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a b s t r a c t

In this study, we consider the stochastic modeling of a retail firm that sells two types of

perishable products in a single period not only as independent items but also as a

bundle. Our emphasis is on understanding the bundling practices on the inventory and

pricing decisions of the firm. One of the issues we address is to decide on the number of

bundles to be formed from the initial product inventory levels and the price of the

bundle to maximize the expected profit. Product demands follow a Poisson Process with

a price dependent rate. Customer reservation prices are assumed to have a joint

distribution. We study the impact of reservation price distributions, initial inventory

levels, product prices, demand arrival rates and cost of bundling. We observe that the

expected profit decreases as the correlation between the reservation prices of two

products increases. With negative correlation, bundling cost has a significant impact on

the number of bundles formed. When the product prices are low, the retailer sells

individual products as well as the bundle (mixed bundling), when they are high, the

retailer sells only bundles (pure bundling). The expected profit and the number of

bundles offered decrease as the variance of the reservation price distribution increases.

For high starting inventory levels, the retailer reduces bundle price and offers more

bundles. The number of bundle sales decreases and the number of individual product

sales increases when the arrival rate increases since the need for bundling decreases.

Impacts of substitutability and complementarity of products are also investigated. The

retailer forms more bundles, or charges higher prices for the bundle or both as the

products become more complementary and less substitutable.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

Product bundling is the practice of package selling of
several goods, and offers the opportunity to reduce costs
and thereby to achieve greater economic efficiency. In
recent years, product bundling has gained more impor-
tance since the firms are moving toward the provision of
integrated solutions as a demand stimulating strategy and
a device for more competitive power, that consist of
ll rights reserved.

.tr (A. S-en).
services and products sold in a bundle. Significant savings
are reported for the giant consumer products and
packaged goods company Procter & Gamble through an
approach called expressive competition that involves
lowest-price reverse auctions and package biddings,
where product bundling (attaching Crest toothpaste to a
bottle of Scope mouthwash or a bundle of Crest tooth-
brush with its toothpaste) is used effectively throughout
the process (Sandholm et al., 2006). Apart from the retail
environment mentioned above, companies practice bund-
ling in a broad range of industries including information
goods (e.g., software such as Microsoft’s Office Suite),
travel services (e.g., vacation packages from travel
agencies), restaurants (e.g., McDonald’s Happy Meal),
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durable consumer goods (e.g., personal computer options),
and non durable consumer goods (e.g., dishwasher
detergent and rinse aid packages). While we are only
focusing on pricing efficiencies obtained through bund-
ling, bundles are offered for a variety of other reasons.
Strategically, a company may use bundling to preserve
(or increase) market power or to extend its market power
in one product to another. Furthermore, for a firm with a
broad line of products, product bundling can be used
as a price strategy alternative to the more traditional
follow–the-leader and cost–based strategies (Adams and
Yellen, 1976; Guiltinan, 1987; Bakos and Brynjolfsson,
1999). Efficiency reasons include achieving cost savings
and quality improvements. See Nalebuff (2003) for a
detailed recent discussion of the motivations behind
bundling practices.

Revenue management deals with the sales of perish-
able products in a finite horizon by controlling price and
inventory with the objective of increasing revenue. In this
paper, we study product bundling in revenue manage-
ment. Specifically, we consider a retailer that sells a
limited stock of two products facing random demand over
a finite selling horizon. We focus on the inventory level of
the bundle and the pricing decisions of the retailer. Hence,
the portion of the initial inventory of the two products
that will be used to form bundles is also a decision in our
model.

The implementation of bundling may require a number
of important and rather difficult decisions. First, the
benefits of bundling need to be quantified in order to
see whether these benefits justify the potential costs and
additional complexity in operations. Also, if the company
is offering more than two products, it needs to specify the
number of different bundle types to offer and what
products to include in each specific bundle. For products
that are sold as part of a bundle, the company also needs
to decide whether it will continue to sell these products
individually (i.e., mixed bundling) or not (i.e., pure bund-

ling). Finally, the company needs to determine the bundle
prices and individual product prices that will maximize its
profits.

Our focus in this paper is product bundling as opposed
to price bundling. For the difference, we refer the reader to
Stremersch and Tellis (2002) who define price bundling as
‘‘the sale of two or more separate products in a package at
a discount, without any integration of products’’ and
product bundling as ‘‘the integration and sale of two or
more separate products or services at any price’’. Since
usually physical integration needs to take place before
the demand for product bundles, bundle formation
decisions, i.e., how many units of individual products
should be converted to bundles, are also crucial for
product bundling.

Previous research on bundling in marketing and
economics literature attempts to identify demand settings
for which bundling is profitable. The purchase behavior
of the customers is usually characterized by the reserva-

tion price (maximum price a customer is willing to pay
for a product) distributions of the products. Correlation
between the reservation prices, complementarity, substitut-
ability, and heterogeneity of valuations among customers
are major factors studied in this literature. The earliest
study to address such issues is by Stigler (1963) who
assumes additive reservation prices for the bundle and
concludes that the profitability of bundling is due to the
negative correlation in reservation prices. Adams and
Yellen (1976) use the same settings and argue that the
profitability of bundling can stem from its ability to sort
customers into groups with different reservation price
characteristics, and hence, extract consumer surplus.
Considering the three bundling strategies, unbundling,
pure bundling and mixed bundling, they conclude that
relative profitability of these three strategies depend on
the distribution of the reservation prices and the structure
of the costs (see also Jeuland, 1984). In numerous
experiments they have provided, it is found that some
form of bundling is more profitable than simple monopoly
pricing and bundling seems to be a more efficient method
than price discrimination. Schmalensee (1984) modifies
the framework of Stigler (1963) by assuming bivariate
normal reservation price distribution and allowing for
positive correlation. He shows that pure bundling oper-
ates by reducing the effective dispersion in buyers’ tastes,
since the standard deviation of reservation prices for the
bundle is less than the sum of the standard deviations for
the two components as long as reservation prices are
not perfectly correlated. Schmalensee (1984) also shows
that mixed bundling combines the advantages of pure
bundling and unbundling strategies. This policy enables
the seller to reduce effective heterogeneity among those
buyers with high reservation prices for both goods, while
still selling at a high markup to those buyers willing to pay
a high price for only one of the goods. In a comment to
Schmalensee (1984), Long (1984) relaxes the normality
assumption on reservation price distributions and also
concludes that the most favorable case for bundling
as a price discrimination device is when the bundle
components have negatively correlated reservation prices.
Focusing on graphical analysis of bundling, Salinger
(1995) indicates that if bundling does not lower costs,
it tends to be profitable with negatively correlated
reservation prices that are high relative to costs. If
bundling lowers costs and costs are high relative to
reservation values, positively correlated reservation values
increase the incentive to bundle.

Although not directly related to our study, see also
Ansari et al. (1996) for the determination of the optimal
number of items to be included in a service bundle,
Ben-Akiva and Gershenfeld (1998) for customer choice
behavior for bundles with correlated demand, Carbajo
et al. (1990) for incentives for bundling under imperfect
competition, Hanson and Martin (1990) for the calculation
of optimal bundle prices in a deterministic setting, and
Stremersch and Tellis (2002) for a clear discussion of
bundling terms which are used in marketing, economics,
and law literature in a somewhat unclear way. Finally, we
note the growing literature on bundling of information
goods (see for example, Bakos and Brynjolfsson, 1999).
However, the setting for the information goods is
distinctly different from physical goods and most services,
since the marginal costs are close to zero and inventory is
almost never a constraint.
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The basic assumption in the related marketing and
economics literature is that there is an abundant supply of
the products, perhaps at a certain cost. Since supply is not
a constraint, there is also no distinction between price
bundling and product bundling (except perhaps when the
reservation price of a product bundle is greater than the
sum of individual product reservation prices). In many
industries, however, the supply process is rather inflexible
and slow. For example, in fashion retailing, for a majority
of the items, there is a very limited replenishment
opportunity within the short fashion season and the
pre–season orders constitute a big portion of the total
orders (S-en, 2008). Therefore, procurement and initial
pricing decisions are often interdependent (see Choi,
2007; Karakul, 2008 for two examples) and further pricing
decisions has to take the remaining inventory into
account. In this study, we assume that a one time
procurement decision is already made and that there is
an initial inventory of items that is to be sold over a finite
horizon. Therefore our approach is in line with the
approach taken in the revenue management literature.
See Talluri and van Ryzin (2004) for a detailed review of
revenue management research and Elmaghraby and
Keskinocak (2003) for a review of dynamic pricing
research and practice in this context.

The papers that could be considered most directly
related to our work in the revenue management literature
are those studying multiple product revenue management
problems as introduced in Gallego and van Ryzin (1997).
Netessine et al. (2004) study a problem where they
consider an e-commerce seller that dynamically forms
and prices product or service packages. The problem is
modeled as a dynamic program based on two possibilities
in case of stock-out: an emergency replenishment of the
customer’s initial request or lost sales. Our model differs
from Netessine et al. (2004) as we assume posted prices
and product bundles and we explicitly model the
consumer choice given that she is given three alternatives
upfront: either one of the products or the bundle or none.
Ernst and Kouvelis (1999) study a newsboy type modeling
framework where the retail firm sell products not only as
independent items but also as part of a bundle (or a
packaged good). They study a problem similar to ours,
however they focus on the inventory decisions only,
taking the price set as a given parameter. They also
examine the switching between the individual products
and the packaged good when there are stock–outs.
Through a numerical study, they show that positive
correlation of original demands favors increased stocking
levels of a multi-product package, while negative correla-
tion tends to have the opposite effect. They also show that
correlated demands result in higher profitability and
stronger substitutability results in higher stocking levels
for the packaged good.

Bulut et al. (2009) study the single period pricing of
two perishable products which are sold individually and
as a bundle. Their customer demand has a Poisson
distribution with a price dependent arrival rate. Assuming
a general reservation price distribution, they determine
the optimal product prices that maximize the expected
revenue. They also compare the performance of different
bundling strategies under different conditions such as
different reservation price distributions, demand arrival
rates, and starting inventory levels. Their numerical study
demonstrates that, when individual product prices are
fixed to high values, the expected revenue is a decreasing
function of the correlation coefficient, while for low prices
the expected revenue is an increasing function of the
correlation coefficient. They indicate that, bundling is
least effective in case of limited supply and the mixed
bundling strategy outperforms the others, especially
when the customer reservation prices are negatively
correlated. The main differences between this work and
ours is that (i) we assume product bundles rather than
price bundles and thus the initial inventory level of
bundles is a decision variable. Hence the inventory
dynamics progress as if there are three substitutable
products, whereas in Bulut et al. (2009), a bundle can not
be offered to the customer unless both products are
available; (ii) we allow for customer switches to other
products in case of stock-outs at the end of the horizon.
This takes into account the dynamic behavior of the
customer and needs to incorporate switching probabilities
explicitly to the analysis. As such, although the present
work is related to theirs, the different assumptions
mentioned above call for a separate analysis that can not
be deduced from their work.
1.1. Scope of our study and summary of results

We consider a retail firm that sells two types of
perishable products over a finite selling season. The
starting inventory levels of these two products are fixed
and at the beginning of the season, the retailer uses all or a
portion of these initial stocks to form product bundles.
The retailer then sells the bundles as well as the individual
products (mixed bundling) by charging constant prices
over the selling season. We determine the optimal
number of bundles that the retailer should form and the
optimal individual and bundle prices that the retailer
should charge so as to maximize his expected profit over
the selling season. No replenishments are allowed during
the selling season, and separation of bundles into
individual items is not allowed. We also investigate the
effect of cost of forming bundles, as these costs could be
non negligible in some industries. For example, combining
separate PC components into a PC requires technicians to
work on, which adds a labor cost to bundling (see Ansari
et al., 1996 for a model to determine the number of
bundles to be formed).

Customer arrivals follow a Poisson process with a
constant arrival rate and their choice of individual
products or the product bundle is governed by their
reservation prices. ‘‘Posted’’ product prices are used which
means prices are known by the customers, however they
do not know the available inventory before they actually
arrive at the store. When they arrive, if their preferred
product is not available, they may switch to another
product or do not make a purchase. These switching
probabilities depend on the reservation prices and posted
prices set by the retailer.
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Using a numerical study, we investigate the effects of
various factors on our model, such as the correlation
between the reservation price distributions, the variance
of the reservation price distributions, initial inventory
levels, the bundle formation cost, and the intensity of the
customer arrivals. We observe that the expected profit
decreases as the correlation coefficient increases and
increase in bundling cost lowers the profit. With negative
correlation, bundling cost has a significant impact on the
number of bundles formed. However with positive
correlation, this effect is negligible.

When the product prices are below the mean value of
the reservation price distribution, the retailer sets a high
bundle price and sells individual products as well as the
bundle. When the individual products are high, the
retailer charges a bundle price such that only bundles
are sold. The expected profit and the optimal number of
bundles formed decrease as the variance of the reserva-
tion price distribution increases. However, the optimal
bundle price has different a behavior depending on the
correlation of the reservation prices. For negative correla-
tion, optimal bundle price decreases as the standard
deviation increases. For positive correlation, the optimal
bundle price is an increasing function of the standard
deviation. For the uncorrelated case, the optimal bundle
price is a decreasing function of the standard deviation for
small bundling cost values and it is an increasing function
for large bundling cost values.

Finally we perform numerical analysis to investigate the
impact of product substitutability and complementarity.
For all correlation values and bundle formation costs, we
see that the retailer is forming more bundles, or charging
higher prices for the bundle, or both as the products
become more complementary and less substitutable. The
impact of substitutability or complementarity is more
pronounced when the product prices are uncorrelated and
positively correlated.

The rest of the paper is organized as follows. Section 2
formulates the problem investigated and explains the
stochastic model used in our study. In Section 3 we give
results of our numerical studies and in the final section we
conclude with the discussion of our major findings and
the avenues for future research.
2. Model and the analysis

We consider a retailer that sells two product types
(products 1 and 2) and a bundle (which is formed with the
two products) over a finite selling season. Initial inventory
levels, Q1 and Q2, of products 1 and 2 are given and the
retailer decides the number of bundles to be formed with
this initial inventory ðnbÞ with a unit bundling cost of c.
Once nb, the inventory level of the bundles at the
beginning of the season is decided, no new bundles are
formed and none of them are unbundled to offer
individual products during the season.

A customer is allowed to buy only one type of product,
which means he or she can buy one unit of products 1, 2 or a
bundle but not any combination of the products. The
customer can also leave the store without buying any
product. The prices of products 1, 2 and the bundle (p1, p2

and pb) are determined such that pbpp1 þ p2. Prices are set
at the beginning of the selling season and they are fixed
during the period. The objective of the retailer is to
maximize the expected profit over this single selling season.

Customer arrivals to the store follow a Poisson process
with a fixed arrival rate of l per season. The decision
to buy a product is determined by the comparison
of the customer’s reservation price with the product
prices. Purchase probabilities for products 1, 2 and the
bundle are denoted as m1ðp1; p2; pbÞ, m2ðp1; p2;pbÞ and
mbðp1; p2; pbÞ, respectively. For brevity, we express
miðp1; p2; pbÞ as mi for i ¼ 1;2; b. Then m0 ¼ 1�m1 �m2 �

mb is the probability of no purchase. The arrival rates ‘1, ‘2

for the two products and the bundle ‘b are then given as
‘i ¼ l�mi i ¼ 1;2; b.

Customer reservation prices are random variables.
Reservation price of product 1 is R1 and reservation price
of product 2 is R2. Mean and variance parameters of the
reservation price distribution are ðm1;s1Þ and ðm2;s2Þ, for
products 1 and 2, respectively. We now discuss main
assumptions used in our model. First, in this study we are
not concerned with estimating reservation price distribu-
tions. We believe that this merits a separate study and we
refer the reader to Jedidi and Zhang (2002) for an
example. Our model in the first part is structured on the
main assumption that reservation price for the bundle is
the sum of the reservation prices of individual products
that form the bundle, i.e., Rb ¼ R1 þ R2. This is one of the
common assumptions used in the bundling literature such
as Adams and Yellen (1976), Schmalensee (1984) and
McAffe et al. (1989). Guiltinan (1987) called this assump-
tion as ‘‘the assumption of strict additivity’’. In the last
part, we relax this assumption following a model in
Venkatesh and Kamakura (2003) and analyze comple-
mentary products leading to superadditive reservation
prices and substitutable products leading to subadditive
reservation prices.

2.1. Purchasing probabilities

Let f R1 ;R2
ðr1; r2Þ denote the joint reservation price

density for the two products. When all products are
available, purchasing probabilities are calculated by
comparing the customer reservation price with the
product price. A customer buys either a single product
or a bundle or leaves the store without buying any
product. Probability expressions of these events are stated
below:

Probability of no purchase: A customer will leave the
store without buying any product when his reservation
prices for each product and the bundle are all lower than
their corresponding sales prices. Therefore, the probability
of no purchase is stated as,

m0 ¼ PrfR1pp1;R2pp2;Rbppbg

¼ PrfR1pp1;R2pminfp2; pb � R1g

¼

Z p1

�1

Z a1

�1

f R1 ;R2
ðr1; r2Þdr1 dr2

where a1 ¼ minðfp2; pb � r1gÞ.
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Probability of purchasing product 1: Purchase probabil-
ities are calculated by comparing the consumer surplus,
which is the difference between the reservation price and
the product price. A customer will purchase product 1 if
his surplus from product 1 is positive and greater than his
surplus values from other products. Thus the probability
of purchasing product 1 is stated as,

m1 ¼ PrfR1Xp1;R1 � p1XR2 � p2;R1 � p1XRb � pbg

¼

Z 1
p1

Z a2

�1

f R1 ;R2
ðr1; r2Þdr1 dr2

where a2 ¼ minðfr1 � p1 þ p2; pb � p1gÞ.
Probability of purchasing product 2: Similarly,

m2 ¼ PrfR2Xp2;R2 � p2XR1 � p1;R2 � p2XRb � pbg

¼

Z 1
p2

Z a3

�1

f R1 ;R2
ðr1; r2Þdr2 dr1

where a3 ¼ minðfr2 � p2 þ p1; pb � p2gÞ.
Probability of purchasing a bundle: Again using the same

reasoning,

mb ¼ PrfRbXpb;Rb � pbXR1 � p1;Rb � pbXR2 � p2g

¼

Z 1
pb�p2

Z 1
a4

f R1 ;R2
ðr1; r2Þdr1 dr2

where a4 ¼ maxðfpb � r1; pb � p1gÞ.

2.2. Switching probabilities

We now consider situations when one or two products
run out of stock during the selling season. We are
interested in calculating the probability that a customer
who had originally intended to purchase a particular
product i will switch to another product j, if product i runs
out of stock during the selling season. We call these
switching probabilities and denote them by gij if only
product i ran out of stock and the customer potentially has
two products to choose from or by g�ij if two products
ran out of stock and the customer only has product j to
switch to.

2.2.1. One type of product incurs shortage

Probability of switching from product 1 to bundle or to

product 2: Suppose product 1 incurs shortage and
the customer has the option to switch to the bundle,
product 2 or to leave without purchase. Let g1B, g12 and
1� g1B � g12 be the probability of these events, respec-
tively. Since the switching events follow after the first
choices of the customers are made, we need to calculate
these probabilities conditional on the event that the first
preference of the customer was to buy product 1. Then we
have

g1B ¼ PrfRb � pbXR2 � p2;RbXpbjR1 � p1XRb � pb;

R1 � p1XR2 � p2;R1Xp1g

¼ PrfR1Xmaxðpb � p2; p1Þ;minðpb � p1;R1 � p1 þ p2Þ

XR2Xpb � R1g=m1

¼ PrfR1Xmaxðpb � p2; p1Þ; pb � p1XR2Xpb � R1g=m1

¼

Z 1
maxðpb�p2 ;p1Þ

Z pb�p1

pb�r1

f R1 ;R2
ðr1; r2Þdr1 dr2=m1.
Similarly we have

g12 ¼ PrfR2 � p2XRb � pb;R2Xp2jR1 � p1XRb � pb;

R1 � p1XR2 � p2;R1Xp1g

¼

Z pb�p2

p1

Z p2þr1�p1

p2

f R1 ;R2
ðr1; r2Þdr1 dr2=m1.

Probability of switching from product 2 to bundle or to

product 1: Similar to the previous case let g2B, g21 be the
probability of switching to a bundle or to product 1 when
product 2 stocks out. We have

g2B ¼ PrfRb � pbXR1 � p1;RbXpbjR2 � p2XRb � pb;

R2 � p2XR1 � p1;R2Xp2g

¼

Z 1
maxðpb�p1 ;p2Þ

Z pb�p2

pb�r2

f R1 ;R2
ðr1; r2Þdr2 dr1=m2

and

g21 ¼ PrfR1 � p1XRb � pb;R1Xp1jR2 � p2XRb � pb;

R2 � p2XR1 � p1;R2Xp2g

¼

Z pb�p1

p2

Z r2�p2þp1

p1

f R1 ;R2
ðr1; r2Þdr2 dr1=m2.

Probability of switching from bundle to product 1 or to

product 2: Now let gB1 and gB2 be the probability of
switching to product 1 or to product 2 when bundle stocks
our. We have

gB1 ¼ PrfR1 � p1XR2 � p2;R1Xp1jRb � pbXR1 � p1;

Rb � pbXR2 � p2;RbXpbg

¼

Z 1
maxðp1 ;pb�p2Þ

Z r1�p1þp2

pb�p1

f R1 ;R2
ðr1; r2Þdr1 dr2=mb

and

gB2 ¼ PrfR2 � p2XR1 � p1;R2Xp2jRb � pbXR1 � p1;

Rb � pbXR2 � p2;RbXpbg

¼

Z 1
maxðp2 ;pb�p1Þ

Z r2�p2þp1

pb�p2

f R1 ;R2
ðr1; r2Þdr2 dr1=mb.

2.2.2. Two types of products incur shortage

Products 1 and 2 incur shortage: Let g�1B, g�2B be the
probability of switching from product 1 or 2 to bundle
when only bundle is available. Then we have,

g�1B ¼ PrfRbXpbjR1 � p1XRb � pb;R1 � p1XR2 � p2;R1Xp1g

¼ PrfR1 þ R2Xpb;R1 � p1XR1 þ R2 � pb;

R1 � p1XR2 � p2;R1Xp1g=m1

¼ PrfR1Xp1;minðpb � p1;R1 � p1 þ p2ÞXR2Xpb � R1g=m1

¼

Z 1
p1

Z minðpb�p1 ;r1�p1þp2Þ

pb�r1

f R1 ;R2
ðr1; r2Þdr1 dr2=m1

and

g�2B ¼ PrfRbXpbjR2 � p2XRb � pb;R2 � p2XR1 � p1;R2Xp2g

¼

Z 1
p2

Z minðr2�p2þp1 ;pb�p2Þ

pb�r2

f R1 ;R2
ðr1; r2Þdr2 dr1=m2.

Bundle and product 2 incur shortage: Let g�B1, g�21

be the probability of switching from bundle or
products 2 to 1 when only product 1 is available.
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Table 1
Cases of realizations to derive the expected profit.

Case 1: No shortage occurs

Case 2: Bundle incurs shortage

(a) All excess demand of the bundle is satisfied

(b) Product 1 incurs shortage with the excess bundle demand

(c) Product 2 incurs shortage with the excess bundle demand

(d) Both products incur shortage with the excess bundle demand

Case 3: Product 1 incurs shortage

(a) All excess demand of product 1 is satisfied

(b) Product 2 incurs shortage with the excess demand of product 1

(c) Bundle incurs shortage with the excess demand of product 1

(d) Product 2 and bundle incur shortage with the excess demand of

product 1

Case 4: Product 2 incurs shortage

(a) All excess demand of product 2 is satisfied

(b) Product 1 incurs shortage with the excess demand of product 2

(c) Bundle incurs shortage with the excess demand of product 2

(d) Product 1 and bundle incur shortage with the excess demand of

product 2

Case 5: Product 1 and the bundle incur shortage

(a) All excess demand of product 1 and the bundle are satisfied

(b) Product 2 incurs shortage with the excess demand of product 1

and the bundle

Case 6: Product 2 and the bundle incur shortage

(a) All excess demand of product 2 and the bundle are satisfied

(b) Product 1 incurs shortage with the excess demand of product 2

and the bundle

Case 7: Products 1 and 2 incur shortage

(a) All excess demand of the products are satisfied from the bundle

(b) Bundle incurs shortage with the excess demand of two

products

Case 8: All products incur shortage
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Then

g�B1 ¼ PrfR1Xp1jRb � pbXR1 � p1;Rb � pbXR2 � p2;RbXpbg

¼

Z 1
maxðp1 ;pb�p2Þ

Z 1
pb�p1

f R1 ;R2
ðr1; r2Þdr1 dr2=mb.

and we have

g�21 ¼ PrfR1Xp1jR2 � p2XRb � pb;R2 � p2XR1 � p1;R2Xp2g

¼

Z pb�p2

p1

Z 1
r1�p1þp2

f R1 ;R2
ðr1; r2Þdr1 dr2=m2

Bundle and product 1 incur shortage: Similar to the
previous case let g�B2 and g�12 be the probability of
switching when only product 2 is available. Then,

g�B2 ¼ PrfR2Xp2jRb � pbXR1 � p1;Rb � pbXR2 � p2;RbXpbg

¼

Z 1
pb�p2

Z 1
maxðp2 ;pb�p1Þ

f R1 ;R2
ðr1; r2Þdr1 dr2=mb

and

g�12 ¼ PrfR2Xp2jR1 � p1XRb � pb;R1 � p1XR2 � p2;R1Xp1g

¼

Z pb�p1

p2

Z 1
r2�p2þp1

f R1 ;R2
ðr1; r2Þdr2 dr1=m1.

2.3. Sales probabilities and the objective function

Recall that Q1 and Q2 are the initial inventory levels of
products 1 and 2, respectively. Let nb be the number of
bundles formed (or the starting inventory level of the
bundle) and ni, i ¼ 1;2 be the remaining units of product i,
with n1 ¼ Q1 � nb and n2 ¼ Q2 � nb.

Also let X1, X2, and Xb denote the number of customers
whose first preference are for products 1, 2, and the
bundle, respectively. We also have the random variables
corresponding to the number of customers that switch
from one product to another. These variables are denoted
as Xij, where i is the customer initial preference and j is the
type of the product that the customer switches to
(substitutes for i).

The realized values of these random variables
will be denoted by x1, x2, xb, x1b, x12, x2b, x21, xb1 and xb2.
Let

P
x1; x2; xb; x1b; x12;

x2b; x21; xb1; xb2

( )
¼ P

X1 ¼ x1;X2 ¼ x2;Xb ¼ xb;

X1b ¼ x1b;X12 ¼ x12;X2b ¼ x2b;

X21 ¼ x21;Xb1 ¼ xb1;Xb2 ¼ xb2

8><
>:

9>=
>;

denote the joint probability mass function of those
random variables. Note that for certain realizations we
only need joint marginal probability mass function of only
a subset of these variables.

When all dedicated demand can be satisfied, due to the
independence property of the Poisson processes, we have

PrfX1 ¼ x1;X2 ¼ x2;Xb ¼ xbg ¼ PrfX1 ¼ x1gPrfX2 ¼ x2g

�PrfXb ¼ xbg

where Xi has a Poisson distribution with rate ‘i ¼ l�mi,
i ¼ 1;2;b.

For the derivation of the expected profit, p, there are
eight possible realizations when only the initial choices
are considered. After this first classification, sub-cases are
defined to include the switching customer realizations. All
realization cases are listed in Table 1.

We have two further assumptions regarding the
allocation of inventory and customer switches during
the stock-out situations, to simplify the analysis. First,
we assume that the inventory of a product (or the bundle)
is first allocated to customers whose first choice is
that product (or the bundle). The customers that
cannot find their first choices switch to their second
choice (if their surplus is also positive for the second
choice) and the demands resulting from these switches
are satisfied with the remaining inventory of their second
choice.

For these cases we assume that switching behavior
will follow a Multinomial distribution since there
are three possible choices. However, if the second choice
also runs out of stock, we assume that there are no
further switches. Then the customer has the alternatives
to switch to the available product or to leave without
any purchase; therefore binomial distribution is used
to calculate the switching probabilities. We now will
provide the expressions of these realizations. Due to
space limitations we only provide the details of
Cases 1, 2, 5 and 8. Cases 3 and 4 can be derived similar
to Case 2. Cases 6 and 7 can be derived similar to
Case 5.

Case 1: No shortage occurs ðx1pn1, x2pn2, xbpnbÞ.
Expected profit in the region where all customers
are satisfied by their first choice products is given by p1
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which is

p1 ¼
Xn1

x1¼0

Xn2

x2¼0

Xnb

xb¼0

ðp1x1 þ p2x2 þ pbxb � cnbÞPðx1; x2; xbÞ

¼
Xn1

x1¼0

Xn2

x2¼0

Xnb

xb¼0

ðp1x1 þ p2x2 þ pbxb � cnbÞ

�
e�‘1 ‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!
.

Case 2: Bundle incurs shortage (x1pn1, x2pn2, xb4nb).
Initial demand for the bundle is more than the available
stock but initial demands for products 1 and 2 are
satisfied from the stocks. Excess demand of the bundle
customers can result in four sub-cases.

(a) All excess demand of the bundle is satisfied. Let xb �

nb be the number of excess bundle customers. In this case,
xb � nb units are satisfied from the excess inventories of
products 1 and 2. That is, we have x1 þ xb1pn1,
x2 þ xb2pn2, x1pn1, x2pn2, xb4nb and the contribution
of this case to the total expected profit is given by

p2a ¼
Xn1

x1¼0

Xn2

x2¼0

X1
xb¼nbþ1

Xxb�nb

xb1¼0

Xxb�nb�xb1

xb2¼0

�ðp1ðx1 þ xb1Þ þ p2ðx2 þ xb2Þ þ pbnb � cnbÞ

�
e�‘1‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!

ðxb � nbÞ!

xb1!xb2!xb0!
ðgB1Þ

xb1 ðgB2Þ
xb2 ðgB0Þ

xb0

where xb0 ¼ xb � nb � xb1 � xb2 and gB0 ¼ 1� gB1 � gB2.
(b) Product 1 incurs shortage with the excess bundle

demand. In this case, original demand for product 1 is
satisfied but the left over is not sufficient to satisfy the
overflow from the bundle customers. All demands for
product 2 are satisfied from the stock. For this case we
have x1 þ xb14n1, x2 þ xb2pn2, x1pn1, x2pn2, xb4nb and
the contribution is given by

p2b ¼
Xn1

x1¼0

Xn2

x2¼0

X1
xb¼nbþ1

Xxb�nb

xb1¼n1þ1�x1

Xxb�nb�xb1

xb2¼0

ðp1n1 þ p2ðx2 þ xb2Þ þ pbnb � cnbÞ

�
e�‘1‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!

ðxb � nbÞ!

xb1!xb2!xb0!

�ðgB1Þ
xb1 ðgB2Þ

xb2 ðgB0Þ
xb0 .

(c) Product 2 incurs shortage with the excess bundle

demand. This case is similar to the above case, except that
product 2 incurs shortage. Hence we have x1 þ xb1pn1,
x2 þ xb24n2, x1pn1, x2pn2, xb4nb and the contribution is
given by

p2c ¼
Xn1

x1¼0

Xn2

x2¼0

X1
xb¼nbþ1

Xxb�nb

xb1¼0

Xxb�nb�xb1

xb2¼n2þ1�x2

ðp1ðx1 þ xb1Þ þ p2n2 þ pbnb � cnbÞ

�
e�‘1 ‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!

ðxb � nbÞ!

xb1!xb2!xb0!

�ðgB1Þ
xb1 ðgB2Þ

xb2 ðgB0Þ
xb0 .

(d) Both products incur shortage with the excess

bundle demand. In this case the excess inventories
of products 1 and 2 are not sufficient to satisfy the
overflow demand from the bundle customers. That is, we
have x1 þ xb14n1, x2 þ xb24n2, x1pn1, x2pn2, xb4nb and

p2d ¼
Xn1

x1¼0

Xn2

x2¼0

X1
xb¼nbþ1

Xxb�nb

xb1¼n1þ1�x1

Xxb�nb�xb1

xb2¼n2þ1�x2

ðp1n1 þ p2n2 þ pbnb � cnbÞ

�
e�‘1‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!

ðxb � nbÞ!

xb1!xb2!xb0!

�ðgB1Þ
xb1 ðgB2Þ

xb2 ðgB0Þ
xb0 .

Expected profit for the Case 2 is calculated as p2 ¼

p2a þ p2b þ p2c þ p2d:

Case 5: Product 1 and bundle incur shortage (x14n1,
x2pn2, xb4nb). Initial demands for product 1 and the
bundle are greater than the respective stock amounts and
only initial demand for product 2 is satisfied from the
stock. Excess demands of product 1 and the bundle result
in two sub-cases.

(a) All excess demand of product 1 and the bundle are

satisfied. Demand for product 2 is satisfied including the
switching customers from product 1 and the bundle. That
is, we have x2 þ x12 þ xb2pn2, x14n1, x2pn2, xb4nb and

p5a ¼
X1

x1¼n1þ1

Xn2

x2¼0

X1
xb¼nbþ1

Xx1�n1

x12¼0

Xxb�nb

xb2¼0

ðp1n1 þ p2ðx2 þ x12 þ xb2Þ þ pbnb � cnbÞ

�
e�‘1 ‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!

x1 � n1 þ x12 � 1

x1 � n1 � 1

 !

�ðg�12Þ
x1�n1 ð1� g�12Þ

x12

�
xb � nb þ xb2 � 1

xb � nb � 1

 !
ðg�B2Þ

xb�nb ð1� g�B2Þ
xb2 .

(b) Product 2 incurs shortage with the excess demand

of product 1 and bundle. Initial product 2 demand is
satisfied but excess demand from product 1 and bundle
cannot be satisfied with the product 2 stock. We have
x2 þ x12 þ xb24n2, x14n1, x2pn2, xb4nb and

p5b ¼
X1

x1¼n1þ1

Xn2

x2¼0

X1
xb¼nbþ1X

x12 ;xb2 : x12þxb24n2�x2

ðp1n1 þ p2n2 þ pbnb � cnbÞ

�
e�‘1‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!

x1 � n1 þ x12 � 1

x1 � n1 � 1

 !

�ðg�12Þ
x1�n1 ð1� g�12Þ

x12

�
xb � nb þ xb2 � 1

xb � nb � 1

 !
ðg�B2Þ

xb�nb ð1� g�B2Þ
xb2 .

Expected profit for the Case 5 is calculated as p5 ¼

p5a þ p5b:

Case 8: All products incur shortage. As the last case, we
consider the case where all products incur shortage with
the initial dedicated customer demand. That is x14n1,
x24n2, xb4nb and

p8 ¼
X1

x1¼n1þ1

X1
x2¼n2þ1

X1
xb¼nbþ1

ðp1n1 þ p2n2 þ pbnbÞ

�
e�‘1 ‘x1

1

x1!

e�‘2‘x2

2

x2!

e�‘b‘xb

b

xb!
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The total expected profit is calculated as adding all
expected profits contributions calculated for each cases. It
can be formulated as

p ¼
X8

i¼1

pi

where i is the index for the cases.

2.4. Superadditivity and subadditivity of reservation prices

The analysis so far assumes the strict additivity of
customer reservation prices where reservation price for
the bundle is the sum of the reservation prices of
individual products that form the bundle. When the
products are complements or substitutes this assumption
no longer holds. In order to model substitutability or
complementarity, we use the model in Venkatesh and
Kamakura (2003) who refer to the degree of substitut-
ability and complementarity as the degree of contingency,
y, and define it as

y ¼
Rb � ðR1 þ R2Þ

R1 þ R2
.

When the individual products are complements, reserva-
tion price of the bundle is superaddivite or y40. When the
individual products are substitutes, reservation price of
the bundle is subadditive, or yo0. Clearly, y ¼ 0 refers to
the strict additive case.

A non–zero degree of contingency changes the pur-
chasing ðmiÞ and switching ðgij; g�ij Þ probability expressions
since we now have to use Rb ¼ ð1þ yÞðR1 þ R2Þ. Purchasing
and switching probability expressions for non–zero values
of y are provided in Appendix A. Note that sales
probability and objective function formulations that are
provided earlier are still valid for non–zero values of y.

3. Numerical study

In this section, we present the results of our numerical
study to demonstrate the effects of various factors on
the optimal bundling and pricing policies. The factors
considered are: the correlation between the reservation
prices of the two products, the variance of the reservation
price distributions, initial inventory levels, the unit bundle
formation cost, and the intensity of the customer arrivals.
We also consider the effects of the degree of product
complementarity and substitutability, also known as the
degree of contingency.

For the numerical study, we wrote a FORTRAN code to
calculate the expected profit and to determine the
optimum number of bundles to be formed and the
optimum bundle price for a given parameter set.

Before providing the results, we present the setup of
the model used for the numerical study. The model
defined in previous section contains a general continuous
bivariate distribution for customer reservation prices. In
literature, personal choices are modeled using distribu-
tions of the Gaussian family (Schmalensee, 1984). Hence,
we also choose bivariate normal distribution to model
customer reservation prices of the two products. Normal
distribution is also motivated by the facts that sum of
normal variates also have normal distribution and that
correlation effects are easily incorporated into the model.
A disadvantage of normal distribution, that it can take
negative values is avoided with a high probability by using
appropriate parameters.

As stated before, R1 and R2 denote the reservation
prices of products 1 and 2 and f R1 ;R2

ðr1; r2Þ is their joint
probability density function give by

f R1 ;R2
ðr1; r2Þ ¼

e�Gðr1 ;r2Þ=2

2ps1s2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
where r is the correlation coefficient between the
reservation prices and

Gðr1; r2Þ ¼
1

1� r2

r1 � m1

s1

� �2

� 2r r1 � m1

s1

� �
r2 � m2

s2

� �"

þ
r1 � m1

s1

� �2
#

.

Then the marginal distributions of reservation prices of
products 1 and 2 are also normally with parameters
ðm1;s1Þ and ðm2;s2Þ, respectively. When bundle reserva-
tion price is strictly additive, that is Rb ¼ R1 þ R2, Rb is
normally distributed with mean mb ¼ m1 þ m2 and stan-
dard deviation sb given as

sb ¼ ðs1 þ s2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ð1� rÞoð1�o

p
Þ

where o ¼ s1=ðs1 þ s2Þ.
To emphasize the effects of factors defined above for

optimal bundling, we fix the individual product prices p1

and p2, and optimize the number of bundles formed, nb,
and the bundle price, pb, although the model provided in
the previous section is a general one and can be used to
jointly optimize all product prices. To illustrate the overall
effectiveness of bundling we also provide the percent
increase in the profit compared to the unbundling case,
where the two products are sold individually without a
bundle offer. This case can be considered as a special case
of the original model where the bundle price is set to a
prohibitively high value. Because the objective function is
highly complicated, an analytical result is not available for
its concavity in the decision variables. Hence in the
numerical section we resorted to a grid search over a
wide range of values. For the optimal prices, the search
started at the mean reservation price and is then extended
to its neighborhood. In our experiments we observed joint
concavity in nb and pb, which helped in numerical search.

3.1. The base case

A base case is described to compare and investigate the
effects of the factors listed above. In the base case, the
following setting is used: individual product prices, p1 and
p2 are set to 10, reservation price distributions are taken
such that the marginals have means m1 ¼ m2 ¼ 10 and
standard deviations s1 ¼ s2 ¼ 2. Degree of contingency, y
is set to zero. Initial inventory level for individual products
are Q1 ¼ Q2 ¼ 5 and the arrival rate, l is set to 10. We
search optimal bundle price within the search interval
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with increments of 0.25 and take the unit bundling cost c

as 0, 1, 2 and 4. The results of the base case under the
correlation coefficient, r, of �0:9, 0 and 0.9 are tabulated
in Table 2. n�b is the optimal starting inventory level of
bundles and p�b is the optimal bundle price. The fifth
column is the expected profit, the sixth column is the
percent improvement of bundling strategy over unbund-
ling. The next two columns represent the expected
number of products sold. The last three columns are the
arrival rate of customers dedicated to each product
ð‘1; ‘2; ‘bÞ and the arrival rate of customers who would
leave the store without buying any product ð‘0Þ even when
all products are available.

We also demonstrate the results of the base case in
Fig. 1. In the figures, the optimal number of bundles, the
optimal bundle price and the percent increase in the profit
compared to unbundling case are given in parenthesis. It
is observed that both the correlation coefficient and the
bundling cost c have significant effects on the optimal
number of bundles formed, the bundle price, and the
expected profit. Obviously, increase in bundling cost
Table 2
Base case.

r c n�b p�b EðProfitÞ %

�0.9 0 5 19.25 93.0645 17.74

�0.9 1 4 19.00 88.3828 11.82

�0.9 2 3 19.00 84.8695 7.37

�0.9 4 1 19.25 80.6290 2.01

0 0 5 18.75 87.1901 27.27

0 1 4 18.75 83.0791 21.26

0 2 3 19.00 79.1586 15.54

0 4 2 19.25 73.3638 7.08

0.9 0 5 18.75 85.3171 55.23

0.9 1 5 18.75 80.3171 46.13

0.9 2 5 18.75 75.3171 37.03

0.9 4 4 18.75 67.0220 21.94

65.00

70.00

75.00

80.00

85.00

90.00

95.00

P
ro

fit

Co

(nb = 5, pb = 19.25, % =
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(
(1, 19.25, 2)

(

-0.9

Fig. 1. Base case—profi
results in decreasing profits. With negative correlation
however, optimal number of bundles is very sensitive to
the bundling cost (e.g., suggesting only one bundle for the
case c ¼ 4), whereas with positive correlation, the solu-
tion calls for converting all inventory into the bundle, and
only when c ¼ 4, one unit of each product is spared for
individual purchase. We observe that the optimal bundle
price and the expected profit decrease as the correlation
coefficient increases. This observation is common to the
other experimental cases discussed below and will be
elaborated more in the following discussion.
3.2. The impact of other factors

The effects of product prices is investigated by setting
individual product prices equal ðp1 ¼ p2Þ with values 8, 10
and 12, representing mean and one standard deviation
below and above the mean. The other parameters are
same as the base case (m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2,
Q1 ¼ Q2 ¼ 5, l ¼ 10, r ¼ �0:9;0;0:9, c ¼ 0;1;2;4). The
Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

0.00 4.52 3.34 2.82 0.50

0.76 3.07 2.97 3.68 0.38

1.50 2.37 2.97 3.68 0.38

3.12 0.92 3.34 2.82 0.50

0.00 3.55 1.33 5.13 2.21

0.77 3.39 1.33 5.13 2.21

1.53 2.73 1.54 4.61 2.31

2.21 1.89 1.77 4.07 2.39

0.00 4.54 0.06 6.19 3.68

0.00 4.54 0.06 6.19 3.68

0.00 4.54 0.06 6.19 3.68

0.59 3.79 0.06 6.19 3.68

0.90

c=  0

c = 1

c = 2

c = 4

rrelation

 18)

(5, 18.75, 27)

(5, 18.75, 55)

(5, 18.75, 46)

(5, 18.75, 37)

(4, 18.75, 22)

4, 18.75, 21)

3, 19.00, 16)

2, 19.25, 7)

t vs. correlation.
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results are tabulated in Table 3 (this and the rest of the
tables are in Appendix B) and the figures extracted from
this table, Figs. 2–4 corresponding to correlation coeffi-
cient values of �0:9, 0 and 0.9, respectively. Figs. 2–4
show an expected concave behavior in the product prices,
for all correlation levels and for almost all levels of bundle
costs, but expected profit decrease significantly, as the
bundling cost and correlation coefficient increases. When
the product prices are low (below the mean reservation
price), bundles are not desired much, i.e., mixed bundling
is adopted and the optimal bundle price is the sum of
individual product prices, the maximum possible price for
the bundle. When the individual product prices are high,
pure bundling is preferred. Maximum expected profit for
high product prices is very close to the expected profits for
medium prices.

The effect of initial inventory levels on the expected
profit is investigated by comparing the profits for
individual product inventory levels Q1 ¼ Q2 ¼ 5 and 10.
The results are given in Table 4. We observe an increase in
the expected profit with the initial inventory levels, with
more inventories resulting in more bundles with reduced
bundle prices. This is intuitively obvious since the cost of
purchasing the items is not considered and the customer
arrival rate is constant. The results are particularly
Table 3

The impact of product prices on the expected profit: m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2

p1 ¼ p2 r c n�b p�b EðProfitÞ %

8 �0.9 0 5 16.00 79.2561 20.1

8 �0.9 1 5 16.00 74.2561 12.

8 �0.9 2 3 16.00 70.5990 7.

8 �0.9 4 1 16.00 66.2855 0.

8 0 0 5 16.00 78.7881 21.1

8 0 1 4 16.00 73.9089 13.

8 0 2 3 16.00 70.1810 7.

8 0 4 1 16.00 65.5052 0.

8 0.9 0 5 16.00 78.0908 27.

8 0.9 1 5 16.00 73.0908 19.

8 0.9 2 4 16.00 68.9604 12.

8 0.9 4 2 16.00 62.9023 2.

10 �0.9 0 5 19.25 93.0645 17.

10 �0.9 1 4 19.00 88.3828 11.

10 �0.9 2 3 19.00 84.8695 7.

10 �0.9 4 1 19.25 80.6290 2.

10 0 0 5 18.75 87.1901 27.

10 0 1 4 18.75 83.0791 21.

10 0 2 3 19.00 79.1586 15.

10 0 4 2 19.25 73.3638 7.

10 0.9 0 5 18.75 85.3171 55.

10 0.9 1 5 18.75 80.3171 46.1

10 0.9 2 5 18.75 75.3171 37.

10 0.9 4 4 18.75 67.0220 21.

12 �0.9 0 5 19.25 93.1312 145.

12 �0.9 1 5 19.25 88.1312 132.

12 �0.9 2 5 19.25 83.1312 119.

12 �0.9 4 4 19.25 74.8394 97.

12 0 0 5 18.75 87.2226 149.

12 0 1 5 18.75 82.2226 135.

12 0 2 5 18.75 77.2226 121.

12 0 4 5 18.75 67.2226 92.

12 0.9 0 5 18.75 85.3275 252.

12 0.9 1 5 18.75 80.3275 231.

12 0.9 2 5 18.75 75.3275 211.

12 0.9 4 5 18.75 65.3275 170.
interesting for r ¼ �0:9. In this case the retailer converts
all inventory to the bundles regardless of the bundle
formation cost. For high initial inventory levels, the
optimal bundle price decreases more rapidly than the
case of low initial inventory levels as the correlation
coefficient increases.

Another factor we investigated is the variance of the
reservation price distribution. We considered the equal
standard deviation ðs1 ¼ s2Þ values of 1, 2 and 3. The
results are tabulated in Table 5. Also, Figs. 5–7 demon-
strate the effect of the standard deviation on the expected
profit with correlation coefficient values of �0:9, 0 and
0.9, respectively. The obvious finding is that the expected
profit decreases as the variance of the reservation price
increases. For the same bundling cost value, the difference
between the expected profit at s ¼ 1 and the expected
profit at s ¼ 3 increases as the correlation coefficient
increases. In other words, the effect of the variance of the
reservation price on the expected profit is much more
pronounced when there is a positive correlation between
the reservation prices. We also note that the optimal
number of bundles decreases as the standard deviation
increases. Since increased variance may correspond to
more ‘risky’ customer, and to enhance more sales, more
flexibility is provided to the customer by forming less
, y ¼ 0, Q1 ¼ Q2 ¼ 5, l ¼ 10.

Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

8 0.00 2.81 1.59 6.83 0.00

60 0.00 2.81 1.59 6.83 0.00

06 1.74 2.84 1.59 6.83 0.00

52 3.39 1.00 1.59 6.83 0.00

4 0.00 3.00 1.33 7.08 0.25

64 0.81 3.44 1.33 7.08 0.25

91 1.75 2.91 1.33 7.08 0.25

72 3.35 1.00 1.33 7.08 0.25

20 0.00 4.38 0.43 7.98 1.15

05 0.00 4.38 0.43 7.98 1.15

32 0.86 3.92 0.43 7.98 1.15

46 2.44 2.00 0.43 7.98 1.15

74 0.00 4.52 3.34 2.82 0.50

82 0.76 3.07 2.97 3.68 0.38

37 1.50 2.37 2.97 3.68 0.38

01 3.12 0.92 3.34 2.82 0.50

27 0.00 3.55 1.33 5.13 2.21

26 0.77 3.39 1.33 5.13 2.21

54 1.53 2.73 1.54 4.61 2.31

08 2.21 1.89 1.77 4.07 2.39

23 0.00 4.54 0.06 6.19 3.68

3 0.00 4.54 0.06 6.19 3.68

03 0.00 4.54 0.06 6.19 3.68

94 0.59 3.79 0.06 6.19 3.68

78 0.00 3.89 0.75 6.86 1.65

58 0.00 3.89 0.75 6.86 1.65

39 0.00 3.89 0.75 6.86 1.65

51 0.64 3.79 0.75 6.86 1.65

71 0.00 4.63 0.08 6.61 3.22

39 0.00 4.63 0.08 6.61 3.22

08 0.00 4.63 0.08 6.61 3.22

45 0.00 4.63 0.08 6.61 3.22

66 0.00 4.55 0.00 6.26 3.74

99 0.00 4.55 0.00 6.26 3.74

33 0.00 4.55 0.00 6.26 3.74

00 0.00 4.55 0.00 6.26 3.74
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bundles, leaving more individual products. The optimal
bundle price with respect to the correlation coefficient has
a different behavior, which is not immediately obvious.
For negative correlation, the optimal bundle price
decreases as the standard deviation increases. However
for positive correlation, it is just the opposite—increasing
with the standard deviation. For the zero correlation case,
the bundle price decreases with the standard deviation for
small bundling costs and increases in it for large bundling
costs. The trend of the bundle price with respect to the
variance seems to have a more complicated structure that
depends also on the number bundles and the bundle cost.

Finally, we investigate the effect of the arrival rate, l by
considering three different values 5, 10 and 15. The results
are tabulated in Table 6 and Figs. 8–10. The clear finding
that can be seen from Figs. 8–10 is that the expected profit
is an increasing function of the arrival rate. The number of
bundle sales decreases and the number of individual
product sales increases when the arrival rate increases
since the need for bundling decreases; the retailer can
easily sell his products individually. For the negative
correlation case, decrease in the optimal number of
bundles formed is more significant. The retailer offers
less bundles and charges higher prices for them as the
arrival rate increases.

As a common observation in all the above cases, we
note the significant effect of the correlation coefficient on
the expected revenues and optimal bundle prices, both of
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Table 4

The impact of initial inventory levels on the expected profit: p1 ¼ p2 ¼ 10, m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2, y ¼ 0, l ¼ 10.

Q1 ¼ Q2 r c n�b p�b EðProfitÞ % Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

5 �0.9 0 5 19.25 93.0645 17.74 0.00 4.52 3.34 2.82 0.50

5 �0.9 1 4 19.00 88.3828 11.82 0.76 3.07 2.97 3.68 0.38

5 �0.9 2 3 19.00 84.8695 7.37 1.50 2.37 2.97 3.68 0.38

5 �0.9 4 1 19.25 80.6290 2.01 3.12 0.92 3.34 2.82 0.50

5 0 0 5 18.75 87.1901 27.27 0.00 3.55 1.33 5.13 2.21

5 0 1 4 18.75 83.0791 21.26 0.77 3.39 1.33 5.13 2.21

5 0 2 3 19.00 79.1586 15.54 1.53 2.73 1.54 4.61 2.31

5 0 4 2 19.25 73.3638 7.08 2.21 1.89 1.77 4.07 2.39

5 0.9 0 5 18.75 85.3171 55.23 0.00 4.54 0.06 6.19 3.68

5 0.9 1 5 18.75 80.3171 46.13 0.00 4.54 0.06 6.19 3.68

5 0.9 2 5 18.75 75.3171 37.03 0.00 4.54 0.06 6.19 3.68

5 0.9 4 4 18.75 67.0220 21.94 0.59 3.79 0.06 6.19 3.68

10 �0.9 0 10 18.50 157.3871 70.09 0.00 8.34 2.23 5.36 0.17

10 �0.9 1 10 18.50 147.3871 59.28 0.00 8.34 2.23 5.36 0.17

10 �0.9 2 10 18.50 137.3871 48.48 0.00 8.34 2.23 5.36 0.17

10 �0.9 4 10 18.50 117.3871 26.86 0.00 8.34 2.23 5.36 0.17

10 0 0 10 16.75 135.1856 80.44 0.00 7.95 0.26 8.38 1.10

10 0 1 10 16.75 125.1856 67.09 0.00 7.95 0.26 8.38 1.10

10 0 2 9 16.75 116.1115 54.98 0.40 7.52 0.26 8.38 1.10

10 0 4 8 17.00 99.7217 33.10 0.70 6.93 0.33 8.10 1.24

10 0.9 0 10 16.50 126.7549 121.77 0.00 7.68 0.00 8.15 1.85

10 0.9 1 10 16.50 116.7549 104.27 0.00 7.68 0.00 8.15 1.85

10 0.9 2 9 16.50 107.3775 87.87 0.18 7.38 0.00 8.15 1.85

10 0.9 4 8 16.50 90.1415 57.71 0.37 6.95 0.00 8.15 1.85
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which increase as the correlation coefficient decreases.
The highest profits and bundle prices are attained when
the reservation prices are negatively correlated. This
observation that bundling is more beneficial with nega-
tively correlated reservation prices is also made in earlier
research and is attributed to the fact that the reservation
price distribution of the bundle has the smallest variance
in this case (see e.g., Adams and Yellen, 1976; Schmalen-
see, 1984; Salinger, 1995; Bulut et al., 2009). Another
general observation is that the optimal number of bundles
and the corresponding percentage increase in the profit
compared to the unbundling case increases as the
correlation coefficient increases. We observe that more
bundles with more reduced bundle prices are desired as
the correlation coefficient increases. In general more
bundles become optimal as initial stock levels, arrival
rates, individual product prices and variance of the bundle
reservation price increase. For all levels of different
factors, except the variance of the reservation price,
lower bundle prices are charged for higher correlation
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Table 5

The impact of variance of reservation price distributions on the expected profit: p1 ¼ p2 ¼ 10, m1 ¼ m2 ¼ 10, y ¼ 0, Q1 ¼ Q2 ¼ 5, l ¼ 10.

s1 ¼ s2 r c n�b p�b EðProfitÞ % Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

1 �0.9 0 5 19.50 95.3845 20.68 0.00 4.14 2.97 3.68 0.38

1 �0.9 1 5 19.50 90.3845 14.35 0.00 4.14 2.97 3.68 0.38

1 �0.9 2 3 19.25 86.3451 9.24 1.56 2.59 2.23 5.36 0.17

1 �0.9 4 2 19.50 81.3399 2.91 2.34 1.75 2.97 3.68 0.38

1 0 0 5 19.00 91.0916 32.96 0.00 3.83 0.79 6.59 1.82

1 0 1 4 19.00 86.1757 25.78 0.81 3.76 0.79 6.59 1.82

1 0 2 4 19.00 82.1757 19.95 0.81 3.76 0.79 6.59 1.82

1 0 4 3 19.00 75.1321 9.66 1.55 2.94 0.79 6.59 1.82

1 0.9 0 5 18.75 89.4106 62.68 0.00 4.77 0.00 7.39 2.61

1 0.9 1 5 18.75 84.4106 53.58 0.00 4.77 0.00 7.39 2.61

1 0.9 2 5 18.75 79.4106 44.48 0.00 4.77 0.00 7.39 2.61

1 0.9 4 4 18.75 70.6432 28.53 0.67 3.91 0.00 7.39 2.61

2 �0.9 0 5 19.25 93.0645 17.74 0.00 4.52 3.34 2.82 0.50

2 �0.9 1 4 19.00 88.3828 11.82 0.76 3.07 2.97 3.68 0.38

2 �0.9 2 3 19.00 84.8695 7.37 1.50 2.37 2.97 3.68 0.38

2 �0.9 4 1 19.25 80.6290 2.01 3.12 0.92 3.34 2.82 0.50

2 0 0 5 18.75 87.1901 27.27 0.00 3.55 1.33 5.13 2.21

2 0 1 4 18.75 83.0791 21.26 0.77 3.39 1.33 5.13 2.21

2 0 2 3 19.00 79.1586 15.54 1.53 2.73 1.54 4.61 2.31

2 0 4 2 19.25 73.3638 7.08 2.21 1.89 1.77 4.07 2.39

2 0.9 0 5 18.75 85.3171 55.23 0.00 4.54 0.06 6.19 3.68

2 0.9 1 5 18.75 80.3171 46.13 0.00 4.54 0.06 6.19 3.68

2 0.9 2 5 18.75 75.3171 37.03 0.00 4.54 0.06 6.19 3.68

2 0.9 4 4 18.75 67.0220 21.94 0.59 3.79 0.06 6.19 3.68

3 �0.9 0 5 19.00 91.2895 15.50 0.00 4.59 3.46 2.54 0.54

3 �0.9 1 4 19.00 86.8313 9.86 0.89 3.42 3.46 2.54 0.54

3 �0.9 2 3 18.75 83.6536 5.83 1.54 2.38 3.22 3.10 0.46

3 �0.9 4 1 18.50 80.0610 1.29 3.18 0.95 2.97 3.68 0.38

3 0 0 4 18.75 85.1352 24.27 0.77 3.18 1.69 4.25 2.37

3 0 1 4 18.75 81.1352 18.43 0.77 3.18 1.69 4.25 2.37

3 0 2 3 19.00 77.9490 13.78 1.52 2.59 1.85 3.89 2.41

3 0 4 2 19.50 72.9087 6.42 2.21 1.79 2.17 3.18 2.48

3 0.9 0 5 19.00 83.2592 51.48 0.00 4.28 0.24 5.44 4.09

3 0.9 1 5 19.00 78.2592 42.39 0.00 4.28 0.24 5.44 4.09

3 0.9 2 4 19.50 73.6754 34.05 0.61 3.55 0.43 4.90 4.23

3 0.9 4 3 20.00 65.8112 19.74 1.17 2.72 0.72 4.28 4.28
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coefficient, whereas when the standard deviation of the
reservation price is high, the bundle price is also high with
positive correlation. All these results imply that the
variance of the bundle reservation price has a crucial,
non-trivial impact on the implementation of bundling
policies.
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3.3. Substitutability and complementarity

We now investigate the effects of product substitut-
ability and complementarity. The degree of contingency, y
considered in this section has five different values: �0:1,
�0:05, 0, 0.05 and 0.1. The other parameters are same as
the parameters in the base case. The results for the
correlation coefficient, r, of �0:9, 0 and 0.9 are tabulated
in Tables 7–9, respectively. Figs. 11–13 depict the same
results graphically.

Expected profit is an increasing function of degree of
contingency under all correlation coefficient values. For
the positive degree of contingency case (superadditive
reservation prices), customer willingness to purchase the
bundle is higher than the negative degree of contingency
case (subadditive reservation prices). Therefore for all
correlation values and bundle formation costs, we see
that the retailer is forming more bundles, or charging
higher prices for the bundle or both as the degree of
contingency increases. The highest jump in the profits
occur when the degree of contingency increases to 0 from
�0:05 which shows that the product substitutability has a
significant impact on the efficiency of bundling and
pricing. The impact of the degree of contingency is more
pronounced when the product prices are uncorrelated or
positively correlated. It seems that the retailer is already
able to generate high profits through bundling when the
product reservation prices are negatively correlated
and the impact of product complementarity is not that
significant.
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Table 6

The impact of arrival rate on the expected profit: p1 ¼ p2 ¼ 10, m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2, y ¼ 0, Q1 ¼ Q 2 ¼ 5.

l r c n�b p�b EðProfitÞ % Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

5 �0.9 0 5 18.50 74.2297 63.10 0.00 3.89 1.12 2.68 0.09

5 �0.9 1 5 18.50 69.2297 52.11 0.00 3.89 1.12 2.68 0.09

5 �0.9 2 5 18.50 64.2297 41.13 0.00 3.89 1.12 2.68 0.09

5 �0.9 4 5 18.50 54.2297 19.15 0.00 3.89 1.12 2.68 0.09

5 0 0 5 17.00 63.8536 71.84 0.00 3.73 0.17 4.05 0.62

5 0 1 5 17.00 58.8536 58.38 0.00 3.73 0.17 4.05 0.62

5 0 2 4 17.00 54.2706 46.05 0.35 3.25 0.17 4.05 0.62

5 0 4 3 17.25 46.5785 25.35 0.67 2.62 0.21 3.89 0.69

5 0.9 0 5 16.50 60.0115 110.60 0.00 3.64 0.00 4.08 0.92

5 0.9 1 5 16.50 55.0115 93.06 0.00 3.64 0.00 4.08 0.92

5 0.9 2 5 16.50 50.0115 75.51 0.00 3.64 0.00 4.08 0.92

5 0.9 4 4 16.75 41.9065 47.07 0.20 3.21 0.00 3.99 1.01

10 �0.9 0 5 19.25 93.0645 17.74 0.00 4.52 3.34 2.82 0.50

10 �0.9 1 4 19.00 88.3828 11.82 0.76 3.07 2.97 3.68 0.38

10 �0.9 2 3 19.00 84.8695 7.37 1.50 2.37 2.97 3.68 0.38

10 �0.9 4 1 19.25 80.6290 2.01 3.12 0.92 3.34 2.82 0.50

10 0 0 5 18.75 87.1901 27.27 0.00 3.55 1.33 5.13 2.21

10 0 1 4 18.75 83.0791 21.26 0.77 3.39 1.33 5.13 2.21

10 0 2 3 19.00 79.1586 15.54 1.53 2.73 1.54 4.61 2.31

10 0 4 2 19.25 73.3638 7.08 2.21 1.89 1.77 4.07 2.39

10 0.9 0 5 18.75 85.3171 55.23 0.00 4.54 0.06 6.19 3.68

10 0.9 1 5 18.75 80.3171 46.13 0.00 4.54 0.06 6.19 3.68

10 0.9 2 5 18.75 75.3171 37.03 0.00 4.54 0.06 6.19 3.68

10 0.9 4 4 18.75 67.0220 21.94 0.59 3.79 0.06 6.19 3.68

15 �0.9 0 3 19.75 97.3646 3.60 1.75 2.58 6.01 1.94 1.03

15 �0.9 1 1 19.75 95.2020 1.29 2.66 0.68 6.01 1.94 1.03

15 �0.9 2 1 19.75 94.2020 0.23 2.66 0.68 6.01 1.94 1.03

15 �0.9 4 0 – 93.9854 0.00 4.70 0.00 6.96 0.00 1.08

15 0 0 4 19.75 95.9375 9.93 0.64 2.50 3.38 4.51 3.73

15 0 1 2 20.00 92.8984 6.44 2.23 1.55 3.75 3.75 3.75

15 0 2 2 20.00 90.8984 4.15 2.23 1.55 3.75 3.75 3.75

15 0 4 1 20.00 88.6177 1.54 3.28 0.89 3.75 3.75 3.75

15 0.9 0 5 20.00 95.6171 27.08 0.00 3.43 1.08 6.42 6.42

15 0.9 1 4 20.00 90.9569 20.89 0.82 3.60 1.08 6.42 6.42

15 0.9 2 4 20.00 86.9569 15.57 0.82 3.60 1.08 6.42 6.42

15 0.9 4 3 20.00 80.2742 6.69 1.65 2.92 1.08 6.42 6.42
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Fig. 8. Profit vs. arrival rate for r ¼ �0:9.
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4. Conclusion

We consider a retail firm that sells two types of
perishable products in a single period not only as
independent items but also as a bundle. Our emphasis is
on understanding the bundling practices on the inventory
and pricing decisions of the firm. We study the bundle
formation and pricing problem of two products facing
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random demand, under inventory constraints over a finite
selling horizon. After the retailer decides the number of
bundles to be formed at the beginning of the season, no
new bundles are formed and none of the bundles are
unbundled to offer individual products during the
season. Bundle formation costs are also included in the
model.

Our numerical study shows that the optimal bundle
price and expected profits are decreasing functions of the
correlation coefficient. While the bundle formation cost
has a significant impact on total profit, the impact on the
number of bundles depends on the correlation coefficient.
With negative correlation, bundling cost has a significant
impact on the number of bundles. However with positive
correlation, this effect is negligible. When the individual
product prices are set below the mean reservation price,
the retailer sets the highest possible bundle price and
offers individual products as well as the bundle (mixed
bundling). When the individual product prices are high,
the retailer sets a bundle price such that only bundles are
sold (pure bundling).

Other findings include the fact that the expected profit
and the optimal number of bundles formed decreases
as the variance of the reservation price distribution
increases. The impact of the variance of the reservation
price distribution on the expected profit is much
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Table 7

The impact of degree of contingency on the expected profit for r ¼ �0:9: p1 ¼ p2 ¼ 10, m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2, Q1 ¼ Q2 ¼ 5, l ¼ 10.

c y n�b p�b EðProfitÞ % Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

0 �0.10 5 17.50 80.4776 1.82 0.00 4.53 3.74 1.93 0.59

0 �0.05 5 18.50 84.7307 7.20 0.00 4.51 3.72 1.97 0.60

0 0.00 5 19.25 93.0645 17.74 0.00 4.52 3.34 2.82 0.50

0 0.05 5 20.00 97.6682 23.57 0.00 4.13 2.96 3.68 0.40

0 0.10 5 20.00 98.9330 25.17 0.00 2.84 1.60 6.71 0.09

1 �0.10 0 – 79.0416 0.00 3.95 0.00 4.64 0.00 0.72

1 �0.05 2 18.00 79.9001 1.09 2.33 1.59 2.98 3.69 0.35

1 0.00 4 19.00 88.3828 11.82 0.76 3.07 2.97 3.68 0.38

1 0.05 5 20.00 92.6682 17.24 0.00 4.13 2.96 3.68 0.40

1 0.10 5 20.00 93.9330 18.84 0.00 2.84 1.60 6.71 0.09

2 �0.10 0 – 79.0416 0.00 3.95 0.00 4.64 0.00 0.72

2 �0.05 0 – 79.0416 0.00 3.95 0.00 4.64 0.00 0.72

2 0.00 3 19.00 84.8695 7.37 1.50 2.37 2.97 3.68 0.38

2 0.05 5 20.00 87.6682 10.91 0.00 4.13 2.96 3.68 0.40

2 0.10 4 20.00 89.3489 13.04 0.75 3.22 1.60 6.71 0.09

4 �0.10 0 – 79.0416 0.00 3.95 0.00 4.64 0.00 0.72

4 �0.05 0 – 79.0416 0.00 3.95 0.00 4.64 0.00 0.72

4 0.00 1 19.25 80.6290 2.01 3.12 0.92 3.34 2.82 0.50

4 0.05 2 20.00 82.2348 4.04 2.34 1.76 2.96 3.68 0.40

4 0.10 2 20.00 82.7798 4.73 2.53 1.98 1.60 6.71 0.09

Table 8

The impact of degree of contingency on the expected profit for r ¼ 0: p1 ¼ p2 ¼ 10, m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2, Q1 ¼ Q 2 ¼ 5, l ¼ 10.

c y n�b p�b EðProfitÞ % Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

0 �0.10 3 16.75 71.6768 4.62 1.54 2.55 1.36 5.13 2.15

0 �0.05 3 17.50 74.2086 8.32 1.55 2.71 1.14 5.67 2.05

0 0.00 5 18.75 87.1901 27.27 0.00 3.55 1.33 5.13 2.21

0 0.05 5 19.75 91.5326 33.60 0.00 3.54 1.32 5.13 2.23

0 0.10 5 20.00 95.3458 39.17 0.00 3.80 0.82 6.44 1.92

1 �0.10 2 17.50 69.0528 0.79 2.21 1.61 2.13 3.31 2.44

1 �0.05 3 17.50 71.2086 3.94 1.55 2.71 1.14 5.67 2.05

1 0.00 4 18.75 83.0791 21.26 0.77 3.39 1.33 5.13 2.21

1 0.05 4 19.75 86.6642 26.50 0.77 3.39 1.32 5.13 2.23

1 0.10 5 20.00 90.3458 31.87 0.00 3.80 0.82 6.44 1.92

2 �0.10 0 – 68.5106 0.00 3.43 0.00 3.75 0.00 2.50

2 �0.05 2 18.50 68.7396 0.33 2.21 1.65 2.06 3.43 2.45

2 0.00 3 19.00 79.1586 15.54 1.53 2.73 1.54 4.61 2.31

2 0.05 4 19.75 82.6642 20.66 0.77 3.39 1.32 5.13 2.23

2 0.10 4 20.00 85.7052 25.10 0.80 3.73 0.82 6.44 1.92

4 �0.10 0 – 68.5106 0.00 3.43 0.00 3.75 0.00 2.50

4 �0.05 0 – 68.5106 0.00 3.43 0.00 3.75 0.00 2.50

4 0.00 2 19.25 73.3638 7.08 2.21 1.89 1.77 4.07 2.39

4 0.05 3 20.00 75.9234 10.82 1.53 2.74 1.52 4.64 2.33

4 0.10 3 20.00 77.8449 13.62 1.55 2.94 0.82 6.44 1.92
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more significant when there is a positive correlation
between the reservation prices. We also perform ana-
lysis to investigate the product substitutability and
complementarity. For the positive degree of contingency
case (superadditive reservation prices), customer
willingness to purchase bundle is higher than the negative
degree of contingency case (subadditive reservation
prices). Therefore for all correlation values and bundle
formation costs, we see that the retailer forms more
bundles, or charges higher prices for the bundle, or both
as the degree of contingency increases. As a result,
expected profit is an increasing function of degree of
contingency.

As an important future research direction, the
single period model in this paper can be extended to a
multi–period model, allowing new bundle formations
(and perhaps unbundling) and re-pricing at the begin-
ning of each period. Also we can also extend the
model to allow for replenishments of individual products
at a certain cost. Another important but a com-
plex extension of our work could be the modeling of
competition.
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Table 9

The impact of degree of contingency on the expected profit for r ¼ 0:9: p1 ¼ p2 ¼ 10, m1 ¼ m2 ¼ 10, s1 ¼ s2 ¼ 2, Q1 ¼ Q2 ¼ 5, l ¼ 10.

c y n�b p�b EðProfitÞ % Eðx1Þ ¼ Eðx2Þ EðxbÞ ‘1 ¼ ‘2 ‘b ‘0

0 �0.10 5 15.25 73.5533 33.82 0.00 4.82 0.00 7.83 2.17

0 �0.05 5 16.00 77.2984 40.64 0.00 4.83 0.00 7.91 2.09

0 0.00 5 18.75 85.3171 55.23 0.00 4.54 0.06 6.19 3.68

0 0.05 5 19.75 89.5730 62.97 0.00 4.52 0.07 6.13 3.73

0 0.10 5 20.00 93.3858 69.91 0.00 4.67 0.01 6.78 3.19

1 �0.10 5 15.25 68.5533 24.73 0.00 4.82 0.00 7.83 2.17

1 �0.05 5 16.00 72.2984 31.54 0.00 4.83 0.00 7.91 2.09

1 0.00 5 18.75 80.3171 46.13 0.00 4.54 0.06 6.19 3.68

1 0.05 5 19.75 84.5730 53.87 0.00 4.52 0.07 6.13 3.73

1 0.10 5 20.00 88.3858 60.81 0.00 4.67 0.01 6.78 3.19

2 �0.10 5 15.25 63.5533 15.63 0.00 4.82 0.00 7.83 2.17

2 �0.05 5 16.00 67.2984 22.44 0.00 4.83 0.00 7.91 2.09

2 0.00 5 18.75 75.3171 37.03 0.00 4.54 0.06 6.19 3.68

2 0.05 5 19.75 79.5730 44.78 0.00 4.52 0.07 6.13 3.73

2 0.10 5 20.00 83.3858 51.71 0.00 4.67 0.01 6.78 3.19

4 �0.10 0 – 54.9623 0.00 2.75 0.00 2.86 0.00 4.28

4 �0.05 4 17.75 57.4697 4.56 0.60 3.77 0.06 6.26 3.63

4 0.00 4 18.75 67.0220 21.94 0.59 3.79 0.06 6.19 3.68

4 0.05 4 19.75 70.5879 28.43 0.59 3.79 0.07 6.13 3.73

4 0.10 4 20.00 73.7592 34.20 0.63 3.86 0.01 6.78 3.19

(nb = 5, pb = 17.50, % = 2)

(5, 18.50, 7)

(5, 19.25, 16)

(5, 20.00, 24)

(5, 20.00, 25) 
c = 0

(2, 18.00, 1)

(4, 19.00, 12)

(5, 20.00, 17)

(5, 20.00, 19)
c = 1

(3, 19.00, 7)
(5, 20.00, 11)

(4, 20.00, 13)
c = 2

(0, -, 0)
(1, 19.25, 2)(2, 20.00, 4)

(0, -, 0)

(2, 20.00, 5)
c = 4

70.00

75.00

80.00

85.00

90.00

95.00

100.00

-0.15
Degree of Contingency

Pr
of

it

-0.1 -0.05 0 0.05 0.1 0.15

Fig. 11. Profit vs. degree of contingency for r ¼ �0:9.
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Fig. 12. Profit vs. degree of contingency for r ¼ 0.
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Fig. 13. Profit vs. degree of contingency for r ¼ 0:9.
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Appendix A. Purchasing and switching probabilities for
ya0

A.1. Purchasing probabilities

Remember that m0 denotes the probability of no
purchase, m1;m2;mB denote the probability of purchasing
Products 1, 2 and the Bundle, respectively. Purchasing
probabilities when we have a non–zero degree of
contingency can be derived as follows:

m0 ¼ PrfR1op1;R2op2;Rbopbg

¼

Z p1

�1

Z a1

�1

f R1 ;R2
ðr1; r2Þdr1 dr2

m1 ¼ PrfR1Xp1;R1 � p1XR2 � p2;R1 � p1XRb � pbg

¼

Z 1
p1

Z a2

�1

f R1 ;R2
ðr1; r2Þdr1 dr2

m2 ¼ PrfR2Xp2;R2 � p2XR1 � p1;R2 � p2XRb � pbg

¼

Z 1
p2

Z a3

�1

f R1 ;R2
ðr1; r2Þdr2 dr1

mb ¼ PrfRbXpb;Rb � pbXR1 � p1;Rb � pbXR2 � p2g

¼

Z 1
pb�p2

Z 1
a4

f R1 ;R2
ðr1; r2Þdr1 dr2

where

a1 ¼ minðp2; ðpb � ð1þ yÞr1Þ=ð1þ yÞÞ
a2 ¼ minðr1 � p1 þ p2; ðpb � p1 � yr1Þ=ð1þ yÞÞ
a3 ¼ minðr2 � p2 þ p1; ðpb � p2 � yr2Þ=ð1þ yÞÞ
a4 ¼ maxððpb � ð1þ yÞr1Þ=ð1þ yÞ; ðpb � p1 � yr1Þ=ð1þ yÞ,

ðpb � p2 � ð1þ yÞr1Þ=yÞ

A.2. Switching probabilities

One type of product incurs shortage: We first study the
case when Product 1 runs out of stock and derive the
expression for the probability of switching from Product 1
to the Bundle:

g1B ¼ PrfRb � pbXR2 � p2;RbXpbjR1 � p1XRb � pb;

R1 � p1XR2 � p2;R1Xp1g

¼ Pr

ð1þ yÞðR1 þ R2Þ � pbXR2 � p2;

ð1þ yÞðR1 þ R2ÞXpb;

R1 � p1Xð1þ yÞðR1 þ R2Þ � pb;

R1 � p1XR2 � p2;R1Xp1

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

,
m1.

For y40, this expression can be written as

g1B ¼ Pr R2X
pb � p2 � ð1þ yÞR1

y
;R2X

pb

1þ y
� R1;

�
pb � yR1 � p1

1þ y
XR2;R1 � p1 þ p2XR2;R1Xp1

��
m1

¼ Pr R2Xmax
pb � p2 � ð1þ yÞR1

y
;

pb

1þ y
� R1

� �
;

�

R2pmin
pb � yR1 � p1

1þ y
;R1 � p1 þ p2

� �
;R1Xp1

��
m1

¼

Z 1
p1

Z minððpb�yr1�p1Þ=ð1þyÞ;r1�p1þp2Þ

maxððpb�p2�ð1þyÞr1Þ=y;pb=ð1þyÞ�r1Þ

f R1 ;R2
ðr1; r2Þdr1 dr2=m1.

For yo0, this expression can be written as

g1B ¼ Pr R2p
pb � p2 � ð1þ yÞR1

y
;R2X

pb

1þ y
� R1;

�
pb � yR1 � p1

1þ y
XR2;R1 � p1 þ p2XR2;R1Xp1

��
m1

¼ Pr R2X
pb

ð1þ yÞ
� R1;R1Xp1;

�

R2pmin
pb � p2 � ð1þ yÞR1

y
;
pb � yR1 � p1

ð1þ yÞ
;

�

R1 � p1 þ p2

���
m1

¼

Z 1
p1

Z minððpb�p2�ð1þyÞr1Þ=y;ðpb�yr1�p1Þ=ð1þyÞ;r1�p1þp2Þ

pb=ð1þyÞ�r1

f R1 ;R2
ðr1; r2Þdr1 dr2=m1.
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Following similar arguments, g12; g2B; g21; gB1 and gB2 can
be derived. The final expressions for the case y40 are
given below:

g12 ¼

Z 1
p1

Z minððpb�ð1þyÞr1�p2Þ=y;ðpb�yr1�p1Þ=ð1þyÞ;r1�p1þp2Þ

p2

f R1 ;R2
ðr1; r2Þdr1 dr2=m1

g2B ¼

Z 1
p2

Z minððpb�yr2�p2Þ=ð1þyÞ;r2�p2þp1Þ

maxððpb�p1�ð1þyÞr2Þ=y;pb=ð1þyÞ�r2Þ

f R1 ;R2
ðr1; r2Þdr2 dr1=m2

g21 ¼

Z 1
p2

Z minððpb�p1�ð1þyÞr2Þ=y;ðpb�yr2�p2Þ=ð1þyÞ;r2�p2þp1Þ

p1

f R1 ;R2
ðr1; r2Þdr2 dr1=m2

gB1 ¼

Z 1
p1

Z r1�p1þp2 ;r1Xp1

maxððpb�yr1�p1Þ=ð1þyÞ;ðpb�ð1þyÞr1�p2Þ=yÞ

f R1 ;R2
ðr1; r2Þdr1 dr2=mb

gB2 ¼

Z 1
p2

Z r2�p2þp1

maxðð�ð1þyÞr2�p1þpbÞ=y;ðpb�yr2�p2Þ=ð1þyÞÞ

f R1 ;R2
ðr1; r2Þdr2 dr1=mb.

The final expressions for the case yo0 are given below:

g12 ¼

Z 1
p1

Z minððpb�yr1�p1Þ=ð1þyÞ;r1�p1þp2Þ

maxððpb�ð1þyÞr1�p2Þ=y;p2Þ

f R1 ;R2
ðr1; r2Þdr1 dr2=m1

g2B ¼

Z 1
p2

Z minððpb�p1�ð1þyÞr2Þ=y;ðpb�yr2�p2Þ=ð1þyÞ;r2�p2þp1Þ

pb
1þy�r2

�f R1 ;R2
ðr1; r2Þdr2 dr1=m2

g21 ¼

Z 1
p2

Z minððpb�yr2�p2Þ=ð1þyÞ;r2�p2þp1Þ

maxððpb�p1�ð1þyÞr2Þ=y;p1Þ

�f R1 ;R2
ðr1; r2Þdr2 dr1=m2

gB1 ¼

Z 1
p1

Z minððpb�ð1þyÞr1�p2Þ=y;r1�p1þp2Þ

ðpb�yr1�p1Þ=ð1þyÞ
f R1 ;R2
ðr1; r2Þdr1 dr2=mb

gB2 ¼

Z 1
p2

Z minðð�ð1þyÞr2�p1þpb=y;r2�p2þp1Þ

pb�yr2�p2=ð1þyÞ
f R1 ;R2
ðr1; r2Þdr2 dr1=mb.

Two types of products incur shortage: We first study the
case when Products 1 and 2 run out of stock, and derive
the expression for the switching probability from Product
1 to the Bundle.

g�1B ¼ PrfRbXpbjR1 � p1XRb � pb;R1 � p1XR2 � p2;R1Xp1g

¼ Prfð1þ yÞðR1 þ R2ÞXpb;R1 � p1Xð1þ yÞðR1 þ R2Þ � pb;

R1 � p1XR2 � p2;R1Xp1g=m1

¼ Pr R2X
pb

1þ y
� R1;

pb � yR1 � p1

1þ y
XR2;R1 � p1 þ p2

�

XR2;R1Xp1

��
m1

¼ Pr R2X
pb

1þ y
� R1;R2pmin

pb � yR1 � p1

1þ y
;

��

R1 � p1 þ p2

�
;R1Xp1

��
m1

¼

Z 1
p1

Z minððpb�yr1�p1Þ=ð1þyÞ;r1�p1þp2Þ

pb=ð1þyÞ�r1

f R1 ;R2
ðr1; r2Þdr1 dr2=m1.

Similarly expressions for g�2B; g�B1; g�21; g�B2, and g�12 can be
derived. Final expressions for g�2B; g�21,and g�12 are given
below:

g�2B ¼

Z 1
p2

Z minððpb�yr2�p2Þ=ð1þyÞ;r2�p2þp1Þ

pb=ð1þyÞ�r2

f R1 ;R2
ðr1; r2Þdr2 dr1=m2

g�21 ¼

Z 1
p2

Z minððpb�yr2�p2Þ=ð1þyÞ;r2�p2þp1Þ

p1

f R1 ;R2
ðr1; r2Þdr2 dr1=m2

g�12 ¼

Z 1
p1

Z minððpb�yr1�p1Þ=ð1þyÞ;r1�p1þp2Þ

p2

f R1 ;R2
ðr1; r2Þdr1 dr2=m1

Final expressions for g�B1 and g�B2 depend on the sign of y.
These are given below for y40:

g�B1 ¼

Z 1
p1

Z 1
maxððpb�yr1�p1Þ=ð1þyÞ;ðpb�ð1þyÞr1�p2Þ=yÞ

�f R1 ;R2
ðr1; r2Þdr2 dr1=mb

g�B2 ¼

Z 1
p2

Z 1
maxðð�ð1þyÞr2�p1þpbÞ=y;ðpb�yr2�p2Þ=ð1þyÞÞ

�f R1 ;R2
ðr1; r2Þdr2 dr1=mb

and for yo0:

g�B1 ¼

Z 1
p1

Z ðpb�ð1þyÞr1�p2Þ=y

ðpb�yr1�p2Þ=ð1þyÞ
f R1 ;R2
ðr1; r2Þdr2 dr1=mb

g�B2 ¼

Z 1
p2

Z ð�ð1þyÞr2�p1þpbÞ=y

ðpb�yr2�p2Þ=ð1þyÞ
f R1 ;R2
ðr1; r2Þdr2 dr1=mb.
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