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ABSTRACT

VALID INEQUALITIES FOR THE PROBLEM OF
OPTIMIZING A NONSEPARABLE PIECEWISE
LINEAR FUNCTION ON 0-1 VARIABLES

Ziyaattin Hiisrev Akstit
M.S. in Industrial Engineering
Supervisor: Assoc. Prof. Dr. Hande Yaman
July, 2011

In many procurement and transportation applications, the unit prices depend
on the amount purchased or transported. This results in piecewise linear cost
functions. Our aim is to study the structure that arises due to a piecewise linear
objective function and to propose valid inequalities that can be used to solve large
procurement and transportation problems. We consider the problem of optimiz-
ing a nonseparable piecewise linear function on 0-1 variables. We linearize this
problem using a multiple-choice model and investigate properties of facet defining

inequalities. We propose valid inequalities and lifting results.

Keywords: Piecewise linear functions, valid inequalities, facet defining inequali-

ties, sequential lifting, simultaneous lifting.
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OZET

0-1 DEGISKENLI AYRISMAYAN PARCALI

DOGRUSAL BIR FONKSIYONUN ENIYILENMESI
PROBLEMI ICIN GECERLI ESITSIZLIKLER

Ziyaattin Hiisrev Akstit
Endiistri Miithendisligi, Yiiksek Lisans
Tez Yoneticisi: Dog¢. Dr. Hande Yaman
Temmuz, 2011

Bircok satin alma ve ulagim uygulamasinda, birim fiyatlar satin alinan ya da
ulagimi gerceklestirilen iirtin miktarina baghdir. Bu durum, pargali dogrusal
fonksiyonlarin kullanilmasina yol agmaktadir. Bizim bu calismadaki baglica
amacimiz, parcali dogrusal fonksiyonlarin kullanilmasiyla ortaya c¢ikan yapiy1 in-
celemek ve biiylik satin alma ve ulagim problemlerinin ¢oziimiinde faydali ola-
bilecek gecerli esitsizlikler iiretmektir. Bu caligmada, 0-1 degiskenli ayrigmayan
parcali dogrusal bir fonksiyonun eniyilenmesi problemi ele alinmaktadir. Bu
problem, ¢ok secenekli model kullanarak dogrusallastirilip, ylizey tanimlayan
esitsizliklerin Ozellikleri incelenmektedir. Ayrica, gegerli esitsizlikler iiretilip,

kaldirma sonuglar: sunulmaktadir.

Anahtar sozcikler: Parcali dogrusal fonksiyonlar, gecerli esitsizlikler, yiizey

tanimlayan esitsizlikler, sirali kaldirma, egzamanlh kaldirma.
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Chapter 1

Introduction

Piecewise linear functions are widely used in optimization problems in many
applications, including transportation, telecommunications, and production plan-
ning. Any nonlinear function can be approximated to an arbitrary degree of ac-
curacy as a piecewise linear function. The degree of accuracy is controlled by the

number of the linear segments in the piecewise linear function.

Piecewise linear approximation is used in various specific applications, such
as portfolio selection, network loading, merge-in-transit, minimum cost network
flow with nonconvex piecewise linear costs, electronic circuit design, facility loca-
tion with staircase costs, and optimization of gas network. Besides, procurement
auctions with piecewise linear costs are common in industry. Cost functions in
many supply chain problems are piecewise linear. Transportation costs in a net-

work are mostly concave and piecewise linear, possibly with fixed costs.

In addition, piecewise linear optimization is an area of interest on its own.
Piecewise linear functions that are convex can be minimized by linear program-
ming since the slope of the segments are increasing. However, it is necessary to

introduce nonlinearities in the model if the piecewise linear function is not convex.
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This chapter consists of four sections. In the first section, the nonlinear prob-
lem with piecewise linear cost function that is studied throughout this thesis is
defined. In the second section, research contributions are stated. Three formula-
tions on linearization of the piecewise linear function are introduced in the third

section. In the last section, outline of the thesis is provided.

1.1 Problem Definition

In this section, we first define the parameters of the problem and give the
specifications of the piecewise linear cost function. After stating the objective of

the problem, we introduce the nonlinear model.

We are given a set of items N = {1,...,n}. Foritem k € N, p; > 0 is the
revenue of selecting item k, and w; > 0 is the weight of the item. We are also
given a lower semicontinuous piecewise linear cost function f with ¢ segments.
Let T'= {1,...,t}. For segment j € T, b; denotes the variable cost, s; denotes
the fixed cost, and a; denotes the right breakpoint of the segment. Without loss

of generality, we assume that ag = 0.

Our problem, called Nonseparable Piecewise Linear Optimization (NPLO), is
to select a subset of items in order to maximize the total profit. Since the cost

function is a piecewise linear function, this problem is nonlinear.

For k € N, z; is 1 if item £ is selected and 0 otherwise. Nonlinear model is
the following formulation called NLM.

maxzpkl‘k —f (Z wk%)

keN keN

s.t. zp € {0,1} Vke N

The special case with a single piece with a; < Y7,y wi and f(y) = 0 for
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Figure 1.1: Piecewise linear cost function.

y € [0,a4] is a knapsack problem.

1.2 Contribution

This thesis presents a nonlinear optimization problem with a piecewise linear
cost function. Three formulations on linearization of the mathematical model,
which are called multiple choice model, incremental cost formulation, and convex

combination model, are provided for the given problem.

Since the knapsack problem is a special case of our problem, our problem is
NP-hard. Therefore, deriving strong valid inequalities and facet defining inequal-
ities is crucial for the solution of the problem. The aim of this research is to

provide such inequalities for the proposed model.
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In this study, a valid inequality in general form is presented and properties
of facet defining inequalities are analyzed. Under some special conditions of the
parameters in the valid inequality of the general form, strong valid inequalities

are obtained.

In addition, some of the existing valid inequalities are lifted by sequential and
simultaneous lifting techniques in order to achieve new strong valid inequalities.
Lifting the existing inequalities are beneficial since they may lead to facet defining
inequalities. Uplifting technique is used while determining the coefficients of the

variables.

For each one of the two models, the multiple choice model with equality con-
straint and the relaxed version of it, an example with two segments and four items
is analyzed. Using PORTA [21], all facet defining inequalities for the examples
are obtained. All of the facets for the multiple choice model with equality con-
straint are explained either by the proposed valid inequalities and facet defining
inequalities or lifting those inequalities. On the other hand, most of the facets
for the relaxed version of the initial model are explained either by the proposed

valid inequalities and facet defining inequalities or lifting those inequalities.

Ultimately, this research provides a problem with piecewise linear cost func-
tion and analysis on valid and facet defining inequalities. Lifting techniques are
also used in order to obtain valid and facet defining inequalities. Lastly, strength

of the proposed valid inequalities are shown on two examples in Appendix.
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1.3 Linear Formulations

Piecewise linear functions that are convex can be minimized by linear pro-
gramming since the slope of the segments are increasing. However, it is necessary
to introduce nonlinearities in the model if the piecewise linear function is not
convex. Since our piecewise linear cost function is not necessarily convex, we
choose mixed integer programming approach (MIP) to solve our problem. In this
MIP approach, the nonlinearities are formulated using binary variables. Besides,
additional constraints are needed to relate those binary and continuous variables.

Three fundamental MIP formulations are presented in this section.

This section consists of three subsections. Initially, we introduce the multi-
ple choice model with the equality constraint, called M CM_. Then, the relaxed
version of it, M CMs>, is stated. In the second subsection, incremental cost for-
mulation is presented. Finally, convex combination and alternative convex com-

bination models are described in the last subsection.

1.3.1 Multiple Choice Model

Multiple choice model is first used by Balakrishnan and Graves [1]. In the
multiple choice model, we use the following decision variables. For k € N, x; is
1 if item £ is selected and 0 otherwise. For j € T', z; is 1 if segment j is selected

and 0 otherwise, and h; is the amount of load on segment j.

The multiple choice model is the following formulation called M CM_.

max Zpkxk — Z(bjhj + 5,25) (1.1)

kEN jeT
s.t. Z h; = Zwkxk (1.2)
jerT keEN

aj,lzj S hj S aij VJ eT (13)
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» <1 (1.4)

JET

z, €{0,1} Vk e N (1.5)
z; € {0,1} VieT (1.6)
h; >0 VieT (1.7)

The objective function (1.1) is the total revenue of selected items minus the

total cost of the selected segment.

Constraints (1.2), (1.5), and (1.7) states that the total weight of the selected

items is equal to the amount of load on the selected segment.

Constraints (1.3), (1.6), and (1.7) ensure that the amount of load on the se-
lected segment is within the left and right breakpoints of that segment and that

the amount of load on a segment that is not selected is zero.
Due to constraints (1.4) and (1.6) at most one segment is selected.

If the function f is nondecreasing, then we can relax constraints (1.2) to

without changing the optimal value. We call the resulting model M CMs>.

1.3.2 Incremental Cost Formulation

Incremental cost formulation is introduced by Manne and Markowitz [2]. De-
cision variables for this formulation are as follows. For k € N, x; is 1 if item

k is selected and 0 otherwise. For j € T, r; is 1 if segment j is selected and 0



CHAPTER 1. INTRODUCTION 7

otherwise. For j € T, y; is the amount of load on segment j.

The incremental cost formulation is the following formulation.

max Y piy — (f(ao) + Z(Qj%)/%’) (1.9)

keN jeT
s.t. ap + Zyj = Zwkxk (1.10)
jET keN
ury <y < g (1.11)
uir; <y < uirig Vji=23,..,t—1 (1.12)
0 <y <uri_q (1.13)
z, € {0,1} Vk e N (1.14)
rie{0,1}  Vj=1,2,.,t—1 (1.15)

The objective function (1.9) is the total profit of selected items minus the

total cost of the selected segment.

Constraints (1.10), (1.13) and (1.14) ensure that total weight of the selected

items cannot exceed the total amount of load on selected segments.

Constraints (1.11), (1.12), (1.13) and (1.15) ensure that the amount of load
on a selected segment should be less than the difference between left and right
breakpoint of that segment. If a segment is not selected, then the amount of load

on that segment must be zero.

If the function f is nondecreasing, then we can relax constraints (1.10) to

a0+2yj > Zwkxk (1.16)

JET keN

without changing the optimal value.
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1.3.3 Convex Combination Model

Convex combination model is first used by Dantzig [3]. In this model, we use
the following decision variables. For k € N, xj is 1 if item k is selected and 0
otherwise. For j € T, z; is 1 if segment j is selected and 0 otherwise, and \;_;

and \; are the weights of the breakpoints on segment j.

The convex combination model is the following formulation.

t

maXZpkxk — Z)\jf(aj) (1.17)

keEN =0
T
s.t. Zaj/\j = Zwkxk (1.18)
j=0 kEN
T
doN=1 (1.19)
=0
)‘j Sijl—FZj Vj:1,2,..,t—1 (121)
)\t S Zt—1 (122)
¢
D z=1 (1.23)
=0
we{0,1}  VkeN (1.24)
z; € {0,1} Vi=0,1,..,t (1.25)
>0 V=01t (1.26)

The objective function (1.17) is the total profit of selected items minus the

total cost of the selected segment.

Constraints (1.18), (1.24), and (1.26) ensure that total weight of the selected

items cannot exceed the total amount of load on selected segments.

Constraints (1.19) and (1.26) ensure that the total weight of the breakpoints
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should be equal to 1.

Constraints (1.20), (1.21), (1.22), (1.25), and (1.26) ensure that the weight
of a breakpoint should be zero, unless the corresponding segment or segments to

that breakpoint is selected.
Constraints (1.23) and (1.25) ensure that at most one segment can be selected.

If the function f is nondecreasing, then we can relax constraints (1.18) to

T
D a =) wey (1.27)
j=0

keN

without changing the optimal value.

Sherali [4] introduced an alternative formulation for the convex combination
model. When we adjust that formulation to our problem, we get the alternative
convex combination model. In this new formulation, following decision variables
are used. For k € N, zy is 1 if item £ is selected and 0 otherwise. For j € T, z;
is 1 if segment j is selected and 0 otherwise, and A} and Af are the weights of

the left and right breakpoints on segment 7, respectively.

Alternative convex combination formulation is the following formulation.

T
max » pewr — Yy (AF faj1) + A f(a;) (1.28)
keEN j=1
T
s.t. Z(aj_l/\f + aj)\f) = Z Wk T, (1.29)
j=1 keN

DM+ =2 (1.30)

> =1 (1.31)
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zi, € {0,1} Vke N (1.32)
z; €{0,1} Vj=0,1,..,T (1.33)
A AF>0 Vji=0,1,..,T (1.34)

The objective function (1.28) is the total profit of selected items minus the

total cost of the selected segment.

Constraints (1.29), (1.32), and (1.34) ensure that total weight of the selected

items cannot exceed the total amount of load on selected segments.

Constraints (1.30), (1.33), and (1.34) ensure that the weights of both left and

right breakpoints of a segment should be zero, unless that segment is selected.
Constraints (1.31) and (1.33) ensure that at most one segment can be selected.

If the function f is nondecreasing, then we can relax constraints (1.29) to

T

Z(aj_lx\f + aj)\f) > Z WE Tk, (1.35)

Jj=1 keEN

without changing the optimal value.

Croxton, Gendron, and Magnanti [5] propose that any feasible solution of the
LP relaxation of multiple choice model, incremental cost formulation, and alter-
native convex combination model corresponds to a feasible solution to the other
two with the same cost. Consequently, the LP relaxations of the three formula-

tions are equivalent.
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1.4 Contents

The rest of this thesis is organized as follows. A review of the piecewise linear
functions in the literature is presented in Chapter 2. Chapter 3 introduces a
set of valid inequalities in general form and analyzes properties of facet defining
inequalities. Besides, valid inequalities for the problem and information about
lifting valid inequalities in order to strengthen them are provided in Chapter
3. Chapter 4 contains any conclusions drawn from this research and possible
discussions about possible future work. Finally, examples for both M CM> and
MCM_, and facet defining inequalities obtained by PORTA are presented in Ap-
pendix. In addition, those facet defining inequalities are explained by the valid

inequalities proposed in Chapter 3 and lifting.



Chapter 2

Literature Review

In this chapter, a review of literature related to our study is presented. In our
study, we have conducted a literature research on two distinct areas. Hence, this
chapter consists of two sections; piecewise linear functions, and lifting, respec-
tively. In the first section, a literature review about piecewise linear functions,
their characteristics and linearization methods is presented. Second section con-
sists of a review of the literature that is related to sequential, simultaneous, and

sequence independent lifting techniques for valid inequalities.

2.1 Piecewise Linear Functions

Piecewise linear functions are commonly used in optimization problems in
many real life applications such as transportation, telecommunication, and pro-
duction planning problems. It is possible to approximate any nonlinear function
to a piecewise linear function. The accuracy of the approximation is simply based

on the size of the linear segments in the corresponding piecewise linear function.

There exist three fundamental formulations on linearization of the piecewise

12
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linear functions in the literature; namely the multiple choice model, the incre-
mental cost formulation, and the convex combination model. Optimization of
these three basic formulations is an area of interest in itself. There exist numer-
ous studies on linearization and optimization of piecewise linear functions in the
literature. In this section, we provide a review of the literature that is related

with piecewise linear functions, their specifications and linearizations.

Croxton et al. [5] study a generic minimization problem with separable non-
convex piecewise linear costs. They state three basic formulations; incremental
model, multiple choice model, and convex combination model. Then, they prove
that the LP relaxations of the incremental, multiple choice, and convex combina-
tion formulations are equivalent. Moreover, they prove that the LP relaxation of
any one of these three formulations approximates the cost function with its lower

convex envelope.

In the work of de Farias et al. [6] special ordered set of type 2 (SOS2) ap-
proach is proposed for the optimization of a discontinuous separable piecewise
linear function. A set of variables are said to be SOS2, when at most two vari-
ables are nonzero, and two nonzero variables are adjacent. They show that the
given SOS2 approach can be used even when a mixed integer programming (MIP)
model is not available for the given problem. They also prove that the LP re-
laxation bound of their SOS2 formulation is as good as the MIPs, when a MIP
formulation is available. Besides, they state the advantages of SOS2 approach
over the MIP model.

Keha et al. [7] study incremental model and convex combination model with
and without additional binary variables. They show that both formulations with-
out additional binary variables have the same LP bounds with the corresponding
formulations with additional binary variables. When there are no additional bi-

nary variables, they enforce the nonlinearities algorithmically, by branching on
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SOS2 variables in the branch and bound algorithm. They prove that SOS2 for-
mulation, as well as incremental and convex combination models, is also locally
ideal, which means that the binary variables are integer in every vertex of the set.
They conclude that the formulations without binary variables should be better
models for piecewise linear functions than the MIP models, since they are more

compact.

In the study of Vielma et al. [8] the branch-and-cut algorithm for LPs with
piecewise linear continuous costs are extended to the lower semicontinuous case.
They also extend the SOS2 formulation for LPs with piecewise linear continuous
costs to the lower semicontinuous case. Then, they adapt valid inequalities devel-
oped by Kehaet al. [9] to the new model. The discontinuous case caused by a fixed
charge is also studied and two new valid inequalities are developed. According to
the computational results, adding SOS2 based cuts can significantly increase the
performance of the branch-and-cut procedure for one class of problems. For the
other class of problems, adding SOS2 based cuts can significantly increase the

performance regarding the number of nodes and best gaps obtained.

Vielma et al. [10] study the modeling of piecewise linear functions as MIPs.
They review several existing and new formulations for continuous functions and
study on their extension to the multivariate nonseparable case. Then, they com-
pare these formulations both with respect to their theoretical properties and their
computational performance. In addition, extensions of these formulations con-

sidering lower semicontinuous functions are studied.

Keha [11] studies the polyhedral structure of piecewise linear optimization
problems and derived strong valid inequalities. Then, a polyhedral study of the
one row relaxation of a separable piecewise linear optimization problem is pre-
sented. In addition, several classes of valid inequalities are derived for this prob-
lem, and a branch-and-cut algorithm is presented. He also derives some valid

inequalities via lifting procedure. He shows that most of the valid inequalities
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that he derived are facet defining for a lower dimensional polytope.

2.2 Lifting

One of the most commonly used techniques to obtain strong valid inequalities
is lifting. Lifting procedure aims at generating a strong valid inequality from
an existing valid inequality by adjusting coefficients of one or more variables in
the initial inequality. Lifting of a valid inequality may result in a facet defining
inequality in some cases. Lifting techniques can be discussed in three categories;

sequential or simultaneous, exact or approximate, and up or down lifting.

Since lifting is an important tool for generating strong valid inequalities, it
is very useful for optimizing mixed integer programming problems. Therefore,
there are plenty of studies on lifting techniques in the literature. In this section,

we provide a review of the literature that is related with lifting valid inequalities.

Gu et al. [12] study lifting flow cover inequalities for mixed 0-1 integer pro-
grams. They discuss sequential and sequence independent lifting, and compare
them. Since sequential lifting of flow cover inequalities is computationally chal-
lenging, they present a computationally efficient way to lift them using sequence
independent lifting technique which can be classified under simultaneous lifting.
Finally, they show the effectiveness of their lifting techniques by giving compu-

tational results.

In the study of Gu et al. [13] sequence independent lifting techniques are
presented for both flow cover and knapsack cover inequalities. They discuss the
relation between superadditive functions and sequence independent lifting tech-

niques. Then, they show that the lifting coefficients are sequence independent if
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that lifting function is superadditive. In addition, they obtain good approxima-
tions to maximum lifting by introducing the idea of valid superadditive lifting

functions.

Easton and Hooker [14] study simultaneously lifting sets of binary variables
into cover inequalities for knapsack polytopes. They introduce a polynomial time
algorithm that finds valid and facet defining inequalities using simultaneously
lifting techniques. They show that the resulting simultaneously lifted cover in-
equality cannot be derived by lifting any cover inequality sequentially in many

instances.

Atamturk [15] studies sequence independent lifting for mixed integer program-
ming. He shows that superadditive lifting functions lead to sequence independent
lifting of inequalities for general mixed integer programming. He also discusses
that mixed integer rounding can be viewed as an application of sequence inde-
pendent lifting. Besides, he analyzes facet defining conditions for mixed integer

rounding inequalities for mixed integer knapsacks.

In the work of Shebalov and Klabjan [16] convex hull of a set defined by a
single inequality with continuous and binary variables is analyzed. Flow cover
inequality is extended and shown that it is valid when the set is restricted by
fixing some variables. In addition, conditions under which that inequality is facet
defining are presented. Furthermore, the way to lift that inequality in order to
obtain valid inequalities for the original set using sequence independent lifting

techniques is shown.

Sharma [17] presents a new algorithm called the Maximal Simultaneous Lifting
Algorithm which basicly produces a cover inequality using sequence independent
uplifting techniques over a set of binary variables. Then, he shows that under

some assumptions, this algorithm results in strong inequalities that are facet
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defining. Their computational studies show that this algorithm can find numer-

ous strong valid inequalities for knapsack problems in negligible time.

Bolton [18] introduces a new lifting method called synchronized simultaneous
lifting. Then, he shows that some of the inequalities obtained by this method can-
not be produced by any previous lifting methods. He also presents an algorithm
called the Synchronized Simultaneous Lifting Algorithm which runs in quadratic
time. This algorithm produces synchronized simultaneous lifting inequalities. His
computational study shows that the proposed algorithm is significantly helpful

in solving integer programs.

The contribution of this thesis to the literature is as follows: A problem of
optimizing a nonseparable piecewise linear function is introduced. Out of three
most commonly used linearization models in the literature, multiple choice model
is studied. The task is to find valid and facet defining inequalities for the given
problem. First, some properties of facet defining inequalities are presented. Be-
sides, several strong valid inequalities are proposed for the problem. Moreover,
lifting techniques are used to obtain strong valid inequalities. Exact methods are
applied while determining the coefficients of the lifting variables. In addition,
both sequential and simultaneous lifting techniques are applied. Furthermore,
since we find out that there is no study on finding valid inequalities and providing
properties of facet defining inequalities for this problem, our study is innovative

for the piecewise linear optimization literature.



Chapter 3

Valid and Facet Defining

Inequalities

NPLO is NP-hard. Therefore, the computational time for an instance may be
too long, or even it may not be solved by a solver, especially if that instance is
a big one. In order to reduce the computational time, one may think of several
techniques. The most two common techniques are decomposition methods and
the cutting plane algorithm. In this paper, we are interested in the latter one.
Aim of the cutting plane technique is to generate valid inequalities that elimi-
nate some portion of feasible region of the linear relaxation without cutting any
feasible solutions of the original problem. The most useful cutting planes are the

facet defining inequalities.

One way to create valid and facet defining inequalities is the lifting technique.
Lifting technique aims at strengthening an existing valid inequality by adjusting

coefficients of some of the variables in the inequality.

This chapter consists of three sections. In the first section, a valid inequality
in general form for our problem is introduced. Then, four properties of facet

defining inequalities are presented. In the second section, first, a valid inequality

18
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for the general problem is proposed. Then, the valid inequality in general form
is analyzed in four specific cases when the piecewise linear function consists of
two segments. For each case, at least one valid inequality is proposed. In the last
section, sequential and simultaneous lifting techniques that are used to obtain

valid and facet defining inequalities are discussed.

Before we proceed to the first section, we discuss the dimension of the multiple

choice model given in the first chapter.

Let P~ be the set of points that satisfy all the constraints of the model M CM-.
Define e}, e and €7 such that ef is the unit vector of size n such that the k'
entry is 1 and others are zero, e? is the unit vector of size ¢ such that the j* entry
is 1 and others are zero, €7 is the unit vector of size ¢ such that the 4% entry is 1

and others are zero.

Define P> = {(z,2,h) : (1.3) — (1.8)} and P$™ is the convex hull of P. De-
fine also, P- = {(z,2,h) : (1.2) — (1.7)} and P<"™ is the convex hull of P_. We
assume that wy, < a; for all kK € N.

Proposition 1 dim(P$") =n + 2t.

Proof. Suppose that every solution (z,z,h) in P$ satisfies ZjeT d;h; +
Z;;ll 125 + Y pen OkTr = p. Since (0,0,0) € P, p=0. As (0,€7,0) € P&,
pp = 0. Let 1 > € > 0 be a small number. Since (0, €7, eel’) € PL™, §; = 0.
Both solutions (0, €3, aieh), (0, €3, azel) are in PS"™. Therefore, 6, = 0, pg = 0.
Similarly, (0,e€Z,, an—1el), (0,€%,, amel) € P™. Hence, 6, = 0, pn, = 0 for
every m € {2,3,..,t}. Since (ef, ¢}, ae)) € PL™, o1 = 0. o0 is also 0 since
(€5, €7, ae}) € PL™. Similarly, o, = 0 for every k € N. Hence, there is no

equation satisfied by all points (7, z, h) € PS" and dim(P$™) = n + 2t. [
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3.1 Properties of Facet Defining Inequalities

In this section, we first present a valid inequality in general form. Then, we
propose four propositions on the properties of some of the coefficients in the given

inequality.

Suppose that inequality

P + Z aRTE + Z ﬁij < Z "}/jhj (31)

keN JET JET

is a valid inequality for P,

Proposition 2 If (5.1) is facet defining for PS™ and is different from . p z; <
1, then p = 0.

Proof. Let Fs = {(m,z,h) € PL™ i p4 Y hen QrTr + ZjeTﬁjzj = ZjeT’thj}-
There exists (z,2z,h) € F> such that } . ;.z; = 0. Since otherwise, all
(z,2,h) € F> satisfy Y. crz; = 1. When Y, 2, = 0, z = 0 and h = 0.

Hence, p must be equal to zero. [

Proposition 3 Let [ € T. If (5.1) is facet defining for PS™ and is different
from h; < a;z;, then v > 0.

Proof. Let > = {(x, z,h) € P : p+ ZkeN apTy + Z]ET Bjz; = ZjeT ’thj}
and [ € T. There exists (x,z,h) € F5 such that h; < a;2;. Since otherwise, all
(z,2,h) € Fs satisfy by = a;z. Consider solution (z,z,h) where h; = h; for
every j € T\ {I} and h; = hy + € for very small € > 0. As (z, 2, h) is a feasible
solution, we need p+ >y Tk + D 50r 852 < D icr v;h; as inequality (3.1) is

valid. Hence, ; must be greater than or equal to zero. U



CHAPTER 3. VALID AND FACET DEFINING INEQUALITIES 21

Proposition 4 Let m € N. If (3.1) is facet defining for P and is different
from x,, > 0, then a,, > 0.

Proof. Let I = {(x, z,h) € P i p+ 3 oy ki + D ier Bz = D ier %‘hj}
and m € N. There exists (z,z,h) € F> such that x,, > 0. Consider solution
(%, z, h) where Ty = zy, for every k € N \ {m} and Z,, = 0. As this solution is

feasible, we need «,,, > 0. [J

Proposition 5 If (5.1) is facet defining for P and is different from ZjeT z; <
1 and hy < ayz; for alll € T, then define
Bi =min Y (iwy — )
keN

s.t. a;—1 < E WL < a;
keN

z, €{0,1} Vk e N
and

Bi =miny;a; 1 — E QX
keN

s.t. E WETr < Qj_1
keN

z, €{0,1} VkeN

forallv €T. Then, 5; = min {BZ,BZ}

Proof. Suppose that (3.1) is facet defining for P$"™ and is different from
ZjeT zj <land Iy <z foralll € T. Let ¢« € T. By Proposition 2, we know
that p = 0 and by Proposition 3, we know that v; > 0. If z; = 1, then the inequal-
ity becomes ), -y arxy + B; < :hi. Hence, B < vihi — 3oy i should be
satisfied by all feasible points (z, z, h) with z; = 1. Given x, if Y, _ v wpzy > a1,
then best value for h; is Zke ~N WiTk, since v; > 0. Otherwise, best value for h;
is a;_1. For these h; values, BZ and f3; are the upper bounds for §;, respectively.

Then, the best value for ; is the minimum of these two bounds. [



CHAPTER 3. VALID AND FACET DEFINING INEQUALITIES 22

3.2 Valid Inequalities

In this section, we first present a valid inequality for arbitrary number of seg-
ments. Then, we analyze four cases on an instance when the piecewise linear
function has two segments and introduce strong valid inequalities for each case.
Besides, an example for each valid inequality that defines a facet for the given

problem is presented.

For S C N, let w(S) = ,cqwk. Let j € T. We define

2, € {0,1}Vk € S

and A = w(S) — w,;(9).

Proposition 6 Let j €T, SCN, and C C{k € S :wy > A\}. The inequality

Z)\xk + Z wixy + Pz < Z h; (3.2)

keC keS\C €T\ {5}

is a valid inequality for PS™.

Proof. 1If z; = 0, then h; = 0 and inequality (3.2) becomes ), .~ Az, +
ZkeS\C wpxE < ZiGT\{j} h;. This is satisfied as A\ < wy, for all k € C and w;, and
x), are nonnegative for all k € N.

If 2; =1, then as } ;.\ i = 0, inequality (3.2) becomes

Z)\l‘k—F Z wkxk—i—ﬁjgo

keC keS\C

By definitons of A and 3;, (3.2) is again satisfied. [J
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3.2.1 The case of two segments

Now, we will focus on the piecewise linear cost function with two segments. When
there are two segments in the piecewise linear cost function, inequality (3.1) be-

comes;

Z oz + Brz1 + Baza < yihi 4 2he (3.3)
keN

Define f; and B5 as Proposition 5 proposes.

Now, we will analyze four cases and propose five valid inequalities for them.
First two inequalities are special cases of (3.2). Last three inequalities are basicly
influenced from Proposition 5. Each of them contains the [; structure. Besides,
7;’s are either zero or one in these three inequalities. oy, values are formed as the
facet defining inequalities that are obtained by PORTA are analyzed thoroughly.
After proving the validity of every inequality, an example of the corresponding

inequality that defines a facet for the following instance will be shown.

hi+ ho > 17x1 + 1729 + 1823 + 224
0<hy <24z

2429 < hy < 532

721+ 20<1

X1,T2,T3,T4, 21,22 S {07 1}

First case is for inequalities on 2z, and h; as follows.

Casel 1 =0,%=0,11=1

For this case, we have inequality (3.2) in the following form;

Z Ay + Z Wiy + Paza < hy (3.4)

keC keS\C
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ke = = e et

24— — — — — — —

Y

Segment1 Segment2

Figure 3.1: An example with two segments.

As an example, let S = {1,2,3,4} and C' = {1,3}. Then, as w(S) = 54 and
wy(S) =52, Nis 2. Hence, ay =2, ap = 17, a3 = 2, and oy = 2. Since fy = —21,
inequality (3.4) becomes 2x1 + 172y + 223 4 224 — 2125 < hy which defines a facet
for the problem as PORTA points out.

Next case is for inequalities on z; and hy as follows.

Case 2 5, =0,711=0,%=1;

For this case, we have inequality (3.2) in the following form;

Z vy + Z wpxy + Bi1z1 < ha (3.5)

keC keS\C

As an example, let S = {1,2,3} and C = (). Then, as w(S) = 52 and
wy(S) = 18, X\ is 34. Besides, f; = —18. Hence, inequality (3.5) becomes
172y + 1729 + 1823 — 1827 < hy. This inequality is also facet defining for the
problem according to PORTA.
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For the above two cases, all facet defining inequalities for the given instance
can be described by (3.4) and (3.5) (See Appendix A).

Next case is for inequalities on 2, hq, and ho as follows.

Case 3 61 = O,’Yl = 1,’)/2 = 1,'

Proposition 7 Let S C N and C C S such that w(C') > ay. Define

v (S) - kES:w(Igl\I&})>a1 U)(S \ {k}) a

Let ag, = w(C) —ay if k € C, and ap, = w'(S) if k € S\ C. The inequality

Z min {oy, wy} xp + Z Wiy + Bazo < hy + hy (3.6)
kes kEN\S

1s a valid inequality.

Proof. If 2o = 0, then hy = 0 and inequality (3.6) becomes
Y kes min {ag, wit ) + ZkeN\S wir < hy. This is satisfied as min {ay, wy} <
wy, for allk € S and hy > Y,y WipTy.
If zp = 1, then hy = 0 and inequality (3.6) becomes ), o min{oy, wy}x), +
ZkeN\S wirr + P2 < hs. By definition of (s from Proposition 5,
Yopesminf{ag, wpt o + B < Y, cqwkTy. Since hy > Y0y wiTy, inequality
(5.6) is again satisfied. O

As an example, let S = {1,2,3,4} and C = {1,3,4}. Then, as w(C) = 37
and w'(S) = 12; oy = 13, ag = 12, a3 = 13, and ay = 2. Besides, Py is 9.
Hence, inequality (3.6) becomes 13x1 + 1229 4+ 13x3 + 224 + 929 < hy + hy which
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is also a facet defining inequality for the problem as PORTA shows.

Proposition 8 For the same case define o = a; — wy(S). For k € S; let

ap = wy, — o if wy > o, and oy = wy, otherwise. Then;

Z QT + 5222 S hl + hg (37)
keS

1s a valid inequality.

Proof. The validity follows from the definition of 8o and the fact that ay < wy,
forall ke N. O

As an example, let S = {1,2,3,4}. Then, as w;(S) = 20; o = 4. Accordingly,
a; = 13, ag = 13, ag = 14, and oy = 2. Besides, /35 is 8. Hence, inequality (3.7)
becomes 13z + 13x9 + 1423 + 224 + 829 < hy + hy which also defines a facet for
the problem as PORTA indicates.

For the above case, four out of ten facet defining inequalities for the given
instance can be described by (3.6) and (3.7). Remaining six facets are described

by sequential lifting procedure.

Next case is for inequalities on 27, 2o, and ho as follows.

Case 4 11 =0,%2=1,5#0;

Proposition 9 Let S C N and C C S such that w(C) > ay. Let also ap =
w(C) —ay ifk € C, and oy, = w'(S) if k € S\ C. Then

Z min {Oék, wk} T + ﬁlzl + 5222 S hQ (38)
keS
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15 a valid inequality.

Proof. If z1 = 1, then hy = 0 and inequality (3.8) becomes ), - min {oy, wy} v+
B1 < 0. By definition of By this is satisfied.

If 2o = 1, then hy = 0 and inequality (3.8) becomes Y, .o min {oy, wi} o + 2 <
hy. By definition of B2, Y jcgmin{ag, wiptrr + B2 < Do WrTk.  Since
he > 1en Wik, inequality (8.8) is again satisfied. O

As an example, let S = {1,2,3} and C' = {1,2}. Then, since w(C) = 34 and
w'(S) = 10, ag = 10,2 = 10, and a3 = 10. Besides, §; is -10 and Sy is 14.
Hence, inequality (3.8) becomes 10x1 + 10x5 + 1025 — 1021 + 1425 < hy which is
also a facet defining inequality for the problem as PORTA shows.

For the above case, seven out of fifteen facet defining inequalities for the given
instance can be described by (3.8). Besides, seven facets are described by sequen-

tial lifting procedure.

3.3 Lifting

Lifting was first proposed by Gomory [19] and is one of the most widely used
techniques to generate strong valid inequalities. Main purpose of lifting is to start
with a valid inequality and obtain a strong valid inequality by changing the coef-
ficients of one or more variables in the initial inequality. In some cases, lifting of
a valid inequality results in a facet defining inequality. Lifting techniques can be
categorized in three parts; sequential or simultaneous, exact or approximate, and
up or down lifting. In our study, we applied both sequential and simultaneous
lifting in order to obtain valid and facet defining inequalities. We used uplifting

technique while determining the exact coefficients of the variables to be lifted.
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This section consists of two subsections; sequential lifting, and simultane-
ous lifting, respectively. In each one, corresponding lifting technique is briefly
explained. Then, strength of the lifting techniques are shown by providing exam-

ples from the problem that is given in the previous section.

3.3.1 Sequential Lifting

Sequential lifting is the most commonly used lifting technique in the literature.
In most cases, it is very helpful on deriving facet defining inequalities. There are

two types of sequential lifting; uplifting and downlifting.

Sequential lifting adjusts the coefficients of the variables one at a time. At
each time a variable is to be lifted, an optimization problem is required to be
solved. Typically, the lifting process is done iteratively until all of the possible
variables are lifted. Besides, the order of the variables that are to be lifted can
vary. The coefficients of the lifted variables can also vary, since they depend on

the lifting order.

The sequential lifting algorithm for an x variable, x;, assumes that
ZkeN\{l} apTr + ZjGT Bz < ZjeT v;h; is a valid inequality for P$"™ when
x; = 0, and seeks to generate a valid inequality O‘Z$I+ZkeN\{l} akxk+zjeT Bjz; <
ZjeT vjh; for P

The methodology to perform sequential lifting of an x variable, x;, starts with
setting x; to 1. Then, inequality a;a; + ZkeN\{l} T + D ier Bizi < D ier Vi
is obtained. This inequality, together with our original constraints constitute the
constraint set. Our aim is to solve the optimization problem which tries to max-
imize a; while satisfying the constraint set. In addition, one or more z;’s may
have to be equal to zero after setting z; to 1. Setting those variables can help

solving the problem.
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The sequential lifting algorithm for a z variable, z,, assumes that ), -y apes+
> jerviry Bizi < > jer Vihj is a valid inequality for PS" when 2, = 0, and seeks
to generate a valid inequality ), v ax®s + ZjeT\{T} Bz + Brar < ZjeT v;h; for

conv
pgene,

The methodology to perform sequential lifting of a z variable, z,, starts with
setting 2, to 1. Then, inequality ZkeN apxr + B, < 7v.h, is obtained. In addition,
one or more x;’s may have to be equal to zero after setting 2. to 1. Adjusting
values of those variables can help solving the optimization problem which is to

be solved in order to find the maximum value for S,.

As an example, let 1229 4+ 1323 4+ 224 < h1 + ho be the inequality to be lifted
for M CM> model. Obviously, this inequality is valid when z; = 0 and 2z, = 0,
since 17x1 + 17z9 + 18x3 + 224 < hy + hy. Assume that x; is the variable to be
uplifted. Let z; = 1, then z; = 1. Thus, we get the following inequality:
ay + 1229 + 1323 + 224 < hy. Maximum value that a; can take is 17, since
otherwise the inequality 17z, + 1725 + 1823 + 224 < h; would not be valid. Now,
we lift the inequality with 2. We set 25 to 1, and get the following inequality:
1721 + 1229 4+ 1323 + 224 + B2 < ho. Bg =5 and [, = 5, so maximum value that

[y can take is 5, which are obtained as the following optimization problems are

solved:
By = min (525 4 523)
s.t. 24 < 17z + 1729 + 18235 + 224 < 53
z, € {0,1} VkeN
and

By =min {24 — (17x; + 1225 + 1323 + 224)}
s.t. 171’1 -+ 17.’132 + 181‘3 + 2.’13'4 S 24
x, €{0,1} VkeN
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Then, S, = min {32, B’z}.

After finding (35, we get the valid inequality 17z, + 1225 4+ 1323 + 224 4+ 529 <
hi + hy which is a facet defining inequality for this example.

3.3.2 Simultaneous Lifting

Simultaneous lifting is another lifting method for generating valid inequali-
ties. Its main difference from sequential lifting is that it allows for more than one
variable to be lifted at the same time. Simultaneous lifting technique for binary
variables is first proposed by Zemel [20]. He used an exact method to lift multiple
variables simultaneously. Although his method is technically precise, it is very

demanding, computationally.

Main advantage of simultaneous lifting is that it requires less number of op-
timization problems to be solved by lifting a set of variables at once. Moreover,

the inequalities generated by simultaneous lifting tend to be stronger [17].

The simultaneous lifting algorithm for a pair of z and h variables, z,. and

h,, assumes that ZkeN T + ZjET\{r} Bz < ZjeT\{r} v;h; is a valid inequal-

ity for P$™ when 2, = 0, and seeks to create a valid inequality ), arzp +

The methodology to perform simultaneous lifting of a pair of z and h vari-
ables, z, and h,., starts with setting z, to 1, and consequently ZkeN wrTr < hy,
and a,_; < h, < a,. Then, inequality ),y ax®r + B, < 7-h, is obtained. In
addition, one or more x;’s may have to be equal to zero or one after setting z,
to 1. Adjusting values of those variables can be useful while finding the proper

coefficients of z, and h,. In order to find these coefficients, the set of inequalities
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A1 <Y peny WhTE < ap and Yoo n Ty + B < D gy WkTE < ph, are ana-
lyzed. Out of the feasible pairs, the pair of 8 and v that satisfy two of these

inequalities as equality are the proper lifting coefficients.

As an example, let 204x; + 204x, + 204x3 + 34wy + 17029 < 1T7hy be
the inequality to be lifted for M CM> model. This inequality is valid, since
170 < 17hy — 20427 — 20429 — 20423 — 34x4 is satisfied by all feasible points
(x,2,h) when z; = 0. Also, 170 is the maximum value for 3, for these oy, and v;
values as Proposition 5 proposes. Assume that z; and h; are the variables to be
lifted simultaneously. Let z; = 1, then 2o = 0 and h; < 24. Consequently, we get
the following inequality:
204x1 + 204x5 + 2045 + 34x4 + B < Y1hy.

Find the set of feasible solutions that satisfy following constraints:
1721 + 1729 + 1823 + 224 < 24
2041‘1 + 204332 + 2041’3 -+ 34%4 + 61 S Y1 ZkGN WLk S f)/lhl

Feasible solutions and corresponding inequalities can be listed as follows:
If ;1 =1 and z4 = 0, then: 204 + 8; < 17y < 11hy (1)
If 1 =1 and z4 = 1, then: 238 4+ 51 < 19 < v hy (i)
If 1 =0, 23 =0, and 24 = 1, then: 34+ ) < 27y < vk (iii)
If 3 =1 and x4 = 0, then: 204 4+ 51 < 18y < yhy (iv)
If x3 =1 and z4 = 1, then: 238 + 8; < 2071 < 11~y (V)

When the above five cases are analyzed, it can be seen that (iv) is dominated
by (i), and (v) is dominated by (ii). Besides, at most two of (i), (ii), and (iii) can
be binding. Either if (i) and (ii) or (i) and (iii) are binding, the remaining one
would not be valid. If (ii) and (iii) are binding, then ; = —10 and 7; = 12. Then,
we get the inequality 204z, + 20425 4 20423 + 3424 — 1021 + 17029 < 12hy + 17hs

which is also a facet defining inequality for this example.



Chapter 4

Conclusion and Future Research

In this thesis, we first presented a nonlinear optimization problem with a
piecewise linear cost function. After introducing four linearizations of the math-
ematical model, we showed that we can relax a set of constraints if the piecewise
linear function f is nondecreasing. Relaxing that set of constraints lead us to
other versions of the models. We picked multiple choice model, M CM> and
MCM_, as the scope of our study.

In Chapter 2, we provided a review of the literature that contains specifica-
tions of piecewise linear functions, their linearization methods and formulations,

and piecewise linear optimization.

We introduced a valid inequality in general form in Chapter 3. Then, we ana-
lyzed that inequality and discussed properties of facet defining inequalities for our
formulation. After deriving valid inequalities from the valid inequality in general
form, we studied on how to strengthen them. Moreover, we used both sequential
and simultaneous lifting in order to obtain new strong valid inequalities and facet
defining inequalities. While determining the coefficients of the variables, we used

uplifting technique.

32
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In addition, we analyzed two examples with two segments and four items, one
for MCM> and one for MCM_. We obtained all facet defining inequalities for
both problems, using PORTA. For M CM_ formulation, we managed to explain
all the facet defining inequalities either by the valid and facet defining inequali-
ties that we proposed, or lifting those inequalities. For M CM- formulation, we
explained most of the facet defining inequalities either by the valid and facet
defining inequalities that we proposed, or lifting those inequalities. Analysis on

those examples can be found in Appendix.

This study can be extended in many ways. In this study, we picked multiple
choice model out of three fundamental formulations on linearization of piecewise
linear cost functions. One can study remaining two basic formulations, which
are incremental cost formulation and convex combination model. An alternative
way could be to convert valid and facet defining inequalities that we obtained to
these two formulations. Besides, new valid and facet defining inequalities can be
derived as a future research. We studied a relaxed version of the initial model,
MCM:, for which the piecewise linear cost function needs to be nondecreasing.
One may be interested in dealing with different special cases of the piecewise
linear cost function. In addition, we clarified strengths of our valid and facet
defining inequalities by explaining the facets of our small sized instances with
them. One can write an algorithm to produce and introduce valid inequalities to

large sized instances and test their strength as a future work.
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Appendix A

An example for MCM>

Using PORTA, we generated all facet defining inequalities for the convex hull of
the set ) defined by:

hi + ho > 1721 + 1729 4+ 1823 + 224
0< hy <24z

2429 < hy < 5325

21+ 29 <1

L1, T2, T3, T4, 21,22 c {07 1}

Trivial inequalities:

hy < 242z (15)
hy < 532 (16)
0<u (17)
0< 2y (18)
0<ux3 (19)
0< a4 (20)
0<m (21)
24z < hy (22)
21+ 20 <1 (83)

37
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171‘1 + 17%2 + 18173 + 21’4 S hl + hQ (58)

Upper bounds on z’s (z < > z; dominates z;, < 1):

jET wr<a;

Ty — 21— 22 <0 (64)

x3—21— 2 <0 (65)

To—21— 22 <0 (66)

xl—Zl—ZQSO (67)

Inequalities on z; and zy (cover inequalities):

I2+ZE3—21—222§0 (71)
$1+$3—21—222§0 (72)
ZL‘1+$2—21—22’2§0 (73)
J]1+ZE2+J]3—21—322§0 (74)
X1+ Ty + a3 +T4 — 22 — 320 <0 (77)

Inequalities on h; and z» (these are inequalities (3.4): from (23) to (69), A =0
and C' =0, from (44) to (51), S ={1,2,3,4} and A\ = 2.):

1825 — 182 < Iy S=1{3} (23
17Txg — 1729 < by S ={2} (24)
1729 + 1823 — 3529 < Iy S ={2,3} (25)
1721 — 1729 < by S ={1} (30)
1721 + 1873 — 3520 < hy S=1{1,3} (31
172, + 1729 — 3420 < Iy S={1,2} (32
1825 + 224 — 2025 < Iy S=1{3,4  (36)
1729 + 224 — 1929 < Iy S =1{2,4} (37)
1721 + 224 — 1929 < Iy S ={1,4} (42)
2wy — 229 < Iy S ={4} (69)
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1721 + 1729 + 1875 + 224 — 5229 < by C=0 (44)

201 + 1729 + 1825 + 224 — 3729 < Iy C={1} (45)

1721 + 229 + 183 + 204 — 3729 < Iy C ={2} (46)

172, + 1729 + 225 + 224 — 3629 < Iy C ={3} (47)

201 + 219 + 1813 4+ 214 — 2229 < hy C={1,2} (48)

201 + 1Tx9 + 225 + 204 — 2129 < Iy C={1,3} (49)

1721 + 229 + 225 + 224 — 2129 < My C =1{2,3} (50)

271 + 2w + 223 + 224 — 629 < Iy C={1,2,3} (51)
Inequalities on hy and z; (these are inequalities (3.5)):
172, + 1729 + 1825 — 182, < hy S=1{1,2,3},A=34,C=0  (34)

1721 + 1720 + 1823 + 224 — 202 < hy S ={1,2,3,4},A=34,C =0 (43)

Inequalities on hy, ho and zs:
Following three inequalities can be described with sequential lifting procedure.

17021 + 17029 + 17023 + 23829 < 10hy + 17hy (1)

17021 + 17029 4+ 17023 + 23825 < 17h4 is a valid inequality for Q™ when z; = 0.
Assume that h, is the variable to be lifted. Let z; = 1 and above inequality
becomes 170x1 4+ 170254 17023 < y1h1. Then, minimum value for ~; is 10. Then,
we get

170z1 4+ 170x9 4+ 17023 4 23829 < 10hy + 17hs (1)

17021 + 187wy + 187xg + 22129 < 11hy + 17hs (2)

170z, + 187xo + 18713 4+ 22129 < 17hs is a valid inequality for Q™ when z; = 0.
Assume that h; is the variable to be lifted. Let z; = 1 and above inequality
becomes 170x1 + 187x5 + 187x3 < v1hy. Then, minimum value for +; is 11. Then,
we get

17021 + 187wy + 187x3 + 22125 < 11hy + 17hy (2)
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187x1 4+ 170x9 4+ 187x3 4 22129 < 11hy + 17hs (6)

187x1 + 17025 + 187x3 4+ 22129 < 17hs is a valid inequality for Q°°™ when z; = 0.
Assume that h; is the variable to be lifted. Let z; = 1 and above inequality
becomes 187x1 + 17025+ 187x3 < v1hy. Then, minimum value for +; is 11. Then,
we get

18721 + 17025 + 18725 + 22120 < 11hy + 17hs (6)

Following three inequalities can be described with the valid inequality (3.6).

12%1 + 121‘2 + 121’3 + 21]4 + 1022 S hl + hg (54)
S =1{1,2,3,4},C ={1,2,4} ,w'(S) = 12, 6, = 10

12%1 + 131'2 + 131’3 + 21’4 + 922 < hl + hg (55)
S ={1,2,3,4},C =1{2,3,4} ,w'(S) = 12,3, =9

13I1 + 12372 + ].31‘3 + 21’4 + 92’2 S hl + hQ (56)
S = {1727374}70 = {1,3,4},1(]’(5) = 12762 =9

Following inequality can be described with the valid inequality (3.7).

13[E1 + 13.172 + 141’3 + 25(]4 + 822 S hl + hg (57)
32{1,2,3,4},’@1(5) :4,&/:20,52 =8

Following three inequalities can be described with sequential lifting procedure.

1221 + 1729 + 1325 + 224 + 522 < hy + hy (61)

1221 4+ 1323 + 224 < hy + ho is a valid inequality when zo = 0 and 2, = 0, since
1721+ 1729+ 1823+ 224 < hy + ho. Assume that x5 is the variable to be uplifted.
Let 5 = 1, then z; = 1. Thus, we get the following inequality:

1221 4+ avxs + 1323 + 224 < hy. Maximum value that as can take is 17, since
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otherwise the inequality 17z, + 1725 + 1823 + 224 < h; would not be valid. Now,
we lift the inequality with z5. We set 25 to 1, and get the following inequality:
1221 4+ 1729 4+ 1323 4+ 224 + P2 < hy. Maximum value that [, can take is 5, as the
methodology for sequential lifting of a z variable is applied. Then, we get

1221 + 172y + 1323 4+ 224 + 529 < hy + hy (61)

1721 + 1229 + 1323 + 224 + 520 < hy + hy (62)

1229 + 1323 + 224 < hy + hy is a valid inequality when xy = 0 and z, = 0, since
1721 + 1729 + 1823 + 224 < hq + ho Assume that z; is the variable to be uplifted.
Let 1 = 1, then z; = 1. Thus, we get the following inequality:

a1y + 1229 4+ 1323 + 224 < hy;. Maximum value that aq can take is 17, since
otherwise the inequality 17z, + 1725 + 1823 + 224 < h; would not be valid. Now,
we lift the inequality with 2. We set 25 to 1, and get the following inequality:
1721 + 1229 + 1323 + 224 + (2 < hy. Maximum value that (55 can take is 5, as the
methodology for sequential lifting of a z variable is applied. Then, we get

1721 + 1229 + 1323 + 224 + 520 < hy + hy (62)

1321 + 13x9 + 1823 + 224 + 429 < hy + hy (63)

13z1 4+ 1325 + 224 < hy + ho is a valid inequality when z3 = 0 and 2, = 0, since
1721 4+ 1729 4+ 1823 4+ 224 < hy + ho Assume that x5 is the variable to be uplifted.
Let 3 = 1, then z; = 1. Thus, we get the following inequality:

1321 4+ 1329 + azxs + 2x4 < hy. Maximum value that as can take is 18, since
otherwise the inequality 17z + 1725 + 1823 + 224 < h; would not be valid. Now,
we lift the inequality with z5. We set 25 to 1, and get the following inequality:
13z1 + 1329 + 1823 + 224 + (2 < ho. Maximum value that 35 can take is 4, as the
methodology for sequential lifting of a z variable is applied. Then, we get

13z + 1329 + 1823 + 24 + 425 < hy + hy (63)

Inequalities on hs, 21 and z»:

Following seven inequalities can be described with the valid inequality (3.8).
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10[E1 + ]_0.172 + ]_0.133 — 1021 + 1422 S hQ (26)
S=11,2,3},C={1,2},w(C) =34,w'(S) =10,6, = —10,5, = 14

1O£C1 + 111’2 -+ 113}'3 — 1121 + 1322 < hg (27)
S - {17273}70 - {273} 7w<C) - 35,’(1)/(5) - 10751 = _117ﬁ2 - 13

11271 + 101’2 + 111‘3 — 1121 + 1322 S hg (28)
S = {17273}70 = {173} ,’LU(C) = 35,1[)/(5’) = 1O:ﬁ1 = _11752 =13

12%1 + 121‘2 + 121’3 + 2134 — 1421 + 1022 S hg (38)
S =1{1,2,3,4},C = {1,2,4} ,w(C) = 36,w'(S) = 12, 3, = —14, 85 = 10

12%1 + 131'2 + 131’3 + 21’4 — 1521 + 922 < hz (39)
S ={1,2,3,4},C = {2,3,4},w(C) = 37,0/ (S) = 12,8, = —15,8, = 9

13I1 + 12372 + ].31‘3 + 21’4 — ]_521 + 922 S hg (40)
S = {1727374}70 = {1,3,4},[{](0) = 377 w,<S) = 12761 = _15752 =9

Following seven inequalities can be described with sequential lifting procedure.

1321 + 13w + 1423 4 224 — 1627 + 825 < hy (41)

13z + 1325 + 14w5 + 224 + 829 < hy is a valid inequality when z; = 0. Assume
that z; is the variable to be uplifted. Let z; = 1, then z, = 0. Thus, we get the
following inequality:

13x1 + 1329 + 1423 + 224 + (1 < 0. Maximum value that 5, can take is -16, as
the methodology for sequential lifting of a z variable is applied. Then, we get
1321 + 132 + 14xg + 224 — 1621 + 829 < hy (41)

17.%'1 + ].8.1'2 + 181’3 - 1821 — 29 S hQ (52)

1721 + 18z3 — 182z < hy is a valid inequality when x5 = 0 and z5 = 0. Assume
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that x5 is the variable to be uplifted. Let zo = 1, then z; = 1. Thus, we get the
following inequality:

1721 4+ asws 4+ 1823 < 18. Maximum value that oy can take is 18, trivially. Now,
we lift the inequality with z5. We set 25 to 1, and get the following inequality:
1721 + 18x9 + 183 + (o209 < hy. Maximum value that [ can take is 1, as the
methodology for sequential lifting of a z variable is applied. Then, we get

1721 + 18z + 1823 — 1821 — 29 < hy (52)

1821 + 17xg + 1823 — 1821 — 29 < hy (53)

181 + 1729 + 1813 — 25 < hs is a valid inequality when z; = 0. Assume that z; is
the variable to be uplifted. Let z; = 1, then 2, = 0. Thus, we get the following
inequality:

181 + 17x5 + 18z3 + [ < 0. Maximum value that 5; can take is -18, trivially.
Then, we get

18x1 + 17z + 18x3 — 1821 — 29 < hy (53)

1721 + 18z + 1823 + 224 — 2027 — 25 < hy (59)

1721+ 18x9+ 18x3 — 29 < hy is a valid inequality when x4, = 0 and z; = 0. Assume
that z, is the variable to be uplifted. Let x4 = 1. Then, we get the following
inequality:

1721 + 1829 + 1823+ aiyry — 29 < ho. Maximum value that a4 can take is 2. Now,
we lift the inequality with z;. We set 2; to 1, and get the following inequality:
1721 + 185 + 18x3 + 274 + £ < 0. Maximum value that 5; can take is -20, as
the methodology for sequential lifting of a z variable is applied. Then, we get
1721 + 18z + 1823 + 224 — 2027 — 23 < hy (59)

18z + 17z + 18z3 + 2x4 — 2021 — 29 < hs (60)

18x14+ 1729+ 1813 — 25 < hy is a valid inequality when x4, = 0 and z; = 0. Assume
that x4 is the variable to be uplifted. Let x4 = 1. Then, we get the following
inequality:

1821 + 1729 + 1823+ gy — 29 < ho. Maximum value that a4 can take is 2. Now,
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we lift the inequality with z;. We set 2; to 1, and get the following inequality:
18x1 4+ 17x9 + 1823 + 224 + £ < 0. Maximum value that ; can take is -20, as
the methodology for sequential lifting of a z variable is applied. Then, we get
1821 + 17z + 1823 + 224 — 2027 — 23 < hy (60)

18z + 189 + 18x3 — 1821 — 225 < hy (68)

18x1 4+ 18x3 — 225 < hy is a valid inequality when x5 = 0 and z; = 0. Assume
that x5 is the variable to be uplifted. Let x5 = 1. Then, we get the following
inequality:

1821 4+ oy + 1823 — 229 < hy. Maximum value that as can take is 18. Now, we
lift the inequality with z;. We set z; to 1, and get the following inequality:

18x1 + 18x9 + 18z3 + 1 < 0. Maximum value that 3; can take is -18, as the
methodology for sequential lifting of a z variable is applied. Then, we get

18z + 189 + 18x3 — 1821 — 225 < hy (68)

18x1 + 185 + 18x3 + 2x4 — 2027 — 229 < hy (70)

1811 +18x3+2x4— 229 < hy is a valid inequality when zo = 0 and 2; = 0. Assume
that x5 is the variable to be uplifted. Let x5 = 1. Then, we get the following
inequality:

18x1 +anxre + 18x3+ 214 — 229 < hy. Maximum value that as can take is 18. Now,
we lift the inequality with z;. We set 2z; to 1, and get the following inequality:
18x1 + 18x9 + 18x3 + 224 + [1 < 0. Maximum value that 5, can take is -20, as
the methodology for sequential lifting of a z variable is applied. Then, we get
18x1 + 18z + 18x3 + 2x4 — 2021 — 229 < hy (70)

Inequalities on hqy, z; and z»:

1721 + 1729 + 17253 + 1724 — 1521 — 5129 — hy <0 (33)
172, + 1729 + 1875 + 1724 — 1521 — 5229 — hy <0 (35)

Above two inequalities can be described with sequential lifting procedure.
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1721 + 17wy + 1723 4+ 1724 — 1527 — 5129 < hy (33)

1721 + 1729 + 1723 4+ 1724 — 1521 < hy is a valid inequality when zo = 0. Assume
that zo is the variable to be uplifted. Let z, = 1, then z; = 0. Thus, we get the
following inequality:

1721 + 17209 + 1723 + 1724 + B < 0. Maximum value that (5 can take is -51,
trivially. Then, we get

172y + 172y + 1723 + 1724 — 1521 — 51z < hy (33)

1721 + 172y + 1823 4+ 1724 — 1527 — 5225 < hy (35)

1721 + 1729 + 1823 + 1724 — 1521 < hy is a valid inequality when zo, = 0. Assume
that z, is the variable to be uplifted. Let z, = 1, then z; = 0. Thus, we get the
following inequality:

1721 + 1729 + 1823 + 1724 + B2 < 0. Maximum value that S can take is -52, as
the methodology for sequential lifting of a z variable is applied. Then, we get
1721 + 172y + 1823 + 1724 — 1521 — 5229 < hy (35)

Inequalities on hq, hy, 21 and 2s:
Following four inequalities can be described with simultaneous lifting procedure.

204z, + 204xo + 204x3 + 34xg — 1021 + 17029 < 12hy + 17h4y (10)

204x1 + 204xo + 20425 + 3424 + 17029 < 17hs is valid, since 170 < 17hy — 20421 —
204xo — 204x3 — 342, is satisfied by all feasible points (z, z, h) when z; = 0. Also,
170 is the maximum value for f, for these oy and 7; values as Proposition 5 pro-
poses. Assume that z; and h; are the variables to be lifted simultaneously. Let
z1 = 1, then z5 = 0 and h; < 24. Consequently, we get the following inequality:
204x, + 204x5 + 204z3 + 34x4 + B < Y1hy.

Find the set of feasible solutions that satisfy following constraints:
17I1 + 171’2 + ].81’3 + 21’4 S 24
2041’1 + 204332 + 2041’3 -+ 34554 + 61 S Y1 EkGN WLk S r)/lh/l
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Feasible solutions and corresponding inequalities can be listed as follows:
If ;1 =1 and z4 = 0, then: 204 + 8; < 17y < 11~y (i)
If 1 =1 and z4 = 1, then: 238 4+ 51 < 19 < v~y (i)
If 1 =0, 23 =0, and x4 = 1, then: 34+ ;) < 27y < vk (iii)
If 23 =1 and x4 =0, then: 204 4+ 51 < 18y < yhy (iv)
If x3 =1 and z4 = 1, then: 238 + 81 < 2071 < 11hy (V)

When the above five cases are analyzed, it can be seen that (iv) is dominated
by (i), and (v) is dominated by (ii). Besides, at most two of (i), (ii), and (iii)
can be binding. Either if (i) and (ii) or (i) and (iii) are binding, the remaining
one would not be valid. If (ii) and (iii) are binding, then 5 = —10 and ~, = 12.
Then, we get
204z; + 204x9 + 204x3 + 34xy — 1021 + 17029 < 12h1 + 17hs

204z, + 221xy + 22123 + 34wy — 821 + 15329 < 13hy + 17hy (11)

204x1 + 221xo + 221x3 + 3424 + 15325 < 17hy is valid, since 153 < 17hy — 2042, —
221wy — 2215 — 34z, is satisfied by all feasible points (z, z, h) when z; = 0. Also,
153 is the maximum value for 3, for these a;, and v; values as Proposition 5 pro-
poses. Assume that z; and h; are the variables to be lifted simultaneously. Let
z1 = 1, then 2o = 0 and hy; < 24. Consequently, we get the following inequality:
204x1 + 22129 + 22123 + 3424 + 51 < Y1 hs.

Find the set of feasible solutions that satisfy following constraints:
17331 + 17.%2 + 181’3 + 2334 <24
2041’1 + 221(172 + 2211’3 + 34334 + 51 S Y1 ZkGN WLk S ”ylhl

Feasible solutions and corresponding inequalities can be listed as follows:
If ;1 =1 and z4 = 0, then: 204 + 8; < 17y; < 11hy (i)
If 1 =1 and z4 = 1, then: 238 4+ 51 < 19 < v hy (i)
If 1 =0, 23 =0, and 24 = 1, then: 34+ ;) < 27y < vk (iii)
If o =1 and x4 = 0, then: 221 4 51 < 17y < yhy (iv)
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If o =1 and x4 = 1, then: 2554 51 < 19y < yhy (v)

When the above five cases are analyzed, it can be seen that (i) is dominated
by (iv), and (ii) is dominated by (iv). Besides, at most two of (iii), (iv), and (v)
can be binding. Either if (iii) and (iv) or (iv) and (v) are binding, the remaining
one would not be valid. If (iii) and (v) are binding, then 5 = —8 and ; = 13.
Then, we get
204x1 + 22129 + 22123 + 34xy — 821 + 15329 < 13hy + 17hy (11)

221x1 + 2042y + 2213 + 34wy — 821 + 15329 < 13hy + 17hy (13)

22121 + 20425 + 22125 + 3424 + 15329 < 17hy is valid, since 153 < 17hy — 22121 —
204xo — 22125 — 344 is satisfied by all feasible points (z, z, h) when z; = 0. Also,
153 is the maximum value for S, for these oy and 7; values as Proposition 5 pro-
poses. Assume that z; and h; are the variables to be lifted simultaneously. Let
z1 = 1, then 2o = 0 and h; < 24. Consequently, we get the following inequality:
22121 + 20425 + 22123 + 3424 + B < Y1hy.

Find the set of feasible solutions that satisfy following constraints:
17ZE1 + 171’2 + 181’3 + 21’4 S 24
221wy + 204wy + 221w3 + 34x4 + f1 < 71D pen WkTr < Y1l

Feasible solutions and corresponding inequalities can be listed as follows:
If 1 =1 and x4 =0, then: 221 4+ 51 < 17y < ymhy (i)
If ;1 =1 and z4 = 1, then: 255+ 8; < 19v; < y1hy (ii)
If 1 =0, 23 =0, and 24 = 1, then: 34 + ) < 27y < v hy (iii)
If z3 =1 and x4 = 0, then: 221 4+ 5 < 18y < yhy (iv)
If 3 =1 and x4 = 1, then: 255+ 51 < 20y < ymhy (v)

When the above five cases are analyzed, it can be seen that (iv) is dominated
by (i), and (v) is dominated by (ii). Besides, at most two of (i), (ii), and (iii)
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can be binding. Either if (i) and (ii) or (i) and (iii) are binding, the remaining
one would not be valid. If (ii) and (iii) are binding, then 5 = —8 and ~; = 13.
Then, we get

221xy + 20429 + 22123 + 34wy + 15329 < 821 + 13hy + 17hs (13)

117z 4+ 11729 4+ 12623 + 1814 — 421 + 7229 < Thy + 9hy (78)

11721 + 11729 + 12623 + 1874 + 7229 < 9hs is valid, since 72 < 9hy — 11721 —
11729 — 12623 — 1824 is satisfied by all feasible points (z, z, h) when z; = 0. Also,
72 is the maximum value for 3, for these oy and «; values as Proposition 5 pro-
poses. Assume that z; and h; are the variables to be lifted simultaneously. Let
z1 = 1, then 25 = 0 and h; < 24. Consequently, we get the following inequality:

11721 + 11729 + 12623 + 1824 + 51 < Y1hy.

Find the set of feasible solutions that satisfy following constraints:
1721 + 1729 + 1823 + 224 < 24
1172y + 11725 4+ 12625 + 184 + B1 < Y1 D peny Wik < M1

Feasible solutions and corresponding inequalities can be listed as follows:
If ;1 =1 and z4 =0, then: 117+ 8; < 17y < 11hy (i)
If 1 =1 and z4 = 1, then: 135+ 51 < 19 < yhy (i)
If 1 =0, 23 =0, and 24 = 1, then: 18 + 51 < 27 < vk (iii)
If 23 =1 and x4 =0, then: 126 4+ 51 < 18y < yhy (iv)
If x3=1and z4 = 1, then: 144 + 8; < 2071 < 11hy (V)

When the above five cases are analyzed, it can be seen that (i) is dominated
by (iv), (iv) is dominated by (ii), and (ii) is dominated by (v). If (iii) and (v) are
binding, then 8y = —4 and 7; = 7. Then, we get
1172y + 11729 + 12623 + 1824 — 421 + 7229 < Thy + 9hy (78)
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Finally, following is the set of facets that we could not explain with our pro-

posed valid inequalities or lifting techniques.

51z + 5lxg + bdas + 8xy — 221 + 3429 < 3hy + 4hy (80)

17221 + 187xg + 18723 + 2224 + 15129 < 11~y + 15hy (3)

1812 + 18725 + 19825 + 2102 < 11hy + 17hy (4)

183z + 187wy 4+ 198x3 + 2214 + 14029 < 11hy + 150y (5)

187x1 + 172w + 18723 + 2224 + 15129 < 11~y + 15hy (7)

1872, + 1812 + 19823 + 2102 < 11hy + 17hy (8)

1872, + 18325 + 19815 + 2224 + 14025 < 110, + 15y (9)

3311 + 3322 + 3625 + 3620 < 2hy + 3hy (75)

34wy + 34xo + 34w3 + 4wy + 3429 < 2hy + 3hs (76)

50z + 5029 + 5dx3 + 624 + 3629 < 3hq + 4hs (79)

85x1 + 8529 + 90z3 + 10229 < 5hy + 8hy (81)

85x1 + 85x9 + 90x3 + 10x4 + 6829 < Shy + Thy (82)

1zy + 1y + 1225 — 1221 + 1225 < hy (29)

21721 + 22129 + 23423 + 34xy — 821 + 14029 < 13hy + 17hy (12)
92121 + 217wy + 23415 + 34wy — 82, + 14025 < 13y + 17hy (14)



Appendix B

An example for MCM_

Using PORTA, we generated all facet defining inequalities for the convex hull of
the set Q)" defined by:

hi+ hg = 1721 + 1729 4+ 1823 + 224
0<hy <24z

2429 < hy < 532

714+ 29<1

X1, T2,T3, T4, 21,22 € {07 1}

Following inequalities are trivial inequalities.

Upper bounds on x;’s:

20
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Following inequalities are cover inequalities.

1+ To + 13+ x4 < 221 + 329 (24)
2o < a1+ 29 (27)

29 < x4+ x5 (29)

229 < 1 + x5 + 73 (33)

2y < 1 + 23 (34)

Following inequalities can be described with the valid inequality (3.2).

21’1+2I2+18$3+21’4—22ZQ S h1 (1)
S=N,C={1,2}, \=2, B = —22

2x1+17x2+18$3+2$4—37z2 < hl (2)
S:N7C:{1}7)\:2762:_37

17ZE1 +2[L‘2+2[L‘3+25E4—2122 S hl (4)
S=N,C={2,3},A=2, 3, =-21

17171 + 2&32 + 18373 + 2%4 — 3722 S hl (5)
S=N,C={2},A\=2, B, =37

17.171 + 17552 + 2£E3 + 2.CE4 — 362’2 § hl (7)
S=N,C={3},A=2, 8 =-36

51



APPENDIX B. AN EXAMPLE FOR MCM_

17[E1 + ]_7.172 + ]_8.133 + 25(]4 — 2021 S hg (8)
S=N,C={}, \=—34, B = —20

1721 + 1720 + 1825 + 204 — 5220 < 1 (9)
S:ch’:{}vA:2762:_52

17272 — 172’2 S hl (18)
S=1{2,3,4},C={3,41, A=0, B, = 17

1729 + 18x3 — 3525 < hy (19)
S=1{2,3,4},C=1{4}, A\=0, s = —35

21’1 —|—2£IZ'2 +2£L‘3—|—2$4 —622 S hl (35)
S=N,C={1,2,3}, A=2, 3 = —6

21‘1 +2l’3+21’4—2122 S hl (36)
S=N,C={1,3},A=2, 8 =—21

17.7}1 — ].722 S hl (38)
S=1{1,3,4},C={3,44, A =0, B, = —17

17(E1 + 18.’13'3 - 3522 S hl (39)
S={1,3,4}, C={4}, A =0, By =35

17ZE1 + ].7?[72 - 3422 S hl (41)
S={1,2,4},C={4},A=0, B, = —34

171‘1 + 171‘2 + 18$3 — 1821 < hg (42)

52
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S:{17273}7O:{}7)‘:34761:_]—8

Following inequalities can be described with sequential lifting.

hy + x1 < 1821 + 29 + 224 (3)

hi < 2x4 + 182z is a valid inequality when z; = 0 and z, = 0. Assume that x; is
the variable to be uplifted. Let x1 = 1. Then, we get the following inequality:
hy + a1y < 224 + 182;. Maximum value that a; can take is 1. Now, we lift the
inequality with z5. We set 25 to 1, and get the following inequality:

1 < 2x4 + Po2zo. Minimum value that 35 can take is 1. Then, we get

hy + 21 < 224 + 1821 + 22 (3)

hi + 1 + xo < 1821 + 229 + 214 (6)

hi+x; < 18z +2x4 is a valid inequality when x5 = 0 and 25 = 0. Assume that x,
is the variable to be uplifted. Let x5 = 1. Then, we get the following inequality:
hi 4+ x1 + sy < 224 + 1821. Maximum value that oy can take is 1. Now, we lift
the inequality with 2. We set 25 to 1, and get the following inequality:

hi + x1 4+ 22 < 224 + 1821 + [229. Minimum value that 3, can take is 1. Then,
we get

hy + 1 + 22 < 182 + 229 + 224 (6)

ho + 1524 < 1521 + 5225 (10)

hs < 52z, is a valid inequality when x4, = 0 and z; = 0. Assume that x4 is the
variable to be uplifted. Let x4 = 1. Then, we get the following inequality:

ho + ayry < 52z5. Maximum value that a4 can take is 15. Now, we lift the
inequality with z;. We set z; to 1, and get the following inequality:

1524 < B1z1. Minimum value that £, can take is 15. Then, we get

ho + 15z4 < 1521 + 5225 (10)

18x3 < 1825 + hy (16)

18x3 < hy (14) is a valid inequality when z; = 0. Assume that zs is the variable
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to be uplifted. Let zo = 1. Then, we get the following inequality:
18x3 < (B325. Minimum value that (8, can take is 18. Then, we get
18x3 < 1825 + hy (16)

2xy + 3629 < 221 + ho + 21 + 22 (17)

2x4 + 3629 < ho + w1 + x5 is a valid inequality when z; = 0. Assume that z; is
the variable to be uplifted. Let z; = 1. Then, we get the following inequality:
2x4 < w1 + x9 + [121. Minimum value that §; can take is 2. Then, we get

2xy + 3629 < 221 + ho + 21 + 22 (17)

2x4 + 3529 < 221 + hy + x1 (20)

2x4 + 3529 < 1 + hy is a valid inequality when z; = 0. Assume that z; is the
variable to be uplifted. Let z; = 1. Then, we get the following inequality:

2x4 < 11 + P121. Minimum value that 8, can take is 2. Then, we get

2x4 + 3529 < 221 + hy + x1 (20)

hy + 3629 < 1821 + 18z + 1823 + 224 (21)

hy < 18x1 + 18x9 + 18x3 + 214 is a valid inequality when 2z, = 0. Assume that zy
is the variable to be uplifted. Let zo = 1. Then, we get the following inequality:
Boze < 18x1 + 18x9 + 1823 + 2x4. Maximum value that S5 can take is 36. Then,
we get

hy + 3629 < 1821 + 18z + 1823 + 224 (21)

hy + 3529 < 18z + 17wy + 1873 + 274 (22)

hy < 18x1 + 1725 + 1823 + 2x4 is a valid inequality when zo = 0. Assume that 2z
is the variable to be uplifted. Let z5 = 1. Then, we get the following inequality:
Bozo < 18x1 4+ 1719 + 1823 + 224. Maximum value that (5 can take is 35. Then,
we get

hy + 3529 < 1821 + 1729 + 1823 + 224 (22)
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ho + 1524 < 1521 + 5lz2e + 23 (23)

hs 4+ 15x4 < w3 + 5225 is a valid inequality when z; = 0. Assume that z; is the
variable to be uplifted. Let z; = 1. Then, we get the following inequality:

1524 < w3 + [121. Minimum value that §; can take is 15. Then, we get

ho + 1524 < 1521 + 5129 + 23 (23)

hy + xo < 2021 + 29 (25)

h1 < 20z is a valid inequality when zo = 0 and z; = 0. Assume that z, is the
variable to be uplifted. Let x5 = 1. Then, we get the following inequality:

hi 4+ asry < 20z5. Maximum value that s can take is 1. Now, we lift the in-
equality with zo,. We set z5 to 1, and get the following inequality:

Ty < Pazg. Minimum value that §y can take is 1. Then, we get

hy + xo < 2021 + 29 (25)

hy + 3529 < 17xq + 18z + 1873 + 274 (26)

hy < 17x1 + 1825 + 18x3 + 2x4 is a valid inequality when 2z, = 0. Assume that 2z
is the variable to be uplifted. Let z5 = 1. Then, we get the following inequality:
Bozo < 17x1 4+ 1819 + 1823 + 224. Maximum value that (5 can take is 35. Then,
we get

hy + 3529 < 172y + 18z + 1823 + 224 (26)

hy + x1 <2021 + 29 (37)

hi 4+ x1 < 20z is a valid inequality when z, = 0. Assume that z, is the variable
to be uplifted. Let 25 = 1. Then, we get the following inequality:

1 < Bazy. Minimum value that [y can take is 1. Then, we get

hy + x1 <2021 + 29 (37)

hi+ 21+ 29 <2021 + 229 (40)
hy + x1 + 22 < 20z is a valid inequality when zo = 0. Assume that z, is the
variable to be uplifted. Let zo = 1. Then, we get the following inequality:

1 + x9 < Bozo. Minimum value that (8, can take is 2. Then, we get
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hl + 1+ To S 202’1 -+ 222 (40)

T+ 2o < 21 + 229 (44)

1 + 19 < 21 is a valid inequality when z5 = 0. Assume that 25 is the variable to
be uplifted. Let zo = 1. Then, we get the following inequality:

1 + 29 < Boz5. Minimum value that (8, can take is 2. Then, we get

1+ 29 < 21 + 229 (44)

2xy + 34z < hy + 221 (45)

214 4 3429 < hs is a valid inequality when z; = 0. Assume that z; is the variable
to be uplifted. Let z; = 1. Then, we get the following inequality:

2x4 < [1z1. Minimum value that £ can take is 2. Then, we get

2xy + 34z < hy + 221 (45)

1+ w3 < 21 + 225 (46)

r1 + 23 < 2z is a valid inequality when 2z = 0. Assume that z, is the variable to
be uplifted. Let zo = 1. Then, we get the following inequality:

1 + x3 < Bo29. Minimum value that Sy can take is 2. Then, we get

1+ 23 < 21 + 229 (46)

hy + xo < 1821 + 29 + 24 (47)

hi + zo < 1821 4+ 2x4 is a valid inequality when zo = 0. Assume that z; is the
variable to be uplifted. Let zo = 1. Then, we get the following inequality:

To < Poz9 + 2x4. Minimum value that Sy can take is 1. Then, we get

hl + Zo < 182’1 + 29 + 2$4 (47)

To + T3 S z1 + 222 (48)
To + x3 < 27 is a valid inequality when z5 = 0. Assume that 25 is the variable to
be uplifted. Let zo = 1. Then, we get the following inequality:

o + x3 < Bo29. Minimum value that Sy can take is 2. Then, we get
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Ty + xy < 21 + 229 (48)

2wy + 3529 < 221 + hy + 22 (49)

2x4 + 3529 < hg + x5 is a valid inequality when z; = 0. Assume that z; is the
variable to be uplifted. Let z; = 1. Then, we get the following inequality:

2x4 < [1z1. Minimum value that ; can take is 2. Then, we get

2wy + 3529 < 221 + hy + 22 (49)



