View metadata, citation and similar papers at core.ac.uk broughtioyou by fCORE

Proc. 2nd World Congress of Nonlinear Analysts
© 1997 Elsevier Science Ltd

Printed in Great Britain. All rights reserved
0362-546X/97 $17.00 + 0.00

Nonlinear Analysis, Theory, Methods & Applications, Vol. 30, No. 5, pp. 3201-3206, 1997
@ Pergamon

PII: S0362-546X(97)00414-8

ON TESTING INDEPENDENCE WITH
RIGHT TRUNCATED DATA

ULKU GURLER
Department of Industrial Engineering, Bilkent University,
06533 Bilkent, Ankara, TURKEY.
E-mail:ulku@bilkent.edu.tr.

Key words and phrases: Right truncation,Test of independence, Reverse hazard, Nonparametric estimation.
1. INTRODUCTION

Inference with bivariate data gained considerable interest recently. See eg.[1],[10],[12]). Al of these studies
Lhowever consider estimation of the bivariate distribution function under various bivariate censoring models.
Recently Giirler[7,8] considered estimation of the bivariate distribution and the hazard functions under trun-
cation/censoring models. The purpose of this study is to investigate procedures for testing the independence
of the components of the bivariate vector for truncated data. To this end, further properties of the bivariate
functionals introduced in Glirler[8] are elaborated. Two alternative methods for hypothesis testing are sug-
gested and some large sample properties are derived. The procedures suggested in this paper are applicable
to left/right truncated and left truncated right censored data. However to keep the presentation simple we
confine the discussion to the right truncated case. Also, to avoid technicalities, it is assumed that all the
univariate and the bivariate distribution functions are absolutely continuous admitting densities.

2. PRELIMINARIES

In hivariate truncation model, the triplets (Y;, X;,7;), ¢ = 1,...,n are observed for which (¥; < Tj). The
interest is in the pair of random variables (Y, .X) with distribution function F(y,x). Here, T is a random
variable, which is assumed to be independent of (Y, X), with d.f. G. The marginal d.f.’s of Y and X are
denoted by Fy and Fx respectively. For the identifiability of F', it is assumed that ar, < ag and br, < bg
( see [16]). Let F(y,z) = P(Y > y, X > z) be the bivariate survival function and for a univariate function g,
such that 0 < g(x) < 1, let §{z) = 1 — g(z). The distribution of the observed variables (Y, X, T’) are given by:

HY,X,T(.U,TJ) = P(YSU-XSszSt|YST)

a! /tF(y/\u,x) dG(u)
0

I

where &« = P(Y < T), and y A v = min(y, u). This joint distribution function can be further elaborated to
result in:

hy x(y, ) oGSy ) (1)

Cly) = o 'G)Fy(v) = Hy(y) - Hr(y) (2)

where hy x and f denote the bivariate densities of H anf F. Considering the foregoing relations, Giirler[8]
suggests the following estimator

Il

Faly,x) = % : _%’?%)I(K >y, X; > 1)
where
Fyo(y) = [ 0-s(¥)/nCa(v)]
iYi>y
s(u) = #{i:Yi=u}
nCul(u) = #{i:Y;<u<T}
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The estimator Fy ,(y) is suggested by Lynden-Bell[10] and the large sample properties of it for left truncation
model are studied in in [17],[2],[6],[14]. Gurler[8] establishes the following results:

FY,n(y) - .F‘Y(y)
Fy xn(y) ~ Fr x(y, @)

i

E1n(¥) + 1,0 (y) (3)
fz,n(y,ﬁ) +52,n(yv fL‘) (4)

i}

where
S“py>a>arlel,ﬂ(y)l = supy>avarlé2n(y, )| = O(loga n/n)

and €1 ,(y), €2 2{y, ) as defined in Giirler{8] are mean zero i.i.d. variables.

Bivariate reverse-hazard in right truncation model:

Following the representation of Dabrowska[4], of the bivariate d.f. in terms of the three component bivariate
hazard vector, (Girler[8] suggested a bivariate reverse-hazard vector A(y, z) for right truncated data as described
below. For any bivariate function ¢(u, v), differentiable in both components, let ¢(8u,v) denote the partial
derivative w.r.t. to first argument with similar notation applying to the other component. Then

Au,v) = {F(0u,dv)/F(u,v), F(du,v)/F(u,v), F(u,dv)/F(u,v)}
{A12(u, v), A (u, v), Az(u, v)} (5)

Let. R(y,x) = —log F(y, z), then

F(y,z) = Fx(e)Fy(y)ezp{—A(y, z)} (6)
where
bry pbry
Ay, z) = / / R(du, dv)
y z
bry  pbry
= / / [A12(u, v) — A1 (y, v)A2(u, v)]dudv
y T
_ Hy, x(0u, 0v)
Ara(u, ) = Ca(u,v)
_ Hy x(0u,v)
M(u,v) = TN
_ Cy(u, 0v)
/\g(u, ’U) = ———Cz(u‘ v) .
where
Ca(y,z) = Fy x(y.z)~ Hrx(y—,z)
= o 1 -GW)F(y,2) (M

with empirical counterpart given by:

il

Ca,n(u,v) nTl#{iYi<u<T, Xi <0}

n[H,.‘y,x(u, ’U) - Hn_T,X(u—, ’U)]

Il

where H, y x and H, 1 x are the empirical bivariate d.f.’s. For these step functions, let A refer to the difference
operator. Then an estimator for the reverse- hazard is obtained as follows:

Hy v x(Au, Av) Hy v x(Au, v) Con(u, Av)
CZ,n(u; U) ’ CZ,n(u) 1)) ’ C2,n(u: U)

{M2,n(,v), An(u, v), Aa,n(u, )} ®)

An(u,v) = |

It
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Observe that

Can(Ye,Xj) = n'Y Vi <Yi<Th, X3 < X))
k=1
n
Hoyx(Yi,X;) = 7' IV <Yi, Xi < X5)
k=1

CE,n(YvixAXj)

n
nT' Y IV SYi < T, Xi = X;)
k=1

n
H, vy x(AY;, X;) nY (Y =Y, X < X;)
k=1

and assuming no ties in the data,

Can(Yi, AX;) (Y <Y < T)
Haoyx(AY, X;) = o '(Xi <Xj)

Hence

Ho v x(AY;, X;)Coa(Y;, AX;) = n 2 I(Y; <Y; < T;, X < X;)
Then the following estimator for A(y, z) is obtained

n

2 IY; >y, X; > z)
im1 nCn(Yini)

Ly e > oI S Y ST X € X))
n?Ci(Y:, X;)

_ Z":I(Y,- >y, Xi > 1) _iI(Y,- >y, X >zx)
B nCr(Y:, Xi) n2C2(Y;, Xi)

_Aﬂ(y1 ‘t)

i=1j=1

n n

-y I(Yi >y, Xi > 2)I(Y; <Y < T;, Xi < Xj)
n2Ci(Yi, X;)

i=1 j#
I-11-111

il

3. TESTING INDEPENDENCE OF Y AND X

The foregoing discussions in Section 2 lead to the following approaches for testing the independence of ¥ and

XN, Let
CZ(y)z) —_ F(y;x)

"2 =F@ T el

and
Si(y,z) = F(y,z) — Fy(y)7(y,z)

which can be estimated by - ~
Sl,n(y: 1") = Fn(y: I) - FY,n(y)f'ﬂ(ya 1:)

where

Fo(pez) = 1 Con(y.z)  #{i:Yi<y<Ti, Xi>z}
TnlY, =1l - .
y Caly) #{i: Y, <y<T}
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Under the hypothesis of independence, r(y, .v) Fx(x) and Si(y, z) = 0. Therefore test statistics can be based
on the functionals of Sy ,(y, z), such as Z, 1+ S1alyi, ;) or SUP<ick Sinlyi i) , where (y;,2:),i =1,k
would be pre-selected points on R?. Similarly, from the foregoing discussions on the reverse-hazard, we obser\e
that if ¥ and X are independent, A(y,z) = 0. Hence an alternative approach could be to use Z‘ LA alw, ®i)
Or SUp eiepn A (yi, 2;) as a test statistics. A related approach for the censored data can be found in [13] and
the references therein. Comparison of these tests and their behavior relating to power, unbiasedness, relative
cfliciency ete. are subject to further investigation. However, we present below the following large sample
results, which would lead to establish such properties. Using the results of [16],[17], following Lemmas are
ohiained. Proofs of these results and the theorems below, which are not presented here for space considerations
can found in Girler[9].

LEMMA 1:
a-) E[;a—(i—;\:—)ly y, Xi = &) = 1/nC(y, 2){1 - [1 — C(y,2)]"}
h-) E[mlf'? =y, X = 3] = In[C(y, 2)] /nC(y, 2)
=) E[I(Y’ Sfcf(;: ’;)<X [Y: =y, X; = 2)]
= {1 - L[C(y,2)] - [1 - C(y, 2)]"/[n(n ~ 1)C*(y, 2)]
where )
nl[Cly,2)) = ~ + Z (1~ Oy ~[1 - Cly.m)"[L=n ) %J
i= i=1
LEMMA 2:

il

El=Anly, 2)] /> /> [Ar2(u, v) — Ay (u, v)Ag(u, v)]dudv + Ba(y, z)
u>y z

v

hy x(u,v) 1 ’
- ,/u>y [/)r Calu ) C%(u,v)HY’X(au’U)HY’X(U’av)]dUdu+Bn(y’£)
where
In C ) C 3
Ba(y,2) = Z}:{ (v.2 )]O(TE 3 W2 )+ (Aw, Av)
uSYuv>T
Z Z {I C(yl x)c [ (yv i)] }HY,X,n(Au, U)HY,X,n(Us AU)
uSYyvo>T 2(u 'U)
Let
Liw) = IYi<u<T)
L(w,v) = I(Yi<u<T,Xi<v)

Un(w,w) = 3 3 [E(u,0)l{u,v) = C*(u,v)]

i=1 j#i

LEMMA 3: Let r%(y, ) be the Hajek projection of ry(y,z). Then,

rly, z) = rhly, 2) + enly, 2)

where. for § > 3/2

sup  |ea(y, =)| = O(log’ n/n)
ap<y;0<r<oo



Second World Congress of Nonlinear Analysts 3205

and

. Coly, x
oy T) gély) L+ y) 2 [C@hi(y,z) - Ca(y, 2) L(w)]

02(3/1 z)
'—CE)— + &y, z)

il

The above Lemmas, together with the results of Giirler(1996) lead to the following theorems.

THEOREM 1: Let ap < y < y and suppose fG_"z(u)F(du) < 0. Then,

An(y, ) ~ Ay, ) Hy x(0u,v)C(u, dv)dudv

u>y Juse C“(u v)

Con
/u>y /v>x : ucz)(u v) e )h x (uu, v)dudv + Ro(y, z)
{A,n(y,l')‘f'Rl)n(y, )

+

where
sup  |Ra(y,2)| = O(log® n/n)
(y,2)€Tas
Note that E{Ea n(y, )] = 0 and £a »(y, ) is a sum of identical but not independent random variables. In fact
it is a sum of two U-Statistics and this enables us to study the large sample properties, which is still subject
to further investigation. The representations in (3) and (4) now leads to a corresponding representation for
the statistic Sy »(y, z), from which the results for the functionals of it can be derived.

THEOREM 2: Under the conditions of Theorem 1,

Sl,ﬂ(yv 1“) - Sl(y: I)

{l

62,"(:’/7 J") - F(y)€3," (y‘ 1‘) + Rz,n(yv '7")
7n(y1 (L‘) + R?,n(yy :U)

i

where

sup  |Ran(y,2)| = Olog® n/n)
(y,7)€Tas

The 4, (y, £) above is again in the form of sum of mean zero i.i.d. random variables, for which standard large
sample results apply.
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