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1. Introduction

Let V be a finite-dimensional representation of a group G over an algebraically
closed field F'. In the sequel, we will also call V' a G-module. There is an induced
action on the symmetric algebra F[V] := S(V*) given by o(f) = foo~ ! foro € G
and f € F[V] (we use 0! instead of o to obtain a left action). We let F[V]¢ denote
the subalgebra of invariant polynomials in F[V]. A subset A C F[V]¢ is said to
be separating for V if for any pair of vectors u,w € V, we have: If f(u) = f(w)
for all f € A, then f(u) = f(w) for all f € F[V]Y. Goals in invariant theory
include finding generators and studying properties of invariant rings. In the study of
separating invariants the goal is rather to find and describe a subalgebra of the ring
of invariants which separates the group orbits. Although separating invariants have
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been an object of study since the early times of invariant theory, they have regained
particular attention following the influential textbook of Derksen and Kemper [5].
The invariant ring is often too complicated and it is difficult to describe explicit
generators and relations. Meanwhile, there have been several papers within the
last decade that demonstrate that one can construct separating subalgebras with
nice properties that make them more accessible. For instance, Noether’s (relative)
bound holds for separating invariants independently of the characteristic of the field
[5, Corollary 3.9.14]. For more results on separating algebras we direct the reader
to [6-16].

If the order of the group is divisible by the characteristic of the field, then
the degrees of the generators can become arbitrarily big. Therefore, computing the
invariant ring in this case is particularly difficult. Even in the simplest situation
of a cyclic group of prime order acting through Jordan blocks, explicit generating
sets are known only for a handful of cases. This rather short list of cases con-
sists of indecomposable representations up to dimension nine and decomposable
ones whose indecomposable summands have dimension at most four. See [17] for
a classical work and [18] for the most recent advances in this matter which also
gives a good taste of the difficulty of the problem. On the other hand, separating
invariants for these representations have a surprisingly simple theory. In [15, 16], it
is observed that a separating set for an indecomposable representation of a cyclic
p-group over a field of characteristic p can be obtained by adding some explicitly
defined invariant polynomials to a separating set for a certain quotient represen-
tation. The main ingredient of the proofs of these results is the efficient use of
the surjection of a representation to a quotient representation to establish a link
between the respective separating sets that generating sets do not have. In this
paper, we build on this technique to construct separating invariants for the inde-
composable representations of the Klein four group over a field of characteristic 2
and of a cyclic group of order pm with p, m coprime over a field of characteristic p.
Despite being the immediate follow ups of the cyclic p-groups, their invariant rings
have not been computed yet. Therefore, these groups (and representations) appear
to be the natural cases to consider. As in the case for cyclic p-groups, we describe
a finite separating set recursively. We remark that in [5, Theorem 3.9.13], see also
[12, Corollary 19], a way is given for calculating separating invariants explicitly
for any finite group. This is done by presenting a large polynomial whose coeffi-
cients form a separating set. On the other hand, the separating sets we compute
consist of invariant polynomials that are almost exclusively orbit sums and prod-
ucts. These are “basic” invariants which are easier to obtain. Additionally, our
approach respects the inductive structure of the considered modules. Also, the size
of the set we give for the cyclic group of order pm depends only on the dimension
of the representation while the size in [5, Theorem 3.9.13] depends on the group
order as well. Hence, for large p and m our separating set is much smaller for this

group.
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The strategy of our construction is based on the following theorem.

Theorem 1.1. Let V and W be G-modules, ¢ : V — W a G-equivariant surjection,
and ¢* : F[W] < F[V] the corresponding inclusion. Let S C F[W]Y be a separating
set for W. Assume that T C F[V]Y is a set of invariant polynomials with the
following property: if vi,va € V are in different G-orbits and if ¢(vi) = ¢(va), then
there is a polynomial f € T such that f(v1) # f(v2). Then ¢*(S)UT is a separating
set for V.

Proof. Pick two vectors vy,vs € V in different G-orbits. If ¢(v1) and ¢(ve) are
in different G-orbits, then there exists a polynomial f € S that separates these
vectors, so ¢*(f) separates vy, ve. So, we may assume that ¢(v1) and ¢(ve) are in
the same G-orbit. Furthermore, by replacing ve with a suitable vector in its orbit
we may take ¢(v1) = ¢(v2). Hence, by construction, T contains an invariant that
separates v; and vy as desired. O

Before we finish this section we recall the definitions of a transfer and a norm.
For a subgroup H C G and f € F[V]¥, the relative transfer Tr% (f) is defined to be
>vec/m o(f). We also denote Trﬁ}(f) = TrY(f), where ¢ is the identity element
of G. Also for f € F[V], the norm Ng(f) is defined to be the product [] . o(f).

2. The Klein Four Group

For the rest of this section, G denotes the Klein four group {t, 01, 02,03} (0% = 03 =
02 = and 0103 = 03). Over an algebraically closed field F' of characteristic 2, the
complete list of indecomposable G-modules is given in Benson [2, Theorem 4.3.3].
For each module in the list, we will explicitly construct a finite separating set. The
modules in this list come in five “types”. We use the same enumeration as in [2].
The first type (i) is just the regular representation F'G of G. A minimal generating
set consisting of six orbit sums of degree at most four is given in [4, Sec. 4.7], and
the invariant ring can also easily be computed with MAGMA. In the following, we
will thus concentrate on the remaining four types, where each type consists of an
infinite series of indecomposable representations. Let I,, denote the identity matrix
of F™*™ and Jy denote an upper triangular Jordan block of size n with eigenvalue
A€ F.Let H; = {i,0;} for i = 1,2,3 be the three subgroups of order 2.

2.1. Types (ii) and (iii)

The even-dimensional indecomposable representations fall into two types. For A\ €
F, we let Va, » denote the 2n-dimensional module afforded by the representation

. In I I, J . .
given by o — (7' I:) and o3 — (7} Ii) The representations Va,, » comprise those

of type (ii). Meanwhile type (iii) representations are given by o1 — (15‘ f:) and

o3 (IO“ gz) for n > 1. We denote these modules by Ws,,. Notice that the matrix
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group associated with Wy, is the same as the matrix group associated with Vo, .
Therefore, their invariant rings are equal, and a separating set for Vs, ¢ is also a
separating set for Wa,,. We write F[Vay, z] = Flx1,...,x2,]. We then have

O1%; = XTj + Tpiq for 1 <i<n,
03%; = Tj + Abpgi + Tpyipr for 1 <i<n-—1,
03Ty = Ty + ATop,

Tnti € F[Vanal¢ for 1 <i <n.

We start by computing several transfers and norms modulo some subspaces of
F[Vay»]. Define R := Flza,...,x2,) and S := F[21,...,Zn—1, Tnt1, ..., T2p). Note
that S is a G-subalgebra of F'[Va,, ]. We will need the first assertion of the following
lemma for type (v) as well, so we mark this result with a star. Note that the given
congruence particularly holds modulo R, as R contains RN S.

Lemma 2.1. We have
(a¥*) TrG(xlxixj) =21 (TntiTntjt1 +Tnrit1Tnt;) mod RNS for2 <i,j <n-—1.
(b) Tr%(z12n_12,) = z122, mod R.
Proof. (a*) Since we work modulo the subvectorspace RN .S we only consider the
terms containing xy or x,. So
T (z1wi25) = 21250) + €1 (20 + Tnoi) () + Tnyy)
+x1(zi + Anpi + Tngit1) (@5 + Anyj + Tngjgt)
+z1(2 + (A + DTnti + Tngir1) (@5 + (A + D) Tngy + Togjitr)
= 1 Tn+iTntj+1 + L1Tntit1Tny; mod RNS.

(b) This part follows along the same lines as the first part. O

The invariant in (b) of the following lemma will also be needed for type (v).

Lemma 2.2. For n > 3, we have

(a) ¢ (r123) = X\ + 1)x1xn+2 mod (R + Zn13F[Van.a]).
(b*) The polynomial Ny, (21T 12 + T2Tni1) is in F[Va, A|¢. Moreover, we have

Ny, (x1Tpy2 + ToXpi1) = J;%J;i“ + 120 (xi“ + Tpi1Tnys) mod RNS.
Proof. (a) We only consider the terms containing x; and not 43, so
¢ (xlxz) = x1x2 +x1(xo + xn+2) + x1(xo + )\xn+2)3
+x1 (29 + A+ D2pge)?

= XA+ Daz) , mod (R + zny3F [Van a]).
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(b) Note that z1x,42 + Towyy1 is Hi-invariant, so the Ha-orbit product of this
polynomial is G-invariant. Second, we have

02(X1Tpnt2 + Taxny1) = (1 + A+ DXpi1 + Tng2)Tnio

+ (22 + (A 4+ 1)Zpg2 + Tny3)Tng1.
Considering the monomials that are divisible by x; in the orbit product, a routine
computation yields the desired equivalence. O

Let (a1,...,an, Gnit,--- ,agn)€F2”. We have a G-equivariant surjection Vo, x—
Von—o.x given by

(a1, sy Gty lon) — (A2, ...y Gy o, . .. G2y) € F272
Therefore, F[Vap—22] = F[za, ..., ZTn, Tnia, ..., T2y isa G-subalgebra of F[Va, z] =
Flz1, ... Tn, Tpts -« -5 Tap)-

Proposition 2.1. Let n >3 and S C F[Va,_2.]¢ be a separating set for Vap_o .
Then ¢*(S) together with the set T consisting of

TS (2123) for X#£0,1

Tnt1, Nalzi), fri=
N, (21%p42 + x22n11)  for A € {0,1},

TrG(xlxixiH) for2<i<n-1

is a separating set for Vap, x. Moreover, a separating set for Vay o is a separating set
for Wa,,.

Proof. Let v1 = (a1,...,an,Gpy1,...,02,) and va = (b1, ..., bp, byy1, ..., bay) be
two vectors in Va,, with ¢(v1) = ¢(v2), so a; = b; for i € {1,...,2n}\{1,n + 1}.
To apply Theorem 1.1, we show that if all elements of T take the same values
on v; and vy, then v; and wve are in the same orbit. Since x,4+1 € T, we have
Gpt1 = bpy1, hence we have v = (b1, a9,...,an,Gpt1,...,a2,). If a1 = by we are
done, therefore we consider the case a; # by. Then Lemma 2.1(b) implies as, = 0.
Since TrG(xlxixiH) = 21 (TptiTntitre + fo_H_l) mod R for 2 < i <n—2, we

successively get ag,—1 = agp—2 = -+ = apy3 = 0. If A # 0,1 we also have a, 42 =0
by Lemma 2.2(a). If A € {0,1} and a,42 # 0, Ng, (212n42 + 22254+1) taking the
same value on vy,ve implies a; = by + anp42, hence v; = ozve for A = 0 and

v1 = o9vy for A = 1 respectively, and we are done. So now assume a,,2 = 0. Then
NG(Z‘l)(Ul) = Ng(ﬂil)(vz) implies a; + b; € {an+1,/\an+1,(x\ + 1)an+1}, hence
v1 = ;02 for some i € {1,2,3}.

The final statement follows because the matrix group associated to Va, ¢ is the
same as the group associated to Wy, so their invariant rings are equal. O
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We start the induction for A # 0,1 — the case A € {0,1} is left to the reader
(or to MAGMA).

Lemma 2.3. A separating set for A # 0,1 and n = 2 is given by the invariants

1
g1 = T1X4 + mm) )

Ng(z1), Nea(z2), x3, 4.

]‘ 2
R (x?’ +

Note that since G is not a reflection group, we need at least five separating
invariants by [8, Theorem 1.1].

Proof of Lemma 2.3. We show that two points v1,vs which cannot be sepa-
rated by the invariants above are in the same orbit. The invariants xs, x4 imply
that the two points have the form v1 = (a1, a2,as3,a4) and vy = (b1, ba,as, aq).
As Ng(x2)(v1) = Ng(x2)(v2), we have ag + ba € {0, as, Aag, (A + 1)aq}, so after
replacing vy by an element in its orbit we can assume as = bs. If ay # 0, then
g91(v1) = g1(v2) implies a1 = b; and we are done. Therefore, we consider the case
as = 0. Then Ng(x1)(v1) = Ng(x1)(v2) implies a1 + b1 € {0, ag, Aag, (A + 1)as}, so
v1,v2 are in the same orbit. O

2.2. Type (iv)
This type is afforded by the representation given by

for a positive integer n, where 0px; denotes a k x [ matrix whose entries are all
zero. We let Wo,,_1 denote this representation. Notice that Ws,, 1 is isomorphic to
the submodule of V5, 1 spanned by e1,...,en,€nt2,..., €24, Where e, ..., e, are
the standard basis vectors of F2". Dual to this inclusion, there is a restriction map
F[Von1]¢ — FWayu-1]%, f — flw,, ., which sends separating sets to separating
sets by [5, Theorem 2.3.16]. Therefore, in view of Proposition 2.1, we have the
following.

Proposition 2.2. Assume the notation of Proposition 2.1. Let n > 3 and S C
F[Vgn,g,l}G be a separating set for Vaon_o1. Let T denote the set of polynomials
consisting of ¢*(S), Ng(x1), f1 and TrG(xlxile) for 2 < i < n—1. Then the
polynomials in T restricted to Wap_1 form a separating set for Wo, 1.

2.3. Type (v)

We consider the type (ii) module Va,, 1. Then (e,) is a G-submodule, and we define
Von—1 := Vap1/{en) with basis € := e; + (en), ¢ € {1,...,2n}\{n}. The modules
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Van—1 comprise the type (v) representations and they are afforded by

oy (InOIIIn—1|(?[(:1)><1 ) and oy <In01|0(n1)}<nl|ln—l ) )

We have a G-algebra inclusion F[Va,—1] = Flx1,...,Zn—1,Tnt1,--.,T2n] C
F[‘/Qn,l]~
The action on the variables is given by

Ti+ Tpyy for1<i<n-—1,
o1(r;) = .
T; forn+1<i<2n,
and
Ti+ Tpiipr for1<i<n—1,
oa(w;) = .
T; forn+1<i<2n.
Let (a1,...,an_1,0n41,---,02,) € F?"71 =2 V5, 1. We have a G-equivariant sur-

jection Vo, 1 — Vo, _3 given by

) 2n—3

¢ (a1, n1,Gng1, -5 02n) = (G2, A1, Gpya, ..., Q2n) € 170
Therefore, F[Vap_3] = Flza, ..., Zn_1,Tnt2,...,T2,] is a G-subalgebra of F[Va,_1]
=F[z1,. ., Tn-1,Tni1,--.,T2n]. Also, let R := Flza,...,Zn_1,Tnt1,--.,T2n]. We

will make computations modulo R, considered as a subvectorspace of F[Va,,_1], and
we can reuse the equations of Lemmas 2.1(a*) and 2.2(b*).

Lemma 2.4. Let vy,vo5 € Va,_1 be two wvectors in different orbits that agree

everywhere except the first coordinate. Say, vi = (a1,...,0n—1,0nt1,--.,02n),
vy = (b1,a9,...,0n_1,an41,...,a2,). Assume further that one of the following
holds:

(a) ant2 #0 and a; =0 forn+3 <1 < 2n,
(b) a;i =ag, #0 forn+2<i<2n-1.

Then the invariant
N = i), ; dR
Hy (T1Zng2 + T22ny1) = 2125, 0 + T12042(T), 1o + Tnp12Zng3) MO

separates vy and vs.

Proof. Note that Npy, (12,12 + T2x,4+1) was also used in the separating set for
the even-dimensional representations, see Lemma 2.2(b*). We let f denote this
polynomial. We have to show that if f does not separate vi,vs, then these two
points are in the same orbit. By assumption, a; # by. First, assume (a) holds. Then
f(v1) = f(vz) implies (a1 + b1)%a2 5 = (a1 + by)ad 4, hence ay = by + apo. Since
a; = 0 for i > n + 3 this implies that v; = o9v9 and we are done. Next assume (b)
holds. Then f(vi) = f(vz2) implies (a1 + b1)?aZ 5 = (a1 + b1)a2  o(ant1 + any2),
hence a; = by + any1 + anio. Since a; = agy, for n+ 2 < i < 2n — 1, this implies
that v1 = o3vs. O
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Lemma 2.5. For2 <i<n—1, we have

TrG(xlx?) = 01 Tn1iTntit1 (Tnti + Tongit1) mod R.
Proof.
TrG(xlx?) = 2178 + 21(2 + Tppi)® + 21(Ti + Togivr)?

+21(Ti + Tpti + Tpyitr)?

= 21 Tn4i%ntit1 (Tnyi + Tngit1) mod R. U

Proposition 2.3. Let n > 3 and S C F|[Va,_3]% be a separating set for Va,_3.
Then ¢*(S) together with the set T consisting of

Tot1, Ng(x1), N (@12p42 + 22n41), T (z1222,-1),
TrG(xlxixiH) for2<i<n-2, TrG(xle) for2<i<n-1

s a separating set for Vo,_1.

Proof. Let
U1:(al,...,an_l,an+1,...,a2n) and U2:(b1;~-~abn—1;bn+1;~-~ab2n)

be two vectors in Va,,—1 with ¢(v1) = ¢(ve), so a; = b; for all i # 1,n+ 1. To apply
Theorem 1.1, we show that if all elements of T take the same values on v and s,
then these two points are in the same orbit. Since z,, 41 € T, we have a, 41 = b1,
hence we have vy = (b1, a2,...,an-1,n11,...,02,). If a1 = by we are done, so we
consider the case aj # b;.

We first assume a,,; # 0 for all 2 < ¢ < n. Lemma 2.5 implies a, 12 = api3 =
<o = ag, # 0, and from Lemma 2.4(b) it follows v; and vy are in the same orbit,
and we are done. Therefore, we now assume there is a 2 < ¢ < n with a,4;, = 0, and
let ¢ be maximal with this property. Consider the invariants f; := TrG(aclxj Tjp1) =
T1(Tpgj Trtjra + J;%HH) mod R of T for 2 < j <n —2 (see Lemma 2.1(a*)).

For 2 < j < n—2,if apy; = 0, then f;(v1) = f;(ve) implies anyj41 = 0.
Therefore, 1 > n — 1.

If i = n—1, then az, # 0, and f;(vi) = fj(ve) for j = n—-3,n—4,...,2
implies ap4; =0for 3 <j<n—1.As TrG(xlxzxn_l) = x1(Tpt2Ton + Tpni3Ton—1)
mod R takes the same value on vy, v9, we also have a,,42 = 0. Now, Ng(z1)(v1) =
N¢g(x1)(ve) implies a1 = by + ap41, thus v1 = o102, and we are done.

If i = n, i.e. az, = 0, then since fj(v1) = fj(ve) for j =n—2,n—3,...,2, we
get anq; = 0 for 3 < 5 < 2n. In case ant2 # 0, we are done by Lemma 2.4(a).
If apto = 0, then Ng(x1)(v1) = Ng(x1)(v2) implies as before a; = by + a1 and
V1 = 01V2. O

Remark 2.1. A separating set for V3 is formed by Ng(x1),z3,24. In fact, these
polynomials form a homogeneous system of parameters for F[V3]¢. Since the
product of their degrees is equal to four, it follows from [5, Theorem 3.7.5] that
F[Vg]G = F[Ng(xl),$3,$4].
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3. Cyclic Groups

Let F be a field of positive characteristic p and G = Z,r,,, be the cyclic group of
order p"m, where r,m are non-negative integers with (m,p) = 1. Let H and M be
the subgroups of G of order p” and m, respectively. Let V;, be an indecomposable
G-module of dimension n.

Lemma 3.1. There exists a basis ey, €z, ..., e, of Vi, such that 0= 1(e;) = e; +e;q1
for 1 <i<n-—1and o~ t(e,) = e, for a generator o of H, and a(e;) = Xe; for
1 < i <n for a mth root of unity A € F and o a generator of M.

Proof. It is well known that n < p” and there is basis such that a generator p of G
acts by a Jordan matrix J, = pl, + N with g a mth root of unity [1, p. 24]. Then
pP" is a generator of M acting by (ul, + N)?" = pP'I,,, and p™ is a generator of
H acting by (ul, + N)™ = I, + mp™ ' N + ()™ 2N? + ---. This matrix has
Jordan normal form J; = I, + N, and the matrix representing ppr is fixed under
change of basis, which proves the lemma. O

Since we want our representation to be faithful, we will assume that A is a
primitive mth root of unity from now on. We also restrict to the case r = 1. Let
X1,T2,..., %, be the corresponding basis elements in V,*. We have o(z;) = x;+ 21
for 2 < i < n, o(x1) = 1 and a(z;) = A\ lx; for 1 < i < n. Since a acts by
multiplication by a primitive mth root of unity, there exists a non-negative integer
k such that xnxf;fxf € FIV,)M for 1 < i < n— 2. We assume that k is the

smallest such integer. Notice that k is the least integer satisfying k = —p mod m.
Let I; denote the ideal in F[V,,] generated by z1,z2,...,z;. Set f; = acnxf;fxf for
1<1<n—2.

Lemma 3.2. Let a be a positive integer. Then Zoglgp—l "=—-1 modpifp—1
divides a and } 51, 11" =0 mod p, otherwise.

Proof. See [3, 9.4] for a proof for this statement. O

Now set R := F[J?l,l‘Q, .. .,an_l].
Lemma 3.3. Let 1 <i<n—2. We have
TS (fi) = —2p2?™* 1 mod (Ii_1 + R).

i

Proof. We only consider the terms containing z,, but not x1,...,z;_1, thus we
have

l
o(f) = (x” Pl <2> et ) (ziss + L+ )7 (i + Ly + o)

= xn(le + lxi)pfle mod (Ii,1 + R)

Thus it suffices to show that Zoglgpil(xi_‘_l + lz)P~t = —xf_l. Let @ and b
be non-negative integers such that a + b = p — 1. Then the coefficient of z¢ ;2% in
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(i1 +lx;)P~Lis (pgl)lb and so the coefficient of z¢, ;2% in D o<icp1 (@it +lx;)Pt
is Y o<icp (7 1)1P. Hence, the result follows from the previous lemma. i

Let (c1,c2,...,¢,) be a vector in V,. There is a G-equivariant surjection
¢ : Vo — Vi_q given by (c1,¢2,...,¢,) — (c1,¢2,...,¢n—1). Hence, F[V,,_1] =
Flx1,...,2,-1] is a G-subalgebra of F[V,,]. Let | be the smallest non-negative inte-
ger such that Ny (z,)(Ng(2,-1))! € F[V,]¢. In fact, o acts on the monomials in
the polynomial Ny (2,,)(Ng (,—1))" by multiplication with A~(+1?_ So the action
of o on Ny () (Ng (1)) is trivial, if p(I+1) =0 mod m. Since (p,m) = 1, we
have [ =m — 1.

Proposition 3.1. Let S C F[V,,_1]% be a separating set for V,_1. Then ¢*(9)
together with the set T' consisting of

Nu(zn)(Ng(2n-1))™"",  Na(w,), To§(fi) forl<i<n-—2

s a separating set for V,.

Proof. Let v1 = (¢1,¢o,...,¢,) and vy = (dy,da,...,d,) be two vectors in V,
with ¢(v1) = ¢(va), so ¢; = d; for 1 < i < n — 1. To apply Theorem 1.1, we
show that if all elements of T' take the same values on v; and vy, then vy and vy
are in the same orbit. If ¢, = d,, we are done, so we consider the case ¢, # d,.
Lemma 3.3 shows that Tr$,(f;) taking the same value on v1 and vy for 1 < i < n—2
implies ¢; = ¢ = -+ = ¢,_2 = 0. We consider two cases. First, assume that
¢n—1 = 0. Then Ng(z,)(v1) = Ng(zy)(v2), i.e. ™ = dP™, implies that ¢, = \*d,
for some integer a and hence v; and vy are in the same orbit. If ¢, # 0, we
have (Ng (7,-1))™ 1 (v1) = (Ng(2n-1))" 1 (va) # 0, and therefore Ny (z,,)(v1) =
Ny (x,)(v2). Tt follows P — cncf;ll =dP — dncf;ll, which implies ¢, = d,, + jcn_1
for some 0 < 7 < p—1, so v; and vy are in the same orbit. O
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