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mated.

s and ions, interacting with cavity photons, are
sic building blocks of quantum information pro-
. At least, they represent a useful tool for testing
m algorithms in communications, cryptoamphy,
omptmn‘r [1, 2]. Realization of different quantum

res perfect {maximum) and long-lived entangled
Unfortunate]y, the lifetime of entanvlement n
systems is mostly specified by the hfetm}e of
atomic states with respect to.dipole-transitions
refore js quite short.

Stabilization of perfect entanglement in the general
sing the variational principle for maximum
glement has been proposed recently [4]. Accord-
 this principle, maximum entanalement is a prop-
states that show the maximum ' scale-of quantum
ations of all essential measurements responsible
~manifestation of entanglement. To stabilize the
mum entangled state, it is necessary to achieve the
mum level of fluctuation and & (Jocaly minimum of
an illustrative exﬁ‘mple consider a system of two
evel atoms interacting with a single cavity photon
ibed by the Hamiltonian

H = H0+ Hinu

Hy = co,,a;a,, + M5 szz(f ),
Pt (1)

Hy = Z{Rvu(f)ap"'HC}

ap denotes the photon annihilation eperator and
[iX(j] is the atomic operator; i = 1 denotes the
rounid level, and i = 2 marks the excited level. Assume
yat both atoms are initially in the ground state, while
cavity contains a single photon

Wy = 11,2)® |1,). @)
n, the System will periodically elapse over the state [5]

) = r‘[i-(lz, 1)+ 1, 250, 3)

ation processes, such as féleportatlon [31,
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which manifests maximum two-qubit entanglement in
the atomic subsystem. In the case.of qubits, “thes essen-
tial measurements are given by the infinitesimal gener-

ators of the SL(2, C) algebra [6]:

o, = JZ)(]‘[—l-'H.c.
&, = i]1}2| +Hec. (4)
oy = 22| - [1X1]-

It is seen that the total variance

V= 22<<A o™ (5)

{=1f=1

dcscnbmg the remoteness of a two-qubit state from
“classical reality” [4], achieve the maximum V. = 6.
in state (3) and minimum V,;, =4 in state (2). Unfortu-
nately, this:maximum enlangled state (3) has the maxi-
mum-energy E =, and is unstable with respect to-the

dipole décay of the atomic excitation.
Assume now that, instead of the two-level atoms, we
have three-leve] atoms in A configuration (see Fig. 1).

Wgsy

-t

Fig. 1. Structure of a three-level atom in the A configura-
tion.
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Then, the atom-field Hamiltonian takes the fotm
H = H(l + Hml!

Hy = wpa ,;a-P + Wgasdy

2
+ z [0 R (F) + 0y Ry ()], (6)
=

Hu = 3 [8pRa(fap+gsRu(as+ Hel.
J
Beginning with the same initial state (2) as above, the

systém can achieve one more maximum entangled two-
-qubit state,

| L C . .

lwa} = :/',—2(|3> D+{1,3))®(0,) ®|lg. (7}
Discarding the Stokes photon [7, 8], We can turn unsta-
ble state (7) into the following two-qubit state:

W) = (B D+LINOPIB). @

Let us note that the focal measurements (4) should be
replaced by

G, = ]3)(” +H.e.
o, = —i3)(1| + He. )
[os = 133¢3| ~ 131

in this case and that state (8) again provides the maxi-
mum total variance for the tw0-qub1t entanglement
Vo = 6. At the same tifhe, this state (8) has an energy
E' =@, = 0y; — Ogthat'is much lower than E'= @, and
corresponds to a local minimum because the radiative
transition 3 ~— 1 is:dipole-forbidden. Thus, state (8)
isa persistent maximum entangled atomic state of two
qubits.

The discard of Stokes phiotons can be realized in dif-
ferent manners [8]. Either they abandon the cavity or
they are absorbed by the cavity walls. In both cases, the
atomic system evolves towards the persistent state (8)
with reliability.

In this paper, we extend our previous results [7, 8]

on the multiatom case. It should be emphasized that the-

problem of multipartite entanglement in cavity QED
has attracted a great deal of interest recently (e.g., see
[9] and references therein).

Consider first the. :system of three A-type atoms in
the ground state interacting with a single cavity photon
w1th frequency p. Then, the 1rreverslble evolution
leads to the three-qubit state

lys= 73(13, L)+ [1,3, 1) +]1, 1, 3) 105, 09 (10)

CAKIR ef -al.

which doe’s not manifest perfect entanglement b
V(ys) = 8 + 273, while V,,,, = 9 in the case o;
qubits. Moreover, this state (10) belongs 1o the cla
the so-called Wistates [10]. Therefore; it does not
ifest entangr_lement at all [4, 11].

If instead we begin with the state of three unex:
atoms interacting with two cavity photons; th
state.

(We) = %(B; 3,1)+13,1,3)+[1,3,3) ®]0,, 0

also belongs to the class of W states. Finally, if wi
with the state with three cavity photons, the final.
takes the form '

v = 3,3.3)®10,,0)

and definitely is not entangled as well. This agrees
our prewous result [12] that the maximum ent
mient in an atom-photon system can be achieved if
tially we have 2N atoms in the ground state an
pumping photons. In particular, this means that th
called GHZ ‘state

1 . , .
IWGH'I;}' = 7:;('3: 3’ 3) == Il’ -[a i)) ® lol’s’ O-S)

cannot be achieved when the system. is initially
pared in'the state

1,1, ) ® [3,)® 05).

State (13) can be generated in the way proposed in
by sending three atoms, .one after another, with
cially selected velotitiesthirough a cavity contai
the ficld in the superposition staite

:/1"-'—5(' [0~ [3p))-

For other proposals, see[14-17].

Consider the case when the Stokes photons :
allowed to escape from the cavity and initially all t
atoms are in the ground state while the cavity contai
ip pump photom If there are N atoms in the cavity,.
excitations in the third state will be created and the;
excitations will be distributed equally over the N atoin

N
[W(r=0) = ) @1 ® )y
i=1

ny t

ZH ®{3)pt l_[ ®|I>p:®!0>Pa

"P 3) i=1 d=np+]
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re 4 denotes all possible permutations over N

oms and C, (V) = (n ) In the case n, 2 N, all the
e

oms will evolve 1o the third state, thus leading to an

ntangled state, The Hamiltonian of the system in the
_tctzi‘c’tion picture has the form

= Apapﬂp + ZAla‘ a,+ gpfl,n]l‘,n +g :(ng'lp,
* (16)
H,, 2!! Ray + gital R,

' (’R,;,' = .Z?;,R',:,-(. f) constitute the. collective
mic operators. The Stokes modes make up the envi-
nt and lead to spontaneous decay from the sec-
vel to the third level. Upon elimination of the
s modes, the master équation. for the reduced den-
atrix of atoros and pump photons in a thermal
nment is as follows:

It

= i[Hg, p(0)]+ (1 + DIT{2R (N Rz

—p(HDR1 R~ RxRrap (1) § amn
2R2p (1) Rsa — P( f'-)gfl.\a%za - 9}13397{339(? ),

T is the spontaneous decay rate for the 2 —+ 3
ion and 77 is the mean number of thermal Stokes
at the resonant frequéncy E.;. Consider for
city the case when the temperature is much
ler than the resondnt energy Eys, s0 that i ~0 and
er equation (17) reduces to

)

~i[Hy, p(r} ]+ T{ 2R30(1)R o

. . _ (18)
~p(N R Ry — R Raap (1) 1. )
ly, all the atoms are supposed to be in the first
d state. Then, because of the coupling between
and second levels mediated by the pump pho-
excitation in the second level will appéar. Since
tancous decay rate I" for the 2 — 3 transition
posed to be much greater than the coupling con-
the | ~— 2 transition, the state with one exci-
in’ the second leve] will rapidly decay to the third
ceding the | -—— 2 transitions. As a result, the
1on can ‘be approximately described through the
the Hilbert space spanned by ‘the vectors

mz ® B)pu ® ,l)gn®lnP_n)py

S’ =1 f=u+l

PEN |

Dpi Q) 12p
4\/ (N )C::(N)gté-() | “,t u+l| v
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N
X @ [Dii @ lip—n— By am
f=n+2
oy I 42
D0 = === @ P @ e
Y LGN rz)C.,(N)§,=. P
h'
X ® l])!{,;®llllx—'-ll-2>p,
i=n+3
where =0, 1, 2, .... In ourapproximate picture, first,

the transition I‘I’,,) — |®,) takes place. It is accompa-

nied by the transitions |®,) — |®,) and [D,) —
[¥, . 1) at a time scale of 1 ~ 1/F. Hence, the population

of |®,) tothat.of {¥,, 1) is of the order g 242 < 1. So,
we can confine ourselves to the subspace spannied by
the states {|¥,), |®,), n=0,1,2, ...}.

In a sense, this is equivalent 10 the extension of the
effective picture of Raman-Stokes processes in three-
level atoms that was proposed in [18, 19] for the multi-
atom case.

Now, the density matrix can be chosen as follows:

Z lli IL]‘II><\PIJ| + bllllPM)<q)U!

n=0

(20
+b|DNY,|+ ¢, | D)D)

From Eq. (18), keeping in mind that we restrict our con-
sideration to the subspace spanned by |¥,), |®,), n =0
1,2, ..., we get the following equations for coefﬁments
in (90)

d-n = i .(N—-'I'zv)('n',x—rz')(g,.i_),,-g}fb,’f)-i-?nl"'c‘,,_},

= i J(N=m)(mp—1igia, -85 c,)
—iAb, ~{(n+1)Ib,,

i (N'“]I)(ﬂ?=_’l)(gﬁcrlz

—{(n+ NI'bF,

(};j = "‘“i:\](N _’1.).(’11)._"»') (gl’l.)n - glﬂ’-b:
~2(n+ DIe

Given the initial condition ay(0) = 1, we will assert
that d,/I" < 1, ¢,/T" < 1 and solve the equations of
motion (21) accordingly; thén, the assertions can be
checked for consistency. The coefficients b, and b* can.
be eliminated from the equations of motion through the
use of the relations

bn(t) = i (N_"}.(nP_n')g;‘

8pCy ) + xAb,, (21)

it
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-1

g B+ ia
xjdw s DT B (1= 1) = e, (1 = T))
0

SN =M~y

1 g .
m[ﬂn@) (0],
where it is assumed that 4, /I" <€ 1, ¢, /" < 1. Then, the
coupled equations for @, and ¢, are obtained:

(iu = "_'Y-n.(.an (n) + 2nl"(,, i
éu = Ym(‘h: - Cu)'_ 2(" + l)r(,",
2
= 2(N- ) — n)(n+1 )————-—LF———
(n+1) I +A
Thus, a, and c, can be obtained in terms of each other,
3
() = -y,,Jd:t 0T G (P =) = €, (1 = T))
0. e
23)
= 7(/1 + l )r(au(r) C,,(f))
Y

mﬂn(l),

so that the equation goveming a,’s takes.the form

du =- Y.{rair + Y- ian ol (24)

Under the above inittal condition, we get the solution
. Yol
a(ty = e

P (25)
a,(n) = v, Jdve ™ a, (1=, 0 =1,2,3,

In. general, the solution for a, and ¢,’s will be a linear
superposition of terms of lhe form exp(=y?), i < n,

which are in line with the assumption that-a,/T" <€ 1,
¢, /T < 1. When n = min(np, N), v, =0, so that the final
value is sy = mi'n(rr.,,,,_N) and the system evolves to the
persistent state ]_‘P,,j) (¥, ] The time dependence of @,
has the form

np~i n{—i

(l,,{(l:-‘) =1~ z -1 H Y;

J‘ﬁl

(26)

‘Thus, the characteristic time scale needed in order to
obtain the final state is 1/, _,, because {y,} is a mono-
tonically decreasing sequerice.

In the case of an even number of atoms N = 2m and
np = m, when the final state is a maximum éntangled

CAKIR ef al.

state, the characteristic tirhe scale for obtaining a pe
sistent perfect entangled staite is
252 22
. mIT +A
21 m(m+ 1)
_Iem A“ 1
};?(m + l) A I~2m(m+ 5}

@

Here, A denotes an effective coupling constant (4 o
tain function of gp and g [18, 19]). It is seen that ¢

second term in (27) vanishes as 1/m* as i increases,
that detuning influences the characteristic time only f
stall pumbers of atorns. In turn, the first term. in (2
grows with an increase in m1, achieving a maximu
value T, =T/2A2 at m > 1. This time T, cdn be. co
sidered as an estimation from above of the time sca
corresponding to the formation of perfect persiste
entanglement in the system of N = 2m A-type ato
intéracting with np =m cavity photons. '

In summary, we have shown that a systcm consn;
ing of an even number 2n of A-type atoms in a cavi
initially prepared in the ground state, while the cavi
field contains m pumping. photons resonant with ¢
transition I —- 2, evolves with rehabthty to the pe
sistent rhaximum entangled atomic state i the Stok
photons créhted by the transition 2 — 3 are discarde
We have shown that the time required to prepare such
state.can be estimated froni above through the use of:;
effective model that neglects the population of t
intermediate atornic level 2. At m 2 |, this ttme is cor
pletely determined by the spontaneous decay rate I" f
the 2 —» 3 transition and effective coupling constant;
Detuning is important only at small m. The re
obtained- above should be considered as an estimaty
from above. A more detiiled consideration of corr
tions between the atoms caused by photon exchan
can lead to'a smaller time (e.g., see [20]).
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