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Abstract—We present rigorous solutions of scattering problems
involving healthy red blood cells (RBCs) and diseased RBCs
with deformed shapes. Scattering cross-section (SCS) values for
different RBC shapes and different orientations are obtained
accurately and efficiently using a sophisticated simulation envi-
ronment based on the electric and magnetic current combined-
field integral equation and the multilevel fast multipole algorithm.
Using SCS values, we determine strict guidelines to distinguish
deformed RBCs from healthy RBCs and to diagnose related
diseases.

I. INTRODUCTION

Scattering from red blood cells (RBCs) has attracted the in-

terest of many researchers since scattering properties of RBCs

can provide essential information for the diagnosis of various

diseases. Electromagnetic scattering or transmission character-

istics of RBCs for different material properties, illumination

angles, and frequencies can be found in the literature [1]–[9].

On the other hand, previous studies mostly focused on the

simulation of healthy RBCs, and less attention has been paid

to diseased RBCs with deformed shapes. In this paper, we

present a comparative study of scattering from healthy RBCs

and deformed RBCs, particularly spherocytes, microcytes,

macrocytes, and sickle cells. Using a robust simulation envi-

ronment based on the electric and magnetic current combined-

field integral equation (JMCFIE) [10] and the multilevel

fast multipole algorithm (MLFMA) [11], scattering problems

involving different RBC shapes and different orientations are

solved accurately and efficiently. By comparing computational

scattering cross-section (SCS) values obtained for different

RBC shapes, we determine well-defined guidelines to diagnose

various diseases.

II. SIMULATION ENVIRONMENT

Scattering problems involving RBCs can be formulated ac-

curately with JMCFIE [10]. Discretization of JMCFIE with the

Rao-Wilton-Glisson (RWG) functions [12] on planar triangles

leads to 2N × 2N well-conditioned matrix equations in the

form of [
Z̄11 Z̄12

Z̄21 Z̄22

]
·
[

aJ

aM

]
=

[
v1

v2

]
, (1)

where Z̄11 = Z̄22 = Ī + Z̄D and Ī is a sparse Gram matrix

involving well-tested identity operators. As detailed in [10],

Z̄12, Z̄21, and Z̄D involve discretized integro-differential

operators derived for inner and outer media, as well as weakly-

tested identity operators. The matrix equation in (1) can be

solved efficiently by using iterative algorithms [13]. Neverthe-

less, accurate discretizations of RBCs at realistic frequencies

lead to large matrix equations and we need to employ MLFMA

to accelerate the matrix-vector multiplications required by

iterative solvers without deteriorating the accuracy of results.

Using MLFMA, matrix-vector multiplications involving the

2N × 2N matrix in (1), i.e.,[
y1

y2

]
=

[
Z̄11 Z̄12

Z̄21 Z̄22

]
·
[

x1

x2

]
, (2)

can be performed efficiently in O(N log N) time using

O(N log N) memory. We perform four matrix-vector mul-

tiplications with the four partitions of the matrix and those

multiplications are decomposed as

Z̄ab · xb = Z̄
NF
ab · xb + Z̄

FF
ab · xb (3)

for a = 1, 2 and b = 1, 2. In (3), near-field interactions denoted

by Z̄
NF
ab are calculated directly and stored in memory to per-

form partial multiplications Z̄
NF
ab ·xb, whereas multiplications

involving far-field interactions, i.e., Z̄
FF
ab · xb, are performed

efficiently using MLFMA. Far-field interactions are further

decomposed into two parts as

Z̄
FF
ab · xb = Z̄

FF
ab,o · xb + Z̄

FF
ab,i · xb (4)

since MLFMA is applied separately for inner and outer media.

In order to calculate far-field interactions, a multilevel tree

structure with O(log N) levels is constructed by placing the

object in a computational cube and recursively dividing the

object into subdomains. This way, interactions of the RWG

functions that are far from each other can be calculated

efficiently in three stages, called aggregation, translation, and

disaggregation [11].

For efficient solutions of RBC problems, the number of iter-

ations should be small, in addition to fast matrix-vector mul-
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Fig. 1. Bistatic SCS (in dBμm2) of different RBCs on the z-x plane. RBCs are in default orientation ( the axis of the rotational symmetry coincides with
the z axis) and they are illuminated by a plane wave propagating in the −z direction with the electric field polarized in the x direction. SCS values in
back-scattering (0◦) and forward-scattering (180◦) directions are indicated by horizontal dashed lines.

tiplications via MLFMA. Although JMCFIE provides well-

conditioned matrix equations that are easy to solve iteratively,

we reduce the iteration counts using a four-partition block-

diagonal preconditioner (4PBDP) [13], which employs self-

interactions of the lowest-level subdomains in MLFMA. The

preconditioned matrix equation can be written as[
B11 B12

B21 B22

]−1

·
[

Z̄11 Z̄12

Z̄21 Z̄22

]
·
[

aJ

aM

]

=
[

B11 B12

B21 B22

]−1

·
[

v1

v2

]
, (5)

where Bab ≈ Z̄ab are block-diagonal matrices.

III. NUMERICAL SOLUTIONS

In this paper, we consider five different RBCs, i.e., an ordi-

nary (healthy) RBC, a macrocyte, a microcyte, a spherocyte,

and a sickle cell. The size and the volume of the ordinary

RBC, which has a rotationally-symmetric biconcave shape,

are 7.70 μm and 80.90 μm3, respectively. The microcyte and

the macrocyte also have biconcave shapes, but their volumes

correspond to 5/6 and 4/3 of the volume of an ordinary RBC.

The spherocyte, which is modelled as a dielectric sphere with

5.36 μm diameter, has exactly the same volume as an ordinary

RBC. Finally, the sickle cell also has a rotationally-symmetric

shape as the others do, but it is elongated in one dimension.

The size of the sickle cell is 20.9 μm, whereas its volume is

the same as the volume of an ordinary RBC.

Relative permittivities of RBCs and the host medium are

selected as 1.40 and 1.33, respectively. Numerical simula-

tions are performed at 474 THz, corresponding to the output

frequency of a typical Helium-Neon laser. RBCs are illu-

minated by a plane wave propagating in the −z direction

with the electric field polarized in the x direction having

a unit amplitude. Since the orientation of an RBC can be

arbitrary, we investigate various cases for each RBC, except

for the spherocyte because it has a fully symmetric geometry.

Specifically, in addition to the default orientation, where the

axis of the rotational symmetry coincides with the z axis,

we perform rotations (typically with 30◦ intervals) around

the x axis (θ direction) and around the z axis (φ direction),

respectively. Hence, multiple values are obtained for each

RBC, except for the spherocyte.

Accurate discretizations of RBCs using λo/10 triangles,

where λo is the wavelength in the host medium, lead to

matrix equations involving 180,000–260,000 unknowns. Ex-

cept for the spherocyte, scattering problems are formulated

with JMCFIE and solved iteratively using the biconjugate-

gradient-stabilized (BiCGStab) algorithm [14] accelerated via

MLFMA. Scattering from the spherocyte is solved exactly by

using a Mie-series algorithm. Solutions with MLFMA require

15–20 iterations for 0.001 residual error, and each solution is

performed in 3.0–4.5 hours on a 3.6 GHz Intel Xeon processor

using 1.5 GB of memory.

IV. RESULTS

Fig. 1 presents the solution of scattering problems involving

five different RBCs. The bistatic SCS (in dBμm2) is plotted

on the z-x plane as a function of the observation angle θ from

0◦ (back-scattering direction) to 180◦ (forward-scattering di-

rection). SCS values in back-scattering and forward-scattering

directions are indicated by horizontal dashed lines. In this

example, RBCs are in default orientation, i.e., the axis of

the rotational symmetry coincides with the z axis for each

RBC. We note that SCS values obtained for the macrocyte,

the microcyte, and the ordinary RBC are very similar to each

other.

Fig. 2 presents the bistatic SCS values on the z-x plane

when RBCs are rotated by 30◦ angles around the x axis and
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Fig. 2. Bistatic SCS (in dBμm2) of different RBCs on the z-x plane. RBCs are rotated by 30◦ angles around the x axis and the z axis, respectively, and
they are illuminated by a plane wave propagating in the −z direction with the electric field polarized in the x direction. SCS values in back-scattering (0◦)
and forward-scattering (180◦) directions are indicated by horizontal dashed lines. Default orientations of the RBCs without rotation are also depicted.
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Fig. 3. Diagnosis of various diseases using SCS data.

the z axis, respectively. Except for the spherocyte, whose

SCS does not change, SCS values are quite different from

those obtained for the default orientations. For example, the

backscattered SCS decreases significantly for the macrocyte,

the microcyte, and the ordinary RBC. In addition, the bistatic

SCS from 0◦ to 90◦ becomes less oscillatory when these

RBCs are oriented, whereas their SCS values from 90◦ to 180◦

seem slightly affected. Nevertheless, it is difficult to determine

a set of rules to distinguish the bistatic SCS values for

different RBCs, and comparisons become more complicated

when different orientations are considered and included in the

analysis.

For a systematic comparison of scattering from different

RBC shapes with different orientations, we sample the bistatic

SCS on the x-y plane as a function of φ. Then, the average

SCS value over all the side-scattering directions is computed.

This data is combined with SCS values in back-scattering and

forward-scattering directions to determine strict guidelines to

distinguish diseased RBCs from ordinary ones.

Fig. 3 presents a diagnosis chart based on SCS val-

ues obtained in back-scattering, forward-scattering, and side-

scattering directions. We summarize the diagnosis of each

disease as follows:

• Macrocytosis: Detection of SCS values higher than

44 dBμm2 in the forward-scattering direction is a major

indicator for macrocytosis.

• Microcytosis: Detection of low SCS values in all di-

rections (back scattering, forward scattering, and side

scattering) indicates microcytosis.

• Spherocytosis: Spherocytosis can be diagnosed by the

detection of average SCS values lower than −24 dBμm2

in the side-scattering direction. As opposed to the mi-

crocytosis, SCS values in back-scattering and forward-

scattering directions should be in the normal range.

• Sickle-Cell Anemia: Similar to microcytosis, sickle-cell

anemia can be diagnosed by the detection of low SCS

values in all directions. It can be distinguished from

the microcytosis by the detection of average SCS values

higher than −15 dBμm2 in the side-scattering direction,

in addition to low values.

The diagnosis chart in Fig. 3 can be used as a reference for

measurements via a diagnosis setup, i.e., a flow cytometer,

where SCS values of RBCs are measured via an optical

detection system. For a reliable diagnosis, a sufficient number

of RBCs should be passed through the setup and the effect of

the orientation should be eliminated.



V. CONCLUDING REMARKS

In this paper, we present a comparative study of scattering

from healthy and diseased RBCs with deformed shapes. By

using a sophisticated simulation environment based on JMC-

FIE and MLFMA, scattering problems involving healthy and

deformed RBCs are solved both accurately and efficiently. By

comparing SCS values in back-scattering, forward-scattering,

and side-scattering directions for different RBC shapes and

orientations, we are able to determine well-defined guidelines

to distinguish deformed RBCs from healthy ones, and hence,

to diagnose related diseases.
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