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1 Introduction

Noncompact Sp(2,R) duality arises in nonlinear electrodynamics interacting with dila-
ton and axion scalar fields which support a nonlinear realization of Sp(2,R) in the coset
Sp(2,R)/U(1) [1]-]7]. The Sp(2,R) self-dual Lagrangian contains a specific interaction of
the electromagnetic field F,,,,, and the coset scalar fields S = (S, S2) [5],

1 _ .
L3S, F) = L(S) + Zlem”an + L(\/S2F ), (1.1)

where L(F) = —2F™M Fo, + L™ (F) is any Lagrangian of U(1) duality-invariant systems
of nonlinear electrodynamics [1]-[4], and L(S) is a sigma-model-type Lagrangian for the
coset scalar fields. Like in the U(1) duality case, the Sp(2, R) covariance is respected by the
full system of equations of motion following from (1.1) together with the Bianchi identity
for F™" ~ (Faﬁ,Fdﬁ), while (1.1) on its own does not possess either Sp(2,R) or U(1)
invariance. Coset-field-extended self-dual systems of abelian gauge fields are of interest as
they naturally appear in extended supergravities (see, e.g., [8] and references therein).
The auxiliary-tensor formalism for U(1) self-duality [9]-[12] is based on extending the
[}
to any extra constraints like the Bianchi identity. In the extended formulation, U(1) self-

pure F™" system by an auxiliary bispinor field (Vs,V, 5) ~ V™" which is not subject

duality is equivalent to manifest U(1) invariance of the nonlinear auxiliary interaction E(V).



Solving the algebraic equations for V5 as V3 = Vog(F), we regain the self-dual nonlinear
Lagrangian ﬁ(F ) in the standard representation. The main advantage of the formulation
with auxiliary tensor fields is that it reduces the construction of the most general duality-
invariant action for F™" to listing all U(1) invariant auxiliary interactions F(V'). Later on,
this approach was generalized to the U(N) case [13] and to self-dual systems of nonlinear
N =1 and N = 2 electrodynamics [14]-[17].

The natural next step is to include coset fields into the formalism of auxiliary (su-
per)fields, first at the purely bosonic level and then, taking this as a prerequisite, to pass
to the corresponding superfield extensions. In this paper we address the first part of this
program. Namely, we generalize the formalism of auxiliary tensor fields to Sp(2, R) duality
invariant theories.

In section 2 we start with a review of the Gibbons-Rasheed construction of the axion-
dilaton couplings in nonlinear electrodynamics. In section 3 we introduce the auxiliary
bispinor complex field Vag which transforms covariantly under the nonlinear realization
(NR) of Sp(2,R). By construction, the basic Lagrangian obeys the Gaillard-Zumino rep-
resentation and includes the Sp(2,R) invariant nonlinear interaction of the auxiliary fields
Vag. Solving the auxiliary-field equation in terms of the electromagnetic field (F,g, I 5-)
we obtain the general self-dual Sp(2,R) Lagrangian in the standard representation. A more
convenient construction of the auxiliary-field representation is based on a Legendre trans-
formation. We also consider Sp(2,R) self-dual models with higher derivatives, employing
covariant derivatives of the NR auxiliary fields. Section 4 describes an alternative formal-
ism, which starts from auxiliary bispinor fields V' transforming under a linear realization
(LR) of Sp(2,R). The auxiliary interaction E in this formulation satisfies nonlinear con-
straints. The Legendre transformation allows one to linearize and solve these constraints,
connecting F with the Sp(2,R) invariant interaction of auxiliary scalar fields. The two
different choices of the auxiliary bispinor fields lead to equivalent F' representations of
self-dual Lagrangians.

2 Axion-dilaton coupling and nonlinear realization of Sp(2, R)

The infinitesimal transformation of the group Sp(2,R) ~ SL(2,R) (i.e. an element of the
algebra sp(2,R)) can be parametrized by the 2 x 2 matrix

B= (Z _ba> (2.1)

where a,b and ¢ are real numbers. The nonlinear realization of Sp(2,R) is arranged as the
transformations of the scalar field S = S; + iSs [5]

6S = b+ 2aS — ¢S?, (2.2)
051 = b+ 2aS; — C(S% — S;), 65y = 2(a — CSl)SQ , (23)

where the real scalar fields S7 and S5 are connected with the axion A and dilaton ¢

S; =24, Sy=e2 (2.4)



The invariant Kahler 0 model Lagrangian contains the Kéhler metric gq5 = —ﬁ ,

0"S0mS  (0mS1)? + (9n52)?
(S —-8)2 453

L(S) = gg50™80,,8 = — = (e220,,4)% + (Omo)?. (2.5)

It is convenient to make the rescaling
1
LIS(A,¢)] — ZLIS(EA,£9)], (2.6)

where £ is a coupling constant of dimension —1.
The scalar equation of motion
_AL(S) 1 20M50,,51

EO(S)i— AS :(5_5)2 DS—FW —0,

(2.7)

where A/AS is the Euler-Lagrange derivative, transforms covariantly under the transfor-
mations (2.2):

SEY(S) = —2(a — ¢S) E°(S). (2.8)
For the electromagnetic field strengths we will use both the bispinor and tensor repre-
sentations
1 ; 1, 1 _ _
FA(A) = Z%Am — ZaﬁﬁAag = 5lome" - o"a™)2 Fom, (2.9)
Q= FQ'BFQB =t+iz, p=F*=t—iz,
1 1 -
ti= ZFm"an, z = ZF"man. (2.10)

The general U(1) self-dual Lagrangian L(¢p, @) = L'(t, z) satisfies the nonlinear differential
condition [1]-[4]

Im [p — 4¢p(Ly,)% = 0. (2.11)

In this notation, the Gibbons-Rasheed (GR) Lagrangian (1.1) describing the interac-
tion of scalar fields with the electromagnetic field in the nonlinear electrodynamics [5] is
rewritten as

~

LS, F) = L(S) = 5510+ 5515+ L5, §)
= L(S) 4 Siz + L' (Sat, So2) := L(S) + L*(S, F). (2.12)

Here, L(¢, ) is the same U(1) self-dual Lagrangian as before, but with the rescaled argu-
ments,

¢ = Sop, P =5p. (2.13)

A o

Evidently, L(¢, $) satisfies the same condition as (2.11):

Im[p —4¢(Ly)?% = 0. (2.14)



In what follows, we will need the explicit expression for the part of (2.12) linear in ¢ and @:
L34(8, F) = I34(8, F) = —%(5@0 _S3) = Siz — Sat, (2.15)
where we took into account that
L(p ) = 50+ 9) + E™(0,9). (2.16)
Now we consider the Bianchi identity for Fg, Fa i
Bog = 00 F, ;5 — 03Fa5 =0 (2.17)
together with the nonlinear F-equation of motion
Eoi(S,F) = 03P, — 05Pag =0, (2.18)
where the dual bispinor field P,5 and its conjugate Pd j are defined by

oL

Pap(S,F) = igrag = (

Sy + 2iSs L) Fop =: (070" = 0" oG- (219)

The whole dependence of the set of equations (2.17), (2.19) on the Sp(2,R) scalar fields
51,52 is hidden in the tensors F,3 and Pd E

The self-duality condition (2.14) guarantees the self-consistency of the linear Sp(2,R)
transformations mixing Fi, g with P,z

5Pag = aPag + bFaﬁ , (2.20)
0Fup = CPag — aFpp = —(a — ¢Sy — 2icSaLy) Fap . (2.21)

The pair of equations (2.17) and (2.18) is covariant under these Sp(2,R) duality transfor-
mation. Egs. (2.20), (2.21) mean that the bispinors F,z and P, form a linear Sp(2,R)
doublet, so it is natural to use the notation R® := (P, F) and rewrite (2.20), (2.21) as
SR = BERP, where the matrix B was defined in (2.1).

For further use we will also introduce the modified NR field strength and dual field
strength

. oL PR -
Pa/j = ’LW = 22Fa/3L¢, Fa,B = SQFag, (2.22)

in terms of which the self-duality condition (2.14) takes the conventional form [1]-[6]:
Im(P? + F?)=0. (2.23)

The modified quantities (2.22) transform nonlinearly under Sp(2,R). The relation
between the NR representation (2.22) and the linearly transforming fields P, and Fi,5 can
be written in the matrix form as

() ()



These relations contain the real coset matrix g and its inverse g~1(9):

_ glgl o 1 1_Sl — o 1 5251
9“)—(9%9%)—@(0 52)’ 91<S>—¢sc<o 1)' (2.25)

Transformations of the coset matrix have the following form:
0g = Og — gB, (2.26)

0— )
0 = (69)g  + 9By = (p 0'0> = —ipTy, (2.27)

where p = ¢S5 is the induced parameter of the nonlinear realization, and 7o is the Pauli
matrix. Thus the NR fields transform covariantly under the nonlinear realization of Sp(2, R)

0P.g = —pEng, OF.5=pPags. (2.28)

The same transformations can be directly derived from the definition (2.22) with taking
into account the compatibility constraint (2.14). For what follows, it is useful to explicitly
write how Pa/g is expressed through P,3 and F,z

. 1
Pos=—
8= TS

(the connection between F,5 and F,5 was already given in (2.22)).

(Pap — S1Fap) (2.29)

It is easy to construct, out of the coset fields Sy, So, the 2 x 2 matrix M, supporting
a linear realization (LR) of Sp(2,R):

So \ =5 5% 4 82
oM = —BT"M — MB.

M(S) =g"g= ! < L =5 ) detM =1, (2.30)

One can alternatively write the coset Lagrangian (2.5) through this matrix
L(S) = —i O M 0™ Mgt ~ Tr 8, MO™ M~ (2.31)
The matrix of Kéhler complex structure J¢ also admits a simple expression through M
JA(S) = My (S)ebe,  JeJe = -2 (2.32)

The standard U(1) duality relations are reproduced from the Sp(2,R) ones given above
in the non-singular limit

S1=0, Sp=1. (2.33)

In this limit, g — 07, Ma — dqp and Sp(2,RR) is reduced to its O(2) ~ U(1) subgroup
with @ = 0,0 = —¢, which preserves (2.33) and is just the standard U(1) duality group.



3 Nonlinear auxiliary fields in Sp(2,R) duality

3.1 Sp(2,R) duality as invariance of the auxiliary interaction

We introduce the following complex combinations of the NR bispinor fields F and P defined
in (2.22):

N 1 - N N N
af = i(F + ZP)ag, 5Va5 = —ZpValg,
2~ 1 2 L2 2~ .2
VdB = §(F - ZP)dB’ 6Vd5 = ZdeB . (31)

We will treat these fields as independent auxiliary tensor variables of the NR representation
of the tensor formulation of the Sp(2,R) self-duality and postulate for Faﬁ,PaB just the
NR transformation properties (2.28). The standard expression of P through the original
fields F,p, 51, S2 as given in (2.22) will arise after eliminating Va/g, Vd 3 from the appropriate
extended action by their equations of motion. In this extended formulation, we will also
use the basic transformation of the NR electromagnetic field

N N A ~ A~

0Fup = ip(F — 2V)ocﬁ’ - 6(F - V)ozﬁ = ZP(F - V)aﬁ )

which is just the result of substituting P,3 = i(Fog — 2V,p) from the definition (3.1)
into (2.28). The scalar combinations of the auxiliary fields and their transformation laws
are given by

2ipD, (3.2)
a=ow, da=0. (3.3)
By analogy with the auxiliary tensor field formulation of the U(1) duality [9]-[12], in

constructing the extended action we start by defining the bilinear in £’ and V part of the
interaction with scalar fields

N 1 A N
L5(8, V) = (52— iS1)F?2 +V? —2./S5(V - F)+cec.. (3.4)
By construction, the F' derivative of this Lagrangian,

O =t —iPag(S, F,V) = (S5~ i51) Fas ~ 2v/SaVis = ~i(V/SoPus + $1Fus)  (35)
(where we once more used (3.1)), together with the field F,,3, transform linearly, according
to the transformation laws (2.20) and (2.21). This implies, in particular, that the modified
equation of motion for the electromagnetic field calculated from Lo transform through the
Bianchi identity (2.17) for Fyz, Fa ; and vice versa, thus exhibiting the Sp(2,R) self-duality
at this level. The complex bispinor field

1 , 1 . -
Vag (S, F,V) = S (F +iP)ag = 5[(1 = Sz +i81) Fa + 2v/S2Viag] (3.6)



also transforms linearly

1
0Wap = (a —ic)Vap + 5 (ib + ic = 2a) Fag, (3.7)
5Fa5 = —QiCVag + (iC — a)Fag . (3.8)

Varying Lo with respect to Vag we obtain the Sp(2, R)-covariant auxiliary equation

N

Va = S2Fa :Fa . 3.9
B B B

Substituting this solution back into Lo, we reproduce the bilinear interaction of the elec-
tromagnetic field with scalars L53(S, F) (eq. (2.15)).
The bilinear Lagrangian (3.4) admits the Gaillard-Zumino-type representation

Ly = _%(F - P)+ Iy +cc, (3.10)
. . 1
I, = [V2 —/Sa(F V)} = = R'R* Mye(S), (3.11)

where I is the complex Sp(2,R) invariant, and M;.(S) is the LR matrix (2.30). This
representation allows us to easily find the Sp(2, R) variation of the bilinear Lagrangian,

5Ly = %c(z52 — P+ %b(ﬁﬂ — F?). (3.13)

Now we are prepared to write the total nonlinear Lagrangian in the (S, F, V) repre-
sentation. It is a sum of L9 and the Sp(2,R) invariant terms

L(S,F,V) = L(S) + L2(S,F, V) + £(a), (3.14)
oL 9Ly . .
aFaﬁ = W— ZPQB(S,F,V),

where @ is the invariant quartic auxiliary variable defined in (3.3). Since the equations of
motion for the electromagnetic field are not modified as compared to the Lo case, they still
exhibit, together with the Bianchi identity, the Sp(2,R) covariance. The equation for the
auxiliary field

. . dE
(F'=V)ap = Vagv = (3.15)

is also manifestly Sp(2,R) covariant. It is analogous to the twisted self-duality constraints

considered in [18, 19]. Note that the equation of motion for the coset fields (2.7) is modified

by a non-zero source depending on the fields V, F. It is easy to show that the Sp(2,R)

covariance of (2.7) is not affected by this modification, like in the original GR framework.
It is instructive to rewrite (3.14) in the more detailed form

1 A

L(S,FV) = L(S) ~ 3S1(p— @)+ 56+ B) + (0 +

AN

)= 2[(V-E)+(V-F)+&@). (3.16)



The sum of the last four terms in (3.16) precisely coincides with the extended U(1)
self-dual Lagrangian of nonlinear electrodynamics of refs. [9]-[12], up to the rescaling
Fog — Faﬁ = JS?FOC& Hence, by reasoning of these papers, it should yield the most
general self-dual Lagrangian f)(gb, ©) upon eliminating the auxiliary fields Vag, ‘i/'d 3 by their
equations of motion. We conclude that (3.14), (3.16) indeed yields the auxiliary bispinor
field extension of the general Sp(2, R) self-dual GR Lagrangian (2.12). Let us point out that
the whole information about the given Sp(2, R) self-dual system is encoded in the Sp(2,R)
invariant function £(a) which is not subject to any constraints. Given some bispinor field
representation of the standard U(1) self-dual action, we can promote it to that defining an
Sp(2,R) self-dual system just according to the recipe (3.16).
The auxiliary equation (3.15) is solved by
P . 1 1 oL

! ; - =-_= 1
Vor = FasG(2.0). 6= =3~ 55 (3.17)

‘G\>

By analogy with the U(1) case [12] we can use the perturbative expansion for £(a)

£(0) = e a+; exi® + . (3.18)
Whefe e1, €2, ... are some constant coefficients. The corresponding perturbative solution
for L reads
£($,8) = —5(0 + §) + e19p — G+ 97) + A5 + $5) (319)
+ <4ei” + ;€2> PP% = el(9'P + $3") — (10e1 + 2e102)($°F" + $7F7) + ...

Like in the U(1) duality case, it is useful to define the intermediate (on-shell) repre-
sentation for the self-dual Lagrangian by expressing (formally) the field F in terms of V
from the algebraic equation (3.15):

Fap = Fap(V) = —=(1+1v—)Vap, (3.20)

This “on-shell” representation preserves the Sp(2,R) covariance

O (V) = Viag = iplF(V) = Viag (3.21)
The substitution (3.20) gives

Lo(S, F, V) — (52—151)[ F(V)-F(V)+ V2 =28V -F(V)] +cc.

df + c.c. (3.22)

The same transform applied to the total Lagrangian (3.14) preserves the GZ form of the lat-

= L [P(V) - F(V)] -

ter

€
da

[P(V) F(V)=P(V)-F(V)] - 24— + E(a). (3.23)



Substituting here the solution V(F) (3.17), one recovers the F representation of the La-
grangian, i.e. (2.12).
Being applied to eq. (3.6), the change (3.20) yields

Vis (S, F.V) = Vg (S,7) = = [(1 — S5 +iS1) Fag(V) + 2\/5*21/&4
_ [2}( “dg) (1—Sy+iS1) + SQ} Vs (3.24)

This establishes the relation between the LR and NR auxiliary fields (on the shell of
the auxiliary equation (3.15)), which involves the scalar coset fields and the invariant
interaction £. The corresponding “on-shell” relation between the scalar combinations of
the auxiliary fields reads

2

N 1 ~dE . N
v(S, V)= |:2\/57'2 (1 + v ) (1 =52 41iS1) ++/S2| P. (3.25)

3.2 Legendre transformation for the nonlinear auxiliary fields

The Legendre transformation for the auxiliary field formulation of the U(1) self-dual elec-
trodynamics was discussed in [11, 12]. This transformation simplifies solving the auxiliary
self-duality equation, which is the central step in deriving the conventional self-dual La-
grangian from the extended one.

To generalize this to the theory with the Sp(2,R) scalars, we introduce some new NR

covariant scalar auxiliary fields f and ji with the transformation law

O = 2ipfi, Opi = —2ipji (3.26)

and define the following generalized Lagrangian simultaneously involving two types of the
auxiliary fields:

A

) - - S ES 1 -
L(S, BV, ) = L(S) = 5518, '+ 5518y 6+ 0+ 5 =2[(V - B) + (V- F)] + 5(¢ + )
. :

i+ 1(b), (3.27)

NI

DL+

where I(b) is a function of the new invariant auxiliary variable b = |/i|2. This representation
guarantees the Sp(2,R) covariance of the electromagnetic-scalar equations. Using the 1%
equation of motion,

. 1 .
Vap = - Fap, 3.28
8= 13 tes (3.28)
we can eliminate the variable V5 from (3.27):
Sop(in—1 .
£(S, 0, 01) = L(S) + |—28 ;ffi )) +ec| +1(b)
— L(S)+ 2 [(F-P)—(F-P)] +1(b). (3.29)



In this case we obtain the simple expressions for the dual fields
_OL iSo(fi — 1)] ) S, -
5 = - 2| Fog = \/SoPyg + —F,3, 3.30
B ZaFa,B [ (1+ f) B 28apB Sy B ( )
whence
S i)

Ppyp=—"F,3. 3.31

8= 134 s (3.31)

These explicit expressions provide the correct transformation laws for the relevant quanti-

ties.
In fact, the representation (3.27) just defines the Legendre transformation of the La-
grangian (3.16). Indeed, varying (3.27) with respect to the auxiliary field fi yields
dI(b
(b) . (3.32)

v=—

o
Using this equation, i and b can be expressed in terms of 7,7, assuming that (fl—é)*l is
not singular at b = 0. After the elimination of y, i, the Lagrangian (3.27) takes the form

of (3.16) with
“ ~dl
£@a) = 1(b) — 2% . (3.33)
db
Then it is easy to show that
0&(a)
= . 3.34
= (3.34)
Varying £(S, ¢, i) (3.29) with respect to i, we arrive at the equation for the auxiliary
scalar variables
@:52¢:—(ﬁ+26+6,1)£. (3.35)

It is analogous to the corresponding equation in the U(1) self-dual theory. Solving it for
it = (¢, p), we obtain the equation for determining the self-dual Lagrangian I:(gb, Q)
(3.36)

1 1 oL

l+a 2 0¢

By analogy with [11, 12], as a notorious example, we can obtain the exact Lagrangian

for the Born-Infeld (BI) theory extended by the Sp(2,R) scalar fields, proceeding from the
(3.37)

2b

invariant interaction
I1(h) = ~——.
) b—1
In this case, one can find the complete solution to the equation (3.35)

Q=159

= 2T T (3.38)
Q+1+3(@—9)

A e A o 1 A ey — —
Qe 0) = \/1 +(@+90)+ (2= 9)? = QS2p,90) =1 = Lp1(S20,520).  (3.39)

,10,



Taking Lp;(Sag, So@) as L((, ) in eq. (2.12), we recover the standard GR coupling of the
scalar fields in the BI theory [5]. Note that the derivation of the BI Lagrangian in the b
representation is much easier than in the original a formulation.

All other examples of the U(1) self-dual systems in which eq. (3.35) has a closed
solution can also be generalized to the Sp(2,R) case. For instance, the invariant auxiliary
interaction

I(b) = 2In(1 — b) (3.40)

yields the cubic equation for ji(¢) and gives us the exact expression for ﬁ(g&, ©), like in the
analogous U(1) model considered in [12].

The scalar coupling in the so called “simplest interaction model” [9, 12, 18] corresponds
to the choice Ig; = —2b.

3.3 Sp(2,R) duality and higher derivatives

The self-dual theories with higher derivatives in the standard setting were analyzed in [18,
20]. The formulation through auxiliary tensor fields for such theories was worked out
n [12]. As was shown there, any U(1) self-dual theory with higher derivatives is generated
by the appropriate U(1) invariant auxiliary interaction involving space-time derivatives of
the auxiliary bispinor fields .

The transformation parameter p = ¢S in the NR representation (3.1) depends on the
scalar field, so in the case under consideration we need to properly Sp(2,R) covariantize
the space-time derivatives of the auxiliary fields involved. This can be done following the
standard routine of the nonlinear realizations [21, 22].

First, we construct the 2 x 2 matrix Cartan 1-forms pertinent to the nonlinear realiza-
tion of Sp(2,R) in the symmetric coset space Sp(2,R)/U(1) we deal with:

dgg™' =T + D, (3.41)
1, 1 0 ¢
™l = 5dgg™" — 59~ dg co ) (3.42)
1 1
D =dz™D,, = ~dgg ' + ~g Tdg" = Poa (3.43)
2 2 q —p

L g7 are the corresponding inverse and trans-

Here, g is the coset matrix (2.25) and g~
posed matrices. The 1-form I' = —irpdx™(,, contains the induced connection (,,(S) which
defines the covariant derivatives of fields having the standard transformation properties,
i.e. transforming with the induced U(1) parameter p, while D specifies the NR-covariant

derivative D,,(S) of the coset fields.! These objects have the following transformation rules

or=de +[e,T], 6D =1[0,D]. (3.44)
The connection 1-form reads
1 1
(=dz"Cm = =(91)%dS1, Cn = 50mSt, 0Cn = Omp . (3.45)
2 255

'The Lagrangian (2.5) is just the square of these covariant derivatives, L(S) = 1Tr D, (S)D™(S).

— 11 —



The explicit expressions for the component 1-forms collected in the matrix (3.43) are as fol-

lows
p=dz™p, = dgigs = —LdS q=dz" g, = —l(gl)zdS = —idS (3.46)
m 192 252 2, m 2 1 1 252 1 .
0pm = —2P¢m;  OGm = 2pPm, S(pm + iqm) = 2ip(pm + igm)- (3.47)

Now we are ready to define the covariant derivatives of the NR auxiliary fields V and
V (we suppress their Lorentz indices)

ViV = (6m)PV 3V = (0 + i)V, 0VmV = —ipV,V, (3.48)

ViV = (6)V ppV = (O — iCn) Vs ViV = ipV,, V. (3.49)

The corresponding Sp(2, R) invariant auxiliary interaction can be constructed by anal-

ogy with the U(1) self-dual theory [12]. We should add to the standard bilinear interaction

L5(S,F,V), eq. (3.4), the general Sp(2,R) invariant interaction involving the covariant
derivatives of the scalar coset fields and the NR auxiliary fields:

A~

EX (V.pm(S), am(S), Ve Vs s Vors Ving - Vo, V). (3.50)

The Sp(2,R)-covariant local equations of motion for the auxiliary fields in this case
contain the Euler-Lagrange derivative

N 1 AEE
(V= F)ag + 5AVd§; =0. (3.51)

Solving this equation (e.g., by recursions), we finally obtain the Sp(2,R) self-dual La-
grangian in the initial (F, S) representation.

The auxiliary interaction Ej;, specifying the Sp(2,R) self-dual models with higher
derivatives involves new dimensionful constants, starting from the coupling constant ¢
of dimension —2, as well as additional dimensionless coupling constants. Examples of
interaction with two derivatives are provided by the terms

~ VAV~ VOV, (3.52)

Non-standard terms with higher derivatives can be generated by the invariant combinations
of the scalar and auxiliary fields, e.g.,

R = (pm + igm)V?. (3.53)

Note that terms with higher derivatives now also appear in the scalar Sp, So equations.

4 Alternative auxiliary-field formulation of Sp(2,R) theory

In the previous section we started from the renowned GR action (1.1), (2.12) and picked
up the nonlinearly transforming bispinor auxiliary fields Vag so as to construct the natural
generalization of the extended formulation of the U(1) self-dual electrodynamics to the case
of the Sp(2,R) self-dual systems with the coset scalar fields. In this section we present an
alternative construction which starts just from the extended U(1) formulation and produces
the GR action as an output. Its basic distinguishing feature is that it starts with the linear
realization of Sp(2,R) on the set (Vog, Fug).
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4.1 A parametrization of the Sp(2,R) coset

In the alternative construction it will be convenient to use another parametrization of the
coset of Sp(2,R), this time by the complex scalar field A(x):

_ i(A—1) 1—iS
S(A\) = AS)=——= 4.1
=2 (8) = e (@1)
i(A— ) 1— A\
S1(\) = ———————, So(\) = —————, 4.2
1) (L+A)(1+N) 2(3) (1+A)(L+N) (42)
and use the alternative set of the group parameters
i _ i 1
a:—a—i(b+c), a:—a+§(b+c), 7:§(c—b), (4.3)
1 . .
a=—-(a+a), b=-(a—a)—v, c==(a—a)+y. (4.4)
2 2 2
The new coset field has a simple transformation law
2 , 9
OAN=10 = = a+ 2iy\ — a\”, (4.5)

1+4S

which resembles the CP; realization of the group SU(2), the only difference being the sign
of the last term in (4.5).
The scalar Lagrangian (2.5) can be rewritten in terms of A as

A0

L(S)=L'(\) = T

(4.6)

The relevant coset element can be represented by the Hermitian matrix

1 1 =)
G- (L), (4.7)
Vi-M\ A1
with the transformation law

1 _
6G = im33G — GA = —ATG —i7Gr3, A(\) =~ + 5; (@A = aN), (4.8)

where () is the corresponding induced parameter, 73 is the Pauli matrix and

A= (” “ ) (4.9)
a —iy

The previously considered Sp(2,R) spinors R* = (P, F') linearly transforming with the
matrix B are related to the spinors 7% transforming with the new matrix A as

P

T=AR=A
¢

) ., R=A"'T, 6T =AT, (4.10)
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where

A= ABA ' = ABAT, AT = ABT AT, (4.11)

1 [ —il 1 (i —i
A=— A= — = Al
ﬂ(l) ﬁ(u)

The Cartan form in this representation, dGG !, contains the corresponding connection
and covariant derivatives by analogy with (3.41):

dGG™! =

1 N\ — )\ —
<)\d)\ A 2d\ ) | (412)

21— ) | —2d\  —AdA+ AdA

The off-diagonal elements in (4.12) are just the covariant differentials DA = dz" D,,, A and
DX = dz™D,,\, §DX = 2i7D) (the Lagrangian (4.6) is bilinear in the covariant derivatives
Dy, D)), while the diagonal element is the U(1) connection

1 Ad)\ — Ad

= mdm: _—,
A= Amde™ = 525

SA=d5. (4.13)

It defines the covariant derivative of some field with the standard transformation law under
the nonlinear realization considered

me = (am - iqu)T/J, 5¢ =1q :Y'@Da 6me =1q ’?mea (4'14)

where ¢ is the U(1) charge of 1.
The real symmetric LR matrix defined in (2.30) is related to G2

M\ =A1G?A = g"(Ng(\), oM\ =-BTM(\) - M(\)B, (4.15)

where g(\) := g[S()N)] is the X representation of the real coset matrix (2.25).
Two alternative Sp(2,R) cosets are connected by the intertwining matrix

Int := GAg™', §(Int) = 573 Int + iInt Tp. (4.16)

4.2 Auxiliary fields

The starting point of the alternative construction of the extended Lagrangian for the
Sp(2,R) self-duality is just the U(1) Lagrangian of refs. [9]-[12]:
1 o
L(F, V)= §(<p+¢:) +v+v=2(V-F)+ (V- -F)|+&(a), a=vv. (4.17)

It is easy to check that the equations of motion and Bianchi identities for Fyg,

0% (Fop — 2Vag) +cc. = 0, (4.18)
82 Fup —cc. =0, (4.19)

are covariant under the Sp(2,R) rotations

Vap = =iy Vap+a(F =V)ag, O(F =V)ag=iy(F—V)ag+aVas, (4.20)
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or
0Fap = 1y(Fap — 2Vag) + aVop + a(Fap — Vag) - (4.21)

These linear transformations coincide with the transformations (3.7), (3.8) in the Sp, S2
basis. At the same time, the algebraic equation

Faﬁ - Vaﬁ = Vaﬁ &y s (422)

is evidently not covariant. The question is how to modify eq. (4.22) in order to make it
also Sp(2,R) covariant.
In the free case, with £(v,7) = 0, this modification is rather simple:

(F — V)ag =0 = Fag — (1 -+ )\)Vag =0. (4.23)
Using the transformation law of A (4.5), it is easy to show that
1) [Fag — (1 + )\)VQB] = (7,"}/ - 5&)\) [Fag — (1 + /\)Vag] , (4.24)

which implies the covariance of (4.23).
As the next step, the following generalization of (4.23) naturally occurs:

Fog— L+ MNVap =Vap By, E=E(v,v,\ ). (4.25)

The function E(v,7,\, \) is assumed to become the previous F(v,7) = £(a) in the limit
A = 0 yielding the Lagrangian (4.17) with the residual U(1) duality group with the param-
eter v. Eq. (4.25), together with the dynamical equation (4.18), can be obtained from the
Lagrangian

L'(NFV)= L’()\)—I—(1+>\)1/+(1+5\)17—2[(V-F)+(V~F)]+%(¢+¢)+E(u, 7,A\). (4.26)

For E = 0, using the algebraic equation (4.23), we obtain the following A-modified free
(F, F) Lagrangian: B
1A-1 1A-1
LEMNF) = ——p+-"=¢. 4.27
AR = Y T a1 (4.27)
With taking into account the relations (4.1), it coincides with the bilinear part (2.15) of
the GR Lagrangian in the (S1,S2) parametrization.

In what follows, it will be convenient to deal with the modified interaction function
E=E+\+ M\, (4.28)

that corresponds to transferring the A-dependent terms in the Lh.s. of (4.25) to its r.h.s.
We will fix the A-dependence of the interaction E (or E) from the requirement of compat-
ibility of the Sp(2,R) variations of the left- and right-hand sides of eq. (4.25). Using the
transformation laws (4.20), we find that, on the shell of the auxiliary equation (4.25),

bv=—2iyv+2avE,,  0v=2iyi+2avE,. (4.29)
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Then, taking into account this transformation law together with (4.20), (4.5) and, once
again, (4.25), we find the variation of the r.h.s. of (4.25) and compare it with that of the
Lh.s., i.e., with (4.24). We find the following conditions? on the function £

vE, —0E, — AEy + AE; =0, (4.30)
v(E,)? —0+ DsE=0, (4.31)
(B2 —v+DyE=0, (4.32)
where
D5 =05 — )\23>\ , Dy=0\— 5\285\ . [Dx,Dx] = 2(N\0x — 5\85\) . (4.33)

Eq. (4.30) is just the condition of the U(1l) invariance of the generalized function
E(v,7,\,\). The mutually conjugated egs. (4.31) and (4.32) are new. One can check that
the same system of equations arises from the requirement that the transformations (4.29)
have the correct sp(2,R) closure.

Repeatedly using the constraints (4.31) and (4.32), one finds that

0E, =a—a(E,)?, ©6FE,=a—a(Fy)?, (4.34)

and
SE =a [u + D(Eﬁ)ﬂ +a [17 + u(El,)z} : (4.35)

An interesting peculiarity is that the transformation laws of E, and Ej exactly mimic
those of A and A\. We also observe that E is not invariant under the coset Sp(2,R)/U(1)
transformations, while it is still invariant under their U(1) closure. Surprisingly, we can
construct such Sp(2,R) invariant from the two independent U(1) invariants

H(v,5,\\) = E — (VE, + vEy) = E — (VE, + vEy), 0H=0. (4.36)

A similar object already appeared in [11], when performing the Legendre transformation
from the variables v, 7 to u, i (recall also subsection 3.2).

At this step, we deal with the bispinor field extended Lagrangian (4.26), which is re-
duced to the extended Lagrangian (4.17) of the U(1) duality systems in the limit A = 0
and exhibits Sp(2, R) duality under the constraints (4.30)—(4.32) on the interaction function
E (v,7,\,A). The question is how to solve these constraints via some unconstrained “pre-
potential” which would be analogous to £(a) of subsection 3.1. While for the time being we
do not know how to achieve this, the problem is radically simplified in the u representation
obtained by Legendre transformation of (4.26), with the Sp(2, R) invariant interaction H,
eq. (4.36), instead of E . In this representation, the constraints are linearized.

Let us define

A~

w=~FE, p=E;. (4.37)

2 Actually, the original conditions are the vanishing of the v and # derivatives of the equations below,
but we assume that the integration constants (which depend only on A and ) can be put equal to zero
without loss of generality.
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In the p representation:
v=-H,, v=-H; H=H(,iA\M\). (4.38)
The corresponding Legendre-transformed Lagrangian can be derived from

L'\ FV,p) = L’(A)+V+z7—2[(v-F)+(V-F)]+%(cp+@)+w+m+fl(u,/1, A A) . (4.39)

Varying it with respect to p, i yields just egs. (4.38), which express p, i in terms of
v, 7, \, A, taking us back to (4.26). On the other hand, eliminating Vs, we obtain an
analog of the (F, ) Lagrangian (3.29).

It is easy to show that the Sp(2,R) invariance conditions (4.31), (4.32) are indeed
linearized in this p-representation

DyH + (9, — i*0z)H =0, DxH + (9 — p*9,)H =0, (4.40)
while (4.30) takes the form
pH, — iHz + AHy — AH; = 0. (4.41)
Using the transformation properties
op=a—ap?, op=a—a()?, (4.42)

it is easy to check that the quantities

i 1“__:/\ - f—_ﬁﬁ (4.43)
possess the standard nonlinear realization transformation law
Of =2V, Ofi=—2iYi. (4.44)
Then we define the Sp(2,R) invariant real argument
b:=jifi, (4.45)
and check that
Dyb+ (9, — g*9z)b =0, andc.c.. (4.46)
This immediately implies that the solution of the constraints (4.40) is
H(p, ji, \,\) = I(b). (4.47)

Another way to achieve the same result is to make the change of variables (u, fi, A, \) —
(fis fis M, A) s H (e, is M, \) = H(fi, i, A\, \), in the constraints (4.40) and (4.41). Using the
relations

[+ A T+ XA+ 4a(l+ A
_ A 4= AL+ )
1+ A 1+ A

~ 1—A) - (1+pA)?
H,=H; ——~— =H; — """ 4.48
13 M(l_'u)\)z 14 1_)\)\ ( )

1

)
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one can check that in the new basis the constraints take the form

DyH + N(iH — iHz) =0,  DsH — N(iHp — fi :
fiHy — fiHj; + AHy — NH5 = 0. (4.50)

@
o=
N~—
1
(@)
S
N
Nej
N~—

They are equivalent to the set
Hy=H;=0, jH;—pH;=0, (4.51)

whence it follows again that

4.3 From the pu representation to the (F, F') Lagrangian

In the p representation, the basic algebraic equation (4.25) implies
p=—H,(1+p)?, ¢=—Hi(1+p). (4.52)

It will be convenient to deal with the variable i defined in (4.43). Keeping in mind that
for the Sp(2,R) invariant case

Hp=T'(b)p, Hz=TI0)p, I'(b):= %,
we can rewrite (4.52) as
p=—7 —1)\5\ I'A(1+X)? +2b(1+ M) (1 + X) + ab(1 + A)?|, and c.c.. (4.53)
Redefining -
=R =i b= = = b, (4.54)

where i and /i can be checked to transform just as in (3.26), and introducing

1— A\ 1— A\

N T e n 459)

A

b=

which, in the Sp,Se parametrization, coincide with the quantities defined in (2.13), we
rewrite (4.53) as

p=—(+20+00) I, ¢=—(i+2b+ba)I', andc.c., (4.56)

or

p+P+AIb=—(p+p)1+D) T, ¢—p=(@R—p)1-bTI. (4.57)
Eqs. (4.56) are recognized as the basic equation (3.35) (and its conjugate) of the b repre-
sentation of the NR formulation presented in the first part of the paper. So, already at this
step we conclude that, on the shell of the auxiliary equation (4.25), the b representations of
both formulations of the Sp(2,R) self-duality are the same, which implies that both these
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formulations yield the same eventual answer for the general Sp(2,R) self-dual Lagrangian
L3\ F).

It seems instructive to consider here the consequences of egs. (4.57) in more detail.
These equations have the same form as the equations in the b representation for the U(1)
case without scalars (eqs. (2.37) in [12]), with the only change ¢ — ¢, % — @ and fi, i
instead of p, i. Hence, as a corollary they imply the same algebraic equation (eq. (2.38)
in [12])

(b+1)%¢p=blp+o— (b—1)°T?, (4.58)

which expresses b in terms of the variables ¢, ¢ defined in (4.55). Hence, the solution for
fi, v is obtained through the substitution ¢ — ¢, @ — ¢ in the solution for s, i of the case
without scalar fields.

It remains to find the general expression for the Lagrangian in the original (¢, @)
representation. The formulas one starts with mimic the U(1) case

L\, 0, @) = oL + LE + 1(b), b= (N, ¢, @)\ ¢, ), (4.59)

where the A dependence of the r.h.s. is hidden in the A dependence of Efad, E%d and b. The

sd

holomorphic derivatives L9, if},d are related to the variables u, i1 also by the same relations

%)
as in the U(1) case
. E,—1 —1
[ = 2 =_H ., and cc., (4.60)
2(E,+1)  2(p+1)
which, with taking into account eqs. (4.52), yields
7sd 1 2 1 =2
L = —C Hy (u* = 1) = 5 Hy (5> = 1) + 1(b). (4.61)

The deviations from the pure U(1) case are revealed, when making use of the basic equa-
tions (4.57), (4.58) to eliminate y and fi in (4.61). After passing to the variables /i, i, we
obtain

B = L [ ANk )+ - NG )] + 1), (4.62)

Using egs. (4.57), we obtain the final expression for the Lagrangian

s 1 )\—>\ _ /A 2
4= §m(<ﬂ — @)+ L&), (4.63)
. 1. . o 1=b
L(p, @) = —-(¢ + ¢ +4bI') =+ 1(b). (4.64)
2 140

The Lagrangian L accompanied by the algebraic equation (4.58) precisely yields the stan-
dard U(1) self-dual Lagrangian with the replacements ¢ — @, ¢ — @, where @, ¢ are
defined through ¢, by egs. (4.55) or (2.13). It satisfies the standard GZ self-duality

o

constraint with respect to ¢, ¢:

¢ — ¢ —40(Ly)* +44(Ls)* = 0. (4.65)
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The first term in (4.63) is the appropriate modification of the bilinear part of the action.
This final answer for the nonlinear self-dual action is in the precise correspondence with
the general action of Gibbons and Rasheed [4]. In the Si,S2 parametrization, using the
relations (4.1), the Lagrangians (4.63) and (4.64) can be rewritten in the familiar form as

~ 7 A4
L4 = —551(p = @)+ L($,9), (4.66)
L 1. . o 1=b
L(p,p) = —=(¢p+ ¢+ 4bI") =+ I1(b). (4.67)
2 1+b

Obviously, the Lagrangian (4.63) (or (4.66)) should be accompanied by the coset field
Lagrangian L'(\) = L(S) given in (4.6). It is straightforward to check that the A equations
of motion following from the total Lagrangian L% = L/(\) + L enjoy Sp(2,R) covariance.

4.4 Yet another derivation of the Sp(2,R) self-dual Lagrangian

Though the extended Lagrangian (4.26) contains a constrained auxiliary interaction
E(v,7,\,)\) and we cannot immediately solve the relevant constraints (4.30)—(4.32), we
know that it yields the correct description of the general Sp(2,R) self-dual systems, as was
shown above by passing to its u representation. It turns out that the original F formulation
is still capable to yield the general Lagrangian L4(\, ¢, @) of the Sp(2,R) systems with-
out explicitly solving (4.30)—(4.32). These constraints amount to the triplet of alternative
Sp(2,R) self-duality constraints on L3 as they given, e.g., in [6].
Starting from the Lagrangian (4.26) and using the auxiliary equation (4.25) together
with its corollaries
V.-F=v(1+E,), ¢=v(l+E,)?, (4.68)

as well as the transformation properties (4.29), (4.34), (4.35) and

E,—1 1 E
5o = 2ivp =~ + 2ap — +2ap —F— 4.69
7 WEVH QPE,,H @E,,+1 (4.69)

we find the following simple Sp(2,R) transformation of the on-shell (i.e., with the algebraic
equation (4.25) taken into account) Lagrangian:

SL = iy[p — ¢ — 2(WE, — DER)| + (o — &) WE, — 7Ej). (4.70)
Defining as usual the general dual field strength

. aisd

PO‘B:/LW:Z(

Fog —2Vap) (4.71)

and employing the auxiliary equation (4.25) together with its corollaries (4.68), it is easy
to show that

FoPog — FO9P s = (B2 — 1) — in(B2 - 1), (4.72)
o+ P?—p— P =4(vE, — vE;). (4.73)

— 20 —



On the other hand, the Lagrangian (4.26) can be rewritten on the shell of the auxiliary
equation as

- 1 .
Lbd:?/(Eg_l) v(E2-1)+H, H=F-vE, —vE;. (4.74)

1
2

Then, using (4.72), we can cast it in the standard form

Isd = %[(F .P)—(F-P)+H. (4.75)
It is straightforward to check that the variation (4.70) is entirely generated by the first
term in (4.75), whence it follows that 6 H = 0 in agreement with (4.36).

Substituting the expression (4.73) into the variation (4.70), we can rewrite it in a more
standard way in terms of ¢, @, P2 and P2. This variation can be also used to find the
Sp(2,R) analog of the standard GZ self-duality constraint in the (F, F') representation of
the Lagrangian. To this end we can use the relations of the U(1) self-duality [11, 12]

T sd
1 . 1+2L7

=p(1-2LE)?,  B=—=2, (4.76)
1— 2L

4
which are valid in the considered case too. We substitute these expressions into the r.h.s.
of the variation (4.70) and alternatively calculate §L%¢ as

L% = SALS + AL + 0 L3 + 65 L, (4.77)

where d¢p is defined in (4.69). With taking into account (4.76), the variation (4.69) can be
rewritten as
Sp = iy L + ap(1 — 2L + a (1 + 2L) . (4.78)

Substituting the explicit expressions for the variations of d\, d¢ and their conjugates into
§Lsd (4.77), and comparing the latter with (4.70), we obtain three conditions on the La-
grangian L*¢ which are just the Sp(2,R) extension of the standard GZ constraint:

ALY = ALY = [l — 4(L3N?) — @[1 — 4L, (4.79)
ADN\LY = (1 — 2L — (1 + 2L, (4.80)
AD; L = g(1 — 2L%)? — (1 +2L%)?, (4.81)

where D, 5 were defined in (4.33). These constraints are equivalent to the sets (4.30)—(4.32)

r (4.40), (4.41). One can explicitly check that the Lagrangian in the form (4.66), (4.67)
solves eqs. (4.79)—(4.81). They can be cast in a more familiar form after passing to the coset
representatives S1, Se by the formulas (4.1). In the new parametrization, the A\ derivatives
are expressed as

ADy — A5 = %(85 + g + 5295 + 5293)
Dy + D5 = —2(S0s + Sog),
Dy — Dy = i(dg + 05 — S*0s — 5%03) . (4.82)
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Using these relations and going over to the tensorial notation:

oL + gL = lpmn oL i(lp—p) = _lpmnﬁ‘
2 ® 2 HFmn’ 9 mn
o - 1 _ 1 ~
ilo(Lg)? — @(LE)?] = —Z(lﬂ —P?) = gG"" Gmn s (4.83)

we can bring (4.79)—(4.81) to the simple equivalent form given in [6]

2(SLY + SLY) = F™ oL~
S S HFmn ’
- - 1 -
L§>%L@::ZFWthn
- o~ 1 -
SQL?-+5QL§::ZGmﬂGmn. (4.84)

The unique solution of these constraints is the general GR Lagrangian (1.1), (2.12) (with
L(S) subtracted)®. So the linear realization version of the bispinor auxiliary field formula-
tion of the Sp(2, R) self-dual systems yields as the output the same GR Lagrangian as the
formulation based on the nonlinearly transforming auxiliary fields, even without passing
to the u representation.

4.5 More on the interplay between the linear and nonlinear formulations

Here we give more details on the relationship between the auxiliary fields in the LR and
NR formulations.

In subsections 4.2 and 4.3 we observed that the Legendre transformation from the
variables v, 7 to u, i performed in (4.26) yields in fact the same p representation as the
Legendre transformation from the variables o, to fi,ji in the Lagrangian (3.16). It is
interesting to reproduce the NR formulation, starting from the p representation obtained
in the framework of the LR formulation and applying just another type of the inverse
Legendre transformation to this p representation.

Namely, we start from the Sp(2,R) invariant function H(u,fi, A, \) defined in (4.38),
make the equivalency transformation from the variables ju, i to fi, ji according to

L+ N+ A1+ N)
T+ A+ T+’

where the relations (4.43) and (4.54) were used, define

H(p, i, A, X) = H(fi, i, A, A) (4.85)

and perform the Legendre transformation with respect to the variables j, ji:

Hy:=-0, Hy=—b, E=H-jH;—[iH;. (4.86)

*Note that the constraints (4.79)-(4.81) or (4.84) are formulated for the Lagrangian L*¢ = L3 — L(9),
while the earlier employed the GZ-type constraints (2.14) or (2.23) only for its part L(¢, 3). These two sets
of constraints are in fact equivalent to each other.
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Because 6H = 0, we immediately find
o =—(2iy —a+a) Sy = —2ipr, and c.c., (4.87)
and
0E =0, (4.88)

in the full agreement with the basic formulas of the NR representation. We also obtain

p=E,, p=~F;, H=F—-DVE;,—vE;. (4.89)
The equation
iH, — jH; =0 (4.90)
implies
VEy, —bH,; =0 = FE=£&®a),a=0ov. (4.91)
Eq. (4.56) acquires the following form in terms of the newly introduced variables
d=v(1+Ey)?. (4.92)

Using the transformation laws of the variables fi, 7 and <2> it is straightforward to check the
Sp(2,R) covariance of (4.92).

In this way the basic formulas of the NR formulation are recovered.

As for the Lagrangian (3.16), it can be restored from the requirement that it reproduces
the basic relations of the NR formulation, including eq. (4.92). We introduce the bispinor

field V.3, V. 4, such that

aBr o
P=VPV,p, = V“BVdB , (4.93)

and represent the sought Lagrangian as
LONE V) =L1(0 @) = 20/So[(V - F) + (V- F)| + 0+ b + E(0D). (4.94)
Varying it with respect to Vaﬁ gives
Sy Fog = (1+ E3) Vag, (4.95)

which implies just (4.92). We also need the correct dynamical equations for F,z on the
shell of the algebraic constraint. In other words, we require

Fop —2Vop = oL < 0L —2¢/.52 Vaﬁ) ) (4.96)

oFaB — \ gFaB

with V5 being subjected to (4.95).
As the first step, we rewrite Fi,53 — 2V, in terms of the variables
Fug — 2V, ( S, + S Eﬁ_l)F (4.97)
— =(—1 - . .
af af 1 2 11 afs

v
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Next we express Vag in (4.96) through F,g by (4.95) and compare two expressions for
Fop —2V,p, which yields

: .
Li=5S2(0+7) — 551 (0 —9). (4.98)

Finally, the Lagrangian (4.94) takes the form of (3.16) with the subtracted L(S).
Note that the auxiliary equation (4.95) together with (4.97) yield the same on-shell rela-
tions (3.24) ad (3.25) between the LR and NR tensorial fields.

The off-shell Lagrangians (4.26) and (3.16) are essentially different and seem not to be
related to each other by any obvious field redefinition, though they yield the same system
on the shell of the auxiliary equation.

5 Conclusions

We investigated Sp(2,R) duality-invariant interactions of scalar and electromagnetic fields,
employing two different formulations involving auxiliary bispinors and/or auxiliary scalars
(“w representation”). The main emphasis was on the transformation properties of the
relevant Lagrangians and their equations of motion. The formalism of section 3 started
from the nonlinear realization of Sp(2,R) on the basic auxiliary bispinor fields, while in
section 4 those auxiliary fields were taken to transform linearly. Both formalisms admit a
Legendre-type transformation to Lagrangians with auxiliary scalar fields. This allowed us
to prove that both auxiliary-field formulations yield equivalent self-dual Lagrangians in the
standard (S, F) representation. Like in the U(1) duality case, any choice of a Lagrangian
exhibiting Sp(2, R) duality amounts to a particular choice of an Sp(2,R) invariant uncon-
strained interaction of the auxiliary bispinor fields. The (S, F) Lagrangian emerges from
the extended Lagrangian upon elimination of the auxiliary fields through their equations
of motion in terms of the coset scalars S and the electromagnetic field strengths F.

It is rather straightforward to generalize our auxiliary-field formulations to the case of
Sp(2N, R) duality as proper extensions of the analogous formulations for U(N) duality [13].
We hope to address this task elsewhere. The formalism of auxiliary superfields in NV = 1
supersymmetric self-dual theories [14]-[16] can also be generalized, with additional chiral
coset multiplets, to the case of noncompact dualities. We are curious to learn which
of the two (if not both) approaches presented here admit an unambiguous extension to
supersymmetric theories. One might also try to construct an Sp(2,R) (and Sp(2N, R))
version of the “hybrid” formulation of U(1) duality [23], which joins the auxiliary-tensor
approach with the manifestly Lorentz- and duality-invariant PST formalism (see [24] and
references therein).
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