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which relate the Liouville charges at couplings g and g+1. For integer values of g, these
intertwiners give rise to additional conserved charges commuting with all Liouville charges
and known since the 1990s. We give a direct construction of such a charge, the unique one
being totally antisymmetric under particle permutations. It is of order %n(n—l)(Qg—l)
in the momenta and squares to a polynomial in the Liouville charges. With a natural Zs
grading, this charge extends the algebra of conserved charges to a nonlinear supersymme-
tric one. We provide explicit expressions for intertwiners, charges and their algebra in the
cases of two, three and four particles.
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1 Introduction and summary

The Calogero model [1] and its generalizations are the workhorses of multi-particle inte-
grable systems (for reviews, see [2-5]). The n-particle system is well known to be not only
classically and quantum integrable but superintegrable [6], meaning that, on top of the
n mutually commuting Liouville integrals, one has n—1 additional algebraically indepen-
dent constants of motion which form a quadratic algebra [7, 8].! Furthermore, when the
real-valued coupling constant g is an integer,? the model possesses even more structure,
which has been termed ‘analytically integrable’ [9]. In this case, there exist additional
conserved charges commuting with all Liouville charges, which are not algebraic combina-
tions of them. The corresponding ring of commuting differential operators has been termed
‘supercomplete’.

For one degree of freedom (corresponding to n=2 after separating the center of mass),
the occurrence of odd-order (ordinary) differential operators commuting with the Hamil-
tonian is well understood for a long time [10-13] and is tied to the algebro-geometric,
or ‘finite-gap’, nature of the Hamiltonian [14, 15]. Progress for more degrees of freedom

n this paper we only deal with the A,,_; model, including for convenience the additional A, part
representing the center of mass. Generalizations to all Coxeter root systems are straightforward.
2In the mathematical literature, g—1 = m is called the ‘multiplicity’.



started in 1990 with the first examples of two-dimensional (n=3) finite-gap Schrodinger
operators and the construction of the intertwiners (shift operators) at multiplicity m=1
(9=2) [16]. Subsequent works extended these results to larger particle numbers (n>3) and
higher multiplicity (¢>2), focussing mostly on the Baker-Akhiezer function [17]-[24]. An
explicit formula for the additional conserved charges was given by Berest [20] (reproduced
in [21]). Furthermore, Chalykh [19] showed how these charges are obtained by Darboux
dressing with intertwiners, with concrete examples for n=3 and g=2. An important par-
allel development was the application of Dunkl operators [25] to construct intertwining
operators for higher multiplicity [26-28].

In this paper we combine the technology of Dunkl operators with the Darboux dress-
ing method to provide another explicit construction of the additional conserved charges for
arbitrary multiplicity (any integer g). As physicists, we are mainly interested in observ-
ables totally symmetric or antisymmetric under particle exchange. For a discussion of this
issue, see [4, 5]. There exists a unique totally antisymmetric conserved charge ) which
factorizes into 2g—1 intertwiners like in the one-dimensional case. Each intertwiner is a
totally antisymmetric differential operator of order %n(n—l). The new charge Q) squares
to the (2g—1)th power of a universal polynomial in the Liouville charges. Adding just
@ to the quadratic algebra of the Liouville and non-Liouville integrals seems to produce
no further independent integrals. Employing any two-particle exchange as a Zo grading,
the enhanced algebra acquires a (nonlinear) supersymmetry structure. In fact, the formu-
lae (3.31) and (3.32) represent the key results of the present paper.

After reviewing the conserved integrals and their algebra for generic values of the cou-
pling, we provide the construction of @) with the help of the Heckman-Opdam intertwin-
ers and Darboux dressing, compute its square and present the nonlinear supersymmetry
structure. Finally, explicit formulae are given for the cases of two, three and four particles.
Separating the center of mass, one may always reduce the number of degrees of freedom
by one. In addition, the conformal invariance allows one to further separate the reduced
system into a radial and an angular part (in spherical coordinates). This decomposes the
three-particle system into its center of mass, a particle on the half-line in an r—2 poten-
tial and a particle on a circle in a Pdschl-Teller potential (see, e.g. [29]). Reducing the
four-particle rational Calogero system in this manner, the angular subsystem describes a
particle on the two-sphere in a cuboctahedric Higgs oscillator potential [30]. Hence, the
four-particle case is the simplest one not separable into one-dimensional systems and is
firstly worked out in this paper.

2 Integrals of the Calogero model for generic coupling

The quantum phase space of the n-particle Calogero model, defined by the Hamiltonian
R 9(g—1)
RIS o
) 1<)

is spanned by the particle coordinates x' and their conjugate momenta pj, with 4,j =
1,2,...,n. For convenience, we take h = m = 1, so [xi,pj] = ié;, and the only parameter



is the Calogero coupling g € R. We shall often represent momenta by partial derivatives,

0 .
pj = —1@ = —i0;. (2.2)

It is also useful to introduce the center-of-mass momentum and coordinate,

n n
1 .
P = E Di and X = . E x'. (2.3)
i=1 i=1

The standard Liouville contants of motion I for any value of g can be constructed
from powers of the Dunkl operators [25]

. g 9
3(F#9) 3(F#9)

where s;; = sj; are the two-particle permutation operators, satisfying sij:pi =) Sij, 8ij0; =
0js;j and s?j =1.
The independent Liouville integrals read
Ik:res(zwf) for k=1,2,....n, (2.5)
i
with res(A) denoting the restriction of an operator A to the subspace of states which are

totally symmetric under any two-particle exchange. Because the Dunkl operators commute,
[mi,m;] = 0, it is easy to prove that the I, commute with one another,

[k, 1] = 0. (2.6)

The first three Liouville integrals read

L =P, IL=2H, Zpl + 32 pz—l—p]) (2.7)

z<]

where P and H are given in (2.3) and (2.1), respectively. It can be useful to transfer
the Hamiltonian (2.1) to a ‘potential-free’ frame by means of a similarity transformation,
see appendix A. Since (2.6) contains in particular [H,I;] = 0, the I form n involutive
constants of motion, whose leading term for large [2'—27| is ), p¥. Another important
fact, to be used later, is the equality

Ii(9) = Ix(1—g), (2.8)

which follows because the Ij; depend only on the combination g(g—1).
Together with

1 i i 1 i\2
D = 5 ;(x pi + piz’) and K= 2222(33 )=, (2.9)

the Hamiltonian is part of an sl(2) algebra,

[D,H]=2iH, [D,K]=-2K, [K H]=iD. (2.10)



This fact allows for the construction of many additional integrals, from which we may
choose n—1 functionally independent ones. In the following, we derive their structure and
algebra, roughly following [6] and [7] (see also [8]).

Firstly, observe that the I have a definite scaling dimension,

1
~[D, Ii] = kI . (2.11)
1

Secondly, we employ the conformal generator K to create a new operator from each I,

1
S L) = 0y, (2.12)
1
in particular
lenX, JQ:D, J3:§Z(9:pz+plx)+g(g—l)zm (213)
7 1<)

It is straightforward to derive

%[D, Jg] == (f—Q)Jg and [H, Jz] = —Ig . (2.14)

1
i
The Jacobi identity implies that [H [, Jk]] =0, so [Iy, Ji] must be a linear combination
of the I,,,

i i

o ey Jel = Tise—2 = 5L, Jil (2.15)
in particular
i[[l,Jg] = [gfl and i[IQ,Jg] = 2[( (216)
We note that the J,, form a closed algebra,
I[ka JA = (k_E)Jk-i-é—Q ) (217)

thus the shifted operators Ly = Jiio satisfy the Witt algebra. They are not invariant,
but their simple time evolution, J; = i[H, J;| = I;, suggests a composite of I and .J; for
further integrals.

Thus, thirdly, we define the symmetrized antisymmetric combinations

1 1 1 1
Ly, = §<IkJE + Joly) — E(Iéjk + Jily) = i{lky Jo} — 5{147 Jiy = —Log, (2.18)

which indeed all commute with the Hamiltonian, [H, Ly ¢] = 0. Note that we have moved
from the Lie algebra to the universal enveloping algebra. The Lj, have scaling dimen-

sion k+¢—2 and begin with a term of the form z p*+¢-1

in leading order. However, they
form an overcomplete set of integrals. Two interesting choices of functionally independent

ones are

1 1 1
Lyy=:E; = 5{137 Jo} — §{Ie7nX} and Loy =:F,={H,J;} — 5{-’@, D} (2.19)



with £ =1,2,...,n, but note that
1
EL=0=F while Fy,=—-FEy,={HnX} — 5{]37 D}. (2.20)

For our purposes, the F; are more suitable, because they bear a close relation to the
Casimir element of the si(2) algebra,

1
C=KH+HK — 5D2 : (2.21)
Namely, the latter generates the Fy directly from the I,
1
7[0, I))=F,. (2.22)
i
A slightly more convenient form of these integrals is
Fy=2J,H — (D — ;(E-2)> Iy=2HJ;,— I (D + ;(6—2)> . (2.23)

Hence, a useful set of 2n—1 constants of motion for the n-particle Calogero model at
arbitrary coupling g is {P, H, I, ..., I, F1, F3,..., F,}. Their quadratic algebra reads

. i i
illy, I,] =0, E[Ikv Fy| = Iiqo—olp — Ity = z[Ib Fyl, (2.24)
[Fhs B = (b—0) S oo, I} — (k—2){F, I} + (1=2)2 (), I}
ky L] — 2 k+0—2, 12 2 ks Ly 2 0y Lk (225)
= (k=0)(Fioqt—2+ilpq0-2) 12 — (k=2)(Fp+ily) Lo + (=2)(Fy+ile) I .

In particular, one has '

. 1
I[Il,Fg] = Ig_llg - Ig]l = Z[Ig, Fl] (226)

while [Io, Fy] = [Iy, F»] = 0 trivially and Iy = nl.

Since only the first n of the Liouville charges I are independent, one should express
Ini1, ..., Iop—9o in terms of them. This can be done via formulae collected in appendix B.
Inserting the corresponding expressions into (2.24) and (2.25) changes the quadratic algebra
to a polynomial one of order 2n—1.

3 Integrals of the Calogero model for integer coupling

It is known that, for integer values of the coupling g, the A, _1 Calogero model becomes
‘algebraically integrable’ [16]-[24], meaning that the number of functionally independent
integrals of motion increases from 2n—1 to 2n. In other words, there exists one further
algebraically independent constant of motion, which we call (). Its construction relies on
the existence of intertwining operators which relate the integrals I at couplings g and g+1.
It allows not only for the explicit evaluation of the energy eigenstates from the free-particle
ones, but, together with the g +» 1—¢g symmetry, also for the construction of (), in involution
with all Ij.



It was shown by Heckman [28] (see also [26, 27]) that

M(g) Ing) = Ie(g+1) M(g) for  M(g) = res([[(Di=D))(s) ) (3.1)
M(g)* In(g+1) = Ii(9) M(g)*  for  M(g)" =res([[Di-D)(-a)) . (32)

consistent with M(g)* = M(—g), due to the g +» 1—g symmetry. Hence, we may
rewrite (3.2) in another suggestive form,

M(1—g) Ix(g) = Ix(g—1) M(1—g) . (3.3)

The intertwiner M(g) is totally antisymmetric in the 2° variables and is a differential
operator of order $n(n—1). An immediate consequence of (3.1) and (3.2) are the relations

[M(9)*M(g), Ix(9)] =0  and  [M(g) M(g)*, Ix(g+1)] = 0. (3.4)

However, M*(g) M(g) or M(g) M*(g) do not constitute a new integral of motion, because
they are polynomials in the Liouville integrals,

M(g)*M(g) = M(—g) M(—g)* = R(I(g)) =: R(g), (3.5)

where we abbreviate I = {I}} and the like. Since the coefficients of the polynomial R(I)
do not depend on g, they can be computed from the free case (g=0),

R(0) = M(0)*M(0) = | [(9i-0;)°

1<J
n—1 2 n—1
1 9 ... o 1 1 ... 1|1 8 ...
1 9 ... oyt N . O 1 B ... Oyt
=|. . : = . : A : (3.6)
1 9, ... ot op~tont oot (1 o9, ... opt
= (%: a]ijij) ; — (-1)[% det(Ii+j—2(O))ij )
It follows that
R(g):(—I)L%Jdet(IHj,g(g))ij with Ip=n, (3.7)

yielding a specific polynomial in Iy, Io, ..., I2,_o, which is then reduced further by employ-
ing (B.1). For a small number of particles, one obtains

n=2:R=1I} -2, (3.8)
n=23:R =11 — 201 1,13+ I3 — 3151 + 313
1
= 6(116 — Iy + 81713 + 211713 — 3611 I, 15 — 315 + 1813) (3.9)

n=4:R = —Ix+212235+ 12244 — 312334+ 41246 — 41255+ 13333 — 41336+ 81345 — 41444

1
== (915 — 9015 14— 681515 + 28815 17 + 1441, 151, — 2415 —28813) , (3.10)



where in the n=4 case we put Iy = 0 and abbreviated I, = Ipl¢l,, --- for simplicity
and shortness.

So far, we did not specialize the value of g. It is clear that something special happens
for g € N. In this case, a product of intertwiners relates the integrals I (g) to the free ones,

I1,(0) = Ii,(1),
L(g)Ix(1) = Ix(g)L(g) ~ with  L(g) = M(¢9—1)M(g—2)---M(2)M (1)  (3.11)
for g > 2, and the conjugate reads
L(g)" = M(=1)---M(2-g)M(1-g). (3.12)

From (3.5) we learn that

1

L(g) L(9)" = (R(9))*""  and  L(9)*L(g) = (R(g+1))*" (3.13)

commute with I;(g) and I;(g+1), respectively.
Suppose now that, in the free case, some operator G(1) commutes with one of the

Liouville charges,

[G(1),I(1)] =0. (3.14)

A quick computation shows that its Darboux-dressed variant then commutes with the
corresponding charge at any integer coupling [37-39]

(G(9), I(g)] =0 for  G(g) = L(g)G(1)L(g)*. (3.15)

This is consistent with the involution of the Liouville charges, due to

L(9) k(1) L(9)* = (R(9))* ' Ii(g) - (3.16)

There is a large choice for ‘naked’ operators G(1): any polynomial in 9; with constant
coefficients will produce a conserved charge in involution with all Liouville integrals [19].
However, as physicists we are interested in observables which are either totally symmetric
or antisymmetric under particle exchange, see [4, 5. The totally symmetric ones are
already spanned by the Liouville integrals. Hence, we are considering here only G(1)
which are antisymmetric under any permutation s;; of two particle labels. The simplest
such expression is

G(1) = M(0) = [[(2i—9;). (3.17)

1<)

Applying the Darboux dressing to this operator, we obtain?

Q(g) = L(g)M(0)L(g9)" = M(9—1)M(g—2)--- M(1)M (0)M(—1) --- M(2—g)M(1—g),
(3.18)
which builds a chain relating Ij(g) = Ix(1—g) back to Ix(g),
Q9 Ir(1—g) = I(9)Q9) = [Q(9), Ir(9)] = 0. (3.19)

#We may extend the definitions by declaring L(1) = 1 and Q(1) = M(0).




We have thus identified another conserved charge, which cannot be reduced to the set
{Ix, Fy} and is of order $n(n—1)(2g—1).1

A second possibility to form such a chain starts from half-integer values of g. The
candidate for conserved charge then has the form

M(g—1)M(g—2)--- M <;’) M @) M (—;) M <—;’>  M(2—g)M(1—g),  (3.20)

which produces a polynomial in the I upon repeated use of (3.5) and (3.1). It does not
yield a new integral of motion.
In order to understand the relation of Q(g) to the other integrals of motion, we compute

its square,

Qg9)* = M(g—1)--- M(3—g)M (2—g) M(1—g)M(g—1) M(g—2) - -- M(1—g)

= M(g—1)---M(3—g)M(2—g)R(g—1)M(g—2)M(g—3)--- M(1—g)

= M(g—-1)---M(3—g) M(2—g)M(9—2) R(g—2)M(9—3) --- M(1—g)

(3.21)
= M(g—1) - M(3—g)(R(g-2))*M(g-3) - M(1—g)

= M(g-1)M(1-9)(R(1-9))* > = (R(1-¢))* " = (R(g))* ",

and find a polynomial in the I integrals again.
For the full enhanced algebra of conserved charges in the case of integer coupling, we
lack the commutators of the new charge () with the integrals Fy, at any fixed g € N,

Q. F1) = 3 [101C.QI] = 1[I0 [K,Q)] +  [1n (K. Q)] H = Jnln-1)(29-1)Q1L;

— H[iQ, )] + [iQ, i) H — %n(n—l)(Qg—l)Q I (3.22)

Clearly, we need to compute either [C, Q] or [K, Q] or [Jy, Q]. The first two do not lead to
enlightening expressions,® but

I, [1Q, Jel] = [1Q, [T, Je]] = K [Q, Tro—2] = 0 (3.23)

implies that the third commutator is a polynomial in the Liouville charges and (). Being
totally antisymmetric under particle exchange, it has to be linear in @, thus

i[Q, Je] = (29—1) Q Ge(1) (3.24)

with Gy being a polynomial in the [ of conformal weight /—2, and we have pulled out
a convenient factor in its definition such that the coefficients of this polynomial will not
depend on g. The evaluation of the G, can be found in appendix C, with the result

12 -1
G = 5 E)Ig_g_jfj — TIH, (3.25)
j:

ln n— — — .
*Another explicit formula is Q(g) ~ (adH(g))?2 (rmDEIT A0 ith A = I
®Despite the fact that [D;, K] = x' will simplify [M(g), K].

(' —27) [20, 21].

1<j



where Iy = n. The lowest instances are

1 3 1
gl - 07 g2 - in(n_1)7 g3 - (n_l)PJ g4 - (n_2> 2H+ §P27
5 ) (3.26)
Gs = (n—2)I3+2HP, Ge = <n—2> I3+ I3P + 54H?.
For the desired commutator it follows that
. 1
i@, Fy] = (2g—-1)Q <QQgH - 2n(n—1)Ig) = QC(I), (3.27)
consistent with the observation
(I, [1Q, Fi]] = [iQ, [, Fil] = k[Q, Ixye—2lr — It 1] = 0. (3.28)
Hence, the first few structure constants read
1
0 =—(2g-1)zn(n-DP,  C=0,  C3=(29-1)(n-1) (2HP - 3@,) ,
(3.29)

Cy = (2g-1) ((4n—6)H2 + HP? - ;n(n—l)h) .

It is clear that no further algebraically independent constants of motion can be produced
from commuting the known ones.

In this paper, we discuss the formal commutation properties of operators in the quan-
tum Calogero model and do not investigate their proper domains and kernels. Nevertheless,
these are important and interesting issues and relate to the physical features of the theory.
However, they are more naturally studied in the context of a P7T-symmetric deformation
of the Calogero model [31-33].

Any permutation operator s;; serves as a suitable Zo grading operator for our en-
hanced algebra of conserved charges. Since we only consider observables totally symmetric
or totally antisymmetric under any particle permutation, only the additional conserved
charge @ is odd under this grading,

producing an N'=1 nonlinear superalgebra.® In contrast with the one-dimensional cases, the

anticommutator of the supercharge produces a polynomial not only in the Hamiltonian but
in all the Liouville integrals. The nonlinear supersymmetry algebra has the following form,

Up, L) =0,  illy, Fy) = Axe(I),  i[Fy, F) = Bie(I, F),

21 (3.31)
QL] =0, i@ F]=QC(I), {Q,Q}=2(RI))™ ",
where the polynomials are
Apo(I) =k (Iygo—212 — Ii.1p)
Byo(I,F) = (k—ﬁ)%{Fkazab} - (k—Q)%{Fkafé} + (5—2)%{17@,[1@} (3.32)

Co(1) = (29—1) (Zﬁ;ﬁfujfjﬂ — (0=1)I;_oH — ;n(n—l)Ig) :

SAn additional supercharge of nonlocal nature can be constructed using as a grading operator any
two-particle permutation operator. However, the supersymmetric structure does not change radically.



Such algebras have been identified and applied in various single-particle quantum mechan-
ical systems [34]-[40].

4 Two particles

When n=2, all quantities are easily computed, since after separating the center-of-mass de-
gree of freedom, one is left with a rank-one system parametrized by the difference variables,

Tr = 1‘12 = $1—$2, 20 = 812 = 81—82, D12 = DI—DQ = 2(8 — gslg) . (41)
X

In terms of these, the conserved charges take the form

P = —1(81 + 82) , (42)
e b ey Lo 9\ (o 9\ _ Lo oo 9(g—1)
H = 1P = Jres(D},) = 1P <a+ x) (a x) R LR = P CE )
1 1
F = §(x1+x2) (4H — P?) +1i <:178—|— 2) P
1 9 1 e
= (2 0—2701)(01—02) + =(01+02) + 29(9—1)ﬁ , (4.4)
2 (z1—2?)
while the s/(2) Casimir reads
1 1
C = ((z")*+(z*)*)H + §(x181 + 220)? — 3
4.5)
1 1 (z!)?+(2?)? (
= —5(96132—3?231)2 5 g(g—l)m
The only nontrivial commutator among the conserved charges is
i[P,Fy]| = 4H — P?. (4.6)

In this combination, the center of mass is decoupled.
Let us look at the additional charge which appears at integer values of g. The inter-
twiner is immediately constructed,

M(g) = 2res(d = Ls1) = 2(0 - 2) = 207! (ia) £ = 209079 (4.7)

To verify the properties of Q(g), it is convenient to remove the center of mass contributions,
~ 1 glg—1
Ik(g)|p:X:0 = Ik(Q) = H(g) :H_4P2:_82+(xg)7 (48)

and check that

M(g)H(g) = z(a - %) (—62 + g(i;l)) - 2(-32 + g%;rl)) (a - %) — H(g+1)M(g).
(4.9)

The extra integral of motion is of order 2¢g—1,

Qlg) = M(g-1)---M(1—g) = Q(9)* = (P*~4H(g))* " = (-4H(9))*"" (4.10)

,10,



due to M(—g)M(g) = P>~4H(g). By construction, Q) commutes with H and P, and with
F1 it obeys
Q. Fi] = —(29-1) QP (4.11)

At small values of g, for the full intertwiners defined in (3.11) one finds

L(2) =2 (a— ;) , (4.12)
L(3) =4 (82—8+ 3) :
_g(ep_ S Py D
L(4)_8<8 xa So-— ).
L(5) = 16 <a4 Wgs 4 ﬁa —@a 1045> :
.%' .'L' X

and the odd charges take the form

Q1) =20, (4.13)
3 3

Q(2)=28 (83—28—1—3) ;

15 45 45
Q(3) =32 <a5 p — 0%+ 382—48> ,

Q(4) = 128 <a7 2o 4 21084 31583 630 50, 2835, 25;5;,5) |
22 . 6 -
90 ., 630, 945, 9450 ., 61425 5 155025 ., 15592
@) =o12 (89 0T+ 50— O =0 0 - 0+ 552 56) .
33 x x T T - .

5 Three particles

For n=3, one may also remove the center of mass and deal with the remaining rank-
two system. Because the two-dimensional description of the As root system lacks the
manifest permutation symmetry however, we keep all three particle coordinates here [41,
42]. Abbreviating

" =o' —al | 81']' = 8i—8j s Dij = Di_Dj = 8ij — ﬁsij + Wsjk + wski (51)

for {i,j, k} being a permutation of {1, 2,3}, the conserved charges read
P = —1(81+82+83) , (5.2)

1y o o 1 1 1
H= —5(814—(924—83) +g(g_1) <(£L’12)2 + (123)2 + ($31)2> ’ (53)
0140 0940 O03+0
(93,93, 93 . 11+02 2+03 3401
I3 = 1(81—1-32—}—83) —3ig(g—1) ((1:12)2 + e + (x31)2> ,
Fy = 2(z' +2?+23)H + (20 +2° 0o+ 2305 + 1) P
F3=2J3H + i(x1(91+x282+w363 +2)1I3

— 11 —



with

(5.7)

1_|_ 2 2_|_ 3 3+ 1
Ty = — 0120 —0s2>0y—032° 03 + g(g—1) (9(;12”;2 fngsf)CQ fxm‘;)

The sl(2) Casimir takes the form

C = ((@")*+(2*)*+(=°)?) H + % <x161+x282+x383 + ;’) (x161+x282+x383 —~ ;)

— _%(7122 + Tss + Ta51) — g +9(9-1)((@')*+ ")+ (")) < : +($213)2+ ($311)2> 7

(212)2
(5.8)

where we used the angular-momentum operators
The nonvanishing commutators are

i[P,Fy] = 6H — P?, i[I3,F]=12H* — 3I3P, i[P, F3|=4H”* — I3P,

i[I3, F3] = =313 + 8I3HP +12H* — 12H*P* + HP*, (5.10)

. 1

I[Fl, Fd] = §(F1[3 + I3Fy + F3P + PFg) .

Applying the formula (3.1), we find the intertwiner

M (g) = res(Di12(g9)D23(9)D31(9)) (5.11)

2 2 2
=AY (812823831+ 812+ 823+ a31 ( 1'3)2 812_ ($2§)2 823_ ($3‘?)2 83l> AT

with A = 212223231, Tts explicit form is

2 2 2
M(g) = 012023031 — 71%323331 - 72%031312 - 7391512323

4g? g’ 4g? g(g—1) g(g—1) g(g—1)
ST 122308 T 223 33 a0t 23112 Oa3 — (212)2 Oz — (z23)2 Oas — (z31)2 Os1
69%(g+1) 1 1 1
~ gzt 290 D9+2) @2 T @ T g ) (5.12)

For g=1 this reduces to eq. (19) of [16] (after correcting a typo there). M(g) is a third-order
partial differential operator and satisfies the relation

4 1
M(—g)M(g) = 313 — 12I3HP + g13P3 —4H? + 14H*P? - 3HP* + 6P6 . (5.13)

The additional conserved charge is of order 3(2¢g—1),

Qlg) =M(g—1)---M(1—g) = Q9> = (M(—g)M(g)) (5.14)
Its nontrivial commutation relations are
iQ, 1] =-3(2¢-1)Q P,
4 (5.15)
i@, F3] = —3(29—1)Q (.73 - 3HP> .
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The lowest full intertwiner reads

2 2 2
L(2) = M(1) = 012023031 — 12023031 — 33031012 — 37012023

(5.16)
4 12
T 19,93 Os1 + x23x31812 T 3,12 Oa3 — 212,23,31
and the first two odd charges take the form
Q1) = 912023031 , (5.17)
1 3
9) — —93.93.93. — 3 92.62, 19 3 o3
1
Q(2) 6812 23951 T (712)2 (07203031 +201205303: )
12 2 93 3 93 2 92 o2
4
1
+ (@123 (012053031 +053031 +4012053051 )
L 2 3 92
+12 ( (212)4 + (x12)2(:c31)2> 012023
22 15 14 9 A2
+12 ((x23)4 T (212)d (:1:12)2(9523)2) 01203031
2 1 1 3
— 720 <(:c12)5 C (212)3(231)2 (w12)2(x31)3> 012023
3 1 1 3 9 2 4320 9
— 360 <(9012)5 (@31 (212)3(281)2 (3312)2(:331)3) 012023+ (212)2(31)4 012023
35 28 16 10 24 3
—120 <($12)6 + (223)6  (212)3(223)3 + (223)3(231)3 - (x12)2(9331)4> 012
5760
T (212)2( 31)4612823831
35 14 10 8 14 2 9
+720 (2127 (22)7  (212)5(223)2  (212)4(223)3 T (212)3(x23)% (3312)2(5523)5) 012
21 46 30 8 4
— 4320 + — + - ) d12
((xm)s (212)7(223)  (212)6(223)2 " (212)5(22)3  (212)3(223)5
18144 4
81440 00450 + all permutations in (123). (5.18)

(2129 + (212)73 23431
6 Four particles

This is the simplest case which cannot be separated into one-dimensional systems. With
the same abbreviations as in the previous section but

29 g 9 g 9 .
Dig = 012 — ﬁSQ — ﬁslg + ﬁsz», — ﬁsM + ﬂsﬂ and permutations, (6.1)

we have the following integrals of motion,

P =i (81+62+33—|—84) s (6.2)
1 1 1 1 1 1 1

H= _5(8%4'822"‘8%"'63)"'9(9_1) ((x12)2 T (2132 T (z14)2 + (2232 T (224)2 ™ (x34)2> 7

(6.3)
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O1+0y O1+03 01+04 0Oo+03 O9+0s4 O340
13:i(8?+8§+8§’+8§f)—3ig(g—1)< 1102 1+03 1404 o+03 +04 3+ 4)

(1.12)2 (.%'13)2 ($14)2 (11323)2 (.%'24)2 (1‘34)2
(6.4)

Iy = 01+ 05+05+01 — 4g

03 +034+0102  024+03+0105 02 +03+0104
(9-1) (212)2 + (213)2 + (14)2
8224-8%4-8283 8§+8§+8284 83%4-824-6384
(23)2 + (224)2 + (z34)2

Oh—0y 0O03—01 01 —0s 0Ooy—03 0Oo—0s 03—0
+49(9-1) < (13312)32 T (:;31)31 T (11;14)34 (23323)33 &24)34 T (?;34)34>
1 1 1 1 1 1
+2(9+2)g(9-1)(9-3) ((x12)4 + (z31)4 + (z19)4 + (2234 + (224)4 + (x34)4>
1 1 1 1
+49%(9-1)? ((azm)Z(m?’l)Z T (12)2(z11)2 + (231)2(z14)2 + (221)2(223)2
1 1 1 1
T (221)2(z24)2 + (223)2 (2212 + (231)2(2%2)2 T (231)2(2%1)2
1 1 1 1
+(m32)2(x34)2 T (291)2(742)2 T (211)2(713)2 + (a:42)2(x43)2> , (6.5)

Fy = 2(z 42?2342 H + 1 <x181+x282+x383+x484 + g) P, (6.6)
o 2 3 4 5

F3=2J3H +1i ( O1+2°0o+x°03+1x704 + > I3, (6.7)

Fy =2J4H +1i (2'01+2”00+2° 034204 + 3) Iy, (6.8)

where derivatives in fraction numerators are understood to be ordered to the right, and
with
J3 = — alxlal — 82$282 — 03$383 — 84:5484 (6.9)
ela? a2t 24zt 2?42 224t 234t
(g—=1) (z12)2 T (213)2 T (2142 T (22)2 T (2242 T (1392 )

3
Ji = i(z'03 + 2203 + 2295 + 2103) + 51(8% + 05 4 05 4+ 03) (6.10)
. 2zt + 2201 + 222 +2Hoe + 1 (22t + 2301 + (223 + 2H)o5 + 1
- 1g(g—1) (1,12)2 + ($13)2
2zt + 210 + (22t + 2oy + 1 (222 + 23)0s + (222 + 22)05 + 1
+ (z14)2 + (2232

(222 + 20 + (22 + 22)0y + 1 (223 + 2405 + (22 + 23)0s + 1

(1.24)2 + (1’34)2 :

The sl(2) Casimir reads
C = ((xl)2+(:1:2)2—|—(x3)2+(x4)2) H
1
+ 3 (m181+x282+x383+x484+2) (x181+x282+x383+x484)

4
:—7Z$3+gg 1)) (o Z 1) : (6.11)
k=1

i<j i<j
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The list of nonvanishing commutators is the following,
i[P,F1] =8H — P?, i[l3,F] = 12H? —33P, i[P,F3) =4H” - 3P,
i[I3, F3) = 6I4H — 312, i[P,Fy) = 2I3H — I,P, i[l4, F] = 8I3H — 4I,P,
i[I3, Fy] = —3I,135 + ?QHP +10I3H? — 5I3HP? — 15H3P + 5H?P? — iHP‘L" ,
40 20 20 1

i[I4, F3) = —4I403 + 10I,HP + §I3H2 — 3Ig,HP2 —20H3P + §H2P3 — gHP5 ,

i[Iy, Fy] = —4IZ+12I4H2+6I4HP2+§I§H—1—36[3HP3—8H4—12H3P2+6H2P4—éHP6 :

[y, Fy) = %(Fllg + I4Fy + P3P + PFy) (6.12)

i[Fy, Fy] = %(F1[4 + I,Fy + 2F4P + 2PF, — 12F3H),

i[Fy, Fy) = Fyl3 + I3Fy — 2F,HP — %Fng — %I4F3 — [3H(2H—-P?) — %I4HF1 +HR
+ %IgH(FlP—i—PFl) — %HQ(F1P2+PF1P+P2F1) + %H(FIP%r 4P,

The intertwiner is now a differential operator of order six,

M (g) = res (D12(9)D31(9)D14(9)D23(9)D24(9) P34(g)) (6.13)

whose explicit form is represented below using a graphical short-hand notation in figure 1.
In each diagram, the four particle labels i = 1,2, 3, 4 are carried by the corners of a square.
A solid line connecting corner ¢ with corner j represents a derivative 0;;, and a dashed line
between corner ¢ and corner j stands for a pole % The sign ambiguity is fixed by taking a
cyclic ordering for the labels i, j € {1, 2,3} and by always keeping the label 4 in the second
slot. In other words, we put i < j except for the pair (3,1). To illustrate this notation by
an example, we translate the third diagram in the expression below,

1 2

N 1
1S 012023034014 .

SN T 3124
4 3

We have checked that the expression (6.13) intertwines with the Hamiltonian and that

it squares to

M(-g)M(g) =

1
o (P'? — 48P'"H + 840P®H? — 6368P°H® + 19344P*H* — 21888P?H® + 4608 H®

+ 40P°I5 — 1296 PTH I3 + 12576 PP H% I3 — 33344 P3H3 15 + 24576 PH* I3

+ 544PST2 — 9024P*HIZ + 16896 P> H I3 — 4352H3I3 + 2496 P3 I3

— 1152PHI3 — 19215 — 36 P%I; + 1152P°HI, — 10800P*H?I, 4 24768 P*H3I,

— 11520H*I, — 1008 P°I31, + 16416 P2 HI31; — 25344PH?I314 — 7200P? 131,

+ 2304HI31y + 468P*I7 — T488P*HI} + 9216 H*I} + 6912PI31F — 230417) . (6.14)
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N .

4 [ IS | 2 N 2 ’/n\‘
200 1 229 -Dg+) (2 | N - + —9lg=DBg+3) X
1, NI A

I\\ //
+4g°(g - 1) ( Y
DA
N
ARY
i
T
A1/
e —
+9%(g—1)%*(g +2)* —d*(g-3)g—-1)(g+2)(g+4) + all permutations in (1234).
T Selulal

_____

Figure 1. M(g) for the four-particle case.
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The additional conserved charge Q(g) is a differential operator of order 6(2g—1), which
equals 18 in the simplest nontrivial case of g=2. It squares to the (2g—1)th power of the
12th-order polynomial (6.14) and obeys

i[Q, A1l = -6(29-1)Q P,

i[Q, F3] = —6(29—1) Q (I3 - HP) ) (6.15)
i[Q, Fy] = —6(29—1)Q <I4 — §H2 — émﬂ) .

We remark that the isomorphism between the As and D3 Lie algebras can be employed
to pass to another distinguished coordinate basis [43-45],

: . 1 /1 1-1-1
YU =Moot with (M%) =3 (% 1 f%) and  a=1,23, (6.16)
which manifestly decouples the center of mass defined in (2.3) but destroys the permutation
symmetry of the coordinate labels. It remains to be seen whether the coordinates y* allow
for a simplification of the four-particle expressions above.

7 Outlook

The existence of the additional integral of motion ) for integer values of g in the rational
Calogero model and its analogy with single-particle models suggest several directions for
further investigation.

Beyond the rational model, there exist the well-known trigonometric, hyperbolic and
elliptic generalizations of the inverse-square interaction. All these models also display Liou-
ville integrals of motion and an intertwining operator like M (g). It is natural to investigate
the existence and nature of the operator () as well as the corresponding modification of the
supersymmetry structure presented here. Although these models are not superintegrable,
so integrals like Fy will be absent, they are all related with finite-gap potentials for special
values of the coupling parameters. In single-particle finite-gap systems (or the two-particle
case discussed here for integer values of g), the conserved quantity analogous to @ is the
Lax operator. The properties of this Lax operator (for instance its kernel) depend on
the type of potential being considered. Hence, we expect differences in the supersymme-
try structure for the distinct interaction potentials in the quantum integrable many-body
models as well.

In the same spirit, the spectrum of single-particle finite-gap systems and the nature of
the Lax operator change under a PT deformation [33]. Such a generalization deserves to be
explored also in multi-particle integrable systems with a supersymmetry charge @ [31, 32].

Finally, the analysis of possible factorizations of the operator @) is mathematically in-
teresting. In the single-particle case, the Lax operator naturally induces a factorization
which reveals the existence of two additional nonlinear supercharges when a matrix Hamil-
tonian system is considered [46]. One can try to generalize this situation to the Calogero
model and its cousins.
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A Formulae in the potential-free frame

It is sometimes convenient to perform a similarity transformation of an operator A by the
gth power of the Vandermonde determinant,

A=ATAN  with  A=]]@E 2. (A.1)

1<j

The transformed Dunkl operators take the simple form

~ . g
F=pitiy 5 (s5-1) & = Z _xj (1-sij), (A.2)
J(F#6) 3(5£4)

and the transformed Hamiltonian looses its potential term, acquiring instead a first-order
derivative term,

ﬁz—;res(z:ﬁg) :—;Zaf—zxz —(0-0)). (A.3)

1<J

For this reason it is called the ‘potential-free frame’. Note, however, that the ‘duality’
symmetry between g and 1—g is hidden in this frame.

Heckman’s intertwining formulae [26-28] were in fact derived in this frame,

M(g) T(g) = Tnlg+1) M(g) for  M(g) =res(A7 [[(Bi=Dy)(9)).  (A4)
1<J
M(g)' Tu(g+1) = Tu(g) Mgy for M(g)" =res([[Di-D)9) A).  (A5)

Since ]/\4\(9) is an intertwiner, the definition (A.1) must be modified to M(g) =
AITIM(g)A~9 here. The intertwiner M(g) is totally symmetric in the 2% variables and a
differential operator of order in(n—1).
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B Dependent Liouville charges

The dependent integrals I,,+1 can be expressed in terms of the independent ones by means of

k

egc 10---0 L 1 o --- 0
—e2 01---0 L L 2 --- 0
I, = tr : Doro with eg:%det : : Dot ,  (B.1)
+e,-100--- 1 Ip i Ii_g Ipg -+ 0—1
Fe, 00---0 Ig Ig_l Ig_g-” I

where the sign choice correlates with n being even or odd. In this way, one finds that

n=2: IngHP—%P?’, I4:2H2+2HP2—%P4, 15:5H2P—%P5,
Is = 2H® + 6H*P? — ;HP4, I; = TH3P + gH2P3 — ZHPE’ + épﬂ
Fy=HF — é(F1P2+PF1P+P2F1) ,
Fy = %H(F1P+PF1) — é(F1P3+P2F1P + PF P>+ P3Fy),
Fs = H*F, — %(F1P4+PF1P3+P2F1P2—|—P3F1P—|—P4F1) e
n=3: I, = %IP,P +2H? —2HP? + %P‘*, Iy = §I3H + 213132 — ngg + épf) ,
Is = ézg +2I3HP + %13133 +2H? — 3H?P? — %HP“ + %PG ,
Fy = F3P + §I3F1 — %H(FlPJrPFl) + i(F1P3+PF1P2+P2F1P+P3F1) ,
Fy = %F3(2H+P2) + %Ig(FlP—i—PFl) — %H(F1P2+PF1P+P2F1)
+ %(F1P4+PF1P3+P2F1P2+P3F1P+P4F1) e
n=4: Iy = ZAP + glgH — 213132 — gHQP + %HP?’ — 2714135,
Is = gI4H + z 1 P? + % 2 213133 — H3 — gHQPQ + 2HP4 — ipﬁ,
Fs = F,P + %F3(2H—P2) + 3141?1 — élg(FlP—i—PFl) — %H2F1

1

50 (R P+ ... +P'F), ...,

1
+ EH(F1P2+PF1P—|—P2F1)
(B.2)

and so on.

C Derivation of the polynomials G,(I)

The task of this appendix is the computation of the polynomials G,(I) appearing in

i[Q(9), Je(9)] = (29-1) Q(g) Ge(1(9)) - (C.1)
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The factor of 2g—1 stems from the fact that Q(g) is a product of 2g—1 intertwiners M (g—j)
for j = 1,...,2g—1. The remaining dependence on g can only hide in Q(g) and I(g). To
find the polynomials Gy(I), it therefore suffices to investigate the free case, g = 1, i.e.

i[QM), Ji(1)] = Q(1) Ge(1(1)), (C2)
with
QM) ~[[i—py)  and  J(1) = (&'p") s (C.3)
1<J 7

where the label ‘sym’ denotes symmetric or Weyl ordering, with weight 1/¢. In the commu-
tator, each term in the symmetrized sum Jy(1) contributes identically. Hence, the ordering
does not matter, and one finds

i[Hi<j(pi_pj)7 Zk(xkpf;—l)Sym} = (Hi<j(pi—pj)> Z pi_l : (C4)

We read off that

—

g_l pﬁlpf;t_l_ —j 521 =1 (-2
=52 —ZZ p’—Z kpjmgik:pk

Pk — Pm
k#m k#m j=0 k,m j=0
C.5
1 = A I -1 )
D) Z > kPy, Zmpym) - Tkak =3 ZI€—2—jIj - TIZ—%
j=0 7=0

as claimed. It is obvious that

1 1 1
G =0, Go= 2};11 =5n(n=1),  Gs= 2];;(pk +pm)=m-1)P. (C.6)

For ¢ > 2, we may split off the first and last term in the sum and insert Iy = n,

{—1 Iroo— Iy for ¢ odd
Gr = (n—) Ip o+ 1Ip 3l + gyl + Iy 5I3+ ...+ (2RI .
2 %I(E,Q) /2 for ¢ even

(C.7)
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