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Abstract

We discuss the polarization measurement of a fully polarized coherent field in the weak intensity quantum limit within
the framework of operational approach which was recently discussed by Noh, Fougéres and Mandel. We mainly focus on
the fluctuations in the measurement of the parameters of polarization and on the uncertainty relations between them. A
dependence of these parameters and their quantum fluctuations on the parameters of the initial coherent field is found.

The existence of a well-behaved Hermitian quan-
tum mechanical phase operator is a controversy last-
ing from the early days of quantum mechanics [ 1-4].
Most of the literature in this area is mainly concen-
trated on the mathematical description of the optical
quantum phase for the free electromagnetic field. Al-
though these descriptions are equally satisfying for
the classical limiting case, they give mutually conflict-
ing results in the cases of extremely low intensities
or in strongly non-classical (e.g. squeezed light) dis-
tributions [5]. An operational approach to the mea-
surement of the relative quantum phase between two
optical fields has been developed recently by Noh,
Fougéres and Mandel (NFM) [6,7]. In this formu-
lation, the relative phase is described in terms of the
photon counting operators which are defined directly
by the measurement.
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In this Letter, we investigate the quantum measure-
ment of the polarization of a coherent optical field
using an operational approach. The advantage of this
approach is that the quantum fluctuations of the polar-
ization state can be formulated in terms of the quan-
tum statistical fluctuations of the number of detected
photons, even in the weak field limit. We first outline
a classical polarization measurement scheme and then
investigate the quantum mechanical case.

Classically, the state of polarization of a monochro-
matic optical field, E; = ¢€; cos(wt+8;), wherei = 1,2
are the indices of two pre-selected orthogonal polar-
ization eigenmodes, can be fully described by the four
Stokes parameters s, (m = 0,1,2,3) [8-10]. Here
we only consider the Stokes parametrization of a fully
polarized field. For this case

so=L(ED +(E3)), s1=L((E}) —(ED)),
s2= ((E})(E3) ' cos ¢,
5= (E}(E3))'/sin g, ()

0375-9601/94/%07.00 © 1994 Elsevier Science B.V. All rights reserved

S§SDI0375-9601(94)00768-3



T. Hakioglu et al. / Physics Letters A 194 (1994) 304-309 305

where ¢ = 8, — 8, is the optical phase and (E?) is
the intensity of the ith component with the brackets
indicating the average over the time interval of the
measurement. For an optical field this measurement
interval is much greater than the period but it is also
smaller than the longitudinal coherence time [7,11].
~Note that the Stokes parameters are not all indepen-
dent, but are related by the equality s3 = s? + 53 + s2.
In the classical case, the s, can be measured using
a somewhat similar optical setup to that of NFM, as
shown in Fig. 1. The beam whose polarization is to be
measured is firstly split into two at the non-polarizing
beam splitter BS;. One of the output beams from BS;
is sent to a polarizing beam splitter PBS;, which de-
fines two linearly polarized orthogonal polarization
eigenmodes i = 1,2. Then I} and I are measured
as the output field intensities. The other output beam
from BS; is further split at BS, with the purpose of
measuring sin ¢ and cos ¢ simultaneously. One of the
output beams from BS; is analyzed with PBS,, which
is oriented at a 45° angle with respect to the axes i =
1,2 defined by PBS;. The intensities measured after
PBS; are I5 and I4. The other output beam from BS;
goes through a quarter-wave (%/\) plate whose fast
and slow axes are aligned along the i = 1,2 direc-
tions. This beam is then anayzed at PBS; whose axes
are aligned with PBS,. The intensities measured after
PBS; are Is and Ig.
For 50% non-polarizing beam splitters, the mea-
sured intensities I; are related to the input field by

HED, h=3(E),

L=5((ED) + (B) + 2\/(—E%><—E%>cos é),
14=%((E%>+(E§)—2\/mcos¢),
Is = {((E}) + (E3) + 24/ (E}){E}) sin ¢),

Is = {((E}) + (E3) — 24/(E})(E}) sin ¢). (2)

From these relations the classical Stokes parameters
can be written as

[t

si=h - I,
so=hh~1h, s3=1Is—I. (3)

The s, defined by Eqgs. (2) and (3) depend on the
initial choice of the orthogonal axes 1, 2. The polar-

so=h+ 1,

ization state, hence the orientation of the polarization
ellipse, for any input field will be measured relative to
these axes. We are interested in the fluctuations asso-
ciated with the measurement of the polarization state.
Such fluctuations are very important when the mea-
sured field is very weak or in some quantum state. In
relation with the measurement of these fluctuations we
first define the classical angular functions,

. (i)' L-1h
31n0=2m, cosﬂ=11+12,
cos ¢ = L-L ,
(I3 — 1)+ (Is — I6)?]1/?
sing = Is — I (4)

((Iz —1)?% + (Is — I)2]V/%

Using Eq. (4), Eq. (3) can be described in a polar de-
composition. If the axes 1, 2 are the principle axes of
the ellipse of polarization, then cos @ is related to the
ellipticity angle, and ¢ = 8, — &1 becomes the optical
phase between the major and minor axis components
[8]. Although # and ¢ can be mixed by rotating the
frame in which they are defined, they are closely con-
nected with the geometry of the ellipse.

The setup in Fig. 1 allows us to make measurements
on 6 and ¢ related to the polarization state without em-
ploying any interference. In the laboratory, itis techni-
cally difficult to eliminate the influence of the random
path lenght fluctuations on the measurement of the op-
tical phase. It should be emphasized that in our pro-
posed setup, each component goes through the same
optical path in both the cos ¢ and the sin ¢ measure-
ments. There is also no restriction on the arm lenghts
BS,-PBS; and BS,-PBS; imposed by the temporal
coherence length. Therefore, the setup in Fig. 1 is im-
mune to random phase fluctuations resulting from me-
chanical vibrations of various optical components.

Having defined our measurement, we next look
at the quantum description of the polarization state.
Quantum meachanically, the unused ports in the beam
splitters are considered as input for vacuum fields.
Therefore, we include in Fig. 1 the vacuum fields
v p@ for BS; and BS; and w, w® w3 for
PBS;, PBS, and PBS;3, respectively.

The annihilation operators associated with the op-
tical fields at the output arms of PBS; are related to
those at the input through
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Fig. 1. Experimental setup for the measurement of all Stokes parameters. Note that this setup can be used in the measurement of a partially
polarized field as well. However, here we only concentrate on the fully polarized case.

di =ray + 108",  dy=ray + 105", (5)
where r =1/v/2 and t = 1/+/2 are the field reflection
and transmission coefficients, and uj(l) (j=1,2) de-
scribes the polarized vacuum field in the j direction
entering through the vacuum port of BS,. The vacuum
fields w(® (k =1,2,3) do not couple with the mea-
sured field operators since they are orthogonal to them.
Therefore, we do not include any of these orthogonal
vacuum field components, as they do not contribute
to the fluctuations of the intensity in our operational
formalism. We next define the operators

. a1f,)1/2
§ oo i) 7

fiy — fip
" A k3 =
a4+ ny

~ ~ ’
a+

(6)

where #; = Lf;dA i, J = 1,2, are the photon number
operators for the fields measured at the detectors 1,
2. Assuming ideal detectors with unit quantum effi-
ciency, the measured value of 7; represents the pho-
tocurrents at the detectors. Since [‘(1), ‘51”] =0 and
[a;, a2] = 0 due to independence, we have [cfl R d';] =
0. This relation together with the use of the semiclas-
sical analogy justifies the definition of the operators in
Eq. (6) As a consequence of [d1,d2] =0, we also
have [85,Cp] =0 and §3 + C3 = 1.

On the other hand, at the output ports of PBS; and
PBS3, the field operators ds, ds, ds, dg are

33 = \;_[(tral +r vfl) +tﬁ(2))
+ (trag + r*o§) + 105)1,

ds = \}_[ (tray +r vgl) +tﬁ(2))
+(tra2+r Uél)'f-tﬁ(z))],

ds = —

\/_

+ (o + trof" +roi)],
2

[1(t a + tr‘(l) + rﬁfz))

A 1 2
d¢ = —i(fa +trv(1)+rﬁ( )
3 \/5[ (' 1 )
+ (P + trof) + ro{) 1. @)
Here 7? (j = 1,2) describes the polarized vacuum

i
field in the j direction through the vacuum port of BS,.

Then, by the same analogy with Eq. (4) we have the
following relations for the optical phase operators,

é _ ﬁ3—ﬁ4

$ T [(hs — ng)2 + (A5 — N) 21172’

o s — A

S¢= 5 6 (8)

[(A3 — 74)? + (A5 ~ Fig)?]1/2
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with #; = did; (j = 3,4,5,6). Here fi; — 4 and
fis — fg are
fis — hg = [(r*real + rreofd + rofPT)
x (rtéy + r2ﬁ§1) + tﬁfz)) +h.c.],
hs — e =il (¢ a} + r'reofD + r*o{PT)
x (ay + tro{” +r0(P) —he.], (9)

where h.c. denotes Hermitian conjugate. Using Eqgs.
(7) it can be shown that neither #is nor g commute
with iy or #i3. Here [C‘,;,, S'd,] = 0 follows explicitly
from the existence of the vacuum fields in the com-
bination A3 — A4 and A5 — fig. On the other hand, for
the commutation [S,Cs] = 0 of the previous case,
the vacuum field 51 does not play any role. This is
because at PBS; the orthogonal field operators cil and
d» do not have the same components of the vacuum
field 51,
We first analyze the fluctuation

Dy =/ (ASg)% + (ACy)?

in the measurement of Sy and C, where the variances
are (ASp)? = (S5 — (S6))%) and (ACy)? = ((Cy —
(Cy))?), respectively. The brackets indicate quantum
averages calculated with respect to the initial state
|#/iv). In this semiclassical operational approach, the
measured field is treated classically, and the joint prob-
ability distribution of the detectors is treated quantum
mechanically [11,12]. At PBS; the measured value
of a general operator f(#,fiz) is given by {7]

(Flhn, i) = NS fmum) (P(A1R2)),  (10)

ni,n2

where N is the normalization, and (P(7;,72)) =
(NP (1, A2) v, where |n) is the initial photon
state as observed in PBS;. Here P(#;, ) is given by
the normal ordered product

2
Pa1.fp) =[] : (dldp™ exp(=d}d)) /n;! -,
J=1

(11)

which is the joint probability distribution of detecting
n; photons at detectors 1, 2. To calculate the fluctuation
A f in the measurement of the operator £, we find ( ﬂ
and (f?) using Eq. (10). An important point is that

there is an ill-defined contribution of the unobserved
data corresponding to n; = ny = 0 in the calculation
of Dy. The relative contributions of these unobserved
events in the total average is not small if the initial
average field intensities are weak (i.e. 7i;,7ix < 1).
Therefore, we discard these data points by subtracting
the probability (P(0,0)) from the normalization and
also excluding the corresponding terms in the sum-
mation (indicated by the prime). Hence the normal-
ization, in the operational sense, is given by N'~! =
1 —(P(0,0)) [7].

According to the measurement scheme in Fig. 1 the
orientation of the first polarizing beam splitter PBS; is
arbitrary. Thus, fluctuations should not only be exam-
ined with respect to the independent average number
of particles #; and 7, but also with respect to their ra-
tio 7 = Ay/A;. Let us assume that the initial beam is
given in a product coherent state with average num-
ber of particles |a|? and |B|? with respect to some
fixed reference axes 1° and 2°. Then |({n1n;|¢N)|? =
P(ny,|a|?) ®P(ny, |B|*) where P describes the num-
ber probability distribution of a coherent state with
mean photon numbers || and |B[%. If & = |a|ei%
and 8 = |B| €% one also has a coherent distribution
in 1, 2 frame with average number of particles,

fiy = acosy — Bsiny|?,
2= L|Bcosy + asiny|?, (12)

bl

with y describing the arbitrary angle between the
frames 1°, 29 and 1, 2, and the overall % is due to the
BS;. In Fig. 2 Dy is shown as a function of #; for
n = 0.1, 1, 10. The fluctuation increases rapidly to its
maximum value from the classically expected value
of zero as the average number of detected photons
decreases. The largest fluctuation is associated with
7 = 1. Bven if |a@| # |B| 7 can still be very close to
one if the axes of PBS; are oriented relative to 1°,2°
by certain amount which is determined by Eq. (12).

We now study Dy = [ (AS4)2+(ACy)21" /2 for Cy
and §¢ operators. Here the operator f (PR3, fig, Ais, fig)
in Eq. (10) is given by the corresponding (:'¢ and
S, operators defined by Eq. (8), and P(A1,R) is
replaced by P (A3, A4, fis, Aig). The calculated Dy is
shown in Fig. 3. Figs. 2 and 3 indicate that for p =1,
Dy takes its largest and Dy its smallest values com-
pared to other possible values of 7 for small values of
fi1. As fi; gets large enough, the roles of Dy and Dy
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Fig. 2. Fluctuation in 6 as a function of the average number of
particles measured at the detector d;.
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Fig. 3. Fluctuation in ¢ as a function of the average number of
particles measured at the detector ds.

interchange. We will now briefly study this behaviour
in connection with an uncertainty principle.

The analysis of fluctuations in the polarization mea-
surement of weak fields yields interesting results. Figs.
2 and 3 indicate that the quantum statistics of the ini-
tial field has an important influence on the measured
parameters of polarization. Although the choice of the
axes on which one measures the polarization is arbi-
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Fig. 4. Uncertainty product described by the Lh.s. of Eq. (13) for
n=0.1,1,10.

trary, fluctuations strongly depend on the relative in-
tensity of the field components measured along the
axes. Theoretically, the optical phase ¢ is the canon-
ically conjugated operator to the number difference
operator N = fiy — ft; [1,2]. Then from Eq. (6) we
have N = —C4 (A1 +7,). Hence we expect the fluctua-
tions in #- and ¢-dependent operators to be regulated
by the uncertainty relations

(ANME(ACH)? = 184

(AM2(A84)% = H(Cy)? (13)

In Fig. 4 the first one of Egs. (13) is plotted as a
function of A; for n = 0.1, 1, 10. We examined it and
observed that the unequality is respected for all val-
ues of 7i; even though one would expect it to be ques-
tionable for /iy < 1 due to the subtracted statistics in
the averages. For small values of 7;, AN is small due
to the number coherent state but does not go to zero
like in the pure coherent state. This is also a result of
the subtracted, unobservable data. Also in Fig. 4, an
interesting feature of Eqs. (13) with respect to 7 de-
serves some attention. Curves corresponding to two
different 5’s cross each other at 7i; values fixed by the
ratio of those n’s. For instance, in the range #; < 1
7 = 1 yields the largest uncertainty among all possible
7 values. At iy ~ 1 a crossover is observed between
the curves corresponding to 7 = 0.1 and n = 1. The
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7n =1 and 5 = 10 curves cross each other at 7i; ~ 10
and then 7 = 1 yields the smallest uncertainty of all
three curves for 7i; > 10. If, instead of Fig. 4, we had
plotted (ACy) 2(AC'¢) 2 against i, we would have seen
the same crossing pattern at approximately the same
fiy values. Naturally because of the form of Egs. (4),
(6) and (8) the point where the crossover is observed
scales with respect to 5 2. Thus, although 5 = 1 cor-
responds to the largest uncertainty in the weak field
limit, it is the fastest decaying one with increasing av-
erage number of particles.

In conclusion, we believe that the relative inten-
sity dependence of the uncertainty relations (13) de-
scribed in Fig. 4 is of experimental importance for the
measurement of the polarization of weak fields. These
theoretically observed features can be easily examined
in an experiment described in Fig. 1. There have been
a number of studies on the measurement of the proba-
bility distribution of the moments of the phase opera-
tor [ 13]. It can be shown that in polarization measure-
ment the widths of the corresponding probability dis-
tributions Py and Py of @ and ¢ dependent operators
are correlated in the reciprocal sense due to the uncer-
tainity relations (13). A more detailed analysis of this
manifestation of the uncertainty in weak polarization
measurements will be given in another publication.

T.H. appreciates financial support by Professor P.
Carruthers on his visit in the summer of 1993 to The
University of Arizona, where this work was first dis-
cussed.

2Small shifts of the crossover points from their fixed value
determined by #’s is due to the truncation errors in the calculation
of otherwise infinite summation in Eq. (10).
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