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Abstract

Bi-presymplectic chains of 1-forms of co-rank 1 are considered. The conditions
under which such chains represent some Liouville integrable systems and the
conditions under which there exist related bi-Hamiltonian chains of vector fields
are derived. To present the construction of bi-presymplectic chains, the notion
of a dual Poisson-presymplectic pair is used, and the concept of d-compatibility
of Poisson bivectors and d-compatibility of presymplectic forms is introduced.
It is shown that bi-presymplectic representation of a related flow leads directly
to the construction of separation coordinates in a purely algorithmic way. As an
illustration, bi-presymplectic and bi-Hamiltonian chains in R? are considered
in detail.

PACS numbers: 02.30.1k, 45.20.Jj

1. Introduction

Symplectic structures play an important role in the theory of Hamiltonian dynamical systems.
In the case of a non-degenerate Poisson tensor, the dual symplectic formulation of the dynamic
can always be introduced via the inverse of the Poisson tensor. On the other hand, many
dynamical systems admit Hamiltonian representation with a degenerate Poisson tensor. For
such tensors, the notion of dual presymplectic structures was developed [2, 3, 6, 11].

The presymplectic picture is especially interesting for Liouville integrable systems. There
is a well-developed bi-Hamiltonian theory of such systems, starting from the early work of
Gel’fand and Dorfman [7]. Particularly interesting are these systems whose construction is
based on Poisson pencils of the Kronecker type [8, 9], with a polynomial in pencil parameter
Casimir functions, together with related separability theory (see [4, 10] and references quoted
therein). The important question is whether it is possible to formulate an independent,
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alternative bi-presymplectic (bi-inverse Hamiltonian, in particular) theory of such systems
with related separability theory and what is the way to relate these two theories to each
other.

This paper develops the bi-presymplectic theory of Liouville integrable systems and
related separability theory in the case when the co-rank of presymplectic forms is 1. The
whole formalism is based on the notion of d-compatibility of presymplectic forms and d-
compatibility of Poisson bivectors.

Let us point out that although the case of co-rank 1 is very special, nevertheless it is of
particular importance. Actually, the majority of physically interesting Liouville integrable
systems from classical mechanics belong to that class of problems. In particular, it contains
all systems with first integrals, quadratic in momenta, whose configuration space is flat or of
constant curvature. So, it seems that the case of co-rank 1 is worth of separate investigation.
On the other hand, it is clear that in order to complete the new theory a generalization to
a higher co-rank is necessary. In fact the work is in progress, although it is a non-trivial
task as the systems with higher co-ranks show specific properties not shown in the case of
co-rank 1.

Another question the reader can ask is about the relevance of the formalism presented. As
we know that it is a well-established bi-Hamiltonian separability theory, the question is what
can we gain when applying its dual bi-presymplectic (bi-inverse- Hamiltonian, in particular)
counterpart. The answer is as follows. In the bi-Hamiltonian approach, the existence of the
bi-Hamiltonian representation of a given flow is a necessary condition of separability but not a
sufficient one. In order to construct separation coordinates, a Poisson projection of the second
Hamiltonian structure onto a symplectic leaf of the first one has to be done. Unfortunately,
it is far from a trivial non-algorithmic procedure that should be considered separately from
case to case. Moreover, there is no proof that it is always possible. In contrast, once we
find a bi-presymplectic representation of a flow considered, the construction of separation
coordinates is a fully algorithmic procedure (in a generic case obviously), as the restriction of
both presymplectic structures to any leaf of a given foliation is a simple task. For this reason,
we do hope that the new formalism presented in the paper will be relevant to the modern
separability theory and hence interesting for the readers.

The paper is organized as follows. In section 2, we give some basic information on
Poisson tensors, presymplectic 2-forms, Hamiltonian and inverse Hamiltonian vector fields
and dual Poisson-presymplectic pairs. In sections 3 and 4, the concepts of d-compatibility of
Poisson bivectors and d-compatibility of closed 2-forms are developed. Then, in section 5,
the main properties of bi-presymplectic chains of co-rank 1 are investigated. We present
the conditions under which the bi-presymplectic chain is related to some Liouville integrable
system and the conditions under which the chain is bi-inverse Hamiltonian. The conditions
under which Hamiltonian vector fields, constructed from a given bi-presymplectic chain,
constitute a related bi-Hamiltonian chain are also found. We also illustrate a construction of
separation coordinates once a bi-presymplectic chain is given. In sections 68, we investigate
in details, with many explicit calculations and examples, a special case of bi-presymplectic
and bi-Hamiltonian chains in R,

Finally, let us remark that our treatment in this work is local. Thus, even if it is not
explicitly mentioned, we always restrict our considerations to the domain ¥ of manifold M
where appropriate functions, vector fields and 1-forms never vanish and respective Poisson
tensors and presymplectic forms are of a constant co-rank. In some examples, we perform
calculations in a particular local chart from X.
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2. Preliminaries

On a manifold M, a Poisson tensor is a bivector with a vanishing Schouten bracket. A function
¢ : M — Riis called the Casimir function of the Poisson operator IT if [1dc = 0. A linear
combination IT; = IT; — ATl (A € R) of two Poisson operators Iy and IT; is called a Poisson
pencil if the operator IT, is Poisson for any value of the parameter A. In this case, we say that
Iy and I1; are compatible. Having a Poisson tensor, we can define a Hamiltonian vector field
on M. A vector field X related to a function F € C*°(M) by the relation

Xp = [1dF Q2.1

is called the Hamiltonian vector field with respect to the Poisson operator I1.

Further, a presymplectic operator €2 on M defines a 2-form that is closed, i.e. d2 = 0,
degenerated in general. Moreover, the kernel of any presymplectic form is always an integrable
distribution. A vector field X related to a function F € C°° (M) by the relation

QxF =drF (2.2)

is called the inverse Hamiltonian vector field with respect to the presymplectic operator 2.

Definition 1. A Poisson bivector T1 and a presymplectic form Q2 are called compatible if QIIQ
is a closed 2-form.

Any non-degenerate closed 2-form on M is called a symplectic form. The inverse of a
symplectic form is an implectic operator, i.e. invertible Poisson tensor on M and vice versa.

Definition 2. A pair (I1, Q) is called a dual implectic—symplectic pair on M if Tl is a
non-degenerate Poisson tensor, Q2 is a non-degenerate closed 2-form and QI = T1Q2 = 1.

So, in the non-degenerate case, the dual implectic—symplectic pair is a pair of mutually inverse
operators on M. Moreover, the Hamiltonian and the inverse Hamiltonian representations are
equivalent because for any implectic bivector I there is a unique dual symplectic form
Q = I1~!, and hence a vector field Hamiltonian with respect to IT is an inverse Hamiltonian
with respect to 2.

Let us extend these considerations onto a degenerate case. In order to do it, let us
generalize the concept of the dual pair from [3]. Consider a manifold M of an arbitrary
dimension m.

Definition 3. A pair of tensor fields (I1, Q) on M of co-rank r, where 11 is a Poisson tensor
and Q is a closed 2-form, is called a dual pair (Poisson-presymplectic pair) if there exist r
1-forms «; and r linearly independent vector fields Z;, such that the following conditions are
satisfied.

(l) Oli(Zi) = (Sl‘j,i = 1,2, R o
(ii) kerI1 = Splo; i =1,...,r}.
(iii) ker Q2 =Sp{Z; :i=1,...,r}
(iv) The following partition of unity holds on T M, respectively on T*M,,

I=HQ+ZZ,~®0¢,~, I=QH+Za,~®Z,~. (2.3)

i=1 i=1
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In contrast to the non-degenerated case, for a given Poisson tensor IT the choice of its
dual is not unique. Also for a given presymplectic form €2, the choice of the dual Poisson
tensor is not unique. The details are given in the following section. For the degenerate case,
the Hamiltonian and the inverse Hamiltonian vector fields are defined in the same way as for
the non-degenerate case. But for degenerate structures, the notions of the Hamiltonian and
inverse Hamiltonian vector fields do not coincide. For a degenerate dual pair, it is possible
to find a Hamiltonian vector field that is not inverse Hamiltonian and an inverse Hamiltonian
vector field that is not Hamiltonian. Actually, assume that (IT, 2) is a dual pair, X = I1dF
is a Hamiltonian vector field and dF = QX7 is an inverse Hamiltonian 1-form, where XF is
an inverse Hamiltonian vector field. Having applied €2 to both sides of the Hamiltonian vector
field, IT to both sides of the inverse Hamiltonian 1-form and using decomposition (2.3), we
get

dF = Q(Xp) + Y Zi(Fey, Xp=X"->"a;(x"Z:. (2.4)
i=1 i=1
It means that an inverse Hamiltonian vector field X is simultaneously a Hamiltonian vector
field X, i.e. X¥ = X, if dF is annihilated by ker(2) and X is annihilated by ker(IT).
Finally, for a dual pair (T1, €2), the following important relations hold:
[Z;,Z;]1=0, Lx, I1=0, Lz T1 =0, LxrQ =0, Lz, Q=0, (2.5

where Ly is the Lie-derivative operator in the direction of vector field X and [.,.] is a
commutator.

3. D-compatibility for a non-degenerate case

In this section we introduce a notion of d-compatibility when a dual pair is an implectic—
symplectic one, i.e. when it is of co-rank 0. Let M be a manifold of even dimension m = 2n.

Definition 4. We say that a closed 2-form Q2 is d-compatible with a symplectic form Qg if
Iy, 11y is a Poisson tensor and Ty = Qal is dual to Q.

Definition 5. We say that a Poisson tensor Iy is d-compatible with an implectic tensor Il if
QoI is closed and Q2 = 1'[61 is dual to 1.

Now, the following lemma relates d-compatible Poisson structures, of which one is
implectic, and d-compatible closed 2-forms, of which one is symplectic.

Lemma 6.

(i) Let an implectic tensor Iy and a symplectic form 2y be a dual pair. Let a Poisson tensor
I1; be d-compatible with Tly. Then Qo and Q1 = QuI112y are d-compatible closed
2-forms.

(ii) Let an implectic tensor Iy and a symplectic form Qg be a dual pair. Let a closed 2-form
Q) be d-compatible with Q. Then Ty and 1| = Iy 11y are d-compatible Poisson
tensors.

Proof. We have I1yQ¢ = Qpllg = 1.

(1) The form (11,2 is closed since (I1y, I1;) are d-compatible. The forms (€29, €2;) are
d-compatible as the tensor

IMo2 Ty = Mo IT; 20Ty = IT;

is a Poisson tensor.
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(ii) The tensor I1; is Poisson since (€2, §21) are d-compatible. The Poisson tensors (ITy, IT;)
are d-compatible as the form

QoI 20 = QT2 TH2) = 2
is closed. 0

What is important in the case considered is that the notions of d-compatibility and
compatibility of Poisson tensors are equivalent. Actually, one can show (see for example [5])
that if QoIT{€2 is closed (which means d-compatibility of [Ty = £, ! and IT,), then IT, and
IT; are compatible and vice versa; if I1y and I1; are compatible, then ©2¢I1; 2 is closed and
hence Iy and I1; are d-compatible [2].

4. D-compatibility for a degenerate case

Let us extend the notion of d-compatibility onto the degenerate case.

Definition 7. A closed 2-form 2 is d-compatible with a closed 2-form Qo if there exists
a Poisson tensor Ty, dual to Q, such that T19Q2,T1y is Poisson. Then we say that Q2 is
d-compatible with Qo with respect to Tl.

Definition 8. A Poisson tensor T1; is d-compatible with a Poisson tensor Il if there exists
a presymplectic form 2, dual to Ty, such that Q11,2 is closed. Then we say that T1; is
d-compatible with Ty with respect to Q.

In the rest of this paper we restrict our considerations to the simplest case, when the dual
pair considered is of co-rank 1 and our manifold M is of odd dimension dim M = m = 2n+1.

As was mentioned in the previous section, a presymplectic form dual to a given Poisson
tensor is not unique. The set of all presymplectic forms dual to IT is parametrized by an
arbitrary differentiable function on M. Moreover, as I is a Poisson tensor then an arbitrary
element of its one-dimensional kernel has the form ¢« = pdH, where p is an arbitrary
differentiable function on M and H is a Casimir function of IT.

Lemma 9. Let I1 be a fixed Poisson tensor and 2 be a dual presymplectic form. Assume that
o = udH € kerIl, Z € ker Q and a(Z) = 1. A presymplectic form Q' is dual to T1 if and

only if
Q =Q+dH AdF, 4.1

where F is an arbitrary differentiable function on M.

Proof. First, observe that Z' = Z + ﬁl’IdF is an element of ker Q' and that uZ'(H) =
nwZ(H) = 1. Then,

N =M -MNdF ®dH =1 —uZQdH —TIdF ® dH = I — uZ' ® dH,

so ' is dual to IT.
Let Q and Q' be presymplectic forms dual to I1. Let Z' € kerQ' and uZ(H) =
uwZ'(H) = 1. We have

Nne=171-puzZedH.

ne' =1-uzZ ®dH.
Multiplying (4.2) by 2, we get

QY =Q — uQ((Z) dH.

4.2)
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Then, using the partition of unity, we find
I —pdHQ® Z2)Q' =Q—pnQ((Z)®dH
and
Q-Q=—-udHQQ(Z) — uQ(Z)®dH.
Since Q' — Q is a closed form, we have
uQ(Z) = —uQ(Z2) =dF — Z(F)a
and hence (4.1). O

We also have freedom in the choice of a Poisson tensor dual to a given 2-form. The set
of all Poisson tensors dual to €2 is parametrized by an arbitrary vector field K which is both
Hamiltonian and inverse Hamiltonian with respect to a dual pair.

Lemma 10. Ler Q2 be a fixed presymplectic form and I1 be a dual Poisson tensor. Assume that
Z ekerQ,a € kerIl and a(Z) = 1. Let K be a vector field such that

K =TIdF, dF = QK = Z(F) =0, K(@)=0 4.3)
for some function F. Then, a Poisson tensor I is dual to Q if and only if it has a form

M=I+ZAK. 4.4)

Proof. First, we show that IT" is Poisson. Indeed, consider a Schouten bracket
[, Ms=—-ZALxkII+KAL;I1 —2K A[Z,K]A Z.

Since LgI1 = 0, LzI1 = 0 and [Z, K] = 0, we have [IT/,IT']s = 0. Let « = udH; then
observe that o’ € ker I’ takes the form o' = udH’ = udH + dF. Moreover, uZ(H) =
wZ(H") = 1and

NQ=NQ-2ZQQK =1—-puZ®dH —Z®dF =1 — nZ  dH/,

so IT" is dual to €.
Let IT and IT’ be Poisson tensors dual to Q. Let udH € kerIl, udH’' € kerIT" and
wZ(H) = uZ(H') = 1. Using the partition of unity, we get

QM =1-pdH®Z
and
QM'=1—-udH' ® Z. 4.5)
Multiplying equation (4.5) by IT, we get
NQI =1 — w(MdH) ® Z
and
(I —puZQdH)I' =1 - u(IldH") ® Z.
Transforming the above equality, we find
N=0MN-uZeNdH — n(IldH) ® Z.
As IT' is skew-symmetric, we can put —uIT'dH = ulldH' = K, so K = I[1dF, QK = dF
and hence (4.4). O

Theorem 11. Let a Poisson tensor Iy and a closed 2-form 2y form a dual pair. Let
YO € ker Qo, ,LLdH() € ker HO and ,U,Y()(HQ) =1.

6
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(i) If Ty is a Poisson tensor d-compatible with Tl with respect to 2, then forms Qo and
Q1 = QoI are d-compatible.

(ii) If 21 is a closed 2-form d-compatible with 2y with respect to Ty, then Poisson tensors
Iy and T1} = Ty are d-compatible, provided that

/LH()QlY() = H() dF (46)

for some function F.

Proof.

(i) 2;isclosed as I is d-compatible with ITy. Then, ITo<2; 1y = T2 1T 2¢I1j is Poisson
(as was shown in [2]).
(i) From the d-compatibility of €2y and €21, it follows that IT; is Poisson. Then,

QoI €20 = QoIp€21 o200 = (I — ndHo ® Yo)21 (1 — n¥o ® dHo)
= Q, + pdHy A Q(Y).
From the assumption ITy2; Yy = Iy dF, it follows that either
Qi (uYy) =dF if Yo(F)=0
or
Qi(nYo) =dF — uYo(F)dHy if Yo(F) #0.
In both cases, QoI1; Q¢ = Q; + dHy A dF is closed. O

Theorem 12. Let a Poisson tensor Iy and a closed 2-form Qg form a dual pair. Let Y, €
ker QQ, ,deH() € ker H() and MYQ(H()) =1

(i) If T1; is a Poisson tensor d-compatible with Ty with respect to Qo and
X =TM,dHy = Iy dH,; 4.7

is a bi-Hamiltonian vector field, then Qo and Q21 = Q01110 + dH; A dHy are a d-
compatible pair of presymplectic forms.
(ii) If 2 is a presymplectic form d-compatible with Qo with respect to Ty and

B = nuY = n2Yy (4.8)

is a bi-presymplectic 1-form, then Iy and T1; = T1oQ2, 1y + X A uYy are d-compatible
Poisson tensors if there exist some functions F and G such that

ullgQoY; = Iy dF, ullp2,Y, = Iy dG, 4.9)
where X = Iy = [y dF.

Proof. (i) ©2; is closed as I1; is d-compatible with ITy. Then, [Ty 1y = ITpRIT; oIy is
Poisson (as was shown in [2]).
(i1) From (4.9), it follows that either Yo (F) # 0, Yo(G) # 0 and

uS20Y, = dF — uYo(F) dH,, u21Y) = dG — uYo(G) dHy,
nYy = X + 1Yo (F)Yo,

or Yo(F) = Y()(G) =0and
,qu = X, MQ()Y] = Q()X = dF, [LQ]Y] = Q]X = dG.
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By part (ii) of the previous theorem, the form QyIT;Q2y = QoI1pR2 1y is closed. Let us
prove that IT; is a Poisson tensor. We show that the Schouten bracket of I1; is zero. First,
observe that

[Ty, My]s = 2[Io$21TTo, X A un¥ols +[X A Yo, X A n¥ols,
as by previous theorem [I1($2; 1y, [1p$2;I1g]s = 0. Next,
[T1p€2, o, X A uYols = Yo A o (21 X)ITg — X A Tl d(2;u¥0) T
and
[X A Yy, X A uYols =2X A uYo A [Yo, X].
In the case when Q¢ X = dF and ;X = dG, we have [uYy, X] = —X ()Y, and the proof
is completed. In the second case,
[uYo, X] = [uYo, o2 n¥o] = Ly, (TloR2) Yo = Mo(L,y, 21)puYo — (TTo du A Yo) B
= Ip d(2;uYo) Yo + B(T1o du) Yo = To(dB) Yo + B(ITo d) Yo
= —Ilo d(uYo(F)) + B(I1p du) Yo.

Also,
u& Yy = QX + uYo(F)B;
hence
QX = dG — puYo(F)dF + [uYo(F))* dHy — nYo(G) dHy.
So,
Mo d(21 X)ITp = —TITp d(uYo(F)) A X.
Finally,
Mo d(21uYo) g = ITp dBTTy =0
and the proof is completed. ]

5. Bi-presymplectic chains

Now we are ready to present the main result of the paper.

Theorem 13. Assume that on M, we have a bi-presymplectic chain of I-forms:
Bi = n0Y; = ul Yy, i=12...,n, (5.1

with a d-compatible pair (29, 21) with respect to some Ty, which starts with a kernel vector
field Yy of 2y and terminates with a kernel vector field Y,, of 21, where u is an arbitrary
function. Then,

(i)
Qo(Y;,Y;) =Y, Y;) =0, i=1,2,...,n. 5.2)
Moreover, let us assume that
IyB; = X; = MydH;, i=1,2,...,n, (5.3)
which implies
Bi = dH; — pYo(H) dHo,  nY; = X; + 1Y, (Ho) Yo, (54)
where I1gdHy = 0. Then,
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(ii)
Mo(dH;,dH;) =0 [X;,X;1=0 (5.5)

and equation (5.1) defines a Liouville integrable system.
Additionally, if Y;(Hy) = Yo(H;), then
(iii) Hamiltonian vector fields X; (5.3) form a bi-Hamiltonian chain:

X; =TlydH; =11, dH;_,, i=12,...,n, (5.6)
where T1y = o1y + X1 A uYy. The chain starts with Hy, a Casimir of Ty, and
terminates with H,, a Casimir of T1;.

Proof.
(i) From (5.1), we have

QO(Yiv Y]) = QO(Yifl, Yj+1)
Ql(Yiv Y]) = QO(YH-], ijl).

Then (5.2) follows from
Qo(Y;, Yo) =0 Qi (Y;, Y,) =0.
(ii) From the properties of the dual pair (I, €2¢), if X; = [1y dH;, then
Mo(dH;, dH;) = Qo(X;, X ;).
On the other hand, as X; = uY; — «; Yy it follows that
Qo(Xi, X;j) = Qo(Y;, ¥)).
(iii)) We have
X; = odH; = ulloQ Y-y = MoQ (Xi—1 + 1’ Yo(Hi—)Yo)
= [T o dH; 1 + nYo(H;—1) X4
= (Mo Mo + X1 A uYo)dH;_y = I1, dH;_;.
From theorem 12, we know that I1; is a Poisson tensor d-compatible with ITy. We have
I dH, = (T2 o + X1 A uYo) dH, = M1 X, + uYo(H,) X1
= ullo (Yy — nYo(Hy)Yo) + nYo(Hy) X1 = —pYo(Hy) Xy + nYo(Hy) Xy = %

A simple example of a bi-presymplectic chain and its equivalent bi-Hamiltonian
representation was given in [2] where the extended Henon—Heiles system on R> was
considered. Actually, it is the system with Hamiltonians

1.2 1.2 3 1 2
Hy =3pi+3p2+4i + 39195 — cqn,

1 1 2 1. 4,122 1.2
Hy = 3q2p1P2 = 39102 + 1692 + 39192 — 3¢43

where (g, p) are canonical coordinates and c is a Casimir coordinate. We will come back to
this example in the end of this section.

Note that theorem 13 holds in an important special case when (5.1) is bi-inverse
Hamiltonian, ie. B; = dH;,Yo(H;) = 0,i = 1,...,n. Obviously, it does not have a bi-
Hamiltonian counterpart until y; = Y;(Hp) # 0, but has equivalent quasi-bi-Hamiltonian
representation on 2n dimensional manifold M. Indeed, as 8; = dH;,

ModH; = Mo uYi— = HoQ(Xi—; +yin*Yo) = Moo dH;_; + ;o dH,.

5.7
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Note that both Poisson structures ITy and ITy€2;I1y share the same Casimir H, and all
Hamiltonians H; are independent of the Casimir coordinate Hy = c¢, so the quasi-bi-
Hamiltonian dynamics can be restricted immediately to any common leaf M of dimension
2n:

JTQdHi=7T1dHi_1+)/,‘7T0dH1, i=1,...,n, (5.8)
where

7o = Molm, 1 = (€21 TIo) | m
are restrictions of respective Poisson structures to M. Hence, we deal with a Stickel system
whose separation coordinates are eigenvalues of the recursion operator N = w7, "2,
provided that N has n distinct and functionally independent eigenvalues at any point of M, i.e.
we are in a generic case.

The advantage of bi-inverse-Hamiltonian representation when compared to bi-
Hamiltonian ones is that the existence of the first guarantees that the related Liouville integrable
system is separable and the construction of separation coordinates is purely algorithmic (in
a generic case), while the bi-Hamiltonian representation does not guarantee the existence of
quasi-bi-Hamiltonian representation and hence separability of the related system. Moreover,
the projection of the second Poisson structure onto the symplectic foliation of the first one,
in order to construct a quasi-bi-Hamiltonian representation, is far from being a trivial non-
algorithmic procedure.

Let us illustrate the case on the example of the Henon—Heiles system on R* given by two
constants of motion:

Hy=ipi+3p3+4i + 30143, Hy=iqpip2— 3a1p3 + %45 + 14145 (5.9)
On R, differentials dH, and dH, have bi-inverse-Hamiltonian representation of the form
QYo =0

QoY) = dH; = 1Yy

Q()YZ = dH2 = Q[Y]

0=QY,,
where u = 1, vector fields Y; are
Yo =(0,0,0,0, )"

T
Y1 = X1+ Y1(H)Yo = (p1, p2. =341 — 143, —q102, —a1)
Ys = Xo + Ya(H))Yo = (3202, 30201 — q1p1. 3 P35 — 30143,
T

—3P1P2 = 3495 — 34192 — 143

and presymplectic forms

00 -1 0 O
o0 0 -10
Q=10 0 o of,
01 0 0 0
00 0 0 0
0 - —q1 —3q¢ 3¢} +343
5P 0 —3¢ O a4
Q= q1 50 0 0 P
1q 0 0 0 P2
-3¢t — 343 —-qi2 -p1 D2 0

10
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are d-compatible with respect to the canonical Poisson tensor dual to the €2y one. The chain
starts with a kernel vector field Y, of 2 and terminates with a kernel vector field Y, of ;.
On R4, we have

00 =1 O 0 —%Pz —q1 —%612
1 1
00 0 -1 ;2 0 =3¢ 0
wo = Qolgs = ; w1 = Qg+
01 0 O %QZ 0 0 0
and the quasi-bi-Hamiltonian representation takes form (5.8), where
0O 0 1 0
0 0 01 _1
m=Thlz=1_ ¢ ¢ o=
0 -1 0 O
0 0 @ i
0 ¢ 0
myp = o€ o |ps = | : | = MW} 70,
-1 —392 0  35p2
-3¢ 0 —3pp O
y1 = —q and y, = —%qzz. Separation coordinates (A, A,), which are eigenvalues of the

recursion operator N = 7w, 1 - wy la)l, are related to (q1, g») coordinates by the following
point transformation:

qr =i+ Ay, }quz = —A1h.

Obviously, Hamiltonians (5.9) do not form a related bi-Hamiltonian chain in contrast to
Hamiltonians (5.7).

6. Poisson and presymplectic structures in R

In this section, we consider the Poisson and presymplectic structures in R®. In this case, we
have a convenient description of the Poisson tensors and presymplectic forms and can obtain
simple conditions for compatibility. In R?, all Poisson tensors are described by the following
theorem [1].

Theorem 14. Any Poisson tensor 1 in R?, except at some irregular points, has the form
Y = pue* o, H. (6.1)

Here jv and H are some differentiable functions in R> and €'* is a Levi-Civita symbol.

Note that for the above Poisson tensor, we have [IdH = 0, that is, the kernel of IT is spanned
by the form dH. To have consistency, we chose the function w in (6.1) the same as that used
in (5.1). The compatible Poisson tensors in R are characterized by the following theorem [1].

Theorem 15. Let Poisson tensors Ty and T1y be given by (I1g)Y = uoe/*dHy and
(I1))7 = 7% 3 Hy, respectively, where g, j11 and Hy, Hy are some differentiable functions.
Then Iy and I1; are compatible if and only if there exists a differentiable function ®(Hy, Hy)
such that

om, ®

o, ®
provided that 3y, ® = 0®/dH; # 0 and 9y, ® = 0P/ Hy # 0.

M1 = Ko (6.2)
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For example, from the above theorem it follows that a Poisson tensor Iy, given by © and
a function Hy, and a Poisson tensor I1;, given by —u and a function H;, are compatible. One
should take ® = Hy — H;. The presymplectic forms in R? are described by the following
lemma.

Lemma 16. Any closed 2-form 2 in R? has the form

Qi = e Y*, (6.3)
whereY = (YL, Y2, Y)HT isa divergence free vector:

V.-Y=9Y =0. 6.4)

Note that for the above presymplectic form, we have QY = 0, that is, the kernel of 2 is
spanned by the vector Y. Next, let us consider a dual pair.

Lemma 17. Consider a Poisson tensor T1, I = ue'/*8, H, and a presymplectic form <,
Q= eijkYk. Then (I1, 2) is a dual pair if and only if

wY(H)=uY'9;H = 1. (6.5)
Proof. The form €2 is dual to the Poisson tensor IT if the following partition of the unit operator
holds:

I =TIQ+pY ®dH.
The above equality is equivalent to (6.5). (]

We have a simple condition for compatibility of a Poisson tensor and a presymplectic
form.

Lemma 18. The Poisson tensors T1, given by (I1)"V = pue'’*3; H, and the presymplectic form
Q, given by (2);; = €;jx Y* are compatible if

Y(ulY (H)]) = Y'9; (Y (H)) = 0. (6.6)

Proof. We have
QIIQ = uY(H)RQ.
The above form is given in terms of a vector Y (H)Y . It is closed if
V- (uY(H)Y) =Y (uY(H)) =0.
Since V - Y = 0, the above equation is equivalent to (6.6). (I

As a corollary of the previous lemma, we have the condition for the d-compatibility of
two Poisson tensors.

Lemma 19. Consider a dual pair (I1y, Qo) where the Poisson tensor Iy is given by (ITy)V =
we*d Hy and the presymplectic form g is given by (20);; = eijkYé‘. Then the Poisson
tensor Ty, (I} = —/Leijkak H\, is d-compatible with the Poisson tensor I if

Yo(uYo(Hy)) = 0. 6.7)

The condition for d-compatibility of two presymplectic forms in R* is given in the
following lemma.

12
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Lemma 20. Consider a dual pair (Ily, Q¢) where the Poisson tensor Iy is given by
(Mp)"” = pe*d Hy and the presymplectic form Qq is given by (Q0)i; = €k Yy. Then
the presymplectic form Qy, (21)ij = €ijk Ylk, is d-compatible with the presymplectic form 2

if
Y1(Hy) # 0. (6.8)

Proof. We have
[Mp$2 [Ty = Y, (Ho) .

Since ITj is a Poisson tensor, the above tensor is a Poisson tensor if Y7 (Hy) # 0. O
It turns out that in R?, any two forms and any two Poisson tensors are d-compatible.

Lemma 21. Let Q, 2 be two presymplectic forms in R, given by (Qo)ij = e,'jkYéC and
(R21)ij = €ijk Y]k. Then Q0 and 2 are d-compatible presymplectic forms.

Proof. Take a function Hy such that Yo(Hp) # 0 and Y;(Hp) # 0. Define a Poisson tensor I1g
by IT§ = [Yo(Ho)1~'€"/* 8 Hy. Then by lemma 17, ITj and €2 are dual and by lemma 20, the
forms €2¢ and 2; are d-compatible. |

Lemma 22. Let Iy, I1; be two Poisson tensors in R3, given by (Ilp)V = we* 3 Hy and
(I)¥ = —/Leijkak H,. Then Iy and I1; are d-compatible Poisson tensors.

Proof. By the Darboux theorem, we can find the coordinates (¢, ,, t3) such that I1; is given
by w1 = 1and H; = t;. We can construct a closed form Qq, (R20);; = e,-jkYé‘, dual to Iy and
such that 3, ¥, = 0. Then

Yo(u1Yo(Hy)) = Yo(Yy) =0,

so Qo and I1; are compatible. That is, [Ty and IT; are d-compatible. Such a form €2 can be
constructed as follows. Consider the coordinate change

up =t,uy =, us = Hy(ty, o, 13).

In these coordinates, Iy is given by some fiy and Hy = u3. Note that if a form is given
by vector Y = (A, B,C)" in the (uy, us, u3) coordinates, then it is given by a vector
Y = (A03Hy, BozsHy, C — Ad;Hy — Bd,Hy) in the (11, 1, t3) coordinates. We construct
Qo in the (1, us, u3) coordinates in terms of the vector ¥, = (A, B, C)'. First, we choose
C = (,&)’1, SO ﬁYo(I:IO) = 1. Hence, I1j and 2 are dual. Then we choose A such that Ad; H
does not depend on ¢; in the (7}, t2, 3) coordinates, so I1; and ¢ are compatible. Then we
choose B such that 9;A + 0, B + 9;C = 0, so 2 is closed. O

7. Bi-presymplectic chains in R
Consider closed 2-forms €2 and €2; in some open domain of R3, given in terms of vectors Y
and Y; by
Qo.ij = €jn Yy where QY§ =0, i,j=1,23,
and
Qi = €Y where QYf =0, i,j=1,2,3.

By lemma 21, there exists a Poisson tensor I1j such that Iy and 2y are dual and €2 and
2, are d-compatible with respect to I1y. We can choose a function Hy such that uYy(Hp) = 1

13
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and Y, (Hp) # 0, so ng = ne'* 3 Hy. Tt is easy to see that in R®, any two presymplectic
forms €2 and €2, give a bi-presymplectic chain:

QYo =0
uSY) = p = ps2iYo (7.1)
0=Q7;.
Then, we can consider a vector field X:
X = TIyB. (7.2)

To construct bi-Hamiltonian representation of the above chain, we use theorem 13. Let
chain (7.1) be such that

MoB = X = My dH, (7.3)
and hence
B =dH, — uYo(Hy) dHp. (7.4)

Then, by theorem 13 (ii), the vector field X defines a Liouville integrable system.
Let us obtain some relations that we will need later. Combining (7.1) and (7.4), we have

pep g Y] = Hiy — uYo(H)Hoy,  i=1,2,3,
that gives

Yo(Hy) — uYo(H)Yo(Ho) =0
and

Yi(Hy) = uYo(H1)Y1(Hp).
Using duality of €2y and Iy, we have

1Y = Y1 (Ho)Yg + X", n=1223 (1.5)
Note that if Yo(H;) = 0, then 8 is closed and Y;(H;) = 0. So,
Yo(Hy) =Y (H) =0. (7.6)

Following [1], every Hamiltonian system in R? has a bi-Hamiltonian representation. Thus
the vector field X = Iy dH; can also be written as X = [1, dHy, where (IT\)” = —ue/*8, H,
fori, j =1,2,3.

Theorem 13 also gives the bi-Hamiltonian representation of the vector field X. Let us
show that these two representations coincide. Let Yo(H;) = Y (Hp); then by theorem 13 (iii),
we can define

I = Mo Mo + uX A Yo, (1.7)
that is,

Ny = —p2Yi (Ho)e ™ 9 Ho + n(X'Y) — X7¥}), i, j=1,2,3.
Since X' = €/*T1{ H, 4, we can put

X'y - X'yl = étw,, i,j=1,23.
So,

N} = —p2Y, (Ho)e o Hy + e * Wy = €7¥(— 1Y, (Ho) o Ho + 1 Wy,

14
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foralli, j = 1,2, 3. Since I, is a Poisson tensor and dH,; belongs to the kernel of IT; we
have

— 1*Y1(Ho)3x Ho + Wi = —udcHy, (7.8)
where u is an arbitrary function. For W, we have
Wi = €M XYE = pel ™ Ho\ Hy Yy = u(876F — 858") Hoo Hym Y]
= uYo(H)Hox — nYo(Ho)Hix, k=1,2,3,
where Hy ; = oy Hy and H, ; = 0x H,. Using the above equality for W in (7.8), we get
—u?Y\(Ho)dx Ho + w*Yo(H) Hox — Hy g = —pHig  k=1,2,3,
which gives
Yi(Ho) = Yo(Hy). (7.9)

Equations (7.9) and (7.5) are the only constraints on Y, and Y; respectively. We conclude that
any presymplectic chain which fulfills condition (7.3) leads to a bi-Hamiltonian chain.

As the next example shows, there exist presymplectic chains that do not admit a dual
bi-Hamiltonian representation.

Example 23. Consider closed 2-forms € and €2, in R, given by

0 -1 0 0 ¢ —b
Q=1 0 of, Q=[-< 0 al,
0 0 0 b —a 0

where a, b and c are the functions of x;, x, and x3 respectively. Their kernels are spanned by
vectors Yo = (0,0, 1)" and Y| = (a, b, ¢) respectively. Since V - ¥; = 0, we then have

01a + 0,b + 93¢ = 0.
We take a Poisson tensor I in the form

0 Hos —Ho»
Ilo = p | —Hops 0 Ho: |,
Hop, —Hy, 0
where u and Hj are arbitrary functions of x', x%? and x3. If wHp 3 = 1, then one can easily

show that Iy and €2 are dual and 2y and 2; are d-compatible with respect to I1y. The forms
Qo and 2; make a presymplectic chain:

QYy=0
uS2Y) = B = p2i¥o (7.10)
0=,
where 8 = (b, —a, 0)'. Consider a vector field X:
X =TpB = u(a, b,0).
We find that an additional condition

X = M, dH,

gives
a=Hy3H,»— HorH, 3, (7.11)
b= —Hy3H, |+ HyH,z3, (7.12)
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u(aHy1 +bHy,) = Hy1Hi» — HooHy 1, (7.13)

and from constraint (7.9) we get
H],3 = aH(),[ +bH0’2+CH()’3. (714)

Using a and b from equations (7.11) and (7.12) respectively, we show that (7.13) is identically
satisfied. Using uHp 3 = 1 and identity (7.13) in (7.14), we get

¢=uH;3— Ho1Hi 2+ Ho2H ;. (7.15)

As a summary, we are left with equations (7.11), (7.12), (7.15) for a, b and ¢ and the duality
condition wHp 3 = 1. When we use a, b and ¢ in (7.10), we obtain that

(nH;3)3=0. (7.16)

This is nothing else but the d-compatibility condition (6.7), i.e. Yo(uYo(H;)) = 0, of the
Poisson tensors I1j and IT;. Equation (7.16) means that

Hy = hi(x", x*)Hy + hy(x", x?), (7.17)

where /| and h, are arbitrary functions of x' and x? respectively. Using (7.17), we get

a = (h12Hy+h22)Ho3, (7.18)
b= —(hy1Hy+hy1)Ho 3, (7.19)
¢ =hy — (hi2Ho + hy2)Ho,1 + (h1,1Ho + ha1) Ho . (7.20)

The above equations might be considered as differential equations to determine Hy, &, and h,
with no conditions on a, b and ¢c. When we use (7.18) and (7.19), we find that
ahz,l + bhgyz . ahl,l + b/’ll’g

ahy i +bh,’ T hihan — hiohay
These equations put a constraint on the x> dependence on the given functions a, b and c.

Hence, we may have a presymplectic structure with conditions (7.21) that are not satisfied and
thus obtain a presymplectic chain with no dual bi-Hamiltonian chain.

Hy=—

(7.21)

8. Bi-Hamiltonian chains in R®

Suppose we have two compatible Poisson structures 1y and IT; in R3, given by (ITp);; =
we*d Hy and (I1y);; = —peV 3 Hy (i, j = 1,2, 3). The Casimirs of I1 and IT; are dH,
and dH; respectively. Then we can consider a bi-Hamiltonian chain

MydHy = 0
MydH, = X = [T, dH, (8.1)
0 =11, dH;.

Using theorem 11, we can construct a corresponding bi-presymplectic chain. To construct the
bi-presymplectic chain, we have to find a closed form €2 dual to the Poisson structure Iy and
compatible with the Poisson structure IT;. By lemma 22, such a form always exists. Having
such a form €, the construction of the bi-presymplectic chain is straightforward. We start
with (Q0);j = —€jxY§, i, j = 1,2, 3, where

V-Yy=0, uYo(Ho) =1, (8.2)
Yo(uYo(Hy)) =0, (8.3)

16
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and 2 is found from Y| = uY(Hp) Yo + ﬁX . Equation (8.3) is obtained from the divergence
free condition of Y; = uY(Hy) Yy + ;%X

Example 24. Consider the Lorentz system [1]

d 1
T 2™

d

— Xy = —X1X
dl 2 143
d

—X3 = X1X2.
dr 3 142

It admits a bi-Hamiltonian representation (8.1) with Hy = }(x3—x7), u = l and H; = x3+x3.
The form €2 dual to [Ty and compatible with IT; is given by

0 y =B 0 1/4 0
Q=—|-v O a |, My={(-1/4 0 —x/2],
b —a O 0 x1/2 0
where the vector Yy = (a, 8, y)'. The conditions on o, 8 and y are
V- -Yy=0i0+3B+dy =0, Yo(Ho) = 3y — 3xja = 1.

One can find 2 having determined Y; from (7.5):
Y1 = (322 +20m, —x1x3 + 281, X1 x2 + 2y7),

where n = %YO(HI) = Bx, + yx3. We have an additional constraint on «,  and y coming
from V - Y; = 0, which reads as

Yo(n) = adin+ Bon +ydsn =0.
A simple solution for the above presymplectic structures is given as ¢« = —2/x;, 8 =
—2x2/x,2, y =0.
It is also possible to start with a dual pair and construct a second d-compatible Poisson

structure with given properties. The following example gives hints on how to solve equations
arising from d-compatible Poisson structures.

Example 25. We take a dual pair (ITp, €2p) and construct a Poisson tensor I1;, compatible
with a given pair, such that IT; is nonlinear in x3.
Let ITj be given in canonical coordinates. We take the form €2 as follows:

0 -1 f 0 1 0
%=1 0o p]. m=[-1 0o of,
- = 0 0 0O

where fi = 0 f and f, = 0, f for some function f(x, x2). Note that (2);; = —eijkYi,
where Yy = (— f>, f1, 1) and Hy = x3. Itis seen that V - Yy = 0, so by lemma 16 2 is closed
and equality (6.5) holds; by lemma 17 it is dual to IT,. We construct a Poisson tensor IT;
compatible with Qg. Let IT; be given by (I1;);; = €9 x. Note that IT; is compatible with
ITy. By lemma 19, 2y and IT; are compatible if equality (6.7) holds. Consider

YoVx = —fa0ix + f202x + 33X
Let us perform the coordinate transformation

§ = a(xy, x2, x3)

n = B(xi, x2, x3)

¢ = y(x1, X2, X3).
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Then
01X = Ogx 01 + 0y x 01 B+ 0 x 01y
Oox = 0y 000 + 0y x 028 + 0 x D2y
O3 = 0z x O30 + 9y x I3 B + 9, x 33,
SO

Yo-Vx = (= f201a + fioo0 + 0300) 0 x + (— 2018 + f1028 +338)0, x
+(=f201y + f1o2y + 337) 0 .

To simplify the above expression, we choose B, y, @ such that

— LB+ f1028+0:8=0
— o1y + fiday + 33y =0
(= fa0ia + fidaa + 03) = 1
hence,
Yo -Vyx =0ex.
Using the above technique, we can solve Yo(Hp) = 1 and in particular Yy (Yo(H;)) = 0 very

easily. Equality (6.5) holds if Hy = &. Then, Y((Yo(H;)) = Hi ¢ = 0 and
Hy = A1(¢, mé + Ax(&, ),

where A; and A, are some arbitrary functions of ¢ and 7, respectively. As an application, let
n=Xx1x2, ¢ =x3—Inxy, §=0x3

and f = x1x, = n. Then, Hy = x3 and
Hy = Ai(x3 — Inxp, x1x2)x3 + Az (x3 — Inxp, x1x3),

where A and B are functions of (x3 — Inx,) and x;x,.

Acknowledgments

MB was partially supported by Polish MNiSW research grant no. N N202 404933 and by
the Scientific and Technological Research Council of Turkey (TUBITAK). This work was
partially supported by the Turkish Academy of Sciences and by the Scientific and Technical
Research Council of Turkey.

References

[1] Ay A, Giirses M and Zheltukhin K 2003 Hamiltonian equations in R3 J. Math. Phys. 44 5688-705

[2] Btaszak M 2004 Presymplectic representation of bi-Hamiltonian chains J. Phys. A: Math. Gen. 37 11971-88

[3] Btaszak M and Marciniak K 2004 Dirac reduction of dual Poisson-presymplectic pairs J. Phys. A: Math. Gen.
37 5173-87

[4] Btaszak M 2000 Degenerate Poisson pencils on curves: new separability theory J. Nonlinear Math. Phys. 7 213

[5] Btaszak M 1998 Multi-Hamiltonian Theory of Dynamical Systems (Berlin: Springer)

[6] Dubrovin B A, Giordano M, Marmo G and Simoni A 1993 Poisson brackets on presymplectic manifolds Int. J.
Mod. Phys. 8 3747

[7] Gel’fand I M and Dorfman I 1979 Hamiltonian operators and algebraic structures related to them Funkts. Anal.
Prilozh. 13 13-30

[8] Gel'fand I M and Zakharevich I 1993 On the local geometry of a bi-Hamiltonian structure The Gel’fand
Mathematical Seminars 1990—1992 ed L Corwin et al (Boston: Birkhéuser) p 51

18


http://dx.doi.org/10.1063/1.1619204
http://dx.doi.org/10.1088/0305-4470/37/50/003
http://dx.doi.org/10.1088/0305-4470/37/19/005
http://dx.doi.org/10.2991/jnmp.2000.7.2.10
http://dx.doi.org/10.1142/S0217751X93001521

J. Phys. A: Math. Theor. 42 (2009) 285204 M Btaszak et al

[9] Gel’fand I M and Zakharevich I 2000 Webs, Lenard schemes, and the local geometry of bi-Hamiltonian Toda
and Lax structures Sel. Math. 6 131
[10] Falqui G and Pedroni M 2003 Separation of variables for bi-Hamiltonian systems Math. Phys. Anal. Geom.
6139
[11] Libermann P and Marle C 1987 Symplectic Geometry and Analytical Mechanics (Dordrecht: Reidel)
[12] Magri F 1997 Eight lectures on integrable systems Integrability of Nonlinear Systems (Lecture notes in Physics
vol 495) ed Y Kosmann-Schwarzbach et al (Berlin: Springer)


http://dx.doi.org/10.1007/PL00001387
http://dx.doi.org/10.1023/A:1024080315471

	1. Introduction
	2. Preliminaries
	3. D
	4. D-compatibility for
	5. Bi-presymplectic chains
	6. Poisson and presymplectic structures
	7. Bi-presymplectic chains in
	8. Bi-presymplectic chains in
	Acknowledgments
	References

