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Abstract

A transformation between a hierarchy of integrable equations arising from the standard R-matrix construction on the algebra of differential
operators and a hierarchy of integrable equations arising from a deformation of the standard R-matrix is given.
© 2005 Elsevier B.V. All rights reserved.
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In a recent paper [1] a new hierarchy of integrable equations has been constructed through the deformation of a standard R-matrix
on the algebra of pseudo-differential operators. We give a transformation between the hierarchy constructed in [1] and a hierarchy
obtained through a standard R-matrix. The transformation is between corresponding vector fields (i.e. symmetries).

Let g be the Lie algebra of pseudo-differential operators

g= {Zui(x)Df} (1)
ieZ
with the commutator [L1, L] = L1Ly — Lo Ly. The algebra g can be decomposed into Lie subalgebras g = {Zi>k u;(x)D'}
and, gi<x = {Y_;_; ui(x)D"} where k =0, 1,2 (only for such k one has Lie subalgebras). The standard R-matrix is given by
Ry = %(P>k — P_;), where Py and P are projection operators on g and g, respectively. The Lax hierarchy is
L, =[R(L"),L]=[(L")s,.L]. Leg. n=12.... ()

The above equations involves infinitely many fields. To have a consistent closed equations with a finite number of fields we restrict
the Lax operators as follows

k=0 Lo=D"+uny_oD"2+...4u1D+uo, (3)
k=1 Li=D"+uyaD" '+ - 4uo+ D u_y, @)
k=2 Ly=unD" +uy_1DV 14+ ...+ D Yu_1+ D %u_,. (5)

See [2] for more details on the R-matrix formalism.
Recently in [1] the deformations of the above R-matrices were introduced. Most of the introduced deformed R-matrices
do not lead to the new hierarchies. A new hierarchy is obtained through a deformation of R-matrix R1 = %(P>1 — P_1). Let
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P_;(L) = (L)—; denotes coefficient of D in the expansion of L e g. Then the deformed R-matrix is

R= %(P>1 — Po1) +eP=o()D, 6
where ¢ is a deformation parameter. The hierarchy is

L, =[R(L"),L], Leg n=12.... ©)
The above equations involves infinitely many fields, to have a consistent closed equation with finite number of fields we restrict the
Lax operatoras L = uy DN +uy_1D¥~1 + ... 4+ ug+ D~1u_1. Then the new hierarchy is

L, =[(L")s, +e(L)_oD.L]. n=1.2..... ®)

note that L = L]y _,=0. See [1] for more details.
In this work we shall show that the new hierarchy (8) is related to the hierarchy corresponding to R-matrix R, with reduced Lax
operator L = L»|,_,=0. So we relate hierarchy (8) to the hierarchy

L, =[(L")sp L], n=12,.... 9)

We note that both hierarchies have the same Lax operator. y 5 5 y
The construction of the transformation is based on expressing (L")=1 and (L")—o in terms of coefficients of [(L")>2, L],
forn e N.

Proposition 1. Let L = L|,_,—o, then

(L") 5z, {’]):N =—([(L") 4D, L])_y. (10)

([(Zn)>1’ L]):Nfl = _([(Zn)=0’ i‘]):Nfl (11)

forall N (N is order of operator L).

Proof. Comparing powers of D on the right- and left-hand side of the equality

[(Z'n)>1f Ll=—[(L") . L] (12)
we have

([(in)>1’ L])_y =0 (13)
Then

([(Zn)>2’ Z]):N = _([(Zn):lD’ i‘]):N‘ (14)
In the same way, comparing powers of D on the right- and left-hand side of the equality

[(in)>o’ L]=—[(L") o L] (15)
we have

([(L") 50 L]) -1 =0. (16)
So,

([(Zn)gl’ Z]):N—l = _([(L"):o’ Z]):1\/—1' 17)

The above equalities (10) and (11) allows us to express (L)1 and (L")— in terms of coefficients of [(L")>,, L] forall N. O
Let us give an example for N = 1.

Proposition 2. Consider the Lax operator L =uD + v+ D 1w. Let
[(Z*n)>27 Z] = fuD+gn+ Dilhna (18)
which gives the hierarchy (9) with the standard R-matrix and

[(I:n)>1+ (I:n)=oD’I:] =paD +qn+D7'ra, (19)
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which gives the hierarchy (8) with the deformed R-matrix, n =1, 2, .... The coefficients f,,, gu, hn, pn, qn, rn are functions of u,
v, w and their derivatives. Then

Prs @ns )" =T (fas ns h) "
where

suy DY, D12 — gy, D~ 1u? suy D lu"l—¢ 0
T= uvy D" u=2 4 g, D~ 1v, D12 1+ev, D11 0]. (20)
((uw)y —i—swvx)D_lu_Z+$wxD_lvxD_lu_2+wu‘l swu‘1~|—8wxD_1u_l 1

Proof. Let (L")—1 = A, and (L")—o = B,. The equality (10) implies that

fo=—(A.D.L])_,, (21)
hence, we can find

Ap=uD"tu"2f,. (22)
Using the equality (11) we have

gn+ ([AnD. L1)_y = —([Bn. L1) _,. (23)
hence, we can find

B, =D (urg, + v D772 f,). (24)
From the equality

[(i”)>1 + s(i”)ZOD, L= [(i")ﬂ, L] +[(Ay+eBy)D, L] (25)
we can find the transformation between the vector fields

Pn=uxeBy, —ueBy x,

qn =8n + vx(An +€By),

rn=hn+ (w(A, +€By)) . (26)

where A, and B, are given by (22) and (24), respectively. Thus we obtain the transformation operator 7 in (20).
If we apply operator 7 to the simple symmetry (u,, v,, w,)” we obtain (0, 0,0)”. Applying the operator 7 to (0, 0, 0)” we get

1 e(vuy —uvy + uy)
<q1> = ( uvy + e(vvy + vy) ) 27)
r1 (uw)y +e(vw)y + cwy

This is the deformed system (8) for n = 1 (with the inclusion of the symmetry (u,, vy, wy)T), [1]. If we take symmetry of the
hierarchy (9) corresponding to n = 2 (this is the reduced system [2,3])

f2 Mzuxx + ZMZUX
<g2> = (uzvxx + 2u(uw), ) (28)
hy _(uzw)xx

and apply the operator 7 to this symmetry we obtain a second symmetry of the hierarchy (8)

curv? — 2euvvy, — 2eulw, — eulvyy

52 2uuw + 2uvvy +2u2wx+uuxvx+u2vxx+£v2vx+28uvxw+8uv§ - (29)
2 =
- 2uwi+2uvxw+2uvwx—uiw—3uuxwx—uuxxw—u2wxx

2

+ 2eu, w? + 260w + su vew + ev2wy + dsuww, + UV Wy + EUV W

Remark. In the example above we have constructed the transformation 7 for hierarchies with Lax operator of order one. In the
same way we can construct the transformation between hierarchies with Lax operator of any order N. The operator 7 is not a
recursion operator. It maps the symmetries of one system of evolution equations to symmetries of another system of evolution
equations.
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