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Abstract

The environmental decoherence in multilevelled systems in the context of two-level approximation is examined. It is found that the

environmental temperature plays a minor role in the magnitudes of the decoherence rates whereas, the system-environment coupling and

the environmental energy spectrum are dominant. Particularly, the latter is important in zero temperature quantum fluctuations and/or

the nonequilibrium noise sources due to the large range of energies present in the environmental modes. Decoherence is found to be

dominated by the short time nonresonant processes and this observation severely questions the use of the two-levelled models on

decoherence.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Two levelled models are routinely used in the recent
applications concerning the decoherence of open quantum
systems. The well studied spin-boson [1–4] or central spin
[5,6] models are such examples. The general assumption is
that for sufficiently low temperatures T5DE, a multi-
levelled quantum system (MLS) is well approximated by its
first two levels [1] (where DE is a characteristic energy scale
separating the first two levels from the higher excited states
of the quantum system). On the other hand, the nature of
the environmental coupling and the properties of the
environmental spectrum are also essential factors in the
determination of the decoherence properties in MLS. For
realistic MLS under weak environmental perturbation, it is
sufficient to consider a Caldeira–Leggett type linear
coupling [7–9] of a system coordinate to an environmental
coordinate. The spectral range of the environment usually
extends to energies well beyond the energy scales of the
MLS. Decoherence properties of the MLS is expected to
be affected at short times by the entire range of the
- see front matter r 2005 Elsevier B.V. All rights reserved.
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environmental spectrum. This basic short-time property of
the system-environment coupling has been largely ignored
in the works on decoherence until recently, due to the fact
that the environmental correlations have been usually
treated as Markovian. A few theoretical approaches now
exist on the effect of multilevels in the long time
decoherence properties [10,11] ignoring largely the short
time behaviour. This long time resonant transition based
approach has now become a tradition and the usual
practice is to use the Fermi-Golden rule. The calculated
decoherence rates, in large, reveal the Markovian sub-
character yielding exponential time behaviour for the
reduced density matrix (RDM). The latter is usually solved
by analytical methods such as Bloch–Redfield [12,13] or
Lindblad [14] operator formalisms, by which the master
equation is transformed into a linearly coupled first order
ordinary differential equations. Then the corresponding
Bloch–Redfield coefficients or the Lindblad operators are
time independent with exponential decoherence rates
mainly influenced by the resonant sector in the system-
environment coupling. These analytical methods are easily
applicable to systems with large number of levels. On the
other hand, the Markov approximation is expected to
break down at short observational times. Here short time
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implies times shorter than the typical environmental
correlation time below which the system environment
coupling is allowed to remember the history of the non-
Markovian time evolution.

In Section 2, we revisit the two-level approximation and
recall its basic assumptions for reference. In Section 3, we
introduce the multilevel system-environment model. In
Section 4, the short time decoherence is investigated.
Leakage as a typical multilevel effect is investigated in
Section 5.

2. 2LA revisited

The 2LA assumes, (a) that the spectrum must have non-
negligible couplings at the right transition frequencies at
which the system makes transitions to higher levels; (b)
there are no available environmental states to couple with
the system at zero or sufficiently low temperatures: this
assumption and the notion of right transition frequency

enables one to neglect all parts of the spectrum DEpo
because of the belief that at sufficiently low temperatures
the interacting part of the spectrum is in the low energies
opT5DE of which coupling is believed to be suppressed
by the much lower temperature; (c) negligible leakage of
the wave-function to higher levels: counter arguments
against neglecting the leakage effects in the long time
dynamics can be found for instance in the recent
publications Refs. [11,15]. A number of experiments have
also been performed emphasizing the multilevelled nature
of those systems particularly used in the context of
quantum computation. For instance, current-biased Jo-
sephson junctions or rf-SQUID’s have been thoroughly
investigated in Refs. [16–18]. Similar zero temperature
decoherence mechanisms have been recently verified for the
mesoscopic persistent current rings experimentally [19] and
studied theoretically [20]. In particular, the saturation
observed in the electron dephasing rates in disordered
conductors [21] has been argued in favour of the zero
temperature nonresonant quantum fluctuations [22,23].

3. A multilevel system-environment model

The total model Hamiltonian, in the eigenbasis of the
system can be written as [10]

H ¼
XN

n¼1

Enjnihnj þ

Z
dooðayoao þ aoayoÞ

þ
XN

n;r¼1

jnrjnihrj

Z
doZoðao þ ayoÞ. ð1Þ

Here En ¼ n� 0:5 for 1on are fixed system harmonic-like
eigenenergies in some absolute (and irrelevant) energy scale
and jri indicates the rth system eigenstate. The environ-
mental mode at frequency o is annihilated (created) by the
operator ao (ayo). We also neglect a compensating term in
(1) (see Ref. [24]). The system-environment coupling is
given by

jnr ¼
0:1e�jn�rj=R if nþ r ¼ odd;

0 if nþ r ¼ even:

(
(2)

R ¼ 10 is the range of dipole coupling. The frequency
dependent part of the system-environment coupling is
separately denoted by Zo. The energies are dimensionless in
the same absolute energy scale as En’s. The environment is
characterised by a thermal spectral function IðoÞ ¼
Z2oð2no þ 1Þ where no is the bosonic distribution. Since
our results are confined to zero temperature and the
environment is in thermal equilibrium, the bare distribu-
tion no ¼ 0, and therefore IðoÞ ¼ Z2o for which we use a
Lorentzian spectral model below.

3.1. The master equation

The system is initially prepared in the qubit subspace
jcð0Þi ¼ aj1i þ bj2i where a ¼

ffiffiffiffiffiffiffi
0:1
p

; b ¼ eip=2
ffiffiffiffiffiffiffi
0:9
p

. The
system and the environmental degrees of freedom are
initially decoupled. The master equation is solved for the
MLS interacting with a zero temperature environment in
the Born–Oppenheimer approximation [25,26] (BOA)
~̂rðtÞ ¼ ~̂rðSÞðtÞ � ~̂reð0Þ. Here ~ denotes the interaction pic-
ture, ~rðSÞðtÞ denotes the reduced density matrix (RDM) of
the system at time t and re is the density matrix of the pure
environment. In the short time regime BOA is nearly
manifest. For the approximation to hold at long times, the
equilibration time of the environment should be longer
than the exponential decoherence rates. The RDM is found
as usual by the partial trace over the environment as

d

dt
ð ~rðSÞÞnmðtÞ ¼ �

Z t

0

dt0
X

rs

Knm
rs ðt; t

0Þð ~rðSÞÞrsðt
0Þ, (3)

where

Knm
rs ðt; t

0Þ

¼ F ðt� t0Þ ð ~jðtÞ ~jðt0ÞÞnrds;m � ð ~jðt0ÞÞnrð ~jðtÞÞsm

� ��
þF�ðt� t0Þ ð ~jðt0Þ ~jðtÞÞsmdr;n � ð ~jðtÞÞnrð ~jt0Þsm

� ��
ð4Þ

is the non-Markovian system-noise kernel. For a 2LA it
is easy to verify that Knm

rs ðt; t
0Þ ¼ Knm

rs ðt� t0; 0Þ. In a MLS
the time translational symmetry is lost by the presence
of a variety of possible transitions. Here ð ~jðtÞÞnr ¼

ð ~jð0ÞÞnre
�iðEn�ErÞt.

3.2. The environmental correlator F ðtÞ

The environmental spectrum is introduced via the noise
correlator as,

F ðtÞ ¼ YðtÞ
Z 1
�1

do eiot
A

p
�

ðo� o0Þ
2
þ �2

� �
, (5)

where Y is the Heaviside step function and the term in
brackets is IðoÞ; viz. the environmental spectrum for which
we adopt a Lorentzian form. The physical parameters of
the Lorentzian spectrum are then the central frequency o0
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and the spectral width � of which the effects on the
decoherence time scales can be independently examined.
The spectral area is denoted by A ¼

R1
�1

do IðoÞ which is
nothing but a multiplicative factor in the system environ-
ment coupling in Eq. (4). The special choice of the
Lorentzian is made for that, the three parameters, the area
A, the central frequency o0 and the width � can all be
studied independent from each other in compliance with
the purpose of this work. The model spectrum in Eq. (5) is
unrealistic as a physical noise unlike the power exponential
or the power Gaussian [10] which are more conventionally
used for modelling the physical spectra. The conclusion
driven from the spectrum (5) will however be general and
applicable to the different physical models of environ-
mental noise.
4. The short-time decoherence

It is easy to show that the decohering density matrix
starts with a time evolution which is Gaussian-like given by

~rðSÞnmðtÞ ’
X

rs

dnrdsm �
t2

2
Knm

rs ð0; 0Þ

� �
~rðSÞrs ð0Þ, (6)

where the Gaussian decoherence rate enters as a sum over
the square roots of the positive eigenvalues of a character-
istic operator K̂ð0; 0Þ representing the system-noise kernel.
In Ref. [24] the positive definiteness of K̂ð0; 0Þ and its
relation to Knm

rs ð0; 0Þ is demonstrated. This indicates the
existence of a Gaussian-like decoherence time scale at short
times. Knm

rs ð0; 0Þ in the right hand side of (6) is, by Eq. (4)
proportional to the squared dipole coupling constants and
F ð0Þ. The latter is, by Eq. (5), the total area under the
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Fig. 1. Gaussian RDL rates with respect to (a) central frequency o0 (with A ¼

that the results depicted in this figure are independent of the shape of the spe
spectral function. Hence, the short time decoherence rate
is expected to have contributions not only from the
resonant terms but from the entire spectrum as a whole.
We thus expect that for all components of the RDM
Gaussian decoherence rates / ðspectral areaÞ1=2. The Gaus-
sian decoherence rates LðGÞRDL corresponding to the relaxa-
tion, dephasing and leakage contributions differ only in
their dependence on the sum over the allowed dipole
couplings ðjÞnr. Additionally, there is only a dependence on
the spectral area with the other spectral parameters, i.e.
spectral center o0 and the width � being ineffective in short
times (see Figs. 1–3).
The Gaussian decoherence times are easily calculated

within a short time interval which corresponds in this work
to 0ptp0:1 [in units of the inverse absolute energy scale
defined in Eq. (1)]. The numerically found RDL rates are
shown for the model system in Eq. (1) in Fig. 1(a) for their
dependence on the position, and Fig. 1(b) for their
dependence on the shape of the spectrum for three and
five level systems. Fig. 1(a,b) provide identical decay rates
independently of the central frequency o0 and the shape
parameter � for fixed spectral area. These results are
already conclusive for the dominance of the off-resonant
processes at short times. Before examining the dependence
on the spectral area, we examine the effect of the higher
levels in the system as shown in Fig. 2. All levels are
coupled by the dipole matrix in Eq. (2) with R ¼ 10.
Increasing number of levels increase the decoherence times
for NpR followed by a saturation for RoN which is due
to the negligible contribution of the couplings out of the
range.
The spectral area A strongly affects the short time

decoherence. Finally, in Fig. 3, we observe that all RDL
ε
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rates have power law dependence on the spectral area
(a log–log plot indicates that LðGÞRDL�

ffiffiffiffi
A
p

) verifying once
more the dominating role of the off-resonant transitions
between the levels. From Figs. 1–3, it is necessary to
conclude that, the short time decoherence rates are
unconventionally non exponential characterized by the
short time non-Markovian correlations in the spectrum.

5. Leakage effects

There are recent experiments where anomalies have been
reported in the Rabi oscillation dynamics indicating a clear
breakdown of the two-level approximation and strong short
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Fig. 2. Gaussian RD rates as a function of the number of system levels N.

The coupling range is taken to be R ¼ 10. The stepwise behaviour in the

rates for the first few levels is due to the forbidden (allowed) transitions by

the matrix elements in Eq. (2). Spectral parameters are A ¼ 1, o0 ¼ 1:0
and � ¼ 0:1.
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Fig. 3. Dependence of the short time Gaussian rates for (a) R, (b) D, (c) L on th
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time leakage effects. In the first experiment by Zrenner et al.
[27], single self-assembled excitonic q-dots are used to create
excitons by a strong Rabi field which are then tunelled out
and transformed into a photocurrent. The anomaly appears
in the damping of the Rabi induced oscillations in the pulse
averaged photocurrent as the area under the Rabi pulse is
increased. This effect within the fixed time of the short 1 ps
pulse (dephasing and relaxation times are reported to be
approximately 500ps) could not be observed in a purely
two levelled system as it would violate the fundamental
principle of unitarity. The pulse width is shorter than the
decoherence time scale by three orders of magnitude and it
is clear that the observed damping does not originate from
decoherence. The short time scale of the effect indicates the
influence of the higher excitonic states. In a simple
approach it has been shown that the damping of the
oscillations as the intensity of the short pulse is increased, is
due to the off-resonant leakage into biexcitonic levels
[28,29]. Taking Ref. [28] as the basis of a physical model for
this experiment, we show that the results are the manifesta-
tions of short-time nonresonant processes.
We add a Rabi coupling term in Eq. (1)

HR ¼
XN

nr¼1

jnrjnihrjðaðtÞe
�iORt þ h:c:Þ, (7)

where aðtÞ and OR are the complex pulse amplitude and the
frequency of the coherent Rabi field, respectively. We use
rectangular and real pulse aðtÞ ¼ aYðtP � tÞ where tP ¼ 1 in
units of the fundamental energy scale. This corresponds to
tP ’ 1 ps when E2 � E1 ’ 1meV in Zrenner et al.’s
experiment. We solve the master equation for N ¼ 3 and
neglect the environment. Then the time dependence
becomes a function of the total pulse area at. The result
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Fig. 4. The time average over the Rabi pulse of the third level occupancy

is shown as a function of atP. Three curves refer to three different third

level resonant energy E3 ¼ 10; 7:5; 2 with E2 ¼ 2 and E1 ¼ 1. The Rabi

field is in resonance with the first two levels. In the inlet the four level

occupancies are shown for equally spaced levels with a Rabi field

resonantly coupling the neighbouring levels.
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is then averaged over the pulse as in the experiment. In
Fig. 4 the pulse-averaged occupation of this non-resonantly
coupled third level, [i.e. hr33ðtÞipulse ¼ 1=tP

R tP
0 dtr33ðtÞ] is

shown as a function of the pulse area when the Rabi field is
resonant with the first two levels for three different third
level energies. In the figure, all three curves indicate pulse
averaged third level occupation, i.e. hr33ðtÞipulse, for the
third level energies E3 ¼ 2; 7:5; 10. In the first one, E3 is
degenerate with E2 ¼ 2, and, for the last one, E3 ¼ 10 is
supposedly close to an ideal two level system ðE2 � E1Þ5

ðE3 � E2Þ. The occupation of the third level is clearly
observed to be largely unaffected by the large range of the
energies for the third level. Another point is that, the peak
position occurs at tPp1=a. Using (2), this implies
tPpj12TR=ð2pÞ, where TR is the Rabi oscillation period,
therefore tP ’ 0:1TR concluding that the third level is
already occupied maximally before the completion of a
single Rabi period. This short time effect is counterintuitive
from the traditional way of thinking in terms of the long-
time resonant transitions. It must be remarked that this is
an exact result. It appears that a multilevelled system
decides to act like so at very short times in comparison with
typical resonant time scales. Thus Fig. 4, in confirmation of
the earlier theoretical calculations [28], manifests the effect
of the strong influence of the nonresonant processes on
leakage. A second experiment supporting strong nonreso-
nant leakage at short times has been recently made on
semiconductor NMR devices by Yusa et al. [30] where
offresonant multiple quantum coherence effects between
levels separated by more than one quantum of nuclear spin
quantum number were observed. This experiment is the
four level version of the quantum dot experiment by
Zrenner et al. done with stable nuclei with total spin 3

2
in

which the short time multilevel dynamics can be probed.
The results are shown in the inlet of Fig. 4. The first two
levels are already nearly fully occupied for tP ’ 0:2=a when
the third level is 10% full and the fourth level is empty.
Within another short time, i.e. at tP ’ 0:5=a, the third and
the fourth levels are already saturated at about 20%.
The results in this section are, in support of the previous

sections in that, the multistate dynamics cannot be ignored
at short time scales. The reconfiguration of the level
occupancies occurs at short times and is comparable to the
decoherence time scales.

6. Conclusions

It is shown that decoherence is dominated by the short
time off resonant processes. Such processes are induced by
the entire frequency range in the noise spectrum. It is
demonstrated that off resonant processes also cause a
strong short time leakage in multilevelled systems and this
very reason disvalidates the applicability of the two-level
approximation in most realistic systems.
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