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Abstract. We study the integer knapsack cover polyhedron which is the convex hull of the set of
vectors x € Z7 that satisfy CTx > b, with C € Z% , and b € Zy4. We present some general results
about the nontrivial facet-defining inequalities. Then we derive specific families of valid inequalities,
namely, rounding, residual capacity, and lifted rounding inequalities, and identify cases where they
define facets. We also study some known families of valid inequalities called 2-partition inequalities
and improve them using sequence-independent lifting.
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1. Introduction. The purpose of this paper is to study the integer knapsack
cover polyhedron. Let N = {1,2,...,n}. Item ¢ € N has capacity ¢;. We would like
to cover a demand of b using integer amounts of items in N. We assume that b and
¢; for i € N are positive integers.

We are interested in the integer knapsack cover set

(1) X = mEZi:ZcimZb

ieN
and its convex hull PX = conv(X). The constraint ), c;z; > b is called the cover
constraint.

Set X is a relaxation of the feasible sets of many optimization problems in-
volving demands that may be covered with different types of items. Pochet and
Wolsey [15] study a special case to derive valid inequalities for a network design
problem. Mazur [11] uses the polyhedral results on PX to generate strong valid in-
equalities for the multifacility location problem. Yaman [18] uses the same relaxation
to strengthen formulations for the heterogeneous vehicle routing problem, which gen-
eralizes the well-known capacitated vehicle routing problem by introducing the choice
between different vehicle types. Yaman and Sen [19] arrive at the same relaxation in
the context of the manufacturer’s mixed pallet design problem, where each customer
can buy integer numbers of pallets with different configurations to satisfy its demand.
Knowledge about polyhedral properties of PX can be used in deriving strong formu-
lations for these problems. For recent work in understanding the structure of simple
mixed integer and integer sets, see, e.g., [3, 7, 12, 13, 15].

There has been a lot of work on the polytope of the 0/1 knapsack problem (e.g., [5,
8,9, 16, 17, 20]). The situation is different for the integer knapsack cover polyhedron.
Despite the many application areas where set X may appear as a relaxation, the
literature on the polyhedral properties of its convex hull is quite limited.

Pochet and Wolsey [15] study the special case where ¢;1 is an integer multiple
of ¢; for all i = 1,2,...,n — 1. They derive the partition inequalities and show that
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these inequalities define the convex hull together with the nonnegativity constraints.
They derive conditions under which these inequalities are valid in the general case.
Mazur [11] and Mazur and Hall [12] study the general case. They show that
dim(PX) = n, x; > 0 defines a facet of PX for i € N, and if )7,y cyz; > o is
a nontrivial facet-defining inequality of PX, then a; > 0 for all ¢ € N and a9 > 0.
Let ¢j,...,c,, be the distinct ¢; values that are less than b. An important result by
Mazur [11] is that, if one knows the description of conv({z € Z7 : 31", c;r; > b}),
it is trivial to obtain the description of PX. The inequality ) .,y a;z; > ag is a
nontrivial facet-defining inequality for PX if and only if oy = o for all 4,5 € N

with ¢; = ¢j, & = ap for all ¢ € N with ¢; > b, and Z?il a;xi > qq is a nontrivial

facet-defining inequality for conv({z € Z77" : 371", c;z; > b}), where a; = a; if ¢, = ¢;
fori=1,--- ,mand j € N. So interesting instances satisfy ¢; < co < --- < ¢, <b.

Mazur and Hall [12] also study the integer capacity cover polyhedron defined as
the convex hull of the set {(y,z) € {0,1}¢ x Z : Y,y eciws > D¢y} They
use simultaneous lifting to derive facet-defining inequalities for this polyhedron using
those of the integer knapsack cover polyhedron. They remark that little is known
about the polyhedral properties of the latter polyhedron, and it is difficult to identify
its facets.

Atamturk [1] presents a family of facet-defining inequalities and lifting results for
the polytope conv(X N{x € Z" : v < u}) for u € Z7 | .

In this paper, we derive several families of valid inequalities and discuss when they
define facets of PX. We investigate the domination relations between these families of
valid inequalities. Most of our results on facet-defining inequalities are for the special
case where ¢; = 1.

This work is motivated by the results of Mazur and Hall [12], where valid in-
equalities for the integer knapsack cover polyhedron are lifted to valid inequalities for
a more complicated polyhedron, the integer capacity cover polyhedron. We are also
motivated by the positive results in [18, 19], which demonstrate the use of simple valid
inequalities based on the integer knapsack cover relaxation in closing the duality gap
for complicated mixed integer programming problems studied in these papers.

The paper is organized as follows. In section 2, we give the general properties
of nontrivial facet-defining inequalities of PX. In sections 3-6, we introduce four
families of valid inequalities, namely, rounding, residual capacity, lifted rounding, and
lifted 2-partition inequalities. We compare their relative strengths and give conditions
under which they define facets of PX. In section 7, we investigate the use of lifted
rounding and lifted 2-partition inequalities in solving the manufacturer’s mixed pallet
design problem introduced by Yaman and Sen [19]. We conclude in section 8.

2. General results on facet-defining inequalities. In this section, we derive
general properties of nontrivial facet-defining inequalities of PX.

In the sequel, we assume that cq,...,c, and b are positive integers and that they
satisfy ¢; < cg < -+ < ¢, < b (this assumption is made without loss of generality due
to the result of Mazur [11] mentioned above). Let ¢ be the greatest common divisor
of ¢;’s. We replace ¢; with < for each i € N and b with [%w This does not change
the set X but strengthens the cover constraint. Let e; denote the n-dimensional unit
vector with 1 at the ith place and 0 elsewhere.

PROPOSITION 1. Let ), cixz; > ag be a nontrivial facet-defining inequality for
PX. Then

. b
O0<ar<a < <oy, <a)y<mino; | —|.
ieN C;
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Proof. Suppose that ),  a;z; > g is a nontrivial facet-defining inequality for
PX. The fact that o; > 0 for i =0,1,...,n is proved in [11, 12].

Let j and I be such that j <[ and z € PX be such that ),y a;z; = ag, with
x; > 1. Consider - ej +e. As ¢ > ¢, z# € PX. Then Zi@\/aix; > g,
implying that a; > a;. So oy <y <--- < .

Let x € PX be such that ZZEN a;x; = ag, with z,, > 1. Then a,x, < ag and,
as r, > 1, a, < ap.

For i € N, z = [%161' is in PX, and so aﬂ%} > ap. Thus ap < mingen

Cq

We have a necessary condition for a nontrivial inequality to be facet-defining.

THEOREM 1. Let ),y a;x; > ag be a nontrivial facet-defining inequality for
PX. Let j € argmax;cy o-. Then (ag — ai)% +c; >bforallie N\ {j}.

Proof. Assume that there exists | € N\ {j} such that (ag fal)(% +c¢ <b. Letz €
X be such that ), v @jz; = ag. Then z; = OWZEQ% The left-hand side of
the cover constraint evaluated at xis ),y cit = Ziej\,\{j} (c;i— %ai)xi—&—%ao. This
is less than or equal to (¢;— %al)xl+%ao, since ¢; — O%ai <O0foralli € N\{j}. Now
as (ag — al)i—i +¢ <band ¢ — %al < 0, whenever z; > 1, (¢; — ;—jjal)xl + 0%040 <b.
This proves that, for any x € X such that ZZ-GN a;T; = Qg, We have x; = 0. O

Next, we give necessary and sufficient conditions for some inequalities to be
facet-defining. Later, we use this result to identify specific families of facet-defining
inequalities.

THEOREM 2. Let ), N a;x; > ag be a valid inequality for PX, with o; > 0 and
integer for alli € N U{0} and a1 = 1. Let j be the largest index, with o;j = 1. If
o; > Z—j foralli=j+1,... n, then the inequality EiGN ;T > g 1s facet-defining
for PX if and only if (g —o;)cij+¢; > b fori=j+1,...,n and (ag—1)cj+c1 > b.

Proof. If the conditions of the theorem are satisfied, then age;, (ag — 1)e; +e;
fori =1,...,j— 1, and (g — ay)e; +e; for ¢ = j+1,...,n are in PX; they
satisfy ;. y @iz; = ao and are affinely independent. This proves that the inequality
> ien QiTi > ap is facet-defining for PX.

The necessity of the conditions are implied by Theorem 1. ]

To conclude this section, we investigate when the cover constraint is facet-defining
for PX. If ¢; divides b for all j € N, then the nonnegativity constraints and the cover
constraint describe the polyhedron PX, ie., PX ={z € R} : ),y cjz; > b}

Using Theorem 2, we identify another case where the cover constraint is facet-
defining.

COROLLARY 1. Ifcy =1, then the cover constraint is facet-defining for PX.

The conclusion of Theorem 1 is trivially satisfied for the cover constraint. But
the cover constraint is not necessarily facet-defining for PX. The following simple
example proves this statement.

Ezample 1. Let X' = {x € Z2 : 3x1 + 4z > 14}. The polyhedron conv(X*') =
{(z1,22) € Rf_ tx1 29 > 4,221 + 3x9 > 10}

3. Rounding inequalities. In this section, we derive a family of valid inequal-
ities, called the rounding inequalities, and identify some cases where they are facet-
defining for PX.

For A > 0, the rounding inequality

SAME

i€eN
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is a valid inequality for PX. It is obtained using the well-known Chvatal-Gomory
procedure (see, e.g., Nemhauser and Wolsey [14]). These inequalities have been used
by Yaman [18]. Here we investigate under which conditions these inequalities are facet-
defining for PX. The inequality for A = ¢, is > ,cy i > {%1 Mazur [11] proves
that this inequality is facet-defining for PX if and only if b < ({%1 — 1)cn + .
Inequality (2) for any A > ¢, is dominated by the corresponding inequality for ¢,,. So
we are interested in A < ¢,.

The result below is a corollary to Theorem 2.

COROLLARY 2. Let A be such that ¢; < XA < ¢jq1 for some j € {1,...,n—1}. If
-| > 5—7 for alli=j+1,...,n, then inequality (2) is facet-defining if and only if

>

[c
ﬂ 71.)cj+cl >b and ([ﬂ — {%])cj +ci>bforalli=j5+1,...,n.
Proof. As [§] for i € N and [2] are positive integers, [S1] =1, j is the largest

(

index with coefficient 1 in inequality (2), and [ﬂ > cforalli =j+1,...,n,
J

—

Theorem 2 applies. 0

We have a necessary condition as a corollary to Theorem 1.

COROLLARY 3. Let A > 0. If there exists j € N such that c; is divisible by A
and if inequality (2) is facet-defining for PX, then ([%] - [%]))\ +c¢; > b for all
i€ N\{j}

Proof. For i € N, {ci < A So, if j € N is such that A divides ¢j, j €

i

A
arg max;e [Sﬁ, and we can apply Theorem 1. |

A
We consider the subset of inequalities (2) defined by A equal to ¢y, ...,c,. In the
following corollary, we generalize the result by Mazur [11].
COROLLARY 4. For j € N, the inequality

®) Zez;v Lﬁj g
is facet-defining for PX if and only zf([%] fl)chrcl >band ([%] — (E—ﬂ )chrci >b
foralli=j+1,... n.

Proof. Take A = ¢;. As {g—;] > g—; for alli = j+1,...,n, we apply Corollary 2 to
obtain the result. ]

Atamturk [1] studies the polytope conv(X N{x € Z" : x < u}) for u € Z7} , and
proves that inequality (3) for j € N such that u;c; > b is facet-defining if and only if
the conditions of Corollary 4 are satisfied.

We go back to Example 1 and see if rounding inequalities are facet-defining.

Example 2. Consider set X! defined in Example 1. The rounding inequality for
A = ¢1 is not facet-defining since (f%] — [%1 )3 +4 =13 < 14 =b. The inequality is
r1 42z > 5 and is dominated by 2z1 4+ 3z5 > 10. We can obtain the latter inequality
by lifting inequality x7 > 5, which is a rounding inequality when x5 = 0 with variable
Zo (see section 5).

The rounding inequality for A = ¢5 is facet-defining since ({%1 — 1)4 +3=15>
14 = b. This is the inequality x1 + xo > 4.

The convex hull of X is described by the nonnegativity constraints, a rounding
inequality (z1 + z2 > 4), and a lifted rounding inequality (2z1 + 3z2 > 10).

In the next example, we see two sets that are defined by parameters which differ
only in the right-hand side of the cover constraint. The rounding inequalities for
A =co,cC3,...,c, are facet-defining for the polyhedron when the right-hand side is b,
and none are facet-defining when the right-hand side is b + 1.
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Example 3. Consider the set X2 = {z € Zi i 21 + 4o + bxs + 6x4 > 61}
The convex hull of X? is described by the nonnegativity constraints and the following
inequalities (these results are obtained using PORTA [6]):

Ty + 4w + dx3 + 624 > 61,
Ty + 2x9 + 313 + 314 > 31,
T, + T2 + 23 + 224 > 16,
Ty + To + T3 + 224 > 13,

8 T1+ T2+ 23+ 24 > 11,

AA/_\,.\/_\
(=2
o — D

Inequality (4) is the cover constraint. By Corollary 1, as ¢; = 1, we know that the
cover constraint is facet-defining. Inequalities (6)—(8) are rounding inequalities. It is
easy to verify that the conditions of Corollary 4 are satisfied. Note that inequality (5)
is the rounding inequality for A = 2, and the conditions of Corollary 3 are satisfied.

Now consider the set X? = {x € Z% : 21 + 4x5 + 523 + 634 > 62}. The following
inequalities together with the nonnegativity constraints describe the convex hull of
X3:

(9) x1 + 4x5 + w3 + 614 > 62,
(10) x1 + 220 + 3x3 + 44 > 32,
(11) r1 + 220 + 223 + 314 > 26,
(12) T, + 229 + 223 + 224 > 22.

The cover constraint (9) is facet-defining, but the rounding inequalities for A =
€2, 3, ¢4 do not define facets. Inequality (10) dominates the rounding inequality for
A = ¢, which is zy + @2 + 223 + 224 > 16, (11) dominates inequality x; + xo +
x3 + 2x4 > 13, which is the rounding inequality for A = ¢3, and (12) dominates
x1 + xo + x3 + x4 > 11, which is the rounding inequality for A = ¢4. In the following
section, we will identify these inequalities (10)—(12).

4. Residual capacity inequalities. Residual capacity inequalities are intro-
duced by Magnanti, Mirchandani, and Vachani [10] for the single arc design problem.
Here we present inequalities that are based on a similar idea.

Assume that the demand b is covered using some item j € N. Then at least [%W
units of item j need to be used. If (%W — 1 units are used to full capacity, then the
capacity of the last unit to be used is r; =b — ((%1 —1)¢;. If only [%1 — 1 units of
item j are used, then the remaining items should cover a demand equal to ;. This is
expressed in the following valid inequality.

For j € N, define N; = {1,2,...,j} and N; = {i € Nj : ¢; > r;}. For N°C N
and N' = N\ N° let X,(N') ={a € Z7 : >, .y cizi > h,x; =0 for all i € N°}.

THEOREM 3. For j € N, the inequality

J n
(13) Zmin{ci,rj}xi + Z CiTi > T {Cb—‘
i=1 J

i=j+1

is valid for PX.
Proof. If ), v w; = [%L then the inequality is satisfied. If ),/ z; = (%1

-D
for some p > 1, then the feasibility of x implies EZENJ_\N{ T + E?:jH Ty >
J
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b— ZieNJ/_ cix; >b—cj ZieNJ/_ z;=71j+ (p—1)cj. Asrj+ (p—1)c; > r;p, inequality
(13) is satisfied. |

For j € N, if r; = ¢;, then b is divisible by ¢; and inequality (13) is the same as
the cover constraint.

THEOREM 4. Ifc; =1 for j € N, the inequality

J
(14) E min{c;, rjtz; > F)-‘
s
i=1 J

is facet-defining for conv(Xp(Nj;)).

Proof. Let F = {z € Xu(N;) : > 7_ min{e;,r;j}a; =7 {ci}} Assume that all
x € F satisfy ZZ 10T = . As [ ]ej € F, we need ag = [lﬂaj For 7 € NJ
([£]-1)ej+e; € F, implying that o; = aj. Ascq = 1, we have ({%1 —1)ej+rje, € F.

Cj

So a; = %] Finally, for i € N; \ (N]/ u{1}), ({%1 —1ej + e+ (rj —ci)er € F.

i Cy

Hence, a; = <. Then >, oz = ap is a %7 multiple of >/, min{c;,r;}x; =
rile]. O

For j € N, if r; = 1, then inequality (14) is le 1T > [%W and is the same as the
rounding inequality for A = ¢; for conv(X,(N;)). By Corollary 4, it is facet-defining
since ({%1 — l)cj +cr=b—r;+c >b.

For j = n, conv(Xy(N,)) = PX, and the following result can be deduced from
Theorem 4.

COROLLARY 5. If ¢; = 1, inequality (13) for j = n is facet-defining for PX.

Example 4. Consider the set X3 given in Example 3. For item 2, r, = 2 and
[g] = 16. Inequality (13) for item 2 is x1 + 2z + 53 + 6x4 > 32 and is dominated
by inequality (10). For item 3, r5 = 2 and [ 1 = 13. The corresponding inequality
(13) is 1 + 2xo + 223 + 624 > 26 and is dominated by inequality (11). For item 4,
r4 = 2 and {C -| = 11. Inequality (13) is @1 + 223 + 223 + 224 > 22 and is the same
as inequality (12) In the remaining of this section, we will try to identify inequalities
(10) and (11).

We can generalize inequality (13) as follows.

THEOREM 5. Forj € N, let u > 0 be such that [%f")—i—u] >r;andrj+p < cj.
The inequality

(15) me{cl,r]}xz—k Z [ T]—HL—‘ zZTj[cbj—‘

i=j+1

is valid for PX.
Proof. I£ 3, v i = [%], then the inequality is satisfied. If ),/ z; = [Ci] -
J J g J

then inequality (15) simplifies to ZZGN \W Ci%i + S —it1 {M]xl > rj. By

cj
feasibility, we need to have . _ NN Cii g S ciz; > r;. Using coeflicient

i=j7+1

i T > Ty As {%f”)] > r; for all

i=7+1,...,n, inequality (15) is satisfied.
If ZzeN’ T = f 1 — p for some p > 2, then inequality (15) simplifies to
ZleN W, cir; + ZZ it {thl > rjp. The feasibility of x implies that

Cj
ritp
Cj

reduction, we obtain >,y |y i + Z
3 \IV;

ZZEN \W, CiTi +30 i1 €% > 15+ (p—1)¢;. We multiply this inequality with
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and obtain ZzeN \N} Cirjcﬂmi +2 j+1Ci Tj:”“ = Tj(rjf“) + (p— 1)(rj + p). Now,

asrj +pu < ¢ andsoZ:leN\N/czgvl—i-Z:Z i1 {%f“w NG J”L)xz—i—

n (rj+n) ci(rj+u) oy (r +u)
Z:JH(:, m, we have ZleN \W, CiTi + Z_J*‘*l’V ; ]mi > Ry

cj

(p —1)(r; + ). Since the left-hand side is always an integer, we round up the right-
hand side and get {m +(p—pul+ (p—1r;. As [%f”) +pl =71, 0 >0,

and p > 2, we obtain ZleN \W, Ci%i + Yo i1 [%f”)}wl > rjp. So x satisfies

inequality (15). 0
For pi = ¢; — r;, inequality (15) is the same as inequality (13).
As p increases, inequality (15) gets weaker. So for given j € N, we are interested

in inequality (15) defined by the smallest p that satlsﬁes the condition VJ (s i )y ,u—‘

cj(rj—1)— ] r2
”TJFE if [ ]<7’],and,u]70

r;. Let € > 0 be very small. We take p; =
otherwise.

Observe that nondominated residual capacity inequalities (15) are defined per
item, so there are O(n) of them.

Example 5. Consider again the set X3 of Example 3. For item 2, ro = 2. As

[%W =1<2=ry puy = % + ¢ = e. The corresponding inequality (15) is

x1 + 2x9 + 3x3 + 4x4 > 32 and is the same as inequality (10). For item 3, r3 = 2. As
2

(2—2-‘ =1<2=r3, uz = % + € = 1 + €. The corresponding inequality (15) is

x1 + 2x9 + 2x3 + 3x4 > 26 and is the same as inequality (11).

If r; = 1, then p; = 0 and inequality (15) is the same as the rounding inequality
(3) for A =¢;.

If r; = ¢;, then again p; = 0. This time inequality (15) is the same as the cover
constraint.

We have a necessary condition for inequality (15) to be facet-defining.

COROLLARY 6. Forj € N, if inequality (15) is facet-defining for PX andr; < ¢;,
then c¢; + [%]Cj_ oL {M] >bforali=j+1,...,n

Proof. As ci—% min{c;,r;} <O0foralli=1,...,j—1and (¢;— (C‘(rjciﬂ”)]) <0
foralli =j+1,. Jn we apply Theorem 1. So, if inequality (15) is Jfacet defining for
PX, then (C Jej— mln{cl,rj} Ltc; > bfori=1,...,j—1and [2 ]CJ o (“(”67;“”)]—1—
cizbforallz*j+1

For i € N/ the condition is ( b Wcj —¢j +¢; > b. The left-hand side is equal to
Lich +¢; > L ch +r; =b. Fori € N; \N» the condition is {b]cj clT +¢; >

b. The left-hand side is equal to b — 1 +¢; — ¢, = b+ (¢ — 7’])(”;6’) > b

since ¢; > r; and r; > ¢;. So the conditions of Theorem 1 are always satisfied for
xS N7 0

5. Lifted rounding inequalities. In this section, we derive valid inequalities
using lifting. For N € N and N' = N\N?, let Y ient QiTi > g be a valid inequality
for Xp(N1).

Suppose we lift inequality D, y1 iz > o, with x; with [ € N°. The optimal
lifting coefficient of z; is

A — D et QiTi
x
s.t. ay > 1
z € Xp(NTU{1}).

Q) = max
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Consider the case where a; = 1 for alli € N, j = arg max;c y1 ¢;, and g = [%1
For | € N°, the nonlinear lifting problem simplifies to

[L] _ [(b—cm)*W

Cj Cj

Q) = max
T €L 4 Xy

Clearly, a maximizing z; cannot be larger than [C—ﬂ Hence, we obtain
b (b—cyx;) ™t
(o1 - [

o = max ,
$L€{1727---,f%” &

and we can compute a; by enumeration.

Ezample 6. Consider the set X! defined in Example 1. Inequality z; > 5 is facet-
defining for conv(X* N{z € Z% : x5 = 0}). We lift inequality z1 > 5 with variable z».
5- {Mw 345
T 15030 4) =
3. The corresponding inequality is 221 +3z2 > 10 and is facet-defining for conv(X1).

Computation of the optimal lifting coefficients of variables that are lifted in later
in the sequence may become harder. So we are interested in sequence-independent
lifting.

Atamturk [4] studies sequence-independent lifting for mixed integer programming.
The following can be derived from his results. Consider the lifting function ®(a) =
Qo — Mingex, ,(N1) X_;ent @i%i- If this function is subadditive, i.e., if ®(a) + ®(d) >
®(a + d) for all a,d € R, then the lifting is sequence-independent. In this case, the
inequality ), n1 asmi + D cno P(ci)2i > ap is a valid inequality for PX. In the
general case, let © be a subadditive function, with © > ®. Then the inequality
D ient Qi + D i no O(ci)Ti > ap is a valid inequality for PX. If the inequality
> ient i > oy is facet-defining for conv(X,(N')) and ©(c¢;) = ®(c¢;) for all i € NY,
then inequality ) ;cn1 ;@i + Yo yo ©(ci) T > ap is facet-defining for PX.

THEOREM 6. Let N' C N and Y ient Qi > g be a valid inequality for Xp(N1Y).
If there exists j € N' such that o; > «j [‘é—;] for all i € NY\ {j}, then the lifting

function is

The optimal lifting coefficient ap = max,, (1,234 = max{1

2

B(a) = ap — ﬂb—)*]

Cj

Proof. Suppose there exists j € N! such that a; > «; [&] for all i € N\
{7}. The lifting function is ®(a) = @ — mingex, ,(n1) X_jent @iTi- Let x be an
optimal solution to the minimization problem. Consider T = x — ZieNl\{j} zTie; +
I'ZiENl\{j} CiTi

Ci

1ej. Clearly, T € X;_o(N'). The objective function evaluated at T is
equal to

Z QT = Z QT — Z Q;T; + {W-‘

ieN1 iEN1 i€NT\{j}
C;
< Z QT — Z ;T + oy Z [cj-‘ T;.
ieN? iENI\{j} i€EN\{j}

As o; > aj[4] for all i € N'\ {j}, Yicnt iTi < D ient @iy, and so T is also
J
(b—a)*

optimal. Hence [

Wej is also optimal and the optimal value is «; {(b;ia)w 0
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--- O
— )

5+ -
4 T+ -
3T - O
2T+ - O

I T - O

T &

"0 1+
—0 2+
3+

FiG. 1. Lifting function ® and subadditive function © for b =17 and c; = 5.

Suppose there exists j € N' such that a; > o;[< l for all i € N'\ {j}, a; =
1, and oy = f%] The lifting function for the mequahty Y ient QT > f%] is
P(a) = (%W - [%1 The function ® is not subadditive. An example where
b = 17 and ¢; = 5 is depicted in Figure 1. Here for a = 11 and d = 6, we have
(2] =+ (2] - (5 =4-2+4-3=3<[2] - [ =4-0=14
For j € N and a € R, define

LEMMA 1. Forj € N, if pj(b) > 0, the function ©(a) = | & J+m1n{
Figure 1) is subadditive.

Proof. Let a,d € R. Then ©(a) + O(d) = [*] + mm{pj(b),l} + |2 1+
min{’p’ji‘;g, 1}. There are two cases: (i) p;(a) + p;(d) = p;j(a + d) and (ii) p]( ) +
pi(d) = pj(a d) + ¢j. In case (i), since pj( )Jr pj(d) = pj(a + d), we have
| & J+L | = L“+dj Ifmln{p(b 1}:17 then ©(a) + O(d) >
L‘”dj + 1 > O(a + d). Otherwise, mm{p’ (o) 1} = pj(a and min{p’(a) 1} = pila)

p (b) pi(b)? pj(b) "
Then ©(a) +0O(d) = La+dJ + £ py Eb)) + £ py (b) = L’H'dj + pJ(a(ﬂi > O(a+d). In case (ii),

as p;(a) + p;(d) = pjla+d) + ¢, L%HL%J—L“”J L If min{243 1} = 1 and

Cj

mm{if(g) 1} =1, then ©(a)+O(d) = L“+dJ+1>@(a+d) Ifmm{pf b),l}—pJ o)

and min{23 1} = 1, then @( )+ 0(d) = [=H] 4+ 2@ Since p;(d) < ¢,

pjla) > p;j(a+d). So L“jdj—l—pf ) = ©(a+d). The case where mln{pJggg,l} =1and
pi(d) 1} — Pj(d) pi(a) 1} _ pila)

p(b

mi(n) POR n0) is similar. Flna(llgf, if In(ldI; RO O &znddjmn{pj o3 1} =
AL — | atd i\a j a+d j(a+
/;.7‘(17)’@()+@()—L+J_1+Z(b)+p() LtJ 1+pp,(b) +pj(b).Smce

a a+d at a+d .
c; > p;i(b), L%dj 1+ pjp( (b)) + pj(b) > | = J + p’p( (b)) > O(a + d). This proves
that © is subadditive. d
Now we will lift the inequality D, y1 s > [%1 using the function ©.
THEOREM 7. Let N° C¢ N, N' = N\ N° and Yient QiTi > ag be a valid
inequality for Xy(N'). If there exists j € N such that aj = 1, a; > [E—J] for all
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i€ N\ {j}, ao = fc%}, and p;(b) > 0, then the inequality

16) D pib)emi+ > ( { J + min{p;(ci), pg(b)}>xz' > p;(b) [Cﬂ

iEN1 iENO

is a valid inequality for PX.

Proof. The inequality >, ni iz; > [ ] is valid for X3(Ny). Consider the
subadditive function ©(a) = [ £ J + mln{p ((b),
that © > ®. If a < b and p]( ) < p;(b), then p;(b—a) = p;(b) — p]( ) > 0. So
d(a) = [%“ { = " b—P_yc(‘lf)+C.7 _ bma—p;()+pi(a)te; _ a—pila) _ LgJ < O(a).

Cj Cj Cj

If a < b and pj(a) > p,(b), tilen O(a) = {%T > [L] - [=4] = ®(a). Ifa > b,

Cj Cj

then ®(a) {Ci] If [Ci] [c%], then p;(a) > p;j(b). So O(a) = {%1 = ®(a). If
[&] > { 1 + 1, then ©(a) > LC‘%J > [%1 = ®(a). So the inequality Y, 1 o;z; +

Y ieno (Lcj |+min ‘;jj((cl;)), 1Ha; > [%] is a valid inequality for PX. Multiplying both
sides with p;(b), we obtain inequality (16). O

Some of the inequalities (16) are dominated by others. Indeed, as given in the
following proposition, the number of nondominated inequalities (16) is polynomial.

PROPOSITION 2. For j € N with pj(b) > 0, the inequality

(17) izzj;min{ci,pj (b)}w; + Z ( { J+mm{ﬂg(cz) pg(b)})xi > pj(0) [Cﬂ

i=j+1

is valid and dominates inequality (16) for N® € N, N' = N\ N° such that j € N,
=1, a; > (CW for alli € N'\ {j} and ap = [i]

Proof. Inequahty (17) is valid since it is the same as 1nequahty (16) for Nt = {j}.
Let N° € N, N!' = N\N°%such that j € N', a; =1, o; > [¢-]foralli € NYW{j},

and ap = [%] For i € N, p;(b) L%]J + min{p;(¢;), p;(b)} < p;(b) (%ﬂ < p;(b)a;. So
the coefficient of z; in (17) is less than or equal to its coefficient in (16). The coefficients
of z; for i € NV and the right-hand sides are the same in both inequalities. Hence
inequality (17) dominates inequality (16). |

We call inequalities (17) lifted rounding inequalities. The number of lifted round-
ing inequalities that are not dominated is O(n).

It is interesting to note that even though inequalities (16) are not, inequalities
(17) are special cases of the multifacility cut-set inequalities derived by Atamturk [2]
for the single commodity-multifacility network design problem.

For j € N such that p;(b) > 0, consider the inequality z; > fc%], which is facet-
defining for conv(X,({j})). If 1 > p;(b), then, for i < j, ¢; > p;(b). So ®(¢;) =
O(c;) = 1. For i > j, if pj(c;) = 0 or p;(c;) > p;(b), then &(c;) = O(¢;) = [2—;1 By
Theorem 5 in Atamturk [4], the resulting inequality

S £ ol

i=j7+1

is facet-defining for PX. Notice that this is the same inequality as the rounding
inequality (2) for A = ¢;. The condition ¢; > p;(b) implies that (|——] —1)cj+c1 > b

For i < j, if pj(ci) = 0, then ([2] = [&])e; + ¢ = [Z]eg = b If pjle) = p;(b),
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then (2] = [])e; +o; = (Rl — etazbildie, + o = b= p;(b) + pi(e) 2 b
As a result, the conditions stated above are the same as the conditions of Corollary
4. However, Corollary 4 is a stronger result, since it states that these conditions are
both necessary and sufficient.

Now we compare inequalities (17) and (3). The two following propositions are
easy to prove.

PROPOSITION 3. For j € N with p;(b) = 1, inequalities (17) and (3) are the
same.

PROPOSITION 4. For j € N with p;(b) > 2, inequality (17) dominates inequality
If, for j € N, p;(b) > 0 (or, equivalently, r; < ¢;), then p;(b) = r;. So residual
capacity inequalities (15) and inequalities (17) look very similar. Coefficients of vari-
ables x;, with i € {1,...,j}, are the same in both inequalities. The right-hand sides

are also the same. Only coefficients of variables x;, with ¢ € {j + 1,...,n}, may be
different.

2
PROPOSITION 5. For j € N, ifr; < ¢; and m—ﬂ > r;, then inequality (15) for
=0 and inequality (17) are the same.
2
Proof. If [:—ﬂ > r;, then the coefficient of z;, with i € {j +1,...,n}, is |
inequality (15) with g = 0. This is equal to
{(LC}JCJ*PJ'(%))TJW _ LQJW . {pxci)rj]

¢j G ¢j

CiTy

W in
cj

Since pj(c;) < ¢ and rj < ¢, [’)”(Zﬁw < min{p;(c;),r;}. So the coefficient of z; in

(15) is less than or equal to its coefficient in (17).
2
If pj(c;) > rj, then [%] > [:—ﬂ > r;. Now assume that p;(¢;) < r; and
[’)’(sﬂw < pj(c;). Then pj(c;)rj < (pj(c;) — 1)e;. This is equivalent to ¢; < (¢j —
rj)p;j(c;). Since W;—ﬂ >rj, 15 > (r; —1)¢j. So¢j > (¢j —rj)rj > (¢j —15)pj(c;). This
contradicts ¢; < (¢; — r;)p;j(ci). Hence if p;(¢;) < rj, then (%1 > p;(e;). So the
coefficients of variable x; in inequalities (15) and (17) are the same. 0O
2
PROPOSITION 6. For j € N, if [:—ﬂ < rj, then inequality (17) dominates in-
equality (15) for = p;.
2

Proof. If m—ﬂ < rj, then the coefficient of x;, with ¢ > j, in (15) for p = p;
is |'c'i(7”i;'l‘ﬂj)—‘ _ L%Jrg + H%JNJ + pj(ci)i:j"l‘ﬂj)—l' If p;(c;) > r;, then H%Jﬂg +
P.;’(Ci)g.ﬁﬂj)] > H_%;Jﬂj + rj(rijp‘]‘)“. Since ¢; > ¢;, H_%J/I’J i rj(r'éjujw > “‘j +
Tj(mc'j-uj)] > r;.

Assume that p;(c;) < r; and HE—JJ,LLJ + WW < pj(e;). Then p;(c;)(r; +
i) < ci(pile;) —1— L%J“J) or, equivalently, ¢; < p;(¢;)(¢; — rj) — pjc;. Since
W +p; > rj—1, we have that ¢; > r;j(c; —r; — p1;) — p;¢5, and now, since r; >
pi(ci), c; > pjlei)(ej—rj—p;)—p;ci. Putting together with ¢; < p;(¢;)(e;—r;)—pjic,
we obtain p;(c;)(c; — 1) — pjc; > pi(e;)(e; —rj — pj) — pjcj. This is equivalent
to p;(c;) + ¢; > ¢ since p; > 0. But this is impossible. So if p;(¢;) < rj, then
H%J,u] + W} > p;(c;). This proves that the coefficient of z; in (15) is

greater than or equal to its coefficient in (17). O
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These four propositions show that, for j € N with p;(b) > 0, the lifted rounding
inequality (17) dominates the rounding inequality (2) for A = ¢; and the residual
capacity inequality (15) for p = p;. For a special case, these inequalities (17) are
facet-defining for PX.

THEOREM 8. For j € N such that p;(b) > 0, if c; = 1, then inequality (17) is
facet-defining for PX.

Proof. Suppose that p;(b) > 0 and ¢; = 1. Assume that all points in X which
satisfy inequality (17) at equality also satisfy Y .-, a;x; = ap. The point { -|ej is in
X and satisfies inequality (17) at equality. So ap = @; [%]

Notice that, if we remove one item j, the remaining demand to be covered is
p;(b). For i < j, if ¢; > p;(b), then consider the point e; + ((%W —1)e;. It is easy to
verify that this point is also in X and that inequality (17) is tight at this point. Then
we have o; = ay.

For i < j, if ¢; < p;(b), then the point e; + ( (—]1 —1)ej+(p;(b) —ci)er is in X and
inequality (17) is tight at this point. So a; = a;—(p;j(b)—c;)ai. Since ¢; =1 < pj;(b),

we obtain oy = (b) Then o; = cim Hence for i < j, a; = min{¢;, p; (b)}pj(b)
For i > j, 1f pj(c;) = 0, consider point e; + ({%] — c—j)ej. The left-hand side
of inequality (17) at this point is equal to pj(b)g—; + ({%1 - %)pj(b) = {%1@-(()).

So inequality (17) is tight. The left-hand side of the cover constraint is equal to
¢ + ({%1 - %)cj = [c%lcj 2 b. Thus this point is in X. Then we have o; = a; ¢t

Finally, for i > j, with p;(c;) > 0, consider ei—l—((c%l - (%-‘ Jej+(pi(b)—pj(ci))Ter.
The left-hand side of inequality (17) evaluated at this point is equal to p;(b) LZ—;J +
min{p;(ci), o (0)}+ ([ 2] =T Dps (0)+(p; (0) = pj(ea))t = pi(b) [ &) +pj(b)+([c%] -
[ ])pj(b). Since p;(c;) > 0, this is equal to p;(b) + (|——] —Dp;(b) = [X 1p](b)
showmg that inequality (17) is tight at this point. The left hand side of the cover
constraint is equal to

(19) o+ Gcﬂ - [;ch + (o (B) = ps(en))*

If p;(c;) > pj(b), then (19) is equal to CH—((%-‘ - [z—j])cj = ci—l—(h%ﬂ - LZ—;J —1)c; =
pi(c) + ({%] —1)c; > p;(b) + ([—]] —1)c; =b. If pj(c;) < p;(b), then (19) is equal
to ¢ + ({%—I - ( —‘)C] + p;(b) = pilci) = ¢ + (ch?J - L J.J)Cj + p;(b) = pjlci) =
b. So this point is in X. This proves that o; = ;< 1 = (pi(b) — pj(ci))Tan =
Qj [C_j-l (pj(b) = pjlci))™ o; (Jb If p;(b) < pj(ci), then o = Qj [ﬁ-l = O‘J(L J +1).
IF ps(8) > psles)s then a; — a;[5] = (py(8) = ps(ce)) - = oy(| =] +1) - aj +
pj(cz)p by = = o;(| & J + p‘fj((cg))). So for i < j, a; = a;(|& J —|—m1n{‘;7((cb’) 1)) =
(2 ]9y ) + mingp, (@), p, (4)}).
Hence )" | a;x; = ap has the form

Silp, min{ p;(c;), pj Ti= 0y b
This is % times Y-/_, min{e;, p; (b >}xi+zz;j+l (py(0) | & [ +min{p; (c:). py (b)})as =
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Ezample 7. Consider the set X* = {z € ZT : 71 + 29 + 323 + 424 + 55 + 626 +
Tz7 > 38}. The convex hull of X* is described by the nonnegativity constraints and
the following inequalities (obtained using PORTA [6]):

) 1 + 222 + 3x3 + 44 + 515 + 626 + TT7 > 38,
) 221 + 229 + 4xs + 44 + S5 + 626 + 627 > 34,
) 1 + 2w9 + 3x3 + 334 + 475 + Hwg + HT7 > 28,
) 21 + 222 + 223 + 334 + 4x5 + 426 + HT7 > 26,
) 1 + 229 + 3x3 + 3x4 + 35 + g + Hx7 > 24,
25) T1 + 270 + 273 + 234 + 35 + 46 + 47 > 20,
) 1 + 2x9 + 323 + 3x4 + 325 + 326 + 327 > 18,
) 1 + Ty + 223 + 224 + 225 + 376 + 317 > 16,
) 21 + 2x9 + 223 + 214 + 225 + 226 + 377 > 14,
) 1 + xo + 223 + 224 + 25 + 226 + 227 > 12.

A~ o~ o~~~ o~~~
[\]
=~

As ¢; = 1, the cover constraint (20) is facet-defining for conv(X*). None of the
rounding inequalities for items A\ = ca, ..., ¢7 is facet-defining for conv(X?). For item
2, p2(38) = 0. For item 3, p3(38) = 2. Inequality (17) for 3, x1+2xo+2x3+3x4+4x5+
4xg 4 bx7 > 26, is a valid inequality and is facet-defining since ¢; = 1 and p3(38) > 0.
Indeed, it is the same as inequality (23). For item 4, p4(38) = 2. Inequality (17) reads
T1+2x9 + 223 4+ 224 + 3x5 + 46 + 427 > 20 and is a valid inequality. This is the same
as inequality (25) and is facet-defining. Note here that p4 = € and inequality (15) for
item 4, x1 4 2z + 2x3 + 324 + 3w5 + 4x6 + 427 > 20, is dominated by inequality (25).
For item 5, p5(38) = 3. Inequality (17), x1 + 2x2 + 3x3 + 3x4 + 3x5 + dxg + dx7 > 24,
is the same as inequality (24). For item 6, ps(38) = 2. The corresponding inequality
(17) is @1 4 222 + 223 + 224 + 225 + 226 + 327 > 14 and is the same as inequality (28).
For item 7, p7(38) = 3. The inequality z1 + 2x9 + 323 + 3x4 + 325 + 326 + 327 > 18
is valid and facet-defining for conv(X?). This is the same as inequality (26).

6. Lifted 2-partition inequalities. Pochet and Wolsey [15] derive partition
inequalities for PX where ¢; divides ¢;41 for all i = 1,...,n — 1. Then they prove
that these inequalities are valid for PX in general under some conditions. Let
(t1,---5J1),--s(Ips- .-, Jp) be a partition of N such that i; = 1, j, = n, and 4, =
je—i+1lforallt=2...,p Let B, =b. Fort=p,...,1, compute r; = [2-] and

Ciy

Bi—1 = Bt — (ke — 1)¢;,. The inequality

(30) i <t1:[1 /€S> émln{’r?-‘l{t}{% > f[l Ko

is called the partition inequality. Pochet and Wolsey [15] prove that the partition
inequality is valid for PX if ;1 < LC% J forall t =2,...,p. If ¢; divides ¢;41 for

1t—1
all = 1,...,n — 1, then the partition inequalities are valid without any condition,

and they describe PX together with nonnegativity constraints.

Consider the case where 41 = 1 and j; = n. Then inequality (30) reduces to the
inequality 77 min {[ ], x1 Ja; > k1. This is the same as the rounding inequality
(2) for X\ = ¢; since k1 = [%1 and ¢; < bforall j € V.

The next special case is when i3 = 1, j1 = 7 — 1, 1.2 = j, and js = n. Then
Ko = [%]7 B =0b-— ({31 —1)c;. Notice that 8 = r;. Finally, k1 = (2—” Inequality

Cj
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(30) becomes

o g{[E} 2] 2 S 2] 2]

and is valid if H—ﬂ < L%J We refer to these inequalities as 2-partition inequalities.
PROPOSITION 7. For j € N, if ¢c; = 1, inequality (31) is dominated by the cover
constraint or inequality (17).

Proof. If ¢y = 1, then the inequality simplifies to

(32) me{cz,rj}xzw] Z [ }glw]hﬂ

i=j+1

and is always valid. If, moreover, r; = c;, then the inequality becomes Z; 1Gi%T +
Z?:j-{-l c;j [ ]xl > b and is dominated by the cover constraint. If r; < ¢;, then r; =
p;(b) and p; (b) > 0. For i > j, if ¢; is divisible by ¢;, then r; [g] = p;(b) L*J +pj(c)
since pj(c;) = 0. If ¢; is not divisible by ¢;, then r;[< ] =p;(b)| & J + pj( ). So the
coefficient of z; in (32) is greater than or equal to its coefﬁc1ent in 1nequahty (17). For
i < j, the variable z; has the same coefficient in (32) and (17). Also, the right-hand
sides of (32) and (17) are the same. Hence if ¢; = 1 and r; < ¢;, inequality (17)
dominates inequality (32). d A

If {c——| > K—ﬂ for all i < j, then inequality (31) simplifies to > 7_, z; +

Z"_JH {67 Jo; > [L ] which is the rounding inequality (2) for A = ¢;.

Now we will i 1mprove the 2-partition inequalities (31) using lifting. Let N° C N,
Nl =N \ NO, jin = arg min;c 1 ¢;, and j € N, with jmin # j. The 2-partition
inequality for the partition N~ = {i € N':i < j}and Nt ={i € N':i>jlis

o {2 5 el 21

€N~ 1EN+

and is valid when x; = 0 for all i € NO if (]T—J] < Lcjcj_’ J

The lifting function for inequality (33) is

| e
o= [z |E]
. . . C; 7'7.] . T

(EEXI;)rilfl(Nl) ( Z . { ’Vijin -‘ 7 ’chnnin-‘ }(I;l + ’Vijin-‘ Z

o

1EN— iENt
LEMMA 2. Ifrj<cj—1and[] -|§{] JforaER
[T ] - [25=2] ifa < b and 0 < py(a) <13,
Bla) = {c,:zijﬂ [%] if a < b and pj(a) > r; or pj(a) =0,
2] gz

Proof. For d € R, let

0= i, (2 mn{ || [ fer [ ] 2 [ |

€N~ iENt
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If d <0, then z(d) = 0. If d > 0, Pochet and Wolsey [15] prove that there exists
an optimal solution where x; = 0, for ¢ # jum and i # j, and z;,,,, < ( L ] -1

“Imin

Consider such optimal solutions. If d < ¢;, then e; or {—] €j,..n 15 optimal. Hence

Cimin
(@) = min{[ 2] [ ) 160 > o then ;> [ £ since otherwise ,, >
[Cj,cji" —I So LgJ €+ {%-I €jmin OF (%1 ej is optimal, and 2(d) = min{ [Cj:fm—l L%J +
[75;521, {CJ;*JJ [%] }. So if a < b, then

(i Pl 11 Pl B P el

Consider a < b. If p;j(b—a) = p;(b) — pj(a) and p;(a) > 0, then

_ | bl _|b—al) _[rilb—a)
o= |15 ) - [

o] (b—/)j(b)+0j B b—a—Pj(b—a)) B [Pj(b—a)w
Chmin Cj Cj Clmin

o] (bpj(b) tei  b—a—p;b) +Pj(a)) B [Pj(b a)w
jmin Cj Cj j?nin

[ ory 1 fa—=pjla)+c B p;(b—a)

B Cimin Cj Clmin

[ el _[rib—a)
Cpmin || €5 Cimin |

If p;(b—a) = p;(b) — pj(a) + c;, then

fla) = | == Iw—r;ap_[chﬂ

[T < —pib)+c; b—a—pijb—a)
- Cimin E Cj - _1)

]

¢
b—pib)+ei b—a—pi®)+pila)—c
Cj Cj

)

Cimin

T

Cj min Cj

N rj ’Va-‘
cjwnin Cj

_|_m —pib)+¢;  b—a—p;() 1)
Chrmin ¢ ¢
[m]e 4
Cimin | Cj

Function § is not subadditive in general. Consider b = 18, ¢; =5, and ¢;j,,,,, = 2.
Let a = 2.5 and b = 5.5. Then §(2.5) = 1, 5(5.5) = 2, and S(8) = 4. So, 3(2.5) +
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B(5.5) < B(8). So, to do lifting, we need a subadditive function which is greater than
or equal to 3. We first study the case where c;, , divides ;. Notice that, in this
case, [—1—| < | ] is always satisfied.

Jmin | T “Cmin
THEOREM 9. Let N° ¢ N, N = N\ N° j,, = argminenic;, j € N1,
With jmin < j, rj < ¢j — 1, and pj,...(r;) = 0, N~ = {i € N' : i < j}, and

Nt ={ie N':i>j}. The inequality

2 n{fi] e el

JeN - Cimin | Cimin Clirmin JENT Cj

(34) + 3 ( 1 rJ —l—min{pj(c ) 1 })x > 17 {w
iENO ijin Cj ijin ijin ijq‘,n Cj

is valid for PX.

Proof. Consider the function o(a) = C;—J LCJJ + min{ pjj@ ' ——1. Notlce that
o(a) = j:fm O(a) for all a € R. Since © is subadditive (see LrenIThmanfjl an
o is subadditive. So, to prove the validity of (34), we need to show that O’( ) > B(a )
for all @ € R.

If a > band [2 W [i] then pj(a) > p;(b). o(a) = cj:jm [—W = B(a). 1

a>band [£] > [2]+1, then o(a) > | &

Imin

Jzﬁ( ). Ifa <band 0 < pj(a )<7"J,

3

Sl Slele

(a) T a (b=a)1 _ 7y a T
then a(a) CJWLZTI L J + pJ ; and ﬁ( ) cjnjin ’VZ—‘ o IVpéJm'L: ] B Cj'rrjin ’VZ—‘ - Cj,:m h
[t = #L%J + LQJ(Q)J < o(a). If a < band pj(a) = r; or pj(a) = 0, then

o(a) = B(a). Hence o(a) > B(a) for all a € R. 0

These inequalities are not useful as they are dominated by the lifted rounding
inequalities.

PROPOSITION 8. Forj € N withr; < c;—1, inequality (17) dominates inequality
(34) for all choices of N° C N, N* = N\ N°, with j € N, jyi, = argmin;c y1 ¢,
Jmin # J, and pj,,., (r;) = 0.

Proof. Let N° ¢ N, N = N\ N with j € N1, jin = arg min;e y1 ¢, Jmin # J,
and pj, . (r;) = 0. If we divide inequality (17) by ¢;,..,, we obtain

n
r ri e (e r
E mm{ J }Ii+ E ( J L ZJ+mm{py(l), J })gjz
Cimin cj'm,in i=j+1 Cimin LCj Cimin  Cimin
T b
(35) > H

Cj min Cj
1

In inequality (34), variable z; has the coefficient min { ( } > min { &

Cimin

By )

€T Cimin -6

Cimin

if i € N~. For i € NT, the variable z; has the coefficient -

min M } The coefficient of z; for i € N° and the rlght hand sides are equal

in mequalltlesm(l?) and (34). ad
Now we are interested in cases where ¢;, . does not divide r;.
LEMMA 3. Ifr; <c¢;—1, (Cj:jm] < Lcjf:mJ, and pj,... (r;) > 0, then the function

-2t ]
Cj min Cj p Jmin (r.] ) Cj min

for a € R is subadditive.

Cj i
Jmin  Simin
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Proof. For a,d € R, if pj(a) + p;(d) = pj(a+ d), then L%J + &
mln{ﬁ]::zna(?r‘J) Ircﬂmzn -I} - Ircj’:‘ﬁ-l or mln{ﬂ],,“nd()’l"]) IV ~Tj. -|} = Ircﬂrji

C
Imin

y(d) > [Cj:ﬁ] |atd ] 4+ [ijm] > y(a+d). Otherwise, v(a) +7(d) = [ | <E¢] +

Sl
| —
Il
-

S
T
a

| —
—
—

pi(a)

Cj ( CJ C]
% > y(a+d). If pj(a) + p;(d) = pj(a+d) + c;, then L%J + L%J = L“:;dj — 1.
If mln{ pJ(a)A |— 1} = [—J] and mln{ md()rj) {C:—f } = {67”1, then
1(@) +1(d) = L;ﬁmtdj + Uﬁ1 > yfatd). T min {200 [y =
m and mm{ ((r] [ 1} =1z T]i ], then y(a) +~(d) = [C];—’n] Lat_dJ +

pile) _ > [ H‘”dJ + 7p7(a+d)) > 7y(a + d). The case where rmn{i)

Pimin (i) = 1 Ciin Cj Pimin (T Pimin (T5)
— j : p;(d) — pi(d )
and min is similar. Finally, if we
|Vc‘7mzn ] } ’chr(nsz ] { Pimin TJ() ) IVCJWL?n —‘ } pJann (d) ¥ (d)
have min { 222 L = L% - and min { % = _H
{ Pimin (Tj) ’ |chmin —‘ } Pimin (TJ) { pimzn |VC-7m1,n —‘ } Pimin (TJ

then y(a) +7(d) = [ ]([ %] — 1) + &5 e (551 < |5%-] and

Cimin Pimin (r5) Jmin Fmin
T 2 2 > [ S y(a) + () 2 [ [ 4 2L > y(a + d). So
~ is subadditive. 0
Using function v, we will lift inequality (33).
THEOREM 10. Let N C N, N = N\ N, j,;n, = argmin,c 1 ¢;, j € N, with
Jmin < J, 15 <¢; =1, pj.(r;) >0, and |- mm—‘ < LCJ MJ N-={ie N':i<j},
and Nt = {i € N :i > j}. The lifted 2-partition inequality

Z . ci T T Z i
i { ’V Z -‘ 7 ’V j -‘ }IE’L + ’V j -‘ ’71-‘ v
ieEN— ijin Cjwnin ijin Cj

iENT

o0 <3 (s T

is valid for PX.
Proof. To prove the validity of (36), we need to show that ~v(a) > B(a) for all

a € R. For a < b, with 0 < p;(a) < r;, if min { pi(a) [ H—pj 1@ then

Pimin(Ti) 1 Ciin vin (T5)7
Ty a Pj (a) T Pj (b )
a)—pla)=|——||—|+ - — |+ |
P)/( ) ﬁ( ) |>cjmin —‘ LC] J pjmin (T']) Ircjmin -| IVCJ.I [ cjm’in -‘
pj(a) T pj(b—a)
= - +
Pimin (Tj) ’Vijin —I [ Cimin —I
pj(a) T i — pila)
= - +
Pimin (Tj) Cjmin ’V Cmin -|
_ pia) -~ ( T ]
Pimin (T5) ' Cirin
[T P (75) + € = Pi(@) + pji (15) = €500 ]
cjm'l—'n,
__pil@) rﬂj(a) + Pjmin (T5) = Comin 1.
Pimin (T5) Comin

If p;(a) < pj,...(r;), then {fpj(a)ﬂjmn(Tj)*iji,,L1 =0 and v(a) — B(a) = ‘pj(a)

>
Cimin Pimin (T5) =
0. If pj(a) 2 Pjmin (Tj)v then V(Q) - ﬁ(a’> = ps(e) y 1+ |';pj(a)+.pjmm (Tj)—| >

Pimin (Tj Cimin

Pi (@)= Pjpmin (T5) ij(a)*mmm (Tj)J > 0.

Cimin Cimin
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Ifmin{#ia()m [ H = (Cj::m]’ Y(a) = [ H%} B(a). For a < b,

with p;(a) =0, v(a) [ H J ﬂ()Fora<bw1thpj() T
pila) oy oy pi@) = Py (M) F G
p.jnzin (r]) cjmuin pjmin (T]) cjmin

_ i@ i = Pionin )T = Piiin (T5) + i)
Pimin (T3)Cimin
T5Cmin = Pimin i) (5 = Pjuin (T5) + Cjonin)
Pimin (T5)Chmin
75 (Cmin = Pimin (T5)) = Pimin (T5)(Pimin (T5) + Cinin)
Pimin (T5)Ciomin
(75 = Pimin i) (Cmin = Pimin (7)) o
Pimin (T5)Cjomin -

So y(a) = Lg:J{%} = B(a). For a > b, if [& ] =[2 W then pj(a) > r; and
v(a) = [CJT—J] “ﬂ = f(a). Otherwise, [%1 [2 -|—|—1 and so y(a) > B(a). Hence
~v(a) > B(a) for all a € R. |

As in the case of lifted rounding inequalities, the lifted 2-partition inequalities are
also dominated by a subset of them which is polynomial in size.

PROPOSITION 9. Let {jmin,j} € N, with jmin < j, 1 < ¢; — 1, pj,...(r;) >0,
and | | < |2~ The inequality

= LCimin

Y

Imin

1

jmin_ -1
. C; C; Ty “ }
E min 5 E 5 5 €T;
— {ijm (r5) [Cgmmw } - { {Cymj Pijmin (T5) {ijm

1=

(]l [ e 1

is valid and dominates inequality (36) for N C N, N = N\ N°, with {jmin,j} C Nt
and Jmin = arg min;c y1 ¢;.

Proof. Let {jmin,j} C N with jmin < 74, 5 < ¢ — 1, pj..(r;) > 0, and
[CJTJ] < LCJC—J Consider N~ = {jmin <1< j: (C]] < ijij(r b Nt ={j},
N =N-UNT, and N° = N\ N'. For this choice of subsets, inequality (36) is the
same as mequahty (37).

Let N' C N, with {jmin,7} C N' and jin = arg minieNl ¢;. In inequality (36),
for i € N', if i < j, then z; has the coefficient min {[—4—], ( J ]} and if § € NO,

then it has the coefficient min {ﬁ [671} In both cases, its coefficient in
J Imin

Cimin

inequality (36) is greater than or equal to its coefficient in inequality (37). If ¢ > j
and i € N, then the coefficient of z; in inequality (36) is [C]T—’W [f—ﬂ and is greater
than or equal to its coefficient in inequality (37). Other variables have the same
coefficients in both inequalities. As the right-hand sides are also the same, we can
conclude that inequality (37) dominates inequality (36). |

The number of lifted 2-partition inequalities that are not dominated is O(n?).

7. Preliminary computational results. We mentioned in the introduction
that the inequalities presented in this paper could be used to solve some hard mixed
integer programming problems such as the heterogeneous vehicle routing problem (see
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[18]) and the manufacturer’s mized pallet design problem (MPD) (see [19]). Some
preliminary results with the rounding inequalities and the lifted rounding inequalities
are presented in [18] and [19], respectively.

In this section, we investigate the effect of the lifted rounding inequalities and the
lifted 2-partition inequalities in solving the MPD instances. The rounding inequalities
for A = ¢; for some j € N and the residual capacity inequalities are not included in
this study as they are the same as or dominated by the lifted rounding inequalities.

We first give a brief definition of the MPD. For details, we refer the reader to [19].
Let C be the set of customers, N be the set of products, and T' = {1,2,...,7} be the
set of periods. Each customer k € C has a demand of d;; units for product i € N
in period t € T. Products are of identical dimensions and are sold in pallets. Each
pallet has (1 rows, and, in each row, there are (05 units of a product. A pallet which
contains more than one product type is called a mixed pallet. Let P denote the set
of potential mixed pallet designs and g;; denote the number of rows of product i € N
in pallet design 7 € P. The manufacturer also offers full pallets for each product
i € N, which consists of @1Q2 units of product i. We denote by hy;; and my; the
unit inventory holding cost and the unit backlogging cost, respectively, for product
i € N and customer k € C at the end of period t € T. No backlogging is permitted
at the end of period 7. The problem is to select at most m mixed pallet designs from
set P to minimize the sum of customers’ inventory holding and backlogging costs in
periods 1,2, ..., 7.

Let p; be 1, if mixed pallet design j € P is offered, and 0, otherwise. Let P
denote the set of mixed pallets that customer k € C can buy. Define y;; to be the
number of pallets of type j € Py that customer k € C buys in period t € T and fi;; to
be the number of full pallets of product type i € N that customer k € C buys in period
t € T. In addition, define Ij;; and By;; to be the amount of product ¢ € IV that remains
in inventory and that is backlogged at the end of period ¢ € T for customer k € C,
respectively. Let M be a very large number. The MPD is formulated as follows in [19]:

(38)

min Z Z Z(mitBkit + hiitdrit)

keCieN teT

(39)
s.t. ij <m,
jerP
Init—1 — Brit—1 + Q1Q2 frit + Z Q24i5Yrjt = drit + Irit — Bris
JEP,
(40) VkeC,ie N,teT,
(41)  yrje < Mp; VkeC,je P,teT,
(42)  Ikio = Brio = Brir =0 Vk e C,i € N,
(43)  Iyit, Brit > 0 VkeC,ie N,teT,
(44)  frie > 0 and integer VkeC,ie N, teT,
(45)  yrjt > 0 and integer VkeC,j€ Py,teT,
(46) p; €{0,1} Vj e P.

The objective function (38) is the sum of inventory holding and backlogging costs
over all periods. At most m mixed pallet designs can be offered due to constraint (39).
Constraints (40) are the balance equations. Constraints (41) ensure that customers do
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TABLE 1
Results with and without valid inequalities.

Modell Model2 Model3
Problem Nodes CPU (17) % gap  Nodes CPU | (37) Nodes CPU
1 1040094 168.38 33 96.57 84039 15.06 4 49348 10.05

3158201 662.17 39 97.18 189635 40.64 53 67257 16.24
29531186  6774.68 43 97.53 621224  159.62 59 248578 68.50
25242255  5800.38 48 95.43 600664  152.93 65 266693 76.80

2008508  1535.85 54 97.96 42476 34.12 77 87575 75.31

7650540  6310.95 58 98.30 395894  329.14 83 175031  150.45

110344292  7751.75 63 96.65 148494  121.37 89 48285 45.20

N O Ut W

not buy mixed pallets that are not offered. Constraints (42) are beginning and ending
conditions. Constraints (43)—(46) are nonnegativity and integrality constraints.
Yaman and Sen prove that the optimal value of the linear programming relaxation
of MPD is zero. As a result it is important to derive strong valid inequalities for this
problem to be able to improve the linear programming-based lower bounds.
For ke C and i € N, let Dy; = {ZteT dkit/Qﬂ. The inequality

(47) Z <min{Q1;Dki}fkit + Z min{Qij,Dki}ykjt) > Dy

teT JEPy

is satisfied by all feasible solutions of MPD. Remark that the set of nonnegative integer
solutions satisfying inequality (47) is an integer knapsack cover set. Hence we can
generate valid lifted rounding and lifted 2-partition inequalities for the MPD based
on inequalities (47).

We test the use of these valid inequalities on seven problem instances. We start
with two base instances. In the first instance the number of products is two, and
in the second instance the number of products is three. In both base instances, the
number of periods is three, and the maximum number of mixed pallet designs to be
offered is one. Using the first base instance, we generated four problems where the
number of customers takes values 4, 5, 6, and 7. Using the second base instance, we
generated three problems with 5, 6, and 7 customers.

For each problem instance, we first solve the model without valid inequalities. We
call this Modell. We report the number of nodes in the branch and bound tree (in
column node) and the CPU time in seconds (in column CPU). Then we form Model2 by
adding the nondominated lifted rounding inequalities (17) to Modell. For Model2, we
report the number of inequalities (17) added (in column (17)), the percentage duality
gap (in column %gap, where %gap = % x 100, opt is the optimal value, and Ip
is the lower bound obtained from the linear programming relaxation), the number of
nodes in the branch and bound tree, and the CPU time in seconds. Finally, we form
Model3 by adding the nondominated lifted 2-partition inequalities (37) to Model2.
We report here the number of inequalities (37) added (in column (37)), the number of
nodes in the branch and bound tree, and the CPU time in seconds. The percentage
duality gaps remained the same as the ones of Model2 and so are not reported. We
solve the models using the mixed integer programming (MIP) solver of CPLEX 8.1
on an AMD Opteron 252 processor (2.6 GHz) with 2 GB of RAM. The results are
given in Table 1.

The results show that both families of valid inequalities have been useful in de-
creasing the number of nodes in the branch and bound tree and the solution times
for these instances. The solution time for Model3 is larger than the one of Model2



Downloaded 09/28/17 to 139.179.72.198. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

THE INTEGER KNAPSACK COVER POLYHEDRON 571

for instance five, but still it is about twenty times less than the one of Modell. The
averages of percentage improvements obtained in the number of nodes and CPU time
with the addition of inequalities (17) are 96.29% and 95.85%, respectively. The av-
erages of percentage improvements obtained in the number of nodes and CPU time
compared to Model2 with the addition of inequalities (37) are 34.07% and 28.07%,
respectively.

8. Conclusion. We studied the polyhedral properties of the convex hull of the
integer knapsack cover set which appears as a relaxation of many optimization prob-
lems that concern covering a given demand using integer numbers of different types
of items. We derived four families of valid inequalities, investigated when they domi-
nate each other, and gave some conditions under which some are facet-defining. We
used sequence-independent lifting to derive that last two families of valid inequali-
ties. These inequalities can be used to solve problems such as those investigated in
[11, 18, 19].

Except the rounding inequalities for arbitrary A\ values, the valid inequalities
derived in this paper share some common features. There exists always an item
j € N such that the right-hand side of the inequality is equal to the coefficient of
x; times [%w We know that this is an upper bound on the value of the right-hand
side (see Proposition 1). Clearly, there are facet-defining inequalities which do not
follow this rule. For instance, the cover constraint is facet-defining for conv({z € Z3 :
3x1 4+ 4xo 4+ dxg > 13}).

Again excluding rounding inequalities, another common feature is that the num-
ber of inequalities that are nondominated within a family is polynomial even when the
family has an exponential number of inequalities. These inequalities can be further
lifted or modified to define larger families of valid inequalities for more complicated
problems in consideration. For instance, an exponential number of valid inequalities
can be derived for the integer capacity cover polyhedron using the inequalities of this
paper and the lifting results of Mazur and Hall [12].
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