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a Department of Mathematics, Islamic University of Gaza, P.O. Box 108 Rimal, Gaza, Palestine
b Department of Mathematics, Bilkent University, 06800 Bilkent, Ankara, Turkey

Accepted 31 March 2005
Abstract

Transformation properties of discrete Painlevé equations are investigated by using an algorithmic method. This

method yields explicit transformations which relates the solutions of discrete Painlevé equations, discrete PII–PV, with

different values of parameters. The particular solutions which are expressible in terms of the discrete analogue of the

classical special functions of discrete Painlevé equations can also be obtained from these transformations.

� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Painlevé and his school classified the integrable second order equation of the form y00 = f(x,y,y 0) where f is rational

in y and y 0 and analytic in x, whose solutions have no movable critical points, and discovered six transcendental equa-

tions that are called Painlevé equations, PI–PVI [1–3]. Their general solutions cannot be expressed in terms of the known

elementary functions and can be regarded as nonlinear analogues of the classical special functions. However, PII–PVI

have rational solutions and solutions expressible in terms of the classical special functions for certain values of para-

meters. PII–PVI also possess Bäcklund transformations which relate solutions of the same equation with different values

of parameters, or to solution of another equation of Painlevé type [4–6]. Although, Painlevé equations were first dis-

covered from strictly mathematical considerations, they have appeared in physical applications. For example, PIII arises

in the Ising model [7], and PIV appears in quantum gravity [8].

Discrete analogues of the Painlevé equations are nonautonomous mappings that are integrable in the same sense as

the continues Painlevé equations [9–11], and recently have attracted much attention. The discrete Painlevé equations,

d-PI–d-PVI, which have the form
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xnþ1 ¼
f1ðxn; nÞ þ xn�1f2ðxn; nÞ
f3ðxn; nÞ þ xn�1f4ðxn; nÞ

; ð1:1Þ
where fj(xn;n) are polynomials of degree at most four in xn [12]. In continuous limit, the discrete Painlevé equations

yield a Painlevé equation, though some of the discrete Painlevé equations have limits more then one Painlevé equation.
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Moreover, discrete Painlevé equations possess properties similar to the ones of the continuous Painlevé equations. For

example, discrete Painlevé equations also form coalescence cascades [9,13–15], possess Lax�s pairs [16–18], have rational
solutions for certain values of parameters [19–21], have particular solutions for certain parameter values expressible in

terms of the discrete analogue of the special functions [16,19,22–24], and have Bäcklund transformations [19,22,24].

Discrete Painlevé equations also appear in physics, for example, the computation of a certain partition function in a

model of two-dimensional quantum gravity led discrete PI [25]. The only difference between continuous and discrete

Painlevé equations is that the continuous Painlevé equations have unique canonical form up to a Möbius transforma-

tion, but there is more then one inequivalent discrete equation which has the Painlevé equation as its continuous limit.

Recently, Sakai [26] characterized the Painlevé equations in the frame work of the theory of rational surfaces, and

showed that the translation part of the affine Weyl groups give rise to discrete Painlevé equations whereas the whole

group acts as their groups of symmetries, Bäcklund transformations. The six continues Painlevé equations appear as

degenerate cases of this construction. The geometrical description in the framework of the affine Weyl group Eð1Þ
6 of

the asymmetric q-PV and asymmetric d-PIV which are known as discrete analogues of the Painlevé VI equation was

given in the recent work of Grammaticos et al. [27].

In this article, we investigate the transformation properties of the discrete Painlevé equations by using an algorithmic

method which is similar to the method developed by Fokas and Ablowitz [5] for investigating the transformation prop-

erties of the continuous equations of the Painlevé type. In [5], for given continuous Painlevé equations
v00 ¼ P 2ðv0Þ2 þ P 1v0 þ P 3; ð1:2Þ
where P1, P2, P3 depend on v, independent variable z and set of parameters a, the transformation of type
uðz; âÞ ¼ v0 þ av2 þ bvþ c

dv2 þ evþ f
; ð1:3Þ
where a,b, . . .,d depend on z only and uðz; âÞ solves some second order equation of the Painlevé type with set of para-

meters â was considered. If we solve (1.3) for v 0, we obtain
v0 ¼ ðdu� aÞv2 þ ðeu� bÞvþ ðfu� cÞ. ð1:4Þ
That is, solution v of the given equation of Painlevé type also satisfies a Riccati equation with the coefficients depending

linearly on the solution u of related Painlevé type equation. By following the similar argument, for a given discrete Pain-

levé Eq. (1.1) with parameter set a, we consider discrete Riccati equation, that is
xnþ1 ¼
Anxn þ Bn

Cnxn þ Dn
; ð1:5Þ
where An = A1,nyn + A0,n, Bn = B1,nyn + B0,n, Cn = C1,nyn + C0,n, and Dn = D1,nyn + D0,n such that yn solves discrete

equation of Painlevé type with parameter set â. The aim is to determine Aj,n, . . .,Dj,n, j = 0,1 requiring that (1.5) defines

a one-to-one invertible map between the solutions xn of a given discrete Painlevé equation, and solutions yn of some

second order discrete equation of Painlevé type. This method yields explicit transformations between a given discrete

Painlevé equation and the same discrete Painlevé equation but with different values of its parameters, and between two

different discrete equations of Painlevé type. As an application of the method, we obtain particular solutions of discrete

Painlevé equations in terms of discrete analogue of the classical special functions.

The method can be summarized as follows: From Eq. (1.5), one writes
xn�1 ¼ �Dn�1xn � Bn�1

Cn�1xn � An�1

. ð1:6Þ
Substituting xn+1 and xn�1 given in (1.5) and (1.6) respectively into given discrete Painlevé Eq. (1.1) gives an equation

which is polynomial for xn with the coefficients depending on Aj,n, . . .,Dj,n, j = 0,1, yn and yn�1. Now, we choose

Aj,n, . . .,Dj,n such that the polynomial for xn reduces to a polynomial of degree one or of degree two. That is,
Eðyn; yn�1; nÞxn þ F ðyn; yn�1; nÞ ¼ 0; ð1:7Þ
or
Eðyn; yn�1; nÞx2n þ F ðyn; yn�1; nÞxn þ Gðyn; yn�1; nÞ ¼ 0. ð1:8Þ
If one solves (1.7) or (1.8) for xn and substitutes into (1.5), (1.5) yields a discrete equation of Painlevé type for yn. It

turns out that, similar to the case of continuous Painlevé equations, discrete PII–PV admit transformations of both types

(1.7) and (1.8). However, discrete PVI does not admit a transformation of type (1.7). In this article we will consider the

transformation of type (1.7), the type (1.8) will be considered later and published elsewhere.
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2. Discrete Painlevé II equation

In this section, we consider d-PII equation:
xnþ1 þ xn�1 ¼
znxn þ a
1� x2n

; ð2:1Þ
where zn = an + b, and a, b, a are constants. Substituting xn+1 and xn�1 given in (1.5) and (1.6) respectively into (2.1)

gives the following polynomial for xn,
ðznxn þ aÞðCnxn þ DnÞðCn�1xn � An�1Þ ¼ ð1� x2nÞ½ðAnxn þ BnÞðCn�1xn � An�1Þ � ðCnxn þ DnÞðDn�1xn � Bn�1Þ�.
ð2:2Þ
Our goal now is to choose An, . . .,Dn in such a way that (2.2) becomes a linear equation for xn. Eq. (2.2) reduces to a

linear equation for xn,
ðBn þ Bn�1 þ zn � 2Þxn ¼ Bn � Bn�1 � a; ð2:3Þ
with the choice of An = Cn = Dn = 1. Without loss of generality, we may choose Bn ¼ yn � 1
2
zn � 1

4
aþ 1. Hence, Eqs.

(1.5) and (2.3) respectively give
yn ¼ ðxn þ 1Þðxnþ1 � 1Þ þ 1

2
zn þ

1

4
a ð2:4Þ
and
xn ¼
yn � yn�1 þ m
yn þ yn�1

; ð2:5Þ
where m ¼ � 1
2
a� a. Eliminating xn between (2.4) and (2.5) leads to a discrete form of PXXXIV [22]:
ðyn þ yn�1Þðyn þ ynþ1Þ ¼
m2 � 4y2n

yn � 1
2
zn � 1

4
a
. ð2:6Þ
Miura transformation (2.5) was also given in [22].
2.1. Bäcklund transformation for d-PII

Since, (2.6) is quadratic in m, thus yn(m) = yn(�m). But then, from Eq. (2.5)
�xnð�mÞ ¼ ynð�mÞ � yn�1ð�mÞ � m
ynð�mÞ þ yn�1ð�mÞ ¼ ynðmÞ � yn�1ðmÞ � m

ynðmÞ þ yn�1ðmÞ
¼ xnðmÞ �

2m
ynðmÞ þ yn�1ðmÞ

. ð2:7Þ
Hence, expressing yn in terms of xn and using m ¼ � 1
2
a� a give the following Bäcklund transformation for d-PII
�xn ¼ xn �
2mðxn þ 1Þ

2ðxnþ1 � 1Þðxn þ 1Þ � znxn � a
; �a ¼ �a� a. ð2:8Þ
Bäcklund transformation for d-PII was also given in [22,24,28].

2.2. Special solution

The transformation (2.5) breaks down if
yn þ yn�1 ¼ 0 ð2:9Þ
and
yn � yn�1 þ m ¼ 0. ð2:10Þ
By solving (2.9) and (2.10), we find that yn = m = 0. Substituting yn = m = 0 into (2.4) yields the following discrete Riccati

equation:
xnþ1 ¼
2xn � zn þ aþ 2

2ðxn þ 1Þ . ð2:11Þ



390 A. Sakka, U. Muğan / Chaos, Solitons and Fractals 27 (2006) 387–394
Therefore, particular solution of d-PII is characterized by (2.11), iff a ¼ � 1
2
a. Eq. (2.11) can be linearized by a Cole–

Hopf transformation xn ¼ wn
wn�1

� 1, and we thus obtain the discrete analogue of the Airy equation:
2wnþ1 þ ðzn � aÞwn�1 � 4wn ¼ 0. ð2:12Þ
Special solution in terms of discrete Airy functions of d-PII was also given in [22–24].
3. Discrete Painlevé III equation

In this section, we consider the following discrete Painlevé III equation, q-PIII [14]:
xnþ1xn�1 ¼
abðxn � cknÞðxn � dknÞ

ðxn � aÞðxn � bÞ ; ð3:1Þ
where a, b, c, d are constants. Using the method introduced in Section 1, we find
ðAnxn þ BnÞðDn�1xn � Bn�1Þ
ðCnxn þ DnÞðCn�1xn � An�1Þ

¼ � abðxn � cknÞðxn � dknÞ
ðxn � aÞðxn � bÞ . ð3:2Þ
With the choice of Dn = �aCn and An = bCn, Eq. (3.2) can be reduced to the following linear equation for xn:
bCnBn�1 þ aCn�1Bn þ abðcþ dÞk2nCnCn�1

� �
xn ¼ abcdk2nCnCn�1 � BnBn�1. ð3:3Þ
Without loss of generality we may let, Bn ¼ lknþ
1
2yn, Cn = 1, where l2 = abcd. Then Eqs. (1.5) and (3.3) become
yn ¼
xnþ1ðxn � aÞ � bxn

lknþ
1
2

ð3:4Þ
and
xn ¼
l2knþ

1
2ð1� ynyn�1Þ

alkyn þ blyn�1 þ abk
1
2ðcþ dÞ

; ð3:5Þ
respectively. Eliminating xn between the Eqs. (3.4) and (3.5) leads to the following discrete equation for yn
ðynynþ1 � 1Þðynyn�1 � 1Þ ¼ �
�k
nðyn � aÞ yn � 1

a

� �
ðyn � bÞ yn � 1

b

� �
ðcyn � �k

nÞ
; ð3:6Þ
where
a ¼ � l

ack
1
2

; b ¼ � l

adk
1
2

; c ¼ � lk
1
2

ab
; �k ¼ k�1. ð3:7Þ
Eq. (3.6) is the special case, d = 0, of q-PV [14]:
ðynynþ1 � 1Þðynyn�1 � 1Þ ¼
�k
2nðyn � aÞ yn � 1

a

� �
ðyn � bÞ yn � 1

b

� �
ðcyn � �k

nÞðdyn � �k
nÞ

. ð3:8Þ
Thus there exists the one to one correspondence given by (3.4) and (3.5) between the solutions of q-PIII and (3.6).
3.1. Bäcklund transformation for discrete PIII

Bäcklund transformation can be obtained by finding two sets of {a,b,c} such that (3.6) is invariant. It should be

noted that Eq. (3.6) is invariant under the change of parameters
�a ¼ 1

a
; �b ¼ 1

b
; �c ¼ c. ð3:9Þ
By using (3.9) and following the same procedure given in Section 2.1, we obtain the following Bäcklund transfor-

mation for q-PIII
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�xn ¼
�dkxn½axnþ1ðxn � aÞ þ bxn�1ðxn � bÞ � 2abxn þ abðcþ dÞkn�

c½bxnþ1ðxn � aÞ þ ak2xn�1ðxn � bÞ � ða2k2 þ b2Þxn þ abðcþ dÞknþ1�
;

�a ¼ b�d
kc

; �b ¼ ak�d
c

; �c ¼ d�d
c
.

ð3:10Þ
3.2. Special solution

The transformation (3.5) breaks down if
ynyn�1 � 1 ¼ 0 ð3:11Þ
and
alkyn þ blyn�1 þ abk
1
2ðcþ dÞ ¼ 0. ð3:12Þ
By solving Eqs. (3.11) and (3.12), we find that yn ¼ � bc
l
ffiffi
k

p , and kl2 = b2c2. Then, (3.4) leads to the following discrete

Riccati equation
xnþ1 ¼
bðxn � cknÞ

xn � a
. ð3:13Þ
Therefore, particular solution of q-PIII is characterized by (3.13), iff kad = bc. Eq. (2.11) can be linearized by a Cole–

Hopf transformation xn ¼ aþ wn
wn�1

, and we thus obtain the discrete analogue of the Bessel equation [16]:
wnþ1 � bða� cknÞwn�1 þ ða� bÞwn ¼ 0. ð3:14Þ
The linearizability condition for q-PIII and the particular solution expressible in terms of the discrete analogue of the

Bessel functions were also obtained in [15,16,29].
4. Discrete Painlevé IV equation

In this section, we consider the discrete Painlevé IV equation, d-PIV:
ðxnþ1 þ xnÞðxn�1 þ xnÞ ¼
ðx2n � a2Þðx2n � b2Þ
ðxn � znÞ2 � c2

; ð4:1Þ
where zn = an + b, and a, b, a, b are constants. Eq. (4.1) gives the following equation after substituting xn+1 and xn�1

respectively given in (1.5) and (1.6),
½Cnx2n þ ðDn þ AnÞxn þ Bn�½Cn�1x2n � ðDn�1 þ An�1Þxn þ Bn�1�
ðCnxn þ DnÞðCn�1xn � An�1Þ

¼ ðx2n � a2Þðx2n � b2Þ
ðxn � znÞ2 � c2

. ð4:2Þ
Eq. (4.2) can be reduced to a linear equation for xn
xn ¼
�ðyn�1 � zn þ lþ aÞðyn � zn � l� aÞ þ z2n � c2

yn þ yn�1

; ð4:3Þ
with the choice of An = �(yn � zn + l), Bn = ab, Cn = 1, and Dn = yn � zn � l � a, where l ¼ � 1
2
ðaþ bþ aÞ. With these

choices, Eq. (1.5) yields
xnþ1 ¼
�ðyn � zn þ lÞxn þ ab
xn þ yn � zn � l� a

. ð4:4Þ
By eliminating xn between (4.3) and (4.4), we obtain d-PIV
ðynþ1 þ ynÞðyn�1 þ ynÞ ¼
ðy2n � �a2Þðy2n � �b

2Þ
ðyn � �znÞ2 � �c2

; ð4:5Þ
where
�zn ¼ zn þ
1

2
a; �a2 ¼ c� 1

2
ðaþ b� aÞ

� 	2
; �b

2 ¼ cþ 1

2
ðaþ b� aÞ

� 	2
; �c2 ¼ 1

4
ða� bÞ2. ð4:6Þ
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If we replace yn with �xn in (4.4), we thus obtain the following Bäcklund transformation for d-PIV
�xn ¼ � ½xnþ1ðxn � zn � l� aÞ � xnðzn � lÞ � ab�
ðxnþ1 þ xnÞ

; ð4:7Þ
such that �xn solves d-PIV with the parameters �a, �b, �c given by (4.6). The Bäcklund transformation (4.7) for discrete

Painlevé IV equation was first given in [19].

4.1. Special solution

The transformation (4.3) breaks down if
yn þ yn�1 ¼ 0 ð4:8Þ
and
�ðyn�1 � zþ lþ aÞðyn � zn � l� aÞ þ z2 � c2 ¼ 0. ð4:9Þ
yn = l + a + c = 0 solve Eqs. (4.8) and (4.9). Eq. (4.4) yields the following discrete Riccati equation,
xnþ1 ¼
ðaþ b� cþ znÞxn þ ab

xn þ c� zn
; ð4:10Þ
after substituting yn = l + a + c = 0 [15,19,29]. Therefore, particular solution of d-PIV satisfies (4.10), iff a + b � 2c = a.
Cole–Hopf transformation xn = zn � c + (wn/wn�1) transforms the Riccati equation (4.10) into the following linear

equation for wn:
wnþ1 � ðzn � cþ aÞðzn � cþ bÞwn�1 � 2cwn ¼ 0. ð4:11Þ
Eq. (4.11) has been shown to be solvable in terms of the discrete analogues of Hermite functions [19].
5. Discrete Painlevé V equation

In this section, we consider the q-PV equation
ðxnxnþ1 � 1Þðxnxn�1 � 1Þ ¼
k2nðxn � aÞðxn � bÞ xn � 1

a

� �
ðxn � 1

bÞ
ðcxn � knÞðdxn � knÞ ; ð5:1Þ
where a, b, c, d are constants. Applying the method introduced in Section 1, we find
½Anx2n þ ðBn � CnÞxn � Dn�½�Dn�1x2n þ ðBn�1 � cn�1Þxn þ An�1�
ðCnxn þ DnÞðCn�1xn � An�1Þ

¼
k2nðxn � aÞðxn � bÞðxn � 1

aÞðxn � 1
bÞ

ðcxn � knÞðdxn � knÞ . ð5:2Þ
Eq. (5.2) can be reduced to a linear equation for xn with the choice of An = lkn, Bn = yn � (a + b)lkn, Cn = yn and

Dn = �abAn, where l2 ¼ k
abcd. Then Eqs. (5.2) and (1.5) yield
xn ¼
lkn�1ðabkyn�1 þ ynÞ � 1

c þ 1
d

� �
kn

ynyn�1 � 1
ð5:3Þ
and
xnþ1 ¼
lknðxn � a� bÞ þ yn

ynxn � ablkn
; ð5:4Þ
respectively. We obtain the following q-PV for yn by eliminating xn between Eqs. (5.3) and (5.4):
ðynynþ1 � 1Þðynyn�1 � 1Þ ¼
k2nðyn � aÞ yn � 1

a

� �
ðyn � bÞ yn � 1

b

� �
ðcyn � knÞðdyn � knÞ ; ð5:5Þ
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where c ¼ 1
al, d ¼ 1

bl, a ¼ lc
k , and b ¼ ld

k . Therefore, we have the following Bäcklund transformation for q-PV
�xn ¼
lkn½abxnþ1 þ xn � a� b�

xnxnþ1 � 1
;

�a ¼ lc
k
; �b ¼ ld

k
; �c ¼ 1

al
; �d ¼ 1

bl
.

ð5:6Þ
5.1. Special solution

The transformation (5.3) breaks down if
ynyn�1 � 1 ¼ 0 ð5:7Þ
and
lkn�1ðabkyn�1 þ ynÞ �
1

c
þ 1

d


 �
kn ¼ 0. ð5:8Þ
If we substitute the solutions yn ¼ k
lc, and k2 = l2c2 of (5.7) and (5.8) into (5.4), we obtain the following discrete Riccati

equation [29],
xnþ1 ¼
knðxn � a� bÞ þ abd

abðdxn � knÞ . ð5:9Þ
Therefore, particular solution of q-PV is characterized by (5.9), iff c = kabd. Eq. (2.11) can be linearized by a Cole–Hopf

transformation xn ¼ kn

d ð1�
wn
wn�1

Þ, and we thus obtain the following linear equation for wn
wnþ1 �
1

k
1

a
� d
kn


 �
1

b
� d
kn


 �
wn�1 þ

1

abk
� 1


 �
wn ¼ 0. ð5:10Þ
The linearization condition of q-PV was also given in [30], and shown that xn can be expressed in terms of discrete ana-

logue of confluent hypergeometric functions.
6. Conclusion

In this article, we have presented an algorithm which is similar to the algorithm introduced in [5] for continuous

Painlevé equations, to obtain the Bäcklund transformations for discrete PII–PV. The algorithm is simple and based

on the investigation of discrete Riccati Eq. (1.5) for the solution of a given discrete Painlevé equation, with the coef-

ficients depending linearly on the solution of another discrete equation of Painlevé type. The Miura transformation

for d-PII and d-PXXXIV, and the Bäcklund transformation for d-PII and d-PIV that we have presented, were previously

known. The special-function solutions for the discrete Painlevé equations are extensively covered in the literature. But

the transformations for q-PIII and q-PV were not discussed in the literature before. Moreover, as an application of the

algorithm, we have presented the special solutions which are discrete analogue of the classical special functions, for dis-

crete PII–PV whenever the parameters satisfy certain conditions (the linearizability conditions).
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