<l k=1
with the measure factor
B U(N) 1y (2m)E
On = Vel [U(l)NXGN} - NI ;I:[l T(K) (25)
and with the action S(Ag):
1 & 1
_ 2
S(A1s -, AN) = N > V) - 5 N2 > (- ) (2.6)
k=1 1<k£I<N

In the simplest "one cut” case, corresponding in particular to a concave potential, it is

known [9] that the free energy F' defined as 6

2

Z[V;N] = (%ﬁ)T e FIViN] (2.7)

has a topological large N expansion

F = NFy+ F+N7?F + ... (2.8)

2

67 is normalized here so that F is zero for the Gaussian model V = %M



obtained for instance by re-organizing the perturbative expansion according to the
topology of the Feynman diagrams. The large N limit (planar limit) can be described
by a "master field” configuration where the eigenvalues are described by a continuous

density p(A) with a connected compact support C = [a, b], with the constraints
/CdAp(A) =1 and p(A)>0if AeC (2.9)
and the action 2.6 becomes
Sl = [ W = [ axdi p)ptie) = (2.10)

The leading term of the free energy Fy can be obtained by the saddle point method:
the effective action S[p] is extremized for a continuous distribution p. and we have
simply

Fo = Slpd (2.11)

(up to an additive — potential independent — constant). To compute p. we include the

constraint 2.9 in the effective action by a Lagrange multiplier I

Sl = il + 1= [ ) (212
The saddle point equation for p reads:
8—§ = V()\)—Q/d,up(,u)lnﬂ)\—,un—l" =0 vael (2.13)
Ip(A) c '
which simply means that the real part of the effective potential
Ve = VOO =2 [ deplie) n (A=) (214)

is constant on the e.v. support C, and equal to I'. The derivative of 2.13 w.r.t. \ gives

the well-known equation

1
Re (wo(N)) = ][d,u,o(,u)m = V'(\)/2 VieclC (2.15)
c _
where wy is the large N resolvent
o1 1 _ p(1)
wo(A) = ]\}EO(NTI" {)\—M]> = /Cd,um (2.16)

Finally let us recall that in the one-cut case C = [a, ], if the potential V' is a polynomial

of degree P, w is of the form

wo(A) = . with o) = A—a)A—0b)  (2.17)




where M () is a polynomial with degree P —2. a, b and M are entirely determined by
the constraint that

wo(A) = A7 + O(N?) for A — 00 (2.18)

The e.v. density is given by the discontinuity of w

o) = %[w()\—i—iOJr)—w()\—iOJr)] = e (2.19)

2.2 The 2-cut case
2.2.1 Mean field:

If the potential V' is real but has more than one minimum, the large N limit may be
described by an e.v. distribution on several disconnected intervals. For simplicity we

shall first consider the case where there are two intervals
C :ClLJCQ , Clz[a,b] s CQI[C,d] s a<b<ec<d (220)

In this case, as we shall see, there is no topological large N expansion, even for
the free energy F. As shown in [15, 16], to describe the large N limit, we have to
consider as an additional variable the ”average” proportion of eigenvalues x; = n;/N
and x5 = ny/N in each interval C; and Cy, and introduce the associated Lagrange

multipliers I'; and I's for the constraints
To = / p(AN)dN  , a=1,2 (2.21)
The effective action 2.12 now reads, with

T = (2.22)

Slp;x] = Slp] + Zfa(xa—/ p(A)dN) |,z Fas=1 (2.23)

o

with S|[p| given by 2.10 as before. The saddle point equation w.r.t. p(\) gives as before
the equation 2.13, which implies that the effective potential defined by 2.14 is constant
on each interval

Ver(A) =Ty, when A€ C, (2.24)

but the corresponding e.v. density p.(\) and the effective action S, still depend explic-

itly of the e.v. proportion z, since we have

S.lz] = % ( /C PV V() d + Zra%> (2.25)

6



The saddle point equation w.r.t. x implies the equality of the effective potentials for
each interval 95
-1y, =0 (2.26)
ox

This fixes the value of z, and it is known that with this last equation the e.v. density
pe is uniquely determined in the 2-cut case. The large N free energy is then given
simply by

Fy = Slpgx] = Selz] (2.27)

For an explicit polynomial potential V' of degree P, and for fixed x, the 2-cut mean
field solution for the resolvent is

_ V'Y - M) Ve

with o A) = A=a)A=Db)(A—c)(A—d)
(2.28)

and M(\) a polynomial with degree P — 3. The e.v. density p(\,x) is still given by

the discontinuity of wy. The coefficients of M and the 4 end-points a, b, ¢, d are entirely
determined by the constraint that wy(\) ~ A~ when A — oo and by the fact that z

must be given by

- / (0, 2) dA = %/ M, 2)]y/]o ()] dA (2.29)

Finally the equation 2.26 which fixes x = x. reads

0 = Vig(b)—Vis(c) = / “d) 2uo(Ax) — V() = — / "M )V (2:30)

b b
2.2.2 Discreteness of number of e.v.’s:

This is sufficient if one is interested in the leading term in the large N limit (planar
approximation). However, in order to understand the structure of the subdominant
terms of the large N expansion, it turns out that we cannot neglect the fact that the
number of e.v. n, = Nz, in each interval C, must be an integer.

Let us consider the simple case where the potential V' has two separate minima 2z,
and z;. What has to be done is first to fix the number of eigenvalues n; = n (resp.

ne = N —n) in the vicinity of z; (resp. z3) in the partition function 2.5 by writing

N

By N By
Z[V:N| = — 7[Vin,N — 2.31
where
5 E +o0
Z[Vin,N —n] = / dei/ [Tan e M=eV@®0 TTw = N)* (2.32)
— j<n E  sn k<l

7



with E a "frontier” b < E < ¢ between the two semi-classical cuts [a,b] and [c, d]. We
now claim that each term of this discrete sum has a well defined large N topological
expansion. Indeed, we can rewrite 2.32 as a matrix integral over two separate matrices:
a np X ny matrix M; with the ny = n e.v. < E and a ny X ny matrix M, with the
ng=N-—-nev. > FE as

~ 1

Z[V, n] _ / dn1 [Ml] / an [M2] e —NTr (V(M1))—N Tr (V(M2))+2 Tr (In(M1 ®Id+1d® M2))
CnCN—n
(2.33)

This last matrix integral has a topological large N expansion of the form 2.8 in the
‘t Hooft limit N — oo, x = n/N fixed, obtained by doing a classical perturbative
expansion around the smallest minimum z; of V for M; and around the largest mini-
mum 23 of V' for My, and by re-organizing the perturbative expansion according to the
topology of the Feynman diagrams. Taking into account carefully the measure factors

C, and Cy_,, and using their large N asymptotics

N?
Cy = % (%) : e’ (27) N N1z est (1 + O(N™Y)) when N — 0o (2.34)
(easily derived from Stirling formula),we obtain that
AVe _ (2m v -4 - —F[V;N,z]
[ViN] = (W) 12 nZ:O e (2.35)
where each F[V; N, z| has a regular large N asymptotic expansion of the form
F[V;N,z] = i N> F,[V,2]  where 1z = n/N (2.36)
h=0

with each F,[V,z| a regular function of = n/N. In particular, the leading large N
term is given (up to an additive — V' and x independent — constant) by the classical
effective action 2.27

Fy = Slpsad = Silad (2.37)
Finally, let us stress that although this decomposition depends on the arbitrary param-
eter E, since F is in the interval ]b, ¢[ where the density of eigenvalues is exponentially
small with NV, the integral 2.32 depends on E only through exponentially small terms

—cst- IV

of order e , which are “non-perturbative” in the topological expansion Eq. (2.36).

2.2.3 Beyond mean-field:

We can now easily calculate the subleading terms of order O(N~2) for the full partition

function. In the large N limit we can approximate the sum 2.36 by
N
Z[V, N] . Z e—N2Fo[V;x}—F1[V;:c]+~~ (238)

n=0



If . denotes the saddle point of Fy[z] given by 2.26, the sum is dominated by the n’s
such that
In — Nz, = O(1) (2.39)

Thus we can still use a quadratic approximation for Fy[z]

ZIV;N] o« e (WAVzdtRlVied+- Ze n—Nee) Iy [Viac /2 (2.40)

where I = 0*F,/0z* and where the - - - represent terms of order O(N~2). The last

sum over n gives simply an elliptic Jacobi theta function 65

>N RW2 — (ar B Vi) O(Na7) (2.41)

with modular parameter 7 given by

2im
= —— 2.42
"= WVied (242)
and where the theta function is defined as
O3(2|7) = O3(2) = g™ with g=e"" (2.43)
nez
It obeys the periodicity relations
Os(z+1) =05(2) , Os(z+7)=e"CH05(2) (2.44)

(For details on elliptic functions see e.g. Refs [24, 25, 23]). Eventually we have for the

free energy

FIV:N] = N?* FV,x]
— In(65(Nz.)) + Fi(V;z.) + 3 In(2rF][V;z.)) (2.45)
+ O(N7?)

where [ is the torus contribution in the topological expansion of 2.33. The next terms
of this expansion can be calculated along the same line.

Let us stress that this is not a topological expansion, since the second term In (65(Nz.)),
seemingly O(1) and contributing at the torus order, is not regular in N. Indeed, it is
periodic in z. with period 1/N. When computing some observables or quantities of the
matrix model, one must take derivatives of F' w.r.t. some parameters of the potential
V. Since the saddle point x. depends implicitly on V', every derivative will give a factor
N, and this term may become of the same order than the first term N2Fy[z.] given by
the planar limit. Note that the last two terms depend on x and not on Nz, and they

will remain subdominant once we take derivatives of F.



u(c)=1/2 u(b)=1/2+ /2

|

© u(d)=0 u o u(@=1/2

Figure 1: the upper half-plane is mapped onto a rectangle (1/2,7/2)

2.3 The modular parameter

Finally, we can express simply the modular parameter 7 defined by Eq. (2.42) in term

of the end-points a, b, ¢, d of the support of e.v. For this purpose, we introduce the

function o
ocA) = A=a)A=b)(A=c)(A—d) (2.46)
and the function u -
u(\) = %/d \/02(7) (2.47)

where K is

with  m = D709 yg)

¢ dz 2
K"A oo - Ve—aa=y " (d—b)(c—a)

K[m] is the complete elliptic integral of the first kind. Similarly we define

b dz 2
K = = K[m' with m =1—m 2.49
l TG Ve—aa—y (249)

We shall show that the modular parameter 7 of Eq. (2.42) coincides with the stan-
dard modular parameter of the torus associated to the mapping u, i.e. of the elliptic
curve y? = o(z). Indeed, 7T is simply given by

K K1 —m]

7=l = IW (2.50)

So we have

_1+7’
== ,

1
Y ’ U(b) U(OO) = Uso
2 (2.51)

and u maps the upper half A-plane onto the half-periods rectangle (1/2,7/2) and the

ue)=3 .

double-sheeted complex A-plane onto the period rectangle (1, 7).

10



To show Eq. (2.50), we use the fact that in the two-cut case, if we fix z (the e.v.
ratio in the first cut) the semiclassical e.v. density (extrema of the effective action
S ) is now a function p(A,z) of A and z, and the end-points a, b, ¢, d depend on .

Therefore the large N resolvent wy is of the form

V() M\ 2)y/o()

wo(A, ) = 5

(2.52)

with M (), x) a polynomial with degree P — 3 in A (P being the degree of V'), entirely
fixed by the constraints 2.18 and 2.29. Therefore the partial derivative of wy(A, x) w.r.t.

x is necessarily of the form

Owo (A, ) _ C (2.53)
ox o(\)
with C'= C'(\, z) a priori a polynomial in A. Since 2.18 still holds independently of =
we must have
W =0\ ?) for A—o0 (2.54)

which implies that C'(A, x) is of degree 0 in A, i.e. is a constant (depending only on z)
C = C(x) (2.55)

This constant can be easily determined by using that

b dx
r = /a p(A\, z)d\ = /c 2.—w0()\,x) (2.56)

Ve

with C" a clockwise contour encircling the interval [a, b]. Therefore we have

or oy R C="%

ox 1:/ dx C CK T (2.57)
c

with K’ the half-period defined in Eq. (2.49). Now we use Eq. (2.26), Eq. (2.27) and
the definition of the effective potential Vg of Eq. (2.14) to write the derivative of the

free energy w.r.t. x as

OF, ‘ /
S = Ver(b) = Vear(c) = /b dA (2wo(A) = V'(A)) (2.58)

Now we take the derivative w.r.t. = of this equation and obtain

"o 82F0 o ¢ 8f"JO()\) o ¢ C - . 2K
=0 —2/b a2t —Q/b D = 20K = T (259)

Using Eq. (2.42) we thus obtain the result 2.50.

11



3 2-points correlation function

3.1 The basic formula

As a first application we compute the large IV smoothed connected two-point correlation
function (first obtained by [11, 13, 14]), defined as

) = (|| 1 | = o e [ e

Adding source terms to the potential of the form

1 1 1
\— 2 ) ‘/EA,E#(Z) = V(Z) — 6)\)\_ > — €uﬁ (32)

Ve, = V(2) — ea

we have 1 8 8
‘p) = —— 2~ 2 Flv. . N .
w ( 7/~L) N2 86)\ 86“ [ Ar€p ] N (3 3)
and for the resolvent (one-point function)
1 1 1 0
A) = — (T - —— 2 FV.. N 4
o) = 50T |2 = - g P (3.4)

If the €,’s are small and the A’s not too close to the cuts, the mean-field solution is still
a two-cut e.v. distribution, with x. = z.(e) an explicit function of the A’s. So from
Eq. (2.45) for the free energy we have for the two-point function

o 0 O0x, Oz,

“(A = | =5V,
W ) Dey O¢, olVereul + dey O¢,

In (93(]\7%))]”} + O(N™) (3.5)
ex=c,=0

The first term in the r.h.s. of 3.5 is the mean-field contribution already calculated in [17,

10], the second term involving a second derivative of an elliptic function, characterizes

the multi-cut solution.

3.2 The mean-field contribution

For completeness let us first rederive the mean field contribution of [17, 10]. Taking
the derivative with respect to €, we obtain the mean-field resolvent for the potential
v

€u

0
— L RlVa)| = eV (3.
€>\ 6)\:0
which must be of the form
1 € M(z)\/o(2)
Vo) = 5 |V(2) = —F 3.7
wo(z; Ve,) 5 (2 CEE + CEE (3.7)




with M(z) a polynomial of degree P — 1 (here both the coefficients of M and of o
depend on p and €,). In addition to the P — 2 constraints (coming from 2.18 and 2.30)
wo(z; Ve, ) must be regular at z = p. This determines entirely M. Taking the derivative

w.r.t. €, and using the symmetry \ <+ u we get

ey = - 29 p 1 1 _ Qe
B = = 5 e, T zu—m21*‘¢an¢am] )

with Q(A, 1) a symmetric polynomial in A and in p. The constraints on wf are: (i)
ws = O(A7%) as A — oo which implies that @ is of degree at most 2; (ii) w§ is regular
at A = p which implies that Q(\, u) = —a (A + p)/2) + O((A — w)?); (iii) finally the

equality of the effective potential on the two cuts implies that

[ sionman = o (3.9

Conditions (i) and (ii) fix uniquely @

_ 1] G- dE- gt - :
o = =3[ LB TNGda | Tseewt e

up to a constant S fixed by condition (iii), which is found to be

——}C—CL _ M wi m:(c—b)(d—a)
§ = —j—a@-nE i e S CED

and where K[m] and E[m] are the standard elliptic integrals of the first and second
kind.
3.3 The non-regular contribution

In order to compute the second contribution to 3.5, we simply need ng:. Since z. is

fixed by the constraint % = (0 we can write

c ’F, ’F,
ore __Ih 0% (3.12)
Oey, 0xdey /| Ox?
Using the results of subsection 2.3 we have
82F0 2t K 82F0 0 ™ 1
= d = — —wp(A = — 3.13
T v S S =5y 1
So we have eventually
T ___1 (3.14)
Dex 2K\/o(N)



and the second non-regular term is

Ox. Ox. 1
Jex De, [In (63(Nae|7))]" = In (63(Nz.|7))]" (3.15)

- 2K\Jo()) 2K\/7

with K defined by Eq. (2.48). Using standard relations on elliptic functions, this can

be rewritten as

(c—a)(d—b) [ Elm]

INCONCT) “Km) +dn*(Nw,. + 1) (3.16)
with
dn(u) = dn(2K[m]u|m) (3.17)

where dn(u|m) is the Jacobi elliptic function dn. Its periods are 2K[m] and 4iK [m/],
and dn?(z) has periods 1 and 7.

3.4 The final result

Combining 3.8, 3.10, 3.11 and 3.16 we obtain the final result for the 2-point correlation

function

sn2( +1) (3.18)

We have used the relation dn2(u) =1 — msn?(u), where similarly to 3.17 we note
sn(u) = sn(2K [m]ulm) (3.19)

Surprisingly, the ratio E[m|/K[m| characteristic of the mean-field solution of [17, 10]
has disappeared.
The smoothed 2-point connected density correlator p(\, i), defined as

P ) = (Tr [0(A = M)} Tr [6(u — M)]) — (T [6(A = M)(Tr [6(u — M)]) (3.20)

can be obtained easily from the discontinuity of w®(A, ). One obtains in the large N

limit, if A and p are on the support of e.v.

1
4m2

A—a)A=b)(p—c)(p—

P ) = (b —a)(p— (A—C)@—d)) " M_W)
)(d—b)

(3.21)




ex =1 if Ae€lab] , —1 if Aeled |, (3.22)

and zero otherwise.

The new non-regular term sn?( Nz, + 1) is an even periodic function of Nz, with
period 1 which varies between 0 and 1. Therefore, as N varies, depending on the
rationality or the irrationality of z., the two-point function will be varying with N in

a periodic or quasiperiodic way.

3.5 The symmetric case

It is now very easy to recover the results of [11, 13] for a symmetric potential. Indeed,

if the potential V' is symmetric, the two cuts are also symmetric

a=—-d , b= —c (3.23)
and we have automatically
o = % (3.24)
so that
2 . .
9 . J sn?(}) =1if N is even
s’ (Nze +3) = { sn2(0) = 0 if NV is odd (3.25)
Eq. (3.18) and Eq. (3.22) become
’ 20\ — )2 NN 2 o(N)y/o(u)

pc()\“u> _ % ExEp ((CL2 — )‘:U')<b2 — )\M) _ (_1)N ab) (327>

VIeWV o (w)] (A —p)?

with o(A) = (A2 — a?)(\? — b?).

3.6 The two-point function as an elliptic function

It is interesting to consider the two-point correlator in terms of the elliptic coordinates
defined by Eq. (2.47)
u=u(A) , v=u(p) (3.28)
Let us thus consider
—C a)\ 8,u c c
W, v) = 5o 5o wiA p) = 2Ky o(X) 2KV o(u) w(A, 1) (3.29)

It is easy to see (from the properties of w®) that w(u,v) satisfies:

1. @°(u,v) is a doubly periodic function of u (and of v) with periods 1 and 7;
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2. w(u,v) is regular at u and v = u(a), u(b), u(c), u(d) and uy;

3. w%u,v) is regular when u = v, but has a double pole at u = —v (corresponding
to the double pole of w®(A, ) when A = p but with A in the first sheet and p in

the second sheet), with residue 1.

This implies that w(u, v) is a Weierstrass elliptic function
w(u,v) = p(u+ v|T) 4 constant (3.30)

where the constant depends on Nz, (p has periods 1 and 7). Using classical identities
between the Weirstrass p function and the Jacobi elliptic functions, it can be easily

calculated. We find the remarkably simple result
0(u,v) = p(u+v|1) — p(Nz.+ 3|7) (3.31)
or equivalently

@(u,v) = — [In (01 (u+v|7))]" + [In(63(Nw.|7))]” (3.32)

4 The orthogonal polynomials

Let us briefly recall some basic facts about the well-known method of orthogonal poly-
nomials [18], which is a powerful tool for studying the spectral properties of random
matrices [2]. Asymptotic expressions for the orthogonal polynomials have been ob-
tained recently [14] in the mathematical literature, by solving a Rieman-Hilbert prob-
lem. Here we will derive them from the free energy directly.

Consider the partition function (2.4):

7 = /om1 ddy e NIV TN = A (4.1)
i<j
The last term is a Vandermonde determinant [2]:
[T = X) = det (\Y™") = det (P4 (\)) (4.2)
i<j " "
where the last equality is obtained by linearly mixing columns of the determinant, and
holds for arbitrary monic polynomials P, (\) with leading coefficient P, (A) = A" + .. ..
The method of orthogonal polynomials consists in choosing a family of polynomials

suitable for the computation of (4.1), namely, the family of polynomials orthogonal
with respect to the weight exp —NV'(\):

/ AA Pu(A) Pm(A) e NN = By, (4.3)
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With this particular choice of polynomials, the integral (4.1) is merely:

Z=NT] hn (4.4)

n=0

and the joint probability density of all the eigenvalues takes the form of a Slater de-

terminant: )
RN()\la ceey )\N) = ﬁ Ogdne<tN [’an_l()\z)] (45)
1<i<N
where the wave functions v, (\) = \/%Pn()\)e_%v(’\) are orthonormal.

4.1 The Kernel K(\, p)

The square of a determinant can be rewritten as the determinant of a product:

1<ij<N

(gg;wn_lui))) = det [Z_wnuiwn(xj)]

we are thus led to introduce the kernel K (A, u) [19]:

N-1
1
K\ i) =5 > bn(N)en(n) (4.6)
n=0
In terms of which the joint density of eigenvalues is now a determinant
NN
Rn(M, .., y) = T det [K(Ai, Aj)] (4.7)

The orthonormality properties of the polynomials imply the projection relations
1
/d)\ KM\A) =1 and /d)\ K(p, MK\ v) = NK(,u, v) (4.8)

which make any partial integration of (4.7) easy to perform (theorem of Dyson [20]).

In particular, the integration over N — 1 eigenvalues gives the density of eigenvalues

,0()\1) = /d)\g...d)\NRN()\l,...,)\N) :K()\la)\l)

and the integration over N — 2 eigenvalues gives the correlation function:

RoOhde) = [dhg.. . dAvRa(hs- s An)
=N (K()\lu)\l)K()\27)\2) _K()\lu)\Q)K()\27)\l>>

N-1

In short:
pN)=KANA) . p(hp) = (KO NE (1) — K (X, p1)?) (4.9)
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In addition, the Darboux-Christoffel theorem [24, 21], asserts that

1 Pv(M)Pn-a(p) — PN(M)PN—l(A)e_g(vmw(u))
Nhy_y A—p

K\ ) = (4.10)

which means that we need to evaluate P,, only forn =N and n =N — 1.

Thus, we shall now aim at finding asymptotic expressions for the orthogonal poly-
nomials P, (\), and the kernel K(\, p) in the large N limit, and n close to N. This
has been done in the 1-cut case [7] and in the symmetric 2-cut case [11, 14, 12]. Here

we will generalize it to the non-symmetric case, with the method used in [21].

4.2 WKB approximation for the orthogonal polynomials P, ()

The orthogonal polynomials have the following integral representation (see Appendix
1 of [21] or [18]):

— fdMan det (A — M) e~ Ntr V(M)
- fdMan e~ Ntr V(M)

where the integral is restricted to hermitian matrices of size n x n.

Pu(A) (4.11)

Thus the orthogonal polynomial is given by the ratio of two matrix integrals of the

same type as the partition function 2.1:

Z[V + 5‘/1 + 5‘/2’ n] e—F[V+6V1+6V2;n}
Pr(A) = Z[V + 6Vi:n] - e—FIV+8Vi;n] (4.12)

where
N —n

SVi(2) = V()  and oV — —% In (2 — A) (4.13)

We have seen in the previous section (eq.2.45) that
F[V;n] = n?F[V; 2] — InOs(nz[V]) + . .. (4.14)

We will use the fact that under a variation 0V of the potential, the variation of Fj is
21, 8J:
1
0Fy = % w(z)oV(z)dz (4.15)
where the anti-clockwise contour encloses the support of the density of eigenvalues,

and w(z) is the resolvent (eq 3.4 and 2.28):

w(z) = % (V') - M(z)Va2))

It is convenient to introduce two sources ¢; and ty for the variations dV; and V5 of

the potential, and consider a generalized potential V(z):
V(z) =V(z) + t1dVi(2) + t20Va(2) =V (2) + 61V (2) + o In |\ — 2|
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1

Since t; = and t, = —+ are both small of order O(N™"), we will expand F' in

N—n
n
Taylor’s series:

3 t3
F[V(Z)7 n] = F[V(Z), n] + t181F + tg&gF + 51811}7 + t1t2812F + 52822}7 + ...

all the derivatives being taken at the point t; = t, = 0.
This will give

(N—n)o12 Fo o~ 5022 Fo O3(nx + (N —n)oiz — o)

~ nds Fy
Pu(A) ~ e e 03(nz + (N — n)d,x)

(1+O(N7Y) (4.16)

Now, let us compute the derivatives of F and x = x. with respect to t; and t,.

The method proceeds similarly to section 3.1.

4.2.1 Derivatives of Fj; with respect to ¢; and ¢,
using (4.15) with (4.13):

oF, 1

After integration by part, the pole in (z—\) picks a residue, and the result is a primitive
of w(A):
OF, /A
— = w(z)dz 4.17
5 = ) (417)

The lower bound of integration ) is to be chosen such that €™~y A" i.e.

o 1

In\g = / (w(z) — —)dz (4.18)
Ao z

In order to compute the second derivatives 012 Fy and 0o Fy, we will need to differ-

entiate w(z) with respect to ¢; and ts.

4.2.2 Derivatives of w(z) with respect to t; and ¢,

The resolvent w(z) computed for the potential V(z) takes the form:

1

w(z) = ; (v'(z) ~ M(2) a(z)) (4.19)

where M (z) is analytic. Notice that when V'(z) has a pole in z = A, M(z) may have

a pole too. w(z) obeys a linear equation:
w(z +10) + w(z —10) =V'(2) for 2z € [a,b]U]c,d] (4.20)
Thus its derivatives obey linear equations as well:
Ow(z +10) + dw(z — i0) = 6V (2) = V'(2) (4.21)
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Dow(z +10) 4+ Gaw(z — i0) = 6V5(2) = Y (4.22)
e Jw;: The solution of (4.21) is:

f(2)
o(2)

where f(z) is analytic in z. The boundary conditions 2.18 imply that f(z) ~ z when

Ow(z) =w(z) —

(4.23)

z — oo and f has no pole, thus f(z) is a polynomial of degree 1:

ow(z) z— 2o

Oty = (@)= o(z)

(4.24)

zo is determined as a function of a, b, ¢, d by the derivative of 2.30 with respect to t;:
/ 22— (4.25)
b o(z)
It can be checked that in term of elliptic theta functions we have (see Appendix A, or
[23]):

z—z20 d 01(u(2) + us)
) =14 In Br(u(z) — i) (4.26)

and thus:

(4.27)

e Jw,: Note that the t5 source-term is the primitive of the e, source-term of 3.2, and

e d dw(z)  Ow(z) 1 O°F
Wiz wi(z
dz Oty  Oey  n20e,0ey we(z, A) (4.28)

s0, Ow /0t has already been computed in 3.8. The second derivative Oy F' corresponds
to z = A,

O Fy =In/o(A) +21In (61 (u(N) — us)) (4.29)
4.2.3 Derivatives of z

Recall that

b 1 b
- / PN = 5 [ M) ale)de (4.30)
using 4.27 we get:
@_ijL bz_ZOdz—:p—l—Qu (4.31)
81&1 N 20T a g(z) N o ’
Similarly, from 4.28 and 3.18 or 3.31 (or less tediously, taking the primitive of 3.14),
we get: 5
x
a4 ua 4.32
= —u) (4.52)
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4.3 Final result
4.3.1 Case A ¢[a,b]U|c,d

Eventually, inserting 4.17,4.27,4.29,4.31, 4.32 into 4.16 we get:

VIO pa(u(N)) eV e (4.33)

)\i[abu[cd
where
(W) =C O3(Nz + 2(N — n)uoo + U — tioe)01 (2uee) [O1(u+us)\"

Prltt) =50 TG (N2 + 2(N — n)usc)fr (0 — o) \ 01 (u — o)

(4.34)
(), is a normalization such that P,, ~ A" for A — oo.
, 1 (0 bodz
Cp=V2KA"™ Nt with A=-——-———12_ and K= /
2K ‘91(2uoo> c 0'(2)

(4.35)

1 05(0)
A= —"ld—a—
1 |d —a—c+ D 72 (2]

Note that 4.33 is unchanged under v — v + 1 and u — w + 7. Indeed, a shift

u — u + 7 amounts to a nontrivial circle around the cut [c,d]. Thus [w is shifted by

—2im fcdﬂ = —2im(1 — ), and eVJ ¢ receives a phase e*™V®

—2im(v+71/2)

. In the same time, the 6
functions receive phase factors: 8(v + 7) = 6(v)e
the total phase shift is 0.

. One can easily check that

4.3.2 Case \ € [a,b] U|c,d

Expression 4.34 has been derived by a saddle point approximation of 4.12 when \ does
not belong to [a,b] U [c,d]. When A lies on the cut [a, b] U [¢, d], 4.12 actually has two
saddle points, contributing to the same order. They correspond to the two determi-
nations of the square root ﬂ:m. The asymptotic expression for the orthogonal

polynomial is then given by a sum of two terms:

,Pn()\)ke[a?u[c d}C’\/E [pn(u) NN 4ip,, (—u) NN eV (4.36)

where ((A f ; p(z)dz and

C —e 2 ( (Mo) +f)\ M(z) V o(z) dz) =d e—%V(d)e—N‘fdM(w(z)—%)dz (437>

To summarize: When A ¢ [a,b] U [c, d], the wave function 1,,(\) = P,(A)e ™ NV/2
decays exponentially, and within the support [a,b] U [c, d], it oscillates at a frequency
of order N.
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w0

UUU b UUUUd A
Figure 2: Typical behavior of the wave function

4.3.3 Check of the orthogonality

For completeness, let us check that the functions (4.33) are indeed orthogonal (at

leading order in N~1). Let us compute the integral:

/ AAP, (AP (N)e VYV

o0

The contributions of the integral along | — oo, a] U [b, ¢] U [d, oco[ are exponentially small
and do not contribute at leading order.

Along [a, b] U [¢, d], we use expression 4.36, and get a sum of four terms:
02/d)\u’)\ <Zp (Wpm(=u) . 4.38
( ) —I—pn(u)pm(u)e 2iN7C(N) —pn(—u)pm(—u)e2N ¢(N) ( )
Since the two last terms have fast oscillations of frequency N, they are suppressed as
O(1/N).
The leading contribution is thus given by the two first terms of 4.38, which can be

rewritten as integrals in the u plane along the contour depicted on fig.3.a:

NV (2 + 1 — oo 0 (m — 1 — o) [ B+ u0) )"
/Pane = zcnm/dueg(:):n)é’g(xm)el(u—uoo)el(u+uoo) <91(U—uoo)> (4.39)
+ (u— —u)

where z,, and ¢, are short notations for:
Tp = Nz +2(N — n)us and Cnm = C*CrCr07(2us0) (4.40)

If n > m we may deform the contour to a circle around the point —u., (fig.3.b),
and the integral vanishes since there is no pole, while if m > n we deform the contour

to a circle around 4u, (fig.3.c). Therefore, the integral vanishes for n # m.
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a)

b) <)

Figure 3: Deformation of the contour integral

When n = m, the integral picks a residue:

/ AP, Ppe ™ VN = h 6, (4.41)
with (C, ¢pm, A, ©, are defined in 4.35, 4.40, 4.37):
4m 03(Tny1) 2 03(xp41) 2(n—
hy, = Cpn = Ag O? 2T A2(n=N+1/2) 4.42
5 @un) 0 () Os() () (4.42)

4.3.4 Recurrence equation

It is well known that the orthogonal polynomials satisfy a recurrence equation of the
form [2, 18]:
APr(A) = Pri1(A) + B Pr(X) + i Pr_i(N) (4.43)

Here, we find that (divide 4.43 by P,, and match the poles on both sides):

hn 03(Tn11)03(Tn 1)
n = = A? 4.44
e () 4y
which can be rewritten more compactly as

_1
16

Qn

(((d —a)— (c—b))* +4(d —a)(c — b) en®(z, + 1/2)) (4.45)
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And by taking u = 0 in 4.43 we get [3,:
O3(Tni3/2)03(xn)  O3(Tni1)05(T—1/2)

L, —d=A 4.46
4 93($n+1)‘93(5€n+1/2) 93(%)‘93(%“/2) ( )
which can be rewritten more compactly as:
a+d+(c—0) d—1b
= —(c—0b 4.4

cn2(zp—uoo+1/2)

The sequences «,, and 3, are thus quasi-periodic in n. It is interesting to recall that
the behavior of these coefficients has been extensively studied (mainly by numerical
methods) by several authors in the early 90’s [22]. The general conclusion was that
in the multi-cut case the general behavior of the recursion coefficients was “chaotic”
in n (and regular or quasi-periodic only in some special cases). It is clear from our
expressions that in the two-cut case the behavior is always periodic or quasi-periodic
and never chaotic (in the mathematical sense). This is in fact true even if the number
of cuts is larger than 2 (see appendix C).

In the symmetric case, x = % and Uy, = i, we have x,, = n/2 mod 1, so that we
recover 3, = 0 and o, = 1(a — (—1)"b)*.

In the general case, a,, and [, vary along a periodic curve, between two extrema,

given by:
- — _ 2 _ o 2
(d—a—(c—0)) <an<(d a+ (c—10))
16 - - 16
d+a c¢c—b d+a c¢c—b
— < <
2 2 < B < 2 + 2

Similarly to the one-cut case, one may relate «a,, to square width of the distribution

of eigenvalues, and (3, to the center of the distribution.

4.4 The kernel K (A, u)

We can now evaluate the kernel K (A, 1) according to (4.10). Let us note u = u(\) and
v =u(p) and we assume A, p € [a,b] U [c, d]:

C%/uv' Z VDN (ew)py_1 () e=NImCR) e=nNiT() _ (3, — )
Nhy_1 i1 (AN —p)

which can be rewritten as a sum of eight terms:

CN,N—1 V u'v’ %
hN—193(ZEN)93($N—1) N()\ - ,U)
Z Kﬁﬁg(]\fx + €U — Kl )03(NZ 4+ nv 4 Kiso) o Ni(eC(N) +n (1)
01 (eu — Ko )01 (MY + Kus)

KA p) ~ (4.48)

KA p) =

e,n,k==x1

(4.49)
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We will see below that not all the terms contribute to the same order.

4.4.1 Regime |\ — pu| ~ O(1/N)
The eight terms of (4.49) can be rewritten as four combinations of the type:

fu,0) F f(v,u) g(u,v) — g(v, u)

and  cos (N7(C(A) £C(w)))

sin (N7 (C(A) +C(w)))

N(A = p) N = p)

In the limit |\ — p| small, i.e. |u—v]| small, the terms with a cosine will be proportional
to derivatives of g(u,v), and there will be an overall % factor. Similarly, the term with
a sine and a + sign will be proportional to a derivative of f(u,v) and will be of order
1/N. Only the term proportional to sin N7 [} p(z)dz can balance the 1/N factor, and

is dominant in the short range regime. After calculation we get:

sin N [} p(z)dz
K(\, ~ A 4.50
( M)\)\—u\NO(l/N) Nm(\— ) ( )
As expected we have
KA = p() (451)

and we recover the universal short range correlation function:

o 1) ~ o)) (1 - (i) ) (4.52)

4.4.2 Long range regime, smoothed oscillations

When |A — u| ~ O(1), K(A, 1) has high frequency oscillations, and only a smoothed
correlation function obtained by averaging the oscillations can be observed.
Recall that the connected 2-point correlation function is related to K2 by (4.9):

p2c()‘7 :U’) = _K(Av M)z (45?))

with K(\, p) given by 4.49.
Smoothing out the oscillations amounts to kill all terms containing some ¢*¥™ in

the square of eq 4.49, we thus have:

1,0 .2

— —2uv'c
K\ p)? = NN K1K
o) = o VO =, 2 e

Os(NT + €u — K1Uoo )03 (NT — €u — Koo )03(Nx + N0 + K1tso )03(NT — nU + Kotis)
01(eu — R1too )01 (—€U — Katloo )01 (MU 4 K1Uoo )01 (—NV + Kotlso)

(4.54)
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Using that (see appendix A, and [23, 25, 24]):

01 (u — v)01 (u + v)0? (2uy)
01 (U — oo )01 (U + Uoe )01 (V — 0o )01 (V + Uso)

A—p=—2A (4.55)

we get (Eij = —€j; = :l:l)

— 2u'v'07(0)
K 2 = 1
(A n) N24720(N2)62(2u.0)

01(u — Uoo )01 (U + Uso )01 (v — Uuso )01 (v + uoo))2
€€kl + €€k 4.
( 01(u — v)01(u + v) i,j,g;il (€ije 1€45) (4.56)
O3(Nz + u — oo )03(Nx — u — ktieo)03(NT + v — jtieo)03(Nz — v — luy)

el(u - iuoo>91(_u - kuoo>91(v - juoo>91(_v - luoo)

We see that 4.56 has no pole when u = tu., it can have (double) poles only when
u = £wv. Thus, 4.56 can be rewritten in terms of Weirstrass functions of v 4+ v and

u — v

1
2N?72
Taking © = v and u = —v in 4.56, we find that the residues are C; = Cy, = 1, and

K\ p)?= u'v' (Crp(u —v) + Cop(u +v) — 25)

taking a particular value of u and v, we find the constant S, equal to what we had in
3.31:

KO )2 =— ' (@(u — ) + plu+v) — 2p(Nz + 1)) (4.57)

1
2N272 2

and we recover the result 3.31 found in section 3.6.

5 Conclusions

In this article, we have solved the puzzle raised by [11, 13] and understood why the
naive mean-field method [10] and the orthogonal polynomial ansatz [11, 12] approach
used in the symmetric case disagree.

We have proven here that this effect has nothing to do with a Z, symmetry breaking,
as it was sometimes assumed [11], it is general as soon as the support of the density is
not connected.

The apparent paradox comes from the fact that when the support of eigenvalues
is not connected, the free energy admits no large N expansion in powers of 1/N?
(topological expansion [9]). This means that the free energy in the multi-cut case
is not given by a topological expansion, i.e. the sum of diagrams with a weight NX
(x=Euler Characteristic of the diagram).
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The explanation lies in the discreteness of the number of eigenvalues. For instance
in the symmetric 2-cut case, the classical approach assumes that the minimum of the
free energy is reached when one half (z = 1/2) of the eigenvalues are in each cut.
Obviously, this minimum is never reached when the total number of eigenvalues is odd,
and in general, the result depends on the fractional part of Nzx.

At leading order in N only, the free energy is correctly given by the classical saddle
point limit [16, 10], but the first order in N is not sufficient to determine the 2-point
(or higher) correlation function.

Here we have computed explicitly the two-point connected correlation function. It
contains a universal part depending only on the number of cuts, which was obtained
by [10], and contains in addition, a non universal term quasiperiodic in N [22, 14].

Let us stress that our calculation holds for any potential, not necessarily symmetric,
and it can also be generalized to a potential with complex coefficients (appendix. B),
and to an arbitrary number of cuts (appendix. C).

We have also reobtained directly the asymptotic expressions for the orthogonal
polynomials [14], which allows in principle through the Darboux-Christoffel theorem
(eq. 4.10) to compute any correlation function of any number of eigenvalues in the

short or long range domain (and one can smooth it afterwards).

The orthogonal polynomial approach may in turn be used for other random matrix
ensembles, and it would be interesting to apply our results to orthogonal or symplectic

ensembles [2].

The authors are thankful to K. Mallick for useful discussions, and to the Eurogrid
European Network HPRN-CT-1999-00161 for supporting part of the work. They also
thank E. Kanzieper, O. Lechtenfeld and G. Akemann for their interest and for pointing

some missing references.

Appendix A A few useful identities on elliptic func-
tions

Here we collect a few useful identities on elliptic functions used through the paper. For
details see [23, 24, 25]. We start from

o(A) = A—a)A=b)(A—c)(A—d) : a<b<c<d (A1)

and the map from the complex plane to the torus

A
u(\) = % /d dz (A2)

Vo(z)
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u(c)=1/2 u(b)=1/2+ 1/2

|

— ——
© a b c

© U(d):() u © u(@=1/2

Figure 4: the upper half-plane is mapped onto a rectangle (1/2,7/2)

where the half period K is

- ¢ dz _ 2 Km] = 7 02(0]7)
v Vie(z)]  V(e—a)(d-b) V(c—a)(d—0)

K[m] is the standard complete elliptic integral [23, 24, 25], with the modulus m equal

(A.3)

to the biratio of the four points a, b, ¢, d:

_ (d—a)(c—1D)
" e—a) .

m is related to the modular parameter 7 of the torus by:

o BA(z —
m =" 9%((8“:)) and conversely T = i% (A.5)

where we have used the Jacobi theta functions:

Oi(zT) = 0i(z) =—i Y (-1)"¢ ™ with g=¢" (A.6)

reZ+1/2
1. 1 T
and  O53(z|7) = 63(2) = q1e™ 0 (2 + 5T §|7') (A7)
With this mapping u(\) between the A\ complex plane and the periodic rectangle

of sides (1, 7), we have:

_1—1—7’
== ,

wd)=0 m@zé )

The inverse mapping can be written in terms of theta functions:

0,(0) 02 (1)6) (2u00)

A—d= 2K 6, (u + uoo)el (U - uw)9%<u00)

_67(0) 01 (2u)0; (2uso)
o) = 4K? 03 (u — oo )03 (U + Uso)

(A.10)
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and in terms of the usual trigonometric elliptic functions sn, cn, dn [23, 24, 25| that

we normalize to have periods 1 and 7, i.e.

sn(u) = sn(2K[m]u|lm) : dn(u) = dn(2K[m]u|lm) : (A.11)
one has

sn*(u)  A—d a*(u)  A—a dn’*(u)  A—b (A12)

sn2(Ue) A—cC ’ n2(us)  A—c ’ dn®(us) A—c '

2
Nmem (e Apm () (A.13)
cn?(u) d—a sn?(u)

)\—a:(d—a)w 5 )\—d:(d—C)c_al_ sn2 () (A14)

sn? (Uoo ) sn? (oo )

() = (d — ¢)(d — a)y/ f:s Sn((f) C“S(n?:?jr;(f) (A.15)
T n2(us)

and u, is related to a, b, ¢, d by any of the following relations:

d—c
d—>b

9 _c—a 9 _d-c 9 B
s (Us) = T a , cn®(Uey) = T a : dn®(us) =

(A.16)

Appendix B Complex potentials

The case of complex potentials, that is to say of a polynomial potential V(\) with
complex coefficients, is interesting for some applications of the matrix models to 2
dimensional gravity and when studying their connections with integrable hierarchies.
In this case, the mean field large N solution is known to be given by a continuous
distribution of the eigenvalues along arcs in the complex plane [26].

In this appendix we show that our results are only slightly modified in this case.

In the two-cut case, we can repeat the analysis of sect.2. We fix x = n;/N (the
proportion of e.v. in the first cut). The resolvent is still of the form 2.28, with the
polynomial M and the end points a, b, ¢, d determined by the constraints 2.18 and 2.29,
but they are no more real in general, as well as the resulting mean-field free energy
Fy(z).

If we now repeat the calculation of sect.2.2.3 we cannot use a saddle-point approx-
imation for the sum over n; by expanding Fy(z) around the saddle point xy which is
the true extremum of Fy,.

0Fy

S (w0) = 0 (B.1)
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Indeed this extremum is at a finite non-zero distance of the real axis, i.e. Im(zg) =
O(1), while the method of sect.2.2.3 is valid only if Im(zy) = O(1/N). However, since

N is integer, we can expand F{ around any xj, provided that

Fl(z) = 2m% . keZ (B.2)

~N*(@—ak)Fi(@e) ig then a constant for z = n/N,

since the dangerous oscillating term e
n € 2.

Therefore, as in [26] we have to consider the real pseudo saddle-point x. such that
Re(Fy(z.)) = 0  with  Im(z.) =0 (B.3)

and denote . .
v _ - /
A, = 5 Fi(x.) 5 Im(Fi(x.)) (B.4)
We expand Fj around some xj defined by Eq. (B.2) and such that

Ty — T = O(N7Y (B.5)

and we get for the total free energy (by exactly the same calculation as in sect.2.2.3)

F = N?2Fy(xg) — In(03(Nxy))
(B.6)
+ Fi(z.) + 1 In(2rF)(x.)) + O(N7?)
where 05 is the theta function with modular parameter
2
pum— _— B-7
b EN (0

Only the first two terms are important for calculating the two-point functions and the
orthogonal polynomials in the large N limit. This leading term does not depend on k.

Indeed we have

Fy(zy) = Fy(ze) = (2 — 2 Fy(xc) + O(N7Y) (B.8)
hence 1
(zp — 2) = v 7(k — NA.) + O(N™?) (B.9)
and using the periodicity relations of 63 we can rewrite the leading term for the free
energy as
N? Fy(ay) — In(05(Nay)) = N2 Fy(no/N) — —u? — In (05(u,)) (B.10)
T
with
n. = E[Nz.] , wu. = [Nz ]—7[NA,] (B.11)
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where E[u] is the integer part of u (largest integer smaller than ) and [u] = u — E[u]
is the fractional part of w. This does not depend on k£ up to negligible terms of order
O(N™') (provided that condition B.5 for k holds).

One can now repeat the calculation of sect.3 for the 2-point function. Nothing is
changed but we simply have to replace z. by x; in the intermediate steps and to use
Eq. (B.9) at the end of the calculation. This amounts to replace the z, in the elliptic

function sn? by z. — 7A,.. The final result for the two-point resolvent is

m — [ a0 he = w-a
T S [(1 \/w—a)(u—b)(x—c)(x—d))“M“’]
 (c—a)(d—b)

INGONGIAS

Similar results holds for the orthogonal polynomials. We simply have to consider the

2(N(xc - TAC) + %) (B'12)

end-points a, b, ¢, d for the mean-field real parameter z. and to make the replacement
Nz. — N(z.+TA,) (B.13)

in the elliptic functions involving Nzx.. In any case these terms depend only on the
fractional parts of Nz, and of NA..

A final interesting remark on the periodicity properties of the non-universal term
sn?(N(z. + 7A.)) can be made. From the definition B.4 A, corresponds to a “phase

shift” between the two arcs where the density of e.v. is non zero.

A = — Pz, = 1 (B.14)

21w 21w

where NT',, is the (constant) effective potential on the arc a. The two periods 1 and
7 of the sn? function correspond respectively in term of eigenvalues to (i) transfer a
single e.v. from the first arc to the second one (§Nxz = £1), (ii) or to shift the phase
between the two arcs by 2m (JNA. = £1).

Appendix C Multicut Case
Consider now a support of eigenvalues split into s intervals:
C=CU...UCq (C.1)

Let n; be the number of eigenvalues in each C;, and z; = n;/N the occupation ratio,

which we denote collectively as a vector:

x; = /c dAp(N) : T=(r1,...,T5-1) (C.2)

7
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Note that only s — 1 of them are independent since xy + ...+ x, = 1.
As in the two-cut case (eq. 2.36), the free energy at fixed 7 admits a topological

large N expansion:
FV;i] = N*Fp[V; 7] + Ny [V; 7] + O(1/N?) (C.3)
and as in 2.38, the partition function can be written as a sum over 7i:

Z=et= Z e FVl (C.4)

—

The sum is dominated by the vicinity of the extremum Z. of Fy[V; 7]

7 Z o~ N2 (FolVailvim(§—Zo) 7 M (R =)  where %Fo(f) . =0 (C.5)
7 is the s — 1 x s — 1 matrix defined by:
1 0°F
TS = g axiasogj o (C.6)
Then, the summation over 7 yields:
7 ~ e NBVEL g(N 7 |7) (C.7)
where 6(i|7) is Riemann’s theta function [27] in genus s — 1:
o(i|7) = 0(i7) = Z o im (A=) (A7) _ Z Qi 2imiL.T (C.8)

where 7 is a s —1 X s — 1 matrix, @ is a s — 1 component vector, and 7 is a vector with
integer coordinates.

The 6 function obeys the relations (E being an arbitrary integer vector):

-

O(i+k)=0(@) ,  O(i+1k)=e mQEEE g 9(—q) = 6(iF) (C.9)
Eventually the free energy at leading orders in N is:
1 B 1
F ~ N?* | FV, %] — WIHH(N:CC|T)+WF1(:CC)+... (C.10)

It is now straightforward but lengthy to rederive the 2-point correlation function
and the orthogonal polynomials from C.10. One needs to differentiate C.10 with respect
to variations of the potential as in 3.3 or 4.16, and express the hyperelliptical functions
involved in the calculation through prime forms (hyperelliptical generalization of the

¢, function) [27]. One should thus obtain expressions similar to those of [14].
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