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Novel features of quantum conduction in a constriction
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The eftects of the geometry and temperature on the quantum conductance for one-dimensional

(1D) ballistic transport through a constriction in a 2D electron gas are investigated by use of a

refined formalism. As the length of the constriction increases, weak oscillations around the classi-
cal conductance evolve into a steplike structure and the resonances on the plateaus become pro-
nounced. Quantization at integer multiples of 2e2/h occurs only for uniform constriction of finite

length. At finite temperature of —0.6 K significantly long uniform constriction is necessary to
observe plateaus devoid of resonance structure.

The ballistic transport of the electron gas in lower di-
mension has become the subject of current interest. '

Recently, van Wees et al. and Wharam et al. achieved
the measurement of the conductance 6, through a narrow
constriction between two reservoirs of two-dimensional
electron gas (2D EG) in high-mobility GaAs-GaA1As
heterostructure. The constriction they made by a split
gate was significantly narrow so that its width w was com-
parable with the Fermi wavelength (w —XF), and also
significantly short (d ( t, electron mean free path) so that
electrons can move ballistically. The resulting conduc-
tance of the transport through this constriction was found
to change with w (or gate voltage) in quantized steps of
approximately 2e /h. Theories ' based on the quantiza-
tion of the transverse momentum have had only limited
success so far to explain this quantum resistance (or con-
ductance). Although the sharp, quantized steps have been
predicted in terms of a new channel opened by a subband
dipping into the Fermi level, an elaborate theory is re-
quired to reveal the crucial features of this important ob-
servation. ' In fact, it is not clear yet how the details of
the quantum conductance depend on temperature and the
width 'and length of the constriction, and how the

geometry of the contact aA'ects the behavior of G.
In this paper we present a thorough analysis of the

quantum conductance through a constriction by using a
refined formalism. The expression we derived provides an
exact calculation of G and allows the investigation of the
eN'ects of temperature and contact geometry. A number
of important results emerging from the present study are
as follows: (i) For an abrupt and uniform constriction (see
the inset in Fig. I), the quantization of G at T=0 K
occurs at finite d, but quantum eA'ects become weaker as d
is shortened. A resonance structure superimposed on the
plateaus becomes pronounced as d increases. The number
of resonances on a plateau decreases with increasing w,
but increases with increasing d. (ii) For a wedgelike con-
striction (see the inset in Fig. 2), the step structure be-
comes significant only for large wedge angle a. (iii) At a
typical experimental temperature (T~0.6 K) the reso-
nance structure disappears only for large d (d ) 5A F ).
For even higher temperatures (T—5 K) the steplike
structure is smoothed, but is still recognizable.

To forinulate the conductance in a finite and abrupt
constriction we first consider the system consisting of
semi-infinite constriction of a uniform width w for z ~ 0,
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FIG. 1. Quantum conductance G of a uniform constriction
calculated for various lengths d. The unit of length is kF, and
T=0 K. The resonance structure of the first and seventh chan-
nels are magnified by the inset.
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FIG. 2. Quantum conductance G of a wedgelike constriction
calculated for various wedge angles a. The constriction length
d=l and T=O K.
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and a 2D EG for z ~ 0. For an electron incident from the
constriction side, the wave function of energy E is written
as

y„(y,z ~0) e'""'p (y)+ g e ' 'p (y)rmn i
m=1

y„(y, ~0) = t dxA„(x)e' ' "'e'"~,

by K~~ &@; (k, (q) (&bj&. The expression for r is reminis-
cent of the refiection coefficient obtained for 1D step po-
tential, r =(k' —k)/(k'+k), k and k' denoting incident
and transmitted wave vectors, respectively. To formulate
the incidence from the 2D EG we consider the mirror im-
age of the above geometry. Following similar steps we ob-
tain the transmission coefficients corresponding to the in-
cident wave vector k = (k p, x'p):

dye '"A. (y),
the continuity equations can be expressed in q space;
therefore A„(q) is eliminated to yield the relation

fy +k, (q)]@ (q)r, [y, —k, (q) J@,(q) .

This equation is multiplied by NJ*(q) and integrated over
q. The resulting equations can be cast in a matrix form:

r- -(r+ K) '(r —K), (2)

where I has the elements I;~ y;8;~. y; is either real or
imaginary, and thus I f'R+il i, f'It and I i being diago-
nal matrices with positive real elements. K is given

I

where y„2m(E —e„)/5, k, (x)+ v =2mE/h, and
[p„,e„] is the nth eigenstate of the infinite-well constric-
tion potential. The reflection coefficient r „and the
transmission function A„(x ) are determined from the
boundary conditions at z =0. By introducing the
transversal Fourier transform

tk 42m(I +K) '2k %t. (3)

e(y) [e'"'e(k)+e ' 'a(k) J (4)

where e(k) = [I —(re'"") J 'tq and g(k) =e'r re' "
xe(k). Next we evaluate the current operator for the
state k and integrate over a11 the states at the Fermi level
to obtain the conductance

Here the vectors, tq and e have elements t„~ and @„(xp),
respectively. The equation for ti, is analogous to the ID
semi-infinite barrier transmission coefficient t =2k/
(k+k').

Finally, to obtain the conductance for a constriction of
finite length d and width ~ between two reservoirs of 2D
EG as described in the inset of Fig. 1, we consider the in-
cident wave k. This gives rise to right-going constriction
states with amplitudes tk which are reAected back at the
right boundary with amplitudes r and the phase fac-
tors e'" . Then the wave function including multiple
reAections in the constriction region can be written as

2G- [[e'(k)rRe(k) —8'(k)I.R~(k) J+21m[e (k)l th(k)]j.k (~)

In this expression the first and second terms in the
parentheses are related to the right-going and left-going
states, respectively. The contribution of the evanescent
states are expressed by the third term. At small d the
sharp rises in conductance corresponding to the opening of
a new channel are smoothed out by the evanescent states.
In contrast to methods proposed earlier, the contribu-
tions of various types of states are explicitly given in the
present formalism. This provides a better description of
the quantum phenomena taking place in the constriction,
and thus leads to a thorough understanding of the detailed
structure of G. Since the formalism of quantum conduc-
tance presented in this work uses a mixed basis set consist-
ing of the plane waves and constriction states, the numeri-
cal results converge rapidly. For example, the conduc-
tance showing 7-8 steps can be handled with a reasonable
accuracy by using 10&10 matrices for any d. Starting
from the same type of basis set, the present formalism and
that of Kirczenow have independently arrived at the
similar expressions of G. The analogy with a 1D potential
problem is established in the present study, however.
Moreover, our method is extended to study a more realis-
tic situation, namely a nonuniform or smooth constriction
geometry as described in Figs. 2 and 3, and the roughness
of constriction as well. In this case the constriction is de-

scribed by closely spaced uniform constrictions with
different widths, and a transfer-matrix method is used for
multiple boundary matching. The theory can also be ex-
tended to investigate various aspects such as temperature,
scattering in the constriction, and magnetic field. While
the eA'ect of the temperature is being dealt with here, oth-
ers will be reported subsequently.

Figure 1 illustrates the conductance G(w/XF) calculat-
ed for the uniform constriction corresponding to d 0, A,F,
and 5XF at T-0 K. The first curve (d 0) corresponds to
the Sharvin ' conductance, which was known to be
G, (2e /h)2w/Xr. One sees that the whole curve is dis-
placed, and weak oscillations are superimposed owing to
the quantum-interference eff'ects even at d 0. However,
the longer d is, the sharper the quantum jumps and the
Aatter the plateaus. Moreover, for d ~ 5XF steps occur ex-
actly at the integer multiples of 2e /h. The resonance
structure, which originates from the interference of multi-
ple refiected waves, becomes more pronounced at large d.
Within the approximation of real and diagonal r, the posi-
tion of the mth resonance on the nth plateau is estimated
to be w „=nkF[4 —(mXF, /d) ] '», and the number of
resonances on the nth plateau M„=2d/A, F [(2n+ 1)/
(n+1) ]'t . Based on these approximate expressions we
arrive at the conclusion that the number of resonances on
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FIG. 3. Quantum conductance G of a constriction with a
smooth entrance calculated for various do and d as described by
the inset. The wedge angle of the smooth entrance is a=64,
and T=O K.
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FIG. 4. Quantum conductance G of uniform constriction of
d=2. 5 and 10 calculated for T=O, 0.6, and 5 K. The unit of
length is XF, which is taken to'be 42 nm as in Ref. 4.

a plateau is proportional to d, but decreases with increas-
ing ~. The same approximation also yields that BG „
(i.e., the difference in conductance between the mth reso-
nance and the next antiresonance on the nth plateau) de-
creases as either m or n increases. As for fixed m and n,
the larger d is, the greater becomes bG „. Furthermore,
we examined the effect of the intersubband mixing by
neglecting the off-diagonal elements in K and found that
bG „ is not affected in any essential manner. This is at
variance with earlier results.

In Fig. 2 we present the results obtained for the wedge-
like constriction shown in the inset. Up to a certain value
of wedge-angle (a-50'), the conductance curve does not
deviate from that of Sharvin contact geometry corre-
sponding to a 0', but beyond this value, the quantum
steps become more pronounced. a 90 corresponds to
the uniform constriction shown in Fig. 1. At a given angle
(a & 60'), the quantum effects are emphasized as d in-
creases. In spite of the apparent step structure at large a,
the resonance structure does not occur owing to the phase
incoherence caused by the mixing among different sub-
bands in the aperture. As an extension of this contact
geometry we consider also the smooth entrance to a uni-
form constriction described in Fig. 3. The constriction
geometry used by Khmelnitskii" can be compared to the
form described in Fig. 3 with do/d»1 and a=90'. Ow-
ing to the negligible band mixing and reliection in this
geometry the quantization of conductance is not affected
in any essential manner. However, because of insu%cient
phase coherence the resonance structure is weakened. In
the present study the representation of a smooth tapering
by a sequence of discrete steps may give rise to the
reAections. These arti6cial reAections are, however, elim-
inated by using a large number of steps. It is found that
the effect of the smooth entrance is insignificant for

do/d « 1 (do and d are denoted by the inset), but becomes
crucial if do-d-XF. In the latter case, additional struc-
ture is superimposed on the plateaus, and thus the step
structure is deformed. Interestingly, the tight-binding
calculations by Haanapel and van der Marel indicate
that point imperfections in the constriction yield similar
effects. Nonuniformities and roughness in the constriction
deserve an extensive analysis, which will be reported sub-
sequently.

Since carrier mobilities are decreased and the sharp
Fermi distribution is smeared at finite but small tempera-
tures, the quantum conductance is expected to deviate
considerably from that at T =0 K. Ignoring the effects of
inelastic scattering and assuming that /, is still larger than
d, we studied the effect of temperature in the range from
T=O to 5 K within the ballistic transport regime. The
quantum conductance G(w/AF) was calculated for T=0,
0.6, and 5 K and is shown in Fig. 4. At T =5 K the reso-
nance structure completely disappeared. While the higher
lying steps are smeared out, the steplike structure of the
erst ten channels are still maintained. In the range of
temperature (&0.6 K) where the experiments were per-
formed, the resonance structure is maintained for small
constriction length (d ~ 2.5XF). At small d the resonance
peaks are so widely separated that they persist in spite of
the energy spreading due to temperature. In contrast to
this, for long constrictions (d + 10K,F) closely spaced reso-
nances can easily be destroyed. An important predict of
this result is that the experimental data ' which do not
display a clear resonance structure ought to be obtained
from an effectively long constriction (d =0.5 pm).

Part of this work has been carried out while one of the
authors (E.T.) was visiting the International Center for
Theoretical Physics, Trieste. We acknowledge valuable
discussions with Professor A. Baratoff, Professor N.
Garcia, Professor C. Yalabik, and Dr. M. Buttiker.
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