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Abstract

In this thesis, we find the explicit form of some transformations asso-
ciated with the second, third, fourth and fifth Painlevé equations. These
transformations are obtained by using the Schlesinger translormations
associated with the linear system of equations of Painlevé equations.The
application of such transformations enables us to generate the new solu-
tions of the given Painlevé equation with different values of parameters,

from the known solutions.
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()zet

Bu tezde ikinci, tglincit, dordiincii ve besinci Painlevé denklemlerinin
goziimlerine ait doniigiimler elde edilmektedir. Bu déniigiimler uyumluk
sart1 Painlevé denklemlerini veren lineer denklem sistemlerine (mon-
odromy problemi) ait Schlesinger doéniigiimlerinden elde cdilmektedir.
Elde edilen bu déniigiumler Painlevé denklemlerinin bilinen ¢6éziimlerin-

den yeni ¢éziimler bulmaya imkan verir.
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1 Introduction

The most significant difference between the linear and nonlinear ordinary dif-
ferential equations is the singularity structure of the solutions. For given lincar
ordinary differential equation if the solution has singularity, that must be the
singularity of the differential equation. In other words, the singularity of the
solution is fixed. For example, the first order linear ordinary differential equa-
tion,

y .
y'=—m (1.1)

has singularity at ¢ = 0, and its general solution is given as follows;
y(t) = cell", (12)

where ¢ is an arbitrary integration constant. From (1.2), ¢ = 0 is an essential

singular point of the solution, which is independent of the integration constant.

For the nonlinear ordinary differential equation, the behavior of the solution
is unpredictable. If the solution has singularity, the location of singularity may
depend on the arbitrary integration constant, i.e. depend on the initial or

boundary conditions. For example,

dy 2
dy o L.
5 v =0, (1.3)
has the solution,
| .
y(t) = —, (1.4)

where, ¢ is the constant of integration. Clearly, the location of singularity (in
this case, it is a pole) depends on the integration constant ¢. Hence, as the ini-
tial condition changes, the singular point moves in the complex t-plane. Similar
examples can be found for the case of the critical points (branch points and
essential singularities). Consider the following second order nonlinear ordinary

differential equation [1]:

d*y dy 22;1/— 1 (1.5)
-0 =7 D
di? dt ] 2y+1’
which has the solution,
y(t) = tan {log(ert — ¢2)}, (1.6)
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where ¢; and ¢, are arbitrary constants. In this particular example, the point
t=2 1s both a branch point and an essential singularity. Its location is given

in terms of the constants of integration, i.e. it is a critical movable point.

One can consider the class of differential equations whose movable singu-
larities are only poles. In this class, the only first order nonlinear ordinary

differential equation of the form,

dy
AN (1.7)

where, f is rational in y, and locally analytic in ¢, is the Riccati equation,
[1,[21,
dy R 5 2 _
=5 = Do)+ Pilt)y + Po(t)y”. (1.8)
During the late 19th and early 20th century Painlevé [3] and his school [4]
examined the second order ordinary differential equations,

dy

d*y .
Y = Ity =), (1.9)

dtr

where [ is rational in %%’, algebraic in y and analytic in ¢, with the property
of having no movable critical points. This property is called the Painlevé
property. They showed that, within a Mdbius transformation, there are fifty
such equations [1]. The most interesting of the fifty equations are those which
are irreducible (that is, cannot be mapped to a simpler equation or combination
of simpler equations), and serve to define new transcendents. These irreducible

six equations are called Painlevé equations(PI-PVI)

d*y o2
d*y ,
PIT: — =2 +ty+c 1.11
T = Wyt (1.11)
Py Ldy, ldy 1, . 5 0 v
P[]]Z*:—_'Z___ _ 02 3 .3 _ 112
dt? y(dl,) /,dt+1,(ay A+ +y’ (1.12)



d%y 1 dy., 3 . IV
PIV: == = — (2P + Sy +4ty? +2( — a)y + = Nk
7 2y(dt)+2y + 4ty + 2(t a)y+y, (1.13)
d*y | 1 dy 1dy
PV:—= =(—+—)(=) =
dt? (‘Zy y—l)(dt) t dt
(y —1)° By vy, Syly+1)
+ v (ay+y)+t+ T
(1.14)
dty 1 (1 1 1 Y dy..
PVI: — ==¢—+—— —)*
4 dt? Z{y y—1 y—t}(dt)
1 1 dy
{1+f—1+t—y}ﬁ (1.15)

LYy =Dy =) {a+/3t+7(t—l) +5t(t—1)}_

121 —1)2 vioo(y—1)? 0 (y—t)?

The remaining forty-four equations can either be integrated in terms of known
elementary transcendental functions or can be reduced to one of these six

equations.

Besides having the Painlevé property, these equations have rich structure.

The properties of these equations can be summarized as follows:

a) For particular choices of the parameters, all the Painlevé equa-
tions except the first Painlevé equation, admit rational solutions,
as well as one-parameter family of solutions expressible in terms of
elementary transcendental functions. For o = —31, a one-parameter
family of solutions of the second Painlevé equation can be expressed
in terms of the Airy function [4],[5]. The one-parameter family of
solutions of the third Painlevé equation can be expressed in terms
of Bessel function [6]. For any integer value of the parameter «,
such that g + 2(a + 1)2 = 0 or 4 2(a — 1)? = 0, the fourth
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Painlevé equation has a solution expressible rationally in terms of
the Hermite polynomials, for non-integer value of «, which itself is
expressible in terms of Weber-Hermite functions [7]. One parame-
ter family of solutions of the fifth and sixth Painlevé equations are
expressed in terms of Whittaker [8], and hypergeometric functions
[8], [9] respectively.

b) All the Painlevé equations except the first one, admit transfor-
mations which map the solution of a given Painlevé equation to
solutions of the same equation with different values of parameters.
For example, if y(t) is a solution of the fourth Painlevé equation

with the parameters «, 3 then

A4l

1 {dy 5 1/ .
- 1Y Y _(_9 /2
() 5 [dt y© — 2ty — (=23) J , (1.16)

is also a solution of the fourth Painlevé equation with the parameter

values,

L, . g a1 Ll
&=~ [2 — 20 + 3(—2/&)1/2] , B=—= [1 +a+ _—(—2/3)‘/2} :
4 2 2
The transformations for PII-PV were obtained in the Soviet Liter-
ature [10],[11],{12],[13], and for PVI by Fokas and Yortsos [14], by
using different methods.
¢) It is possible to obtain the PI-PV from PVI by a certain type of
limit process(contraction) [1]. Also the transformations associated
with PI-PV can be obtained from the transformations associated
with PVI, by using the same limit process [15]. As an example, in

the sixth Painlevé equation, substitute,

y=y, t=1+c, a=d,

. ) [.17
=B, y=T -5 =" o

In the limit as ¢ — 0, the fifth Painlevé equation arises. By using
a similar procedure, PIII and PIV can be obtained from PV and
PIII yields PII. The first and fourth Painlevé equations may also

be obtained from the second Painlevé equation.

d) The Painlevé equations can also be obtained on the integrabil-

ity conditions of a certain kind of deformation problem; so called
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monodromy preserving deformation problem [16],[17]. Consider a

first order system of ordinary differential equations [18]

dY (z)

- = A@)Y (=),

n m A (1.18)
;g ,]7+1+ZA"° A

having regular or irregular singularities of arbitrary rank. Let Y'(z)
be fundamental solution of (1.18), in general Y (z) is multi-valued
with ay,as, ..., a,,00 as its branch points. As z describes a closed
path I' avoiding these singular points, the solutions Y'(x) is mapped

to,

Y(z) - Y(z)Mr, (1.19)
where My is a constaut, nonsingular matrix. The matrix M de-
pends on the closed path T', and is called the monodromy matrix of
Y (z) corresponding to I'. The monodormy preserving deformation
problem is: to deform the coeficient A(z) in (1.18) as a function
of the deformation parameter ¢ in such a way that the monodromy

maitrices remain the same.

Recently, the Painlevé equations have appeared in physical problems. E.
Barouch et al. [19] showed that the correlation function of the rectangular
two-dimensional Ising model in the scaling limit admit closed form solutions
in terms of the solution of the third Painlevé equation. In the 1970°s, M.
J. Ablowitz et al. have discovered a connection between the nonlinear partial
differential equations (PDIS) solvable by inverse scattering transform (IST) and
Painlevé equations [20]. By exploiting this connection, they reduced a special
case of the second Painlevé equation to a linear integral equation [21]. The
special case of an equation, which is related to the sixth Painlevé equation via
one-to-one transformations, has been obtained from the equations satisfied by
the scaling invariant solutions of the three-wave resonant system in one spatial

and one temporal dimensions, by A. S. Fokas et al. [22].

The similarity solution (a solution which is invariant under certain scaling)

of the modified Korteweg-de Vries (MKdV) equation

@t — 60°¢s + Quae = 0, (MK dV) (1.20)
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1s given as,

a(z,1) = (30) Py (a(30)17%). (1.21)

It follows from (1.20) that y satisfies the second Painlevé equation. One may
apply the usual inverse method for the MKdV, and formally obtain an integral
equation (Gel’fand-Levitan’Marchenko integral equation) by which ¢(z,t) is
determined from the scattering data. At that point, using the self similarity of
q(z,t) and scaling out the variable ¢ yield the Fredholm integral equation by

which the solution of the second Painlevé equation for o« = 0 can be obtained.

Similarly, special cases of the third Painlevé equation and of the fourth
Painlevé equation can be obtained from the exact similarity reduction of the
Sine-Gordan and of the nonlinear Schrodinger equations respectively. It is also
interesting that exact reductions of the Korteweg-de Vries (KdV) equation

leads to the first and second Painlevé equations [9].

Besides the connection between the Painlevé equations and nonlinear PDE’s
solvable by IST, they have other common properties. A nonlinear PDE solv-
able by IST appears as the integrability condition of an isospectral deforma-
tion problem: Coefficients of a linear spectral operator can be deformed as
a function of an additional parameter, such that the eigenvalues of the spec-
tral operators remain invariant. The best known isospectral operator is the
Schrédinger operator L = —% + g(x). If the potential ¢g(x) as a function of

the deformation parameter ¢, satisfies the KdV equation,
¢t — 69qs + Guoe = 0, (KdV) (1.22)

then, the eigenvalues of the Schrodinger operator remain invariant. Writing

the Schrodinger eigenvalue problem in matrix form one obtains [23]:

—1 0 0 qlx,t ,
Pu(z,x,t) =2 ( OI 7. ) Y(z,x,t) + ( (o) 1(; ) ) P(z,z,t), (1.23)

where,

r(z,t) = —q(z, ). (1.24)
Solving the initial value problem for ¢(x, t),amounts to solving an inverse prob-
lem for ) (x, t; 2), namely ,lor given (appropriate ) scattering data, reconstruct
P(z,t;2). The solution of the inverse problem is obtained via a Riemann-

Hilbert problem for a function 1 sectionally meromorphic with respect to the
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variable z. To define the Riemann-Hilbert problem, the analyticity properties
of 4 with respect to z must be examined by using (1.23). However this result
can be used to solve the initial value problem of ¢(z,t) only if ¢(z,t) evolves
in such a way in t that the scattering data is known for all t. That is, ¢(x,¢)

satisfies the integrability condition for the isospectral deformation problem.

In this thesis we obtain the transformation associated with the second,
third, fourth, and fifth Painlevé equations, from the Schlesinger transforma-
tions associated with the linear system of equations. These transformations
enables us to obtain the new solution of the Painlevé equation from the known
ones. Actually the transformations for the Painlevé equations have been ob-
tained before by using different methods [9],[11]. The procedure that we have
used to obtain these transformations gives us the unified approach to derive all
known properties of the Painlevé equations. It is well known that it is possible
to find the Painlevé transcendentals and the rational solutions for the partic-
ular choice of the parameters in Painlevé equations by using the associated

linear system of equations.



2 Transformation from Painlevé II to Painlevé

I1

In this section , we will present the procedure to obtain the Schlesinger trans-
formations associated with the linear system of the second Painlevé equation
[24].

The second Painlevé equation

d’y 3 :
W:%J + ty + «, (2.1)
can be obtained as the compatibility condition of the following linear system
of equations

Y(2) = ARV (), Yi(z) = B)Y(2), (2.2)

where [25]

1 0 0 U
B(Z):%(o —1)”%(—‘” 0>'

The compatibility condition Y, =Y, implies

dv du dy

. { v
— = —2yv—0 — = —w A TR 2.4
dt Y ’ dt v dt Tyt 2 (24)
Thus, y satisfies the second Painlevé equation (2.1), with the parameter,
1 ,

The two linearly independent formal solutions Vi, (z) = <)~,>(o')(z), ?&”(3)),

about z = 0o of the system (2.2a) have the expansions,

N 0 -K e
70 = (2) H{( 1 ) +( ‘)i+...}: () eP00), (26
2 0 i z Z

u
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(2.7)

where '
4 1 2 t 2'3 t 9 Q
K = EU +(y + E)U + Oy, ¢(z) = —+ §Z~ (2.8)

The formal solution )700(2) is an asymptotic expansion of the actual solution
Y(2) as |z| — oo, in certain sectors of the complex plane. The sectors S;, j =
1,2,3,4,5,6 are given by the central angle 3 and vertex centered at the origin,
and each sector S; contains the initial boundary line C; on which both formal
solutions are neutral. The sectors S; are given by;

~

g T e o .o v 6. T < ar <o7r
,1.—€_a7g,.<6, ._2.6_(z7g~<2, Sy1 g5 S argz 5
, o T , Ir 3 3T lw
.54:—6~§(L7'gz<F, .55:F§(u'gz<7, .5'(;:7§a7'gz<7.
(2.9)
Bl
/3

Iligure 2.1

Corresponding to formal solutions Y, (z) and each sector S;, j =1,2,3,4,5,6,
~v

there exists a function Y;(z) holomorphic in the sector .S; such that, Y;(z)
Yoo(2) as |z] = oo in S; and detY;(z) = 1 . The solution matrix Y;(z) is

9



related to its neighbors Y;,,(z) and Y;_,(z) via Stokes matrices G,
Yisr(2) =Y;(2)G5, 7=1,...,5, Yi(2) = Ys(2e2 ™) Ge® ™75 (2.10)

where the Stokes matrices (¢; and o3 are;

1 0 1 b 1 0
a 1 0 1 c 1
1 d 10 1
G4 = , (1‘5 = N GG = f ’ ,
0 1 e 1 0 1 (2.11)

and a,b,¢,d,e, f are complex constants with respect to z. The entries of the

Stokes matrices, a, b, ¢,d, ¢, f, form the set of monodromy data MD,
MD = {a,b,c,d,¢, [} (2.12)

The monodromy data satisfy the following consistency condition;

6
[IGe*m' = 1. (2.13)
7=1

The Schlesinger transformation associated with the linear system (2.2) al-
lows us to shift the parameter 0 by integer such that the MD are invariant.If
Y'(z) corresponds to 0" and Y(z) corresponds to 0, the transformation matrix
R(z) can be defined by,

Y'(z) = R(2)Y(2). (2.14)
Let R(z) = R;(z) when z in S}; then the definition of the Stokes matrices (2.10)
implies that the transformation matrix R(z) satisfies the Rieamann-Hilbert

problem along the contour C;, 5 =1,...,6, indicated in Figure 2.1,

[{H'l(:) = ]{I(z) on ('-’YJ'+17 J = la"',’r)a

Ri(z) = Rg(ze*™) on C},

10



with the boundary condition,
. 1\ "% . _
Ry(z) ~ V.. (2) (—) Vol(2), as z—o00, z in ;. (2.16)
The shifts § — 0’ = 0 + 1 are enough to obtain all possible integer shifts in 6.

The transformation matrices R(1)(2) and Rg)(z) for 6/ =0+1 and ¢’ =601
respectively are given as follows:

0 0 0 -
' =0+1, R(l)(z):(o 1)z+(’ : )’

Successive applications of the transformation matrices R;)(z)

=12
map 0 to & =0+n, ne€ Z. If, y,u,v',00 =0+ 1 arc the transformed

quantities of y,u,v,0 under the transformation given by R(y(z) , i.e.

Y'(z;t,y',u',v',0") = Ruy(z5t,y,u,v,0)Y (234, y,u, v, 0), (2.18)
and if 3" " 0" 0" =0 — 1

are the transformed quantities of y',u' v, ¢’
under the transformation given by R (z)

, l.e.

Y H(z; ¢ y//7 'U‘N’ 'U//, 01/) = R(2)(z; ta yla UI’ ‘Ul, ()I) Y(Z; L, ?/Ia u/, vlv 0/)7

(2.19)
then,
Rey(z 6,y (y,u,v,0), . )Ray(z5 Ly, uyv,0) = 1. (2.20)
Also,
[{(1)(3a l i,'/l(!/, u, v, 0)7 )[{(I)(zv Ly, u,v, 0) = 1{(3)(:)a
(2.21)
Rey(z 4,y (y,u,0,0), ) Rey(25 4y, u,0,0) = Reay(2),

&

where F)(z

) and Rg)(z) shift the exponents § - 0" =0+2 and 0 — 0 =
0 — 2 respectively.

The linear equation (2.2.a) under the Schlesinger transformation given by
eq. (2.14), is transformed as follows,

= [R(2)A(z) + R.(z)] R7'(2).
11

Vi) = A=Y, A2 (2.22)



For the particular case of R(1)(z), the quantities y,u,v,0 are transformed

by,

0
0,:0+1’ yl:—"y__v
v
(2.23)
u = z_u, v =—t— 2(0+y’0)2.
v v?

From the equations (2.23), the following transformation for the solutions of

P.IT can be obtained;

20 — 1 |
l___ ! _ _ 9 94
y = y+——2y¢—2y2—t’ od=a-1, a#2. (2.24)

Similarly, the Schlesinger transformation given by the transformation ma-

trix R(z)(z) transforms the quantities y,u, v, ¢ as follows:

0/

0'=0-1 =y —————
Y y+2y2+v+t,

u
! ! 0,2
u = SV v = —v—2y° — L.

<

The transformation for the solutions of P.II can be obtained from (2.2!

follows;

y':—y-l—;z?%z, od=a+l, a# ——3 (2.26)
The transformation (2.24) and (2.26) were also obtained in [27] and [9]
respectively. The transformations (2.24) and (2.26) allows us to obtain the
new solution of the second Painlevé equation from the known solutions. For
example, y = 0 for o = 0 solves P.Il. By using the transformation (2.24),the

new solution
y' =1/t  for a=-—I, (2.27)

of P.II can be obtained.

12



3 Transformation from Painlevé III to Painlevé

111

The third Painlevé equation
Py 1 (dy\® 1dy 1, , 6
ZJ _ |22 A 3 34 2
di? y(dt) var Tl H A R

can be obtained as the compatibility condition of the following linear system

(3.1)

of equations,
Y.(z) = A(2)Y (=), Yi(z) = B(2)Y(z), (3.2)

where,[25]

I 0 —0/2 U
A(z) =3 + / 14+
0 —1 v 0/2 |~
s — 2 —ws$ . (3.3)
%(S—I‘) ——(S——é—) 22
B(z) = L 1 0 syl 0 wu o 5 —é —ws i
| Lo -1 ‘\v 0 ‘N ls—t) —(s-4 )~
The compatibility condition, Y;;, = Y., implies
du 0O, o dv 0%’ 2 '
W: Tu—lw.s, i )+E(t——.s),
ds ) _
b = —dys™ + (dyt = 200 + 1)s + (0o + 005 )1,
I ; (3.4)
12— —(0p + 000) — 2ty + 0|,
dt s
dy ) 3 . e _
by = 4sy” = 2ty7 + (200 — Ly + 21,
dt
where y = —% and
00 S — t 000 S g "
5= T (u—?w)-i——'(_wv-{—T). (3.5)

13



Thus y satisfies the third Painlevé equation (3.1) with the parameters,

a=40,, PF=4(1-0y), ~vy=4, &=—4. (3.6)

The Schlesinger transformations associated with the linear system (3.2)
allows us to shift the parameters 6y and ., as 0) = Op+m—n, 0/ = O+m+n,
provided that n 4+ m = 2k,m,n, k € Z. It is enough to consider the following

(1):{90/:00—1 | (2):{00':00“ |

four cases,

0’ = 0o + 1 0o’ =00 + 1
(3.7)

. 0p' = 0p — 1 00" = 0o + 1
3):4 7, N (R S :
0,0 =0, — | O/ =0y — |

and the explicit form of the transformation matrices R;y(z),7 = 1,2,3,4 are;

00 . 1 = .
[{(])(:) = ( 0 1 ) zl/2+ ( P E:‘L—St ) z—]/z’ (38)
14 ts—t

i 0 0 . I —w , v
R(-z)(;’) = ( ) 31/2 + ( v wo ) 3_]/2, (,5())
0 1 -7 e

Lo\ ., _us=t u |
Re3)(z) = (0 0 ) My ( et )Z—I/Za (3.10)

1 0 . - .
Rip(z) = 22 ot ) =12 3.11
((2) (0 0) 5 (3.11)

All the possible shifts can be obtained by the successive application of
Ry (2),7 = 1,2,3,4. Since, if y',u/,v',w', s, 0,0 are transformed quantities

of y,u,v,w, s, 00, 0o under the transformation given by R (z),li.e.

Y'(z, by w0 @, o' w8, 00, 00') =

(3.12)
R(k)(z’t;7 ) "'700))/(27 f) Y, "'700)7

14



M " 174 1 oy 1 1 ¥ y oy .
and if y”, u", v",w",s", 03, 0 are transformed quantities of ', «’, v’,w’, s, 05, 0",

under the transformation given by R)(z), i.e.
" /) " n = = " " " "y _
Y(Zatay’uvvau)vaw,sveoo,00)—

, (3.13)
Ryy(z, b5y, ..., 00)Y (2, 459/, ..., 0d'),

then
Ry (2.t 9" (y, 4y .-.00), .. ) Ruy(2, t5 9, ..oy 00) = 1, (3.14)

for k,l =2,3 and k,l =1,4.

It is possible to obtain the transformations between the solution of PIII,
corresponding to different values of the parameters «, 3,7 and é from the
Schlesinger transformation associated with the linear system (3.2). In Particu-
lar, the transformation matrix I2()(z), transforms the quantities y, u, v, w, s, 0o,

0. as follows:

0y =00 — 1, 0, =0, +1,
ts' + vw's’ = 0,

s = 1)+ ow's’ = tow,

vwsu' — t(s — t)(w's’ — u) + twsh,, =0,
w(s — 1)t — vy —v) — t(s — 1)? — v¥wks = 0,

ws(tv' —v) + (s — t)(ts' —uv — ts) = 0.

By eliminating s,w,u and v from the above equations and writing 0y and 0
in terms of «, 3,7 and §, one can obtain the following transformation for the

solutions of PIII;

y' = Zm(m — 41y7) (3.16)

m(a =36 + 12)y? + 2my — 8ty®] — 8i(a — f+ 4)y"’

with
od=a-4, p=p-4, =4, ¢ =-4, (3.17)

15



where
m = ty, + 2ty* — (1 — g)y — 2t. (3.18)

The transformation (3.16) allows us to obtain the new solution y’ corre-
sponding to the parameters o, #,4" and §' from the solution y corresponding
to the parameters «, 4,4 and § of PIIL. For example,y = —1 for a = =2,/ =
2,7 = —6 = 4, solves PIII. By using the transformation (3.16) one can obtain

the new solution;

’ - 2t . 12 ’ - / ! ¢
- . o =—6 B=-2 v == =4. 3.19
y 1 2t7 ./07 k) ) ( )

Similarly, from the Schlesinger transformations given by the transformation

matrix Ry)(z), (3.2) transforms the qu.antities Y, U, 0,1, s, 0y, O as follows:

0y =0+ 1, 0, =0, +1,
ts' +vw's' = 2,

u' = tw,
(3.20)

vwu — tw's’ — tu + twly,, = 0,
twv' — (s —t) + vw(fy + 1) — v*w? =0,

tHwv' + 8" — 8) —v(u+w) =0.

By eliminating s,w, v and v from the above equations and writing 0y and 0,
in terms of «, 4,y and 4, one can obtain the following transformations for the

solution of PIII;
2m

i 3.21
y (o — B+ 4)y% —2my’ (3:21)
with
o =at+4, B =4, A =—8 =, (3.22)
where
. A ‘ .
m = ty, + 2ty” — (1 — ;;)'3/ — 2L. (3.23)
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The transformation (3.21) allows us to obtain the new solution y’ corre-
sponding to the parameters o/, #’,4" and §’ from the solution y corresponding
to the parameters «, 3,7 and é of PIIl. For example, by using the transforma-

tion (3.21) and the solution (3.19) of PIII, the new solution,

1 . : .
y =1+ % for o =-2, p=-6, o=-§&=4 (3.24)

can be obtained.

The Schlesinger transformations associated with the linear equation (3.2)
and given by the transformation matrix R(;})(Z) transforms the quantities y, «, v,

w, 8,00, 0., as follows:

0y = 0 — 1, 0., =0 — 1,

u = tw',

tw's’ — u(s' —t) — 2w’ =0,

wsv' +t(s — 1) =0,

(s — )t + u) + ws(uv + ts — 1s") = 0,
ws(tu' 4w + tws — uly) + u*(s — ) =0,

w'(s — 1)t + wv’) + tws(vw’ — "+ 1) = 0,

From the equations (3.25), the following transformation for the solution of

PIII can be obtained;

2tyn .
! Y Oy
Yy = ) ; - — , 3.26)
2n +5(1—y?) — (2 +y - £)+ Ly + fyu (
with

o =a -4, p=p+4, v =8 =4, (3.27)

17



where L 5 .
m
) = — —(1 — =) — - - _
(3.28)

m = ty, + 2ty® — (1 — g)y — 2t.

The transformation (3.26) allows us to obtain the new solution y’ corre-
sponding to the Parameters ¢/, #’,7" and é§' from the solution y corresponding
to the parameters «, 3,7 and § of PII1.The transformation (3.26) generates

the following new solution from the solution (3.19);

y_ —(2t+1)

Similarly, from the Schlesinger transformations associated with the linear
equation (3.2), the transformation matrix Ry(z) transforms the quantities

Y, U, v, w, S, 0,0, as follows:

0y = 0o+ 1, 6., =0, —1,
u(s' —t) — tw's' = 0,

wv' +t =0,
(3.30)
t(ws —ws —u') —u(l + vw) =0,

tw(u' + ws) + u(u — wlhy + w) =0,

w'(uv’ + 10y + tvw) — tw(s — t) = 0.

The transformation for the solutions of PIII can be obtained from the (3.30)

by eliminating s,w,u and v and writing fy and 0, in terms of «, B, and 4;

, t+ 2(m — By)

J = , 3.31
Ul ey (30

with
o =a+4, p=p+4, o =-8=4, (3.32)

18



where
m = ty, + 2ty? — (1 — £)y — 2t. (3.33)

That is, if y solves the third Painlevé equation correspouding to the param-
eters o, 3,7 and &, then y’ also satisfies the third Painlevé equation with the

parameters o, ', 4" and §'.

It is possible to obtain the transformation which ganerates the new solu-
tion y’ corresponding to the parameters o/, /3',y" and & from the solution y
corresponding to the parameters a, 3,7 and é of PIII. For example, by using
the transformation (3.31) and the solution (3.19) of PIII, the new solution,

y' = —1 for o==2 p=2 4 =-§=4, (3.34)

can be generated.
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4 Transformation from Painlevé IV to Painlevé

IV

The fourth Painlevé equation

d*y 1 (dy >3 3 s
ik AL 4 = Aty + 282 —a)y + = 4.1
- 2y<dt> oyt A~y + (4.1)

can be obtained as the compatibility condition of the following linear system

of equations,

where[25)

T IR T
‘)L(l) - 200) —(()0 - 'U) g

&
uy

I O 0 u
B(z) = I o | .
0 -1 ;(U"()O—Ooo) 0

The compatibility condition, Y,; = Y. , implies

du

(l]—[ = —‘:(y + 2’21’0

2 = __'“2 =+ <—9 - !/) v+ (0() + OrX))yv (44)
dl y y

{ .

(l—!// = —4v + y2 + 2ty + 40,.

dl

Thus y satisfies the fourth Painlevé equation (4.1) with the parameters

a=20, —1, B = —80,°. (4.5)

The Schlesinger transformation matrices; R(z) ; associated to the linear



system (4.2) , are given as follows;

0 = o |
0,)0,:000-*-%’

00 1 _uy (4.6)
u 2(1}—200)
001 = 00 + _;.
Ons’ = 0o — 1, .
1 0 v ou :
Riy(z) = P A e
(2) ( 0 0 ) i
0" = 6o + %
0o’ = 00 + 3, s
R)(z) = 00 /2 4 1 %% L—1/2
A i v—00—0 ylv—=0p—-0s) ~ ’
0 l u 2v
{W:%—g
0')()I =V — '.1',
’ (4.9)

1 0 . u—20g % .
Rugy(2) = 212 4 , v ‘ 5172

The transformation matrices R)(z), 4 =1,...,4 are enough to cover all
possible shifts in the exponents 0y, 0. Since, ify’, u',v’, 0y, 0., are transformed
quantities of y, u,v, 0y, f under the transformation given by Ryy(z), i.e.

/ PR A AN Bt B ! N __ . .,

Y'(z, by w0 0,0, 05, 00") = Ry (2,49, ..., 00)Y (2, 45y, vy 00), (4.10)

and if y”,u”,v", 04", 0" are transformed quantities of y’,u’,v’, 0,0, under

the transformation given by Ry(2), i.e.

Y 'z, by" u 0" 0", 0", 05", 00") = Ruy(z, 5y’ ., 00) Y (2, 659, ., 04),
(4.11)
then

Ry (=, b5y (y,u, . 00), ) Ry (2, 6y, .., O) = 1, (4.12)
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for k,l=2,1 and k,[=3,4. Also,

R(l)(zv t; yl(yv u, ...00), )R('3)(za ¢ Yyoors 00) = R(S)(:)a

(4.13)
[{(2)(27 t; :‘/I(yv u, "'00)7 )R(-'I)(Z’ 65Y, .y 00) = R(b‘)(z)a
where Rs)(z) and R (z) are;
00" = 0o
0’ =0, + 1,
: 00 0 - (4.14)
= (0 ) (L2 )
_v—=0—0e _ v(v—26p) ’
0 1 . Ou 3/(1/—90—2,,\»,) +
{ 00, - 00 + 1
0" = O,
Lo | vy (4.15)
Ry(z) = + Zootl — T z71,
where
N=20t+~+L(v—0,—0.)] (4.16)
y  2v

It is possible to obtain the transformation which generates the new solution
y' corresponding to the parameters o’ and A’ from the known solution y corre-
sponding to the parameters o and 3 of PIV, from the Schlesinger transforma-
tion associated with the linear system (4.2). In particular, the transformation

matrix fy)(z), transforms the quantities y, u,v, 0y, 0 as follows:
1 1
()[/):00_57 ():)02000_1_7’

'LL, = _:U 1”:300, v ?é 200,

(4.17)
2(v — 200)* (v + v — 0y — 0,)
—2ty(v — 20p)(v — 0o — 0) — yi(v — 0y — 0,»)2 =0,

yu'(v — 0y — 0) + (v — 200)(Wy' + 2u) — 2tuy = 0.
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By eliminating u and v {rom the above equations and writing 6y and 0., in

terms of « and /3, one can obtain the following transformation for the solution

of P.IV;
(—28)2 — 20— 2

y':—2t—y+f—— , (4.18)
2 r
with
o =a+1, [ =p+2-28)7-2, (4.19)
where
—9243)2
poypu— Yt (22 (4.20)
Y Y

The transformation (4.18) allows us to obtain the new solution y’ corre-
sponding to the parameters o’ and B’ from the solution y corresponding to the

parameters « and S of P.IV. For example,

y=- for oa=2, [f=-=2, (4.21)
solves P.IV. By using the transformation (4.18), one can obtain the new solu-
tion ¥y’ = 0 for the parameters o/ = 3,5 = 0.

Similarly, from the Schlesinger transformations associated with the linear
equation (4.2) , and given by the transformation matrix R)(z) transforms

the quantities y, u, v, 0p, 05, as follows:

()(1):00_*_%7 0:,30:00()_%3

B !
'U/ — 2uu + 00 + 000’

uy

-l/_£+t)a

u' = —u( ,

y' = =20 =200 —1).

The transformation for the solution of PIV can be obtained from the equa-
tion (4.22) by eliminating v and v and writing 0y and 0, in terms of a and

I8

—28)7 — 20 + 2 |
y = (» p)z —2a+2 P (4.23)
202t —y)+p 2 ‘
with
od=a-1, pf=p=2=28)7-2, (4.24)
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where

. 1
—24)3 |
p=y+2t— y?_; + ( y/3)2 . (4.25)

The transformation (4.23) enables us to use a known solution of (4.1) to
construct the new solutions with new values of the parameters. For example,
by using the transformation (4.23) and the solution (4.21) of PIV, the new

solution,
1 ,
y'==(2t+7), for o=l f=-8 (4.26)

can be generated.

Also, from the Schlesinger transformation defined by the transformation

matrix Rz)(z) , transforms the quantities y,u,v,0p, 8, as follows:
uy
W v #0,
(4.27)

2u(ty —v) —yu'(v— 0y — 0y) — vu'y’ = 0,

202(v' + v —30p — Os, — 1) — 2tyv(v — Op — 00 )—
yi (v — 0y — 0,,)* = 0.

From the equations (4.27), the follwing transformation for the solutions of PIV

can be obtained,

—2(2 2% 4 200 42 .
' 2 P
with
=a+l, B =p-2-28)7-2, (4.29)
where 1
v (Z2P)r (4.30)

p=y+2AU-——+
[} Y

The transformation (4.28) in conjunction with the known solution y corre-

sponding to the parameters o and £ leads to new solutions y’ of P.IV for the
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parameters o, 3'. For example, by using the transformation (4.28) and the

solution (4.21) of PIV one can obtain the new solution,

y' = - ’ for o = 3, /3’ = —8. (451)

Similarly, from the Schlesinger transformation associated with the linear
equation (4.2) , the transformation matrix R4)(z) transforms the quantities

Y, U, v, 00,0, as follows:

06:00—%, 0! :aoo_%a

2 (v — 20
v’:—w———o)+00+0w—l, w # 0,

uy
u' = u( » 2), y #0,
, wv’ /
Yy = -“7, u # 0.

The equations (4.32) gives the following transformation for the solution of PIV,

g Cofarm ()
) 22t 4+ y) —r 2’ .

with
=a-1, p=p+2=28)7-2 (4.34)

where

1 —24)2 v
7':;(/+21—£ (=2/) . (4.35)
y Yy
The transformation (4.33) allows us to obtain the new solution y' cor-
responding to the parameters o and 4’ from the solution y corresponding to
the parameters o and /3 of P.IV. For example, the equation (4.21) solves PIV.

By using the transformation (4.33) one can obtain the new solution,

y =0, for =1, p=0. (4.36)



The transformation (4.33) associated with PIV can be obtained by the

successive applications of the following transformation given in [6]

Y= (=20)" 4 2ty + 4

37 —_
2y

)

a=—1 [2 + 2a — 3(—%)‘”] , (4.37)

provided that,

a—1—=(=28)%=0. (4.38)
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5 Transformation from Painlevé V to Painlevé

v

The fifth Painlevé equation

d*y 1 1 dy., ldy (y—1)* By vy dyly+1)

1 y—1
can be obtained as the compatibility condition of the following linear system

of equations,

Viz) = A)Y(2),  Yi(z) = B(x)Y(2), (5.

|
SN
~

where [25]

A(:)z%(:) —(—)t)+

v+ %Q —u(v + 0p) Ly —w wy(tw — %L) e
v —(’v—f-%l) z _-I—(w-{-%L) w =

u uy

1 ( 0 U [’U+00 —y(w — %‘-)] ) .

1 ['u - Jl/(w + %L)] 0

w="v+ %(00 +0,).
The compatibility condition, Y, = Y,. jmplies

dy
dt

dv 01 1 01
ta = yv (w — 7) — ;(U + 0o) (w + 7),

I@—‘ W— O+ | 0y Lf 0,
,(lt—lt -2t — U+U UJ—E -f-; u)_i_? .

27

, :
=ty — 2v(y — 1)* - §(U — 1) [(0o = 01 + 0 )y — (300 + 0y + 05)],



Thus y satisfies the fifth Painlevé equation (5.1) with the parameters

L(00—0,+0,\" 1 (00— 0, — 0\ 1
=—| —— =—|— = 1—0o—0 6= —=.
“ 2( 2 ) =3 2 > 7 o 2
(5.5)
The Schlesinger transformation matrices R(Z) associated to the linear sys-
tem (5.2) , are given as follows
0 =60 + 1
01 = 91
0, =0 +1,
00 , (5.6)
Riy(z) = 22y
(=) ( 01 )
1 — (v +0o) —1/2
—L o=t w4 0/2)] Ew+00)[o -1 (w+5)] ’
0/1 = 01
ofx, = 000 — 1,
10 ‘ (5.7)
Ry(z) = M
(%) ( 00 )
ot to-s(o-2)] —2 ety (-] | s
-1 | o
0’1 == 01
0'{.)0 = o’x' - 1’
, 1 0 . (5.8)
Ry () = s
0 0

1
_ U 1
u(v46p)

( 1 [v + 60—y <w — %L)] B+U—00 ~$ v+ Oy —y (w - %L)] ) 3—1/2’



0 =0 + 1,
00 A (5.10)
Rs)(2) = ( 0 ) (z— 1)+

06:00
011:01—1
O,Ix,:ooo_lv

5.11
Reo(2) = (1 ; ) (= D'+ (5-11)

0 0
( m [v +0,—y (w - %)] — [” 00—y (“’ - QZQ)] ) (z—1)"'
1 1 ' ,
uy
()6 = 00
0 =0, + |
0;) — ()oo - 1’
R(7)(Z) = ( (l) g ) (Z — 1)1/‘2+
( wlotlo—y(w-3)] —tlo+0—y(w-%)] ) (z— 1)1/
a1, | N ’
uy 1 (5.12)
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0, =0, +1,
00 (5.13
R(g)(Z) = ( 0 1 ) (Z _ 1)1/2+ )
( 1 —uy ) (z— l)_1/2
-yt g)] #o-g (v )]
where,
w+6,/2 _
=— 1 5.14
o w—0;/2 (5.14)

‘he transformation matrices Ry (z), 72 =1,...,8 are enough to cover all
1 (<) yoeey g
possible shifts in the exponents 0o,0y,0, . Since, if y',u',v’,05,0,', 0, are

transformed quantities of y,u,v, 0, 01,0, under the transformation given by
Ruy(z), ie.

Y'(z, t59' 0,0, 00", 0),0,,") = Ruy(z, 69, ..,0)Y (2,459, ..., 0x), (5.15)
and if y”, u”,v",04",0,",0.." are transformed quantities of y', ' v’ 04, 0,",0.
under the transformation given by Ry(z), i.e.

Yz, t5y",u" 0", 00",01",0.") = Ruy(z, 65y, o 05 )Y (2,69, o, 0"). (5.16)
then
Riy(z, 69 (g, 1y o 000), YRy (2, 5y, ooy O) = 1, (5.17)
for I=k+1, k=1,3,5T.

Also, Ry(z)R(n)(z) = R)(z) shifts the exponents as 0y = 0p+1, 0,/ =
0+ 1, 05 =04, and Rp(z)Rs)(2) = Ruoy(z) shifts the exponents
as, 0’ =0o—1, 0" =0, -1, 05 = 0. The explicit form of R and
R0y are

0, =0,

W

g fir —gufi
!]21./'21 —flnle

|

) e L1720, 1\—1/2 -
R(9)(.") -~ ("’ 1) l:l + g21f11—g12 f21 (
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— =1/20,, _ 1©\1/2 1 —qi2f22 g12f12 1
Rao)(z) = 271z - 1) [lwt—mjl,‘,_gm(ﬁgnf22 R

(5.19)
where,
G- [ 9 92 ) _ 7 (v + 6o) e=o0(t)  4e00(2) |
g21  g22 ie‘”f’(‘) eoo(t)
(5.20)
I M fi2 | 2y o= (1) wyen (O
f‘ll f22 —ﬁ (ZLZO_I@L) c—(rx(t) eo1(t) ’
with
ou(t) = fi {% {v — 1l/(w + 91/2)] _ %}dl,',
5.21
(

oi(t) = J*{L [v— Lw+0,/2)] - L} ar.

It is possible to obtain the transformation for P.V, from the Schlesinger
transformation associated with the linear system (5.2) .In Particular, the trans-
formation matrix Rs)(z) , transforms the quantities y,w,v,0y,0, and 0, as
follows:

Oh=0+1, 00 =0, 0 =041,

u = —M,
t
0y + 0; + 0 0o — 0y 4 0,
u(v' + _“-i_;—_l_)A yo(v + %)
tu/17 + v+0 - +v' —v =0,
¢ ° (5.22)
bo + 0, + 0,
o+ o+ L; . A .
u'y’ t(v+0)
. 00 + 01 + orx»
v(v'+ v+ 0+ 0x) v+ 9 _0
u(v + o) uy -
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where 0
A :v+00—y(w—7)1—). (5.23)

I

The transforamtion for the solutions of PV can be obtained from (5.22) by

eliminating u, v and writing 6o, 8; and 0, in terms of «, 3,7 and §;

E(D +(20)'%) + 1(D+C) [A= (1 =y)(C + D + (=28)'/Y)] + A(v— F)

! =
’J A (5.24)
h.24
with
’ l . 9 2 . l _
@ =q /3’:—5 [(_2/3)1/~+1]2a 'YI:'Y—I, 5/:6:———5 (525)
where
A=v+0p—y(w—%)
B =ty —ty — (20)'*(y = 1) = (y = )(y — 1)
B (2&)1/2 n (_2[3)1/2 +1—n
- 2
B
D = T T )
2(y —1)*
. yAD
E= A D(l —vy) — - —
y + y ( y) v + (/v + (—2[8)1/2 yt:l
F /l(v+(',')[tl+j—(—-2ﬁ)1/2] —ll/l[ll+(/'—(—2/3)]/2+(20)1/2]—-l(“+(7)["’"("tiz:)l/'z —y} [1+l>‘:‘fc ]
= H{v+C)+vA ( 26)
5.26

The transformation 5.24 can be used to construct the new solution y’ with

different values of parameters o, #’,7" and §'.For example,
y=1t+1 for a=1/2, p=-1/2 ,v=1 ,6=-1/2, (5.27)
solves PV.By using the transformation 5.24, one can obtain the new solution,
Yy =t+2 for o =1/2, pf=-2 =0, &=-1/2. (528)
Similarly, from the Schlesinger transformations associated with the linear
equation (5.2) , the transformation matrix Rg)(z) transforms the quantities
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¥, u,v, 80,0 and 0, as follows:

0 =0, 0 =01, 0 =01,

uA, . 0 +0y)A
T(v +o+0o+1t)+u'(v +00)+uy(w—T;)—va—o)— =0,
w(v'+0p) vA

(v _v)(a_l)_*-T—*__t— =0, (5.29)

U'U,A ’U+00+v,_v:0

tu! Y ’

(w' + z;IL)A u'y'(w' — %’L) _

+ =0,
{ u
where 0

A=v+0)—y(w-— 7}) (5.30)

F4

By eliminating u and v from the above equations and writing 0,6, and 0
interms of «, 3,7 and § , one can obtain the following transformation for the

solution of P.V,

H- o+ Gy + O+ (—2/3)'/2)] (H+Cp—1)

' y—1

v = H(H + (2a)'2)

(5.31)

with
o =a, F=—z[2P 1 A=l F=s=-l2 (532)
where

A=v+40—ylw— %),

2
B =ty —ty, — (20)"*(y — 1) = (v = 1)(y — 1),

'y (20)1/2 - (_2/-})1/2 + I - 2
(./1 = P ) (533)

4

G=[o+Cr+ (=26)* = y(v + 20)'/?)]

G o+ Ci+ (=29) 4 vy? = y(20 + C1 + (~26) + 1)
pum— ty'z .
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Using (5.31), one can obtain the new solution y’ corresponding to the pa-

rameters ¢/, 4,7 and ¢’ from the solution y corresponding to the parameters

o, 3,7 and é of PV. For example, by using the transformation (5.31) and the
solution (5.27) of PV, the new solution,

2+ 2t + 2 . . : .

' = —t+T ‘/07‘ a' = 1/2, ,6/ = —2, ’)” = 2, (S/ = —1/2, (5}4)

can be obtained.

The Schlesinger transformation associated with the linear equation (5.2)
and given by the transformation matrix Re)(z), transforms the quantities

Y, u, v, 00,0, and 0,, as follows:
06:00—1, 0/1:0]‘—1, 0:)():()00,
uyv' —u'(v'+ 0o — 1) =0,

bo + 01 + 0 ;0o —0 405

u(v' + — 1) =uy' (v + ———=),
( 2 ) | 2 ) (5.35)
Oy + 0, + 0o
2uy(v' + =——5—— — 1) 00— 01 + U
u"!/lu - 2(1)' i 2 )
0o+ 0y + 0,
9arlar — 1! 2(y—1)(’l)+M——)
2u(y — 1)v" | » 9
SR el - 1) - Ly
u Y

From the equations (5.35), the following transformation for the solution of PV

can he obtained.

L I+ C (=282 = )1 +Cy = 1)

o — 5.36
y ST + (2a)1 ) (5.36)
with

o =« =B F=9+2, &=6=-1/2 (5.37)

where

I=—Y oy Ay = 1) [v + (2a)/2 - 'y] — 2y — (v + (22)'%) 3,
2y — 1)? y

(5.38)

and C) is the same as in (5.33). The transformation (5.36) can be used to

costruct a new solution y’ corresponding to the parameters o',y and
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8" from the known solution y corresponding to the parameters «, 3,7 and
§ of P.V. For example, y = —1fora=0,8=0,y=0, and § = —1/2 solves

PV. By using the transformation (5.36) the new solution of PV,

, P 44at+4

T 14 —4 for o&=0,=0,y=2,6=-1/2 (5.39)

y

can he generated.
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