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Noise analysis of geometrically complex mechanical structures using
the analogy between electrical circuits and mechanical systems

G. G. Yaralioglu® and A. Atalar
Electrical and Electronics Engineering Department, Bilkent University, Ankara, Turkey 06533

(Received 21 August 1998; accepted for publication 5 February)1999

Random fluctuations of displacement or velocity in mechanical systems can be calculated by using
the analogy between electrical circuits and mechanical systems. The fluctuation-dissipation theorem
expresses the relation between the generalized mechanical admittance and the noise in velocity.
Similarly, correlation of mechanical noise can be calculated by using the generalized Nyquist
theorem which states that the current noise correlation between two ports in an electrical circuit is
dictated by the real part of the transadmittance. In this article, we will present the determination of
the mechanical transadmittance and we will use the mechanical transadmittance to calculate the
noise correlation on geometrically complex structures where it is not possible to approximate the
noise by using the simple harmonic oscillator model. We will apply our method to atomic force
microscope cantilevers by means of finite element method tools. The application of the noise
correlation calculation method to rectangular cantilever beams shows some interesting results. We
found that on the resonance frequencies, the correlation coefficient takes vdfuésdarrelation

and — 1 (anti-correlation along the cantilever axis depending on the mode shapes of the structure.
© 1999 American Institute of PhysidsS0034-67489)04005-§

I. INTRODUCTION of two sets of interleaving fingers, the noise correlation be-
tween fingers should be calculated for an accurate analysis of
Random vibrations of mechanical parts set the fundathe noise performance.
mental limit on the minimal detectable displacementin many  In this work, we will present a method for the calcula-
precision displacement measuring devices like the atomition of noise and noise correlation for geometrically complex
force microscopeAFM), laser interferometric gravitational mechanical structures. The structure may be made up of dif-
wave detectors, accelerometers, etc. Similar to the seriderent materials or may have different loss coefficients in
voltage noise of a resistor in an electrical circuit, the sourcdlifferent parts of the structure. For the noise calculation, we
of random vibrations is the thermal agitation. To determinewill employ the analogy between electrical circuits and me-
the merit of a displacement sensing system, it is crucial tehanical systems. First, electrical noise equations will be pre-
understand this noise source and calculate the amplitude sented. We will repeat the result of the fluctuation-
the random vibrations. dissipation theoreft for the calculation of noise at a single
The resolution of an AFM system which uses an opticalpoint, then present the calculation of noise correlation be-
detection method is determined by the thermal noise of théveen two points on the mechanical structure. For the me-
cantilever. In an optical AFM system, the cantilever is illu- chanical response calculations, we will use the finite element
minated by a laser beam and the reflected beam from th@ethod(FEM). Depending on the FEM meshing of the me-
cantilever is detected by a photodetector. Since the laser irghanical structure, we will define the noise correlation matrix

tegrates the mechanical noise within its beam, the correlatiogorresponding to the mechanical structure.
of noise p|ays an important role in the Output noise. We will also define the noise correlation coefficient

Thermal noise of an AEM cantilever has been inten-Which can be used to estimate the degree of noise correlation

sively studied-™® In most of the earlier work, the cantilever between different parts of the structure.

has been modeled by a simple harmonic oscillator and the

noise of the free end has been calculated by employing the

equipartition theoreri.However, the output noise calcula- !l ELECTRICAL NOISE EQUATIONS

tion of the optical AFM system using the simple harmonic In dissipative linear electrical systems, thermal or

oscillator model assumes that the noise within the laser i"”?]ohnson noise was characterized by Nyddist 1928. The
mination is fully correlated. As we will show in Sec. IV, this thermal noise of a two terminal network can be represented
is a good approximation to predict the output noise forby a series voltage noise souree,or by a shunt current
simple AFM cantilevers since the noise correlation varies,,ise sourcei, as determined by the Nyquist theorem. The
slowly at the free end. However, for geometrically complex aan values of the source phasors are z@p=0, (i)=0,
structures like interdigital cantilevérwhich are composed and the mean square noise voltage or noise current is deter-

mined by the real part of the impedan@ or the admittance
dElectronic mail: goksenin@ee.bilkent.edu.tr (Y) seen between the terminals
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| | Mechanical Systems Electrical Circuits
+ I, Force Voltage
F |4
Vi { [Z] @
Velocity Current
v 1
n-port FIG. 2. Analogy between mechanical systems and electrical circuits.

FIG. 1. Generah-port network. ) ) ) )
noise voltages is determined by the real part of the transim-

pedance. Equivalently, correlation of noise currents is dic-
(e?)=4kgTAfRE[Z}, (2.1 tated by the real part of the transadmittance

(i?)y=4kgTATRE[Y}, (2.2 (iiix)y=akgTATRE[Y;\}. (2.9

wheree andi is the root mean squaftems) noise voltage and
noise current, respectively, aride{} denotes the real part; [|]. NOISE IN MECHANICAL STRUCTURES
kg is the Boltzmann constant ardis temperature in Kelvin.

Infinitesimal measurement bandwidth is denotedAdfy In X X :
general,Z or Y is a function of frequency and the above tended to lossy mechanical systefié\ny linear mechanical
equations are valid in the narrow frequency band\6f structure can be represented as a three-dimensional electrical

The Nyquist theorem can be generalized to multi-Circuit with nodes arranged like a finite element model of the

terminal networks to include the correlation of noise betweerMechanical structur€. The inductive elements represent the

the two portsi? Consider a general dissipative linear Ioassivesprings and the capacitive elements represent the mass of the
n-port network(Fig. 1) with a Z-parameter matrix mechanical structure. Resistive elements stand for the losses

in the structure. The mutual inductors can be used to repre-

Results obtained from the Nyquist theorem can be ex-

7. 7 7 sent the coupling between different directions. For mechani-
74 11 12 1n I, L . . .
1 cal systems, a driving point admittance at any point may be
V, Zn Zy - - Iy I, defined and the mechanical noise at this point in the structure
T . e 1 (2.3 can be found from the real part of this driving point
A A 7 admittance? For an accurate analysis of noise performance,
V., nl n2 - nn 1,

it is also necessary to calculate the correlation of noise be-
"‘V"’ 7 "“I"" tween the two points on the mechanical structure. Noise cor-
T relation can be calculated by using Green’s functions and
whereV=[VV; .. 'YU] is the column vector of port volt- damping parameter$.For this calculation, we will use the
ages,| =[lsl...1n]"is the c_olumn vector of port CUITents oo trical analog of this problem and the correlation of the
andZis the impedance matrix. An equivalent representaﬂorhoise at any two points will be related to the real part of the
can be given as mechanical transimpedance or transadmittance.
=YV, (2.9 Mechanical systems and electrical circuits are analogs of
) ) o each othefFig. 2). Mechanical equations expressing the re-
whereY is the admittance matrix(=Z""). If &; shows the |5jon petween force and velocity can be obtained by replac-
open circuit noise voltage at partthen the mean value & g yoltage,v, with force, F, and current|, with velocity, v.
is zero, and the mean square noise voltage is given by gy ysing this convention, we can define the driving point
(€?)=4akg TATRE[Z;}. (2.5  resistancereal part of the driving point impedankef point
i on the mechanical structure as the real part of the ratio of
Hence, the mean square noise voltage of the open-circuitafle F to v:
port is determined by the real part of the open-circuit imped-
ance at the corresponding port. Equivalently, the mean Ri =Re[ E] (3.1)
square noise current is Ui

(ii2>=4kBTAfRe{Y”}. (2.6 yvhereFi_andvi are phasorsl.:i.is the applieq force to point
i andv; is the resulting velocity. The amplitude of the me-
Moreover, it is also possible to calculate the correlation ofchanical thermal noise force acting on this resistance is given
noise between ports. Correlation of the noise voltages bepy
tween porti andk is given by

(F2)=4kgTAFR;; . (3.2
(eie} ) =4k TATRE[Z\), 2.7 '

Similarly, the mechanical driving point conductangeal
where* represents the conjugate operation. For reciprocapart of the driving point admittantés defined as
circuits, theZ matrix is symmetric Z;,=Z,;). In general,
the above equations are also valid for nonreciprocal G--=Re{ﬂ] (3.3
circuits? Equation (2.7) states that the correlation of the ! Fi
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and the mechanical noise in velocity is 777 YU - - x=()
(va)=4ksTATG, (3.4 v thickness = 1um

Finite element

where<v§i> shows the mean square mechanical noise ampli-

tude in the velocity of point on the mechanical structure. 100pm ..

The determination of the driving point admittance in- X e
volves applying a sinusoidal force to a specific pdirand 3 "\‘ flﬂlm
measuring the velocity of the same point. If there is no loss node M i [ aly _4,7_
in the mechanical structure, the phase difference between the \~—v:/—>u <'<?>'
force phasor and the velocity phasor will be 90°-080°. 40pm _”m

Hence, Eqs(3.2) and (3.4) will give zero noise. Similarly,
we can find the transadmittance between two points by apFIG. 3. FEM modeling of a cantilever beam and the electrical model. The

plying a sinusoidal force to the poiitand measuring the Ef‘gkth and tfht‘;]Widtht_?f the _Caﬂrzt”e‘g” if_lloo a”d{A@'Ir?SpﬁF“ng- The
. . . . ICKNness o e cantilever Is aim. Cantilever material IS silicoQYoung
velocity of the other poink. Transconductance is given by modulus, E= 130 Pa, densityp—2.332 g/cr, Poisson ratiog—0.278).

Vi NodeM is in the middle of the free end.
|
By using the mechanical analog of E&.9), the correlation element(FE) model of the cantilever beam is composed of
of the velocity noise between two points is given by 160 elements and 189 nodes. Each node can be viewed as an
*\_ A electrical port. The electrical analog of this mechanical struc-
<v“iU“k> 4kgTATGiy 3.6 ture is then a 189-port electrical circuit with a 189 by 189

It is customary to use the rms displacement noise, rathehatrix.
than the noise in velocity. We can easily derive noise equa- We can determine the displacement noise of any node on
tions for displacementy, from Egs.(3.4) and (3.6). Since the cantilever by using E¢3.7). To calculate thes; /F; ratio
velocity is the derivative of displacement, the Nyquist rela-in this equation, a sinusoidal force is applied to the node and

tion for the displacement noise is the displacement of the same node is calculated through the
frequency (harmonig analysis of finite element method
(uﬁ>=4kBTAflm{ 21 ﬂ] 3.7 (FEM) software, ANSYS 5.4% We applied this procedure to
‘ o F; the node in the middle of the free efwodeM in Fig. 3) to

and the correlation of displacement noise between paind calculate the displacement noise. The rms noise spectrum of
K is nodeM is depicted in Fig. 4. Two resonance peaks are vis-

ible between 100 Hz and 1 MHz. These resonance peaks
have nonzero bandwidths, since a small amount of loss is
present in the system. The loss coefficient is chosen such that
the quality factor of the first resonance is 100. Without the
gqss, the quality factor will be infinity and the imaginary part
of the displacement phasor, and hence Bd/) will be zero.

Tane main sources of noise in the cantilever are the structure

* 1 Uk
(uniunk)=4kBTAfIm TwF | (3.9
where In{} denotes the imaginary part arg=2=f is the
radial measurement frequency. For displacement we can d
fine a noise correlation matrixy, where the diagonal ele-
ments show the mean square absolute displacement noise
pointi and the off-diagonal elements are the correlation of
displacement noise between pointsndk:

Ni=(Un,up, )- (3.9

—
<

The noise correlation matrix is symmetric for reciprocal sys-
tems.

1
[~
T

—
(=]

1
w
T

IV. APPLICATION OF THE METHOD: CANTILEVER
BEAM

Cantilever beams are widely used in atomic force mi-
croscopy. The deflection of the cantilever is monitored to
measure the atomic forces. Noise analysis of the cantilever
beam is especially important for AFM where the ultimate
resolution of the system is determined by the thermal me- 10 163 164 1(')5 10°
chanical noise of the cantilever. frequency (Hz)

Consider the cantilever beam depicted in Fig. 3. In this _ _ _
figure, the cantlever is meshed inlo,B by § um four- |10, AeREs e ettt AmpiuEl o e ree o
node finite elementg The |ength and the width of the can- 300 K) (fo=100 Hz, fz=70 kHz, fc=123 kHz, f, =380 kHz, fz=768
tilever are 100 and 4@um, respectively. Hence, the finite kH2).

—_
=]
A

RMS displacement noise (Angstrom / Hz'” )
—
S
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FIG. 5. Calculated rms mechanical noise amplitugig;} along the canti-  FiG. 7. Correlation coefficient between the node at the free and100

lever axis aff =f,=100 Hz andf =fc=123 kHz. The symbok> shows FE ;) and the nodes at=30 um, x=60 um, x=85 xm for Q=100 and
nodes,i (nodes along the cantilever axis Q=1 as a function of frequency.

damping(Rayleigh damping air damping and coupling to <uniu’,§k
the bulk waves in the cantilever stand. p= = —
Figure 5 shows the mechanical noise amplitude variation \/<u”iu“i><u”kunk
along the longitudinal axis of the cantilever for two different Figure 6 shows the correlation coefficient between the
frequencies {, andfc). At each FE node a sinusoidal force oges on the cantilever axis and the naiéor five different
is applied and the displacement of the node is calculated bjequencies. We have increased the number of nodes in the
FEM. The rms mechanical noise amplitude is evaluated byE model so as not to miss any rapid changes of the corre-
using Eq.(3.7). For the cantilever depicted in Fig. 3, noise |ation coefficient. While calculating the numerator of Eq.
correlation matrixN) is 189 by 189 and in Fig. 5 only some (4.1), the nodeM is excited by a sinusoidal force and the
of the diagonal elements which correspond to nodes on thgisplacements of the nodes on the cantilever axis are mea-
cantilever axis are plotted. For the cantilever beam, the noisg;req. Figure 6 shows some elements in a roiofrhese
amplitude increases towards the free end. It is zero at thglements correspond to nodes on the cantilever axis. Below
node k=0) where the cantilever is fixed. The free end hasihe first resonance frequendysf, andf="fg, the correla-
the most noise._The rati_o of the noise amplitude at _the reSQjon coefficient is zero at the fixed end, and gradually ap-
nance to the noise amplitude at very low frequency is aroungaches unity along the axis. When the excitation frequency
100, which i_s equal tq the quality factor of the cantilever. g equal to the resonance frequendy=(f¢), the correlation
Correlation of noise between two nodes can be calcugoefficient is unity for most of the nodes. On the first reso-
lated by using FEM and Ed3.8). We will use the correla-  pance the noise of nodd is fully correlated with the noise
tion coefficient to compare noise correlation within the can-of 5| the nodes on the cantilever except with those very
tilever beam. Correlation coefficient is a unitless variable ang|pse to the fixed end. Note that, unity correlation coefficient
defined as does not mean that absolute noise values are the same.
Between the first and the second resonance frequencies
(f=fp) the correlation coefficient takes both negative and
positive values and it has another zerxat75 um which is
the node at rest when the cantilever is excited-af. At
the second resonance frequenéy=(fg), the correlation co-

4.1

osp . =P

_-" f=fD 5:: Tip  Moving fingers
3 Corr. matrix

non-zero 0

=

Correlation coefficient
=

0 non-zero

A

7 /
0 20 40 60 80 100 BNy uatms
X (um) L |

—Laser illumination

FIG. 6. Correlation coefficient between the nodes along the cantilever axis
and the node at the middle of the nollle FIG. 8. Interdigital cantilever and the form of correlation matrix.
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Correlation coefficient

£;=233.7 kHz 1, =239.3 kHz

FIG. 9. Mode shapes of the fingers at different resonance frequencies. The
length of the reference part is 15@m. Finger length is 7Qum. Arrows -1

indicate the direction of motion. Dotted lines show the undeformed shape of 0 30 lo%'equellég (kHz)200 250 300
the ID cantilever.

FIG. 10. Calculated correlation coefficients between nodes A and B and
o ) ) between nodes A and C.
efficient is —1 between the fixed end and the node at rest

(x=78 um), which means that this part of the axis is anti-
correlated with the free end, whereas other nogetween and B and between nodes A and C. The resonances reveal
the nodeM and the node at rgsare fully correlated with the themselves as peaks in Fig. 10. fAtall fingers move up and
free end. down at the same time as depicted in Fig. 9, hence at this
The correlation coefficient can also be calculated as drequency, noise displacements at nodes A, B and C are posi-
function of frequency. Figure 7 shows the correlation coef-ively correlated. Atf,, B and C move in the opposite di-
ficients between the three different points on the axis and theection of A. Hence correlation coefficientg,g, pac, are
nodeM for two different quality factors. For higl) systems, negative. Atf;, A and B move in the same direction which
the correlation coefficient is very weakly dependent@n gives positive correlation, whereas the motions of A and C
Only when the quality factor is very low is a significant are in the opposite direction as depicted in Fig. 9, henge
change observed. We note that, below the first resonance, tienegative. Atf,, the situation is reversegg is negative
correlation coefficient is almost independent of loss. andpac is positive.
Interdigital (ID) cantileveré® are new interferometric
deflection detection sensors for atomic force microscopy. An
ID cantilever is composed of two sets of interleaving fingers
(reference fingers, moving finge® form an optical diffrac- ACKNOWLEDGMENTS
tion grating as depicted in Fig. 8. Such gratings when illu-
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