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ESSENTIAL NORMS OF WEIGHTED COMPOSITION
OPERATORS BETWEEN HARDY SPACES H? AND HY FOR
1 <p,g<oo

R. Demazeux

Abstract

We complete the different cases remaining in the estimation of the essential norm of a
weighted composition operator acting between the Hardy spaces HP and H? for 1 < p,q < oo.
In particular we give some estimates for the cases 1 =p < g<ooand 1 < ¢ < p < 0.

1 Introduction

Let D = {# € C | |2|] < 1} denote the open unit disk in the complex plane. Given two
analytic functions u and ¢ defined on D such that ¢(D) C D, one can define the weighted
composition operator uC, that maps any analytic function f defined on I into the function
uCyu(f) = u.f o . In [10], de Leeuw showed that the isometries in the Hardy space H' are
weighted composition operators, while Forelli [8] obtained this result for the Hardy space HP
when 1 < p < 0o, p # 2. Another example is the study of composition operators on the half-
plane. A composition operator in a Hardy space of the half-plane is bounded if and only if a
certain weighted composition operator is bounded on the Hardy space of the unit disk (see [13]
and [14]).

When v = 1, we just have the composition operator C,. The continuity of these oper-
ators on the Hardy space HP is ensured by the Littlewood’s subordination principle, which
says that C,(f) belongs to H? whenever f € HP (see [4], Corollary 2.24). As a conse-
quence, the condition v € H* suffices for the boundedness of uC, on HP. Considering the
image of the constant functions, a necessary condition is that u belongs to HP. Nevertheless a
weighted composition operator needs not to be continuous on HP, and it is easy to find examples
where uCy,(HP) € HP (see Lemma 2.1 of [3] for instance).

In this note we deal with weighted composition operators between HP and H?
for 1 < p,q < oco. Boundedness and compactness are characterized in [3] for 1 < p < g < ©
by means of Carleson measures, while essential norms of weighted composition operators are es-
timated in [5] for 1 < p < ¢ < oo by means of an integral operator. For the case 1 < ¢ < p < o0,
boundedness and compactness of uC,, are studied in [5], and Gorkin and MacCluer in [9] gave
an estimate of the essential norm of a composition operator acting between H? and HY.

The aim of this paper is to complete the different cases remaining in the estimation of the
essential norm of a weighted composition operator. In section 2 and 3, we give an estimate
of the essential norm of uCy, acting between H? and HY when p = 1 and 1 < ¢ < oo and
when 1 < p < 0o and ¢ = oco. Sections 4 and 5 are devoted to the case where co > p > g > 1.

Let D be the closure of the unit disk D and T = D its boundary. We denote by dm = dt/2w
the normalised Haar measure on T. If A is a Borel subset of T, the notation m(A) as well as | A|
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will design the Haar measure of A. For 1 < p < oo, the Hardy space HP(D) is the space of
analytic functions f : D — C satisfying the following condition

1/p
11l = sup (/ O dm(c >> o

Endowed with this norm, HP(D) is a Banach space. The space H*(DD) is consisting of every
bounded analytic function on D, and its norm is given by the supremum norm on D.

We recall that any function f € HP(D) can be extended on T to a function f* by the following
formula: f*(e?) = lim, A f (re'?). The limit exists almost everywhere by Fatou’s theorem,
and f* € LP(T). Moreover, f — f* is an into isometry from HP(D) to LP(T) whose image,
denoted by HP(T) is the closure (weak-star closure for p = co) of the set of polynomials in LP(T).
So we can identify HP(D) and HP(T), and we will use the notation H? for both of these spaces.
More on Hardy spaces can be found in [11] for instance.

The essential norm of an operator T : X — X, denoted ||T'||¢, is given by

|T|le = inf{||T — K|| | K is compact on X}.

Observe that | T||e < ||T||, and || T||e is the norm of T seen as an element of the Calkin alge-
bra B(X)/K(X) where K(X) is the space of all compact operators on X.

Notation: we will note a &~ b whenever there exists two positive universal constants ¢ and C
such that ¢b < a < Cb. In the sequel, u will be a non-zero analytic function on D and ¢ will be
a non-constant analytic function defined on D satisfying ¢(D) C D.

2 uC, € B(H'H?) for 1 < ¢ < o0
Let’s first start with a characterization of the boundedness of uC,, acting between H? and H?
for 1 <p<g<oo:

Theorem 2.1 (see [5], Theorem 4). Let u be an analytic function on D and ¢ a analytic self-
map of D. Then the weighted composition operator uC, is bounded from HP to H? if and only

if
[uor( 25k L lal >q/,,d ©) <
acb 1" ap(Qp) YT

As a consequence uC, is a bounded operator as soon as uCy, is uniformly bounded on the
set {kcl/p | a € D} where k, is the normalized kernel defined by k,(z) = (1—|a|?)/(1—az)?, a € D.

Note that ke/? € HP and ||l<:01/ P|l, = 1. These kernels play a crucial role in the estimation of the
essential norm of a weighted composition operator:

Theorem 2.2 (see [5], Theorem 5). Assume that the weighted composition operator uCy, is
bounded from HP to H? with 1 < p < q < oo. Then

1 |a‘2 q/p %
[uCplle ~ hﬁl—flu—p </ u(C) < 11— ap(C )|2) dm(()) .

The aim of this section is to give the corresponding estimate for the case p = 1. We shall
prove that the previous theorem is still valid for p = 1:

Theorem 2.3. Suppose that the weighted composition operator uCy, is bounded from H' to HY
for a certain 1 < g < oco. Then we have

JuClle  limsup ( o (|1 :;'QNQ)Q dm<<>> |



Let’s start with the upper estimate:

Proposition 2.4. Let uC, € B(H', HY) with 1 < q < oo. Then there exists a positive con-
stant C' such that

||uc¢uescnf|f;1_p< LGS 1"“('2)|g>qdm<<>>;.

The main tool of the proof is the use of Carleson measures. Assume that y is a finite positive
Borel measure on D and let 1 < p,q < co. We say that u is a (p, ¢)-Carleson measure if the
embedding J, : f € HP — f € L(u) is well defined. In this case, the closed graph theorem
ensures that J, is continuous. In other words, i is a (p, ¢)-Carleson measure if there exists a
constant C7 > 0 such that for every f € HP,

LU aue) < iy (2.1)
Let I be an arc in T. By S(I) we denote the Carleson window given by
S(Iy={zeD| 1—-|I|<|z| <1, z/|z] € I}.

Let’s denote by up and pr the restrictions of p to D and T respectively. The following result is
a version of a theorem of Duren (see [7], p.163) for measures on D:

Theorem 2.5 (see [1], Theorem 2.5). Let 1 < p < q < oo. A finite positive Borel measure
on D is a (p, q)-Carleson measure if and only if ur = 0 and there exists a constant Co > 0 such
that

pp (S(I)) < Co|I|YP for any are I C T. (2.2)

Notice that the best constants C; and Cs in (2.1) and (2.2) are comparable, meaning that there
is a positive constant  independent of the measure p such that (1/8)Ce < C; < 5C5.
The notion of Carleson measure was introduced by Carleson in [2] as a part of his work on
the corona problem. He gave a characterization of measures p on D such that HP embeds
continuously in LP(u).

Examples of such Carleson measures are provided by composition operators. Let ¢ : D — D
be an analytic map and let 1 < p,q < co. The boundedness of the composition operator C,
f = f oy between HP and H? can be rephrased in terms of (p, q)-Carleson measures. Indeed,
denote by m, the pullback measure of m by ¢, which is the image of the Haar measure m of T
under the map ¢*, defined by

for every Borel subset B of D. Then

IC (P8 = /T f ot dm = /D 19 dimg = [, (£

for all f € HP. Thus C, maps H? boundedly into H? if and only if m, is a (p,¢)-Carleson
measure.

In the sequel we will note the disk of radius r by rD = {z € D | |2| <r} for 0 <7 < 1. We will
need the following lemma concerning (p, ¢)-Carleson measures:

Lemma 2.6. Take 0 < r < 1 and let i be a finite positive Borel measure on D. Note

N := sup / |kq (w (w).
la|>r

If 1 is a (p,q)-Carleson measure for 1 < p < q < oo then so is p, = Moreover one can

pr(S())
]]’q/p

M‘ﬁ\rﬂ) :

find an absolute constant M > 0 satisfying ||u,|| < M N} where ||p.|| := sup
ICT



We omit the proof of Lemma 2.6 here, which is a slight modification of the proof of Lemma 1
and Lemma 2 in [6] using Theorem 2.5.

In the proof of the upper estimate of Theorem 2.2 in [5], the authors use a decomposition
of the identity on HP of the form I = Ky + Ry where Ky is the partial sum operator defined
by Kn (302 anz") = Zivzo a,z", and they use the fact that (Kpy) is a sequence of compact
operators that is uniformly bounded in B(HP) and that Ry converges pointwise to zero on HP.
Nevertheless the sequence (K ) is not uniformly bounded in B(H*'). In fact, (Ky) is uniformly
bounded in B(HP) if and only if the Riesz projection P : LP — HP is bounded [15, Theorem 2],
which occurs if and only if 1 < p < co. Therefore we need to use a different decomposition for
the case p = 1. Since K is the convolution operator by the Dirichlet kernel on H?, we shall
consider the Fejér kernel Fy of order N. Let’s define Ky : H' — H' to be the convolution
operator associated to Fy that maps f € H' to Knf = Fyxf € H' and Ry = I — Kn.
Then ||[Ky| < 1, Ky is compact and for every f € H', ||f — Knf|1 — 0 following Fejér’s
theorem. If f(2) =" <, f(n)z" € H!, then

N-1

Knfz) =Y (1= %) fm)en.

n=0
Lemma 2.7. Suppose uCy, € B(H', HY). Then

[uCelle < liminf [|uCy Ry |-

Proof.
|[uCy|le = |uC, KN +uCyRy e
= |uC,RnN||e since Ky is compact
< [[uCyp Rl
and the result follows taking the lower limit. O

We will need the following lemma for an estimation of the remainder Ry:
Lemma 2.8. Let e >0 and 0 < r < 1. Then 3Ny = Ny(r) € N, VN > Np,
[Ry f(w)|” <ellfl5,
for every |w| < r and for every f in H'.

Proof. Let K, (z) =1/(1 —wz), w €D, z € D. K, is a bounded analytic function on D.
It is easy to see that for every f € H',

<RNf7 Kw) = <f7 RNKw>
where |w| <7, N > 1 and

L[ oy ooy
Fah =5 [ )5 a0
for f € H' and g € H*®. Then we have |Ryf(w)] = |(Bnf,Ku)| = |{f, RvKy)| <

IfIL | RN EKwllco- Take |w| < r and choose Ny € N so that for every N > Ny one has
rN < el/a(1 —7)/2 and 1/N SN < (1/2)e/9. Since

o) N-—1 o)
non\ _ N _non —n_n
RNKw(z)—RN<E wz) —w"z" + E w"z",

n=0 n=0 n=N
one has
1 N-—1 o)
| RN K lloo < N Z nr' 4+ Z < et/a,
n=0 n=N
Thus |Ry f(w)|? < e||f||{ for every f in H!. O



Proof of Proposition 2.4. Denote by u the measure which is absolutely continuous with
respect to m and whose density is |u|?, and let p, = po ©~! be the pullback measure of y by .
Fix 0 < r < 1. For every f € H', we have

MuC¢RNLﬂw=:Aﬁu«>WM(RNf>owxcﬂqdwwc
- /1r (B f) o) (O du(©)
_ / R f(w)[7 dpip(w)
D

= R F @) dingl) + [ Rl o)
D\rD
:Il<Nar7f)+12(NaT7f)' (23)
Let us first show that hm sup I2(N,r,f) = 0. For e > 0, Lemma 2.8 gives us an inte-

N flh=1
ger Ny(r) such that for every N > Ny(r),

L(N,r, f) = / R f ()| dpg(w)

< 5HfH1M<p( D)

< el fll{pe(D)
<ell £l
So, r being fixed, we have hm sup I(N,r, f) =0.
Noflh=1

Now we need an estimate of I;(N,r, f). The continuity of uC, : H! — H? ensures that u.,
is a (1, ¢)-Carleson measure, and therefore j,, := P s also a (1, q)-Carleson measure by
D\rD

using Lemma 2.6 for p = 1. We deduce the following inequalities:

/D RN S it () < Bl 1
< 2980 N | £

using Lemma 2.6 and the fact that |[Ry|| < 14 [|[Kn|| < 2 for every N € N. We take the
supremum over By and take the lower limit as N tend to infinity in (2.3) to obtain

liminf [[uC, Ry (|7 < 296MN;:.
N—o0

Now as r going to 1 we have:

lim N = lim sup / ko ()] dja ()

r—1

la]—1—
imsup [ 1u(©) (1) dm(o
= limsup [ |u m
la|—1- 11 —ap((Q)?
and we obtain the estimate announced using Lemma2.7. U

Now let’s turn to the lower estimate in Theorem 2.2. Let 1 < g < co. Consider Fiy the Fejér
kernel of order N, and define Ky : H? — HY the convolution operator associated to Fy and
Ry =1 — Ky. Then (Ky)y is a sequence of uniformly bounded compact operators in B(HY),
and ||Ry f|lq — 0 for all f € HY.



Lemma 2.9. There exists 0 < C < 2 such that whenever uCy, is a bounded operator from H?
to H1, one has

1.
EhmsupHRNuCLpH < [[uCy|le-
N

Proof. Take K € B(H', H) a compact operator. Since (Ky) is uniformly bounded, one
can find C' > 0 satisfying ||Ry|| <1+ [[Kn|| < C for all N > 0, and we have:

1
luCy + K| 2 Z[ By (uCy + K|
1 1
2 GlIRNuCyll = FlIRNE].

Now use the fact that (Ry) goes pointwise to zero in H?, and consequently (Ry) converges
strongly to zero over the compact set K (Bp1) as N goes to infinity. It follows that || Ry K| - 0,

and

1
|[uCy, + K| > ol limsup || RyuCyl|
N

for every compact operator K : H' — HY. ]

Proposition 2.10. Let uC, € B(H', H?) with 1 < q < co. Then

[uColle = Cl‘lﬁfﬁp </ |u(C) ( - |a(|2)|2>q dm(C)>;-

Proof. Since k, is a unit vector in H?,
[RnuClyl| = [[uCyp — KnuCyll = |[uCpkallq — [[KnuCpkallg- (2.4)

First case: ¢ > 1
(ko) converges to zero for the topology of uniform convergence on compact sets in D as |a| goes
to 1, so does uCy(k,). The topology of uniform convergence on compact sets in D and the
weak topology agree on H?, therefore it follows that uCy(k,) goes to zero for the weak topology
in HY as |a| goes to 1. Since K is a compact operator, it is completely continuous and carries
weak-null sequences to norm-null sequences. So |[Kn (uCy(kq))|lq — 0 when |a|] — 1, and

[RNuCyl| = limsup [[uCl(Ka)llq-

la]—1—

Taking the upper limit when N — oo, we obtain the result using Lemma 2.9.
For the second case we will need the following computation lemma:

Lemma 2.11. Teke a € D and N € N*. Denote by op(a) the p-th Fourier coefficient
of Cy, (ka/(1 —|al?)), so that for every z € D we have

ka(p(2)) = (L —a’) ) ap(a)2?
p=0

Then there exists a constant M = M(N) > 0 depending on N such that |ay(a)] < M for
every p < N and every a € D.

Proof of Lemma 2.11.  Write ¢(z) = ag + ¥(2) with ap = ¢(0) € D and 9(0) = 0. If we
develop k,(z) as a Taylor series and replace z by ¢(z) we obtain:

o0

ka(p(2)) = (1= a]?) Y_(n+ 1)(@) (=)™

n=0

6



Then

where (f, g) fT fg dm. Note that <@ZJ zp> =0 if j > p since ¥(0) = 0, and consequently

M8

ap(a) =

i
o

7=0

[
M'ﬁ

<.
I
o

n

o

I
-M“

<
Il
o

n=j

In the case where ag # 0 we obtain

ap(a) =

AM%

I
o

J

. _; 1)(aa

I
-M“

<
I
o

(j +1)(a)’

(1 — aag) 2

(P(2), 2*)

I
.MB

<
Il
o

using the following equalities for x = aag € D:

/
o

@ S (Ve wley
-~ (n+1)( ( ) <¢(z)j7zp>
W2y, ) S (n+1)(@)" (j) 0.

(¥(2) zpaOJZn—i-l() ap)"

n=yj n=j

Yoo = (L)) = () -

Note that the last expression obtained for ap(a) is also valid for ag = 0. Thus, for 0 <p < N

we have the following estimates:

p .
741
o < -_—
(@] < 2| () ) I
P N+1
< Z|¢ HOOW
7=0
< D" 9
= (1 — Jao|)N+2 0<j<N
<M,

where M is a constant independent from a.

Second case: ¢ =1

0

In this case, it is no longer for the weak topology but for the weak-star topology of H' that



uCy(ky) tends to zero when |a| — 1. Nevertheless, it is still true that [|[KyuCy, (ko)1 — O
as [a| — 1. Indeed if f(2) =3, 54 f(n)2" € H', then

N-1

Enf(z) =Y (1 - %) F(n)2".

n=0

We have the following development:
o0
ka(p(2)) = (1= af’) Y an(a)z".
n=0
Denote by u,, the n-th Fourier coefficient of u, so that

uCp(ka)(2) = (1= a]) > < ap(a)un_p> 2", Yz e D.
n=0 *p=0
It follows that

N-1

|ExuCy(ha)lls < (1= o) 3 (1= %)

n=0

12"l

n
Z ap(@)upn—p
p=0

Now using estimates from Lemma 2.11, one can find a constant M > 0 independent from a such
that |y, (a)| < M for every a € D and 0 < p < N —1. Use the fact that ||2"||; = 1 and |u,| < |Ju|;
to deduce that there is a constant M’ > 0 independent from a such that

IENuCop(ka)llr < M'(1 —|al?)]Jullx

for all @ € D. Thus KyuCy(k,) converges to zero in H! when |a| — 1, and take the upper limit
in 2.4 when a tends to 17 to obtain

|RnvuCy|| > limsup |[uCy(kq)|1, VN >0.

la]—1

We conclude with Lemma 2.9 and observe that C' = sup || Ry || < 2 since ||Ry|| <1+ || Kn| < 2.
U

3 uC, e B(H?,H*) for 1 <p < o0

Let u be a bounded analytic function. Characterizations of boundedness and compactness of
uC,, as a linear map between H? and H* have been studied in [3] for p > 1. Indeed,
|u(2)[”

uC, € B(H?, H*) if and only if sup ——————— < o0
o € BUILHT) i SIS

and

: . : : u(2)[”
uC,, is compact if and only if ||p||ec <1 or lim =0.

lo(2)[=1 1 — |p(2)[2

In the case where ||¢||oc = 1 we will note

M, (u) = limsup &
le(2)=1 (1 — |p(2)]2)?

As regarding Theorem 1.7 in [12], it seems reasonable to think that the essential norm of uC,
is equivalent to the quantity M, (u). We first have a majorization:



Proposition 3.1. Suppose that uCy, is a bounded operator from HP to H* and that ||¢||ec = 1.
Then
|[uCylle < 2My(u).

Proof. Let € be a real positive number, and pick r < 1 satisfying

sup & < My(u) + €.
le()2r (1 — |p(2)[2)>

We approximate uC, by uC,Ky where Ky : HP — HP is the convolution operator by the
Fejér kernel of order N, where N is chosen so that |Ryf(w)| < €|/ f||1 for every f € H' and
every |w| < r (Lemma 2.8 for ¢ = 1). We want to show that |[uC, — uC,Kn| = ||[uC,Rn| <
max(2M,(u) + 2¢, €||ul| ), which will prove our assertion. If f is a unit vector in H?, then

[uCp R (f)]loo = max ( sup [u(z)(Rnf)op(z)], sup |u(z)(Rnf) O@(@!) :
le(2)[>r le(z)<r
We want to estimate the first term. If w € D, we note J,, the linear functional on HP defined by
dw(f) = f(w). Then 6, € (HP)* and
sup [u(2)(Rnf)op(2)| < sup  |u(2)[[[0p0) | ey [ BN fllp

le(2)|>r l(z)|>r
oy G
@Iz (1 [p(2)2)»
<2 (My(u) +2),

where we use the fact that | Ry f|l, < 2 and ||6y]|(zey = 1/(1 — |w[*)V/? for every w € D.
For the second term, since |¢(z)| < r we have

[u(z) Ry f (9(2))] < llulloc| B f (0(2)) | < ellulloo]l £l < €llulo
which ends the proof. O

On the other hand, we have the lower estimate:

Proposition 3.2. Suppose that uCy is a bounded operator from HP to H* and that ||¢||e = 1.
Then )
M) < [uC

Proof. Assume that uC,, is not compact, implying M, (u) > 0. Let (z,) be a sequence in D
satisfying

lim|p(zp)] =1 and lim [ulzn)|

== M,(u).
)

Consider the sequence (f,) defined by

e (L= le(z)P)
()

Each f, is a unit vector of HP. Let K : HP — H® be a compact operator.

ASHL] SN

fn(2) = k@(zn) (2)

First case: p > 1
Since the sequence (f,) converges to zero for the weak topology of HP and K is completely
continuous, the sequence (K f,,) converges to zero for the norm topology in H*. Use that



|[uCy + K| > [[uCy(fn)lloo — ||/ fulloo and take the upper limit when n tends to infinity to
obtain

|uC, + K|| > limsup [[uCy(fn) |

> limnsup [u(zn)| | fn (@(20))]

> limsup%”1
m (L= e(za)?)
> My(u).

Second case: p =1
Let ¢ > 0. Since the sequence (f,,) is no longer weakly convergent to zero in H', we cannot
assert that (K f,)n goes to zero in H*°. Nevertheless, passing to subsequences, one can assume
that (K fy, )k converges in H>°, and hence is a Cauchy sequence. So we can find an integer N > 0
such that for every k and m greater than N we have ||K f,, — K fp,.|| < . We deduce that

(uCy + K) (f”k —anm>H

1 €
> S N0Co(foe = Fan)lloe = 5

> Sl e () = fu ()]~

o Gl )] (1= ()]
T 2(1- |90(an)|2)

[uCy + K| >

Npo| m

) _

5
22

2|1 = @m0z,

Now take the upper limit as m goes to infinity (k being fixed) and remind that lim,, |¢(zy,,)| =1
and |¢p(zy, )| < 1 to obtain

(1 = le(zn) )

for every k > N. It remains to make k tend to infinity to have

| ™

3

1
[uCp + K| > §Mtp<u) Ty

Combining Proposition 3.1 and Proposition 3.2 we obtain the following estimate:

Theorem 3.3. Suppose that uC, is a bounded operator from HP to H*™ and that ||¢| = 1.
Then ||uCylle = My(u). More precisely, we have the following inequalities:

1
§Mw(u) < NuCylle < 2My(u).
Note that if p > 1 one can replace the constant 1/2 by 1.
4 uC, e B(H* H?) for co>¢>1
In this setting, boundedness of the weighted composition operator uCy, is equivalent to saying
that u belongs to H?, and uC, is compact if and only if w = 0 or |E,| = 0 where E, = {( € T |

©*(¢) € T} is the extremal set of ¢ (see [3]). We give here some estimates of the essential norm
of uC, that appear in [9] for the special case of composition operators:

10



1
Theorem 4.1. Let u € HY. Then ||[uCy|e = <fE<p lu(¢)[4 dm(()) . More precisely,

) ( /| JEGK dm<c>) < Gy <2 ( / o dm<<>)

We start with the upper estimate:

1
q

Proposition 4.2. Let uw € H9. Then

et <2( [ ol dm@);

©

Proof. Take 0 < r < 1. Since ||r¢lsc < 7 < 1, the set E,, is empty and therefore the
operator uCh, is compact. Thus |[uCy | < |[uCy, — uCy||. But

Oy —uCyllt = s [ WO (A(Q) ~ S rp() " amiC). (a.1)
For ¢ > 0, note E. = {¢ € T | |¢*(¢{)] < 1 —¢}. We assume that uC, is not compact,
hence E. # (). We will use the pseudohyperbolic distance p defined for z and w in the unit disk
by p(z,w) = |z —w|/|1 — wz|. The Pick-Schwarz’s theorem ensures that p(f(2), f(w)) < p(z, w)
for every function f € Bpye. As a consequence the inequality |f(z) — f(w)| < 2p(z, w) holds for
every w and z in .

If ¢ is an element of E. then

A=nlp(©] . 1-r
T rleQF = T-r(l-e)

One can choose 0 < r < 1 satisfying supg_p(¢(¢),r¢(¢)) < £/2, and therefore
[£(2(©)) = F(re(©)] < 25up p((O).r(€) <

p(e(Q),re(C)) =

for all ¢ € E. and for every function f in the closed unit ball of H*. It follows from these
estimates and (4.1) that

0y~ uCrplt < sup ([ Ot am(@+ [ (e am(o))
flleo<1 \ JE& T\E:
<erfulg+2 [ (Ol dm(c)
Make ¢ tend to zero to deduce the upper estimate. O

Let’s turn to the lower estimate:

Proposition 4.3. Suppose that uw € H1. Then

JuColle > 5 ( [ dm(C)) R

Proof. Take a compact operator K € B(H®, H?). Since the sequence (z"),¢n is bounded
in H>, there exists an increasing sequence of integers (nj)i>o such that (K(z"*)),~, con-
verges in HY. For any ¢ > 0 one can find N € N such that for every k,m > N we
have |[Kz" — Kz"m|, <e. If 0 < r <1, we note g,(z) = g(rz) for a function g defined on D.
Take k > N. Then there exists 0 < r < 1 such that

[ (™), Mg = [Jug™llg — e
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For all m > N we have

luCy+ K| = 5

(uC, + K) (M)

q

> 2 (g™ — o), — o
zguw 9, = (™), ]|,

> 2 (I ||<uso"m>rr\q) -£
> (1 (pr”’“ll ug™),1l,) -

Let us make m tend to infinity, keeping in mind that 0 < r < 1 and ||¢,]|e < 1:
(™), Nlg < Mlellgll ()™ loo < llullgllerllSe — 0.

Thus [|[uCy, + K|| > (1/2)||lue™||q — € for all £ > N. We conclude noticing that
s :
gl = ([ 1u0stor 1t am()" - ( /o dm<<>)

©

5 uC, e B(H?,HY) forco>p>qg>1

In [9], the authors give an estimate of the essential norm of a composition operator between HP
and H? for 1 < ¢ < p < oo. The proof makes use of the Riesz projection from L9 onto HY,
which is a bounded operator for 1 < ¢ < oco. Since it is not bounded from L! to H' (H' is not
even complemented in L!) there is no mean to use a similar argument. So we need a different
approach to get some estimates for ¢ = 1. A solution is to make use of Carleson measures.
First, we give a characterization of the boundedness of uCy, in terms of a Carleson measure.
In the case where p > ¢, Carleson measures on D are characterized in [1]. Denote by I'(¢) the
Stolz domain generated by ¢ € T, i.e. the interior of the convex hull of the set {¢} U (aD),
where 0 < a < 1 is arbitrary but fixed.

Theorem 5.1 ( [1], Theorem 2.2). Let p be a measure on D, 1 < ¢ < p < oo and s = p/(p — q).

Anlz) belongs to L*(T)

Then i is a (p,q)-Carleson measure on D if and only if ¢ fF O T2

and pur = Fdm for a function F € L*(T).

This leads to a characterization of the continuity of a weighted composition operator be-
tween H? and HY:

Corollary 5.2. uC, : H? — HY is bounded if and only if G : ¢ € T — G(¢ fF 1 \ZI2
belongs to L*(T) for s = p/(p—q) and py = Fdm for a certain F € L*(T), where dp = ]u\qdm

and iy, = 1o 0~ ! is the pullback measure of ju by .

Proof. uC, is a bounded operator if and only if there exists ¢ > 0 such that for
any f € Hp Jp [u(O2]f o (O] dm(C) < ¢/ f]|, which is equivalent (via a change of variables)
to J51f(2)|? duy(z) < || f||f for every f € HP. This exactly means that s, is a (p, ¢)-Carleson
measure. This is equivalent by Theorem 5.1 to the condition announced. ]
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If f € HP, the Hardy-Littlewood maximal non tangential function M f is defined by M f(¢) =
SUP.er(¢) |f(z)| for ¢ € T. For 1 < p < oo, M is a bounded operator from H? to LP and we will
denote its norm by ||M||,. The following lemma is the analogue version of Lemma 2.6 for the
case p > q.

Lemma 5.3. Let u be a positive Borel measure on D. Assume that p is a (p, q)-Carleson measure
for 1 < q < poo. Let 0 < r <1 and p, := g\ p- Then p, is a (p,q)-Carleson measure, and
there exists a positive constant C such that for every f € HP,

/D!f(Z)Iq dpr(2) < (1Fls + CUIMFNGs) £

where dur = Fdm and G, ( fF 1_ . In addition, ||Gy||s — 0 asr — 1.

Proof. Being a (p, q)-Carleson measure only depends on the ratio p/q (see [1], Lemme 2.1),
so we have to show that p, is a (p/q, 1)-Carleson measure.
It is clear that G, < G € L*(T). Moreover dpr, = dpr = Fdm € L*(T). Corollary 5.2 ensures
the fact that p, is a (p, ¢)-Carleson measure.
Let f be in HP. Then

L1001 anr(© = [ 101" du(o) = / H(OT F(C) dm(C)
< ([1sr am c)) 171,

< IFIIBIE]s (5.1)

using Holder’s inequality with conjugate exponents p/q and s. 3
For z # 0, z € D, note I(z2) = {¢ € T | z € I'({)}. In other words ¢ € I(z) & z € T'(().

Then m (f(z)) ~1—|z| and

/!f O dpe(z /\f (/ dm<<>> f‘f‘(;l
=[] 1 2 A0

/Mf ¢ q/ irl2) ()

re) 1= |22

where M f(¢) = sup,cr(c) |f(2)] is the Hardy-Littlewood maximal non tangential function. We
apply Holder’s inequality to obtain

/le(z)lq dpr(2) < ClIMFIEIGrls < CIMIBIG 1115 (5.2)
where C' is a positive constant. Combining (5.1) and (5.2) it follows that
/le(z)lq dpr(2) < (|F[ls + CIMIZNG 1) 13-

It remains to show that G, tends to zero in L*(T) when r tends to 1. We will make use of
Lebesgue’s dominated convergence theorem. Clearly we have 0 < G, < G € L*(T), so we need
to show that G,(¢) — 0 as r — 1 for m—almost every ( € T. Let A={C € T| G({) < oo}.
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It is a set of full measure (m(A) = 1) since G € L*(T). Write G,({) = fr(g) fr(2) du(z)
with fr(2) = I, ,p(2)(1 = |z]2)~!, 2 € T(¢). For every ¢ € A one has

£(2)] < 1_1||2 € L' (T(¢), p) since € € 4,

fr(z) — 0 for all z € T'(¢) C D.

r—1
Lebesgue’s dominated convergence theorem in L' (I'(C), i) ensures that G.(¢) = || frll L1 (r(e) 0
g

tends to zero as r tends to 1 for m—almost every ¢ € T, which ends the proof.

Theorem 5.4. Let uCy, be a bounded operator from HP to HY, with oo >p > q > 1. Then

pP—q

NGl dm<<>) "
E

©

p/q

[uCylle < 2[|Cp 28 (

where ||C,, denotes the norm of C, acting on HP/4.

Hp/q

Proof. We follow the same lines as in the proof of the upper estimate in Proposition 2.4: we
have the decomposition I = K + Ry in B(HP), where Ky is the convolution operator by the
Fejér kernel, and

[uCylle < limNinf |uC,RN||.

We also have, for every 0 < r < 1,

|(uC ) £12 = /D IR o) + / RN F@)l" disg(w)
:]1(N,T,f)+IQ(N,T‘,f)~
As in the p < ¢ case, we show that

lim sup I(N,r, f)=0.
Nosllp<t

The measure p, being a (p,q)-Carleson measure, we use Lemma 5.3 to have the following
inequality
L(N,r, ) < (IFlls + CIMFNG ) B flI3
for every f € HP. As a consequence
1

luClle < lim inf (||J‘S|1|121]1(N7 T, f)) <2([1Flls + CIIMZIGrlls)
P>

Q=

using the fact that supy ||Ry|| < 2. Now we make r tend to 1, keeping in mind that ||G,||s — 0.
We obtain
luColle < 2| F13/7.

It remains to see that we can choose F' in such a way that

1Pl < 1Clly/e ( /
E,

Indeed, if f € C(T) N HP/4, we apply Hélder’s inequality with conjugates exponents p/q and s

to have
1/s
|ul* dm) ,

‘/f dﬂcp,']l'
T

1/s
u(¢)|7-a dm<<>> .

©

< /E ul1]f o gl dm < [Co(Fllse ( /E

©

- / Tf oo dm
E,

©
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meaning that p, 1 € (Hp/q)*, which is isometrically isomorphic to L*(T)/H, where H{ is the
subspace of H® consisting of functions vanishing at zero. If we denote by N (s, ) the norm
of p,T viewed as an element of (Hp/q)*, then one can choose F' € L*(T) satisfying || F||s =

1/s
N(ppr) < [|Collp/q (wa |u|pe/ (P=a) dm) and p,1 = F dm (see for instance [11], p. 194).

Finally we have
p—aq

[uCylle < 2C, )10 ( /E ()7 dm<<>> .

©

g

Although we haven’t be able to give a corresponding lower bound of this form for the essential
norm of uCy,, we have the following result:

Proposition 5.5. Let 1 < g < p < o0, and assume that uCy, € B(H?, H?). Then

luCylle > ( /
E,

Proof. Take a compact operator K from HP to H?. Since it is completely continuous, and
the sequence (2") converges weakly to zero in H?, (K (z")), converges to zero in H9. Hence

q

©

u(Q)* dm(C))

[uCy + K| > [[(uCy + K)2"[lg = [uCp(z")lq — 1K (2")lq
for every n > 0. Taking the limit as n tends to infinity, we have

JuCl > ( /E ()] dm<<>> .

©
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