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Abstract

The recursion operators and symmetries of nonautonomous, (1 + 1) dimensional in-
tegrable evolution equations are considered. It has been previously observed that the
symmetries of the integrable evolution equations obtained through their recursion op-
erators do not satisfy the symmetry equations. There have been several attempts to
resolve this problem. It is shown that in the case of time-dependent evolution equa-
tions or time-dependent recursion operators associativity is lost. Due to this fact such
recursion operators need modification. A general formula is given for the missing term
of the recursion operators. Apart from the recursion operators a method is introduced
to calculate the correct symmetries. For illustrations several examples of scalar and
coupled system of equations are considered.

1 Introduction

Time-dependent local and nonlocal symmetries for autonomous and nonautonomous inte-
grable equations have been extensively studied in literature []-[24]. In a recent paper [fi]
by Sanders and Wang it was observed that time-dependent recursion operators associated
with some integrable (1+1) dimensional evolution equations do not always generate the
higher order symmetries. They explained this fact by the violation of rule D™'D = 1
where D = D,. In order to overcome this problem, they presented a method for con-
structing symmetries of a given integrable evolution equation by a corrected recursion
operator resulting from the (weak) standard one. In this paper we consider the work of [fl],
but from a new point of view. In fact, we show that an elegant way of understanding this
problem is through the action of D~! on arbitrary functions depending on dependent and
independent variables and the structure of symmetries of equations. On the other hand
we investigate the behavior of recursion operator under a simple Lie point transformation
which links evolution equations. For instance the cylindrical Korteweg-de Vries (cKdV)
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equation is related to the Korteweg-de Vries (KdV) equation by a simple point transfor-
mation which allows also a direct construction of symmetries and recursion operators for
cKdV from those of KdV. The properties of this transformation or the principle of cova-
riance implies that recursion operators must keep their property of mapping symmetries
to symmetries. The corresponding Lie point transformation maps symmetries of the KdV
equation to the correct symmetries of the cKdV equation. On the other hand it maps
the recursion operator to the weak one. This fact suggests that under this transformation
D=1 — D=1 4+ h(t), where h(t) is a time-dependent function to be determined. If such an
integration constant is missed we loose simply the rule of associativity. As a simple exam-
ple, let Ry = D', K'og = D2, and o = ay(t) + az(t)x + az(t)2z? + as(t)x® + ---. Observe
that Ry (K'o(00))— (Ro K'o) (00) = —az # 0. This integration function can be determined
either by using the definition of the recursion operator or the symmetry equation. In this
work we use both approaches.

Most of the nonlinear integrable evolution equations, in (1 + 1) dimensions, admit re-
cursion operators which map symmetries to symmetries. Let A be the space of symmetries
of an evolution equation. We assume all symmetries o € A are differentiable. This space
contains two types of functions. Let A; be a subset of A containing all functions which
vanish in the limit when the jet coordinates go to zero and Ay be a subset of A the ele-
ments of which do not vanish under such a limit. A recursion operator R is an operator
which maps A into itself R : A — A. This may be implied by the eigenvalue equation
Ro = Ao, where 0 € A and )\ is the spectral constant. The recursion operators are in
general nonlocal operators and the usual characterization of such operators R of system
of evolution equations

¢ = K[z, t,¢’],  i,j=12,...,N, (1.1)
where K is a locally defined function of ¢’ and its z-derivatives, is given by the equation [f]

R =[K',R], (1.2)

where the operator K’ is the Frechét derivative of K. A function o is called a symmetry
of ([.]) if it satisfies the linearized equation

o= K'o. (1.3)
The relation among the symmetries is given by
On+1 = Roy, n=0,1,2,..., (1.4)

which guarantees the integrability of the equation under study. We note that in [, the
operator R is called a weak recursion operator of ([.T]) if it satisfies ([[.2) using the rule
D7'D = 1. In calculating symmetries of an equation with K and recursion operator
depending explicitly on x and ¢, we observed that the problem arises when the coefficient
of D~! in the recursion operators contains functions depending only on = and ¢ (no ¢ and
its derivatives). As an example, where the function K and the recursion operator depend
explicitly on x and ¢ but the symmetries can be calculated as usual, we have

1
Up = U3y + o7 Wz — 5;%Ua, (1.5)
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where the corresponding recursion operator is given by

11
R =tD* + Jut éumD_l. (1.6)

Keeping the notion of covariance in mind and having the recursion operators found
from ([.J) at hand we have to reconsider the action of the operator D~! in the case
of function space with elements that have explicit ¢ and x dependencies. In the next sec-
tion we discuss the principles of covariance by computing the symmetries and recursion
operator of cKdV from those of KdV using an invertible Lie point transformation.

2 The link between KdV and cKdV

It is well known that the KdV and cKdV equations are equivalent since their solutions
are related by a simple Lie point transformation [[[2, [lJ]. This transformation allows
also a direct transfer of symmetries in an invariant way. Therefore the invertible point
transformation,

1
=212 £ =axt™ 2, v=tu+ 3% (2.1)

takes the cKdV equation
u

Ut = U3y + Uly — ﬂ
to the KdV equation
Ur = Vgge + V.
Thus we can derive the symmetries of cKdV from those of KdV using the transformation
above. The relation between the symmetries of KdV and c¢KdV, from above transforma-

tion, is given as

dv = tou. (2.2)
The first four symmetries of KdV equation, generated by
(D24 20+ Lop)' 2.3
Tn = §+§U+§U5 ¢ V¢, ()
are given as follows:
T0 — ’Ug,
T1 = V3¢ + Vg,
. 10 . 5 n 5 o
To — —_ — —
2 Us¢ 3 VeU¢ 3’[)2135 6U Vg,
21 7 35
T3 = Urge + EUSU% + 51)1)55 + §U2§U35
70 35 35 35
+ g VVeva + 1—8®2v3§ + 1—81)? + 5—4713@5. (2.4)

We see, from (R.1)), that differential operators are connected D¢ = t1/2D,. Now, using ()]
and (R.2) directly or the transformation [[] Rexav = XoRKkavXy ', Where x, = g—g =1/t
we transform the recursion operator of the KdV to the recursion operator of the cKdV

2 11
R =tD? + stutgr+o(l+ 2tu, ) D!
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and the first four symmetries of cKdV as
1
oo = tY%u, + §t_1/2,

o1 = 32, + /2 (u + gux) + t—l/zz,

52 5 10 9 9
o9 =1 U5y + 3UU3m + 3 UpU2e + 6u Uy

2
+ 32 <ng3x + g + 2w, + %qﬂ) + /2 <ixu + ixqu> 120

3 6 12 24 48"’
o3 =172 ury + zuu + TugUsy + §uzu + ﬁu U3y + @uu Uog + §u3
3= Tx 3 5x x Wl 18 3z 3 2x U3z 9 x W2 18 ®

3 4u Uy 6:E’LL590 2u4w 1 quu;gm 9 TUL U 9 UUL 1 2um

+§xu2u +£u3 4+ ¢3/2 §x2u +§xu +§x2uu +§u
367 108 797 BT T gt Tt We T g e

+ %mﬁ) + /2 (%x?’ugg + %x% + %) + t_1/2%x3. (2.5)
Here point transformations give the standard (weak) recursion operator and correct sym-
metries of the cKdV equation. Therefore this point transformation shows that adding
a correction term to the recursion operators is necessary. It means that under point
transformations the main property mapping symmetries to symmetries of the recursion
operators should be kept invariant. This is the covariance. Recursion operators obtained
from ([.2) do not in general obey this covariance principle. Another point is that the
action of the operator D! in (¢, 7) system (the KAV case) and in (¢, z) system (the cKdV
case) should not be the same. In the following sections we investigate the corrected recur-
sion operators and the behavior of symmetries and develop a procedure for constructing
corrected symmetries generated by weak time-dependent recursion operators.

3 Violation of associativity
and the correct recursion operators

The symmetries o € A of the equation ([L.I) obey the evolution equation ([.J) and the
recursion operator maps symmetries to symmetries, i.e., Ro = Ao. We assume that a weak
recursion operator satisfying ([.9) takes the following form R,, = Ry +aD™!, where Ry is
the local part of the recursion operator and a is a function of jet coordinates and x and t.
This is a specific example, a recursion operator may take more complicated nonlocal terms
(Example 8). Now we let R = Ry, + %H , where H is an operator and the function g is
chosen so that a/g is a symmetry. Hence the eigenvalue equation becomes

Ruwo + gHO' = Ao. (3.1)

Taking the time derivative of the eigenvalue equation and paying attention to the order
of the parenthesis we obtain

Rut(0) + Ry (K'(0)) + (a/g)eHo + (a/g)(Ho)y = K'(Ru(0) + (a/g)H (o). (3.2)
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Since, in general, R,, contains D~! one should be careful about the parenthesis. For this
reason we rewrite the above equation as

a(H (o)) + g[As (Ruw, K',0) — As (K', Ry, 0)] =0, (3.3)

where As (P, Q,0) = P(Q(0)) — (PQ)(0) for any operators P, @ and for any o € A. The
above equation is the general form of the additional (correction) term.

For local cases the associators As (A, B, o) vanish identically. To correct the symmetries
one needs to add only a time-dependent constant, hence the operator H contains a pro-

jection operator II such that Iloc =  Lim LJ =2 time-dependent function. Hence (B.3)
Z,q,qx,
reduces to
(Hoo)i + g [As (D71, K, 00) — As (K{, D™, 00)] =0, (3.4)
where oy is the part of the symmetries which depends only on x and ¢ and K, = Lim OK !
4,9z,

Example 1 (Burgers equation). u; = K[u] = ug, +uu,, K}, = D?. For the well known
recursion operator R = D + 5 + %D‘l there is no problem, R = R,,. But if we choose
the recursion operator R,, = tD + %u + %x =+ %(1 + tu,)D~! | there is a problem in the
calculation of symmetries. Here a = %(1 + tu,). Since a/g is a symmetry, then g must
take the value g = 1. Let 09 = a1(t) + az(t)x + as(t)z? + - - - then (B.4) becomes

(HO’())t = a. (3'5)

Hence
H = D;'1ID. (3.6)

Example 2 (cKdV equation). u; = K[u] = Ugze + vty — 55, Ky = D3 — % The

recursion operator is R, = tD? + %tu + %JE + %(1 + 2tu,)D™'. Here a = %(1 + 2tu, ), and
g = /t. Using the same ansatz for o as in the above example we obtain

(Hoo): = 2g(¢)as. (3.7)

This means that
H = D'Vt D?. (3.8)

The results are compatible with symmetry calculations in the following sections and also
with []. One might generalize the formula (B.4) for more complicated evolution equations
with Lirg K" #0.

q—)

4 Construction of symmetries

Firstly we look at the action of D! on local functions. Let G € A;. Then we take
DG, =G and let H € Ay. Then we take D~'H, = H + h(t), where h is a function of .
We start with the following definition.

Definition 1. Let R, be a recursion operator of the form

R = R1 + Ry, (4.1)
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where Ry = Rylq—0. Here and in the sequel ¢ — 0 means all the derivatives of ¢ also
go to zero (jet coordinates vanish). Similarly, let o;, be symmetries of ([[.T]), generated by
the Ry, of the form

on =o)L +00, (4.2)

where ¢ = o, 4—0.

At this point we need the following proposition.
Proposition 1. Let the function K vanish in the limit when the jet coordinates go to zero,
i.e. I;Ln&K = 0. Then the operator Ry = I(;i_)nol R satisfies 02+1 = Ryol) and Ry, = [K}, R

where K, is obtained from ([[.1) by K|, = Lin& K'.
q—)

We omit the proof because it is straightforward. The difference between the weak
symmetries (the ones obtained from R,,) and the corrected symmetries comes from oy
part of the symmetries. For this purpose this proposition will play an important role
in the calculation of the missing terms in the symmetries. When we find the correction
term h(t) for oy the general corrected symmetry o takes the form

=06+ —h, (4.3)

Q|

where & is the one obtained by the weak recursion operator. The corresponding corrected
recursion operator takes the form

R =Ry + gH, (4.4)

and h = Ho. Let us illustrate the procedure of how to construct the symmetries of
an equation from a time-dependent recursion operator. Firstly we consider the scalar
evolution equations of the form u; = Klu).

Example 3. The Burgers equation
Up = Ugg + Ully, (4.5)

possesses a recursion operator of the form

1 1 1
Ry =D+ stu+ sz +5(1+ tug)D™1 (4.6)
where ) )
Ry =tD + g + §D—1. (4.7)
Let
02 = a1 + asx + asx® + azxd + - - -, (4.8)
where a; are some functions of . From the linearized equation a?n) .= a?n)%

aly = 2&3, agt = 6(14, asy — 12(15, e (4.9)
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and by Proposition 1 we obtain

1 1
‘72+1 = <tD + -+ §D_1> o) =t (a2 + 2azz + 3agz® + - )

2
1 ) 1 1,
+§w(a1+a2w+a3w +---)+§ a1x+§a2x +--+h()], (4.10)
or
1 3
oo = <ta2 + §h> + (12taz + a1)x + <3a4t + Za2> i SR (4.11)

Using a?n . a?n )2 and equating the coefficients at power of x to zero we obtain the
following system of equations for a; and h

1 3
(ta2 + §h>t =2 <3a4t + Za2> ,

2
(2tag + ap), =6 <4a5t + 5‘13) )

................................. (4.12)

With ([.9) the first equation gives h; = ag and all the others are satisfied identically.
Finally we may write h as
h=D;' (DoY), (4.13)

where II is the projection operator defined as ITh(x,t,u,u,,...) = h(t,0,0,...) for any
function h. This calculation allows us to write

1
001 =00+ §D;1 (IIDoY) | (4.14)

where Y, is the standard part of 60, without the constant of integration h(t). This
means that one should add this constant of integration to D! in the general symmetry

equation ([L.3)), .
Ont1 = Op+1 + 5(1 + tux)Dt_l (HDO-?L) ) (415)

to allow one to generate the whole hierarchy of symmetries. Here &,41 is the symme-
try obtained by standard application of the operator D~!. The corresponding corrected

recursion operator (f4) for ([L.5) is
1
R =Ry +5(1+ tu,) Dy MID. (4.16)

Example 4. The cylindrical Korteweg-de Vries equation (cKdV). The cKdV equation,

Up = Usy + UlUy — E, (4.17)
2t
possesses a recursion operator of the form
9 2 1 1 1
Ry =tD" + —tu+ o+ —(1 4+ 2tu,) D™ . (4.18)

3 3 6
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The u-independent part of recursion operator is

11
Ro=tD? + 30+ ED_l. (4.19)

et 0¥ = a1 + agx + azz? + asx’ + -+ with 00, = o' — =0V, From these we have the
Let o9 + aow + azx? + asx® + th 09, = 0%, — £09. From th have th
following relations among the parameters a1; = 6a4 — 5}, a; = 24a5 — 57, azr = 60ag — 53

Then

1 1 )
0'2+1 = R()O'g = <2ta3 + 6h> + 5@11’ + <l2ta5 + Ea2> 1’2 4 (420)

Using the linearized equation satisfied by o9 ; we obtain an equation for h hy + %h =
2a3 which gives h = %Dt_ ' (VHID?09). Hence the symmetry equation ([£J) for cKdV
equation is

1
Vi

The corresponding corrected recursion operator (f.4) for (JL.17) is

1
Oni1 = s + ¢ (2 + 1) D;! (x/ZHD202> . (4.21)

1 1
R =Ry + 6(1 + 2tu, ) —= D; NVAHTID?. (4.22)

Vi

Now we discuss the symmetries of scalar evolution equation of the following form

where LinolF = 0 and g(z,t) is an explicit « and ¢ dependent (differentiable) function.
u—
We assume that the above equation admits a recursion operator of the form ({l.1)) and
0 _

any symmetry of this equation has the form o, = 0¥ + o} + 02, where 0% = 0,,|,—0 and

ol = 3" bu; and o2 is the nonlinear part of the symmetry. Here b; are functions of = and
i=0
tand i=1,2,.... Now we give the following Proposition.

Proposition 2. The operator Ry, such that 02+1 = Ryo?l, can be shown to satisfy Ro; +
Rutlu—o = [F}, Ro] and the equation for o0 is

0%+ bigi = Fjol, (4.24)
=0

where Fj = F'|,—0.

Example 5. Consider the equation [2]

Ju Sz
which possesses a recursion operator of the form
Ry = t9D% 4 4t + 22> + t°(1 4 2tu,) DL (4.26)

Here Ry = t°D? + 2xt5 + t° D~ satisfies the relation Ryol = 00 +1- By Proposition 2 the
linearized equation for o9 is
o Dby Bb 300

v v R (4.27)
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Now taking
bo=b)+bpr +b3x2+-, b= be it (4.28)
where bé- = b;(t), we obtain the following equations

3ag ~ 5bY 3a;  5b)  5b
apr = baz — — + —, ayy = 24a4 — — + — + —=,
00 =008 = 5T T op a T T a2
The next symmetry o0 41 can be generated by the operator Ry and satisfies the following
linearized equation according to Proposition 2

5rhy  5h RIop
0 0 10 +1
O (nt1)t — 22 o 22 O(n+1)3z — ;L ’ (429)
where
ho = hd+hpx 4+ h3z* 4+ -+, hy=hY+hiz+hia? 4+, (4.30)

and h; = h;(t) . The relation between the h; and b;- is given by g,41 = Rywon. Now
using ([[.:29) we obtain the equation satisfied by the constant of integration f

—2t7 f, + 4taz — 16t° f + 5hg — 10t% (h — h) =0, (4.31)

where 5
h =215 f + 215 (h3 — hy) + 9 ;;(—1)1'111)2'—2 a(;j‘ (4.32)

Hence the constant of integration f becomes .

f= %3 [Dt‘l (r*1ID%,,) + ngl <T;HDi_2%)] : (4.33)

Therefore the corrected symmetry equation of ({.25) is of the form

Onil = Ong1 + t2(1 + 2tuy)
X [D;l (r°IID%0,) + th—l <T > (-1 HDH%)] . (4.34)
i=2 Ui

The first four symmetries of ([.25) are:
o9 = 2 + 2t3um,
o1 = 2t (uze + 6uuy) + 6t (zuy 4+ u) + 3t7x,
o9 = 219 (um + 10uus, + 20U, u0, + 30u2um)

15
+ 10t™ (xu:),m + 2uo, + 6zuUy + 3u2) + 15¢13 (2xu + x2um) + 7t12x2,

og = 2%! (uh + 1duus, + 42upty + T0usp sy + 70U ugy + 280Uty Usy
+ 14003 uy + 70u§) + 14t20(a:U5x + 3ug, + 10xuus, + 20zusuo, + 20U,
+ 15u2 + 30zuuy + 10u?) + 35t" (2us, + 4aus, + 62Uty + 3ug + 6zu?)

35 35
+ 7t18 (22°ug + 62°u+ 1) + 7:5173;3. (4.35)
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In the previous examples the nonlocal parts of the recursion operators of evolution
equations are of the form aD~'. But there exist some integrable evolution equations
admitting recursion operators in which nonlocal parts are of the form aD~'b where a
and b are in general functions of both jet coordinates and explicitly x and ¢. In this case,
we may define the nonlocal part of Ry = Ry |y—0 = ah(t) when b — 0 as u — 0.

Example 6. Consider the following extended potential KAV (pKdV) equation [R(]

Up = uzg + U + cox + c1, (4.36)
where ¢y and ¢; are arbitrary constants. The recursion operator for ({.3¢) is given by
4 4 2 __
Rw = D2 + gux — gcot — gD 1“’21‘- (437)
As we mentioned above, the form of Ry will be
4 2

We observe that the u-independent part (o) of one set of symmetries are functions of .
Therefore from Proposition 2 the linearized equation for oV is

o0, 4 beg = 0, (4.39)

where b} depends only on t. The next symmetry 0’2 41 may be generated by Ry

2
o0 = —3 (200t + h)o? (4.40)
and satisfies
o) oy b0 =0 (4.41)
(n+1)t 1 0 ) :

where b?“ depends only on ¢. Furthermore the relation between b7} and b?“ is given by

Ont1 = Rywop as b’f“ = gag—gcotb’f. We can find, together with ([£39), (E40) and ([41)),
an equation for constant of integration h

hiol + coD; ol =0 (4.42)
in terms of which ([1.40) becomes

2 _
oo = —3 (2cot — coD; 1) oY, (4.43)
This leads to the general symmetry equation
_ 2 10
On+1 = Onp+1 + 360Dt HO’n. (4.44)

The first four symmetries (4.36]) are:

oo =1,
o) = g(ux — cot),
2
02 =3 (use + u? — 2cotu, + cgtz) ,
2
03 = o (9use + 30ugus, — 30cotus, + 15u3,

+ 10u} — 30cotu? + 30cgt?u, — 10c5t?) . (4.45)
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We finally remark that the corrected recursion operator for ([.36), taking into account
the symmetry structure of (f.3d), may be written as

4 4 2 2
R =D+ 3l — 50t gD—lu% + gcngln. (4.46)

In the following section we will consider the time-dependent symmetries of a system of
evolution equations.

5 System of evolution equations

Following the procedure introduced in Section 4, we now discuss the time-dependent sym-
metries for a system of evolution equations. We present several examples.

Example 7. Consider the following nonautonomous system of equations [@]

Ut = U3g,

c
Vp = U3y + —Ouux, (5.1)

Vit

with recursion operator

1
tD? + g +sD7 0
R = : (5.2)
2 t t 1
C%\/_u + C(];[1L9ED_1 tD? + % + ED_I

where ¢g is an arbitrary constant. In a similar way as for scalar evolution equations we
may take the form of symmetries 09 and ¥ as

02:a1+a2$+a2x2+a3x3+---,
YO = by + box + boa® + bz’ + -+, (5.3)

where a; and b; are some functions of t. The linearized equations, by Proposition 1, for

those symmetries, viz.
ol _ ol (5.4)
w ) “\w )

with a simple comparison of each power of z, lead to

a1y = 6(14, agt = 24(15, azt = 60&6, ey
by = 6by, by =24bs, by = 60bg, ... (5.5)

The next symmetry, generated by Ry, is

0 0
< «ZOi ) ~ Ry < ”g ) , (5.6)
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where
tD? + < 4 lD‘l 0

3 6
0 tD? +

xT

1
-p-t
3+6

is the (u,v) independent part of the recursion operator of R,, satisfies the Proposition 1.
Hence

1 1 5
0'2+1 = <2a3t + €h> + <§a1 + 6a4t> T+ <ﬁa2 + 12a5t> 24
0 1 1 5 )
T,Dnﬂ = [ 2b3t + 69 + §b1 + 6byt | x + Ebg 4+ 12b5t | x“+ -+, (5.8)

where h(t) and g(t) are the constants of integrations. Using linearized equations for o9,

and ¥y 4
02+1 o O-roz—i-l
0 = 0 (5.9)
wn-ﬁ-l t wn-ﬁ-l 3

together with (5.]) we find the values of the constants of integrations h and g as h(t) = 2as3
and g(t) = 2b3. Finally we may write

ht) = D' (IID%0Y) , g(t) = D' (IID*Y), (5.10)

where the projection IT is defined as ITh(z,t,u, uy,...,v,0y,...) = h(t,0,0,...) for any
function h. The general symmetry equations ([.3) for (p.I)) are of the form

1__
Ont1 = Op+41 + EDt ! (HD202) )

B 2 - 1
Yna1 = Png1 + g\/%couxpt ' (D%6Y) + oD (ID*Y), (5.11)

where 7,41 and 1,1 are the symmetries obtained by standard application of the opera-

tor D™L. Let
a.
o={ 5.12
( i ) (5.12)
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be the symmetries of (f.1]). Then the first four symmetries of (f.1]) are:

00 = 17
¢0 =14+ 2CQt1/2ux,
1
g1 = 2:E,
1
P = 2t3/2u3x + t1/200(xu$ +u) + 5%
5 9
02 = ﬂx )
5 10 5 5
o = 2cot? Pusy + cot™? | Sxusy + —ugp | + —cot'/? (2x2ux + wu) + —a?
3 3 6 24
o3 = ﬁt + iaz?’
E ORIV ED
3 = 2¢ t7 gy + cot®? Z:w + Tu + 35¢ot/? i:132u + 1:Izu + iu
3 0 Tx 0 3 5x 4x 0 36 3z 9 2x 12 T
1 1 35 35
35cot'/? | —z3u, + — e A My 5.13
ot gt e Tt ) Tt gga” (5.13)
Example 8. The system [24]
+ 200
U = U — Uy,
t 3z \/z x
&)
v = U3 + %(U’U)x, (5.14)

is the nonautonomous Jordan Korteweg-de Vries (JKdV), where ¢y is an arbitrary con-
stant. The recursion operator R,, for this system is

Ry RY
Ry = ( Ré R% (5.15)

with

1 4 1
RO =tD? + 37 + ? tu + 6 <4CO\/1_5uw + 1) D7

RY =0,
2 2
Ry = ﬂ\/EU + C—O\/Eva_l — C—OuD_lvD_l,
3 3 9
1 2 1 2co 1 1D 1 -t
Ri=tD*+ zw + ?\/Zu - 6(2(;0 Vitu, +1)D71 + 5D D™ (5.16)

Again we take the form of symmetries 00 and ¢ as in (f-3) with the (u,v) independent
recursion operator Ry which is the same as in (p.7). Performing the same steps as in the
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previous case, we obtain the general symmetry equations ((.3) for (5.14) to be
Ont1 = Gust + ¢ (4cm/%um +1) D7t (ID%Y),
Ynt1 = Yni1 + g\/ZCQUth_l (ILD?0Y) — %cguD_lth_l (ILD?c?)
+ <% (2cox/iux + 1) + %cguD—1u> Dyt (TID?y) . (5.17)

Now we list only the first two symmetries because higher order ones are too long to write
down here.

1
o9 = 6 <460t1/2ux + 1)

Yo = 6cot'/? (ug + vg) + 2c2uw + 3}

|

8cot® Pus, + degt/? (xuy +u) + 1660tuuw] ,

o= 12[

P = 108¢ot>/? (usy + v3z) + cot/? [12c0hux + bdxu, + bdxv, — 12cofu

324 [
+ 12cgun + 246(2)11,2’[1) + 5du + 541)] + 3eot [cowugy + 2couzw, + couuy,

+ By + 4coug 4 6¢2h + 6cipu — 6c2ru + 12c2zuw + 27x] } , (5.18)

where p, = zu, ny = u?, ry = TV, Wy = U — v, gy = uh and hy = vw.
More generally the multicomponent nonautonomous JKAV system [R4] is

q =q§x+7s]kq &, ijk=12...,N, (5.19)
where s;'.k are constants, symmetric in the lower indices and satisfy the Jordan identities
KFL b sk L st F =0 (5.20)

Sprd" 1k T Sirt ipk T Sipt ek = Y :

with F' ipl ;= sé- kslp slks . This system possesses a recursion operator

. . 2 . 1 . 1
Rl :t5;D2+§\/Es§-qu+§5;x+ <—

. 1.
3 \/%S;k q]; + 65;) D_1

1 .
+ 5 F g ¢ D t¢" DL, (5.21)

The time-dependent symmetries can be computed as

Tht1 = Tna1 + A D TID? 7, (5.22)
where 1 1
Aj =3 VEsha+ g 5; + 5 Fiya' D7 " (5.23)

The corrected recursion operator ([£4)) for (5.19) is given by
R =Ry + AD;'ID?. (5.24)
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Example 9. Consider the following system of equations

Up = U3y + t_2/3(vux + vug),

vy =t~ B, (5.25)

with recursion operator

1/3 2 1/3 -1
R _<3t v4ax 3tD?*+3t'%v+ D > (5.26)

W 0 3t30 +

We take the form of 0¥ and 90 as in (f.3) and from the linearized equations for o9 and 2
0 0
(5)-(5).
¢n ¢ 3z

al = Gb4t, as = 24b5t, as = GObGt, as = 120[)7t, ey (528)

we obtain

where b; are arbitrary constants. The next symmetries, generated by Ry, are given in (p.6)
where, in this case, Ry has the form

([ z 3tD?*+ D!
Ry = < 0 . ) (5.29)

They are

1
0'2_1_1 = (2bst + h) + (a1 + by + 18byt)z + <a2 + 552 + 36b5t> 4
U1 = b1z + boa® + by’ + -, (5.30)

where & is the constant of integration. Now using linearized equations for o9 ; and 9,
together with (5.2§) we obtain the value of h = 0. We point out that R,, = R. The first

[=(

three classical symmetries of (b.25) are:

1 3t1/3 341/3 2
ne(g) = (TUTT) a= (BTN e

Example 10. Consider the following system of equations

U = U3y + e_tvvx,
Vp = VU, (5.32)

with recursion operator

2 —1 —t
Rw:<D JBD ey”). (5.33)

We take the form of 69 and 0 as in (5.3) and from the linearized equations (§.27) for o2
and ) we obtain

aly = 6(14, agt — 24(15, azy = 60&6, gt = 120&7, ey (5.34)
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where b; are arbitrary constants. The next symmetry, generated by Ry, is given in (b.6),
where, in this case, Ry has the form

D2+ D71 0
Ry = < 0 0 > . (5.35)

They are

1
Ug—i—l = (2a3t + h) + (a1 + 6a4t)a: + <§a2 + 12a5> 72 +oe,

U1 =0, (5.36)

where h is the constant of integration. Now using linearized equations for o9, and 2,
together with (p.34) we obtain the value of h = Dt_1 (HD202).
Hence the symmetry equations of (b.26) take the following form

Opt1 = Ont1 + Dy ' (IID?0))
Ynt1 = Y1 (5.37)

The first four symmetries of (p.32) are:

1 ? i3 +t+1
7'0:<0>, 7'1:<:8>, ng(%), 7'3:<6x 0 > (5.38)

Example 11. Consider the following system of equations

up = U3y + CoU3z — Co(UgV + CoVUL),

Vi = UgzU + CoUVL (5.39)

with recursion operator

2 -1 _ 2 -1 _
R < 3tD? +x + 2D 3cotv ¢ (3tD?* 4+ x + 2D 3cotv) ) (5.40)

v 3tv 3cotv + x

where ¢ is an arbitrary constant. We take the form of ¢ and 92 as in (5.9) and from the

linearized equations
oy 1 ¢« o
()=o), o4y

a1t = 6aq + 6cby, agr = 24as + 24cybs, azt = 60as + 60cybg, RN (5.42)

we obtain

where, in this case, b; are arbitrary constants. The next symmetry, generated by Ry, is

0 0
()= (%) o

( 3tD? +x+2D71 ¢ (3tD*+x +2D71) >
Ry = .

where

0 . (5.44)



226 M Girses, A Karasu and R Turhan

is the (u,v) independent part of the recursion operator of R,,. Using the linearized equa-
tions for ¢, ; and ¥2_; together with (F-42) we may determine the value of constant of
integration as

h=D; ' (IID?0Y) + cot (IID*yY) . (5.45)

Therefore the symmetry equations of (p.39) are:

Opt1 = Gnt1 + 2(co + 1) (D' (ID?0}) + cot (TID*YY)) |
Vi1 = Ynt1- (5.46)

The first four symmetries of (p.39) are:

oo =2(co+1), =0,
o1 = —6¢o(co + Dtv 4+ 2(3z(co + 1) + ¢p), 1 = 6(co + 1tv,
o9 = —6cotv(dx(co + 1) 4+ cg) + 6x(2x(co + 1) + o)),
o = 6vt(da(co + 1) + o),
o3 = —12cotav(5z(co + 1) + 2¢0) + 4(co + 1) (30t + 52°) + 12¢92* + 120¢,
g = 12xtv(5x(co + 1) + 2¢o). (5.47)

6 Conclusion

It is well known that one of the effective ways to find symmetries is to use the recursion ope-
rator. If the recursion operator or the corresponding evolution equation is time-dependent
one is faced with some difficulties in finding the correct symmetries. Here, in this work, we
approach this problem in two ways. Firstly we observed that by the standard application
of D~! on functions having explicit ¢ and  dependencies the rule of associativity is lost in
the application of consecutive two operators on such a function space. Due to this fact the
standard equation for the recursion operators is no longer valid. We modified this equation
by including the associators. We have given some applications of our formula (B.4) for the
modified term of the recursion operators. The second way to calculate the missing parts of
the symmetries is to use directly the symmetry equation and the correct application of D!
on functions having explicit  and ¢ dependencies. We have given a general treatment and
several examples.
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