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In a recent paper, Lian and Liu (2001) consider a continuous review perishable inventory model with renewal arrivals, batch
demands and zero lead times. However, the main analytical result they provide holds only for some special cases such as Poisson
arrivals with exponential interarrival times. In this note we generalize Theorem 1 of Lian and Liu (2001) for the case where the

arrivals follow an arbitrary renewal process.

1. Preliminaries

In a recent paper, Lian and Liu (2001) consider a con-
tinuous review inventory model with perishable items and
renewal batch demands. Using embedded Markov chain
methods, they provide an approach for the solution of the
problem under consideration. However as detailed below,
some expressions they provide for the expected sojourn
times are valid only for special cases such as Poisson ar-
rivals. The aim of this note is to provide a modified ex-
pression for the expected sojourn times when the
interarrival times follow a general distribution.

In Lian and Liu (2001), the interdemand times are as-
sumed to have a general distribution with distribution
function G and mean p~'. The n-fold convolution of G
with itself is denoted by G". The batch size of the nth
demand, Y, has an arbitrary distribution with probability
mass function b(i) = P(Y¥, = i), cumulative distribution
function B(i) and the n-fold convolution with itself is
given by B"). The items are perishable with a constant
lifetime of 7' time units.

Under the (s,S) replenishment policy, where s < —1,
the inventory level process {/(¢),z > 0} is analyzed using
an embedded Markov chain approach and Laplace
transforms. Letting J={s+1,s+2,...,—1,8}, X, is
defined as the state that 7(¢) enters when it makes the nth
transition in J and Z, is the corresponding transition ep-
och. The time period between two consecutive reorder
points is called a reorder cycle. The random reorder cycle
is denoted by t and t; refers to the time that the inventory
level changes from state i to state S. Defining an embedded
Markov chain with transition probabilities Qy;(¢) =
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P{X\ =j,Z; <t|Xo =i}, limiting probabilities Q;; =
lim, .o Q;j = P{X| = j|Xo = i}, and using Laplace trans-
forms, Lian and Liu (2001) provide recursive relations
from which the expected cycle length can be obtained.

In order to calculate the expected cycle cost, v;,j € J is
defined as the probability that in the steady-state the in-
ventory level process visits state j in a cycle, given as:

0
=0+ Y vl j=-2...,s+1 (1)

i=j+1

Also, for i=0,...,5 — 1, the following quantities are
defined

Uit) = P(I(1) = i, 2y > 1|Xo = S), 2)

Ui — / Ui()dt, 3)

where U; is the conditional expected sojourn time at in-
ventory level i when the process starts from state S.
Similarly V; is defined as the expected sojourn time in
state [ in one replenishment cycle. Note that for i =S,
S—1,...,1, V,=uU; and for i=—-1,...,s+1, Vi=
v;U;. Lian and Liu (2001) then present Theorem 1 to
provide expressions for V;, from which the expected total
inventory holding cost in a reorder cycle is obtained.

We would like to point out here that the expressions
for V;, given in Equations (27) and (28) of Theorem 1 in
Lian and Liu are not valid for general G, they hold only
for special cases such as Poisson arrivals with exponential
interdemand times.
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2. Generalization to renewal demand intervals

We provide below the corrected version of Theorem 1 of
Lian and Liu when the interdemand times have a general
distribution and present an illustrative example. We
should also note here that the rest of the analysis pro-
vided by Lian and Liu is valid with the modified ex-
pressions for V; given below. Retaining the notation and
the approach of Lian and Liu (2001), we have:

Theorem 1. Let V; be the expected sojourn time in state i in
one replenishment cycle. Then for S > 0,

T
v [ 11-cw, (27)
O
T o .
Vi, = va —i / [GY) (1) — GUHV (1)]ds,
0
i:l,...,S—l (28%)
Vi=pty, i=—1,-2,...,s+1, (29)
Wy = E’L’S—ZV ! Z vj, (30)
Jj=s+1

where v; are as given in (1). When S = 0, only (29) is needed
and Vo = !

Proof. Only the proofs of (27*,28*) will be given. We
have

Us(t) = P(I(2) [1=G)x(t < T),
where y(+) is the indicator function of its argument. Then
00 T
Us — / Us(t)dt — / [l = G(O)(1)dr,
0 0

S—1,

=8,7Z, > t|Xo ZS) =

which proves (27*). Wheni=1,...,
Ui(t) = P(I(t) =i, Z, > | Xy = S),

i Jtl
:SE:P{ZD,<t<ZD1,ZY1 } (t<T),

=30 (s - G0 - GOVl < 7

Jj=1

Hence
S—i T
U= 805 i) [ (691~ 6 o)dr
J=1 0
as given in (28*) above. |

We observe from the result above that explicit ex-
pressions for (27*,28*) can only be obtained for special
cases such as gamma distribution and in other cases nu-
merical integration methods should be employed.

Example. Consider the case where the interarrival times
have a gamma distribution with scale parameter A, shape
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parameter 2, and mean 1/p = 2//. Then g(x) = 2P xe
and G(x) = 1 — e — Jxe™**. Referring to (2) above, we
write

Us(t) = P([(l) =5,721 > l|X(] = S),
=[1 -Gyt < T)=[e™+ e y(t<T).
Using (3), we obtain
Us :/ US(Z)dtv
0
2 A 1
=201 = —).T__T—XT - T).
; [ ST | £ oG
Since for i = S, V; = U,, (27) of Lian and Liu for Vs is
not valid when G is a 2-Erlang distribution. Now, con-
sidering V;, for i # S, we note that the n-fold convolution

of G is a 2n-Erlang distribution with scale parameter /4
and G")(x) can be written as

G (x) =1 _%X:IM

Kl
In view of (28*), V; with i = 1,2,...,5 — 1 can be written
as
0 e
V; = b-/’S—i/ G (¢) — GUtV (1) | ds,
Z (s-i) | |60 -c"V0)]

T e_)"(ﬂul)y e_m(/lt)zﬁl
enl (2j+1)!

Using integration by parts for the second term in the
Z(Al‘)z’ —it

integral in (4), we have
S—i T o=t )2 T T o=kt
NS e () d ()Y arb
=2 40 ){/ @, L )
- T(mzf'e"}

(4)

2 e—/’.T(;VT)k

J=1 =0
k! 2j+1)

1
S—i 2
; N Ry T(AT)Ye T
— p(S — N ZFEHD () = )
( ’){u R TRS

k=0

where F' is the distribution function of an exponential
random variable and F® is k-fold convolution of it.
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