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We consider the possibility of superconductivity in a system of two- 
dimensional electrons on the surface of liquid helium films. Taking 
into account of the interaction between electrons and the surface 
excitations of liquid helium films-ripplons, within the weak 
coupling BCS theory, we estimate the superconducting transition 
temperature for various interaction strengths, film thicknesses, and 
electron densities. The superconducting transition temperature Tc, 
under experimentally realizable conditions, is calculated to be a few 
mK's. 

THE SYSTEM of electrons on the surface of liquid 
helium, because of its experimental accessibility, has 
been studied quite intensely. The electrons above the 
surface falling into the image-potential bound states 
relative to the motion perpendicular to the surface, 
form an ideal two-dimensional (2D) electron gas at 
low temperatures. Their accessibility provides yet 
another physically realizable 2D electron gas, along 
with Si-MOSFETs and GaAs/AlxGal_xAs hetero- 
structures. Recent interest in this system, both from a 
theoretical and experimental standpoint, is mainly 
due to the possibility of observing Wigner transition, 
and the self-trapping of electrons in the plane parallel 
to the helium surface. 

In the experiments performed [1-3] on bulk liquid 
helium, electron densities attained are in the range 
n ,,~ 105-109 cm -2, thus the Fermi energy ~F is much 
smaller than k T even at very low temperatures. In this 
classical regime the Wigner crystallization has been 
observed [2, 3]. Mechanisms for the melting of 
2D electron solid in different regimes have been 
discussed [4]. 

In order to reach the quantum regime (n > 10 l° 
cm -2) several proposals [5] are made, of which the 
most interesting one uses a thin helium film on top of 
a metallic substrate to enhance the stabilizing force. 
Measurements of the shear modulus [6], specific heat 
[7] and mobility [8] around melting point have been 
performed. An important characteristic of a system 
of electrons on a helium film is the flexibility in 
changing the interaction strength between the 
electrons. Because of the finite distance between the 
electron layer and the substrate (viz., helium film 

thickness) the bare Coulomb interaction is screened 
by the substrate. Screening can dramatically affect the 
interparticle potential. For instance, a metallic 
substrate and helium-film thickness smaller than the 
average electron-electron distance, results in a 
dipole-dipole interaction. Many properties of the 
2D electrons formed on the surface of liquid helium 
has been investigated both theoretically and experi- 
mentally. Peeters and Platzman [5, 9] have studied the 
melting and obtained the phase diagram of this 
system. An interesting result appears to be the re- 
evaporation of the 2D Wigner crystal at extremely 
low densities, and at some critical film thickness the 
prevention of crystallization at all densities, which 
was also noted by Ma and Inkson [5]. 

The motion in the plane of a single electron is free 
except for coupling to the thermally excited ripples of 
the liquid surface. This coupling is analogous to the 
electron-phonon coupling. The interaction between 
electrons and ripplons originate from the change in 
energy of the electron as it rides on the surface waves 
in the presence of an electric field £. The polaron 
aspects of 2D electrons on the films of liquid helium 
were investigated by Jackson and Platzman [10]. The 
ground-state energy, magnetization, and susceptibil- 
ity of this system in a perpendicularly applied 
magnetic field, within the Feynman path-integral 
formalism, were calculated by Jackson and Peeters 
[11]. The surface mobility of electrons due to 
scattering from ripplons and impurities including 
the quantum degeneracy effects was considered by 
Pereira et al. [12]. The frequency dependent response, 
and temperature dependent properties of this elec- 
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tron-ripplon system at low temperatures was 
studied by Peeters and Jackson [13] where they 
calculated the effect of self-trapping on the mobility 
spectrum. Several aspects of the dynamical proper- 
ties of the Wigner lattice in such systems have 
also been investigated [14]. The status of the field 
has been surveyed in various reviews [15-18] in 
detail. 

The purpose of this communication is to consider 
the electron-ripplon interaction in the 2D electron 
system on the surface of liquid helium films, for a 
possible superconducting transition. Our primary aim 
is to estimate the superconducting transition tem- 
perature T~ for experimentally accessible system 
parameters. As has been recently noted [16], the 
possibility of a simple BCS-like transition has been 
anticipated [5, 17] but no estimate of T~ was given in 
the previous studies. Since the typical phonon 
energies [17, 18] are about ,,~ 10 -2 K, we expect the 
electron system on the surface of helium films to 
exhibit superconductivity with T c comparable to 
these energies. 

The dispersion relation for ripplons of a charged 
helium film of thickness d is given by [19] 

47re2n 2 k 1 + e -2kd] 

p ~ 1 -  e-2kdJ 

xtanh (kd), (1) 

where p = 0.145 g/cm -3 is the helium mass density, 
g the acceleration due to gravity, r = 0.378erg 
cm -2 the surface tension of the helium film, n 
the areal density of electrons on the helium 
surface, and c = 9 . 5  x 10-15erg is the van der 
Waals coupling constant of the liquid helium to 
the substrate. As discussed by Peeters [9], for elec- 
tron densities greater than a critical density n*, the 
helium surface becomes unstable. For thin films 
(kd << 1) on metallic substrates, this limiting density 
is estimated to be [9] n*,-, 100/d 3/2, valid for 
d <  103A. 

In order to estimate the superconducting transi- 
tion temperature Tc arising from electron-ripplon 
coupling, we first evaluate the McMillan function [20] 

a2F(w) = ~ Igkk' 12~(w -- ~ok_~,)8(~,)8(~,,)/~ 6(~,), 
kk' k 

(2) 

where gkk' denotes the electron-ripplon matrix 
elements, and (k = e k -  eF are the electron energies 
relative to the Fermi energy er. The electron-ripplon 
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interaction is given by 

igkl 2 = h k  tanh (kd) (eE)2. (3) 
2pO:k 

In the above equation £ is the total holding electric 
field perpendicular to the surface, and in general has 
contributions from the externally applied field ~xt, 
and the image charges in the substrate. Following 
Jackson and Platzman [10], we linearize the ripplon 
dispersion relation 

wk = + g dl/2k = sk, 

Ip,tf 3c 
for k < kc--- V-  ~- ~ ] ,  (4) 

where we have introduced the propagation velocity s 
and the cut-off wave vector kc. The above approx- 
imation is good at T =  0 and d,,~ 100,& [10, 13]. We 
also introduce the coupling constant ae-r for the 
electron-ripplon interaction 

( eC) 2 md  
a e - r -  47rh22 . (5) 

The superconducting coupling constant is determined 
from 

A = 2 [dw a2F(w) , (6) 
d a; 

and the transition temperature Tc is estimated by 
solving the gap equation within the BCS theory, 

1 I d-: tanh (2k-~T~) = . ( 7 )  

We present and discuss our results in the 
following. First, the McMillan function a2F(w) is 
plotted as a function of w / ~  for the electron- 
ripplon system under study in Fig. 1. The a2F(w) 
function exhibits a single peak and a sharp cut-off 
reflecting the simple model of the electron-ripplon 
dispersion. The superconducting coupling constant A 
calculated using the a2F(a;) function is ,--0.3, 
validating the BCS-type mechanism. 

In Fig. 2 we show the calculated superconducting 
transition temperature Tc as a function of the 
electron-ripplon interaction strength parameter 
ere_r, at the electron density n = 10 l° cm -2. The 
solid, dashed and dotted curves indicate the helium 
film thickness d =  200as, 100as, and 20as, respec- 
tively, where aB = h2/me 2 is the Bohr radius. Here 
the coupling constant ae-r may be regarded as a 
measure of the perpendicular electric field •. For 
d = 100as, the value of E becomes ,-~ 103o~/_2r V/cm-I 
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,Fig. 1. The McMillan function ot2F(w) vs w for the 
helium film thickness d = 200an, the electron density 
n = 10 m cm -2, and the electron-ripplon coupling 
strength ac-r = 1. 

which is of  the order reached in the experiments. The 
electron density dependence of  the transition tem- 
perature is displayed in Fig. 3. We have chosen the 
electron-ripplon coupling parameter ac_ r = 1. Solid, 
dashed, and dotted lines indicate the helium film 
thickness d = 200aa, 100an, and 20an, respectively. 
We observe that highest transition temperatures can 
be attained as n ~ 1012 cm -2 and d--, 20an. 

We have used the McMillan function a2F(w) for 
the electron-ripplon interaction to calculate various 
moments of  the ripplon frequencies as defined by 

21 w"~2~ (w) (Wn> = X  dw , (8) 
W 
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Fig. 2. Superconducting transition temperature T c as 
a function of  the electron-ripplon coupling strength 
ae_ r at the electron density n = 10 m cm -2. Solid, 
dashed, and dotted lines are for the helium film 
thickness d = 200ae, 100an, and 20an, respectively. 
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and the logarithmic-mean frequency as given by 

2 a2F(w)) J (Win) : exp ~ dw In w w ~" (9) 

The first few moments that may be used in the 
prediction of  the transition temperature Tc according 
to various models discussed by Allen and Mitrovi6 
[21], are obtained as (wl) = 7.25 x 10-4meV, 
(w2) 1/2 = 8.10 x 10-4meV, and (Wl.) =5.86 x 10 -4 
meV which are all o f  the order of  cut-off frequency 
v/2hskF ~ 8.5 x 10 -4 meV. Since our main interest 
was to estimate Tc in the spirit of  BCS theory, we did 
not take into account the Coulomb repulsion between 
the electrons. It may be included in the calculation of 
Tc through the Coulomb pseudopotential #* [21, 22]. 
Recently, Combescot [22] have studied the exact 
solution of the Eliashberg equations in the weak 
coupling limit (A, # * 4  0) for an arbitrary McMillan 
function a2F(w). We obtain qualitatively similar 
results using the Tc formula proposed by Combescot 
[22] in which (Wl,) plays an important role. 

It would be interesting to further study the system 
of 2D electrons on the surface of  liquid helium films 
through computer simulations. For  instance, Path 
Integral Monte Carlo (PIMC) calculations may be 
performed to theoretically determine the supercon- 
ducting transition, similar to the case of  superfluidity 
in liquid helium [23]. 

In summary, we have investigated the possibility 
of  superconducting state, and in particular the 
transition temperature T¢ for 2D electrons on the 
surface of  liquid helium films interacting with the 
surface excitations. We find that the electron-ripplon 
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Fig. 3. Superconducting transition temperature Tc as 
a function of  the electron density n, for the electron- 
ripplon coupling strength ae-r = 1. Solid, dashed, 
and dotted curves are for the helium film thickness 
d = 200aB, lOOaB, and 20aa, respectively. 
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system undergoes a weakly coupled superconducting 
transition, and for experimentally accessible para- 
meters T c is of the order of mK, comparable to the 
typical phonon (ripplon) energies. 
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