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On a transformation between hierarchies of integrable equations
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Abstract

A transformation between a hierarchy of integrable equations arising from the standard R-matrix construction on the algebra of differential
operators and a hierarchy of integrable equations arising from a deformation of the standard R-matrix is given.
© 2005 Elsevier B.V. All rights reserved.
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In a recent paper [1] a new hierarchy of integrable equations has been constructed through the deformation of a standard R-matrix
on the algebra of pseudo-differential operators. We give a transformation between the hierarchy constructed in [1] and a hierarchy
obtained through a standard R-matrix. The transformation is between corresponding vector fields (i.e. symmetries).

Let g be the Lie algebra of pseudo-differential operators

(1)g =
{∑

i∈Z

ui(x)Di

}

with the commutator [L1,L2] = L1L2 − L2L1. The algebra g can be decomposed into Lie subalgebras g�k = {∑i�k ui(x)Di}
and, gi<k = {∑i<k ui(x)Di} where k = 0,1,2 (only for such k one has Lie subalgebras). The standard R-matrix is given by
Rk = 1

2 (P�k − P<k), where P�k and P<k are projection operators on g�k and g<k , respectively. The Lax hierarchy is

(2)Ltn = [
R

(
Ln

)
,L

] = [(
Ln

)
�k

,L
]
, L ∈ g, n = 1,2, . . . .

The above equations involves infinitely many fields. To have a consistent closed equations with a finite number of fields we restrict
the Lax operators as follows

(3)k = 0 L0 = DN + uN−2D
N−2 + · · · + u1D + u0,

(4)k = 1 L1 = DN + uN−1D
N−1 + · · · + u0 + D−1u−1,

(5)k = 2 L2 = uNDN + uN−1D
N−1 + · · · + D−1u−1 + D−2u−2.

See [2] for more details on the R-matrix formalism.
Recently in [1] the deformations of the above R-matrices were introduced. Most of the introduced deformed R-matrices

do not lead to the new hierarchies. A new hierarchy is obtained through a deformation of R-matrix R1 = 1
2 (P�1 − P<1). Let
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P=i (L) = (L)=i denotes coefficient of Di in the expansion of L ∈ g. Then the deformed R-matrix is

(6)R̃ = 1

2
(P�1 − P<1) + εP=0(·)D,

where ε is a deformation parameter. The hierarchy is

(7)Ltn = [
R̃

(
Ln

)
,L

]
, L ∈ g, n = 1,2, . . . .

The above equations involves infinitely many fields, to have a consistent closed equation with finite number of fields we restrict the
Lax operator as L̃ = uNDN + uN−1D

N−1 + · · · + u0 + D−1u−1. Then the new hierarchy is

(8)L̃tn = [(
L̃n

)
�1 + ε

(
L̃n

)
=0D, L̃

]
, n = 1,2, . . . ,

note that L̃ = L2|u−2=0. See [1] for more details.
In this work we shall show that the new hierarchy (8) is related to the hierarchy corresponding to R-matrix R2 with reduced Lax

operator L̃ = L2|u−2=0. So we relate hierarchy (8) to the hierarchy

(9)L̃tn = [(
L̃n

)
�2, L̃

]
, n = 1,2, . . . .

We note that both hierarchies have the same Lax operator.
The construction of the transformation is based on expressing (L̃n)=1 and (L̃n)=0 in terms of coefficients of [(L̃n)�2, L̃],

for n ∈ N.

Proposition 1. Let L̃ = L2|u−2=0, then

(10)
([(

L̃n
)
�2, L̃

])
=N

= −([(
L̃n

)
=1D, L̃

])
=N

,

(11)
([(

L̃n
)
�1, L̃

])
=N−1 = −([(

L̃n
)
=0, L̃

])
=N−1

for all N (N is order of operator L̃).

Proof. Comparing powers of D on the right- and left-hand side of the equality

(12)
[(

L̃n
)
�1, L̃

] = −[(
L̃n

)
<1, L̃

]
,

we have

(13)
([(

L̃n
)
�1, L̃

])
=N

= 0.

Then

(14)
([(

L̃n
)
�2, L̃

])
=N

= −([(
L̃n

)
=1D, L̃

])
=N

.

In the same way, comparing powers of D on the right- and left-hand side of the equality

(15)
[(

L̃n
)
�0, L̃

] = −[(
L̃n

)
<0, L̃

]
we have

(16)
([(

L̃n
)
�0, L̃

])
=N−1 = 0.

So,

(17)
([(

L̃n
)
�1, L̃

])
=N−1 = −([(

L̃n
)
=0, L̃

])
=N−1.

The above equalities (10) and (11) allows us to express (L̃n)=1 and (L̃n)=0 in terms of coefficients of [(L̃n)�2, L̃] for all N . �
Let us give an example for N = 1.

Proposition 2. Consider the Lax operator L̃ = uD + v + D−1w. Let

(18)
[(

L̃n
)
�2, L̃

] = fnD + gn + D−1hn,

which gives the hierarchy (9) with the standard R-matrix and

(19)
[(

L̃n
) + (

L̃n
)

D, L̃
] = pnD + qn + D−1rn,
�1 =0
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which gives the hierarchy (8) with the deformed R-matrix, n = 1,2, . . . . The coefficients fn, gn, hn, pn, qn, rn are functions of u,
v, w and their derivatives. Then

(pn, qn, rn)
T = T (fn, gn,hn)

T

where

(20)T =
⎛
⎝ εuxD

−1vxD
−1u−2 − εuvxD

−1u−2 εuxD
−1u−1 − ε 0

uvxD
−1u−2 + εvxD

−1vxD
−1u−2 1 + εvxD

−1u−1 0

((uw)x + εwvx)D
−1u−2 + εwxD

−1vxD
−1u−2 + wu−1 εwu−1 + εwxD

−1u−1 1

⎞
⎠ .

Proof. Let (L̃n)=1 = An and (L̃n)=0 = Bn. The equality (10) implies that

(21)fn = −([AnD, L̃])=1,

hence, we can find

(22)An = uD−1u−2fn.

Using the equality (11) we have

(23)gn + ([AnD, L̃])=0 = −([Bn, L̃])=0,

hence, we can find

(24)Bn = D−1(u−1gn + vxD
−1u−2fn

)
.

From the equality

(25)
[(

L̃n
)
�1 + ε

(
L̃n

)
=0D, L̃

] = [(
L̃n

)
�2, L̃

] + [
(An + εBn)D, L̃

]
we can find the transformation between the vector fields

pn = uxεBn − uεBn,x,

qn = gn + vx(An + εBn),

(26)rn = hn + (
w(An + εBn)

)
x
,

where An and Bn are given by (22) and (24), respectively. Thus we obtain the transformation operator T in (20).
If we apply operator T to the simple symmetry (ux, vx,wx)

T we obtain (0,0,0)T . Applying the operator T to (0,0,0)T we get

(27)

(
p1
q1
r1

)
=

(
ε(vux − uvx + ux)

uvx + ε(vvx + vx)

(uw)x + ε(vw)x + εwx

)
.

This is the deformed system (8) for n = 1 (with the inclusion of the symmetry (ux, vx,wx)
T ), [1]. If we take symmetry of the

hierarchy (9) corresponding to n = 2 (this is the reduced system [2,3])

(28)

(
f2
g2
h2

)
=

(
u2uxx + 2u2vx

u2vxx + 2u(uw)x
−(u2w)xx

)

and apply the operator T to this symmetry we obtain a second symmetry of the hierarchy (8)

(29)

(
p2
q2
r2

)
=

⎛
⎜⎜⎝

εuxv
2 − 2εuvvx − 2εu2wx − εu2vxx

2uuxw + 2uvvx + 2u2wx + uuxvx + u2vxx + εv2vx + 2εuvxw + εuv2
x

2uxvw + 2uvxw + 2uvwx − u2
xw − 3uuxwx − uuxxw − u2wxx

+ 2εuxw
2 + 2εvvxw + εuxvxw + εv2wx + 4εuwwx + εuvxwx + εuvxxw

⎞
⎟⎟⎠ . �

Remark. In the example above we have constructed the transformation T for hierarchies with Lax operator of order one. In the
same way we can construct the transformation between hierarchies with Lax operator of any order N . The operator T is not a
recursion operator. It maps the symmetries of one system of evolution equations to symmetries of another system of evolution
equations.
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