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1 Introduction

Solitons and instantons are important objects in modern field theory [1-3]. Solitons in

supergravity theories are branes of various dimensions, which describe non-perturbative

states of the underlying string theories or M-theory [4-6]. Branes in turn are sources of

p-form flux fields. They can also wrap various supersymmetric cycles of special holonomy

manifolds [6], and these cycles (which are calibrated submanifolds [7]) are defined, or cali-

brated, via the p-form fluxes. Thus, fluxes play an important role in the compactification

of low-energy string theories and M-theory.



String vacua with p-form fields along the extra dimensions (“flux compactifications”)
have been intensively studied in recent years (see [8, 9] for a review and references). In
particular, fluxes in heterotic string theories, which play a prominent role in string-theory
model building due to the easy incorporation of the standard-model gauge group, have
been considered e.g. in [10-23]. Heterotic flux compactifications have been known for
quite some time, starting from refs. [24-27] in the mid-1980s. On Calabi-Yau manifolds
the introduction of fluxes partially resolves the vacuum degeneracy problem by giving
masses to problematic moduli, but they lead to non-integrable SU(3)-structures (i.e. with
intrinsic torsion) on the internal compact 6-manifolds. Among these manifolds there are
six-dimensional nearly K&hler and half-flat manifolds [10-14, 20-23].

Heterotic supergravity, as a low-energy effective field theory, preserves supersymmetry
in 10 dimensions precisely if there exists at least one globally defined Majorana-Weyl spinor
€ such that the supersymmetry variations of the fermionic fields (gravitino A, dilatino ¢,
and gaugino &) vanish, i.e. the so-called BPS equations

=Vte=0, (1.1a)
1

5¢:’y(d¢—2H>€:0, (1.1b)

de =7 (Fa)e=0 (1.1c)

hold, wherein v(w) = %wilmipl“il'"ip is the Clifford map for a p-form w. The bosonic field
content is given by the metric g, the dilaton ¢, the 3-form H, and the gauge field A.
Further, V7 is a metric compatible connection with torsion H.

The 10-dimensional space is assumed to be a product MP~11 x M10=P wwhere M 1977 is
a d = (10 — p)-dimensional internal manifold. Then (1.1a) translates into the existence of
an covariantly constant spinor e€; on M¢. Moreover, a globally defined non-vanishing spinor
exists only on manifolds M? with reduced structure group (i.e. a G-structure), which in
d = 6 amounts to an SU(3)-structure. Then a metric compatible connection, which leaves
€ parallel and is also compatible with the SU(3)-structure, always exists, but possibly
has torsion. In other words, a connection with SU(3)-holonomy always exists on SU(3)-
manifolds. As a consequence, manifolds with special holonomy or G-structure are essential
in string theory compactifications. Moreover, G-structures then allow for a (d — 4)-form ¥
on M?, such that the natural choice for the 3-form flux is H = xdW.

In addition, the curvature F4 of a connection A on a gauge bundle has to satisfy
the generalized instanton equation (1.1c). In particular, the instanton equation can be
introduced on any manifold with a G-structure. On manifolds M¢ with integrable G-
structure, instantons have two crucial features. First, they solve the Yang-Mills equation
(without torsion), and, second, the Levi-Civita connection on T'M @ already is an instanton.

The BPS equations (1.1) have to be supplemented by the o/-corrected Bianchi identity

dH =

j:[tr(R/\R)—tr(}"A/\fA)] (1.2)



due to the Green-Schwarz anomaly cancellation mechanism. Here R is the curvature of

I For compactifications with dH # 0 one has the

a connection V on the tangent bundle.
additional freedom to choose a gauge bundle compared to Calabi-Yau compactifications,
wherein the vanishing of dH can be achieved by the “standard embedding” of the spin
connection V* into the gauge connection A, i.e. the gauge bundle is just TM¢. However,
the choice of the gauge bundle for dH # 0 is restricted by the Bianchi identity and the
instanton equations (which on Kéhler manifolds are just the Donaldson-Uhlenbeck-Yau
equations [29-31] that correspond to a stability criterion on holomorphic bundles).

By a theorem of Ivanov [28], a solution to the BPS equations (1.1) and the Bianchi
identity (1.2) satisfies the heterotic equations of motion if and only if the connection V is
an SU(3)-instanton in d = 6. In other words, R and F 4 are treated on the same footing in a
pure supergravity view, i.e. y(F4)e = 7(R)e = 0. Therefore, in the spirit of [22, 23, 32, 33],
we study the instanton equation (1.1c) for non-integrable SU(3)-structures in order to
provide an important ingredient for full heterotic supergravity solutions.?

The construction of metric cones and sine-cones over manifolds M? with a G-structure
provides a tool to generate and link different G’-structures on (d+1)-dimensional manifolds.
Most prominently, Sasaki-Einstein 5-manifolds generate a Calabi-Yau structure on their
metric cone and a nearly Kéahler structure on their sine-cone. A generalization is possible by
means of the notion of hypo geometry, in particular to hypo, nearly hypo and double hypo
SU(2)-structures; see for instance [34]. Double hypo structures lift to nearly Kahler as well
as to half-flat SU(3)-structures on the sine-cone. The described “linking” phenomenon is
well-known from the cases of cylinders, cones and sine-cones over nearly Kéhler 6-manifolds,
which lead to different Go-manifolds [35]. Here we use these techniques in order to construct
6-dimensional manifolds with special SU(3)-structures that may be valuable, for example,
in flux compactifications of the heterotic string.

Supergravity in 10 dimensions allows for brane solutions which interpolate between an
AdSp1 x M 9=P near-horizon geometry and an asymptotic geometry RP~11 x C(M2~P),
where C(M?7P) is a metric cone over MY7P (see e.g. [36, 37] and references therein). These
brane solution in heterotic supergravity with Yang-Mills instantons on the metric cones
C(MP~P) have been considered in [22, 23, 38]. Here, we take the first step to generalize
them by considering sine-cones with nearly Kéahler structures as well as cylinders with
half-flat structures instead of metric cones with Kahler structures.

The generalization of Yang-Mills instantons to higher dimensions (d>4) was first pro-
posed in [39] and further studied in [29-31, 40-47] (see also references therein). Some
solutions for d>4 have been found, namely Spin(7)-instantons on R® in [48, 49] and G-
instantons on R in [50-52]. For generic non-integrable G-structures, the instanton equation
implies the Yang-Mills equation with torsion. However, as shown in [22], on manifolds with
real Killing spinors the corresponding instantons solve the Yang-Mills equation without tor-
sion even if the G-structure has non-vanishing intrinsic torsion. Recently, we constructed

!Different choices for V, such as VT, are mentioned in [28].

2Choosing a different connection V, for example V', the BPS equations together with the Bianchi
identity imply the heterotic equations of motion only up to higher a’-correction. This yields a perturbative
solution in contrast to the exact solution advocated above.



instantons on Kéhler-torsion and hyper-Kéhler-torsion sine-cones over Sasakian manifolds
in [53]. In this paper we extend these studies to nearly Kéhler sine-cones and half-flat
cylinders over Sasaki-Einstein manifolds.

The outline of the paper is as follows: section 2 is devoted to a review of various
SU(2)-structures, focusing on hypo geometry and investigating the 5-sphere as an example.
Section 3 then provides several cone constructions that link Sasaki-Finstein 5-manifolds to
particular SU(3) 6-manifolds. In section 4 the instanton equations on these 6-dimensional
SU(3)-manifolds are derived, and utilizing a certain ansatz for the gauge connection these
equations are reduced to matrix equations. We derive some particular solutions for these
matrix equations by the choice of a suitable matrix ansatz and discuss their corresponding
gauge field configurations.

2 SU(2)- and SU(3)-structures in 5 and 6 dimensions

2.1 Sasakian structures

We begin by introducing several geometric structures that will become important in the
constructions of this paper. As in [54], an almost contact metric manifold is an odd-
dimensional Riemannian manifold (M?™*! g) such that there exists a reduction of the
structure group SO(2m + 1) of the bundle of orthonormal frames on T'M to U(m). For
such manifolds there exist a 1-form 1 and a 2-form w such that n A (w)™ # 0. Contact
metric structures are characterized by dn = 2w in our sign convention.

An almost contact structure is characterized by the Nijenhuis torsion tensor [55] 9t =
(‘ﬁfw) A quasi-Sasakian structure is given by 91 = 0 and dw = 0. In particular, if dnp = aw
with o € R, then the almost contact structure is called a-Sasakian. If & = 2 the structure
is called Sasakian.

Let us now specialize to the 5-dimensional case M?®, and let e* be an orthonormal

coframe with = (a,5) and a = 1,...,4. Sasakian 5-manifolds are endowed with a 1-form
7, 2-form w, 3-form P, and 4-form @ satisfying the relations
n=—e, wzw?’:%ngbe“/\eb, niwd=0, (2.1a)
P=uwlAn, Q:%w?’/\wg, (2.1b)
dnp=2w?®, dP=14Q. (2.1¢)

Here 73, are the components of the self-dual 't Hooft tensors [1], and the contraction of
two forms is defined as now = *(n A *w) (see e.g. [56]).

2.2 SU(2)-structures in d = 5

Let M® be 5-manifold with an SU(2)-structure, i.e. the frame bundle of M® can be reduced
to an SU(2) principal subbundle. It has been proven in [57] that an SU(2)-structure is
determined by a quadruplet (n,w?!,w? w?) of differential forms, wherein 7 € Q!(M®) and
w® € Q*(M?) for a = 1,2, 3. These forms satisfy

w* AwP =26°Q (2.2)
for the 4-form @ = %w‘g Aw? with n A Q # 0.



Moreover, it has been shown in [57] that it is always possible to choose a local or-
thonormal basis e, ..., e® of forms on M?® such that

n=—é, wh = e el w2 =3 42t W = el2 4 3 (2.3)
By means of the 't Hooft symbols 1%, one can express the 2-forms as

1
w = 5 n% e A el (2.4)

Here again a,b = 1,2,3,4. Among the SU(2)-structures in 5 dimensions there are sev-
eral types having particularly interesting geometry. We will now recall their definitions
following [34].

Sasaki-Einstein: a Sasaki-Einstein 5-manifold is a manifold carrying an SU(2)-structure
defined by (1, w!,w?,w3), where these forms are subject to

dn=2w?, dw! = -3nAw?, dw?=3nAw'. (2.5)
Hypo: an SU(2)-structure on a 5-manifold is called hypo if
dw?=0, d(wl/\n) =0, d(w2/\77) =0 (2.6)
holds true. Hypo geometry, therefore, is a generalization of Sasaki-Einstein geometry.
Nearly hypo: an SU(2)-structure on a 5-manifold is called nearly hypo if it satisfies
dw! = -3nAw?, d(nAw?) =2w' Aw'. (2.7)

Note that any SU(2) structure which satisfies the first two identities of (2.5) is a nearly
hypo structure.

Double hypo: an SU(2)-structure on a 5-manifold is called double hypo if it is hypo and
nearly hypo simultaneously, i.e. if it satisfies (2.6) and (2.7). Thus, the Sasaki-Einstein
5-manifolds are a subset of the double hypo manifolds.

As shown in [57], SU(2)-structures in 5 dimensions always induce a nowhere-vanishing
spinor on M?®. This will be generalized Killing if and only if the SU(2)-structure is hypo,
and Killing if and only if the SU(2)-structure is Sasaki-Einstein. In [22] it has been argued
that in the latter case there exists a one-parameter family of metrics

gys = €M @ e+ @ P (2.8)

which is compatible with an su(2)-valued connection on M? for which the Killing spinor
is parallel. For the special value exp(2h) = 4/3 the torsion of that connection is totally
antisymmetric and parallel with respect to that connection, i.e. there exists a canonical
su(2) connection. For all values of h however, this connection is an su(2) instanton on
TM? for the respective SU(2)-structure. For h = 0, M® is a Sasaki-Einstein manifold and
the torsion components of the canonical connection read

T¢ = gPawe‘“’ and T° = Ps et . (2.9)



2.3 Example: the 5-sphere

We illustrate how different types of SU(2)-structures are embedded into each other with
the example of the 5-sphere written as the homogeneous space S° = SU(3)/SU(2).
The SU(3)-structure constants can be chosen as

f316:_f246:f237:_f147:f128:_f348:ﬁ ) (2'103)

1
for® = fes' = f1s® = ek (2.10b)
fi2® = fas® = —%7 (2.10c¢)

by using rescaled Gell-Mann matrices as a basis of su(3). The structure constants (2.10) are
completely antisymmetric upon permutation of indices, and all other index combinations
are zero. The Cartan-Killing form is then given by

fapSfop? =6ap, AB,C,De{l,2,...,8}. (2.11)

As local coframes e = (e% ¢e°) on the coset space we use the images of the left-invariant
1-forms on SU(3) under a pull-back along a section of the SU(2) principal bundle SU(3) —

U(3)/SU(2). The coset with the structure constants (2.10) is equipped with the Cartan-
Killing metric, which can then be expressed as (a,b,c,d =1,...,4 and i = 6,7,8)

Gab = fadC cbd + 2fa5cfcb5 + 2faicfcbi = 50Lb ) (2123‘)
955 = fsafos® = 055 - (2.12b)
The use of left-invariant objects on SU(3) enables us to explicitly compute connection

components from the Maurer-Cartan equation. The connection 1-forms I') and the torsion
2-forms T* are then given as

. 1
de“ - = iuuel A e” n ifuauey A eg == _Flzj A 61/ + T'u ) (213)
such that
T° ETgye“ NeY = Tffl, = —fW‘7 . (2.14)

With the Cartan-Killing metric (2.12) one obtains the totally antisymmetric components
Tusb = — fasb = [sab - (2.15)

Note that
e’ =—fu e Neb = %w?’ , (2.16)

and that SU(3)/SU(2) is endowed with an SU(2)-structure given by e and w® as defined
n (2.3). As a canonical connection on SU(3)/SU(2) we have with the above choices

€1y = fp ' =19, e . (2.17)



Now, we introduce a two-parameter family of SU(2)-structures on S° by a rescaling of
the su(3) generators. Consider

~ 1 ~ 1
Ia—>Ia:B]a, I5—>I5:;I5, Ii = I; =1 (2.18)

for (v,8) € (R\ {0}) x RT. (A change of sign for 8 does not define a different SU(2)-
structure.) Consequently, the structure constants are changed as follows,

N 1 5 ~y

fsp" = fop” = ; BTN fab5 — fab5 = @ fab5 , (2.19a)
. _ 1 . _

fabZ - abZ = @ fabZ ’ fz ‘- iba = iba , (219b)

fjkz - fjkl = fj " (2.19c¢)

A rescaling of the generators of su(3) rescales the left-invariant vector fields and 1-forms
accordingly, and this is propagated to the coset via the pullback as used before. In par-
ticular, the rescaled structure constants have to be used in the Maurer-Cartan equation
in order to compute the differentials of the rescaled é*. We can use (2.3) with respect to
the new coframes é* to define a rescaled SU(2)-structure on S°. The differentials of the
defining forms then read

~ Y-
dij = 33 o, (2.20a)
1
do! = ;ﬁ/\&)Z, (2.20b)
1
do? = ——gAat, (2.20c)
¥
da® =0. (2.20d)

Thus, (7,@%,&2% &%) is a two-parameter family of hypo SU(2)-structures on S°, as the
conditions (2.6) are satisfied for all values of 3 and ~. For the value (v, 8) = (-3, ﬁ) this
turns out to be nearly hypo additionally, and, as a consequence, at this value the SU(2)-
structure is double hypo. Furthermore, this particular SU(2)-structure is even Sasaki-
Einstein, as we also show by a direct calculation of the Ricci tensor below. Therefore,
the family of SU(2)-structures on S® does not discriminate between the double hypo and
Sasaki-Einstein property. However, it shows how, by a simple rescaling of the generators
of 5u(3), one can induce different SU(2)-structure geometries on S°.

Note that there are many possible choices of a Riemannian metric on the coset space.
Among them are the Cartan-Killing metric and the round metric on S°, which we consider
in the following:

Cartan-Killing metric: from the definition (2.11) we obtain

gok = 0ape® @ e + P @ e’ . (2.21)



We express this with respect to local frames é adapted to the Sasaki-Einstein SU(2)-

structure (i.e. for (v, 8) = (— 3, ﬁ)) Thus, we arrive at

gok = 12048 @+ 98 @& . (2.22)

By means of the Maurer-Cartan equations

1 - o
der = =2 f," ener —fletne, (2.23a)
d~i——1fi~j/\~k—lf LEH A (2.23b)
e =—gfp @ ne—gfuene .
and demanding the torsion 2-form T* to vanish, one obtains

- A
CKpe — foagl 4 3 fpdée (2.24)

for the connection 1-forms of the Levi-Civita connection induced by the Cartan-Killing
metric on S® = SU(3)/SU(2). The curvature 2-form

KRy = d 98Ty + KT A KT (2.25)

can be computed, and all 2-form contributions proportional to & A é* or & A é* vanish due
to the Jacobi identity [58]. Thus, the Ricci tensor reads

, N B2 L 9

CKRICab = fai’fa' + 4 <fac5f5bc + fa56f0b5> = 9 dab » (2.26)
. 1 - .= 9 .

CKRicss = 1 fsalfus® = 1 CKRicys = 0 . (2.27)

This shows that the choice of structure constants (2.10) yields an a-Sasakian manifold with
o= —1 (cf. equation (2.20) for v = 8 = 1), but not an Einstein space.

Round metric: using again the local coframes € adapted to the Sasaki-Finstein struc-
ture, the metric induced by stereographic projection from the ambient RS reads

Gmd = 0y @+ @ =4, e . (2.28)

Employing the Koszul formula for the round metric and the coframes é*, one can calculate
the Christoffel symbols of the Levi-Civita connection to be

rnd _ 3 v
0, =5 Fu”=2f,0 - (2.29)

N |

As before, the computation of the Ricci tensor is straightforward, and the result for this
case is

"M49Ric,, = 4 (grmd)w = 40 - (2.30)

Hence, the 5-sphere endowed with the round metric is an Einstein space with Einstein
constant 4, just as expected.



2.4 SU(3)-structures ind = 6

As pointed out in the introduction, one of our goals is the construction of SU(3)-structures
on 6-dimensional manifolds. Therefore, we introduce these structures and their characteri-
zation via intrinsic torsion classes. In a manner similar to subsection 2.2, an SU(3)-structure
on a 6-manifold M5 is given by a reduction of the frame bundle to an SU(3) subbundle.
An SU(3)-structure on a 6-dimensional manifold M® is characterized in terms of a triple
(J,w, ), where J is an almost complex structure, w a (1, 1)-form, and 2 a (3, 0)-form with
respect to J. These are subject to the algebraic relations

WwAQ=0, (2.31a)

~ 43
Q/\Q:—glw/\w/\w. (2.31b)

The compatible Riemannian metric is determined by w(-, ) = g(J(+), ), and the (3,0)-form
can be split into its real and imaginary part, i.e. 2 = QT +iQ~. By an appropriate choice
of a local frame, these forms can always be brought into the form

w=e' A2 +e3net +eSNeb and Q= (e! +ie?) A (2 +iet) A (P +ie).  (2.32)

For SU(3)-structures in 6 dimensions, there exist several types of such structures
with different geometric behavior, which is mostly governed by the differentials dw and
d€Q. SU(3)-structures in 6 dimensions have been classified in terms of their five intrin-
sic torsion classes [59]. These are encoded in the differential of the defining forms in the
following manner:

dw = %Im((Wl+ —iW) Q)+ W+ Winw, (2.33a)

dQ = (Wi +iW ) wAhw+ (Wy +iWy ) Aw+ QAW . (2.33Db)

Here I/VljE are real functions, Wy and W5 are real 1-forms, I/V2jE are the real and imaginary
part of a (1,1)-form, respectively, and W3 is the real part of a (2, 1)-form. Note that both
Wy and W3 are primitive forms [8], i.e.

wiWy =0 and wiW3=0. (2.33c)

The Nijenhuis tensor gives rise to the components Wi and Ws; thus, the almost complex
structure J of any SU(3)-structure with non-vanishing W; or W is non-integrable.
To finish this section, let us list the structures of particular relevance to us.

Kéahler-torsion: on any almost Hermitian manifold (M, g, J) there exists a unique con-
nection preserving this structure and having totally antisymmetric torsion [60]. This con-
nection is called the KT connection or Bismut connection [61]. Kdihler-torsion (KT) 6-
manifolds are characterized by its torsion, which is given by

T =Jdw (2.34)



and which is the real part of a (2,1)-form. From [60] one can see that KT manifolds are
complex manifolds, i.e. they enjoy

WiE=wF=0. (2.35)

Note that in general their structure group is U(3) rather than SU(3), as they are a subclass
of almost Hermitian structures. However, they may reduce to an SU(3)-structure that is
contained in the U(3)-structure.

Calabi-Yau-torsion: if the KT connection is traceless, its holonomy is SU(3) instead of
U(3) and, therefore, the structure group is reduced to SU(3). Conversely, if one is given an
SU(3)-structure (g,w, Q) on M9, this is always contained in the almost Hermitian structure
defined by (g,w). The KT connection of the latter then comprises an SU(3) connection
for the SU(3)-structure if and only if its U(1) part vanishes on the SU(3) subbundle. This
can be written as a further condition on their torsion classes of the SU(3)-structure under
consideration (see, e.g. [62]), which reads

2Wy+Ws5 =0, (2.36)

without restricting Ws. SU(3)-structures that are compatible with the KT connection of
their almost Hermitian structure in this sense are called Calabi- Yau-torsion (CYT). Hence,
CYT manifolds form a subset of KT manifolds, but with SU(3) structure group.

Nearly Kahler: an SU(3)-structure on a 6-manifold is nearly Kdhler if
Wh=WF=Ws=Wy=W;=0. (2.37)

Note that, in general, one does not need a vanishing Wfr , but this can be achieved by
suitable phase-transformation in €.

Half-flat: an SU(3)-structure on a 6-manifold which satisfies
Wr=Wr=Wy=W5=0 (2.38)

is called half-flat.
Note that generic nearly Kahler and half-flat 6-manifolds have a non-integrable almost
complex structure J and that nearly Kéhler manifolds are a subclass of half-flat manifolds.

3 Cylinders and sine-cones over 5-manifolds with SU(2)-structure

Cylinders, metric cones, and sine-cones represent a tool for constructing (n+1)-dimensional
G’-structure manifolds starting from n-dimensional G-structure manifolds with G C G'.
At first, we review the well-known Calabi-Yau cone and the previously presented Kéhler-
torsion sine-cone [53] for completeness. Next, we focus on the nearly Kéhler sine-cone and
the half-flat cylinder, which will provide the stage for the instanton equations considered
in this paper.

~10 -



First, let us assume we are given a 5-dimensional manifold M?® with an SU(2)-structure
defined by (n,w®) and a Riemannian metric gs. These tensor fields induce global tensor
fields on the Cartesian product M x I, where [ is an interval. Due to the properties (2.3)
of the SU(2)-structure on M?®, around every point of M x I, there is a local frame such that

5 « 1 a a b 6
n=—e, wi=gme ANe’ and dr=e’, (3.1)
if r is the natural coordinate on the interval I. Next, we can apply transformations to
these local frames; for example, perform a transformation like

e’ p(r)et and €% el (3.2a)
changing the metric on M® x I to the warped-product metric
g =dr? +¢(r)%gs on M°x 41 . (3.2b)

Still, the forms (¢n, ¢?w®, dr) will have the same components as in (3.1) with respect to
the altered frames.

Afterwards, one still has the freedom of further transformations. These need to map
one SU(2)-structure to another, which means that the defining forms need to have the stan-
dard components (2.3) with respect to the new frame. In addition, those transformations
can be chosen to preserve the warped-product metric. In other words, these admissible
transformations are given by maps from M® x I to the normalizer subgroup of SU(2) in
GL(6,R) (or SO(6) if one wants to preserve g), i.e.

L:M®x I — Ngpr (SU2)) . (3.3)

The crucial statement is that if we are given a set of forms (n,w®) on M® x I such that
around every point in M? x I there is a local frame with respect to which (3.1) holds true,
the forms defined by

w=wd—nAdr, (3.4a)
Q= —w'Adr+w?An, (3.4b)
QO = —W?Adr—wtAy (3.4¢)

take the standard components (2.32) with respect to these local frames and, therefore,
define an SU(3)-structure on M?® x I. Note that w and € are globally well-defined, simply
because 7 and the w® are.

This provides us with a general way to construct SU(3)-structure manifolds in 6 di-
mensions. Namely we push a given SU(2)-structure on M® forward to M® x I and apply
transformations such that we still are given forms with components (3.1). Then we know
that there exists an extension to an SU(3)-structure given by (3.4). In the following sub-
sections we apply this procedure in several cases.
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3.1 Calabi-Yau metric cones

One result that makes Sasaki-Einstein manifolds interesting for string theorists as well
as mathematicians is that their metric cones are Calabi-Yau. Here we demonstrate this
explicitly for the 5-dimensional case. Consider a Sasaki-Einstein 5-manifold M® with local
coframes e, where u = (a,5) and a = 1,2, 3,4. The metric on its metric cone reads

g=r? (5abe“®eb—|—e5®e5> +dr @ dr = r? <5abe“®eb+e5®e5+66®e6) (3.5)

with

b =dr = % . (3.6)

The last equality in (3.5) displays the conformal equivalence to the cylinder over M® with
the metric

eyl = dap €* ® eb + e ® e’ + b & el . (37)

We can introduce an almost complex structure J on the metric cone via

A~

JOY =i0Y for a=1,2,3 with O%=¢g? ! tje2> (3-8)

and we set é8 = ref for i = 1,...,6. The SU(3)-structure forms (&, ) have the local

expressions

D= ANE L BN FENS =12+ NEY) (3.9a)
Q=6'7r62r6%, (3.9b)

for which a direct computation yields
do =0 and dQ2=0. (3.10)

Therefore, the metric cone introduced in (3.5) is indeed Calabi-Yau as all SU(3)-torsion

classes vanish.

3.2 Kahler-torsion sine-cones

Consider a Sasaki-Einstein 5-manifold M and the product manifold M5 = M3 x (0, Ar)
with the metric

g = A%sin’p (5ab e+’ ® e5> +dr®dr (3.11a)
= A%sin?p <5ab e+l el +eb® e6> , (3.11Db)
where
r dep
= — d b=dr= 3.12
p=74 and e T g’ ( )
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and A € R* is a scaling parameter. Equation (3.11b) shows that the metric on the sine-cone
is conformally equivalent to the metric (3.7) on the cylinder over M?5.
The explicit solution of 7 = 7(p) is computed to

7=In ‘tang‘ + constant , (3.13)

and the integration constant can be chosen such that the sine-cone becomes the metric
cone in the limit A — oco. Hence, the computation yields

%) 1 —cosep
=In(2Atan- | =In | 2A/——— ] . 3.14
() n( an2> n( 1+coscp) (3:.14)

Next, we introduce an almost complex structure J and the associated fundamental
(1,1)-form @ on the sine-cone as follows (o = 1,2, 3):

JOY =i9* with ©% = Asing (626“71 +ie?®) | (3.15a)
JO% = —i6° with 0% = o (3.15b)
@ = A%sinp (w® + e’ A ef) | (3.15¢)

where w? is defined in (2.3). As shown in [53], the above structure comprises a Kihler-
torsion structure on the sine-cone. That is, there exists the uniquely defined Bismut V7
connection, which preserves g and J, and has torsion given by

TP = Jdo . (3.16)
Remarks: one can also introduce a globally well-defined complex (3, 0)-form Q defined as
Q=0'A0%1r03 =73 sin(p)? (w? —iw') An — A%sin(p)? (w! +iw®) Adr . (3.17)

Applying the exterior differential yields

-1 2
dJJ:Q%@/\éG:—Ktang~/\éG, (3.18)
~ l—cosp~ 4 3 Y~ 6
dQ=3—"F""FQANE = —tan - QA .18b
3 Asin g & = tang e’ (3.18b)

thus rendering the sine-cone over M® an SU(3)-structure manifold as defined in section 2.4.
From (3.18) we immediately see that J is integrable and

1
2W4+W5:—Xtangé67é0 for A < o0, (3.19)

whence the Bismut connection does not preserve the SU(3)-structure unless A = oco. Nev-
ertheless, the condition 3 W4+ 2 W5 = 0 is satisfied, which is in agreement with the confor-
mal equivalence between the sine-cone over a Sasaki-Eintein 5-manifold and the Calabi-Yau
metric cone over M [59, 63]. That is, the conformal equivalence of the Calabi-Yau cone and
the Ké&hler torsion sine-cone also maps their two SU(3)-structures onto one another. We
also note that 2W, + W5 — 0 as A — oo, and the KT sine-cone becomes the Calabi-Yau
metric cone. Recall from section 2.4 that Ké&hler-torsion structures are U(3)-structures,
whence one has to distinguish between this and the additional SU(3)-structure.
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3.3 Nearly Kihler sine-cones

In [34] a nearly Kéhler structure on the sine-cone over a Sasaki-Einstein 5-manifold has
been obtained by means of flow equations. Here, in contrast, we show that this structure
can be constructed by means of a combined rotation and rescaling of the coframes of the
cylinder over the Sasaki-Einstein 5-manifold. We will carry this construction out in the
following three steps:

1. An SU(3)-structure on the cylinder over a Sasaki-Einstein 5-manifold M can be
introduced via a metric (3.7), an almost complex structure J or the equivalent (1, 1)-
form w, and a (3,0)-form €. These objects are

w=w4+e ANl =elne?+e3Nnet S Nel, (3.20a)
JO% =i0%* for O%=¢*71 £ie?® with a=1,2,3, (3.20b)
Q=0'""0°N0°=—w’Ne’ —w' Nl +i(w Ae® —w?Aeb) . (3.20c)

2. Next, we consider an SO(5)-rotation of the SU(2)-structure (n,w®) on M°. Let n?
be the matrix of the 't Hooft symbols ngb and perform a rotation of the basis 1-forms

el .. et
el cos¥ 0 —sin® 0 el
2 © ‘@ 2
e ® 9 0 cosy 0 sin¥ e
E= o Bp=exp (LP) E = 2 2
el v P sing 0 cost 0 e3
et 0 —sing 0 cos¥ et
(3.21)
In the rotated frame (eg, %) we define the SU(3)-structure forms to have the same
components as in the unrotated frame (3.20), i.e.
Wy = w[z +e el (3.22a)
sz—wi/\e‘r’—w;/\eﬁ—i—i(w}p/\e‘r’—wi/\eG) , (3.22Db)
where wg = %nﬁyef;”. Note that this is still an SU(3)-structure on the cylinder,
because the defining forms still have the standard components (3.20) with respect to

the coframes ef;.

3. Last, the pullback to the sine-cone Cs(M?) along the map establishing the conformal
equivalence to the cylinder yields

s =AMAeg sing, e =Ae’ sing, e =Aelsing=Adp=dr, (3.23a)

w = A? Wy sinp, ws = wd + A?e® A e sin?p (3.23b)
Qs = A% Q,, sin’p (3.23¢)

as an SU(3)-structure on the sine-cone. By a direct calculation we obtain
3
m“:_KQj’ (3.24a)
2
dQf =0, ME:X%A%, (3.24b)

which confirms that (3.23) induces a nearly Kéhler structure on the sine-cone.
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Remarks: in the limit A — oo, in which the sine-cone becomes the metric cone, this
nearly Kéhler structure on the sine-cone is smoothly deformed to the Calabi-Yau structure
on the metric cone since

lim dws =0 and lim dQ2; =0. (3.25)
A—o0 A—oo

Generically, the sine-cone, as a conifold, has two singularities at ¢ =0 and ¢ = 7. As
we see from (3.23), the SU(3)-structure cannot be extended to the tips, because all defining
forms vanish at these points. Hence, the sine-cone is a nearly Kahler manifold only for
¢ € (0,7), and one cannot add the singular points.

3.4 Half-flat cylinders

Consider a 5-dimensional manifold M> endowed with a Sasaki-Einstein SU(2)-structure
defined by (n,w!,w?,w3) as in section 2. For an arbitrary coframe e# belonging to the
SU(2)-structure, consider the transformation

el =etcosC+edsin¢, e2= —e', (3.26a)
ed=e?, el =e3cos¢ —elsin(, (3.26b)
e>=opé’. (3.26¢)

Here ¢ € [0,27] and p € RT are two constant parameters. For ¢ = 1 this can be seen
to be an SO(5)-transformation of the coframe, such that the metric on M® is unchanged.
Nevertheless, we obtain a two-parameter family of SU(2)-structures on M?> by defining
1
ne=em, Wr=glmer Ner gz =dwei®er. (3.27)

These are globally well-defined as can be seen from

wl= —w?, (3.28a)
w? = w! sin¢ 4 w? cos ¢, (3.28b)
w? =w! cos¢ —w? sin¢, (3.28¢)

and, thus, yield a two-parameter family of SU(2)-structures on M?®. Note that these struc-
tures are neither hypo nor nearly hypo any more.

With these SU(2)-structures on M° at hand we define a two-parameter family of
SU(3)-structures on the metric cylinder (M° x R, g, = g, + dr ® dr) by

W, =w? —n. Adr=w! cos¢ —w? sin¢ — pn Adr, (3.29a)
Qf = —wlAdr4+w?An, = Q(w1 sin ¢ 4 w? cos () An+wd Adr, (3.29b)
Q) = —wAdr—wlAn, = —(wl sin ¢ 4 w? cos () Adr+ow? An, (3.29¢)

which yields a two-parameter family of half-flat SU(3)-structures. The non-vanishing tor-

sion classes can be computed to read
_ 34207 _ 40> -3
W, = 30 W, :Tg(wg’—i—an/\dr) and
B 20° -3
=5,

(3.30)

W3 (wiAdr+w?Am,) .
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Structure on M?® | Cone construction Structure on M® | Non-zero torsion classes
Sasaki-Einstein cone Calabi-Yau ——

sine-cone Ka&hler-torsion

sine-cone with rotation | nearly Kéahler W

cylinder with rotation | half-flat Wi, Wy, Ws

Table 1. Summary of cone constructions linking Sasaki-Einstein to U(3) or SU(3)-structures in
d = 6 and the non-zero torsion classes for the respective SU(3)-structures.

Furthermore, the conditions w, W, = 0 and w._ W3 = 0 are satisfied for any values of the
parameters ¢ and p.

3.5 Summary of cone constructions

The different cone constructions linking Sasaki-Einstein to U(3) or SU(3) 6-manifolds,
which have been presented in [53] and this paper, are summarized in table 1.

4 Instantons on conical 6-manifolds

4.1 Definition and reduction of instanton equations on conical 6-manifolds

Having constructed several 6-dimensional SU(3) manifolds in the last section, we now turn
our attention to instanton equations on such spaces. Thus, let M be a 6-manifold with a
connection A on the tangent bundle. The curvature 2-form F associated to A is given by

F=dA+ANA=D4A, (4.1)

where D 4 is the covariant differential associated to A, and the Bianci identity D4F = 0
holds true. As before, we can perform the type-decomposition of a form with respect to
any almost complex structure J, yielding

Fo R Uy Fo2 (42)

For a given SU(3)-structure (w, €2) on a 6-manifold and a curvature 2-form F, the instanton
equation can be defined in two steps: first, the pseudo-holomorphicity condition reads

QANF=0 & F%2=0, (4.3a)

and, second, applying the covariant differential to (4.3a), and using the Bianchi identity as
well as (4.3a) yields

AUNF = (W +iW] )wAw+ (W +iWy ) Aw] AF =0 (4.3b)

The last equation, although a mere consequence of (4.3a), depends strongly on the type of
SU(3)-manifold under consideration. For example, on nearly Kdhler manifolds one has

(4.3b)

dQ x w A w WAWAF =0 & wiF=0, (4.4)
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whereas on half-flat SU(3)-manifolds this is not true as d? # kw A w. For Calabi-Yau
spaces, on the other hand, (4.3b) is trivial as dQ2 = 0, and the condition w_F = 0 is added
as an additional stability condition for the holomorphic instanton bundle [29-31].

Following [64], one considers a complex vector bundle V — M5 of rank k on which we
are given an instanton I' with curvature Rr. Here this vector bundle will be the tangent
bundle of 6-manifolds arising as certain conical extensions of SU(2) 5-manifolds M?, just
as we considered in the previous section. We then generalize this instanton I' by extending
it to a connection A with curvature F by the ansatz

A=T+ X,e! and F=dA+ANA, (4.5)
where p=1,...,5 and
r=rI;, i=6,7,8. (4.6)

Here I; is a representation of the SU(2)-generators I; on the fibres R® of the bundle, and
' are the components of an su(2)-connection on the tangent bundle of M. Furthermore,
X, are matrices from End(R®).

The computation of F with the ansatz for A yields

F=Rr+dX,Ael +Th X, Ne” + % ([Xpu X+ T30, X5) e N e” @
4 ([I}, X, - Z.;XV) A e
Herein, T' denotes the torsion of the connection I'.

In order to simplify this further, we investigate the matrices X, and their transforma-
tion behavior under a change of e. By construction, X, e/ is the local representation of
an Ad-equivariant 1-form X on the gauge principal bundle, which here coincides with the
SU(3)-subbundle P of the frame bundle of M that constitutes the SU(3)-structure. Note
that, in the aforementioned cases, P contains a principal SU(2)-subbundle Q; the latter is
the principal bundle for the connection I'. Now let e and €’ be two local sections of Q C P
over some U C MY related by an SU(2)-transformation L : U — SU(2). The components
X, and X, of X with respect to ¢’ and e are related via

X, = Ad(L™") o X, p(L), . (4.8)

Here p is the representation of SU(2) on R which is the typical fiber of TM?®. It coincides
with the representation Adgy(sy : SU(2) — End(m), where su(3) = su(2) @ m and one has
the identification m ~ T, M°.

Since we will search for su(3)-valued connections A, we consider the su(3)-generator

algebra
1, 1) = fi;* 1k, i,5,k=6,7,8 (4.9a)
[fhf,u] = fzpyfu ) pov=1,2,3,4,5 (4.9b)
L L) = fu ' L + £, s - (4.9¢)
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The generators with indices i, j, k belong to the su(2) subalgebra, and the indices p, v, o
correspond to its orthogonal complement m in the SU(2)-invariant splitting

su(3) =su(2) dm. (4.10)

Generically, only X is well-defined globally, rather than the component maps X,,.
The latter strongly depend on the choice of the local frame e and, therefore, we have no
control over their behavior in general. That would be different, if the components X, were
independent of the trivialization of the involved bundles, that is, if the X, were invariant
under the aforementioned transformations (4.8) that change the local frames. Furthermore,
since SU(2) is connected, this is equivalent to the infinitesimal version of the invariance, i.e.

1, Xp) = pe (1)l X0 = £, X (4.11)

Note that this simplification implies that the X, are independent of the choice of frame
adapted to the SU(2)-structure Q; hence, we can choose them to vary with the cone
direction only. Condition (4.11) appeared, for example, in [65, 66] on coset spaces, where
equivariant connections have been constructed. We will in the following refer to (4.11) as
the equivariance condition, despite its different origin in this context.

Inserting this simplification and the accompanying consistency condition (4.11)
into (4.7), we are left with

. 1
F=Rr+ (X, +T§,X,) " Net + 3 ((Xp, X))+ T, Xo) e ne” (4.12)

Here the dot denotes the derivation in the cone direction. In any case, the instanton
condition is the requirement that the 2-form part of F takes values in a certain subbundle
of A?2T*MS, which we call the instanton bundle. Anticipating that 2-forms of the general
form 66/\604-%]\[ el Ae”, with N to be determined from the geometry under consideration,
are local sections of this instanton bundle, we add a zero to the above expression and obtain

F=Rr+ (X, + T, Xv) (S Net + %Nf,‘p e? NeP)

1 .
+3 ([X#,Xl,] + 17, Xe — N, (Xo + T8, X,) ) el Nev .

(4.13)

As argued above, Rr and the second term already are instantons. Thus, we are left to
require that the last term satisfies the instanton equation; this leads us to

(X, X))+ 19, Xe = NS, (X + T8, X,) + Ny (4.14)

where A/ has to be an instanton on M® that compensates for the su(2)-component of
the left-hand-side commutator. Hence, N can only be a linear combination of the three
instantons [22] f,,"e* Ae” for i = 6,7, 8, which depends on the cone coordinate. That is,

(X, X0+ T5,Xe = N, (Xo + T8, X,) + £, N - (4.15)

In summary, we are searching for m-valued matrices X, that solve equations (4.11)
and (4.15), as these will give rise to new instantons on the considered manifolds.
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defines instantons via Q' AF =0and dQ' AF =0

|
;

>~ —

F(T(M5x41))

I'" su(2)-valued here ™

M5 x I

Figure 1. A schematic depiction of the different principal bundles involved in the definition of the
instanton condition: @ and P are the SU(2)- and SU(3)-bundles, respectively, which originate from
the Sasaki-Einstein structure on M®. The transformation L defines the principal bundles Q' and
P’, which again are SU(2) and SU(3)-bundles, respectively. All bundles under consideration are
understood as principal subbundles of the frame bundle F(T(M5x4I)).

4.2 Remarks on the instanton equation

Before proceeding with the particular cases of the nearly Kéhler sine-cone and the half-flat
cylinder, one needs to clarify an important point regarding the transformations of coframes
mentioned in section 3.

The SU(2)-structure on the Sasaki-Einstein 5-manifold is understood as an SU(2)-
principal bundle Q, a subbundle of the frame bundle F(TM?®). The warped product
M3x4I (cf. (3.2)) is equipped with an SU(3)-structure via (3.4) and the corresponding
principal bundle is denoted with P C F(T(M?x4I)) (cf. figure 1). However, P is not the
SU(3)-structure one is interested in, i.e. in our cases it is neither nearly Kéhler nor half-
flat. The constructions of subsections 3.3 and 3.4 rely on transformations of the coframes
on M?®: they generate a different SU(2)-structure Q' that can be extended to the desired
SU(3)-structure P’ on the warped product. An important observation is the following: for
a G-structure Q the bundle Q' defined via Q' = Ry, Q is a G-structure if and only if L is a
map from the base to the normalizer Ngp,.r)(G), cf. (3.3).

The crux of the instanton equation is the following: the defining forms (w’, Q') stem
from P’, whereas the canonical connection I'" belongs to Q and is trivially lifted to an in-
stanton on P. Let us denote by e € I'(U, Q) an adapted frame for Q. Then by construction
¢ = (Rpoe) e I'(U, Q) is an adapted frame for Q'. By standard results, the connection
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1-forms of A transform under a change of section as
" A=Ad(L Yoe*rA+ L dL . (4.16)

The employed extension A = I'” + X relies on the splitting (4.10) such that X corresponds
to m-valued 1-forms. However, this only holds in the frame e, due to the following: starting
with T'¥ on Q, one has a purely su(2)-valued connection. Applying any transformation L
to Q, I'P is generically not an su(2)-valued connection on Q'. This is due to the fact
that L~'dL, in general, takes values in the Lie-algebra of Ngr,r)(SU(2)) instead of su(2).
Therefore, one cannot simply take €/*T'" as an starting point for some ansatz like ¢/* A =
e"TP + X' e

For the cases under consideration, L depends (at most) on the cone direction r. Hence,
one has that Ad(L™!) o e*A is su(2)-valued and L='dL o< dr, but generically not su(2)-
valued. The immediate consequences are the following:

e For instance, on the nearly Kéhler sine-cone one has to perform all calculations in
the frame e, because for the derivation of subsection 4.1 we employed a section of
the bundle on which I'” is an su(2)-valued connection. We will, however, compute
¢"T' explicitly in subsection 4.3.2 and demonstrate that it yields an su(3)-valued
instanton on the sine-cone.

e In contrast, the transformation for the half-flat cylinder (3.26) is, although a 2-
parameter family, base-point independent. Therefore, one is allowed to consider the
frames e as well as ¢’ for this instanton equation, as e*I'" and "' are su(2)-
valued connection 1-forms. However, this raises the question whether the two ex-
tensions X e/ and X', e/"" are in any sense comparable. Unfortunately, the coframe-
transformations are only required to be Ngp, s r)(SU(2))-valued, which implies that
the m-piece will, in general, not be mapped into m or even su(3). Hence, one cannot
simply compare both extensions, but it is admissible to consider both cases.

In summary, these remarks were not relevant for the cases studied for example in [22, 64]
or our earlier results [53], because the construction of the G-structures on the warped
product M 5><¢I followed immediately from the chosen frame on M?®. In other words, no
(base-point dependent) transformation of coframes was necessary. Even on our KT- and
HKT-sine cones of [53], the relevant rescaling (3.15) does not affect the computations due
to conformal equivalence to the cylinder. However, here the situation is more involved and
a careful analysis is mandatory.

4.3 Instantons on nearly Kahler sine-cones

4.3.1 Matrix equations — Part I

The set-up for the nearly Kéhler sine-cone has been described in section 3.3. In particular,
we are investigating extensions of the connection I'’ on the sine-cone in this subsection.
M being a nearly Kihler manifold, the instanton equation with respect to the coframe e
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is equivalent to

WAWAF=0 &  wF,=0, (4.17a)
QANF=0 & QMr,=0 for 6=1,...,6. (4.17b)

The seven equations (4.17) restrict the space of admissible 2-forms, and the instanton
bundle, which is locally isomorphic® to the subspace m, is spanned by

Asi
e’ nel — 25 (sin 2 néb + cos gong’b) e Aeb and
(4.18)

e?ANeb — Asing (sinapnlab—i—coswn?’ab) e®ned .

This can be seen either by direct computation or by the explicit form of the projectors
from s0(6) to su(3) of [51]. Here we have used the Riemannian metric to pull up one of
the indices of 3, and from here on we use b = dr.

A 6-dimensional representation of m can be chosen as in [22, 64],

(Is)s = %nﬁ’b : ~(Is)¢ =3 =1, (4.19a)
~()y = L) =02, (L)} =—La)s =m0, (4.19D)

from which one obtains the structure constants
fsa = %U%b and  f,°=2n3. (4.20)
The torsion components of the canonical su(2)-connection I'” in the unrotated frame

et read

Ty = =20y = —fu” (4.21a)
Tys = —% (n*)% = —fis™ - (4.21b)

With the chosen representation and by inserting the ansatz

A=TF + X, e (4.22)
into (4.17), one obtains the non-vanishing components N}, of the parametrization (4.15)
as follows:
Asi
N2, = % (sinpnl, +cospnd) and Nf = Asing (sinpn'®, +cospn®?,) .
(4.23)
Finally, the matrix equations for X, read
i, X = f," X s (4.24a)
A sin . . )
[Xa, Xp] = z (sin g 11gy + cos @ 1y) X5 + 210 X5 + fo"Ni | (4.24b)
. 3
(X5, Xo] = Asing (sin on',l + cosp 7]3ab) Xp + B .l X, (4.24c¢)

30ne employs the identification 50(6) ~ A%(R®) to obtain 2-forms from antisymmetric 6 x 6-matrices.
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where the first line is just the equivariance condition (4.11). The dot-notation means
Y = %Y. An obvious solution to (4.24) is X, = 0, which yields the instanton solution
A =T7 that is the lift of the instanton I'” from M? to the sine-cone C(M?).

Consider the ansatz

Xo =v(r) (exp(¢ 773))ab I, for ¢&el0,2m) and X5 = x(r)Is (4.25)

which respects equivariance due to [n®,7°] = 0. Here, ¢ is a parameter, and ¢ (r), x(r) are
two functions depending only on the cone direction 7. Inserting (4.25) into (4.24) yields

Ni=*(r)I; for i=6,7,8 (4.26)

as well as the following differential equations

A0 sin(2p) = 4 (020) —~x(r))  and () sin2p) = () (x(r) 1) |

2 2
(4.27a)
which are subject to the constraints
A A
5 ¥(r) sin® g = 5 X(1) sinp=0. (4.27D)

As a matter of fact, these equations (4.27) hold for any value of £ € [0,27). The solutions
to (4.27) are readily obtained to be the following:

e (¥,x) = (0,0): this is, of course, the trivial solution of (4.24), but is still required
for consistency as it confirms that I'Y satisfies the Q,-instanton condition on M9,

e (¥,x) = (1,1): here we obtain an extension of the original instanton I'". Despite
being an s-instanton, this newly obtain instanton is a mere lift of an instanton in
M? as it does not have any dependence on the cone direction.

e (¢Y,x) = (—1,1): again, we obtain an extension which is, however, a lift of an

Mb5-instanton. Note that the existence of this solutions follows from & + & + 7, as

(exp(m %)), = =8,

Hence, we have a one-parameter family of su(3)-valued instantons given by
A=TF 4 (explé ) ' Lo e + 0 ¢. (4.28)

To summarize, the ansatz solving the matrix equations (4.24) generates isolated instanton
solutions which can all be interpreted as lifts of connections living on M?®. The non-
trivial solutions are su(3)-valued connections; whereas the trivial solution is a purely su(2)-
valued connection.

Remarks: first, the family solutions (4.28) can be seen to be gauge orbit if we recall
that (773)Z x f5u'/ = ad([5), and then exp(§ n%) o< Ad(exp(I5)). Nevertheless, this gauge
symmetry clarifies the origin of the -reflection symmetry of the solutions.
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Second, in the same manner as in our previous studies [53] we can equivalently provide
the matrix equations on the conformally equivalent cylinder with coordinate 7 as follows:

i X = f," X s (4.292)
1 . d i
[Xa, Xp] = 5 (sin @ 1y + cos o) X5+ 2 X5 + fp" NG (4.29D)
d
[X57 Xa] = (Sinwnlab + cos Sﬁﬂgab> EXb + gn3abXb . (429C)

Further, the limit A — oo (with ¢=% — 0 and keeping r fixed) transforms the sine-
cone into the Calabi-Yau cone, as mentioned in subsection 3.3. In this limit, the matrix
equations (4.29) take the following form:

1 . , 9 .
[Xava] = fab5 <X5 + 1 X5> + fabz./\/; and [X5, Xa] = f5ab <Xb + g Xb) , (4.30)
which are exactly the same equations as on the Kéahler-torsion sine-cone of our early re-
sults [53]. Applying the 7-dependent version of the ansatz (4.25) yields

3

X(r) =4 (W) —x(r)  and ()= %) (x(1) = 1) . (4.31)

Obviously, all constant solutions found above are still instantons on the CY-cone, but the
reduced equations do not automatically enforce constant x and . Finally, note that (4.31)
is, of course, equivalent to (4.27) in the limit A — oo as the constraint on the deriva-
tives vanishes.

Third, the sine-cone is a conifold with two conical singularities, here at ¢ = 0 and
¢ = m. One observes that the coefficient functions, i.e. cosy and sin ¢, of (4.24) as well
as our solutions are well-behaved at the singular points. However, recall the remark from
subsection 3.3 that the defining sections of the SU(3)-structure become trivial at these
singular points; hence, the instanton condition is not well-defined there. Yet, in principal
one could continue the gauge field to these points.

4.3.2 Nearly Kéihler canonical connection

In this section we construct the canonical su(3)-connection of the nearly Kéhler sine-cone.
It turns out that we obtain an instanton for the SU(3)-structure that is not the lift of an
instanton on M?®; furthermore, this instanton is of the form (4.22) presented above. On
the 5-manifold M° the Maurer-Cartan equations read

1
de® = —(FP)Z Ael + 3 Tﬁy e Ne¥, (4.32a)
5 1
de® = —(TP); e + 3 T), et Ne” (4.32b)
where the torsion components are given by (cf. [22, 64])

3
T = -5 e and T35, = =213, . (4.33)
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In particular, the last identity implies (I'F )?) = 0 due to the Sasaki-Einstein
relation de® = —2w3.

Next, we are interested in the Maurer-Cartan equations for the frame €% resulting from
the rotation (3.21) and rescaling (3.23) of the SU(2)-structure. With respect to coframes

e adapted to Q, the canonical su(2)-connection I'"’ has components
(O, = @) f," with (f,") oc7®@, (434)

where (i) = i—5 and 7% are the anti-self-dual 't Hooft tensors. Noting that [n%,7°] = 0
for all o, B, we see that the components of the canonical su(2)-connection are unaffected
by the homogeneous part of the transformation (4.16) with

@2
L(r) = Asin(yp) (exp(52n4)4” ng2> € Nawe,r)(SU(2)) (4.35)
X X

which realizes the rotation (3.21) and the rescaling (3.23). In detail, the transformation
reads (), = L3 (T'7)5 (L71){. A straightforward computation yields

p cotop
SA

cotp 4,
IA ns

de? = —(TP); Ae <e§ A e84 n3e el A eg’) — e? Ned (4.36a)

1 1
T (Uzab ey Aed —n'Gel A ei’) + anab e,
t 1
ded = _coAcp (e? AeS B e A eg) + chllb et neb (4.36b)
deb=0. (4.36¢)

It is important to realize that, although the components (T'"); used in (4.36) coincide with
the components of the lift of the canonical connection on the Sasaki-Einstein 5-manifold
to the cylinder, the transformed coframe e is used since we are on the nearly Kihler sine-
cone. Thus, (I'7); no longer comprises the canonical su(2)-connection; however, it forms a
different su(2)-valued connection I'y(9). This is because the inhomogeneous term in (4.16),
which results from the change of basis, has been split off.
Introducing an almost complex structure J via demanding
Ol =el +ie2, ©2=c3+iel, ©2=i(ed +ieh) (4.37)

s s S

to be (1,0)-forms yields

@; IA‘su(2)% + %62 IA‘su(2_)% _CO/JC\QO@; - %@2 6% 1 @23
d @g = f‘su(Q)% 1i15u(2)% + %eg _co/iap.@g + i@(z A @g _X @g
0 Lo+ 462 Srel-fel  -lged o2 0.
canonical 5u(3)—conne;c:on fsu(g) on sine-cone NK-torsion T
(4.38)

Here we used the shorthand notation 0% = 0% A 05,
The connection 1-forms fsu(g)ﬁ with a, 8 = 1,2 are defined via the components (FP )
by employing (4.32) and (4.36) as well as the change to the complex basis (4.37). We

b
a
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use the hat to indicate that we are considering the connection forms with respect to the
complex basis ©; rather than the real basis e;. Thus, the corresponding Maurer-Cartan
equations read

— A

d@? _ _f\su(s)g A @? + TOé and d@? = _Fsu(3)% A @E + T& . (439)

Note that 'sy(3) = diag(fsu(3),f:u(3)) is indeed a connection on T'MS, which can be seen
from (4.39) and the fact that T transforms as a tensor. Furthermore, [su(3) is an instanton
because it satisfies the conditions of proposition 3.1 of [22].

The above result (4.38) can be brought into a more suggestive form by rewriting it as

1 0 0 —2coty . 0 0 —2coty
. . i
Py =Ty + 55 | 0 0 1 el + o 0 0 -1 |e
2cotp —1 0 —2cotyp —1 0
1 0 O -1 . (0 0 1
: i
+ A 0 0 —2cotep|ed+ A 0 0 —2cotep|e! (4.40a)
1 2cotyp 0 1 —2cotp 0
; coty 0 0
+ oA 0 coty 0 ei
0 0 —2coty
=Ty + By ®el (4.40D)

which reflects exactly the X,-ansatz from (4.22). One can check that the matrices B,
satisfy the equivariance condition (4.11). Thus, as I'y,3) is a connection on T'M 6. one can
infer by the same arguments as in section 4.1 that Iy, is a well-defined connection on
TMS. An alternative way to see that is to check that the inhomogeneous part, which has
been split off in the transformation law (4.16) for the components of I'?, glues to globally
well-defined 1-forms with values in the adjoint bundle of . This, however, holds due to
the fact that the transformation L given in (4.35) commutes with the SU(2) subgroup of
GL(6,R), i.e. takes values in centralizer Cqr,g,r)(SU(2)).

Note that in the limit A — oo (i.e. ¢ = & — 0) the torsion on C(M?) vanishes, and
fsu(g) coincides with the connection corresponding to the x = ¢ = 1 case of [22], which has
been stated to be the Levi-Civita connection of the cone. Furthermore, this is consistent
with the observation that as fﬁu(3) preserves the metric and as in the above limit its torsion
vanishes, I'y,(3) has to converges to the Levi-Civita connection of the CY-cone.

4.3.3 Matrix equations — Part II

As pointed out above, there are two different su(2)-valued connections on the nearly Kahler
sine-cone. On the one hand, there is the lift of the canonical connection I'" of the Sasaki-
Einstein 5-manifold; on the other hand, there is I'y, o). Remarkably, the respective curva-
ture 2-forms coincide, i.e.

Rrr = Ry (4.41)

su(2) °
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This stems from the fact that the generators of the two transformations (3.21) and (3.23),
which lead from the cylinder to the sine-cone, commute with su(2). In other words, the
inhomogeneous part of (4.16) yields an abelian flat part proportional to €. As a conse-
quence, I'y(9) is another su(2)-valued instanton on the sine-cone, since I'? is an instanton
itself. Therefore, we can use Lsu(2) in the procedure described in section 4.1: one extends
Lgu(2) by some suitable 1-form X, ek and investigates the conditions on X, such that the
new connection is an instanton on the sine-cone.

However, we have to adjust the equations (4.24) due to the different torsion of I'(s).
Denoting by 7' the torsion of I'”, the torsion of Lgy(2) reads

Th

N 1 N 1 N 5
By =T+ (0 coto+ 50 ) e nel (4.42)

2

where we defined 77,%5 = n?, for g, 0 = a,b € {1,...,4} and 77%“; = 0 whenever i > 5
or 7 > 5. The components of N are the same as in subsection 4.3.1 and, by inserting
everything into (4.13), we obtain the matrix equations

[ X = £, X, (4.430)
1 . 1 .
[Xa Xp] = 5 Nap X5 + BTN (5cot pmay = 4na) X5+ fap' Ni s (4.43b)
. 1
[X5a Xa] = ngabXb + ﬁ (5 cot 773ab -3 nlab - ,’,,3aC 772cb> X (443C)

with the notation Y = %Y. Next, we use the matrices in (4.40) for the extension of
[sy(2)- Recall that we had defined auxiliary matrices By, that solve the equivariance con-
dition (4.11) by writing (4.40) in the form

~

1Ajsu(3) = 115u(2) + B;ﬁé‘ ) (4.44)
and that the B, explicitly depend on ¢ = %. Hence, we may set
Xo =19(r) B, and X5 == x(r) Bs (4.45)

as in the usual procedure.” The equivariance condition enforces the same coefficient func-
tion v (r) for all four B,. Inserting this X -ansatz in the matrix equations (4.43), one can
first of all read off
51+ 4dcot?p I
4A2 ()

which is compatible with the assumptions on N used in subsection 4.1. Using this explicit

N; = (r) for ¢=6,7,8, (4.46)

form, we obtain the algebraic equation

(r)2 = x(r) = 0. (4.47)

4Recall subsection 4.2, 'Y is a connection on the SU(2)-bundle Q, whereas Iy, () is a connection on the
SU(2)-bundle Q'.

®Note that in (4.40) we have B, € End(C?). Here we used the identification C ~ R? to obtain B, €
End(R®), which are necessary for the ansatz (4.5).
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This then reduces the remaining equations to

x(r) = 11)(7“) =0 and ¢(r)(x(r) — 1) =0. (4.48)
Let us now comment on the three solutions to this system:

e (¥,x) = (0,0): to start with, there is the obvious trivial solution of (4.43). This is
required for consistency, since I'g,(2) is an instanton.

e (1, x) = (1,1): this second solution is very important because it reproduces I'y(3)
from subsection 4.3.2. We already knew from proposition 3.1 of [22] that this partic-
ular connection is an instanton on the nearly Kéahler sine-cone, but here we confirmed
it directly, using techniques completely different than those employed in [22]. In ad-
dition, this provides us with another way of constructing the canonical connection of
the nearly Kahler sine-cone than the one we followed in subsection 4.3.2, namely as
the extension of an su(2)-valued instanton.

e (¥, x) = (—1,1): third, there is again the solution which results from the invariance
of (4.43) under the simultaneous sign-flip X, — —X, for a = 1,2, 3,4. Nevertheless,
this solution is an additional instanton.

In summary, the solutions we obtained here are isolated su(3)- and su(2)-valued connections
on MY that cannot be traced back to lifts of connections on M?®. In contrast to e.g. [35],
there are no instanton solutions that interpolate between these isolated instantons.

Remarks: First, the CY-limit A — oo of (4.43) is given by

1d 4 2 d
_ 5 1 in, _ g b 2
[Xa, X3] = fo <X5+ 1 dTX5> LN and  [Xs, Xo] = fs, (Xb+ 3 dTXb> :
(4.49)

wherein one requires the rescaling X, — %X 4> which can be seen from X, ek — X, re/ for
A — oo. Further, recall that in the limit A — oo we have d7 = %dr. The above matrix
equations coincide with the ones obtained in K&hler-torsion case of [53] as well as with
the limit (4.30) of subsection 4.3.1. Remarkably, the two reductions of subsections 4.3.1
and 4.3.3 used the different su(2)-instantons I'” and [su(2) as starting point; however, in
the above limit the difference

A—o0

d
TP Ty 2% 10 77" e Q'(M®, End(R%)) (4.50)

becomes an abelian flat part, which contributes to the instanton equation via the al-
tered torsion.

Second, note the explicit impact of the conical singularities at ¢ = 0 or ¢ = 7 in the
matrix equations (4.43) as well as the Bj,-matrices of (4.40). However, we do not have to
consider these singularities, as there is no well-defined instanton equation.

—97 —



4.3.4 Transfer of solutions

The previous subsections considered the nearly Kéhler sine-cone from two perspectives:
in subsection 4.3.1 we extended the instanton I'”, which is a connection on Q; whereas,
subsection 4.3.3 was concerned with I'y,(9), being an su(2)-valued connection on Q' as
a starting point for our ansatz (4.5). The local representations of these are related via
a transformation L as considered in (4.35). Due to the properties of L we arrive at the
following statement (cf. subsection 4.2):

¢ Toyo) =€ TF — L7'dL = e’ T" (4.51)

implying that I'y,2) and I'? have the same components with respect to their adapted
coframes €’ and e. Observe that the inhomogeneous part that is split off in the connection
I-form enters in the torsion (4.42) of I'y(9), thus altering the matrix equations. However,
from (4.13) one can check that the local expressions of the respective field strengths of the
extension of both I'"’ and Laue2) by X, ® " = X, Ll ® e” coincide. Consequently, every
instanton extension X, of I, gives rise to an instanton extension X, L}, of I'” and vice
versa. In other words, we have the relation

X, solves (4.43) PN X, Ly, solves (4.24) . (4.52)

As a remark, the above is true if and only if L takes values in the centralizer
Car(sr) (SU(2)), as then L™1dL gives rise to a well-defined equivariant 1-form.

However, one should not naively expect that the solutions obtained in subsections 4.3.1

and (4.3.3) are related via (4.52), as this does not necessarily transform the employed
ansatze into one another.

The benefit from observation (4.52) is that we can generate further instanton solutions
from our previous ones.

On the one hand, we can apply the above to (4.28) and obtain the ansatz

o)

b
a = AST(%) (eXP (27;\7]2> eXp(fn?’)) fb and X5 — ﬂl}) ’ (453)

u Asin(f)

which inserted into (4.43) has precisely the solutions (¢, x) = (0,0), (£1,1), just as one
would expect from the above arguments. This is another non-constant instanton extension
for Fsu(2)'

On the other hand, the same can be done for (4.45) in the other direction. There one
derives the ansatz

X, = ¢(r) Asin <£) exp < - ;’An?) bBb(r) and X5 = y(r) Asin <Z>B5(r) . (4.54)

a
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Rewritten in a linear combination of the I u, the ansatz (4.54

X1 =9(r) (C083 ( 4 )Il — sin®

is glven as
3)
4)

)
)

>

~>
—_

(4.55)
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One can check that this, again, produces the solutions (¢, x) = (0,0), (£1, 1). Remarkably,
the two non-trivial instanton solutions correspond to non-constant extensions of I'".

4.4 Instantons on half-flat cylinders

Let us now return to the half-flat 6-manifolds constructed in section 3.4 and apply the
ansatz developed above to the instanton equation on these spaces. The instanton equation
on spaces with non-vanishing Wy was introduced in (4.3). In a local coframe adapted to
the SU(3)-structure imposing the pseudo-holomorphicity condition

QANF=0 (4.56)
yields the set of six equations, precisely as it has been in the nearly Kéhler case. But the
additional equation implied by the pseudo-holomorphicity condition reads

4
dQ. AF =0 & Fig + Fza + 592 Fs6 =10 (4.57)

in the rotated frame e,. Note that for p = :l:§ this coincides with the nearly Kahler
instanton equation of subsection 4.3.1, although the SU(3)-structure is not nearly Kéhler
(see for example the torsion classes (3.30)).

It is important to recall that the lift of the canonical connection of the Sasaki-Einstein
M5 provides an instanton on the cylinder that one can extend by some X in our ansatz
to su(3)-valued connections, being defined either on P or P’. We will do so in two set-
ups: first, we formulate the matrix equations in the frame e and, second, the analogous
computation is performed in the adapted frame €% for the half-flat SU(3)-structure.

4.4.1 Matrix equations — Part 1

In the unrotated frame e* the instanton bundle is locally spanned by

R % (cos ¢nly — singngb) e“Ned and e Aeb—p (cos ¢n'% —sin Cn2“b) e Ae’
(4.58)
from which we can extract the components of (N/,) to be

20 .
Nab =3 (Cos ¢ nab — sm(nab) and Nyz =0 (cos (nlab —sin( 772“b) . (4.59)
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As the torsion components are unchanged we can directly formulate the matrix equations

1, X)) = f," X, (4.60a)
[Xa, Xp] = % (cos ¢ ma, — sin ¢ i) X5 + 21 X5 + fu' Ni (4.60b)
[ X5, Xa] =0 (COSCnlab - SinC772a”) Xy + ;ngab Xy . (4.60c)
The ansatz
X0 =9(r) (exp(¢ 173))ab I, for £e0,2r) and Xs= x(r)s (4.61)

satisfies, again, the equivariance condition of (4.60) and we obtain
Ni=v¢*r) I;, for i=6,7,8 (4.62)
as well as the set of equations

() =x()=0, Y*()=x(r), and @) (x(r)-1)=0. (4.63)

for the two functions ¥ and y, and the equations hold for all values of £. Interestingly, the
solutions to these equations are identical to the nearly Kéhler case (4.27)

e (¥,x) = (0,0): the trivial solution appears again for consistency.

e (,x) = (£1,1): these two extensions of the lift of '’ are newly obtained €2,-
instantons; however, they correspond to lifts of M°-instantons because they are in-
dependent of the cylinder direction. Recall that (¢, x) = (—1,1) can be generated
from (¢, x) = (+1,1) by the shift £ — & + 7.

Identically to the nearly Kéhler case, one obtains the one-parameter family (4.28) as
a solution.

As a matter of fact, these instanton solutions are identical to the ones obtained in sub-
section 4.3.1. The explanation is as follows: first, note that nearly Ké&hler 6-manifolds are a
subset, of half-flat 6-manifolds; thus, any nearly Kahler instanton solution must necessarily
appear in the half-flat scenario. Second, the matrix equations (4.24) and (4.60) differ only
in their derivative parts, i.e. in the coefficients of X u» which implies that both sets have
coinciding constant solutions.

4.4.2 Matrix equations — Part II

Contrary to the previous subsection, here the focus is on the formulation of the instanton
equations in the adapted coframe ef for the SU(3)-structure on the cylinder. As with
respect to these, the SU(3)-structure forms have their standard components, one only has
to compute the components of its torsion with respect to the transformed basis.

The space m is now spanned by the 2-forms

1
e> Neb — ggz n3, et A el and e? nel — Pt eb ned (4.64)
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which follows from direct evaluation of (4.56) and (4.57). In the coframe e, the torsion
components of the lifted canonical connection of the Sasaki-Einstein manifold are

. . 3
15, =20nt, and T4 = % nte . (4.65)

In addition, we need the tensor N that appeared in (4.15). Since the instanton equations
take a slightly different form here, its components now read

a 2 a 1
Ng, = 3 fuv and N3, = §g2 fur® (4.66)

wherein we have used the same su(3) structure constants as in (4.20). With these alter-
ations (4.15) can be written as

1, X)) = 1" X, (4.67a)
9 ) .
[(Xa, Xp) = — 2014, X5 + 592 fab® X5 +N; far' (4.67b)
3 2 :
Xa, Xs] = o 0 Xo+ 3 fas” Xy - (4.67c)

One can employ the following ansatz:
Xo =0(r) (exp(& n')exp(0 ), T, for 6,6€(0,2n) and X5 =x(r)l5, (4.68)

which, again, satisfies the equivariance condition. The insertion of (4.68) into (4.67) yields
for the su(2)-part
No= v, (1.69

as the projection of [X,, X;] onto su(2) in su(3) is independent of § and £. Further, for the
functions 1 and x one derives the set of equations

.3 :
X = 7z ¥? (cos6 — sin6) | (4.70a)
2
x = =1? cosf sinf , (4.70b)
o
. 3 1 .
1 cosf = §w <Q sinf + x cos 0) , (4.70¢)
. 3 1 .
1 sinf = — B P < cosf + x s1n9> . (4.70d)
0

Note that the equations are independent of £&. These equations are mutually compatible
only for 6=7 or 9:%{. For these values of 6 the first two equations yield v» = x = 0
and the last two equations coincide. The system (4.70) admits, besides the trivial solution

(1, x) = (0,0), only the following solutions:

T 1

=17 (0  X=4 (4.71a)
3T 1
1 Y % . (4.71b)
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Hence, we again have a whole family of solutions given by

. 1. 3
A=T+ (exP(f n') exp(f 772)); Iy ®el + 515 ®ez , for 0¢€ {Z,Z} , £€0,2m) .
(4.72)
As the corresponding instantons on the cylinder over M?® do neither depend on the cone
coordinate nor contain dr, they are actually lifts of instantons on M?, which live on the

pull-back bundle of the SU(3)-bundle on the slices of the cylinder.

5 Conclusions

We investigated the geometry of cylinders, cones and sine-cones over 5-dimensional SU(2)-
manifolds. On the resulting 6-dimensional conical SU(3)-manifolds we formulated gener-
alized instanton equations and reduced them to matrix equations via the ansatz (4.5). In
particular, we focused on nearly Kéhler and half-flat SU(3)-manifolds, whereas previous
work [53] had dealt with the Kahler-torsion (KT) and hyper-Ké&hler-torsion (HKT) cases.

In particular, we constructed a nearly Kéahler 6-manifold as a sine-cone over an ar-
bitrary Sasaki-Einstein 5-manifold by means of a rotation of the SU(2)-structures on the
slices. Employing the ansatz (4.22), the instanton equation was reduced to the set (4.24)
of matrix equations, for which we found a family of non-trivial, but constant solutions.
All of these correspond to lifts of M®-instantons to Cy(M?®). In addition, in subsection
4.2.2 we obtained an instanton solution on the manifold Cs(M?) by the construction of
its su(3)-valued canonical connection. We decomposed this connection I'y,(3) into another
su(2)-valued instanton I'yy(9) plus an additional part resembling the ansatz used before.
Using this decomposition and, again, carrying the reduction of the instanton equation out,
we obtained a set of four equations for two functions which parametrize the ansatz. Its
three solutions, for which the scalar functions take certain constant values, correspond to
three instantons on the nearly Kéhler sine-cone that cannot be constructed as lifts of in-
stanton connections on M®. As a by-product, we explicitly confirmed the nearly Kihler
canonical connection to be an instanton. In addition, observing a correspondence between
the solutions, we transferred the solutions of the two cases to new r-dependent instanton
extensions of I' as well as [sy(2)- Remarkably, the extension found for I'” does not seem
to correspond to a lift of an instanton from M?®.

Furthermore, we introduced a two-parameter family of half-flat structures on the cylin-
der over a generic Sasaki-Einstein 5-manifold. Again employing the ansatz (4.5) on these
cylindrical half-flat 6-manifolds, we were able to deduce the matrix equations (4.67) on the
two local frames e and eg . Moreover, we provided families of constant, but non-trivial
solutions. In that case, the instantons obtained this way do correspond to lifts of instantons
on M?°.

It would be interesting to extend the methods presented here, i.e. the reduction of
the instanton equation to matrix equations and the construction of higher-dimensional G-
structure manifolds from lower-dimensional ones, to other scenarios that appear in sting
theory. For example, in M-theory desirable (internal) manifolds are 7-dimensional and are
endowed with a Ga-structure. Therefore, the study of certain SU(3)-structures seems to
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be promising, as one could hope to a obtain interesting Ga-geometries as well as explicit
instanton solutions via the procedures employed here.

Returning to the heterotic supergravity point of view, we expect that our solutions to
the instanton equations can be lifted to full solutions of the heterotic equations of motions
via the BPS equations (1.1) and the Bianchi identity (1.2). The gaugino equation (1.1c)
is already solved by the instanton solutions above. The remaining equations should be
solvable in a manner similar to [22, 23, 32, 33], which may look as follows:

1. The dilatino equation (1.1b) may be solved by a suitable ansatz such as choosing the
dilaton ¢ = ¢(7) and the 3-form H % P where P is the canonical 3-form on the
Sasaki-Einstein 5-manifold.

2. The gravitino equation (1.1a) requires a spin connection with SU(3)-holonomy and
torsion H. Therefore, one can take an ansatz similar to (4.5) from which we know it
to be an SU(3)-instanton. The remaining task is then to check the correct torsion for
this connection. One choice might be the canonical connection I'y,3) on the nearly
Kahler sine-cone, whose torsion is by definition skew-symmetric and we know I'g3)
is an instanton.

3. The theorem of Ivanov requires a connection V on TM® which is an instanton.
Here, the instantons constructed in this paper provide a valuable choice, i.e. by an
extension of the canonical connection. Then the connection V, together with the
gauge connection A, needs to satisfy the Bianchi identity (1.2).

Finally, one has to solve the differential equations that appear for the degrees of freedom
in the different ansitze for H, V™, and V. We hope to report on this process and embed
our solutions into heterotic supergravity in the future.
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