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Abstract

Canonical transformation in a three-dimensional phase space endowed with Nambu bracket
is discussed in a general framework. Definition of the canonical transformations is constructed as
based on canonoid transformations. It is shown that generating functions, transformed Hamil-
ton functions and the transformation itself for given generating functions can be determined by
solving Pfaffian differential equations corresponding to that quantities. Types of the generating
functions are introduced and all of them is listed. Infinitesimal canonical transformations are
also discussed. Finally, we show that decomposition of canonical transformations is also possible
in three-dimensional phase space as in the usual two-dimensional one.

PACS: 45.20.Jj, 45.40.Dd

1 Introduction

In 1973 Y. Nambu proposed a generalization of the usual Hamiltonian dynamics, in which odd-
dimensional phase spaces are also possible [I]. To his proposal, time evolution of a dynamical
variable f(zy,...,z,) = f(x) over an n-dimensional phase space is given by the so-called Nambu
bracket

a(fa Hla .. '>Hn—1)
Ty, ..., Tn)

f:{f,Hl,...,Hn_l}: y (1)

where Hy, ..., H,_; are the functionally independent Hamilton functions and the variables x4, ..., z,
stand for the local coordinates of R™. The explicit form of the Nambu bracket () is given by the
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expression

O fa)  Oh O
{fh R fn} - m = €iy-iyy 81’2'1 82L’2n . (2>

(Throughout the text, sum is taken over all repeated indices). The coordinate-free expression of the
Nambu bracket is defined by means of the (n — 1)-form I' = dH; A --- A dH,,_1, namely

“(df NT)={f Hi,...,Hy1}, (3)

where d and A denote the usual exterior derivative and exterior product respectively, and * is the
Hodge map.

It is well known that canonical transformations (CTs) are a powerful tool in the usual Hamilton
mechanics. They serve three main purposes: to describe the evolution of a dynamical system, to show
the equivalence of two systems, and mostly to transform a system of interest into a simpler or known
one in different variables. In this paper we study CTs in the phase space endowed with canonical
Nambu bracket and we will try to gain a deeper insight to the subject in a general framework.

The paper is organized as follows: In Sec.2, a precise definition of CT in three-space is given.
Since every CT is a canonoid transformation it is felt that an explicit definition of the canonoid
transformations should be given. In doing so, the discussion is kept in its general pattern, i.e., in
the time dependent form. Additionally, direct conditions on a CT corresponding to the ones in the
usual even-dimensional Hamilton formalism are constructed . Sec.3 is devoted to show how to find
the generating functions (GFs) and the new Hamilton functions. This section also contains the way
to find the CT for given GFs. It is seen that if one wants to know the GFs, the CT and the new
Hamilton functions, one must solve a Pfaffian differential equation related with that quantity. Sec.4
stands for the exemplification of CTs, including the definitions of gauge and point CT's in three-space.
Sec.5 deals with the classification of CTs. It gives an extensive number of types. All of the possible
eighteen types is listed in six main kinds in Table [Il As an inevitable part of the presentation,
we construct the infinitesimal transformations (ICTs) in Sec.6. It is shown that the construction
parallels the usual Hamilton formalism such that ICTs can generate finite CTs. In order to complete
the discussion, in Sec.7 it is shown that a CT in three-space can be decomposed into a sequence of
three minor CTs. This result, in fact, confirms a well known conjecture saying the same thing in the
usual classical and quantum mechanics.

2 Definition of Canonical Transformations in Three-Space

In the definition (), f and Hamilton functions Hy, ..., H,_; do not contain ¢ explicitly. For the sake
of generality we will allow the explicit ¢ dependence. Since, for the local coordinates x1, xo, x3, the
Nambu-Hamilton equations of motion give

OH, 0H,

ijk™a . o >7 .7]{;:172737 4
€]k8:cj 8:@ bJ <>

ZL;Z':

(from now on, all Latin indices will take values 1,2, 3), total time evolution of a dynamical variable
f(z,t) becomes

- af
f—{f>H1,H2}+E- (5)



Hence time evolution of the Hamilton functions amounts to the well known form

dH, OH,
dat ot

H, = a=1,2. (6)

Instead of giving directly the definition of a CT in three-space, it may be remarkable to give some
interesting situations as a pre-knowledge. First, by using the same terminology developed for the

usual Hamilton formalism in the literature [2] [3], we give the definition of a canonoid transformation.
The main definition of a CT will be based on this definition.

Definition 2.1. For a dynamical system whose equations of motion are governed by the pair
(Hy(z,t), Hy(z,t)), the time preserving diffeomorphism R x R — R3 x R such that

(23, 1) = (Xi(x, 1), 1) (7)

is called a canonoid transformation with respect to the pair (Hy, Hs) if there exist a pair
(K1(X, 1), Ko(X, 1)) satisfying

0K, 0K,

8—X]~ X, (8)

Xi = €
where R?® x R is the extended phase space in which ¢ is considered as an additional independent
variable.

The invertible transformation (7l) (canonoid or not) also changes the basis of vector fields and
differential forms:

0 9X; 0 ot o 0 9, 9 Ot 9,

o, ~ or, 0%, "onot - 8K, " aX,or, X o0 ) (9)
Oz or; . _0X; X,

dr; = I, dX; + Edt(_ 0), dX; = o, dxj + oy dt. (10)

In the time independent case, the extended part drops and the map becomes on R? as expected,
ie.,

Note that, such a map considers ¢ in any time dependent function f(z,t) as a parameter only.

According to Definition 2.1 it is obvious that K; and K> serve as Hamilton functions for the new
variables and the transformation (7)) preserves the Nambu-Hamilton equations.

As an example consider Nambu system
Ty = Tok3, To = —11%3, T3 =10 (12)

governed by the Hamilton functions

Hi(a) = (o} + 43) . Hola) = a3 (13)



Let the transformation be

Xlzl’l,XQZZ'Q,ngl'g. (14)
Now if we choice the new Hamilton functions as
1 2
Ki(X) = 5(XT +X3) , Ka(X) = 2X37, (15)

we see that Nambu-Hamilton equations of motion remain covariant. For a different pair (H;, Hs),
there may not exist a new pair (K7, K5) for the same transformation.

It is well known that the canonicity condition of a transformation must be independent from the
forms of the Hamilton functions. We now give a theorem related with this condition. Our theorem is
three-dimensional time dependent generalization of the two-dimensional time independent version [4].

Theorem 2.1. The transformation () is canonoid with respect to all Hamiltonian pairs iff

{X1, X5, X3} = constant. (16)

Proof: If we consider the fact that
. 0 0(Ki, Ky)
TROX; 0(X;, Xp)

=0, (17)

it is apparent from (8) that the existence of K; and Ks is equivalent to

0X;
ax, 0 (18)
Since
. 0X,; . 0X;

with the help of (), (I8) reduces to

0 (0X,0H\0Hy\ | 0 X, _ 20)
Mox, \ox; oz 01, ) T 0X; ot

Equivalently,

(0 OX\\OH\OHy | 0X, O (OH\0Hy\ & 0 X, _ o
M\ OX; 0x; ) Orp 0m | M or; 0X; \ Oz, 0m ) T OX, ot

If the first transformation rule in (9 is used, the second term of (21]) vanishes as

0 0(Hy, Hs)

Ejkla—l’j a(gjk,l’l) =0. (22)

If we impose the requirement that the transformation is a canonoid transformation independent from
the Hamilton functions H; and Ho, the coefficients in the first term of (2I]) must vanish, namely

0 0X; 0
8XZ 81’]' N

(23)
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The last term in (21]) is already Hamiltonian independent and it gets directly zero with the condition
[23). Therefore the theorem becomes equal to the following statement

0 0X;

6XZ 01']- N

0 < {Xi,Xs, X3} = constant. (24)

It is straightforward to see, after a bit long but simple calculation, that
8Xm{X17X27X3} = 07 (25>

if (23)) is satisfied. Conversely, the explicit form of (25]), for m = 1 for instance, is

0X,0X;5 0 0X;
a.flfk 8251 8XZ a.flfj N

8X1{X17 X2, X3} = €4kl 0. (26)

Together with the other two values of m, (28] defines a homogeneous system of linear equations for
the unknowns
0 0X;

(27)

The determinant of the matrix of coefficients gives { X1, X5, X3}? and with the condition (I8]), the
unique solution is then the trivial one, i.e., (23)).

O

Definition 2.2. A canonical transformation is a canonoid transformation with
{X1, X, X3} = 1. (28)

Therefore a CT is a transformation preserving the fundamental Nambu bracket
{71, 9,13} =1 (29)

independently from the forms of the pair (H;, Hy). Additionally, if one employs the transformation
rule (@) for (29), the canonicity condition gives

{1'1,1’2,1'3})( = 1, (30)

where the subscript X means that the derivatives in the expansion of the bracket are taken with
respect to the new coordinates X1, X5, X3.

In fact, a brief definition of the CTs in the three-space is given in Ref. [5] as a diffeomorphism
of the phase space which preserve Nambu bracket structure. But such a definition bypasses the
probability that the transformation is a canonoid transformation.

Remark 2.1. A CT preserves the Nambu bracket of arbitrary functions, i.e.,
{f(2,8),9(x, 1), h(z, 1) }o = {f(2,1), g(z,1), h(z, 1)} x. (31)
According to the Remark 2.1., one gets

{Xi,Hi,Hs}, = {Xi, Hi, Ha}x, (32a)
{Ii,Hth}x = {$i7H17H2}X- (32b)



With the help of (@), the first covariance (B2al) implies the first group of conditions on a CT

o 9(X,, Xy) (33)

and (B2D)) implies the second group

8Xl - 8(:):]-,:Ek) ’ (34)

where (i, 7, k) and (I, m,n) are cycling indices. (33 and (34]) are the equations corresponding to the
so-called direct conditions in Hamilton formalism.

3 Generating Functions

We now discuss how CTs can be generated in the three-space. We will show that to each CT
corresponds a particular pair (Fy, Fy). F; and Fy are the GFs of the transformation defined on
R? x R, and as shown in Sec.5, they can give a complete classification of the CTs.

We start with the three-form

When (I0) is used for every one-form in (35]), we get by (28)) that

O( X, X;) 0X
(Xp, X;) o dzy A dzy, A dt, (36)

dX1 NdXos NdX3=d d d
1/\ 2/\ 3 $1A $2A $3—|— 8(:cl,xm) 8t

where the bracket | | stands for the cyclic sum. The substitution of the term

0X;  O0(Ky, Ky)
8t — a(XJ,Xk) {X27H17H2} (37>

obtained by (@), (8) and (1)), into ([BE) gives ultimately that

The first property that should be pointed out for (38)) is that, for the time independent transforma-
tions it reduces simply to

dX1 N dX2 VAN dX3 = dl’l N dl’g N dl‘3 (39)
which is an alternative test for the canonicity. Now let us rewrite (38)) as

We assume that the closed two-form €2 can be decomposed as the product of two one-forms dF; and
dF5, then

dF1 VAN dF2 = IldIQ VAN dl‘3 - deXQ A dX3 - Hlng Adt + Klng A dt. (41)

6



Equating the coefficients of similar basic two-forms not including dt on both sides of ({Il) gives

Aor ) =5 gy = At
Ao~y = B
Aore) = NGy = Clod) (42
where the relation
e a0 (43)

is satisfied independently from the transformation due to the general rule (22)) written for the GFs
Fy and Fy. (A2) is a useful set of equations in finding both GFs and CTs: Since we have also

OF, O(F.Fy) _  OF, 0RO _ | a4)
dxy; 0(:)3j,atk]) * o, &BJ Oz, ’

given CT X;(z), the GFs appear as the solution to the Pfaffian partial differential equation

OF, OF, OF,
Az, )&E1 (x,t)=— 0t + C(x,t)=— o1,

=0, (45)

up to an additive function of t. Conversely, given GFs, ([42)) provides the differential equation for X,
and X3

Alw) =l 52 + Bl S+ w05

oo o~ =0 , B=23 (46)

Once Xj3(z,t) has been determined, the complementary part X (x,t) of the transformation is imme-
diate by returning to (42).

The general solutions to ([@5) and (@) are arbitrary functions of some unique arguments. Hence,
F,, or X3 do not specify the transformation uniquely. However, by obeying the conventional procedure
in the textbooks, through the text we will accept these unique arguments as the solutions so long as
they are suitable for our aim.

On the other hand, in ([&I]), the coefficients of the forms including dt gives another useful relation
between the GFs, the CT and the new Hamilton functions;

O(Fy, F Oy | . 0Ky (Xa, X

(x4, t) 8:6Z Or; (47)

Given a dynamical system with (Hy, Hy) and a CT, finding the pair (K7, K3) is another matter. In
order to find the new Hamilton functions, we consider the interior product of d; and the three-form

([B8) resulting

0Ky, K5) _ O(Hy, Hy) | 0Ky, X1) 0o

Oana;)  Owiz;) | Owna;) OF fii(@,t). (48)

7



Given f;;, by means of (44]) which is also valid for the pair (K7, K3), we obtain the differential
equation

0K,
[ij axk}

whose solutions are the new Hamilton functions.

f =0 (49)

Alternatively, the Pfaffian partial differential equation

Xi < —
originated from (§]) and from the fact
0K, 0Ky, Ky) _  0Ka OK1 0Ky _ -
X, 0(X;, X)) Fox; 0X;0X,
gives the same solution pair but in terms of X. It is apparent that the pairs (F}, F») and (K7, K5)
must also satisfy (@T]).

For the time independent CTs, finding the new Hamilton functions is much easier without con-
sidering the differential equations given above:

Theorem 3.1. If the CT is time independent, then the new Hamiltonian pair can be found simply

as
(KL (X, 1), Ka(X, 1)) = (Hi(2(X), 1), Ha(2(X), 1)). (52)
Proof:
o 0 oxom o,
Y0z, " Oy Oz Oy,

_ 09X, 0X, 0X, 0H, OH,
O Oy, Oy OXy 0X,

OH, 0H,

= {X,-,Xk,Xl}a—Xka—Xl
OH OHy  O(Hy, Hy)
HOX, 0X,  O(Xp, X))
A(K., Ks)

= XL X)) (53)

where (i, k, () are cycling indices again and (@) and (2)) are used in the first and second lines respec-
tively.

Note that the new Hamilton functions K7 and Ky may contain ¢ explicitly due to Hy(z,t) and Ha(x,t)
even if the transformation is time independent.

Before concluding this section, it may be remarkable to point out that in his original paper, as an
interesting approach, Nambu considers the CT itself as equations of motion generated by the closed
two-form

dH(z) N dG(z) = Xy(x)dxy A dag + Xo(x)des A doy + Xs(z)dxy A dxs. (54)

8



Though (B4) is a powerful tool to find the CT or the GFs, its closeness property imposes the restriction

0X4 n 0X, n 0X3
0:)31 81’2 81’3

on the transformation. Linear CT (64]) satisfies the restriction (53) and its analysis via (54]) can be
found in Ref. [1].

=0 (55)

4 Most Known Canonical Transformations and Their Gen-
erating Functions

(1) Scaling transformation:
Xi=axr;, Xo=bry, X3=cr3, abc=1. (56)
Since the transformation is time independent, (41]) becomes
dFy AdF, = 0. (57)

There exist three possibilities for the GFs: F, = constant, Fy = F»(F)) and F} = f(x), Fy =
constant. We prefer the one compatible with the usual Hamilton formalism, i.e., F,, = constant
which also corresponds to the so-called Methieu transformation [6]. The special case a =b=c =1
is the identity transformation, of course.

As a direct application consider the Euler equations of a rigid body [I]

. T3 H%)
r1 = Toy— — T3—
I3 I’

. T T3
Tog = X3— — X1
I I3’

. T2 x

1'321'1]——1'2]—, (58)

2 1

where x; stands for the components of angular momentum and I; is the moment of inertia corre-
sponding to the related principal axis. If we take 42 = —1/I; + 1/}, with the cycling indices, (53]
leads to

Ty = Vi TaTz , To = YaT3Ty , T3 = V3 1T, v+ +7; =0. (59)

If v179y3 = 1 is also satisfied, then the equations of motion are generated by the Hamilton functions

1 /22 22 1 /22 22
H, = - —1——2),}1:—(—1——3). 60
! 2<7% 2 272\ 2 (60)

The scaling transformation

Xi=x1/m, Xo=129/72, X3=1u3/7, (61)
converts the Euler system (58)) into the Lagrange system [7]
Xl = X2X3 y X2 == X3X1 5 Xg == X1X2 (62)

9



which is also called Nahm’s system in the theory of static SU(2)-monopoles generated by the trans-
formed Hamilton functions
K, =

(X —X3) , Ko=< (X7 —X3). (63)

N —
N —

(ii) Linear transformations:

Three-dimensional version of the linear CT is immediate:

X1 = a1 SL’1+CL25L’2+CL3SL’3,
X2 = bl 1’1+bgl’2+bgl’3,
X3 = ¢+ cpxg + c3 13, (64)

satisfying a; a1 + as aip + a3 a3 = 1, where

a; = bycg—bscy,
ag = bzcy — bycs,
3 = bl Cy — bg Cy. (65)

The solutions to (45) appear as the GFs;

Fl(l') = QT3 — (3 T9,
1 «Q o
2 1 2 1 2
Fy(r) = ——a1x7+ ——a2;+ ——as3x5 — a3 T Ty — a3 T1 T3. (66)
2 20(2 20(3

As an application of the linear CTs we consider the Takhtajan’s system [5];
1;1:23'2—1’3,1:2:1’3—1'1,1:32113'1—113'2. (67)

The implicit solution of the system is the trajectory vector r(t) = z1(t)e; + z2(t) es + x3(t) e3
tracing out the curve which is the intersection of the sphere H; = (2? + 2% + 22)/2 and the plane
Hy = x1+ x5+ x3. r(t) makes a precession motion with a constant angular velocity around the vector
N = e; + e, + e3 normal to the Hy plane. The linear CT corresponding to the rotation

X 1 +1 2

=—=x —( Ty — —= I3,
1 1

Xy = ——=x1 + —= 29,

SN, RN

X 1 n 1 n 1
—=T+ =T+ —F—=7T
3 3 1 /3 2 3 3

coincides N with the e3 axis. The new system is then given by the well-known equations of motion
of the Harmonic oscillator

(68)

Xlz\/§X2,X2:—\/§X1,X3:0 (69)

with the Hamilton functions K; = (X2 + X2 4+ X2)/2 and K, = /3 X3. Therefore inverse of the
transformation provides directly an explicit solution to the original system.

10



(iii) Gauge transformations:

We will define the gauge transformation in our three-dimensional phase space as a model trans-
formation which is similar to the case in the usual Hamilton formalism:

Xy =z, Xo=m+ fi(z1) , X3 =23+ folz1), (70)
where fi(z1) and fy(x;) are arbitrary functions determined by the GF. Since
9fr 9fs

@ =0, B =0 52, clw) = 22, M)
(#H) provides us the GFs as the following form
of f 1
Fi(z) = a—; — 3 0—331  Byfw) = =5 ot (72)

By keeping ourselves in this argument, other possible gauge transformation types can be constructed
easily. For instance, a second kind of gauge transformation can be defined by

Xi =21+ g1(22) , Xo =29, Xg =23+ ga2(22) (73)
and it is generated by F} = gi(x2) x5 and F» = x5. Another type is
Xl =T + hl(l'g) s X2 = T2 + hg(l’g) s X3 = T3 (74)

and it is generated by F| = hy(x3) zo and F» = —x3.

(iv) Point transformations:
Our model transformation which is similar to the Hamilton formalism again will be in the form
X1 = filzr) , Xo= folwr) 22, Xz = fy(21) 23, (75)
where fi, fo and f3 are arbitrary functions satisfying

9h

8—:61 2 fs =1 (76)

([#2)) says that

Alz) =21 - fifa fs, ()—ifzflfsg—ﬁ> ()—553f1f28f3

and to find the GFs we use ([43]) of course, hence

P =mon(~ [ L) e ([ an),

o[ [L (24 E)w]-c -

11
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Other possible types of the point transformation;

X1 =gi(z2) 21, Xo = g2(w2) , X3 = g3(22) 23, (80)
and

Xy = hi(zs) x1, Xo = ho(x3) za, X3 = hs(z3) (81)

give surprisingly constant GFs.

(v) Rotation in R?:

This last example is chosen as time dependent so that it makes the procedure through a CT more
clear. Consider again the system (67) together with the CT

Xi=x1, Xo =29 cost+ a3 sint, X3 = —uy sint + x3 cost (82)

corresponding to the rotation about the x; axis. The first attempt to determine the GF's is to consider
#@H). Since A(z) = 0, B(z) = 0 and C(z) = 0, that equation does not give enough information on
the pair (Fy, F»). Still things can be put right by considering first ([9)). For our case it yields

0K,

(r9 — x3) 8x? + (223 — x1) %x; + (x1 — 2x9) ors 0 (83)
with the solution
Klzé(zfjtxg%—a:g) , Ky =221 + 29 + 3. (84)
Note that one gets, with the aid of the inverse transformation, that
K, = 1(Xl2 + X2+ X2) | Ky =2X; + (cost +sint) Xy + (cost — sint) X3 (85)

2

and this is also the solution to (B0)). Now the right hand side of (47 is explicit and the solution
2
F1:%<%+x§+x§) =t (86)

also satisfies (42) or ([43]).

5 Generating Functions of Type

A CT may admit various independent triplets on R® x R apart from (1, zo,x3) or (X1, Xo, X3).
Two main groups are possible; first one is (x;,x;, X;), and the second one is (X, X, zx), where
i # 7 and every group contains obviously nine triplets. In order to show how one can determine the
transformation types, two different types of them are treated explicitly. The calculation scheme is
the same for all possible types which is listed in Table [II

12



First, we consider the triplet (zq,x2, X3). Then if every term in ([AI]) is written in terms of
(x1, 22, X3), the equivalence of related coefficients of the components on both sides of that equation
amounts to

ot _ v
a(»’l?bffz) ! Oxy’
a(f17f2> - X %
a(X3vx1> ! 0y ’
o(fi,fa) Ox3 0X5
0(z2, X3) - 0X3 X 0xy ' (87)
and
ofi, f2) 0H, 0K,
w1, t) H 0xy + i oxy’
a(fhf?) o aI—[2 8K2 8,’,53
Bant) gy, Thig, T
a(fhf?) o aI—[2 8K2 an
G~ oy, TRy TN (88)

where f, = F,(x1,xs, x3(x1, 22, X3,1),t). Given GFs f; and f,, these equations do not give always
complete information on the transformation. But consider the rearrangement of (&7])

a(fb f2) i a(fflfs, 932) 3
8(1’1,1’2) 8(:171, 1'2) ’
a(fla f2) 8($1x3, 56’2) _ X %
8(X3,LU1) 8(X3,x1) ! 81’1 ’
a(flu f2) 8(I1$3, $2) 0X,
= —-X;— 89
8(I2, X3) 8(x2, Xg) ! 81’2 ’ ( )
which is equivalent to
df1 N df2 + d($1$3) VAN dZL’Q = l’gd.ﬁ(]l A dZL’Q - deXg VAN dX3
—HidHy N dt + K1dKy A dt. (90)
For the functions F,(z1, x9, X3,t) which are the solutions to the differential equation
0X, 0F, 0X, 0F, OF,
e e it e =0 91
! 01'2 81’1 ! 81’1 01'2 $30X3 ( )
obtained from (89); (Q0) leads to
(dFl VAN dF2)l = l’gdl’l N d!L’Q — deX2 VAN ng — Hl ng A dt + KldK2 Adt (92)

corresponding to the our first kind transformation. Note, as can be seen from Table [I that the first
kind contains three types. Now x3 is immediate by

= T3, (93)



and for X, one needs to solve

e [ &

o (94)

which is originated from (89) again. Note that the equivalence of ([O0) and ([@2]) does not imply in
general ] = fi + z123 and Fy = fo + @9 unless df; A dxe = dfy Ad(z123). On the other hand, for the
transformations f, = x, the equivalence

dFl VAN dF2 = d(fl + 1'11’3) AN dl’g (95)
is always possible. To be more explicit about this remark, consider the CT
X1:$1+$2,X2:$2+$3,X3:$3. (96)

If the general solutions of (X)) are taken as the independent functions Fy = zox3, Fy = o, then the
corresponding functions of type become f; = 25 X3, fo = x5. Hence by the virtue of ([03]) the GF's are

F1 = (.f(fl + LUQ)Xg s F2 = X9. (97)
Conversely, ([O7) generates, via (89) and ([©4]), the CT

X1 =21+ 29, X2 =Xy + h(l‘g) s X3 = XI3. (98)

Second, consider the triplet (xq, 3, X1). This time, for f,(z2, 3, X1,t), @) says

o f) _ . 00X Xy)
8(1’2,253) ! ! 8($2,I3)
i h) o X Xs)
RACLLULYEN N :
8(X1,x2) 8(X171’2)
o f1, I2) (Xy, X3)
. = X, =Y 99
0(:)33,X1) ! 8(1’3,X1) ( )
similar to ([42]) and
A(f1, f2) 0H, 0K, 0(Xs, X3)
0(5,15) 1 8€ + 1 8€ 1 0(5,15) ) 6 X2, T3, A1, ( 00)
similar to ([A7). This last system of equations says that
dfi Ndfy = dFy (g, 13, X1,t) A dFy(22, 73, X1,1)
= l’ldl’g A dl’g - X1 dX2 N dX3 - HldHQ A dt + KldKQ A dt. (101)
and therefore
fa(x27$3aXlat) :Fa(x27$3aXlat)' (102)

Note that F,(za,x3, X1,t) serves just like the GF of first type Fi(q,@,t) of the usual Hamilton
formalism. As can be seen in the Table 1, there are six GFs of this type. The example given above
obeys also this type of transformation.
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As a further consequence, one should note that a CT may be of different types at the same time.
For example the scaling transformation given in Sec.4 admits four types simultaneously:

1
Fy = -2, X3, Fy = 19,
[

1
Fy = — 21Xy, 5 = x3,

b
Fiy = —ca3 Xy, Fo = Xy,
Fl = bl’gXl, F2 = Xg. (103)

6 Infinitesimal Canonical Transformations

In the two-dimensional phase space of the usual Hamilton formalism, ICTs are given by the variations
in the first order

oG
Q = q+6m(q,p)=q+€{q,G}=q+68—p,
oG
P = p+6nz(q,p)=p+6{p,G}=p—ea—q, (104)

where € is a continuous parameter and G(q, p) is the GF of the ICT. The canonicity condition implies

om Oy
— 4+ —===0 105
dq + Op (105)
up to the first order of e. Following the same practice, these results can be extended to the three-
space. An ICT in the three-dimensional phase space would then be proposed as

X =z +efi(r) =z + e{x;, Gy, G} :xi+e%, (106)
where G (z) and Gy(x) generate directly the ICT via
dG1 NdGy = frdxe Ndxs + fodxs Adxy + fydry A dxs. (107)
One can check easily that, similar to (I03]), the canonicity condition (B9) implies
dfi(x) L Of2(x) L 0fs(z) _ (108)

81’1 81’2 8353
up to the first order of € again.

It is well known that an ICT is a transformation depending on a parameter that moves the system
infinitesimally along a trajectory in phase space and therefore a finite CT is the sum of an infinite
succession of ICTs giving by the well known expansion

0=+ c{e. G} + 5{{0.GL.GY + 5 {9 GL.CLGY + - (109)
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where ¢ = @), P and ¢ = ¢, p in turn. With the same arguments used for the two-dimensional phase
space, the transformation equation of a finite CT generated by the GFs GGy and G5 will correspond
to

X, = zi+e{z;,G,Gao} + ;—i{{x“ G1,Ga}, G, Ga}
+;{{{xi,G1,G2},Gl,Gg},Gl,Gg}—|—~-~ . (110)
Equivalently, if we define the vector field
Vo = f1(2) Ou, + f2(2) Oy + f5(2) Ony, (111)
it is easy to see that the same transformation is given by
eVag, = X,. (112)
We can give a specific example showing that this construction actually works. For this aim we
consider the CT
Xi=x1, Xo=1x0+e€x3, X3=u1u3— €cxs. (113)
The transformation is generated by GFs
Gr(a) = 5(a3+13), Gale) = (114)
or by vector field
Vi = 23 0py — 72 0u, (115)

which is the generator of rotation about x; axis. Therefore it is immediate by means of (I10]) or
(I12)) that our finite CT is

X1 =z, Xy=uzycos€e+ax3sine, X3= —x98ine-+ r3co8¢€, (116)

where the parameter € stands clearly for the rotation angle.

7 Decomposition of the Transformations

In classical mechanics a conjecture states surprisingly that any CT in a two dimensional phase space
can be decomposed into some sequence of two principal CTs [8]. These are linear and point CTs.
Proceeding elaborations of this conjecture in quantum mechanics led to a triplet as a wider class
including gauge, point and interchanging transformations [9, [I0]. One can check that the same triplet
can also be used for the classical CTs. Without giving so many examples here, we give a particular
one for the sake of motivation: Consider the CT

s ¢ q
—p?— S 4 117
g R % (117)
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converting the system with linear potential Hy = p®+¢q into the free particle H; = p?. (In this section,

we prefer using the map representation of CTs so that we can perform easily the transformation

steps). The decomposition of the transformation can be achieved by the following five steps in turn;
1. interchange q—p, p— —q,

2.gauge q—q, p—p—q,
3. interchange q— —p, pP—4g,

4. point  q—¢, p—p/(2),
5. interchange q——p, P—(q (118)

corresponding symbolically to the sequence from right to left

As a challenging problem, the statement has not been proven in a generic framework yet. But even
though it is not true for every CT, it applies to a huge number of CTs. Parallel to the presentation,
we will show that the discussion also applies to the CTs in the three-space.

First we will decompose the linear CT (64]). Before doing this note that all the three types (70),
([73), () of gauge transformation can be generated by the GFs

Vo, = [i(21)0, + fo(21) 0z,
VG2 = 01 (x2>8:v1 + g2(x2)a.’237
VGS = hl (5(:3)8321 + hg(flﬁg)agm (120)

respectively when considering (I12)). Now for the choices

f1(931) =Nz, f2(931) = A\ T,
91(362) = M1 22, 92(%) = M2 X2,
hi(xs) = vy 23, ho(x3) = 1223, (121)

the sequence
St =PG3G2G, (122)

where P stands for the point transformation generating the scaling transformation (56), generates
in turn the transformation chain

1. gauge Ty — Ty, To— To+ )\15(71, T3 — T3 + >\2.§L’1,
2. gauge  xy — Ty + U1%2, Ty — Tz, T3 — T3+ [als,
3. gauge T — T1 +11T3, To — To+ T3, T3 — T3,
4. point T1 — ary, To9 — bre, I3 — CI3. (123)

Application of ([I22)) to the coordinates (x1, z2, x3) gives thus the linear CT

X1 = axy+bugxe+ (v + pyva)xs,
Xo = alay +b0(1+ A ) ze+c[Arvr 4 (14 Ap ) vo] 2,
X3 = CL)\Q T +b(,U/2 + 1 )\2) T2 —|—C[1—|—)\2 v+ (,UQ + 1 )\2) Vg] x3. (124)
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The next example is related with the cylindrical coordinate transformation

1 T
Xl = 5(1’% —l—l’g) s X2 = tan_l -2 s X3 = I3. (125)
T
The sequence
1. interchange Ty — —Xy, X9 — T1, X3 — T3,
2. point r) —tan "ty @y — (1 + 232, T3 — 23,
3. interchange T1 — T2, Ty — —X1, T3 — T3,
4. point Ty — 22)2, x9 — Ty/T1, T3 — T3, (126)

which can be written in the compact form
Sc =PIy P T4 (127)

is the decomposition of (I25]).
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Table 1: Types of the canonical transformations in six kinds. (r = 1,...,6 and U = HdHy A dt —
K1dEs A dt).
Independent variables (dFy N dEy)r
l’l,l'g,Xl
Ty, T2, X2 df1 VAN dfg + d(ﬂfll’g) N dl’g = l’gdl’l N dl’g - deXg AN dX3 - U
1’1,$2,X3
$1,$3,X1
T1,T3, X2 df1 A df2 - d(.ﬁ(}lﬂfg) VAN dﬂ?g = .I'Qdﬂ?g AN dﬂ?l - deX2 A ng —-U
Ty, T3, X3
T3, T3, X1
T2, T3, X2 dfl AN df2 = l’ldl'g VAN dl’g — deX2 VAN ng U
Ty, T3, X3
X1, X2, 21
Xl, XQ, i) dfl A\ dfg — d(Xng) A dX2 = l‘ldl'g A dl’g — ngXl N dXQ — U
X1, Xo, 73
X1, X3, 21
Xl, Xg, T2 df1 A dfg + d(XlXQ) A\ ng = .Tldl’g A dﬂ?g - XQng A dX1 - U
X1, X3, 23
Xo, X3, 71
XQ,Xg,.CL’Q df1 /\df2 = l’ldl’g/\dl’g —deXg/\ng - U
Xg,Xg,ZL’g
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