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Parameter Identification for Partially
Observed Diffusions
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Abstract, In this paper, we consider the identification problem of drift
and dispersion parameters for a class of partially observed systems gov-
erned by Ito equations. Using the pathwise description of the Zakai
equation, we formulate the original identification problem as a deter-
ministic control problem in which the unnormalized conditional density
{solution of the Zakai equation) is treated as the state, the unknown
parameters as controls, and the likelihood ratio as the objective func-
tional. The question of existence of elements in the parameter set that
maximize the likelihood ratio is discussed. Further, using variational
arguments and the Gateaux differentiability of the unnormalized density
on the parameter set, we obtain the necessary conditions for optimal

identification.
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1. Introduction

In the last few years, considerable attention has been focused on the
identification problem of systems governed by linear or nonlinear Ito equa-
tions (Refs, 1-6). In Ref. 2, the identification problem for partially observed
linear time-invariant systems has been considered. Using linear filter theory,
the maximum likelihood approach, and the smoothness of solutions of the
algebraic Riccati equation, sufficient conditions were obtained for the con-

sistency of the maximum likelihood estimate.
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In Ref. 3, Lipster and Shiryayev have considered the identification prob-
lem for a class of completely observed systems governed by a stochastic
differential equation of the form

dx(t)= ah(t, x(1)) dt+dW(5), 120,

where xe R and a is some unknown parameter. Using the maximum likeli-
hood approach, an explicit expression for the maximum likelihood estimate
d, was obtained. Further, utilizing the law of iterated logarithm of Brownian
motion, it has been shown that, as ¢ — oo, estimate &, converges almost
surely to the true underlying parameter. In Ref. 4, Legland considered the
identification problem for a more general class of systems governed by
stochastic differential equation of the form

dy(t)=h(a, x()) dt+dV(), >0,

where ¢ is unknown and x is a diffusion process. Utilizing the maximum
likelihood approach along with forward and backward Zakai equations, a
numerical scheme has been developed for computing ¢ given the output
history {y(s):s<t}.

In this paper, we consider the identification problem for a class of
systems governed by Ito equations of the form

dx(f)=a(t, x(f), @) dt+b(1, x(£), @) dW(D), tel=[0, T], (la)

x(0) =xo, (1b)
and

dy(f) =h(x(t), &) di+ o,(t, y(1)) dW(1),  tel, (2a)

$(0)=0, (2b)

where W and W are two independent standard Wiener processes taking
values from R" and R™, respectively, and « is an unknown parameter taking
values from a compact convex set Z contained in some finite-dimensional
space. The drift and diffusion coefficients are Borel functions as described
below,

a:IxR"xXP - R", h:R"xX%P —R",
b:IXR'xP—R"™7™, o6, IxR"—>R"*"™,

Further regularity properties of these functions will be presented in the
sequel as required. We assume that all the random processes and vectors
described above are defined on a complete probability space (Q,, %4., P.).
Then, loosely speaking, our problem is to identify the unknown parameter
a on the basis of the output information {y¥(s): s>0}.
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The paper is organized as follows. In Section 2, we present some of
the notations that have been used in the sequel along with the necessary
assumptions required to prove the existence result and to obtain the corre-
sponding necessary conditions of optimality. In Section 3, we formulate the
nonlinear filtering problem and present some of the well-known results. In
Section 4, we formulate the identification problem as a deterministic control
problem; then, following standard partial differential equation arguments,
we show that the identification problem has a solution. Finally, in Section
5, we use standard variational arguments and make use of the Gateaux
differentiability of the unnormalized density on the parameter set to obtain
the necessary conditions for optimal identification.

2. Notations and Assumptions

Notations. Let n(f), >0, be any random process, and let
o{n(s), s<1t} denote the o-field generated by 1 up to time ¢. Define

Fl=o{y(s), s<t}, Fl=c{Ws),s<t),
F=FVvFVvo{x)ca,.

Let C(R™) [resp. Cu{(R™)] denote the space of continuous [resp. bounded
continuous] functions on R". Let Z(R") denote the Borel field of subsets of
R” and ZF=|),-0 F,. Let Q [resp. Q7] denote the space of continuous
functions on R,=[0, 0] [resp. [0, T]] with values in R, and let &/
[resp. o/ 7] denote the Borel o-algebra on Q [resp. Q). We call (Q, /) the
canonical sample space for the process {x(r), y(¢)}, t=0.

Let Ly{I; R") denote the equivalence classes of measureable functions
f:I— R such that {, | /(2 |? dt < co0. For any Banach space E, we shall use
L(I; E) to denote the space of strongly measurable E-valued functions on
I with the norm

I f llo=ess sup{ll f(Dlle; teT}.

Let C(I; E) denote the space of strongly continuous E-valued functions on
I furnished with the uniform topology

1/ lc=sup{ll f(De; tel}.

For any pair of Banach spaces E and F, we use #(E, F) to denote the space
of bounded linear operators from E to F. Let

H=L,(R"), V=H'={feH: of/ox,eH, 1<i<n},

with ¥’ being its dual. We use (-, ) to denote the pairing of ¥V and V.
Further notations will be introduced in the sequel as required.
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Assumptions

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)

a(t, x, a) is measurable in ¢ and continuous in x and a. Further,
for all {#,2)el0, T1xX 2, a(t,-,a) is bounded and satisfies
uniform Lipschitz and growth conditions on R".

The matrix function b(¢, x, o) is measurable in ¢, continuous in
x and a; and for all (¢, 2)<[0, T1x £, b(1, -, a) is bounded and
satisfies uniform Lipschitz and growth condition on R”. Further,
there exists a constant 7 >0 such that

bbY(t, x, a)=0(t, x, a)>7l,

for all (1, x, @)ef0, T1x R*"x 2, where I denotes the identity
matrix.

For all (1, a)e[0, T]x 2, the functions (3/0x,)c; and (8°/
0x; 0x;)oy, 1 <i, j<n, are bounded and satisfy a Holder condi-
tion on R”.

For every (t, x)€[0, T]x R", the mappings a — o(?, x, &) and
a —af(t, x, a) are once Gateaux differentiable on 2.

For every ae®?, h(-, a)eC;(R") and the map a —h(:, a) is
once Gateaux differentiable. Further, the mappings o — A(x, o)
and a — (0/0x;)h(x, a), 1 <i<n, are continuous on £ for each
xeR",

The matrix-valued functions o,(¢, y) is measurable in ¢, satisfies
uniform Lipschitz and growth conditions on R™, and

(D (oolt, NE-E)2BIE|% B>0, EeR™, yeR™,
(i) E [, tr (oo(t, y)oift, y)) di<oo,

where the dot denotes the scalar product in R” and tr(B) denotes
the trace of B.

Note that, under the given assumptions, the systems (1) and (2) have
strong solutions for initial state x, with E {x0|2< oo and y(0)=0; see, for
example, Ref. 7.

In the next section, we present some of the well-known results in non-
linear filtering theory (Refs. 8-9). These results are used to prove the exist-
ence of a solution for the identification problem and to derive the
corresponding necessary conditions of optimality.

3. Nonlinear Filtering Problem

In this section, we formulate the filtering problem for the systeras (1)
and (2) and present the corresponding Kushner and Zakai equations (which
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are parametrized by @). Let u' and p® be the measures induced on the
canonical sample space (R, =/) by the system (1)-(2) and the system

dx(f)=a(t, x(£), @) dt+b(t, x(), a) dW(E), =0, (3a)
dy() =a,(t, y(1)) dW(1),  1>0, (3b)

respectlvely For each 1€[0, T], let i, i=1, 2, denote the restriction of the
measure y' to o7,. Then, under the given assumptions, the measures y; and
uf are absolutely continuous with respect to one another. Further, the
Radon-Nikodym derivative of y; with respect to u? is given by

du!/du?zpi‘sexp{"l/Z J |65 (s, y()A(x(s), a)|* ds

0
+J (05" (s, Y(S)h(x(s), @) - 05 (s, ¥(5)) dy(S))}, “4)

for all e, where the dot denotes the scalar product in any finite-
dimensional space. It is known (Ref. 10) that if, for each ¢€[0, T'],

EszEJ pt dui=1,
Q
then the process
{W(t), J 0, ' (5, ¥(5)) dy(s), telo, T]}
0

is a standard Wiener process on the probability space (Q, &7, u?). For any
bounded measurable function f on R”, the optimal estimate (in the mean-
square sense), relative to #7, is given by

FO=E{fx®)| #},

where E, denotes the expectation with respect to p'. Using the fact that the
measures u' and u” are absolutely continuous with respect to one another,
it follows from (4) and the Bayes formula that

JO=E{pif(x(0) | F2}/Edp? | F7}. Q)

Clearly, f(t) depends on a. This dependence will be indicated by writing
f (?) instead of f(t) Let z®(f)=n"(t, -) denote the conditional density of
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x(t) relative to %7, £2>0. It is known that 7°(¢), £ >0, satisfies the following
Kushner equation (Ref. 8):

dr® ()= A*(t, @)x®(f) dt+ (1 — K ()= (O \(D[dy(D) — B*(t) dt), (6a)
r*(0)=py, @€, (6b)
for t>0, where py denotes the initial density, I',(¢f) =(0008)(t, ¥(£)), and

n

A, a)f== 3, (9/0x))(adt, x, a)f)

i=1

F Y (@0 %oyt x, ), (?)

ij=1
with
o(t, x, a)y=(bb)t, x, a).
Define ¢°(1)=¢"(1, -), 120, so that
()= 0"t ) /[ 0°(t, X) dx, ®

where ¢ is known as the unnormalized conditional density and satisfies the
following Zakai equation (Ref. 9):

do™(H)=A*(t, )" (1) dt+ T3 (DA (1) - (1), 1>0, (9a)

0*(0)=po, @e?. (9b)
Since
Ex{pl f(x(0)) | #7} = f o (t, x)f(x) dx, (10
R
Ez{pf'lﬂ}mj 9°(1, x) dx, (11
)4

it follows from (5) that

fen= f P*(t, X)f(x) dx/ f 9*(t, x) dx
y:d R

4

={"(®), / /9" (1), 1. (12)
Let X=C(I;, R™), I={0, T, and let Ze 7. Then, it follows from (4) that

j d/d=J pf dui.
Xxs X=x%
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Since under the measure y?, the process y is independent of x, it follows that
u” is given by the product of the two measures v* and ¥ which are defined
on #(X) and F%, respectively. Then, it follows by Fubini’s theorem that

AE)=pr(X % E)=f pi du?

XxZ

=J (f pi dVi‘(x)) dV(y)=J Ex{p{ |y} dV(y).

Clearly, A7 (X) defines a measure on 7. Let 7 be a realization of the process
{y(s), s=>0}. Then, for the one point set T=y,={y(s), s<t}, one can verify
that

Ai({y0})=E{p7 | yo} = Ex{p7 | yo}

is defined #7-almost surely. We denote this by ().

In the completely observed case where both x and y are observable, the
likelihood ratio is given by the Radon-Nikodym derivative p{ (Ref. 3). On
the other hand, for the partially observed case one should consider (), as
defined above, to be the likelihood ratio. It is known (Ref. 3) that the
maximum likelihood estimate of a for the completely observed case is
obtained by maximizing p7 (or In p{'). For the partially observed case, this
is obtained by maximizing

[(y)=Ex{pf | yo}.
Note, however, that

E{p | v} =<¢" (D), 1D, (13)

where ¢°(f), 10, is the solution of the Zakai equation (9) corresponding
to the realization y.

4. Formulation of Identification Problem

In this section, we use the pathwise description of the Zakai equation
(see, for example, Refs, 11-12) to formulate the identification problem as a
deterministic control problem. Then, following similar arguments as those
of Ahmed (Refs. 13-16), we show that this problem has a solution. First,
let us verify how the above identification problem can be treated as an
identification problem of systems governed by differential equations on
Banach spaces.

Let the state process x(7), >0, and the output process ¥{¢), >0, be
governed by (1) and (2), respectively, with @ being unknown. Let ¢%(?),
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t>0, ae?, be the strong solution of Zakai equation (9). Clearly, for each
ac?, the solution ¢°(¢), t 20, is F)-adapted. Utilizing the maximum likeli-
hood approach, given the history {y(s), s<t}, the unknown parameter a is
determined by maximizing (13) over 2, subject to the constraint (9). Clearly,
the choice @ =a, is dependent on the available information {y(s), s<1t}.

It is interesting to note that, when the process x(f), >0, is completely
observable and governed by

dx(t)=a(t, x(1), ) dt+b(t, c(£)) dW(1), >0, (14a)
x(0) =xy, (14b)
with a being unknown, the likelihood ratio is given by (Ref. 3)

f;’spf=exp{-(l/2) ft |67 (s, x(s))als, x(s), a)|* ds
(¢}

+ j’ b7'(s, x(s))als, x(s), @) - b7'(s, x(s)) dX(S)}-
0

Using Ito’s lemma, one can easily verify that pf , 1> 0, satisfies the following
integral equation:

pi=1-+ Jﬂ peb7 (s, x(s))a(s, x(s), @) - b7 (s, x(s)) dx(s), a.s.
0

In this case, the identification problem can be stated as follows. Given the
path {x(s), s<t}, find an a’e 2 such that J(a®) = J(a), for all ae#. For
the case where the drift coefficient a is linear in a, i.e., a(t, x, @) =K(t, x)a,
where K(t, x)e R®*™, Lipster and Shiryayev (Ref. 9) obtained an explicit
expression for the optimal parameter af, t>0. This is given by

a‘3=(f' K'(s, x(s))[(BB")(s, x(sN] ' K(s, x(s)) dS)

0

t
Xj K'(s, x(5))((Bb')(s, x(5)))™" dx(s).
0

From the above expression, it is clear that a7, >0, is #;-adapted. For the
case where process x(1), ¢ >0, is partially observable, the identification prob-
lem becomes much more difficult. In this case, one can treat this problem as
an identification problem of infinite-dimensional systems by considering the
unnormalized density ¢“(s), s <t [see Eq. (9)], to be the state and the likeli-
hood ratio,

Jle)=Ex{pi | 7} ={¢"(D), 1), (15)
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to be the objective functional. Here, the output process {y(s), s <t} is consid-
ered to be the input to the Zakai equation (state equation). By maximizing
J(a) over 2, one obtains the maximum likelihood estimate a7, which is
clearly a functional of the observed history {y(s), s<t}.

In view of the above discussion, we can formulate the identification
ptoblem as follows. Define p” (1) =p°(¢, - ), t>0, such that

" () =p°(1) exp(h” - Z(t)), 120, (16)

where ¢°(f), >0, ae, is the solution of (9), the dot denotes the scalar
product in R”, and Z(¢), =0, is given by

Z()= j (0,00)7'(s, ¥(5)) dy(s) EJ I3 (s) dy(s). an
0 0

Using (16)-(17) and utilizing Ito’s lemma, one can convert the Zakai equa-
tion (9), which is driven by the process y, into a parabolic partial differential
equation with coefficients parametrized by the output process {y(s), s<t};
see Ref. 12. This equation is given by

(d/dnyp®(y=F(t, a)p°(t), 120, (18a)
p’O)=po, ae?, (18b)
where the operator F is given by
F(t, a)u=exp(—h® - Z())(A*(t, a)u exp(h® - Z(1)))
~(1/2)(T; ()" - K™y (19)
Let H=L,(R"), and consider the Sobolev space
V=M'={feH: of /ox,eH, 1<i<n},

with V' =(H') being its dual. Let Z(V, V") denote the class of all bounded
linear operators from V to V’. Then, for any u, veV, the operator F gives
rise to the following bilinear form:

CF(t, ayu, v>=(1/2>(2(t) % | og@n/ax)au/axyo dx)

iLj=1vpn

—) Y | o%au/ax)@v/axy dx

Lj=1 Jpgn

+ 3 a; (0v/ox)udx+ f asuv dx, 20)
i=1 Jpn

i=1 R
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where (-, ) denotes the pairing of ¥V and V. Further, the coeflicients
a7 and af are given by

n

af=a?—(1/2) 2 doj/0x;—(1/2) Y, oj(0h®/ox;) - Z(1),  (21)

j=

F=(1/DZ(0) - Y. (30%/0x)(0h" /ox) —a(OH/x)) - Z(D)

j=1

F(1/2) Y oR(@h%/0xy) - Z(D)(Oh® /%) - Z(1))
=t

= (/2T (OF - B, (22)
with
ar =a;(t, x, a),
oi=ay(t, x, a),

and Z(r), t=0, is given by (17).

Using (13), the stochastic identification problem can be formulated as
an identification problem of a deterministic infinite-dimensional system as
follows.

Problem (P). Given the system

(d/dnp®(H=F(t, a)p®(t), =0, (23a)

P’0)=py, e, (23b)
find an a°eZ such that J(a¢°)=>J(a), for all ae, where

J{@)={9"(1), 1>={p*(1) exp(h” - Z(1)), 1). 24

In the remainder of this section we will show that Problem (P), as stated
above, has a solution. For this, we need the following result which shows
that the initial-value problem (23) has a unique weak solution and it satisfies
certain bounds if the initial distribution po has certain properties.

Lemma 4.1. Suppose that Assumptions (A1)~(A6) hold. Then:

(i) for every poe H and ae#?, the Cauchy problem (23) has a unique
solution p*e L,({0, ); V)Y n ([0, 11; H);
(ii) for every poc H satisfying

[ Po(x)| <B exp(—7|x]),
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for some B, >0, there exist y = y( S, n7) and 8, 0< & < n (possibly
depending on S, 7, and ¢) such that

|p%(s, ¥)| <7 exp(—8]|x[?),

forall 0<s<t and ae. (25)

Proof. The first part is a special case of Ref. 16, Theorem 1.1, The
second part follows from the fact that, under the given assumptions, the
fundamental solution of the initial-value problem (23), denoted
S%(x, £; &, 1), £> 1, satisfied the following estimate (see Ref. 4):

[S°(x, 13 & D] <Tki/(t— 0] exp{~ks|x—&[*/(1— D)},

for all ee?, x, £cR”, and 0<1<¢, where k, and k; are certain positive
constants depending on the coefficients of the operator F and the parameter
set 2. Using this estimate along with the assumptions on p,, one can verify
(25). O

Defining
q°(t, x)=p°(t, x) exp{(8/2)|x|*},

one can easily verify that ¢“ satisfies the Cauchy problem

(d/dt)q" = G(t, a)q", >0, (26a)
7°(0)=qo, (26b)
where
40(x) =po(x) exp{(8/2)|x|*}
and

G(t, @) f=exp{—h" - Z()+(5/2)|x|*}A*(t, )
x (fexp{h® Z()—(6/2)|x|*})
~(1/2)(T; (O)h" - h%). (27)

Under Assumptions (A1)-(A6), one can verify that the operator G satisfies
the following properties:

(P1) For each ae#, and for any u, veV, the mapping
t - {G(t, a)u, v is measurable and there exists a constant ¢>0
such that

[KG(t, u, vy | <cllulvlvly, £20.
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(P2) There exist constant y >0 and $ R such that
—(G(t, ayu, )+ Flulzzylul?, e, 120

(P3) For any sequence {a"} that converged to ¢’ in 2,
G(t, o™y - G(1, %), t=>0,

in the strong operator topology of Z(V, V).
(P4) The mapping a — G(t, a), 1 >0, is once Gateaux differentiable in
the strong operator topology of Z(V, ) in the sense that

ﬁ?g 1{{G(t, a®Yu—G(t, a”)ul/€}G(t, a°; a —a’)ul =0,

for all 120, a, o’e?, 0<exl, and ueV, where
o'=a’+e(a—a’) and G4, a°;a—a’), =0, denotes the
Gateaux differential of G at the point ¢° in the direction ¢ —2".

From the above discussion, it is clear that gyeH and
g°eL((0,6); V) C([0, 7]; H) for all aeZ and t<o. The objective func-
tional (24) can then be written in terms of ¢” as

J{@)=<q" (D), "*(D>n, (28)

where

(O =11, x)=exp{h(x) - Z()} exp{—(86/2)|x|’},  xeR™

Note that under Assumption (A5), n°(H)e H for each < o0. In fact, n°(f)e H
even for /" satisfying a linear growth condition. In view of the above discus-
sion, the optimization problem (23)-(24) is equivalent to the problem
(26)-(28). We recall that our problem is to find an ¢e# that maximizes
(28), subject to the differential constraint (26).

The following result claims that Problem (P) has a solution.

Theorem 4.1. Existence. Consider Problem (P), and suppose that our
basic assumptions hold and the 2 is compact. Then, the mapping a - J.(a),
t< oo, where J(a) is given by (28), is continuous on # and Problem (P) has
a solution.

Proof. If J(a), t< 0, is infinite for some a e, there is nothing to
prove. Thus, we assume that J(a)< oo, for all aeZ. For the proof of
continuity, let a”, a’e# such that o”"— ¢°, and let ¢" and ¢° denote the
solutions of (26) corresponding to @” and a°, respectively. Defining

(=" ~q¢(1), 120,
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one can easily verify that 2°(f), t>0, satisfies the following differential
equation:

(d/dn)z"(t) = G(t, a™)2"(t)
+(G(t, @)~ G(t, 2))g’(), 20, (29a)
Z(0)=0. (29b)

Scalar multiplying the above equation on both sides by 2", integrating over
[0, 1], and using Property (P2), we have

|70 327 j \2(0) |} o+ 2y j \7(0)1} do
1] (1]

H
<2 j {G(8, o™~ G(0, ) (8), 27(0)) v db.
]
Using the Schwartz inequality, it follows that

lz"unz—sz |0 do-+2y j O3 do
0 0

' 1/2
s%f maaaﬁ—aaamfwm%d@

. 1/2
%f|ﬂmﬂw). (30)
0

Using the elementary inequality
ab<(1/2€)a’+ (e/2)b*,
a, be R, and €>0, and taking €=y, it follows by the Gronwall lemma that

70ty f 12(0) [} do
O

<lexp{271/7] j 1G9, &™) = G(0, a*))g"(8) |7 d6.
0

Therefore, 2" L,{(0, 1); V) n L, ([0, ¢]; H), and by Property (P3) and the
dominated convergence theorem, it follows that

lim sup |Z"(¢) | #=0,

and hence ¢°(¢) - ¢°(¢) in H, uniformly in ¢
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Since @ — h(x, @) is continuous on 2, for each xeR", and since A has
at most linear growth, it follows by the dominated convergence theorem that

lim | ™' ()~ n™()|a=0,  for each t<oco,

whenever a” — a°. This fact and the continuity of ¢® on 2, as shown above,
imply the continuity of J(a) on #. Since & is compact, J,(@) attains ifs
maximum on 2. This completes the proof. 1

In the next section, we utilize standard variational arguments (see, for
example, Refs. 13-16) and make use of Gateaux differentiability of ¢" on 2
to derive the necessary conditions of optimality for Problem (P).

5. Necessary Conditions for Optimal Identification

In this section, we present the necessary conditions of optimality for
the identification problem [Problem (P)] as stated in the previous section.
In our derivations, we shall follow similar arguments as those of Ahmed
(Refs. 13-15) and make use of the Gateaux differentiability of ¢” [see Eq.
(26)] on the parameter set 2.

Let a°=ca’+e(a—a’), €€[0,1], and let g°($)=q(t,a®) and
g°(H)=q(t, @°), 1>0, denote the solutions of the initial-value problem (26)
corresponding to a® and a°, respectively. Let

F=4(t, 0" a—a’) Elei?ul ' D~q°Ol/e, 120,

denote the Gateaux differential of g at ¢ in the direction a — ¢°. The follow-
ing result shows that the Gateaux differential §” exists and it is the solution
of a related differential equation.

Lemma 5.1. Consider the system (26) and suppose that Assumptions
(A1)-(A6) hold and the 2 is compact and convex. Then, the map a —»q” is
Gateaux differentiable on 2. Further, at each point a°e#?, the Gateaux
differential of g in the direction ¢ —a°, denoted by §(¢, 2°, a —a°), t=0, is
given by the weak solution of the following differential equation:

(d/d)E(D=G(t, a)E(N+E(t, o°, a—a)g’(1), 120, (3la)
£(0)=0, (31b)

where ¢° is the solution of (26) corresponding to a° and G is the Gateaux
differential of G in the sense of Property (P4).
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Proof. Let ¢, ae?. Since & is convex, we have

a‘=a’+e(a—a®)e?, 0<e<l.

Defining
FO=01/e)q ()-q°(), 120,

and using (26), one can easily verify that
(d/dDg ()= G(1, a)g*(1)

+(1/e)(G(t, a®)—G(t, a”))g°(1), =0, (32a)

3 (0)=0. (32b)

By arguments similar to those of Theorem 4.1, we arrive at the following
estimate:

Oty j 7)1} do
1]

<[exp{27t}/7] J H{IG(8, o)~ G(0, a”)]/e}q°(0) ||y db,
¢

for all 0<t<oo. Hence, it follows from the above inequality and Property
(P4) that the set {G°, €€[0, 1]} is contained in a bounded subset of
L((0, £); VYN Lo([0, £]; H). Hence, from every seqeunce §"=4%, with
€,€[0, 1] and €,—0, one can extract a subsequence relabeled as {§"} and
G eLy((0, 1); V) n Lo({0, £]; H) such that §° — §° weakly in L((0, &); V).
Hence, the Gateaux differential of ¢ exists and is given by
g(t, a°, a —a’y=§°(¢), t = 0. It remains to show that §° satisfies (31). Indeed,
since G(t, @) — G(1, ¢°) in the strong operator topology of £(V, V') and
7' — §° weakly in L,((0, 1); V), then G(-,a"§ —G(-, a”)§° weakly in
Lx((0, 1); V). Hence, by Property (P4), it follows from (32) that (d/
di)g e L,((0, t); V') for all n and (d/df)§" — w in Ly((0, £); V"), for a suitable
v in L;((0, £); V"), and that y is the distributional derivative of §°. Hence,
d° satisfies the differential equation

(d/dng (1) =G(t, a)F (D) +G(1, o°, a—a*)q°(0),

in the sense of distribution in V', Since §°eL,((0, £); V) and (d/dt)§’e
Ly((0, £); V), it is clear that §°C([0, {]; H) and §°(0) is well defined and
equals §*(0)=0 for all n. Hence, §° satisfies the differential equation (31)
and one may identify §° as £. This completes the proof. Ol

With the help of the above lemma, we now prove the following necessary
conditions of optimality for Problem (P).
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Theorem 5.1. Necessary Conditions of Optimality. Consider Problem
(P) given by (23) and (24), or equivalently (26) and (28), and suppose that
Theorem 4.1 holds. Then, in order that a° be the maximum likelihood
estimate of the unknown parameter q, it is necessary that it satisfies the
optimality conditions given by the system equation

(d/ds)q(s)=G(s, a’)q(s), O<s<t<on, (33a)

7(0)=qo, (33b)
the adjoint equation

—(d/ds)r(s) = G*(s, a”)r(s), 0<s<t<o, (34a)

r(t)=n""()=n°(0), (34b)

and the inequality
J‘ (G(s, a°, a—a)q°(s), r°(s)) ds+<{q°(D), 7i(t, a°, a—a’)» <0, (35)
g

for all @ . Here, G* is the formal adjoint of G; G and 7 are the Gateaux
differentials of G and 1, respectively; and ¢° and r° are the solutions of (33)
and (34).

Proof. The proof follows from standard variational arguments as in
Refs. 13-16. Since a — ¢“ has a Gateaux differential on 2, it follows that J,
as defined by (28), also has a Gateaux differential. Then, in order that J
attains its maximum at @°e2, it is necessary that

Ji(e’; a—a”) Eligl(l/é) {J(a°+e(a—a))—J(a")} <0, (36)

for all @e®. Using the result of Lemma 5.1, it follows from (28) and (36)
that

JHa®, a—a”)={F (@), (O +<qg°(0), (1, @°; a—a®)) <0, (37)

for all ae®, where §° denotes the Gateaux differential of ¢ as defined by
Lemma 5.1. Inequality (37) can be further simplified by introducing the
adjoint variable r, which is the solution of the following differential equation:

—(d/ds)r(s) = G*(s, a’)r(s), 0<s<t<oo, (38a)
r(®)=n"(0)=n"(0). (38b)

Reversing the flow of time, s—7—s, and noting that n°()eH, =0, it
follows from Lemma 4.1 that (38) has a unique solution
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reL,((0, 1); V)Y C([0, ¢]; H). Using (37), (38), and Lemma 5.1, one can
easily verify that
1

{79, 17"(1)>=J‘ (G(s, a®, a—a”)q°(s), r(s) dbs. (39

0

Now, Inequality (35) follows from (37) and (39). This completes the
proof. 0

Remark 5.1. Here we have not considered the question of consistency
of the estimated parameter ¢°. This question was settled in Ref. 3 for the
case where the state process is completely observable and the drift coefficient
is linear in . The consistency question was also settled in Refs. 1-2 for the
case where both state and observed processes are governed by linear time-
invariant stochastic systems. For partially observed nonlinear stochastic sys-
tems, this remains as open problem.

As a final remark, it should be noted that similar results can be obtained
for the general case where the state process x is governed by a stochastic
differential equation of the form

dx(ty=a(t, x, @) dt+b(¢, x, &) dW(5)

+j ct, x, a, EYp(dt, d&), =0,
2

x(0)=xy,

where Rp=R'\{0} and B is a counting measure obeying a generalized
Poisson distribution with certain mean.
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