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Abstract

SPATIAL PROPERTIES OF QUANTUM MULTIPOLE
RADIATION

Muhammet Ali Can
M. S. in Physics
Supervisor: Prof. Dr. Alexander S. Shumovsky
June 2000

Complete quantum mechanical treatment of multipole radiation is con-
structed.  Vacuum noise of polarization for transversally and longitudinally
polarized fields is discussed for different total angular momentum values due to
the presence of quantum localized sources. It is shown that the spatial properties
of the multipole vacuum noise are independent of the type of the radiation, either
electric or magnetic.

New definition of polarization matrix constructed from the field-strength
tensor, Ricci Tensor, is introduced. Using Jaynes-Cummings model Hamiltonian
for electrical dipole atom, some statistical properties of the radiation are
considered.

A new method for polarization measurement at short and intermediate
distances from the source, based on the use of optical Aharonov-Bohm effect
is proposed which is classified as a quantum nondemolition measurement. This
proposed experiment leads to measure the longitudinal polarization and space-

time correlation of polarizations of multipole radiation.



Keywords: Quantum multipole radiation, QQuantum nondemolition po-
larization measurement, Quantum optics, Quantum entangle-

ment.
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ézet

COK KUTUPLU KUVANTUM ISINIMININ UZAYSAL
OZELLIKLERI

Muhammet Ali Can
Fizik Yiksek Lisans
Tez Yoneticisi: Prof. Dr. Alexander S. Shumovsky
Haziran 2000

Bu caligmada ¢ok kutuplu igimimin tam kuvantum mekaniksel ifadesi ele
alinmigtir. Enine ve boyuna geligen alanlar i¢in bu kutuplagmanin bogluktaki
glirdltiist, yerel kaynaklarin varligindan dolayi, farklh toplam agisal momentumlar
icin tartigilmigtir.  Ayrica bogluktaki ¢ok kutuplu giraltinin uzaysal ozellik-
lerinin elektriksel ya da manyetik 1ginimdan bagimsiz oldugu gésteri'lmi'stir.

Diger taraftan alan-etkili tensor, Ricci tensor, ile kurulan kutuplagma matrisi
tamtilmigtir.  Son olarak elektriksel iki kutuplu atom i¢in Jaynes-Cummings
model Hamiltanyen kullanilarak igimimin bazi istatistiksel 6zellikleri incelenmistir.

Kaynaktan kisa yada orta mesafede kutuplagma yada siddet ol¢limlerinde
yeni bir metod, etkisiz kuvantum 6l¢iimleri olarak adlandirilan optik Aharanov-
Bohm etkisi temel alinarak kullanilmigtir. Bu yeni metod boyuna kutuplagma
olgiimlerini ve ¢ok kutuplu i1ginimm kutuplagmasinin uzay-zaman etkilegimini
kapsar.

Anahtar

sozcukler: -
ok kutuplu kuvantum iginimi, etkisiz kuvantum kutuplagma

olgumleri, kuvantum bagimhligi, kuvantum optigi .
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Chapter 1
Introduction

Measurement of polarization is one of the fundamental tools for experimental
sciences such as spectroscopy and optics where it is usually considered from the
classical point of view.! However, since the beginning of new directions such as the
quantum computation and quantum information processing, deeper investigation
of quantum-mechanical picture of polarization measurement has become to be
important. These new topics put the entanglement of photons in the central
position. Due to the photon polarization entanglement in the process of creation
of a pair of photons, the detection of polarization state of one photon gives
information about the state of the second photon.? Therefore, in recent years
there has been growing interest to understand the quantum nature of polarization
and polarization measurement both in theoretical and experimental ways.?
According to the classical point of view, the polarization phenomena
is determined by given direction of oscillations of the electromagnetic field
which is considered to be a transversal one. The polarization is usually
calculated as though the radiation field consists of the monochromatic (or quasi-
monochromatic) plane waves. In this case, the field strengths E and B are
orthogonal to the direction of propagation k and have equal magnitudes, so that
the polarization can be considered as the measure of transversal anisotrophy
of either of the field strengths. The quantitative description of polarization is

based on the use of the quadratic forms in the field strengths, forming either the
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(2 x 2) Hermitian polarization (coherence) matrix or corresponding set of Stokes
parameters®? (operators, in quantum case®). These quadratic forms are chosen
to be determined through the intensity measurements of the field..!

It is well known that the atomic and molecular transitions emit the multipole
radiation represented by spherical electromagnetic waves.® In classical picture,
either plane or spherical waves can be used since both of them form the
complete orthogonal sets of solutions of the wave equation. However, in quantum
picture, there is a fundamental difference between these two representations of
electromagnetic field. Iirst of all, the plane waves of photons correspond to the
states of the field with given linear momentum. At given wave number k, they
are specified by only four operators of creation and destruction with two different
polarizations.?” At the same time, the spherical waves of photons correspond to
the states with given angular momentum. At given k, total angular momentum
J > 1 and parity, they are specified by 2(2j+1) > 6 different operators of creation
and destruction.”® Since the components of linear and angular momenta do not
commute with each other, the two representations correspond to the physical
observables which cannot be measured simultaneously. Therefore, in order to
describe the quantum multipole radiation, we have to deal with the spherical

waves of photons rather than plane waves.”

Quantum electrodynamics interprets the polarization as a given spin state
of photons.® The spin of a photon, defined as the minimum angular momenta,
is known to be 1.2!° Hence there are three different spin states of a photon.
In the case of plane waves of photons, the projection of spin on the direction
of propagation is forbidden and therefore there are only two allowed spin states
(polarizations).? In this case, the polarization is the quantum number, describing
the states of electromagnetic field in all space.

In contrast to the plane waves, all three projections of spin are allowed for the
multipole photons, so that there are three different polarizations: two transversal
with opposite helicities and one linear in the radial direction with respect to the
source of radiation (e.g., see'®). Such a three-dimensional picture of polarization

should be described either by the (3 x 3) Hermitian polarization matrix!! or by an
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equivalent set of the nine Stokes operators, forming a representation of the SU(3)
sub-algebra in the Weyl-Heisenberg algebra of multipole photons.'? It should be
stressed that the SU(3) structure of the polarization of multipole radiation is
directly connected with the spin s = 1 of a photon.

Existence of the third (radial) polarization of the multipole radiation is not
a surprising fact. Actually, it is well known that the classical electric multipole
radiation can be defined as the transverse magnetic multipole field, while the
electric field strength has the radial (longitudinal) component at any point.°
In turn, the magnetic multipole radiation is the transverse electric field with
the longitudinal component of magnetic induction. It is also known that the
longitudinal (radial) components of either electric or magnetic classical multipole
radiation are important only in the near and intermediate zones when kr < j,
while vanish at far distances. Thus, the polarization can be different at different
points with respect to the source. In other words, the polarization is the local
characteristics of a classical multipole radiation.

In most of the applications, the detection of the radiation occurs far away
from the source of the radiation where the longitudinal component of the field
vanishes and spherical waves practically considered to be expressed by plane
waves. Here, the wavelength of radiation is the critical parameter. In other words
if the wavelength of the radiation is also small then neither near nor intermediate
field effects occur. However recent developments, such as high proton polarization
and radiation from Rydberg atom, provides very long wavelength of radiation
even in order of meters. That is the detector can be placed in these zones where
the radiation can not be considered as classical anymore.!>?> Moreover as a
tuture application, the development of first generation quantum computers can
use atoms as logic gates and photons as the communication tools between these
atoms which can be separated in the order of wavelengths. In this case as well
as the two transversal polarizations which are interpreted as logical bits, qubits,
the longitudinal polarization can be used as a new degree of freedom for sending
quantum information.

In the measurement proccess it is also important to figure out the noise,
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coming from the quantum fluctuations of polarization measurement. In other
words the spatial dependence of polarization of atoms and molecules can also
influence the quantum noise of polarization measurement in a different way at

different distances from the source.



Chapter 2

Polarization Properties Of

Quantum Multipole Radiation

2.1 Polarization Matrix Of Classical Radiation

In classical electrodynamics, the polarization is defined to be the given direction
of oscillations of electromagnetic field. The different spatial components of
monochromatic field, oscillating with the same frequency, may have different
amplitudes and phases. In most of the conventional books on electrodynamics,
the polarization is calculated as the radiation field consists of the monochromatic
or quasi-monochromatic plane waves. Here both E and B have the same
magnitudes. They are located in transversal planes orthogonal to the direction
of the propagation k. In this case, the polarization is considered as the measure
of transversal anisotrophy of the field. Since a local source like an atom emits
the multipole radiation represented by spherical electromagnetic waves, we have
to stress the difference between the plane and spherical electromagnetic waves.
Then, let us consider first the case of classical monochromatic plane wave

described by the positive-frequency part of the vector potential of the form

ARy =v 3 e, (2.1)

a=z,y
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where v is the normalization constant and a, denotes component of the
field amplitude in a plane which is transversal to the direction of propagation

€ = Ig/ k. Then, the field strengths are defined as follows

(7)) = ikA=iky 3 &g,

a:rly

(7) = VX A= iy Z (/_5 X é'a)ei(E'F_th)aa. (2.2)

ool

B,=—E, B,=E,

valid for the plane waves, the transversal anisotrophy of the plane wave can be
specified by either of the field strengths E and B. Following the conventional
choice of the electric field strength, we get the Hermitian polarization (coherence)

matrix of the form?-

EXE, EE, aray aya,
Pplane = ( Y ) = (k’)’)Q ( Y ) . (23)

* * * *
EyEx EyEy ayag;  ayay

It should be stressed that, although the mode functions in Eq. 2.1 depend on 7,
the polarization matrix Eq. 2.3 is the global object, describing the properties of
the field in all space. The diagonal elements of Eq. 2.3 describe, apart from a
factor of 1/2, the contribution of the two transversal components into the energy
density, while the off-diagonal terms give the ”phase information” about the phase
difference between the transversal components.®

We now turn to the consideration of a classical monochromatic, pure j-pole
electromagnetic radiation. To establish connection with quantum case, we shall

employ the so-called helicity basis? ,'°

7 CESC NS (2.4)

X+ = JF——\/—2—,
These vectors formally coincide with the spin states of a photon. As usual, we

assume that the origin of the reference frame coincides with the localized source
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(atom). In this basis, the positive-frequency part of the vector potential of the

multipole field has the form”®1°

AN(F) = ;1<—1>“>z_uAm<f>e-ic“. (2.5)

In the spirit of our philosophy, we can choose to interpret A,,(7) as the component
of vector potential with given polarization u at given point 7 where A stands for

electric or magnetic types of radiation. For the electric multipole radiation
Ap(F) - 7#0, [V x Ag(F)]-7=0, (2.6)
while the magnetic multipole radiation obeys the conditions
Au(P)-7=0, [V x Ay(F)] -7#0. (2.7)

The explicit form of A,,(7) in Eq. 2.5 is®

A)\'u 7:) Z V)\ pm a/\m, (28)

m=—j
where a),, denotes the global field amplitude defined in all space. In the classical
picture, ayn, is usually specified in terms of the source functions.®'® The mode

functions in Eq. 2.8 are defined as follows

VM/J.?'II = 7ij(k'7')<1’jnu7m - t“ljm>Y;,m—lM
Veum = VE[\/;fj+1(kr)<1,j + 1 pm = plym)Yim-p
- \/.7 + 1fj—1(k'7‘)<1aj =1, p,m— Nlj"nﬂ/;—l»m—u]'

Here v, is the normalization factor, (---|---) denotes the Clebsch-Gordon

coefficient and Y7, (6, ¢) are the spherical harmonics. The radial part of the mode
functions is defined as follows
hgl)(kr), outgoing spherical wave
fo(kr) = hgz)(/cr), converging spherical wave , (2.9)

je(kr),  standing spherical wave
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depending on the boundary conditions.'® Here h?’” and j, denote the spherical
Hankel and Bessel functions respectively.

Consider first the case of a monochromatic electric j-pole radiation. Due
to the relations Eq. 2.6, the magnetic induction é(f’) always oscillates in the
transversal plane, while the electric-field strength has an additional (longitudinal)
degree of freedom. Thus, the spatial anisotrophy of the radiation field can be
specified by the components of the electric field strength. Following,'° let us
choose the polarization (coherence) matrix of the electric multipole radiation in

the following form

Ay Apy Ay Ape Al Ap-
Pg(f) = k" | ApoAps ApoAmo AnAp- |, (2.10)
Ay Apy Ap_Ape AL _Ap-

where we take into account that £ = ikA for a harmonic field. Unlike Eq. 2.3, the
polarization matrix Eq. 2.10 depends on the position with respect to the source.

In the case of magnetic multipole radiation, the electric field strength is always
transversal and the spatial anisotrophy of the field is defined by the magnetic
induction which also dominates in the near and intermediate zones.® Therefore,
corresponding polarization matrix should be constructed from the bilinear forms

in the components of B (7). Taking into account the reciprocity relation

—

Bu(7) = Eg(F) = ikAg(7) (2.11)

we arrive at conclusion that the spatial structure of polarization of the magnetic
multipole radiation is described in the same way as that of the electric multipole
radiation. In both cases, the classical polarization matrix depends on the point

where the polarization is measured.

2.2 Operator Polarization Matrix

The quantum counterpart of classical relations, discussed in the previous Sec., can

be obtained in a standard way by substitution of the photon operators instead of
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the field amplitudes. For example, in the case of plane waves, we have to subject

the field amplitudes in Eq. 2.1 to the Weyl-Heisenberg commutation relations
[as,ak] = 8,01,

which allows Eq. 2.3 to be cast into the normal-ordered operator polarization

matrix

afa, ala
PW = (ky)? ( Bre e (2.12)
plane Y + +
ajaz ajay

whose elements are the quadratic forms in the creation and destruction operators.
To simplify the notations, hereafter we denote the photon operators by the same
letters as the classical field amplitudes. Similar form can also be obtained in
any other basis, for example, in the so-called circular polarization basis® which
coincides with the helicity basis Eq. 2.5 to within the inversion of one of the

vectors.
Besides Eq. 2.12, we can determine the anti-normal operator polarization

matrix

azal ayal )
?

aza; ayaj

P, = (k) (
so that the difference

PG, — PG, = Piwdd = (kv)? ( (1) (1’ ) (2.13)
describes the zero point (vacuum) contribution into the polarization of plane
waves. In other words, the elements of Eq. 2.13 give the vacuum fluctuations
of corresponding elements of the polarization matrix of plane waves. I should
be stressed that Eq. 2.13 is independent of position as well as Eq. 2.3 and
Eq. 2.12. This means the homogeneity of the vacuum noise of polarization along
the direction of propagation.

Taking into account that the multipole field is quantized in much the same

way as the plane waves,” we have to subject the field amplitudes in Eq. 2.8 to
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the Weyl-Heisenberg commutation relations (at given k£ and 7):
[a,\m, a:\‘",m,] - 5,\,\/(5mm/. (2.14)

Consider again the electric multipole radiation. In analogy with the case of plane
waves, we can introduce the normal-ordered operator polarization matrix with

the elements

PN L7 = kAL, A

Epu!

l

J
B (=D)E) N Ve (PWVe—wm (P b, agm,  (2.15)
m,m/=—j

which is the quantum counterpart of Eq. 2.10. Then, the anti-normal operator

polarization matrix has the elements

J
PERL() = B(=1)E) 37 Vo PV s (F)amm -

m,m’=—j
Hence, the elements of the vacuum polarization matrix of the electric multipole

radiation are

P(vac)(F) — k.2(__1)(u+u’) Z VE*—;zm VE—M’m- (2.16)

!

A similar analysis can be performed in the case of the magnetic multipole
radiation. In view of the reciprocity relation, the spatial dependence of P,‘(,}L)(_ )
is similar to that in Eq. 2.15, while the photon operators should be changed by
a;[m and apm. It also follows from the commutation relations Eq. 2.14 that the
vacuum polarization matrix of the magnetic multipole radiation coincides with
Eq. 2.16. Hence, the vacuum noise of polarization is independent of the type
of radiative transition in the source (atom). At the same time, the elements of

Eq. 2.16 as well as of Eq. 2.15 depend on position in spite of the global nature of

the photon operators defined in all space.
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2.3 Another Definition For Polarization Matrix

Properties of electromagnetic field is completely described by Maxwell equations
whether we treat it as a completely classical or quantum object. Since the field-
strength tensor F'*” which is a second rank antisymmetric tensor is constructed
by the components of Electric and Magnetic field variables it includes all the
physical information. Taking this into account we can define a construction
similar to Ricci tensor directly from the field-strength tensor as

w S
R=F'F=| (2.17)
S* 2P

where

0 -£, -E, -FE,
E, 0 -B, B,
E, B, 0 -8B,
E, -B, B, 0

The Ricct tensor, R, is represented by the 4 x 4 Hermitian matrix which

(2.18)

FHo— e—iwt

consists of the three blocks: scalar W, describing the energy of the field, vector
5, describing the energy flux of the field (Poynting vector), and sub-matrix P,
describing the polarization.

Although Maxwell Stress Tensor is a Lorentz invariant object, constructed by
another combination of field strength tensor, the new Ricci Tensor is not. This
is expected because the polarization matrix which is a sub-matrix of Ricci tensor
is a local object. In other words polarization is measured at a definite point in
space where the source of the field is located at another point.

It is a straightforward manner to calculate the Ricci tensor for monochromatic
plane wave propagating in the positive z direction where both IV, and B, are
zero. Using the orthogonality and symmetry relations between E and B Eq. 2.2,
polarization matrix can be easily obtained as

|B.[? BiE, 0
P=| EE, |E, 0 : (2.19)
00 HIEP+IEP
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It can be seen that this matrix consists of a conventional tensor of polarization
in transversal plane and a scalar which is the half of the total intensity. Then
we can conclude that this new Ricci tensor gives us compact description of
polarization.

Moreover the field strength tensor can be written in terms of spin bases Eq. 2.4
by applying the unitary matrix U which rotates the Cartesian basis to the spin
bases. Since the field strength tensor is a 4 X 4 matrix, the 4 x 4 unitary matrix

can be constructed from U by just adding a phase rotation to the time part as

L i
. e 0 NS 0
U= , where U= 0 0 1]. (2.20)
0 U -1 -
vz V2

Then the representation of the field strength tensor in spin bases can be found

simply

F,=UF0" (2.21)
and the Ricci tensor can be written in new basis as follows

R, = FlF,. (2.22)

The same procedure can be followed to obtain the polarization matrix for any type
of radiation in any bases. For example for electric type radiation, it is well known
that the electric field has a nonzero component along the direction of propagation
unlike the magnetic field which is perpendicular to both of the electric field and
the direction of propagation. That is if the direction of polarization is in 2z

direction, By = 0 but Eg # 0. Then the polarization matrix is

|Ey >+ |By|? ~E3 By ExE_— BiB._
P=3 ~EE, |Eol? + | By |? + | B-|* g . (2.23)
E*E, — B*B, —E* Eq |E_|*+ [B-|?

To see the contributions coming from the electric and magnetic fields, the

polarization matrix can be separated into two parts Pg and P like,
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9P = Py + Py. (2.24)

In the above equation, the first matrix Pr coincides with Eq. 2.10.

This new method simplifies the procedures to obtain the polarization matrix.
Moreover we can easily see the contributions coming from the electric and
magnetic fields to the polarization matrix. Then it is a straight forward procedure
to quantize and find the vacuum fluctuations. Further the new method has

a mathematical elegant form which needs to be investigated using differential

geometry.



Chapter 3

Spatial Properties Of The

Vacuum Noise Of Polarization

It is clear that the spatial structure of the multipole vacuum state is caused by
the existence of source (atom) in the origin (in fact, in the ”generation zone” of
the order of atomic size surrounding the origin). First of all, it is not astonishing
that the presence of an atom can influence the electromagnetic vacuum state even
in the absence of radiation.’” Then, due to the spherical symmetry, the vacuum
polarization matrix Iq. 2.16 should be independent of the spherical angle ¢ and
$. This intuitively clear statement can be proven in the following way.'® First, it
is casy to prove the SU(2) invariance of the operator vector potential (Eq. 2.8).

Then, taking into account that
Pyi?(7) = [Apu(7), A (7))

we get the SU(2) invariance of P(*%%) as well. Hence, the polarization properties
of the multipole vacuum state are determined by the distance from the source.

Taking into account the following property of spherical harmonics'®

2(j £ 1) +1

o
A miy

)/jzl:l,m—u (07 ¢) =

for the mode functions in Eq. 2.8 in the "polar” direction (along Xo) we get

14
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Vigum (r,0, ) = Viu(r) = —]f:ﬁ[#j@j +3) fi41(kr)(1,5 + 1, 1,0]51)
/G + 125 = 1) fima(kr) (L5 = 1, 1,0 ) 6 (31)

Thus, only three states with m = p = 0,£1 out of 25 + 1 possible multipole
states can contribute into the polarization properties of the multipole vacuum in

the polar direction. We now insert Eq. 3.1 into Eq. 2.16 to get

P 0 0
Pe(r0,6) =P (ry=| 0 P 0 |, (3.2)
0 0 P

where
Pi(r) = K Vee()]®,  By(r) = k*Vio(r)[.

Since Eq. 2.16 is the Hermitian matrix, it can be diagonalized at any point T
by a proper rotation of the reference frame. Due to the SU (2) invariance of the
vacuum polarization matrix Eq. 2.16, the diagonal form Eq. 3.2 represents the

vacuum polarization matrix in the local frame:
UF)P(FU* () = PI(r),  UFEUT() =1. (3.3)

It is a straightforward matter to arrive at the following explicit form of the

elements of the unitary matrix U(7)
— AML’ + (1 - Aw)&uu’.
\/1 + Zu;ﬁu |ALW|2

Here A () is expressed in terms of the elements of matrices Eq. 2.16 and Eq. 3.2

Uuu’

as follows

1 1 .
Apo = A [P~—(PJ-_P++)+|P+—IZ]7 AVES :—A—[PO—(PJ_—P++)+P+OP+_],
+ +
1 1
Aoy = ~—[P-—(B = Poo) + [Po-I*), Ao = ———[Pr—(Bj = Foo) + Probo-],
A0 Ao
1 1
Ay =—[Plo(PL— P-_)+ Po-Pi],  A_g=——[Pes(PL—P_)+ P[],

A
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The following notations are used,

Ay = PlP._—P;_ Py,
AO = P+0P__ —P;_P+_,
A_ == P+_P_:O - PO_P++.

The elements of the vacuum polarization matrix Eq. 3.2 describe the zero point
contribution into circular polarizations P, (r) and linear polarization in the radial
(longitudinal) direction Fjj(r) at any distance r from the source. This contribution
strongly depends on the boundary conditions, defining the character of radial
dependence (Eq. 2.9) of the mode functions in Eq. 2.8. For example, in the
standard case of standing spherical waves, corresponding to the quantization of
multipole field in a spherical volume with ideal reflecting walls,”° the transversal
and longitudinal zero point contributions into polarization are represented by
the damped oscillating functions shown in Fig. 1 for dipole field (j = 1). It
is seen that the vacuum fluctuations of both the transversal and longitudinal
polarizations are very strong at the short distances. Even at the distance of the
order of the wavelength where kr = 27, P exceeds P,. At the same time, it is
seen that F(r) decays faster than P, (r) at the long distances. It is interesting
that there are some points where the vacuum fluctuations of either P, or Py are
equal to zero.

Let us stress that the above qualitative dependence of the zero point
contribution into polarization on the boundary conditions is not an astounding
fact. The dependence of the electromagnetic vacuum on the boundary conditions
is traced in the Casimir effect?® as well.

It should be underlined that the above results were obtained under a "hidden”
assumption that j is fixed. In fact, we only know that there is a source (atom) in
the origin. The presence of the local source violates the symmetry properties
of the possible solution of the wave equation!® and hence leads the spatial
inhomogeneity of the vacuum state. Therefore, the total zero point contribution
into polarization should involve summation over all possible 7 > 1 in Eq. 3.2. The

limit of P(*9)(r) at kr > 1 coincides with Eq. 2.13, while the vacuum fluctuations
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Iigure 3.1: Zero point (vacuum) contributions into the transversal /4 and the

longitudinal P, polarizations versus kr for dipole field (j=1), 8 =0, ¢ =0

of polarization are much stronger at short and intermediate distances (kr < 27)

than those in dipole case (7 = 1).
In Fig.2 and Fig.3, the contributions to the vacuum fluctuations for j = 2

and j = 3 can be seen. It is understood from these figures that the magnitude
of the contributions decreases very rapidly. Moreover the peak values for both
transversal and longitudinal polarizations shift to the right where kr > j. Then
for kr > j the total fluctuation summed over j approaches to the case of plane

waves where the fluctuations are homogeneous.
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Figure 3.2: Zero point contributions into the transversal F; and the longitidunal

P, polarizations versus kr for quadrupole (j=2)

3.1 Polarization of multipole radiation

We shall now return to the discussion of the operator polarization matrix Iiq. 2.15.

Consider first the polar direction when ¢ = 0 in the mode functions in Eq. 2.8.

One can get

P (r,0,8) = kK*Vi_,(r)Ve_w(r)ab,ap,. (3.4)

Epp!

Thus, the photons with |m| > 2 which may exist at 7 > 2 do not contribute into

polarization in the polar direction.
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Figure 3.3: Zero point contributions into the transversal B and the longitidunal

P, polarizations versus kr for j=3

It should be noted that the local properties of polarization can simply be
described in the proper frame which has been introduced in the previous section.

Consider the operator Eq. 2.5, Eq. 2.8 as the formal vector-column

Ap,
Ap(T) = | Ago
Ap_

in the three-dimensional space spanned by the basis Eq. 2.4. It is clear that the
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local unitary matrix Eq. 3.3 transforms /TE(F) into the operator vector

Agy
UMAs(®) = | Ap |=As,
Ag_
1 1 J
AE#(F) = letuu‘(F)AE;t'(F): Zluﬂ#’(f:) Z VE—M’M(F)GEmv(Bﬁ)
pi=— wi=m m==j

defined in the local proper frame. Employing Eq. 2.8 and Eq. 2.14, it is a straight

forward matter to arrive at the commutation relations
[AEM(F)aAEp’(F)] = PM(F)‘SWH (3-6)

where the position dependent functions in the right-hand side are defined by the
equation Eq. 3.2. Then the representation of the operator polarization matrix

Eq. 2.15 in the proper frame is specified by the following elements

P (7) = K2AL,(F) Apw (7). (3.7)

Euy!

Averaging Eq. 3.7 over the quantum state of radiation, we get the position-
dependent polarization (coherence) matrix of the electric multipole radiation. As

a particular example, we now consider the multipole radiation in the coherent

state |a) such that for all m

apmla) = anla). (3.8)

Then, from Eq. 3.7 we get
(Pl () = KB (7). (3.9)
where f3, is defined by the condition
Apu(r)|a) = Pu(T)|a).

According to Eq. 3.5, we get

1

B = D bun(Pomy () = 2 wlVom (7).

m=—j v=-—1
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Here f,(7) can be interpreted as the local parameter of coherent state, describing
the mean amplitude of the field with given polarization p at given point 7.

It is now seen that the variance of Eq. 3.7 in the coherent state Eq. 3.8 has,
in view of the commutation relation Eq. 3.6, the following form

(APE) ()2 = kA Pu(r)Ba(7) B (7). (3.10)

Euy!



Chapter 4

Dipole Atom As A Source Of
Quantum Multipole Radiation

After the long discussion of the properties of the multipole field let us consider
now the source of this radiation. It is an electron transition between two states of
an atom with well-defined angular momentum and parity. Then spherical waves
of photons rather than plane waves should be considered. The atom is considered
to be initially in the excited state of the multipole transition and the field is in
the vacuum state. In the process of transition, the atom falls into the ground
state, while the photon is created.

To understand the quantum nature of this atomic transition, the Jaynes-
Cummings model can be used.?! It is well known that the Jaynes-Cummings
model describes fairly well the physical picture of interaction of an atom with
the cavity field and at the same time admits an exact solution.®?2-2° [n the
usual treatment of the Jaynes-Cummings model, the multipole nature of the
atomic transitions® is neglected. The process of radiation is described as though
an atornic transition radiates a photon with given energy, linear momentum
and polarization.?®2%27  This simplified picture overlooks the fact that the
multipole atomic transition can radiate and absorb corresponding multipole

photon described by the quantized spherical waves.”® In contrast to the case of

plane photons, the multipole photons are specified by given energy and angular

22
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momentum. Let us stress that the two representations are different in
principle. First, the components of linear and angular momenta do not commute
and therefore the two representation correspond to the physical quantities which
cannot be measured at once. Then, the two representations give different picture
of polarization. In fact, polarization of plane waves is described by two vectors
orthogonal to the direction of propagation k. Since a monochromatic, pure
j-pole spherical wave of a given type A (either electric or magnetic) can be
expanded over an infinite set of plane waves with all possible directions of kona
sphere, the polarization of multipole radiation can have any direction, depending

on the choice of observation point.

4.1 Model Hamiltonian and Coupling Constant

Next, let‘s consider?®?? the Jaynes-Cummings model, describing an electric dipole
transition between the states | = 1;m = 0,41) = |[m) and |5/ = O;m’ = 0) =
[lg) of an atom located at the center of an ideal spherical cavity. IHere the former
wave function corresponds to the triple-degenerated with respect to the projection
of angular momentum excited atomic state, while the latter describes the ground
atomic state . The coupling constant of the atom-field interaction can be found

from the matrix element®3°

e
2mec

(m|f- A+ A-plg) = iko(m]d - Alg) = ign (4.1)

where e and m, denote the charge and mass of electron, respectively ko = wg/c is
the wave number, corresponding to the transition frequency, d = ef is the dipole
moment, and /f(f’) denotes the vector potential of the electromagnetic field and
ikA = E is the electric field strength. In the usual treatment of the atom-
field interaction,®3° the matrix elements in the above equation are calculated as

though the cavity field is represented by the plane wave with the operator vector

potential

AR =7 Y & ap, + He. (4.2)
p==1
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It should be stressed that the operator vector potential Eq. 4.2 is defined in the

so-called circular polarization basis?
By = (8 £i8)/V2, & =Fk/k. (4.3)

In Eq. 4.2, v denotes the normalization constant and ay, is the destruction
operator of a photon with energy Akc and polarization p, propagating along k.
Since the matrix element in Eq. 4.1 is not equal to zero only inside the generation
zone of the order of atomic size where kr < 1, the exponential position-dependent
term in Eq. 4.2 is approximated by unit. Such a calculation leads to the same
value of the atom-field coupling constant, defined by Eq. 4.1 for all m = 0, 4£1.10:2°

In contrast to Eq. 4.2, the monochromatic electric dipole filed is described by
the operator vector potential”1°

A(F) = 3 ("X Au(P) (4.4)

pu=-1

where the vectors
. €y 1€,
Xi = :F%,

are spin states of spin 1 of a photon and A,(7) denotes the spherical component

)ZO = €, )E‘;L ) (_1)”)?—#' = 6##" (45)

of the vector potential
As() = F (A FiAM] A7) = A

Unlike Eq. 4.2, the equation Eq. 4.4 describes the three possible directions
of polarization in any point. In fact, it is well known that the electric dipole
radiation always has the radial (longitudinal) component of the electric field
strength together with the two transversal components.®”!° Let us emphasize
that here in contrast to Eq. 4.3 xo does not coincide with the direction of k but
shows an arbitrary radial direction. Moreover, k is the scalar quantity in the case
of multipole radiation.® Let us point that the use of the base vectors Eq. 4.5 lead
to well-known interpretation of the polarization in terms of spin states of photons,

forming the radiation field.*'® The spherical components of the operator vector
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potential of the electric dipole radiation are defined at equation [Eq. 2.8 with
A=Fand j =1.
Taking into account that the spin part of the atomic state does not change

in the electric dipole transition, we can represent the atomic states under

consideration as follows?®
H’I)’L> = Rezc(r)}/im(ea ¢)a
— Rg(r)

”g> = Rground(r)YE)O(o,ﬁb) \/E

Then, representing d in the basis {¥,} as,

r ' T .
7= —=sinfe'*Y_y + rcosf¥o — —=sinfe Y 4.6
Xt Xo— 75 X1 (4.6)

V2
and performing the scalar product 7. A in terms of their spherical components by
means of the equation
- 1
A.B = Z A.B_, (4.7)
nu=-1

the coupling constant of the atom-field interaction can be found after simple

calculations
. 38 (LD, + Do) if m = £l
g = ko(m|d- Alg) = Yor 107FT TH (4.8)
\76—%<§D2 —Dp) ifm=0.
where
D, = /O " 3R Ry fedr (4.9)

The radial dependence in Eq. 2.8 and Eq. 2.9, corresponding to the standing
waves in the cavity, is given by spherical Bessel functions with half-integer

index®710

felkr) = |5 Jerajalkr). (4.10)

Within the generation zone where kr < 1, they can be approximated as follows

folkr) = 1, falkr) =~ 0.
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Then the coupling constant in this limit takes the following form,

—f5 Dy ifm =41

G = ko(m|d - Alg) = { Ver (4.11)

—7k—g;D"y it m=0.

This means that although the coupling constants are generally different for
m = 0 and m = %1, they have the same values for the transitions ||£) — ||g)
and ||0) — ||g) for the electric dipole case of kr < 1.

Finally, the model Hamiltonian of the two-level electric dipole atom,
interacting with the cavity field, can be represented in the rotating-wave

approximation as follows

H = HO + Hint7
1
Hy="h Z (wat am + woRmm),
m=-—1
1
Hip = Z tgm Rmgam + H.c., (4.12)
m=-1

where the atomic operators are defined in the standard way*
Rpg = |lm)(gll,  Rmm = |lm)(m’|]

and wp and w are the transition and cavity frequencies respectively.



Chapter 5

Dynamics Of Multipole
Single-Atom Radiation

At the end of the last chapter the model Hamiltonian for the atom-field system,
which is the well known Hamiltonian for Jaynes-Cummings model for electric
dipole transition in rotating wave approximation (Eq. 4.12), was defined. To
investigate the steady-state dynamics of the system for this Hamiltonian, we
have to clarify the wave function. Then let us first assume that the atom is
initially in the excited state ||m) with given m, while the cavity field is in the

vacuum state. The most general wave function can be written as
P = dotho + A1¢h (5.1)

where

Yo = ||m)|vac) and ¢y =||g)|Lkm). (5.2)
After writing the time independent Schrdinger equation Hiy = FE¢ and
equating the coefficients of 1y and 1y, the energy eigenvalues I can be found

easily

KA
By=hwo = =+, L= (5.3)

where

Qn = /g2 + (hA/2), (5.4)

27
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Here A = wp — w is the detuning parameter and |1km) denotes the state of the
cavity field with one dipole photon with the projection of total angular momentum

m. So the steady-state wavefunction can be written, using the normalization

condition A2 4+ A2 =1, as
[the) = [(Be — huwo)? — g] ™ ligml|Im)|vac) + (Ee — hwo)llg)|Lkm)].  (5.5)

In order to investigate the dynamics of the atom-field system we should consider

the time evolution of the wave function. Then let us describe the wave function

as

(W(t) = 3 Awe™ P |ihy). (5.6)

=+1

Taking into account the initial conditions, i.e. the atom is in excited and the field

is in vacuum state, |¥(0)) = o, the constants A, in equation Lq. 5.6 are given

by,

O + LEA/2

IR VEA(RA/2 = (9,,). (5.7)

Ay

Averaging over the state given in Eq. 5.6, we get

(X am) = 452 WAA(RA2 — )+ EA(RA[Z + Q) (58)
— 2005(20m ) 6. (5.9)

We now note that the modes of the cavity field for different m values normally
have different period of oscillations. In fact, according to Eq. 4.8, the Rabi
frequency in Eq. 5.9 have the form

0 = Vot + (RA[2)? ifm =+l (5.10)
" R+ (hAJ2)2 ifm =0, .

If we look at the behaviour of the field in the generation zone, i.e. kr < 1, the

Rabi frequency is same too, since the coupling constants g, for different m’s are

the same (Eq. 4.11).
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The averages in Eq. 5.9 defines the structure of the polarization matrix

1
PIAE) = (PG = (k) (~1)¥) S V2 (Vo (P (ahan)e (5.11)
m=—1

obtained from Eq. 2.16 by averaging over Eq. 5.6. The matrix in Eq. 5.11 is
the generalization of the so-called coherence matrix® in the case of electric dipole
radiation.

It can be easily seen from Eq. 5.11 that even if the atom emits the photon
of a given type m, all three polarizations ¢ = 0,41 can be observed in the
radiation field. It should be noted here that due to the choice of basis Eq. 4.5,
the component with g = 0 corresponds to the radial (longitudinal) polarization
in the direction of Xo, while the other two components 4 = £1 correspond
to the transversal circular polarizations with positive and negative helicities,

respectively.

5.1 Measurement Of Quantum Multipole Polar-
ization

The standard polarization measurement, including the measurement of variances,
is based on the intensity measurement in conjunction with a linear: polarizer,
quarter-wave plates or equivalents and a beam splitter.! The intensity measure-
ment via transformation of photons into electronic signals in a photodetector is, in
principle, called the local measurement.2*%3! The rigorous description of a local
measurement of quantum electromagnetic field needs the picture of localizing
photons.?20:31:32

It should be noted that the problem of photon localization has attracted a
great deal of interest.??932 The point is that the photon operators, creation and
destruction, in any representation (plane photons, multipole photons etc.) are the
global objects defined in all space. It has been shown that the position operator
cannot be defined for the photon®® and that the maximum precise description

of localization is provided by the notion of wavefront.®® At the same time, the



CHAPTER 5. DYNAMICS OF MULTIPOLE... 30

transformation of a photon into an electric signal in a photodetector can be
interpreted as a manifestation of strong localization.??° Another example of
strong localization is provided by generation of a photon by an atom, when the
photon (at the time preceding the emission) is assumed to be confined in the
generation region of the order of atomic size.

An important step forward in the understanding of the problem of localization
has been taken by Mandel.?! He defined the photon localization in operational
way (in terms of what is measured) via the ‘configurational® number operator,
represented by the integral of intensity over the ‘volume of detection (a cylinder
whose base is the sensitive surface of the photodetector and whose height is
proportional to the detection time).

It should be stressed that the objects, considered in the previously such as
the operator polarization matrix Eq. 2.15 or Eq. 3.7 are local by construction,
however the photon operators are global in nature. Therefore, it looks tempting
to ‘renormalize’ the operators Ag,(7) in Eq. 3.7 in the following way'®

1

bpu(7) = —=—==Agr,(7),

Pu(r)
in order to introduce the ‘local‘ representation of multipole photons with given

polarization, specified by the Weyl-Heisenberg commutation relations
[b5u(7), bgu’(F)] = Ouut, (5.12)

which directly follows from Eq. 3.6.

Consider now the complete scheme of two identical atoms, including both the
generation of multipole photons and their detection. One of the atoms (source),
located at the point 7 is prepared initially in the excited state of some multipole
transition. The second atom (detector), located at the point ry, is initially in
the ground state. Then the process of generation and detection can be described
in terms of interaction of atomic transitions with the photons. In taking into
account the geometry of the system under consideration, we have to assume
that the multipole field in the superposed state of the outgoing and converging

spherical waves focuses on the source and on the detector, respectively. The
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boundary condition, describing this superposition, is for the real radiation field.
Then the spatial components of the operator vector potential of the superposed

field can be expressed as
o0 J
A =3 3 Vi (F)amd + Vo (F)alom), (5.13)

where

[ (out) (conv)+] — 0,

/\]m ’ )\'J'rn

while the photon operators of the same kind (either outgoing or converging)
obey the standard Weyl-Heisenberg commutation relations Eq. 2.14. Hence, the

vacuum noise of polarization is specified by the matrix with the following elements

P (7) = 2k Agu(F), A, (7))

o ] -
=23 3 Vi (Vi () + V" (F) Vi (7). (5.14)

=1 me—j
Thus, the spatial properties of the multipole vacuum noise of polarization in
the system under consideration are caused by both atoms. In the spirit of
our philosophy, this seems to be natural. Both atoms should influence the
surrounding space in the same way. In particular, this means that the vacuum
noise of polarization and field amplitude influence the process of measurement
even if the distance between the two atoms strongly exceeds the Wa,velength. If
the distance between the atoms is of the order of the wavelength or even shorter,
than the vacuum noise, arising from the presence of source, strongly influences
the zero-point fluctuations in the location of detecting atom.

We now note that the space-time properties in the source-detector system of
two identical atoms can be described through the use of special form of Bethe
ansatz® potential.

The measurement of intensity or polarization with the aid of a local
photodetector presupposes detection of a photon by absorption and, hence the
change of its state. Besides the local measurement, the quantum detection of the

topological properties of the vector potential is allowed through the use of the
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Aharonov-Bohm effect.®® In this case, the magnetic flux through a macroscopic
ciosed loop produces this effect rather than the local value of the field strength.
If the magnetic flux passes through a conducting loop, used as a quantum
interferometer, the change of the phase of electron state in the loop is directly
proportional to the magnitude of the flux.

Usually the quantum Aharonov-Bohm interferometry is applied to the static
or slowly varying fields.?® It has been shown recently®” that the longitudinal
optical frequency fields can also produce a measurable effect. As an example,
the T Ep; mode of the fiber field,*® inducing the oscillations of conductance in
the loop, surrounding the fiber, was considered.?” Definitely, such a topological
measurement of electromagnetic field neither leads to the absorption of a
photon nor changes its quantum state. In other words, this is an example of
nondemolition measurement of the photon propagation.

It should noted that this topological measurement can be applied to the
detection of magnetic multipole radiation. In fact there is a radial (longitudinal)
magnetic field in the case of magnetic multipole radiation, which can be strong
enough for measurement in the near and intermediate zones when kr < 27.
Surrounding the radial direction, corresponding to the maximum intensity in the
angular distribution of the magnetic multipole field,*° by a conducting loop of
proper radius, we can measure the propagation of magnetic multipole photons via
the resistance oscillations in the loop as in the case of optical fiber.?” It should
be stressed that such a measurement reveals only the linearly polarized radial
component and not the transversal components. In principal, combining the
topological and local measurements of polarization at different distances from the
source, it is possible to measure the spatial correlations of different polarizations.

It is clear that topological nondemolition measurement of polarization of
visible light encounters a number of technical obstacles. IFirst of all, the wave
length is very short which implies that the measurement should be made at very
short distances from the source (shorter than 100nm) and conducting loop should
have smaller radius. Moreover, the magnetic multipole radiation of atoms is much

(in about(137)? times) weaker than the electric multipole radiation with the same
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;.26

Nevertheless, a powerful and at the same time local, source of quantum
magnetic dipole radiation exists.*’ It is represented by a system of protons
(usually, solids or liquids, containing a lot of hydrogen atoms per unit volume).
The spin of photons are polarized by an external static magnetic field. After
that, the system is culled to increase the spin relaxation time. Then, the external
static magnetic field is inverted to populate the upper sub-level in the Zeeman
splitting. Such a system can amplify the thermal noise resonant with the Zeeman
splitting like conventional paramagnetic maser.®® Under some conditions, the
linear amplification stage is transformed into the Dicke superradiance,3 when
the energy of inverted spin system is emitted in the form of very short and

powerful pulse of coherent radiation (e.g., see®®). The frequency of radiation in

such a system coincides with the Zeeman splitting
W = g,uBBea:t;

where ¢ is the Lande factor, up is the Bohr magneton and B.,; is the magnetic
induction of static external field, responsible for the Zeeman splitting of proton
spin. Depending on the magnitude of B,,;, the wavelength of this radiation can
vary from ten centimeters to even hundred meters, while the source occupies
the region with the linear size of the order of few centimeters.*"* Taking into
account the sharp radiation pattern of the superradiance which can be narrowed
by a proper choice of the shape of source,? it seems to be quite realistic to perform
the nondemolition polarization measurements of the longitudinal component of
radiation at short or intermediate distances or even to measure the correlation
between the linear longitudinal polarization at short distances and transversal
polarization at far distances from the source.

Let us stress that recent success in high proton polarization at reasonably
high temperatures'® can lead to technical simplification of Dicke superradiance

by a system of polarized proton spins.



Chapter 6
Conclusion

Let us briefly summarize our results. We have studied the vacuum or zero-
point noise caused by the presence of quantum localized sources (atoms). It
was shown that the vacuum fluctuations of the field amplitude (operator vector
potential) of multipole photons differ essentially from those in the case of
quantized plane waves. Although the latter are spatially invariant, the former
are local in principle because of the strong dependence on position with respect
to the source (atom). The spatial structure of the multipole vacuum noise is
described by the Hermitian (3 x 3) vacuum polarization matrix whose elements
correspond to the commutators of conjugated components of the operator vector
potential. The spatial properties of the multipole vacuum noise are independent
of the type of radiation, being electric or magnetic. At short and intermediate
distances from the source, the multipole vacuum noise is much stronger than that
predicted within the model of plane photons. Also an alternative way to define
the polarization matrix from the field-strength tensor, Ricci Tensor, that gives
mathematical simplifications to the theory of polarization, has been showed.

In spite of the fact that, at far distances, the multipole waves can be well
approximated by plane waves, the multipole vacuum noise can strongly influence
the process of detection even in the far zone. For example, in a special case
when an atom is used as a detector of photons, it also influences the surrounding

space? and produces spatial inhomogeneity of the electromagnetic vacuum state

34
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which leads to a strong increase of zero-point fluctuations in the polarization or
intensity measurements in comparison with conventional case of plane waves of
photons. This fact can be important for the polarization entanglement processing
and atomic entanglement engineering in the system of Ridberg atoms.*® Similar
noise effect also takes place in the case of local measurement by a photodetector
with finite sensitive area, measuring the plane waves of photons.

A new method of polarization or intensity measurement at short and
intermediate distances from the source, was proposed based on the use of
optical Aharonov-Bohm effect,®” to detect the propagation of the linearly-
polarized longitudinal component of magnetic induction, generated by a magnetic
dipole transition. Since the Aharonov-Bohm effect is caused by the topological
properties of the field and therefore does not influence the state of photons,
this is a quantum nondemolition measurement of polarization (intensity). In
combination with conventional photodetection at far distances, it permits to
measure the space-time correlation of polarizations of multipole radiation. Since
the ratio between the transversal and longitudinal polarizations of multipole
radiation is determined by distance from the source, the different polarizations
can be considered as the entangled quantum quantities. Hence, the above
proposed nondemolition measurement of correlation of polarizations opens a

tempting possibility in the quantum entanglement processing.
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