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Abstract
Structural models are proposed for three composite compounds of chemical formula Ba 1+x[(NaxMn1−x)O3]
(x�2/7, 5/17 and 1/3) by single crystal X-ray diffraction ; super space formalism is used to obtain an unified
description of the three phases. The [(NaxMn1−x)O3] framework is built up from the stacking of face sharing
MnO6 octahedra and NaO6 trigonal prisms. The displacive modulations relating to these metallic columns
were particularly difficult to modelize. Thus a model, including both discontinuous crenel-like functions for Ba
atoms and continuous atomic strings for the Mn/Na sites has finally been retained. The large displacement of the
oxygen atoms (� ±0.7 Å) in comparison with that observed for related compounds (� ±0.3 Å) makes it a direct
consequence of the Na+ alkali insertion inside the trigonal prisms. Owing to this insertion, the Mn atoms exhibit,
in the three phases, an ”exotic” oxidation state of about + 4.5.
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1 Introduction

These last years, several studies were devoted to the com-
pounds of general formula A1+x(A′

xB1−x)O3 particularly
for their promising electronic and magnetic properties [1, 2,
3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. Their structures, of trigonal
symmetry, are related to the 2H hexagonal perovskite frame-
work (see ref. [14]). They are built up from metallic columns
running along the ternary axis direction and delimiting chan-
nels where the A divalent cations (Ca, Sr or Ba usually) take
place. The metallic columns are formed from the stacking
of face sharing octahedra (O) and trigonal prisms (P) occu-
pied by the B transition metal and the A’ (of various nature)
respectively. The valences of B-A’ pairs in such systems ad-
just to the cationic natures and to the x value, e.g. note the
Ru5+ state in Sr1.33(�0.33Ru0.66)O3 where prisms are
empty [15]. Various sequences of the O and P polyhedra (see
ref. [16] for review) may be observed giving rise, in most
of the cases, to large periods (or pseudo periods) along the
ternary axis direction [001]. The first structural studies were
described using supercells and standard 3D space groups
(SG) symmetry [2, 15, 17, 18]. Moreover, for very large c pe-
riods, the 3D treatment induces strong correlations between
the different refined parameters preventing a reliable struc-
ture determination. Furthermore, several SG were found to
describe the different structures, preventing to give an unified
vision for it. Some authors [12, 19, 20, 21, 22, 23, 24, 25, 26]
used the 4D approach to solve these problems. A theoretical
work was also undertaken by other authors [22] to give an
unified description of this family ; thus, these compounds
can be considered as composite crystals with two interpene-
trating sublattices, a rhombohedral one (A ′

xB1−xO3 atomic
part) and an hexagonal one (A1+x atomic part) exhibiting, in
the general case, incommensurate c periodicities. This com-
posite approach make it possible to describe the structure
of all the family using an unique pair of superspace group
(SSG), i.e. a same 4D symmetry. This composite approach
is also interesting owing to the important decrease of the
number of parameters to be refined in comparison with the
3D classical treatment. Strong displacive modulations are
observed for all crystals of the A1+x(A′

xB1−x)O3 family.
This behaviour appears rather different from this observed
in the majority of composite crystals where the interactions
between the two subsystems are usually weak and then give
rise to small displacive modulation.

An interesting feature concerns the ratio γ = c1
c2

of the c

parameters of the two component lattices which can be writ-
ten as a function of x, i.e to the chemical formula. Denoting
DO and DP the heights of the octahedra and the trigo-
nal prisms along [001] and assuming the Ba atoms are lo-
cated in the two types of atomic planes [Ba3NaO6] and
[Ba3O9], it is possible to calculate c1 and c2. It is obvi-
ous that c1 = xDP + (1 − x)DO while c2 can be calcu-
lated averaging the three types of expected Ba-Ba distances
DO+DP /2, DP and 2DO which occur with the frequencies
x/X , x/2X and (1−2x)/2X (X = x+x/2+(1−2x)/2).
This leads to c2 = x×DP +(1−x)DO

(1+x)/2 and then to γ = 1+x
2

(this calculation is explained in detail elsewhere [27]) ; note
that γ is independant of the DP /DO ratio. Moreover, this
result explains well the general formula given for the phases
since the γ ratio is related to the stoichiometry.

Recently the crystal structure of the x =1/3 term of the
Ba1+x(NaxMn1−x)O3 using a standard 3D model be-
cause of strong evidences of its commensurate nature [27]
was published. We report here an unified structural study of
three different compounds within these series (x � 2/7, 5/17
and 1/3) using the 4D superspace formalism. In these com-
pounds, the Na+ cationic nature in A’ sites lead to a formal
valence closed to +4.5 for manganese.

2 Experiment, Data collection and
Symmetry

Single crystals of Ba1+xNaxMn1−xO3 were grown by
electrosynthesis using the electrochemical system and condi-
tions previously described [27]. An EDS (energy dispersive
spectroscopy) analysis was performed on the selected single
crystals and confirmed the only presence of barium, sodium
and manganese. One must also notice that the electrosynthe-
sis permitting this preparation is hardly reproducible. More-
over, none of the numerous attempts performed to prepare
the title compounds by solid state reaction under differ-
ent experimental conditions such as heating in air, flowing
N2, or NaOH flux from BaCO3/ Ba(OH)2 − 3H2O,
MnO2/Mn2O3, Na2CO3 lead to the expected materials.

Preliminary studies were undertaken for the three single
crystals on a three circles Bruker SMART CCD 1K, leading
to the γ values determination (2/3, 9/14 and 11/17). Then the
ideal 3D models, i.e. the O/P sequences have been predicted
help to previous theoretical investigations [22] as intensively
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detailed in our prior work [27], and roughly refined [28]. In
a second stage, in order to ensure the commensurate charac-
ter or not of the concerned samples and for a more accurate
data collection, supplementary studies were performed on a
Nonius KappaCCD diffractometer. The main investigation
strategy is detailed as follows :

Frames were collected with a classical ”phi-omega
scans” strategy for 0 ≤ θ ≤ 30◦ with a small scan angle
(0.3◦ / frame) and a short sample-detector distance (Dx=34
mm). The precession pictures calculated from these series of
frames are enough precise to obtain an overall view of the
reciprocal space.

The X-ray diffraction patterns showed the existence of
two sets of main spots, one characteristic of a rhombohe-
dral lattice refering to the (NaxMn1−x)O3 structural part,
the other, with stronger spots, typical of an hexagonal lat-
tice relating to the Ba1+x structural part suggesting a com-
posite description to be chosen. Satellite reflections with
significant intensities, resulting from strong modulation in-
side the two composite subsystems, were observed up to the
second order. The c hexagonal unit cell parameters of the
(NaxMn1+x)O3 and Ba1+x sublattices are noted c1 and
c2 respectively. The modulation wave vectors of the two
composite parts are then defined from q ∗

1 = c∗2 = γc∗1 and
q∗2 = c∗1 = γ−1c∗2 with γ = c1

c2
. For such compounds,

this γ ratio is related to the chemical composition and given
by γ = (1 + x)/2. The cell parameters of each subsystem
are given in Table 1. Note that, except for the crystal exhibit-
ing the shortest periodicity (x=1/3) where satellite reflections
show a full overlapp, it was not possible to conclude on the
commensurate or incommensurate character of the modula-
tion. The unit cell parameters of the two lattices, indeed,
cannot be measured with an enough accuracy to know if the
γ ratio is really rational or irrational. Consequently, for all
crystals, a supercell can also be used to describe the diffrac-
tion pattern. These supercells are summarized in Table 1.

Systematic twins, generated by a two fold axis parallel to
the ternary axis (yielding the common obverse/reverse twin-
ning law), were evidenced from the supplementary spots ap-
pearing on the l�=3n reciprocal levels of the rhombohedral
lattice and where taken into account in the subsequent re-
finements.

This first diffraction experiment was also very helpfull
to determine a suitable strategy for the final data collection.
Let us outline that the three crystals exhibit large and diffuse
diffraction spots. A strategy based on ”phi-omega scans” has

been chosen. According to the c parameter of the supercells,
the scan angle and the Dx value were adjusted to limit the
overlapping of reflections, i.e. for the crystal with c �46
Å the scan angle and the Dx parameter were fixed respec-
tively to 0.3◦/frame and 70 mm. The diffracted intensities
were collected up to θ = 45◦. A redundancy of 2 for 90%
of the reflections was chosen. To measure the weakest re-
flections, mainly the second order satellite reflections, and to
avoid problem due to detector saturation, frames were col-
lected both with large (180 s/◦) and small (18 s/◦) exposure
times ; they were merged and rescaled afterwards.

The EvalCCD software [29] was used to extract reflec-
tions from the collected frames (more than 4500 frames for
the crystal with x=5/17) within the supercell description.
Data were corrected from absorption using Jana2000 pro-
gram [30] within the analytical option based on the crystal
morphology. The diffraction pattern is consistent with a trig-
onal symmetry.

As mentioned above, a composite description can be
adopted. The whole reflections are then indexed using four
integers hklm where hkl0 and hk0m denoting the main reflec-
tions of the first and second composite parts respectively. The
observed conditions, limiting the possible reflections, hklm
: -h+k+l=3n and h0lm : m=2n are consistent with the su-
per space groups pairs R3m(00γ)0s : P3c1(00γ−1) and
R3m(00γ)0s : P3c1(00γ−1) and where the γ and γ−1

wave vector choice denotes the subsystem 1 or the subsystem
2 as the reference lattice.

The interest of such a composite approach for commen-
surate or quasi commensurate structures is double : firstly it
allows us to give a common description for different mem-
bers of a same family and secondly it induces a reduction
of the number of parameters thanks to 4D symmetry restric-
tions. Thus, classical 3D refinement requires the introduction
of 382 atomic parameters versus 72 in the 4D approach !!

Within the commensurate hypothesis, the 3D symmetry
of the superstructure can be derived from the 4D SSG as de-
tailed elsewhere [22]; the different possible space groups,
listed in Table 1, are found from the sets of particular 3D
sections of the 4D space. These section are defined from the
internal t parameter (t = x4 − q∗ < r >) where x4 is a
coordinate along the internal space and < r > an average
position in physical space.
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3 Structure refinement

As explained above, the studied compounds can be describe
using either a supercell or a composite approach. Neverthe-
less, in this article, the 4D description, allowing the unifi-
cation by a same model of the three phases, will be more
detailed.

3.1 classical 3D approach

As reported elsewhere [27], the structure of
Ba1+x[(NaxMn1−x)O3] with x=1/3 has been successfully
refined in the P321 SG. The reasonable thermal parameters
values assorted with the final R = 3.21 % comfort the validity
of the commensurate γ= 2/3 approximation, even if thermal
displacement parameters along the [001] direction for some
Mn atoms may suggest the existence of a slight static disor-
der over the column cations. As a matter of fact, this could
also denotes a positional relaxation of Na/Mn cations in this
particular structural kind, confined within a small commen-
surate period, or more probably a tiny deviation from the x =
1/3 rational value.

The structure of Ba1+x[(NaxMn1−x)O3] with x=2/7,
in spite of large value of the c parameter in the 3D approach,
can be classicaly studied owing to the high symmetry of the
crystal (S.G.: R3c); the number of refinement parameters is
indeed relatively small (inferior to 90).

3.2 4D approach

Models for the structures were searched for and refined us-
ing the program Jana2000 [30] considering centrosymmetric
SSG. Crystals with γ=9/14 and γ=11/17 exhibit large peri-
ods along [001] in the supercell description ; overlapping of
main and satellite reflections (only observed up to the second
order) are unlikely. Consequently, incommensurate modu-
lation, making possible a stable refinement of discontinuous
modulation functions, was assumed. As already mentioned,
for the γ = 1/3 commensurate case, the two possible sec-
tions were tested ; the best refinement result was obtained
for the section t=1/36 corresponding to the P32 symmetry.

3.2.1 The Ba1+x sublattice

As expected, the modulation of Ba is likely the main one al-
lowing the strongest satellite reflections to be explained. Two

different models were attempted for this Ba species, the first
with only one atom and an harmonic modulation, and the
second model with two different atoms described by crenel
functions.

model A : a continuous modulation Within this
model, a continuous transversal modulation (displacement
U(x4,2) ⊥ q∗2) was assumed, the Ba atom occupying in the
average structure the special position (1/3 0 1/4) of 32 point
symmetry. The displacement U(x4,2) is then strongly con-

strained owing to the high symmetry

(
3 2
t 1

)
of the atomic

string in 4D space. The internal parameter x4,2 is defined
as x4,2 = γ−1 < zBa > +n3γ

−1, where the n3 integer
specifies the unit cell along c2. t means a τ shift of 2/3 in the
internal space.

model B : a discontinuous modulation A discontinuous
transversal modulation was also considered for the Ba atom ;
this model used in a great number of previous related works
(for details see [31, 32, 21]), assumes two types of Ba atoms,
Ba(1) and Ba(2), related to the two kinds of layers, with
the position (1/3 − ∆x1 0 1/4) and (1/3 + ∆x2 0 1/4)
in the average structure rather than the (1/3 0 1/4) position
(∆x1 , ∆x2 > 0). The 3D symmetry of the site is then
reduced to 2x. The occupancy of these two sites is described
with crenel functions centred at x4,2 =1/2 and 0 respectively
and with x4,2 intervals ∆1 and ∆2 refering to the partial
Ba(1) and Ba(2) populations respectively ; ∆1 + ∆2 is re-
strained to be equal to 1/3 ; the other Ba positions in the

crystal are obtained from the

(
3
t

)
symmetry operator. This

model of modulation is illustrated in Fig. 1 for x=5/17 crys-
tal. It explains correctly the satellite reflections and appears
better than the model A (lowering of the reliability factors).
As verified, the displacement U3(x4,2) along c2, i.e. u0,z×c2

is negligible or very small within the three crystals, preserv-
ing the Ba interspace along c.

3.2.2 The (Mn1−xNax)O3 sublattice

Different models were also used to describe the Mn and Na
atomic modulation.
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Model I : a discontinuous atomic string In this model,
chosen in previous related studies, the displacements along z
of Na and Mn were described from sawtooth functions, with
∆Mn and ∆Na intervals (∆Mn + ∆Na = 1/2), centred at
x4,1 = 0 and 1/4 respectively [31, 32] ; two additional har-
monics were introduced for the Mn atom in order to better
explain the 4D electron density map. Note that this model
implies a perfect ordered sequence of Mn and Na atoms
along [001]. Curves corresponding to the Mn and Na dis-
placements, refined in this model, are shown in Fig. 2 for
x=5/17.

Model II : a continuous atomic string This model used a
single atom, the Mn atom, but an occupancy modulation is
introduced to account for the existence of Na atoms in some
unit cells ; moreover, harmonics (2 and 4) were considered
to describe the Uz displacements. The odd harmonics are
restrained to be equal to 0 owing to the high 4D symmetry(

3 m
1 s

)
of the site. This harmonic model (the correspond-

ing atomic string are drawn in Fig.2) was found better than
the previous one (significant lowering of the agreement R
factors).

As explained above, the crystal with x � 2/7 was also
refined using a classical 3D approach (R3c SG). From the z
coordinates thus obtained for the Mn atoms, an average posi-
tion and atomic displacements along the z axis could be eas-
ily deduced and then the displacive modulation of this atom
in the 4D approach is specified. As verified, these displace-
ments fit better with the continuous model (model II) than
with the discontinuous one (model I).

Concerning the crystal with γ =2/3 (commensurate
structure) both a 3D refinement and a 4D refinement were
carried out and compared. The different possible sections
corresponding to the P3, P321 and P3 3D symmetries in
physical space were tested within the 4D treatment. As ex-
pected, the best result is obtained for the section correspond-
ing to the P321 3D SG. The model used to describe (Mn,Na)
atoms combined both atomic displacement and occupancy
modulation. Thus, atomic displacement parameters (ADP)
modulation (thermal motion modulation) was not applied to
these atoms to avoid correlations between the different mod-
ulation parameters.

The oxygen atom In the three crystals, the oxygen atom
shows very large displacement amplitudes (up to 0.7 Å)
along z; this effect is related to the insertion of Na atoms in
metallic columns to form locally triangular prisms. A saw-
tooth function smoothed with two harmonics was used to ac-
count for the electron density map shown in Fig. 3.

3.2.3 Global procedure

Orthogonalization procedure [33] was used for O, Ba(1) and
Ba(2) atoms defined on reduced ∆ interval of x4 (∆ < 1) to
ensure a better convergence of the refined parameters. Mod-
ulation function for a parameter p of an atom µ, defined in a
restricted ∆ interval of x4 (∆ < 1) is given by :

Uµ
p (x4) =

m∑
n=0

Uµ
p,nFµ

n (x4)

The Uµ
p,n terms are the Fourier terms describing modula-

tion refined within the orthogonalisation procedure and m
the number of harmonics used in the refinement. {F µ

n (x4)}
stands for a set of orthogonalized functions on the ∆ interval
(Schmidt procedure) ; each functions is written as :

Fµ
i (x4) = Bµ

i,0+

(i + 1)/2︸ ︷︷ ︸∑
n=1

Aµ
i,n sin 2πnx4+

i/2︸︷︷︸∑
n=1

Bµ
i,n cos 2πnx4

where the coefficients Bµ
i,0, Aµ

i,n and Bµ
i,n are calculated

during the refinement to ensure the orthogonalisation of the
Fµ

n (x4) functions ; (i + 1)/2︸ ︷︷ ︸ and i/2︸︷︷︸ mean integer part of

(i+1)/2 and i/2 respectively.
Moreover, a modulation of the ADPs was considered for

O and Ba atoms because their close atomic surroundings
change significantly throughout the unit cells.

The refinement results of the three crystals are gathered
in Table 2, 3 and 4.

4 Discussion

4.1 The octahedra-prisms sequence

Using the only result concerning the displacive modulation
of Mn (or Na) atom (models I and II), it appears difficult to
know for certain in which unit cells the Na atoms are located
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(notably in the Mn-Na border zones, Fig 2). However, ow-
ing to a strong displacive modulation, oxygen lattice draws
a framework of face sharing trigonal prisms (P) and octahe-
dra (O) in which metallic atoms are inserted ; an accurate
sequence of O and P polyhedra along z can be given. The
heigth of the prisms (3.6 Å) and this of the octahedra (2.35
Å), roughly constant within both columns for the three stud-
ied compounds, allows us to determine without any doubt the
location of metallic species. The height of the prism is, in-
deed, too large to accommodate Mn atoms. We conclude that
the Mn atoms exhibit an octahedral coordination while the
Na atoms are found inside trigonal prisms. The sequences of
the MnO6 octahedra and NaO6 prisms, running along [001],
are compared in Fig 4. The structure of the two crystals with
γ = 9/14 and γ = 11/17 are visualized within the super-
cell (a,b,14c1) and (a,b,17c1) respectively. As expected, the
O and P sequence along [001] is in agreement with the one
foreseen for instance using the method summarized in our
previous work [27] or the Farey-tree rule [34]. Thus, consid-
ering the crystal defined by x=2/7 in the supercell approxima-
tion (c=14c1) ; x is written as x = 2

7 = 1
4 ⊕ 1

3 = 0
1 ⊕ 1

3 ⊕ 1
3

and the polyhedra sequence is derived from the juxtaposi-
tion of the sequences corresponding to x = 0

1 (1O) and
twice x = 1

3 (2O-1P); the result then obtained 3O, 1P, 2O,
1P is that observed on the half period. The actual sequence
(3O,1P,2O,1P)2 is simply derived by using twice the previ-
ous sequence. Note that the two structural blocks are symme-
try related through an horizontal two fold axis perpendicular
to (1 0 0) (Fig. 5) yielding a 21 axis parallel to c within
each atomic column. The (O) and (P) sequence of the crys-
tal with x=5/17 is more complicated and can be written as
(3O,1P,2O,1P,2O,1P,3O,1P,2O,1P).

4.2 The bonding scheme

The variations of the metal-oxygen (M-O) distances versus
the internal parameter are shown in Fig 6a for the value
x=5/17. For the two other compounds, the plots essentially
keep the same shape and amplitudes. Accurate interatomic
distances for the 3D treatment of x=1/3 composition are re-
ported elsewhere [27]. In the Fig 6a, two sets of curves
are drawn and compared, corresponding to the two proposed
Mn-Na modulation models. As discussed below, even if
model I (discontinuous) leads to more likely M-O distances
(no ”unrealistically” small Na-O distances ranging from 2.05
to 2.20 Å), R factors lowering is obtained by model II (con-

tinuous). Moreover, a careful examination of the 3D refine-
ment, done for the crystal with x=2/7, intensifies our con-
fidence on this model: indeed, the 4D atomic string calcu-
lated for Mn atoms from the supercell description shows a
”zigzag” shape very similar to the continuous dark line drawn
in Fig 2. These ”unrealistic” distances calculated using the
model I (continuous) for some unit cells are inevitably gener-
ated by the continuous change from short Mn-O distances to
longer Na-O distances. But one should keep in mind that, ac-
cording to the commensurate assumption, only discrete value
of t yield true distances as detailed in the legend for Fig 6.
One must also remind that the choice of model I or II does
not change the whole model and more particularly does not
affect the octahedra-prisms sequence. Indeed, the stacking
sequence is rather imposed by the oxygen displacive modu-
lation which is independent of the considered model. Then
the use of the model I or II only changes the position of the
metallic cation inside the polyhedron and, both models lead,
in globo to reasonable MnO and NaO environments.

Of course, a possible interpretation of the mismatch be-
tween ”better” NaO environment obtained in the model I and
the R lowering observed for the model II could be related
to a slight static disorder in the cationic sites, e.g. due to
a loss of coherence between columns or to the intergrowth
with micro phases showing different x values. Moreover, this
disordered aspect could appear reinforced by the observation
of the Mn/Na occupancy curve (Fig 2), very different of the
curve expected for the ordered model (saw tooth functions,
model I). But once more, such discrepancies are inevitably
generated by the continuous model that intrinsically shows
a great flexibility to take into account disordered phenom-
ena. Thus considering, the preferred model II, two types
of distances can be clearly evidenced. The first one is typ-
ical of Mn-O bond lengths ranging from about 1.85 to 2.00
Å(σ � 0.02 Å) in the three crystals, while the second one
is consistent with Na-O bond lengths : 2.02-2.72 Å(while
the literature predict dNa−O greater than 2.2 Å, see previ-
ous comments about ”unrealistic” small distances in prisms).
Within both octahedral and prismatic Mn/Na cations, the
oxygen coordination is formed by two sets of three M-O dis-
tances with dM−O range from 0 to 0.7 Åfor prisms and from
0 to 0.15 Åfor octahedra, depending on t. This observation
pictures possible strong off-centering of cations inside their
polyhedra along columns.

This bonding scheme leads, using the bond valence for-
malism [35], to an oxidation state of Mn higher than 4
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(Fig 6b). This result is in agreement with the approximate
oxidation state value of 4.5 implied by the chemical for-
mula, i.e. +4.5 for x =1/3, +4.4 for x = 2/7 and +4.416
for x = 5/17. This ”exotic” mixed valence for manganese
in same crystallographic sites is discussed elsewhere [27],
but briefly it is noteworthy that, to our knowledge, the only
compound which exhibit this feature is the 6H-perovskite
Ba3ErMn2O9 [36], otherwise Mn4+ and Mn5+ being seg-
regated in octahedral and tetrahedral environments [37], re-
spectively. Within the Na prismatic coordination, since short
Na-O distances on one side of the prism are balanced by
longer ones on the other side, the bond valence calculation
leads to an oxidation state close to 1.

The Fig 7 shows the M-M(transl.001) distances for the
value x=5/17. Thus, running along the columns axis, Mn-
Mndimers, Mn-Mntrimers Mn-Na and Na-Mn pairs are en-
countered. Mn-Mn bonds with minimum distances of 2.33
and 2.40 Å are observed in some unit cells of crystals γ=9/14
and γ=11/17 respectively, the maximum distance reaching
2.7 Å in the other unit cells. Therefore, in a general man-
ner, it is noteworthy that intra-trimer Mn-Mn bonds are sensi-
tively shorter than intra-dimer Mn-Mn bonds (in good agree-
ment with results from the 3D x=1/3 refinement that solely
contains dimers, e.g. 2.53(2) Å< dMn−Mn <2.66(2) Å).
This result leads to imagine Mn-Mn interactions, i.e. metallic
bonds in some unit cell and relaxation phenomena in the oth-
ers , distributed differently for each unit cell and, of course
driving the electric and magnetic properties of such materi-
als. For (Mn-Na) distances, they are generally greater (up to
3.2 Å) but shorter (2.4 Å) also exist, as a consequence of the
polyhedral off-centring.

The Ba atoms are bonded to oxygen atoms belonging
to the three surrounding metallic columns. Concerning the
Ba(2) atom, the most shifted from the special position x=1/3,
the dispersion of the Ba-O distances is moderate (2.67 Å≤
d ≤ 2.95 Å); a ninefold or an eightfold coordination is then
achieved for this Ba. The Ba-O distances relating to the other
baryum type (Ba(1)) are more dispersed, ranging from 2.5 to
3.0 Å; this Ba atom exhibits three types of coordination 8, 9
and 10.

4.3 The twin phenomenon

The macroscopic twin element is a two fold axis of [001]
direction. The refined volume ratios of the two variants are
nearly equal to 1/2 for the crystals with x=2/7 and 5/17 (for

the crystal with x=1/3, the twin volum ratio is 0.7/0.3), sug-
gesting the existence of a strong binary pseudo symmetry of
the structure. This property was verified from the study of
the atomic positions in the supercells. A noteworthy pseudo
symmetry, involving a [001] two fold screw axis passing
through the origin, is observed for the crystal x=2/7 ; it
should be noted that for each atom of coordinate z is asso-
ciated an atom of coordinate 1/2+z owing to the R3c sym-
metry of the structure approximant. The departure from the
binary symmetry arises from small discrepancies on the x
and y coordinates of Mn, Na and Ba atoms. The distance be-
tween the ideal positions, generated from the twin element,
and the actual positions are about 0.1 Å for all the atomic
pairs of oxygen and Ba atoms. In the crystal with x=5/17,
the same twin element is found but the pseudo symmetry is
less stressed mainly because the c mirror is no longer a sym-
metry element of the structure approximant.

5 Concluding remarks

Structures reported in this paper are in agreement with the
previous studies, already cited above, on related compounds.
The octahedra-prisms sequences observed are that foreseen
by the Farey rule and the refined models are close to those
published in the literature. However, the insertion of mono-
valent cations (Na+) instead of divalent cations induces
drastic changes in the (A′

xB1−x)O3 framework. Thus, a
strong dilatation of the trigonal prisms is evidenced ; the
height of the prisms is about 3.6 Å in Na-based compounds
against � 3 Å for A1+x(A′

xB1−x)O3 phases with a diva-
lent A’ cation. Moreover, exotic oxidation state (about 4.5)
is stabilized for the Mn atoms ; this fact is discussed else-
where [27].

Note that, an idealized structure following the stacking
sequences given by the Farey tree should be in agreement
with a model built up from discontinuous functions as crenel
or sawtooth functions. Nevertheless, models finally chosen
to describe the Mn1−xNaxO3 framework of the the stud-
ied crystals used continuous harmonic functions. They seem
to offer more flexibility to take into account possible disorder
phenomena or stacking faults.

To conclude, classical 1D composite structures are built
up from two interpenetrating sublattices exhibiting two in-
dependant periodicities along one direction. A modula-
tion makes it possible the accommodation of the structural

8



mismatch resulting from the existence of these two peri-
odicities. The case of A1+x(A′

xB1−x)O3 compounds ap-
pears very different. The x value imposes the periodicity
on A′

xB1−xO3 sublattice and, as the A atoms are located
only in the atomic planes [A3A

′O6] and [A3O9] (see In-
troduction part), it induces also that of the A1+x sublattice.
This fact is illustrated by the expressions of the c1 and c2

parameters given in the introduction. Then, the octahedra-
prisms sequence imposes the periodicity for the both sublat-
tices which are, consequently, not any more independant. In
the same way, since γ = 1+x

2 , the modulation is only re-
lated to the x value (and then to the P-O sequence) and not
to the mismatch between the A′

xB1−xO3 and A1+x sub-
lattices. The commensurate or incommensurate character of
the modulation depends of the rational or irrational value of
x.

6 Supporting Information Available:

4D X-ray crystallographic files in JANA2000 format of the
three compounds reported. This material is available free of
charge via the Internet at http://pubs.acs.org.
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[30] Petřı̀ček, V. & Dušek, M.(2000). Jana2000. The crys-
tallographic computing system. Institute of Physics,
Praha, Czech Republic.
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7 Figures
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Figure 1: Observed Fourier map around the baryum position. The dark and dark dashed lines correspond to the refined model B.
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x =0.0,x =0.01 2
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Figure 2: Observed x3 − x4 Fourier map for the Mn and Na atoms (drawn for Ba1+x[NaxMn1−xO3], x=5/17). The continuous dark
line illustrates the harmonic model (model II, the selected one) while the grey dashed lines show the model I. The curve in the right
part of the figure corresponds to the occupancy refined for Mn in model II.
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x =0.154, x =0.0001 2
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Figure 3: Observed x3−x4 Fourier map around the oxygen position (drawn for Ba1+x[NaxMn1−xO3], x=5/17). The dark line shows
the function used to describe the atomic string.
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Figure 4: Projection along [110] of the Ba1+x[NaxMn1−xO3] structures for x=1/3, 2/7 and 5/17. The prisms NaO6 (P) and the
octahedron MnO6 (O) are drawn in dark grey and light grey respectively ; Ba atoms are symbolized as grey circles. The polyhedra
sequence is also indicated for each structure.
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Figure 5: Projection along [100] of the Ba1+x[NaxMn1−xO3] structures with x=2/7. The Prism-Octahedron (O-P) sequence, indi-
cated next to the structure, enlightens the role of the two fold axis in the periodicity along c. Note that the 21 axes parallel to c appears
only inside each metallic column, not in the whole structure.
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Figure 6: a) Evolution of the metal-oxygen distances d (Å) versus t1 in the harmonic continuous model (solid curves) and in the
discontinuous model (dashed curves). These results correspond to the refinement of the crystal with x=5/17. The grey and white
regions indicate the existence domains of NaO6 prisms and of MnO6 octahedra respectively. Vertical dotted lines are guide for eyes
; they help the reader to built the “17 cells” sequence (i.e. O-P sequence) corresponding to the supercell description (see Fig. 4c). b)
Evolution of the metal valence versus t1. Valence is minimum for metal in a prismatic coordination and maximun elsewhere.
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Figure 7: Evolution of the metal-metal distances (Å) versus t1 in the harmonic continuous model for the crystal with
x=5/17. O and P refere to octahedron and prism respectively. Symbols correspond to distances effectively reached in the
(a,b,17c) supercell.
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8 Tables
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Ba1+x[NaxMn1−x]O3

x value 1/3 2/7 5/17
Composite Approach

Sublattice 1 : [NaxMn1−x]O3

symmetry Rhombohedral
a1 = b1 (Å) 10.022(4) 10.006(5) 9.99(1)
c1 (Å) 2.743(6) 2.698(4) 2.70(3)

Sublattice 2 : Ba1+x

symmetry Trigonal
a2 = b2 (Å) 10.022(4) 10.006(5) 9.99(1)
c2 (Å) 4.116(8) 4.197(3) 4.18(4)
γ = c1

c2
2/3 9/14 11/17

Super Space Group R3m(00γ)0s : P3c1(00γ−1)
3 D Approach

possible t = 0, SG : P3 t = 0, SG : R3c t = 0, SG : P3
3D t = 1

36 , SG : P32 t = 1
28 , SG : R3c t = 1

204 , SG : P32
sections t, SG : P3 t, SG : R3c t, SG : P3

Supercell
symmetry Trigonal
a = b (Å) 10.022(4) 10.006(5) 9.99(1)
c (Å) 8.235(8) 37.77(4) 45.93(4)
wavelength (Å) / (sin θ/λ)max 0.71073 / 0.9
scan strategy φ − ω
scan angle (◦) 1 0.6 0.3
Dx (mm) 34 70 70
unique reflections (I≥ 3σI)
Main reflections 459 538 431
Satellites reflections 1st order 538 936 822
Satellites reflections 2nd order - 247 347
Absorption correction Gaussian integration based upon crystals morphology
Internal R value (%)
before correction 9.9 6.7 7.4
after correction 6.8 5.9 5.7
refinement program JANA2000 [30]
number of refinement parameters 50 52 61
weighting scheme 1/σ2

I

∆ρmin / ∆ρmax (e/Å
3
) 3.22/3.92 4.46/1.62 3.06/2.89

F(000) 357 326 348
Reliability factors (R) 0.0430 0.0480 0.0560
Main reflections (R0) 0.0450 0.0380 0.0575
Satellite reflections 1st order (R1) 0.0420 0.0530 0.0500
Satellite reflections 2nd order (R2) - 0.1120 0.0770

Table 1: Details of data collection.
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Ba1+x[NaxMn1−x]O3

x value 1/3 2/7 5/17
x 0† 0† 0†

y 0† 0† 0†

z 0† 0† 0†

z sin(2πx4,1) -0.044(1) -0.067(1) -0.057(1)
Mn/Na z sin(4πx4,1) 0.030(3) 0.067(3) 0.050(2)

o 0.822(6) 0.713(4) 0.779(8)
o cos(2πx4,1) 0.259(9) 0.183(6) 0.232(6)
o cos(4πx4,1) -0.04(2) 0.12(2) 0.016(12)
o cos(6πx4,1) 0‡ 0.06(3) 0‡

x 0.154(6) 0.1541(4) 0.1541(4)
y 0† 0† 0†

z 0.5† 0.5† 0.5†

x sin(2πx4,1) 0.0034(11) 0.0039(6) 0.0027(5)
x cos(2πx4,1) 0.0026(3) 0.0014(3) 0.0017(3)
y cos(2πx4,1) 0.0052(6) 0.0028(5) 0.0034(6)
z cos(2πx4,1) 0.027(2) 0.017(2) 0.021(2)
x sin(4πx4,1) -0.0023(4) -0.0020(4) -0.0021(3)

O y sin(4πx4,1) -0.0045(8) -0.0040(8) -0.0041(6)
z sin(4πx4,1) -0.0157(4) -0.012(3) -0.005(2)
x cos(4πx4,1) -0.0018(16) -0.0014(10) -.0023(6)
u0,z -0.278(3) -0.281(2) -0.272(3)
x0

4,1 0.75‡ 0.75‡ 0.75‡

∆ 0.5‡ 0.5‡ 0.5‡

x 0.32404(9) 0.32690(6) 0.3256(1)
y 0† 0† 0†

Ba(1) z 0.25† 0.25† 0.25†

x sin(2πx4,1) -0.0049(1) 0‡ 0‡

x cos(2πx4,1) -0.0099(2) 0‡ 0‡

y sin(2πx4,1) -0.0027(2) 0‡ 0‡

u0,z 0‡ 0‡ -0.0067(10)
x0

4,2 0.5‡ 0.5‡ 0.5‡

∆ 0.20(1) 0.2430(9) 0.219(6)
x 0.3626(2) 0.3574(2) 0.357(1)
y 0† 0† 0†

Ba(2) z 0.25† 0.25† 0.25†

x cos(2πx4,1) -0.0051(3) 0‡ 0‡

u0,z 0‡ 0‡ 0‡

x0
4,2 0‡ 0‡ 0‡

∆ 0.13(1) 0.0903(9) 0.114(6)

Table 2: Refinement results : Occupancy and position (average and modulated) parameters. Only modulated parameters relevant
at least for one of the three compounds are printed. † fixed by symmetry. ‡ fixed because the deviation to the noted value is not
significant.
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F0 = B0,0 1.000
F1 = B1,0 2.069

+ A1,1 3.249
O F2 = B2,1 1.414

F3 = B3,1 2.271
+ A3,2 2.675

F4 = B4,0 2.187
+ A4,1 2.785
+ A4,3 1.953

F0 = B0,0 1.000
F1 = A1,1 2.947

Ba(1) F2 = B2,0 1.348
+ B2,3 2.553

F0 = B0,0 1.000
F1 = A1,1 4.049

Ba(2) F2 = B2,0 -1.553
+ B2,4 2.749

Table 3: Orthogonalized functions. See part 3.2.3 for notations.
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Ba1+x[NaxMn1−x]O3

x value 1/3 2/7 5/17
β11 0.0072(6) 0.0058(3) 0.022(3)

Mn β22 0.0072(6) 0.0058(3) 0.038(5)
β33 0.0204(12) 0.0262(9) 0.032(5)
β12 0.0036(3) 0.0029(2) 0.019(3)
β11 0.019(2) 0.0120(10) 0.022(3)
β22 0.022(3) 0.0159(14) 0.038(5)
β33 0.023(3) 0.0249(15) 0.032(5)
β12 0.011(1) 0.0079(7) 0.019(3)

O β11 sin(2πx4,1) 0.014(2) 0.004(1) 0.005(1)
β22 sin(2πx4,1) 0.010(3) 0.005(2) 0.008(2)
β33 sin(2πx4,1) 0.004(3) 0.007(2) 0.006(2)
β11 cos(2πx4,1) 0.005(2) 0.0023(8) 0.0038(9)
β13 cos(2πx4,1) -0.0045(14) -0.0047(10) -0.003(1)
β11 0.0145(5) 0.0217(3) 0.0226(4)
β22 0.0272(7) 0.0294(4) 0.0324(5)
β33 0.0186(7) 0.0187(4) 0.0201(4)
β12 0.0136(4) 0.0147(2) 0.0116(2)
β13 0.0014(2) 0.0038(2) 0.0032(1)
β23 0.0029(4) 0.0075(3) 0.0064(2)
β11 sin(2πx4,1) - -0.0033(4) -0.0033(4)

Ba(1) β11 cos(2πx4,1) - -0.0033(4) -0.0033(4)
β22 cos(2πx4,1) - - 0.0006(5)
β12 sin(2πx4,1) - - -0.005(1)
β13 sin(2πx4,1) - - -0.0041(15)
β23 sin(2πx4,1) - 0.0108(5) 0.0083(10)
β12 cos(2πx4,1) - - -0.0021(7)
β13 cos(2πx4,1) - 0.0012(3) 0.0028(6)
β23 cos(2πx4,1) - 0.0025(7) 0.0056(12)
β11 0.006(5) 0.0031(4) 0.0074(4)
β22 0.008(1) 0.0037(4) 0.0087(5)
β33 0.003(1) 0.0159(5) 0.0164(5)
β12 0.0041(5) 0.0018(2) 0.0044(3)
β13 -0.0025(4) -0.0023(2) -0.0019(1)

Ba(2) β23 -0.005(1) -0.0046(3) -0.0037(3)
β11 sin(2πx4,1) - - -0.0061(10)
β11 cos(2πx4,1) - - -.0061(10)
β12 sin(2πx4,1) - - -0.0019(9)
β13 sin(2πx4,1) - - -0.003(2)
β12 cos(2πx4,1) - - -0.002(1)

Table 4: Refinement results : Atomic displacement (average and modulated) parameters.Only modulated parameters relevant at
least for one of the three compounds are printed. - fixed to zero because not significant.
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