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Abstract We study the Fano varieties of projective k-planes lying in hypersurfaces and
investigate the associated motives.
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1 Introduction

Let X C P"*! be a general smooth hypersurface of degree d > 3, and assume given a positive
integer k satisfying the numerical conditions in main theorem below. Then one can find a
smooth projective variety £2x of dimension n — 2k, parameterizing a family of k-planes in
X, such that the essential motivic information about X is encoded in 2y via the cylinder
correspondence

P(X) :={(c,x) € 2x x X | x € P¥}.

Roughly speaking, and up to a normalizing constant, T P(X) o P(X) defines a projector on
the motive of 2y, where by motive, we mean in the sense of Chow motives (with respect
to rational equivalence, see [9, p. 131]). This enables us to decompose the motive of £2x in
terms of a submotive of X. Our main result is the following:
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532 J. D. Lewis, A. S. Sertoz

Theorem 1.1 (Main Theorem) (i) Let X C P"*! be given above, and assume (k, n, d) satisfy
the following:

1 d+k
k:|:n?: ] and k(n+2—k)+1—( : )20.

Then there is a motivic decomposition:
(£2x,1d) = (2x,7) & (2x,1d — 1),

where (2x,7,0) >~ (X, ﬁf, —k) as virtual motives, and 7y is a certain primitive projector
associated to the middle dimensional cohomology of X.

(ii) Let 0 = (TP(X) 0 P(X)), : CH*(2x) — CH®*(Rx). Then there is a short exact
sequence:

0 — (0 —m)CH**(2x: Q) — CH**(2x: Q) & CH},, (X; Q) — 0,

hom hom

where @, = P(X), and m is a nonzero integer defined in §4 below. Moreover
@, 10 (CHK(2x: @) > CHig (X: ),
is an isomorphism.

Remarks (i) Part (ii) of the above theorem generalizes the main theorem in [6], where only
the case k = 1 was considered.

(i1) In the Appendix, we apply our results to Chow—Kiinneth decompositions in the sense
of [9]. For any smooth projective variety Y, which admits a Chow—Kiinneth decomposition
in the sense of Murre, we let nl.Y be the projector corresponding to Ay (2dim Y —i, i), where
[Ay(dimY —i,i)] € H24mY=i(y Q) ® H'(Y, Q) induces the identity map on singular
cohomology H (Y, Q). Murre states a series of conjectures (Conjectures I, II, III, IV in [9]).
Our main interest is his Conjecture II, which is a statement about the vanishing of a subset
of the projectors {nl.Y } on CH*(Y; Q). In this Appendix, we generalize this Conjecture II to
Bloch’s higher Chow groups [2], and under the reasonable assumption that (conjecturally!)
the projector ,, "%, can be chosen such that ﬂf—xzk,*Of* =Ty = T O”f—xzk,* onCH®(2x; Q),
together with a conjecture of Soulé on the vanishing of certain higher Chow groups of a field,
we show that this generalized Conjecture II for £2y implies a corresponding (generalized)
Conjecture II for X. More precisely,

Theorem 1.2 Assume the notation and setting in the Main Theorem 1.1. Assume given a
Chow-Kiinneth decomposition of 2x (in the sense of Murre) such that

Qx - -
T2k O T = T = T O T “op o0

on CH®*(2x, m; Q). Further, let us assume either thatm = 0, 1, 2 or a conjecture of Soulé
(see Appendix) for m > 3. Then Murre’s (generalized) Conjecture Il for 2x implies Murre’s
(generalized) Conjecture Il for X.

2 Notation

(1) Throughout this paper X will be assumed to be a projective algebraic manifold of dimen-
sion n.
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Motives of some Fano varieties 533

(i1) CH" (X) is the Chow group of algebraic cycles of codimension » on X, modulo rational
equivalence [3]. We put CH®*(X; Q) := CH*(X) ® Q. CH;lg (X) € CH*(X) is the subgroup
of cycles algebraically equivalent to zero, and CHp (X; Q) C CH®*(X; Q) the subspace of
nullhomologous cycles.

(iii) The diagonal class of X is denoted by Ay € CH"(X x X).

(iv) The intersection pairing on CH®(X) is denoted by (e )x.

(v) Let Y be a projective algebraic manifold, and z € CH" (X x Y). Then z, : CH*(X) —
CH’~"**(Y) is given by

24(8) = Pros ((Pr(8) @ Dxxy)

and z* is given by (Tz),, where Tz € CH" (Y x X) is the transpose of z.
(vi) If Z is also a projective algebraic manifold, with correspondences z € CH®*(X x Y)
and w € CH*(Y x Z), then:

w oz :=Priz ((Pri,(z) @ Priz(w))xxyxz) € CH* (X x Z).

(vii) By a general hypersurface X C P"*! of a given degree, we mean a hypersurface
corresponding to a point in a Zariski open subset of the universal family of such hypersurfaces,
governed by certain properties (e.g. nonsingularity of X and of 2y, etc.).

3 Review of some known results

First some notation: X C P"*! is a general hypersurface of degree d > 3. We can assume
that X = P"*!1 N Z, where Z C P"*? is a general hypersurface of degree d. Fix k > 1 and
for a variety W, let Q2w (k) = {PF’s ¢ W}. 2w C Q2w (k) will denote a given subvariety.
We assume that Z is covered by PX’s, together with this setting:

QX — QZ

(1) m and 7 are generically finite to one and onto of degree ¢ say.
(i) px: P(X) — 2x and pz : P(Z) — §27 are P*-bundles.

Gii) X “L" 7 1(X) is smooth.

Gv) Lo Pliveey) X\P(X) — 27\2x is a P*Lbundle.

(v) dimX = dimX =n,dimZ = dim P(Z) =n+1,dim P(X) =n —k,dim Q2x =
n — 2k, dim 27 = n — k + 1, and that all varieties in the above diagram are smooth.

Let Hz defln Pt'NZbea general hyperplane sectlon of Z,and also set Hy = HzNX.

i) p=m l(Hx) fi=pu N {X\P(X)}, uz =, (Hz), ux = 7y ' (Hy).

We will also identify {u, &, iz, i x} with their respective cohomology classes.

@ Springer



534 J. D. Lewis, A. S. Sertoz

Proposition 3.1 [7] This setting holds in the case where

1 d+k
1<=[”;r ] and k(n+2—k)+l—( + )20.

k

Unless otherwise specified, the above setting, together with the numerical condition in
Proposition 3.1 will be assumed throughout the remainder of this paper.

Proposition 3.2 [7] There is an isomorphism

k—1
‘@CH'_K(QZ)] @ CH* % (2y) — CH*(X)

£=0

given by
k—1
(Z nbo ,0*) + Ji.x © Px-
£=0

We now recall the map i : X — X.Then meom™ = xgq,and therefore i, : CH'(}N(; Q) —
CH*(X; Q) is surjective. Using the last proposition we note that 7, splits into 2 parts:

(1) Py =my0 jix0 p;‘( =Tx %0 ,o; : CH’_"(.QX; Q) — CH*(X; Q) is the cylinder
homomorphism.

(2) 70 0 (X4Zg ' 0 p*) : @yZg CH*!(27; Q) — CH*(X; Q).

We analyze (2): With the aid of the above diagram, we have:

k—1 k=1
T o(Zu[ op*) = ﬂ*o(Zue o Jj3 Opﬁ)

=0 =0
k—1 k—1
:n*oj;o(zp/zop;)=j*onz,*o(zuaopz).
=0 =0

It follows from analyzing (2) that the composite below is surjective:

CH* ¥ (2x: Q5 CH* (X; Q) —> CH*(X; Q)/j*(CH*(Z; Q).

To analyze the contribution of j*CH®(Z; ), we consider a particular choice of Z and
the following.

Lemma 3.3 [6] Let X =V (F(z0,--.,2n+1)) C Pt be a smooth hypersurface of degree
d, and put Z == V(F + zf+2) C P2 Letj: X ~ V(zn+2) N Z C Z be the inclusion,
v P2 P ghe projection from [0, . .., 0,11 € P2 andi : X < P"*! the inclusion.
Then with regard to the following (commutative diagram)

X < Z
i\, v
Pn—i—l

we have
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Motives of some Fano varieties 535

From now on our choice of Z will be given as in Lemma 3.3, with X of course still assumed
general.

Corollary 34 [7] @, : CH* % (2x: Q) — CH*(X; Q)/Q - Hy is surjective.
Proof

J*CH*(Z; Q) = i* 0 1,CH*(Z: Q) = i*CH*(P""; Q) = Q- Hy.

One can also show that:

Corollary 3.5 [7] (i) @ : H;;D,k (2x) — CH®

(ii) @, : CH' X (£2x; Q) — CH?®

hom

alg (X) is surjective.

(X; Q) is surjective.

hom

4 The kernel of the cylinder map

We would like to compute ker @, where @, is given in Corollary 3.4. This has been done in
the special case when k = 1 in some earlier work [6]. It is useful to view @, and @* in terms
of the correspondences, viz., @, = P(X),, and @* = (TP(X))*. Now seto = @* o @, =
("P(X)o P(X)),.

We wish to show that o satisfies a quadratic relation

go(oc—m)=0,

where = means equality on CH® (£2x; Q) modulo contributions arising from j*CH®(Z; Q)
via @*, and where m = (—1)¥g is given by its corresponding multiplication. For this we
consider an idea communicated to us by Kapil Paranjape. Namely, the crucial ingredient we
need is this:

Proposition 4.1 [10] Let ¢ € 2x be given. Then
pe ((POO @ P)g) = (=D jo.e(0),
where we have identified Plg with ji s o p}"( (c).

Proof Let G be the Grassmannian of k-planes in P"*2, and let E complete the fiber square
below:

E > Uk+1)
{ \
.Qz% G,

i.e. E is the pullback of the universal bundle over G to £27. Then P[E] = P(Z). Now recall
pz : P(Z) — {22. Then p} (E) lives over P(Z) with tautological bundle L}, — o} (E).
Pulling back to X, we define Oy, | = p%(E)|)~( and L* = L§|X Define Q”* by the s.e.s.:

0—>L*— Q;, — 0" —0,
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which dualizes to:
0—> Q/—> Qk+1—]//>L—>0.

Let F = 0 be the defining equation for X C Z, and note that F is linear (and homogeneous).
Then F defines a section o of Q41 over X as follows: Let v € Cck1 ¢ o5 11 live over a

pointin X. Then F(v) € Cdefines oF. Itis clearly obvious tljat or vanishes along P (X) and
that ¥ (o) = 0. Note that rank(Q’) = k and that o € H?(X, Q’), hence cx(Q') = [P(X)].
By Whitney,

c(Qes1) = c(@)e(L) = (N1 +6),
where &€ = ¢ (L). Hence
(@) = Qi+ = c(Qesn) (1~ £+ -+ (=1)'8").
Therefore
[PCO1 = k(@) = (=) (6" = e1(Qur)E ™" + e2(QurnE 2+ ).
But by functoriality,
ci(Qis1) = p* (ci(EY)),

where we recall p : X — £27. Observe that for i > 0 we can assume that the support of
ci(E*) € CH'(£22) does not meet a given ¢ € 2x. Therefore for such ¢ € 2y,

O (]P’g 0ci(Qrs1) e g’H‘)X —0, fori>0.
Hence
pe ((PCX) 0 PER) = (=D o.s(0).
In short, the numerical intersection gives (P(X )e ]P’/g) = (=Dk. ]
Corollary 4.2 For any & € CH®(£2x), we have
px.x 0 ji 0 jix 0 pX () = (=D&

Proof For a morphism f : Vi — V; of smooth varieties, let { f} C V| x V; represent the
graph of f. Now put

W = {px}o "{ji} o (1} o T{px}.
Then
Wi = px.x 0 ji © jix 0 P,

moreover an explicit calculation shows that in CH"2k(2y x R2x), Wis a multiple of the
diagonal class Ag, . By Proposition 4.1, that multiple is precisely (— DE. O

For c € 2y put
¢ =1 (®4(c)) € CH" (X)),
and observe that

o(c) = ®" 0 Py(c) = px,« 0 ji (§).
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Motives of some Fano varieties 537

By Propositions 3.2 and 4.1, we can write
k-1
;=(§}%wma0+04fnprd@)
£=0

for some ¢, € CH" %~¢(§2,). But modulo j*CHy1(Z),

k—1
Ty (z /LZ o p*(Q)) ~rat 0,
£=0
and hence if we write = to mean equality modulo j*CHy11(Z; Q) we have
q - Pule) = T 0 T (Bu(€)) = (1) Du(0(0)),
and
?, ([a _ (—l)kq](c)) = 0.
Thus by applying @*, we have
oo ([oc —m](c)) = ®@* o @, (o — m](c)) = 0 modulo @* (j*CHk_H (Z; Q)) .

Quite generally, using Corollary 4.2, one can apply the same arguments to arbitrary dimen-
sion cycles. More specifically, on CHp | (£2x; Q), as well as on CH® (§2x; Q)/o* (j*CH'+k
(Z; Q)) one can argue that

ogo(oc—m)=0.
We deduce:

Theorem 4.3 There is a short exact sequence:

0 — (6 —m)CH**(2x: Q) — CH**(2y: Q) & CH},,, (X; Q) — 0.

hom hom

Moreover
@, 10 (CHK(@x: @) > CHigp (X: Q).

Next we want to analyze the contribution of @* ( j*CHKt*(Z: Q)) in CH®*(2x; Q).

Let H )((j ), j =1,2,3,... be a general collection of hyperplane sections of X. Observe
that

px iy (Y 0 HEP) = e,
is a birational morphism. We note in passing the following.

Proposition 4.4 Let Hp, = &* (H}((l) N---N H}((k“)) € CHl(.QX). Then Hg, is ample
in 2x.

Proof Let C C §2x be any curve.

(CoHg oy = (Cod™ (H o 0 H{D))

2x
= (20t 0 0 H)((kH))X
>0
since @, (C) is effective. The result now follows from Nakai’s criterion. ]
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Proposition 4.5 &* (H)((l) . e H}f“’) = Hb, € CH (2y) forall i > 0, where Hgy
is given in Proposition 4.4.

Proof Put Vi) = B o0 HE 0 HE j =1, i tis obvious that HY, =
{,ox (TL’X (V)((]) ‘e V)((’)))} € CH!(2x), where {(- - -)} means the class in the Chow

group of an intersection operation (- - - ) defined on the level of subvarieties. We then have
Hp = @ (V") o 00 (V)
X
= o (! (3" 0 0))]

{ ( (H“)m NHP A EE A mH}((kH)))}

1 k
—:OX*OT[)(< 20N <+z))

= Q* (H)((l)o-noH)((k-H)).
Corollary 4.6 0 o (0 —m) =00n CH®*(2x; Q)/Q - H-(.2x'

5 Applications to Chow motives

We work with the aforementioned quadratic relation:
oco(c —m)=0 onCH*(2x;Q)/Q- H;ZX,

where ¢ = &* o &,.. Equivalently, if we replace o by o := m~!o, then we arrive at
go(c—1)=0 onCH*(2x; Q)/Q- Hp,.

Note that o is the map induced by the correspondence Tp(X)o P(X) € CH—2k (2x x
), and likewise o induced by 7 := (m~") (TP(X)) o P(X) € CH" 2 (2x x Qx; Q).
Furthermore
go(@ca—1)=0=000=0.
We first show that the correspondence
T e CH" % (2x x 2x; Q)

satisfies
To(r—1)=0in CH" 2 (2x x 2y: @)/@CH” e e Hy

To show this, observe that we can apply the Cartesian product £2x x to both the earlier
diagrams. As a formal consequence of our previous results, we arrive at the relation

(I xo) (I x0o)—m))(Agy) =0

CH"(2x x 2x: @)/EBCH” e eHS
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Motives of some Fano varieties 539

But
(I xo)((1Ix0o)—m-1))(Agy)
is precisely
("P(X) o P(X)) o ("P(X) 0 P(X)) —mAg,)

and the aforementioned quadratic relation for t follows. (Here we use the fact that if W is a
smooth projective variety and Z C W x W is a correspondence, then (Aw x &)«(Aw) =
&) Later, we will need to modify t slightly in order to obtain a quadratic relation on
CH"2(2x x 2x; Q). Towards this goal, we will introduce in the next section a natural
choice of Chow—Kiinneth decomposition for X.

6 Chow-Kiinneth decomposition

For this section only, we will assume that X C P"*! is any given smooth hypersurface.
Let H®(X) be the singular cohomology of X with Q-coefficients. We have the Kiinneth
decomposition

[Ax]e H"(X x X)= P H'(X)® HI(X).
p+q=2n
We construct a Chow—Kiinneth decomposition (in the sense of Murre [9]):
Ax= P Ax(p,q) € CH'(X x X; Q),
p+q=2n
where
[Ax(p,@)] € H?(X) ® H1(X),

is given as follows. Recall that for i # n:

H'(X, Q= [% (PrHl=mNX)=Q- HY :2 i()Zcii?(szorO <m <n.
For p + g = 2n, we set
0 if p or ¢ is odd,
Ax(p.q) = ( (H)}})X (H,l; ® H}’}’Z) if (p,q) = (2€,2n —20) # (n, n),

where we observe that (Hy), = deg X. Then

Ax(n.n)y=Ax — > Ax(p.q).
(p.q@)#(n.n)

In CH"(X x X; Q), put

(deg X)~ (HY % x ) if € # niis even,

X _ . .
Ty =10 if £ # n is odd,
Ax(n,n) if £ =n.
We have n,ff ) n,ff = n,ff and n,ff o T[[X = 0 for m # £. In summary:
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Lemma 6.1 Let X C P"*! be a smooth hypersurface. The projectors {JTZX } defined above
give a Chow—Kiinneth decomposition:

X X
AX:T[O +"'+7T2n'

Remarks Conjecture I1 by Murre [9, p. 149] states thaton CH" (X; Q), JTZ(* = 0for¢ < rand
for £ > 2r.For £ # n, we observe that for dimension reasons alone together with the formula
for Jr[X above, that nzf . = 0onCH" (X; Q), provided that £ # 2r, which is outside the range

of Murre’s Conjecture II. Thus the only projector to consider is nf*. But £ = n < r implies

X

. = 0 for r < n. Thus Murre’s

that CH" (X) = 0 for dimension reasons alone, hence
Conjecture Il in this case translates to saying that y'rn)f » = 00nCH" (X; Q) if2r < n.However,
an affirmative answer to a question of Hartshorne, [4, p. 142], implies that CH] __(X; Q) =0

hom
forr < n/2.This further implies Murre’s Conjecture II for hypersurfaces (and more generally

complete intersections), since for r < n/2, nrf*CHr (X; Q) c CH,,(X; Q) = 0. We will
have more to say about this in the Appendix.

7 Conclusion of the main theorem

Put

BX — (deg x)~! (H;/2 X H;/z) if n is even,
" 0 if n is odd.

Put

~ X

X X
T, =T, —h

n>?

which we call a primitive projector. Observe that

X 13X _ 13X _ X X
w, oh, =h, =h;, om,

and hence

‘We now want to emphasize that X is now assumed a general hypersurface given as in the
setting of Proposition 3.1, with Z given in Lemma 3.3. We need the following result.
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Motives of some Fano varieties 541

Proposition 7.1 @, 0 @* = xm on CH*(X; Q)/Q - Hy.
Proof We have
@y 0P 0P, = P, 00 =mdP, on CH*(X; Q)/Q - Hy.
Now use the fact that
@, : CH " (2x; Q) — CH*(X; Q)/Q- Hy,
is onto. O

By first applying X x to both the earlier diagrams, and using the same reasoning as in §5,
we deduce:

Corollary 7.2
P(X)oTP(X)—mAx =0
in
n
CH"(X x X; Q)/@ CH"“(X; Q) ® Hf.
=0

Hence

~X T _ ~X - n .

7w, o P(X)o P(X)=mm, in CH" (X x X; Q).

Now put

T=m ' (TPX)) o7} o P(X).
One easily checks that
To(f — Agy) = 0in CH" *(2x x 2x: Q),

and from this, together with Theorem 4.3, we arrive at the proof of Theorem 1.1 except the
proof of the isomorphism of the related motives, which we now show. For the proposition
below, we adopt the terminology in [9].

Proposition 7.3 The motives M = (2x,7,0) and N = (X, n,f( , —k) are isomorphic as
virtual motives.

Proof Define the morphisms

o= % Tp(X) € Corr ¥ (X, 2x)
and
B = P(X) € Cort*(2x, X).
Then by associativity of correspondences we observe that
ﬁ,f(oﬁofoaoﬁ'f =ﬁ',f( eCorrO(X,X)
and
foaorXopoi=71eCorr’(2x, 2x),

which establishes the required isomorphism. O
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8 Appendix: Murre’s conjectures for higher Chow groups

In this section, we will assume the reader has some familiarity with Bloch’s higher Chow
groups [2] CH" (W, m), where for our purposes, W is a projective algebraic manifold of
dimension n. Further, the reader can consult [9] for the definition of a Bloch—Beilinson
filtration FYCH"(W; Q) on W. Generalizations of the Bloch-Beilinson filtration to the
CH" (W, m; Q) have been considered by others (e.g. [1,5,11]). A generalization of a conjec-
ture of Beilinson says that

GryCH' (W, m; Q) = Exty 1, (L A " (W)(r)) ,

where MM is the conjectural category of mixed motives, 1 = Spec(C) is the trivial motive,
and h°®(—) is motivic cohomology. Implicit in the above formula is an underlying (conjectural)
Bloch—Beilinson filtration involving r-steps:

CH (W,m;Q) =F’> F'>...5 F" 5{0},

whose graded pieces factor through the Grothendieck motive. More explicitly, assume given
a Chow—Kiinneth decomposition (or we can work with the weaker assumption of such a
decomposition on the level of Grothendieck motives):

Aw= P Awp.q).

ptq=2n

then
GrpCH (W, m; Q) = AwQ2n —2r + v +m,2r —v —m),CH (W, m; Q).

Again, from the above formula, and for reasons involving weights, one has F 0= Flif
m > 1. Recall

mp, = Aw(2n — €, 0),.
Since we anticipate
AwR2n —=2r +v+m,2r —v —m),CH (W, m; Q) =0,

forv < 0 (andif m > 0, v < 0) and for v > r, this translates to
Generalized Murre Conjecture II. ”evzk =0forl >2r —m(and ¢ > 2r —mifm > 0),
and for £ < r — m.

We leave it as an exercise for the reader to generalize Murre’s remaining conjectures (I,
IIT and IV) to the higher Chow group setting. Before we state our next theorem, we need to
recall a conjecture of Soulé:

Conjecture. (Soulé, 1985; see [8]) Let F be a field. Then for m > 2r > 2, CH" (Spec(F),
m; Q) = 0. This is an open problem for r > 2.
We now prove:

Theorem 8.1 Assume the notation and setting in the Main Theorem 1.1. Assume given a
Chow-Kiinneth decomposition of §2x (in the sense of Murre) such that

Qx - -
T 2ks O T = T = T O T “op o0

on CH®*(2x, m; Q). Further, let us assume either thatm = 0, 1, 2 or Soulé’s conjecture for
m > 3. Then Murre’s (generalized) Conjecture Il for W = 2x implies Murre’s (generalized)
Conjecture Il for W = X.
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Proof By the Main Theorem 1.1,

2x _ = 2x ~
T ok = Tx + (nn—2k,>k - T*) ’

is a decomposition into idempotents. Thus

2 ~ - X
7,5 =0=>%=0=7,,=0.
We first consider the case m = 0. According to the remarks at the end of §6, we need only

consider the vanishing of #X_on CH"(X; Q) when n > 2r. Thus it suffices to show that

n,*
7T,£X2k, . =00onCH" —k (2x; Q) forn > 2r. But this is immediate from Murre’s (generalized)

Conjecture II for 2y, since n — 2k > 2(r — k) precisely when n > 2r. So now let us assume
that m > 0. Then we must show that ”e),(* = 0 on CH" (X, m; Q) in the ranges £ < r — m
and £ > 2r — m. We first introduce

WX 0 if £ is odd,
e H;fe/z X Hf;/z if ¢ is even.
Note that
hf if ¢ #n,
¥ =

X+ nY ife=n.
Let A™ >~ C™ be the standard algebraic m-simplex as defined in [2]. Any & € CH" (X, m; Q)
arises from a cycle of codimension r in X x A™. Consider the product X x X x A™. We
compute for £ even:

Y-
h(§) = Pray s (Pr]%(*;‘) o Prjy (H; 2 x Hy ))

= Pros. {(Hy 7 08) @ 1Y)

€ Proy.. [CH™ 20X, m: @) @ HY®

€ HY? o M*CH Y2 (Spec(C), m; Q),
where A : X — Spec(C). Note that CH" " ~/2(X, m; Q) = 0if n+r —£/2 > n+m, which
is precisely the situation when ¢ < 2(r — m). Note thatr <m and ¢ <2(r —m) = £ < 0,

hence dm X =n = H;%/z = 0 for £ < 0 even, and therefore hé*(é) = 0. On the other

handr > mand ¢ <r—m = £ < 2(r — m). Thusné{* = 0 for £ < r — m. Next, if
£ >2r —miseven, thenr — €/2 < [m/2], where [—] is the greatest integer function. Thus
the vanishing of héf* for £ > 2r — m is a consequence of CcHeslm/2) (Spec(C), m; Q) =0,
that which is the case for m = 1, 2, and more generally which is implied by our assumption
of Soulé’s conjecture. Thus the final step is to show the vanishing of y%,f(* in the case where
n<r—mandn>2r—m.Butn <r—m =r >n+m = CH (X, m) = 0 for dimension
reasons. Thus we are reduced to the case n > 2r — m. This is equivalent to the statement
n — 2k > 2(r — k) — m and the vanishing of %, , for n — 2k > 2(r — k) — m, which is
precisely Murre’s (generalized) Conjecture II for 2. O
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