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Abstract. We study the collective modes of flux line liquids such as occur in the type-II
superconductors of recent interest composed of two-dimensional layered structures. Starting
from the vortex–vortex interaction and employing the dielectric formalism within the
random-phase approximation, we find propagating sound modes in the long-wavelength limit.

The discovery of high-temperature superconductivity has
led to a renewed interest in the properties of type-II
superconductors. Magnetic flux lines penetrating the super-
conductor form the so-called Abrikosov lattice and various
properties of these structures are discussed in detail in recent
reviews [1, 2]. The materials of recent interest are highly
anisotropic with conducting two-dimensional copper oxide
planes, separated by effectively insulating layers. Thus, a
magnetic field perpendicular to the planes produces quantized
flux lines which may be considered as stacks of pancake
vortices confined to the conducting planes. The static and
dynamic properties of these vortices have been the subject of
intense research activity. Fluctuations in the vortex system
give rise to a transition from the solid-like structure to a
liquid-like phase, as has been observed experimentally [3,4].
Moreover, it is still controversial whether the flux lines
decouple into a liquid of flux pancakes above the melting line
or not. Recent experiments continue to explore the melting
transition in flux line lattices in different materials, effects of
disorder, and application possibilities [5]. For instance, it has
been observed that the disorder does not affect the melting of
the flux line lattices and leads to the coexistence of solid and
liquid phases on a microscopic scale [6].

The melting of the flux line lattice and its properties
have been considered theoretically [1]. For the description
of the fluid phase either the boson analogy of Nelson
[7] is used [8, 9], or the classical liquid-state theory is
employed [10–12]. Since a number of works make use of
the ground-state correlation functions of the flux line liquid
to determine the solid–fluid phase boundary, our aim in this
work is to study the collective modes in the flux line liquids.
Theoretical approaches calculating the structure factors in
the liquid include the hypernetted-chain approximation,
molecular dynamics, and Monte Carlo simulations. We use
the dielectric formulation to describe the long-wavelength
collective excitations in the flux line liquid. Modelling the
system as a liquid interacting with a pairwise interaction
potential at a given temperature and density in the absence
of any disorder, we calculate the density–density response of
the liquid within the random-phase approximation.

The collective modes of flux line lattices have attracted
considerable attention, especially ones for which Josephson
coupling is present [4, 13]. In the case of zero or negligible

Josephson tunnelling between the superconducting planes,
the collective excitations are also determined. Fetter [14] has
calculated the normal modes and specific heat of pancake
vortices in superconducting multilayers. In contrast, the
behaviour of the collective modes of melted flux lattices,
namely the flux line liquids, has received less attention.
The motion of vortices in a superconductor is generally
overdamped and there are no sound waves in the system.
Marchetti and Nelson [15] used a hydrodynamic theory to
study the collective modes in isotropic and hexatic flux line
liquids. They find propagating modes that are proportional
to q2. In our approach, we assume a liquid state (in the clean
limit) for the flux lines and arrive at sound modes.

In the following, we introduce the interaction potential
for flux lines in the liquid state, and employ the dielectric
formalism to calculate the collective modes of the system in
the lowest-order approximation scheme. We assume infinite
anisotropy, i.e. Mc → ∞, in which case the vortex–vortex
interaction can be expressed as [16]

βV (q, qz) = 
λ2[q2 + (4/d2) sin 2(qzd/2)]

q2[1 + λ2q2 + 4(λ2/d2) sin 2(qzd/2)]
(1)

where β = 1/kBT , and 
 = βd�2
0/(4πλ

2) is the
dimensionless coupling constant. Here, �0 is the flux
quantum, d is the interplane distance, and λ is the penetration
depth. q and qz denote the in-plane and out-of-plane
wave vectors, respectively. This model is equivalent to
assuming that the superconducting layers are decoupled,
i.e. interlayer Josephson coupling vanishes. In practice,
this condition holds for BSCCO or artificially produced
multilayer materials [17], and the above law of interaction
between the flux lines is employed in a variety of liquid-state
calculations to determine the properties of melted flux line
liquids.

Noting the similarity between the present situation of
pancake vortices and layered semiconductors [18], we exploit
the same dielectric formalism. The density–density response
function for the anisotropic flux liquid within the random-
phase approximation (RPA) is given by

χ(q, qz, ω) = χ2D
0 (q, ω)

1 − V (q, qz)χ
2D
0 (q, ω)

(2)
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where χ2D
0 (q, ω) is the noninteracting response function in

the plane. The situation here is very similar to that of the
layered semiconducting structures, for which a whole body of
theoretical approaches for determining the collective plasma
oscillations exist [18,19]. The collective modes of the layered
system are obtained by solving the equation

1 − V (q, qz)χ
2D
0 (q, ω) = 0. (3)

The density–density response function of a classical 2D
system is given by [20, 21] (we take h̄ = 1)

χ2D
0 (q, ω) = −nβW

(
ω

q

(
M‖
kBT

)1/2)
(4)

where

W(z) = 1√
2π

∫ ∞

−∞
dx

xe−x2/2

x − z − iη
(5)

is the plasma dispersion function [21] (η is a positive,
infinitesimal quantity). In the calculation of the response
function, single-particle energy p2/2M‖ is assumed for the
vortices, where M‖ is the in-plane effective mass.

Using the asymptotic properties of the plasma dispersion
function, in the long-wavelength limit and for small damping
we obtain the dispersion of the collective modes as

ω2(q, qz) = n

M‖
q2V (q, qz)

[
1 +

3kBT

nV (q, qz)

]
. (6)

In particular, we find propagating sound waves along the xy-
and z-directions, with dispersion relations

ω(q, qz = 0) � (n
/M‖β)1/2λq

and

ω(q = 0, qz) � (n
/M‖β)1/2λqz

respectively. The London penetration depth is assumed to
have a temperature dependence of the form

λ(T ) = λ0/[1 − (T /Tc)
4]1/2

with λ0 = 1500 Å and Tc = 85 K for BSCCO materials.
These modes are largely independent of the temperature (in
the long-wavelength limit, and away from the melting line),
since 
 ∼ β. If we choose qzd = π , the collective mode
dispersion in the long-wavelength limit (q → 0) becomes

ω(q → 0, qz = π/d) � (n
/M‖β)1/22λ/2(1 + 4λ2/d2)1/2

displaying an optical mode. Thus, the anisotropic nature of
the layered superconducting systems give rise to a variety of
collective mode dispersions for the melted flux line liquids,
similar to the situation for layered semiconducting materials.

We plot the collective mode dispersions in a flux line
liquid in figure 1 at B = 1 T and T = 60 K. We scale
the wave vectors q and qz by the average interparticle
distance in the plane a, defined by the relation B/�0 =
1/(πa2). We also need the effective mass M‖, which is not
known precisely for BSCCO materials from the available
experiments. Furthermore, the mass of a vortex is an issue
of controversy, and there exist different approaches to its

Figure 1. (a) The collective modes of a flux line liquid at B = 1 T
and T = 60 K as a function of the in-plane wave vector q. The
solid and dashed lines indicate qz = 0 and qzd = π sectors,
respectively. (b) The collective modes as a function of qz. The
solid and dashed lines indicate q = 0 and qa = 1, respectively.

definition [1, 22]. We adopt here the viewpoint that M‖ is
the Ginzburg–Landau effective mass, and take M‖ = 10me,
where me is the bare electron mass, for illustration purposes.
ω(q, qz) as functions of a and qz are depicted in figures 1(a)
and 1(b), respectively. We observe thatω(q, qz = 0)displays
a sound-like acoustic mode in the long-wavelength limit,
whereas ω(q, qz = π/d) has an optical character. When
we fix the in-plane wave vector and look at the collective
modes as a function of qz, we again find acoustic or optical
mode behaviour, depending on q. We can make contact
with the results of Norborg and Blatter [8] who used the
boson analogy to simulate flux line liquids and obtained the
excitation spectrum for 2D bosons. In the approach using the
boson analogy the mapping of the vortex system to bosons
turns the potential energy of the vortex system into an action
for the Bose system [7]. This action completely describes
the dynamics of the Bose system and the collective excitation
spectrum can be determined. In the present case, on the other
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hand, a dynamic termp2/2M‖ is added to the vortex potential
energy to calculate the linear response and thus the spectrum
of excitations.

Our results may be quantitatively modified by con-
sidering the effects of correlation between the flux lines
within, say, the self-consistent-field approach. However,
we believe that the correlation effects will only alter the
large-q portion of the dispersion relation, leaving the long-
wavelength behaviour discussed here mostly unchanged. It
would be interesting to include the effects of disorder on the
collective mode behaviour of flux line liquids, and investigate
the structure of the modes near the melting phase boundary.
We also remark that neutron scattering experiments [23]
measuring the dynamic structure factor S(q, qz, ω) can, in
principle, be used to deduce the collective mode behaviour
of flux line liquids discussed here.
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