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Abstract

We study the correlation effects in a one-dimensional electron gas with repulsive delta-function interaction. The correlation
effects are described by a local-field correction which takes into account the short-range correlations. We find that the ground
state energy is in good agreement with the exact result up to intermediate coupling strengths, showing an improvement over the
STLS approximation. The compressibility, the static structure factor and the pair-correlation function are also calculated within
the present approximatio® 1999 Elsevier Science Ltd. All rights reserved.

Keywords:A. Nanostructures; B. Electron—electron interactions; B. Thermodynamic properties

1. Introduction repulsive s function potential were treated by Yang
[6] using the Bethe ansatz method. Friesen and
One-dimensional (1D) electron systems are attract- Bergersen [7] numerically solved Yang's equations
ing a lot of interest [1-3], because of their applicabil- [6] to calculate the ground-state energy of the system,
ity to naturally occurring organic conductors, and compared them with the STLS results. Gold [8—
artificially fabricated semiconductor structures, and 10] studied the exchange-correlation effects in a 1D
certain materials exhibiting superconductivity. The electron gas with short-range interaction using the
study of many-body exchange and correlation effects concept of local-field corrections. Gold [8] used an
in homogeneous quantum electron liquids is a field of analytical expression for the static structure factor
active research and is of continuing interest because of (SSF) with the STLS approach and compared his
the current applications. The random-phase approxi- results with the STLS approach, where numerical
mation [4] (RPA) has been very successful in describ- results for the SSF are used. The comparison shows
ing the dielectric properties of the interacting electron that the analytical form of the SSF is a good approx-
system with long-range Coulomb interaction in the imation of the real SSF. In this work we revisit the
high density limit. As the density of the electrons is problem of 1D fermions interacting via a delta-func-
lowered, the exchange and correlation effects becometion potential within the local field correction
increasingly important. The Singwi, Tosi, Land and approach. We use the analytical form of the SSF
Sjolander (STLS) approach [5] is a powerful approx- which is employed by Gold [8]. We describe the
imating theory to study the correlations in interacting correlation effects in the interacting electron gas in
electron systems in terms of the local-field factors.  terms of a local-field factor introduced by Vashishta
One-dimensional fermions interacting via a and Singwi[11] in an approximate way. We find that
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the exact ground-state energy [6] obtained by Friesen distribution function is amended by a correction term
and Bergersen [7] is reproduced up to large values of involving the density derivative ofi(r). For a one-

the coupling constant. This is an improvement over dimensional system of fermions interacting via a
the STLS scheme which show agreement with the constant potential the local-field factor in the VS

exact ground state energy for small values of the
coupling strength. Our calculations are motivated by
similar improvements for the 1D interacting boson
system, when the VS approach is used [12].

2. Model and Theory

We consider a system of electrons in 1D interacting
via a contact potentialV(ri,ry) = Vg é(ry —ry),
whereV, is the interaction strength. In terms of the
electron mass and the density of the particles we
use the dimensionless parameiet m\i/n to char-
acterize the strength of the coupling (we take- 1).

Within the STLS approach, the LFC for 1D elec-
tron system is given by

1 o0
Ggris(y) = e Jo dq[1— S)]

which is independent of the wave vector variable.
Using the mean-spherical approximation [13—16]
(MSA), we can write the analytical expression for
static structure factor

1 4 v
S = [g + r3 y[1- G(‘Y)]]
S(a)is the SSF of the noninteracting electron gas in
1D, i.e.$(q) = 9/2k, for q < 2kg, andSy(q) = 1, for
q > 2ke. The factor containingy[1 — G(y)] repre-
sents the contribution of the collective modes to the
SSF. A cubic equation

_ 1+8y1- G(y)]/ﬂv'2
q”_zp+wp—quﬂw

is obtained for the LFC [8].

In this work we choose a different local-field factor
in the description of the ground state correlation
effects for 1D electrons. We use the approach intro-
duced by Vashishta and Singwi [11] (VS) which was
originally constructed to satisfy the compressibility
sum-rule. In the modified theory of Vashishta and
Singwi [9,10] the equilibrium pair correlation func-
tion g(r) which enters the ansatz for the two-particle

approximation now reads

G

vs(7) = (1 + ani> :

on) nm @

|, dal - sal.
where a is an adjustable parameter. Note that the
local-field factorG is still independent of the wave
vector variable as in the STLS approximation. As in
the case of the STLS scheme, the above equation for
G has to solved self-consistently along with the SSF.
This yields a highly nonlinear differential equation
for Gys(y). Rather than attempting to solve the
nonlinear differential equation numerically, we
adopt a simpler approximation given by
Gvs(y) = (1 — ayﬁ—"y) Gss(7), which is the lowest
order expression in the iterative solution of Eq. (1),
starting from the STLS solution. The lowest-order
approximation is capable of improving the STLS
approach to the ground-state energy remarkably.

The LFC calculated in the VS approximation has
qualitatively similar behavior a&sr 5(y), but has a
smaller magnitude. The weak coupling limit of
Gus(y) is Gys(y— 0) = 12+ (3/27%)y(1 — a)
which reduces to the result given by Gold [8],
Gsns(y— 0) ~ 12 + (3/2712)% asa— 0. In the
Vashishta—Singwi theory the parameteris deter-
mined by adjusting the compressibility calculated
using the ground-state energy and that obtained
from the long-wavelength limit of the dielectric func-
tion. In this work we take = 2/3 which gives the best
agreement with the exact ground state energy. We
discuss the compressibility sum-rule in the subsequent
sections.

3. Ground state energy

The interaction energy (per particle) of a many
particle system is written as

En(7) = (U2) Y Ve[ Nogo + (9 — 1],
q

in which the Hartree contribution is also included.
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Within the mean-field theory this reduces to

1+ 8y[1 — G(y)/w* 10
21+ 4y[1 - Gy)=]" |

En(y) = <n2/2m>y[1 -

The contribution of the interaction energy to the ——- STLS -
ground state energy per particle is calculated by a 08| g
coupling constant integration

Y
Eint = JO dA Eine(D)/A.

The contribution of the kinetic energy to the ground
state energy per particle is given by
/3 = (7/12)n?/2m. We express, in terms of the
dimensionless quantity given by

2

T
e(y) = E

_ 2
.\ Jy i [1 1+ 81— G/ _ ] ’
0 2[1+ 4A[1 — G/
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where Eq = (n“/2m)e(y). The series expansion of Fig. 1. The ground-state energy per partielg), as a function of
estis(y) asy— 0 is the coupling strengtly. The dot-dashed and solid lines are for the
STLS approximation and the exact result of [7], respectively. The

772 1 3 5 dashed line represents the VS approximationefer 2/3.
-0 =t oy AVt ——
estLs(y — 0) 2327 22 ¥ 124"
_ o 9 ¥ - s + approach. Some other ground state quantities of
16m° 1675 9670 interest are  the chemical potential
N 3 = dEg/N = (n*/2m)(3e — yde/dy), the average

potential energy per particléV) = (n%/2m)yde/dy,

. . . and the average kinetic enerdif) = E; — (V) =
whereas the series expansionet(y) in the same (2/2m)(e — yde/dy). Using the numerically

limit is calculated eys(y) we compare these quantities
2 1 3 11 5 with the results of the exact solution to the 1D
evs(y— 0) = 12 + 277 a2 'a 1247 fermion problem in Fig. 2. We first note that the
STLS approximation results (dotted lines) start

_ iy4+ 19 Y - 191 7P deviating from the exact calculation ofT) and

47" 4875 144710 (V) for y= 2. The VS calculation represent3)
+ @) reasonably well, but the potential energy term starts

to deviate from the exact result far= 6. However
We note thatys(y) andest 5(7y) start to differ at the a cancelation effect renders the total energy in
cubic term iny. Fig. 1 shows that the VS approach quantitative agreement with the exact result up to
adopted here gives a better agreement than the STLSy = 10 (see Fig. 1). In the available range of
result to the exact ground-state eneegy). Thus, the both the STLS and VS approximations agree well
validity range of the STLS approximation [8—10] with the exact result for the chemical potential
(y=2) is increased = 10) within the VS u(y).
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Fig. 2. The chemical potential, average kinetic and potential ener-
gies as functions of.

4. Compressibility

There are two ways to calculate the compressibility.
Firstly, we can calculate the compressibility from the
thermodynamic relation

1 ,d
;—n d_nz(nEg)'

Secondly, we can calculate the compressibility by
using the formula ligo x(q,0) = —n’k, where the
density-density correlation functiory(q, ) of an
interacting electron gas with local field correction
factor G(vy) is given by

_ Xo(d, w)
1—2m[1 - G(%)]xo(q @) °

in which xo(q, w) is the response function of a nonin-
teracting system. Using the thermodynamic relation
we find

K G
Ko 12¢(y) — 8yé(y) + 2v%€(y) ’

x(0, w) (5)

)
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Fig. 3. The compressibility as a function ofy. The upper and
lower curves are calculated from the excitation spectrum and ther-
modynamic definition, respectively. The thick solid line is the result
using the exact ground-state energy.

whereas the long-wavelength limit of the static
density susceptibility yields

K i

K- , 7
Ko ™+ 4y — 4yG(y) @

where ko = 2/(n®7?) is the compressibility of the
noninteracting electron gas in 1D. In Fig. 3 we
show the compressibility calculated in the VS and
STLS approximations using the above mentioned
two different ways. The ground-state energy based
calculation ofx within the STLS and VS approxima-
tions are quite close to the exact result fors 10.
The ground state energy based calculation xof
remains below the excitation energy spectrum based
calculation of k. The VS approach improves the
compressibility sum-rule over the STLS result, but
does not fulfill it exactly. It is possible to obtain a
better agreement by adjusting the parameteiat

the expense of worsening the agreement in the ground
state energy.
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5. Pair-correlation function

The probability of finding two electrons at a
distance is described by the pair-correlation function
g(r) which is the Fourier transform & g. Perform-
ing the one-dimensional Fourier integral analytically
[17] we obtain the pair-correlation function within the
present model as

o = 90 + 4?1~ &Y [13(2my*1 - 6)?)

- Ll(zrny”(l - G)”)]

m

(2[712 + 4yl — G]]”Z)

[narsin(nat) + cognar) — 1]
[ + 4y[1 — G|

) 2
N [’/T + 4y[1 — G]] B 2,),]/2[1 _ G]]JZ

o ko

1 nzr

nmr Jo

qcogq)
[62 + 4n?r2y(al — G]]?
8

wherel(x) is the modified Bessel function (of the first
kind), L1(x) is the modified Struve function, and
ovs(0) = 1 — (2/m) Y2 (1 — Gys)Y? is the pair-corre-
lation function at zero separation. Fig. 4 compares
ovs(0) with gs7.5(0) as a function ofy. It was noted
that in the STLS approximatiog(0) remains positive
for all y, unlike the Coulomb systems which yield
unphysically negativeg(0) at some intermediate
coupling strength. In the case of Vashishta-Singwi
approximation, we find thag(0) eventually becomes
negative fory = 10. Since the theories involving the
local-field factor are perturbational in character, thus
limiting their applicability for small and intermediate
range ofy, our result forgys(0) should be useful in
practical applications. The weak coupling limit of
ovs(0) is given by

o3 M, 3
2 2277 4 b
% ., 191 .

2887 " 247107 '

lim gys(0) =
y—0

+
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Fig. 4. The pair-correlation function at zero separatigd) as a
function of y. The solid and dot-dashed lines indicaggs(0),
OsT.5(0), respectively.

In the same way, the weak coupling limit gé1, 5(0)
is given by

. 1 3 5 7
mgsns(o) =5 ﬁ?"" myz_ 257
a5 ., 17 .
+ - +o
16787 1670 (10

The effect of the STLS and VS local-field corrections
on the pair-correlation function is further illustrated in
Fig. 5 whereg(r) is plotted fory= 1 andy =5, and
we also specialize to the= 2/3 case. The differences
occur largely at small separations.

6. Discussion

In this work we have employed the formalism of
Vashishta and Singwi [11] to study the ground state
properties of a system of 1D electron system interact-
ing via a repulsives function potential. In comparison
to the STLS approach, the VS local-field description
extends the validity range of approximate theories to
v =< 10, since for this region the ground-state energy
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Fig. 5. The pair-correlation functiog(r) aty=1andy=5as a
function ofr.

is faithfully reproduced. The compressibility sum-rule
is also improved in the VS approach. The strong
coupling regime, viz.y — o is not described well
by the STLS and VS approaches, thus we have
omitted any discussion on this regime. In the dielec-
tric formulation of the interacting quantum systems
the sum-rule constraints [18] on the frequency and
wave vector dependent dielectric functie(, ) is
often found useful. We point out that the frequency
and wave vector independent local-field corrections

Tanatar / Solid State Communications 110 (1999) 51-56

satisfy the first and third moment sum-rules simulta-
neously. This follows from the fact that the local-field
factor is independent of wave vector variable
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