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Three-Dimensional FDTD Modeling of a
Ground-Penetrating Radar
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Abstract—The finite-difference time-domain (FDTD) method
is used to simulate three-dimensional (3-D) geometries of realistic
ground-penetrating radar (GPR) scenarios. The radar unit is mod-
eled with two transmitters and a receiver in order to cancel the
direct signals emitted by the two transmitters at the receiver. The
transmitting and receiving antennas are allowed to have arbitrary
polarizations. Single or multiple dielectric and conducting buried
targets are simulated. The buried objects are modeled as rectan-
gular prisms and cylindrical disks. Perfectly-matched layer ab-
sorbing boundary conditions are adapted and used to terminate the
FDTD computational domain, which contains a layered medium
due to the ground–air interface.

Index Terms—Finite-difference time-domain method (FDTD),
ground-penetrating radar (GPR), perfectly matched layer, sub-
surface scattering.

I. INTRODUCTION

T HE APPARENT widespread interest in ground-pene-
trating radar (GPR) systems [1]–[3] have also created

the need for a better understanding of subsurface-scattering
mechanisms. Numerical modeling and simulation of GPR
systems have been recognized as the preferred means for
obtaining this understanding. A variety of differential equation
and integral equation-based numerical modeling techniques
have been developed for this purpose. Among these techniques,
the finite difference time domain (FDTD) method [4] has been
distinctively popular [5]–[13] due to its versatility in solving
problems involving arbitrarily complicated inhomogeneities. In
this paper, realistic three-dimensional (3-D) GPR scenarios are
simulated using the FDTD method and the perfectly-matched
layer (PML) [14]–[19] absorbing boundary conditions.

The geometry of the simulated problem is shown in Fig. 1.
The ground-air interface lies at a constant-plane in the compu-
tational domain. The PML regions surrounding the FDTD com-
putational domain, are designed in a layered manner in order
to match both the ground and air regions and the interface be-
tween them. Some of the details of this PML implementation
are given in the Appendix. The air is modeled as vacuum (free
space), and the ground is modeled as a homogeneous dielectric
medium with arbitrary permittivity. We have also modeled lossy
and inhomogeneous grounds, as reported elsewhere [20]. Buried
scatterers of arbitrary quantity, shapes, locations, permittivities,
permeabilities, and conductivities can be modeled.

The radar unit in Fig. 1, which contains the transmitting and
receiving antennas, moves over the ground–air interface on a
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Fig. 1. Geometry of a half-space problem with a buried scatterer. A radar unit
travels over the interface at a fixed elevation.

predetermined path. Section II will further elaborate on the de-
tails of the radar unit.

II. THE RADAR UNIT

A variety of GPR models, designed to achieve maximum scat-
tered fields from the buried object in order to be able to detect
the target, can be found in the literature [8]–[13]. In most cases,
the radar unit consists of a transmitterand a receiver com-
bined in a transmitter-receiver (TR) configuration, as depicted
in Fig. 2(a) [6], [8]–[10]. Then, the total signal collected by the
receiver contains not only the desired scattered signaldue to
the buried object, but also the direct signal(i.e., the incident
field) due to the direct coupling from the transmitter to the re-
ceiver and the reflected signal due to the reflection from the
ground. Usually, the signal is much larger than the desired

signal, rendering the detection of thesignal (and thus the
buried object) difficult or impossible in the total received signal
( ), which is dominated by the signal. Some of the
special techniques that can be employed to solve this problem
are as follows.

1) The signal can be obtained, either computation-
ally or through measurement, in the absence of the buried
object(s). This signal can be subtracted from the total re-
ceived signal to obtain the signal [6], [8], [9].

2) In order to substantially weaken thesignal, the trans-
mitter and the receiver can be isolated using conductive
and/or absorbing shields [10], [13].

3) Using short pulses with high frequency contents, the
, and signals can be separated in time in the total

received signal. Then, the or signal can be
eliminated by windowing them out in time.

0196–2892/00$10.00 © 2000 IEEE
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(a)

(b)

Fig. 2. (a) Transmitter-receiver (TR) and (b) transmitter-receiver-transmitter
(TRT) configurations of the radar unit and the definition of the direct (D, D ,
andD ), reflected (G,G , andG ), and scattered (S, S , andS ) signals.

4) As an alternative to the time windowing, if the and
signals can be separated in time using short pulses, then
the total received signal can be multiplied by a scaling
function that grows exponentially in time. This way, the
signal can be magnified to a level that allows comfortable
detection even in the presence of thesignal.

In this work, radar units, each consisting of two transmitters
and a receiver, are modeled in transmitter-receiver-transmitter
(TRT) configurations [11] as shown in Fig. 2(b). The receiver

is located exactly in the middle of two identical transmitters
( and ), 180 out of phase. In this configuration, the two
direct signals and cancel each other at the receiver. In-
deed, and cancel each other everywhere on a symmetry
plane that is equidistant to the two transmitters. Similarly, the
two reflected signals and also cancel out on the same
symmetry plane and, in particular, at the receiver, if the ground
is homogeneous and the ground-air interface is uniform. In that
case, the total received signal becomes , which is solely
due to the buried object. The inhomogeneities in the ground and
on the ground-air interface contribute to the total received signal
with their own small signals, which can be considered as noise
on the desired signal. Irrespective of the properties of
the ground, the main advantage of the TRT configuration is the
cancellation of the otherwise huge direct signal, which leads to
the detection of the buried object. There are practical issues that
would prevent the total cancellation of theor signals such
as height variations or mismatches between antennas. However,
even under those circumstances, most of the direct and ground
signals would still cancel out at the receiver, which would still
make the TRT configuration beneficial.

Section III presents the simulation results obtained with four
GPR models, whose top views are shown in Fig. 3. The four
TRT configurations in Fig. 3(a)–(d) are referred to as GPR1,
GPR2, GPR3, and GPR4, respectively, and they differ from each

(a) (b)

(c) (d)

Fig. 3. GPR models used in this work. (a) GPR1: threex-polarized antennas
aligned in they direction. (b) GPR2: threey-polarized antennas aligned in the
x direction. (c) GPR3: threez-polarized antennas aligned in they direction. (d)
GPR4: threez-polarized antennas aligned in thex direction.

other in the polarization and alignment of the three antennas.
The transmitter antennas are selected as small dipoles, each of
which is modeled by a single Yee cube of constant current den-
sity in its volume. The time variation of the current source is
given by

(1)

where

(2)

is the center frequency of the pulse and
is the sampling interval in space.

The receiver is also modeled as a small dipole that samples
and stores the values of the, , or component of the electric
field, depending on the choice of polarization. Thus, discrete
values

(3)

of the electric-field function are obtained at the re-
ceiver. When the radar unit is stationary and the receiver col-
lects data at a point ( ) in space for successive instants
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of time, this is called an A-scan, and the resulting data is de-
noted as

(4)

A B-scan is obtained by performing repeated A-scan measure-
ments at discrete points on a linear path. For example, if the
radar unit moves in the direction, the collected B-scan data is
denoted as

(5)

Similarly

(6)

denotes the data collected on a rectangular grid of discrete points
on a constant plane. This measurement is called a C-scan and
can be considered as combining several B-scans.

III. SIMULATION RESULTS

In this section, the four GPR models introduced in Section II
are used to simulate several scenarios. In all of these simula-
tions, the center frequency of the excitation is selected to be

1 GHz for the pulse in (1). Sampling intervals in space
and time are selected as 2.5 mm, and 4.5 ps, re-
spectively, which satisfies the Courant stability condition. The
transmitting and receiving antennas of the radar units shown in
Fig. 3 are separated by two cells (5 mm). The computer used in
these simulations was a Digital AlphaServer 4100.

A. Conducting Prism

The four GPR models are first tested on a simple scenario.
A perfectly conducting prism of 21 16 21 cells (5.25
5.25 4 cm ) is located five cells (1.25 cm) under the
ground-air interface. The relative permittivity of the ground
is selected as 2. B-scan data is collected with each
radar unit as it travels over the edge of the conducting prism
( ) at a fixed elevation of ten cells (2.5 cm) over the
ground ( ) and stops every 2 to perform an A-scan
measurement (i.e., ) for

with the desired polarization.
Each A-scan signal is normalized and individually plotted in
Figs. 4(a)–(d) to present the B-scan results as a function of the
position of the radar unit (vertical axis) and time (horizontal
axis), which can also be regarded as the depth variable. For each
radar unit, the maximum value of the electric field obtained in
a single B-scan

(7)

is given in the title of each figure as an indication of the strength
of the plotted signal. The largest of the four values corre-
sponding to the four GPR models is used to normalize all four
B-scan plots (i.e., all A-scan signals). Each A-scan measure-
ment of the aforementioned simulation was solved in an FDTD
computational domain consisting of 7575 60 Yee cells for
500 time steps. Eight-cell-thick PML walls were used to termi-
nate the problem space. The observed CPU time for each A-scan
was approximately 700 s.

(a) (b)

(c) (d)

Fig. 4. Simulation results of a perfectly conducting rectangular prism buried
five cells (1.25 cm) under the ground. The ground model has a relative
permittivity of � = 2. The simulations are carried out using (a) GPR1,
(b) GPR2, (c) GPR3, and (d) GPR4. The radar unit travels on a linear pathover
the edge of the prism.

Comparison of Fig. 4(a)–(d) reveals that the responses of the
four GPR models can be different even for the same scenario.
For instance, for this case of radar unit traveling over the edge
of the conducting prism, GPR1 collects electric fields with re-
markably higher magnitudes compared to the other three config-
urations. Another difference among the four GPR models is the
range of detection. GPR2 and GPR4 produce visible responses
even when the radar unit is far from the buried object (i.e., near

and ). On the other hand, GPR1 and GPR3
respond only when the radar unit is very close to the target, thus
producing a localized response. The differences in the magni-
tude and the range of the four GPR models are due to the polar-
ization of the antennas and can be used to facilitate the detection
in a polarization-enriched GPR system.

Fig. 5(a)–(d) shows the results obtained with the four GPR
models when the radar unit travels on a path that is almost cen-
tered with respect to the buried prism (i.e., on the 0 and

line). These results display significant differences
compared to Figs. 4(a)–(d), namely, GPR1 and GPR3 receive
remarkably weaker signals, whereas GPR2 and GPR4 receive
considerably larger signals. The decrease in the fields received
by GPR1 and GPR3 is due to the symmetry of the TRT configu-
ration. When these two GPR models travel through a path that is
centered with respect to the buried prism, the symmetry plane of
the radar unit coincides with the symmetry plane of the buried
object. That is, the scatterer also becomes symmetrical with re-
spect to the receiver. Therefore, the two waves generated by the
two transmitters and scattered by the prism cancel each other
out at the receiver location. If the scatterer was modeled by an
even number of cells in the-direction, then there would be ex-
actly zero fields at the receiver. Since the prism is 21 cells wide,
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(a) (b)

(c) (d)

Fig. 5. Simulation results of a perfectly conducting rectangular prism buried
five cells (1.25 cm) under the ground. The ground model has a relative
permittivity of � = 2. The simulations are carried out using (a) GPR1,
(b) GPR2, (c) GPR3, and (d) GPR4. The radar unit travels on a linear path that
is almost centered with respect to the buried object.

there is no exact symmetry in the problem. However, except for
a one-cell-wide portion of it, the conducting prism is symmet-
rical with respect to the symmetry plane. Therefore, the signals
reflecting from those symmetrical parts cancel each other and
produce a weak scattered signal at the receiver.

The differences between Figs. 4 and 5 demonstrate that the
choice of the path of measurement has a significant effect on the
results. In order to further illustrate this effect and the symme-
tries in the problem, the radar units are moved on a two-dimen-
sional grid, as opposed to a linear path. For each discrete radar
position on the two-dimensional (2-D) grid, an A-scan measure-
ment is performed, and the energy of the received A-scan signal
is computed as

(8)

where is defined in (4). Fig. 6(a) and (b) displays these en-
ergies on the 2-D grid obtained by two radar units consisting
of -polarized and -polarized TRT dipoles, respectively. Since
the radar units move in two directions, results obtained by the

-polarized configuration contain both GPR1 and GPR2 results,
and the -polarized configuration encompasses both GPR3 and
GPR4 models. Constant-and constant- traces taken from the
2-D grid of Fig. 6 correspond to the energy plots of the wave-
forms obtained by GPR1 and GPR2, respectively. Similarly,
Fig. 6(b) can be obtained by either GPR3 units moving in the
direction or GPR4 units moving in thedirection. For example,
the energy plots of the waveforms given in Figs. 4(a) and 5(a)
can be observed on paths and 0 of Fig. 6(a), re-
spectively.

(a)

(b)

Fig. 6. Energy diagrams measured by (a)x-polarized and (b)z-polarized TRT
radar units moving on a two-dimensional (2-D) grid. A perfectly conducting
rectangularprism is buried five cells (1.25 cm) under the ground with a relative
permittivity of � = 2.

Fig. 6(a) and (b) depicts that GPR1 and GPR2 collect scat-
tered energy that is four-times larger than GPR3 and GPR4.
GPR2 and GPR4 collect the maximum energy on the symmetry
plane ( 0), where a minimum is encountered for GPR1 and
GPR3 ( 0). For this reason, GPR2 and GPR4 perform better
in detecting the edges of the prism, whereas GPR1 and GPR3 re-
spond to the whole mass of the buried target. The fact that GPR1
and GPR3 obtain weak signals on the 0 path, which coin-
cides with the symmetry plane of the prism, does not constitute
an insurmountable detection problem, since two clear energy
peaks exist on the two sides of this path. A complete C-scan or
even a few B-scans would easily detect these energy peaks.

Fig. 6(a) also shows that the energy levels observed by GPR1
and GPR2 from a distant scatterer are different in character.
GPR2 receives a large amount of energy, while the radar unit
moves away from the scatterer on a linear path, provided that
the path itself is close to the buried target. For example, on
the path 0 in Fig. 6(a), it is observed that the receiver of
GPR2 collects a detectable amount of energy, while the radar
unit moves 50 cells (12.5 cm) away from the center of the scat-
terer. However, if the path of GPR2 is not close to the scatterer
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(a)

(b)

Fig. 7. Energy diagrams measured by (a)x-polarized and (b)z-polarized TRT
radar units moving on a 2-D grid. A perfectly conductingdiskis buried five cells
(1.25 cm) under the ground with a relative permittivity of� = 2.

(e.g., ), the receiver collects an ignorable amount of
energy everywhere on the path. On the other hand, GPR1 pro-
duces localized responses on a linear path, but these responses
contain detectable levels of energy even if the path itself is away
from the target (e.g., ).

Each configuration with a different polarization has an advan-
tage to it, and all of the results mentioned previously lead to the
conclusion that multiple radar units with polarization diversity
and multidimensional scans can facilitate the detection of the
buried targets.

B. Conducting Disk

The 2-D scan of the previous section is repeated for a per-
fectly conducting disk with a radius of 10.5 cells (2.625 cm) and
a height of 16 cells (4 cm) buried five cells (1.25 cm) under the
ground. The relative permittivity of the ground is again selected
as 2, and the elevation of the GPR unit is again fixed
as ten cells (2.5 cm). The results of the conducting disk given
in Fig. 7 are similar to the results given in Fig. 6 for the prism.
However, the four energy peaks due to the four corners of the
prism in Fig. 6(b) are not present in Fig. 7(b). Moreover, due to
the decrease in the volume and surface area of the scatterer, the

maximum energy levels observed with the horizontally-polar-
ized radar units GPR1 and GPR2 are smaller in Fig. 7(a) com-
pared to Fig. 6(a).

C. Dielectric Prism

The GPR is especially useful for the detection of dielectric
objects. The contrast between the permittivities of the target and
ground affects the resultant waveforms. In order to illustrate the
effects of the relative permittivities of the ground and the target,
a number of simulations with GPR1 and GPR2 have been per-
formed, and the results are given in Fig. 8. In all of these simula-
tions, a dielectric prism of size 21 21 16 cells (5.25 5.25

4cm ) is buried four cells (1 cm) under the ground-air inter-
face, and the radar unit travels on the and
linear path. The length of the horizontal axes of the plots in
Fig. 8 are not chosen equal for the purpose of presenting all
of the significant (nonzero) features of the data in the minimum
amount of space.

In Fig. 8(a), the results of the simulations of GPR1 with a
ground model of 2 are given. The relative permittiv-
ities of the targets are 1, 4, 8, and 16. In this figure, the largest
reflections are obtained from the dielectric prism with relative
permittivity of 16, and the smallest reflection is obtained from
the dielectric prism with relative permittivity of 1. Therefore,
Fig. 8 demonstrates that as the contrast between the ground and
the target increases, scattered fields observed at the receiver get
larger in amplitude.

Each simulation result given in Fig. 8 displays two separate
major reflections from the buried target, originated by the upper
and lower faces of the dielectric prism. Fig. 8(a) demonstrates
that if the permittivity of the target is larger than the permit-
tivity of the ground, the second reflected signal is stronger than
the first. That is, the reflection from the lower face of the target
is larger than that from the upper face. However, if the ground is
denser than the target, then the reflection from the upper face of
the target is stronger. This is due to the larger reflections encoun-
tered while passing from a denser medium to a rarer one, mainly
caused by total internal reflections. As the buried object be-
comes denser to make the permittivity contrast larger, stronger
total internal reflections cause multiple reflections, which be-
come visible in Fig. 8(a) as late-time effects following the two
major reflections.

Fig. 8(b) and (c), where the relative permittivities of the
ground models are selected as 4 and 8, respectively, lead to
similar observations, namely, the maximum scattered fields are
due to the largest target-background permittivity contrasts, and
the dominant scattered waveforms from targets denser than the
background are due to the reflections from the bottom of the
target.

In order to investigate the effects of a different polarization,
the simulations of Fig. 8(b) are repeated with a GPR2 radar unit
traveling on the 0 and linear path. Fig. 8(d) shows
that, even though the features of the waveforms are quite dif-
ferent, the observations made previously concerning the depen-
dence of the magnitude of the waveforms on the permittivity
contrast and dominant latter reflections due to the targets denser
than the background are also valid for GPR2.
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(a)

(b)

(c)

(d)

Fig. 8. B-scan results of a dielectric rectangular prism buried four cells (1 cm) under the ground. The results are obtained with (a) GPR1 and relative permittivities
� = 2 and� = 1, 4, 8, 16, (b) GPR1 and relative permittivities� = 4 and� = 1, 2, 8, 16, (c) GPR1 and relative permittivities� =

8 and� = 1, 2, 4, 16, and (d) GPR2 and relative permittivities� = 4 and� = 1, 2, 8, 16. GPR1 travels on they = �6�andz =10� linear
path, and GPR2 travels on a linear path that is almost centered (y = 0) with respect to the buried prism.

D. Multiple Targets

The previous sections demonstrate that GPR1 and GPR3 pro-
duce localized responses to nearby targets, whereas GPR2 and
GPR4 respond to distant targets as well. The sensitivities of
GPR1 and GPR3 to nearby targets can be beneficial for the de-
tection of two closely buried objects. In order to investigate this
situation, Fig. 9 presents the simulation results of a scenario,
where two conducting prisms of 21 21 16 cells (5.25
5.25 4 cm ) are buried five cells (1.25 cm) under the ground,
separated by 20 cells (5 cm). In Fig. 9(a)–(d), the energies of
the A-scan waveforms are evaluated according to (8) and are
presented for GPR1–GPR4, in addition to the B-scan results.
Fig. 9(a) shows that GPR1 produces signals that can be used for
the detection of both objects. Fig. 9(c) shows that GPR3 can also

be used to some extent for the same purpose. Due to the sym-
metry properties explained in Section III-A, GPR2 and GPR4
produce zero signals as they pass near a symmetrical scatterer.
Thus, one would have to seek the nulls or the minima of the en-
ergy in the GPR2 or GPR4 signals in order to detect a buried
target. Fig. 9(b) and (d) displays nulls corresponding to the lo-
cations of the two objects. However, a third null corresponding
to the symmetry plane of the combination of two objects com-
plicates the detection process.

In order to investigate the performance of GPR1 on two
closely buried targets of different materials, two other sim-
ulations are performed. In Fig. 10(a), the scattering results
of a cavity and a dielectric object with relative permittivities

1 and 8, respectively, are given. The two
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(a) (b)

(c) (d)

Fig. 9. Simulation results of two perfectly conducting rectangular prisms buried five cells (1.25 cm) under the ground and separated by 20 cells (5 cm). The
ground has a relative permittivity of� = 4. The simulations are carried out using (a) GPR1, (b) GPR2, (c) GPR3, and (d) GPR4. The path of the radar unit
is offset by ten cells (y =10�) from the symmetry plane (y =0) of the buried objects. All B-scan results and all energy plots are normalized with respect to their
maxima in (a).

(a) (b)

Fig. 10. Simulation results of two objects buried five cells (1.25 cm) under the ground and separated by 20 cells (5 cm). The results are obtained with GPR1. The
ground has a relative permittivity of� = 4. The objects are (a) a cavity (air bubble) with� = 1 and a dielectric object with� = 8, and (b) a
cavity and a perfectly conducting object. All plots are independently normalized with respect to their own maxima.

targets are buried 20 cells (5 cm) apart and five cells (1.25 cm)
under the ground, which has a relative permittivity of
4. Fig. 10(a) depicts that GPR1 clearly detects the two objects,
even though the energy peak produced by the cavity is much
smaller than that of Fig. 9(a) for a conducting object, and the
energy produced by the dielectric object is even smaller. It is
also observed that the waveforms reflected from the cavity
and the dielectric object have their own characteristics, as
displayed in Fig. 8. In the second simulation, the dielectric
prism is replaced by a conducting prism. Fig. 10(b) shows that
the objects are again visible, although the cavity is a weaker
scatterer compared to the conducting object. Note that the same

cavity is the stronger scatterer in Fig. 10(a) compared to the
dielectric object.

IV. CONCLUDING REMARKS

The power and flexibility of the FDTD method are combined
with the accuracy of the PML absorbing boundary conditions to
simulate realistic GPR scenarios. Three-dimensional (3-D) ge-
ometries containing models of radar units, buried objects, and
surrounding environments are simulated. In this paper, the radar
unit is modeled as a TRT configuration, and the transmitting and
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receiving dipole antennas are allowed to have different polariza-
tions. The buried objects are modeled as rectangular prisms and
cylindrical disks with arbitrary conductivities and permittivities.
Multiple-target scenarios are also simulated.

Using the simulation results, the advantages and the disadvan-
tages of both the TRT configuration and various polarizations
of the dipole antennas are demonstrated. The major advantage
of the TRT configuration is the total cancellation of the direct
signals due to the direct coupling from the transmitters to the re-
ceiver and the partial cancellation of the reflected signals from
the ground-air interface. Cancellation of these signals greatly
facilitates the detection of the buried objects. GPR models with
different antenna polarizations are shown to possess specific ad-
vantages, leading to the conclusion that polarization-enriched
GPR systems should be preferred for better detection perfor-
mance.

The simulations reported in this paper are carried out using
a lossless homogeneous medium of arbitrary permittivity to
model the ground. The performance of GPR systems with
different configurations and polarizations over lossy and
inhomogeneous ground models, including surface roughness,
are also under study [20].

APPENDIX

PML ABSORBINGBOUNDARY CONDITION FOR LAYERED

MEDIA

The PML absorbing boundary condition is a nonphysical ma-
terial boundary surrounding the computational domain. For a
lossless and homogeneous medium, the matching conditions de-
fined in the literature, e.g., [14]–[19], ensure a reflectionless
transition to the PML region regardless of frequency and angle
of incidence. However, subsurface-scattering problems involve
layered media. For example, GPR simulations involve at least
two layers (two half-spaces), one of which is the air ( ), and
the other of which is the ground ( ). The ground medium
can also be layered in itself.

Referring to the simple example depicted in Fig. 11, the
matching condition for air is given by

(9)

while the matching condition for the top layer of the ground is
given by

(10)

At the air-ground interface (ab in Fig. 11), the FDTD equa-
tions yield an effective permittivity of , to be used in
the difference equations of tangential electric-field components.
Thus, on the same constant-plane of the PML region (bc in
Fig. 11), the conductivity values ( ) should be matched
to this effective permittivity value. The corresponding matching
condition is given by

(11)

Fig. 11. Example of a stratified medium and the matching PML absorbing
boundary conditions. Each portion of the PML is designed to absorb waves
incident from a particular region of the computational domain.

In addition to the dielectric-PML matching conditions ex-
pressed in (9)–(11), yet another condition has to be satisfied.
In order for the fields to be continuous on the two sides of the
dielectric-PML interfaces (AB in Fig. 11), Snell’s law must pre-
dict the same angles of transmission at both the dielectric-di-
electric (ab in Fig. 11) and the PML-PML (bc in Fig. 11) inter-
faces. More explicitly, Snell’s law dictates at the dielectric-di-
electric interface (ab) that

(12)

and at the PML-PML interfacebc , that

(13)

where is the angle of incidence of any arbitrary plane-wave
component of the field in layer 0, and is the corresponding
angle of transmission in layer 1. Substituting and from
(9) and (10) into (13), we obtain

(14)

The aforementioned condition requires that the ratios in (12)
and (14) be equal. This is satisfied if the electric conductivities

and are selected such that

(15)

In the presence of several layers, (15) is generalized as

(16)

With the use of (16) together with (9)–(11) for each layer, the
implementation of the PML absorbing boundary conditions for
layered media becomes possible and, indeed, straightforward.
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