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We present the exhaustive classification of surface states of topological insulators and su-
perconductors protected by crystallographic magnetic point group symmetry in three spa-
tial dimensions. Recently, Cornfeld and Chapman [Phys. Rev. B 99, 075105 (2019)] pointed
out that the topological classification of mass terms of the Dirac Hamiltonian with point
group symmetry is recast as an extension problem of the Clifford algebra, and we use their
results extensively. Comparing two types of Dirac Hamiltonians with and without the mass-
hedgehog potential, we establish an irreducible character formula to read off which Hamil-
tonian in the whole K-group belongs to 4th-order topological phases in three spatial dimen-
sions, which are equivalent to atomic insulators consisting of atoms localized at the point
group center.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Subject Index I68, I90

1. Introduction
Topological insulators (TIs) and topological superconductors (TSCs) are topological classes
of gapped Hamiltonians of free fermions [1,2]. Two gapped Hamiltonians are said to belong
to the same topological phases if there exists a continuous path of Hamiltonians interpolat-
ing between them that preserves both symmetry and the energy gap. For TIs/TSCs protected
solely by onsite symmetry, symmetry groups composed of transformations that keep the spatial
position invariant, the classification problem is recast as an extension problem of the Clifford
algebra [3–7], and it is shown that a nontrivial TI/TSC exhibits a robust gapless state on its
boundary.

With crystalline symmetry, which involves a group element that changes its spatial position,
the relationship between TIs/TSCs and gapless boundary states is more involved. This is be-
cause atomic insulators, which are occupied states of localized atomic orbitals, contribute to
the topological classification while they are irrelevant to boundary gapless states. The best way
to think of the structure of the bulk–boundary correspondence in the presence of crystalline
symmetry is the filtration ¨¨¨ĂK

2
ĂK

1
ĂK for the classification of TIs/TSCs with respect to the

space dimension on which the TI/TSC is defined [8–10]. Precisely, for d space dimensions, let
K(p) be the Abelian group composed of TIs/TSCs that are adiabatically connected to TIs/TSCs
supported on a subspace with dimension less than or equal to (d ´ p). The quotient group
K(p)/K(p ` 1) captures TIs/TSCs supported exactly on a (d ´ p)-dimensional real-space subman-
ifold, which are called (p ` 1)th-order TIs/TSCs [11–13], and such phases host gapless boundary
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states if p ă d. In particular, the group K(d), the (d ` 1)th-order TIs/TSCs, represents atomic
insulators. Therefore, the quotient group K/K(d) provides the classification of TIs/TSCs with a
gapless boundary state. See Refs. [14–16] for the classification of surface states of time-reversal
(TR) symmetric TIs in spinful electrons with the connection to the symmetry-based indica-
tor [17].

Recently, Cornfeld and Chapman have pointed out that for arbitrary point group symmetry
(namely, a subgroup of the orthogonal group keeping a crystal structure), symmetry operators
can be onsite with keeping the topological classification, resulting in the possibility that the
Abelian group K of the classification of TIs/TSCs can be computed by the extension problem
of the Clifford algebra as well as the classification of TIs/TSCs with onsite symmetry [18].

In this paper, for magnetic point group symmetry, we show that in addition to the group K of
the entire classification, the group K(d) of dth-order TIs/TSCs can also be computed in a canon-
ical way as a subgroup of K. Taking the quotient of K by K(d), one can get the classification of
TIs/TSCs hosting a gapless boundary state.

Throughout this paper, the classification of band structures means that in the sense of the
K-theory. Every classification is an Abelian group, measures the formal difference between two
TIs/TSCs, and is stable under adding a common TI/TSC. Except for Section 2, we consider
TIs/TSCs in three space dimensions. The same approach works for generic space dimensions.

The plan of this paper is as follows. In Section 2, we illustrate how the entire group K and the
group K

1
of atomic insulators are computed for a simple example in 1D. Section 3 is devoted

to establishing the irreducible character formulas to compute the groups K and K
3

for generic
magnetic point group (MPG) symmetry. In Section 3.1, we reformulate Cornfeld and Chap-
man’s prescription so that it can be applied to generic MPG symmetry with arbitrary factor
systems. In Section 4, we apply our formalism to insulators and superconductors in three space
dimensions to get the complete classification of the gapless surface states. The classification
tables are summarized in Tables D1–D8 in Appendix D. We summarize this paper and suggest
future directions in Section 5.

2. Simple example
Before moving on to the formulation applied to any MPGs for TIs and TSCs, we give a simple
example to show what we want to do in this paper. In this section, σμ “ 0,x,y,z and τμ “ 0,x,y,z

represent 2 by 2 Pauli matrices.
Let us consider 1D time-reversal symmetry (TRS)-broken odd-parity superconductors (SCs),

i.e., SCs in which the inversion transformation keeps the normal states invariant but flips the
sign of the gap functions. The topological nature of the bulk is described by the Dirac Hamil-
tonian

Hpk̂xq “ ´iBxγ1 ` m�0, γ 2
1 “ �2

0 “ 1, tγ1, �0u “ 0, (1)

where k̂x “ ´iBx, and m is a mass parameter. The symbols γ 1 and �0 are gamma matrices with
the anticommutation relation. The particle–hole and inversion symmetries are written as

ĈHpk̂xqĈ´1
“ ´Hp´k̂xq, Ĉ2

“ 1,

ÎHpk̂xqÎ´1
“ Hp´k̂xq, Î2

“ 1,

ĈÎ “ ´ÎĈ. (2)
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Here, Î is the unitary inversion operator, and Ĉ is the antiunitary particle–hole operator. The
anticommutation relation between Ĉ and Î is from the assumption of the odd parity of the
superconducting gap function (see Section 4.2 for details). Note that the following algebraic
relations hold:

Ĉγ1Ĉ´1
“ γ1, Îγ1Î´1

“ ´γ1,

Ĉ�0Ĉ´1
“ ´�0, Î�0Î´1

“ �0. (3)

To carry out the topological classification of the mass term m�0, we introduce the modified
operator Ĩ “ iγ1Î that behaves as an onsite chiral symmetry

ĨHpk̂xqĨ´1
“ ´Hpk̂xq, Ĩ2

“ 1, (4)

with the algebra among symmetry operators

Ĩ2
“ 1, ĈĨ “ ĨĈ. (5)

The operators Ĉ and Ĩ compose the BDI class in the Altland–Zirnbauer (AZ) symmetry
classes [19]. Thus, the mass terms m�0 are classified by integers, where we denote the K-group
by K “ Z [3,4]. The generator model is given by

Hpk̂xq “ ´iBxτy ` mτz, Ĉ “ τxK, Ĩ “ τx. (6)

Here, K is the complex conjugation. Given a Dirac Hamiltonian with the modified inversion
symmetry Ĩ , the Z index is given by the 1D winding number

w1DrHpk̂xqs “
1
2i

tr rγ1�0Ĩs, (7)

which we will use later.1

Not every integer of the K-group K represents a 1st-order TSC, the Kitaev chain. As is shown
shortly, even integers of K are 2nd-order TSCs; i.e., they are equivalent to atomic insulators
localized at the inversion center. To see this, we add a symmetry-allowed Jackiw–Rebbi kink
term M(x)�1 to Eq. (1) as in

Hkinkpk̂x, xq “ ´iBxγ1 ` Mpxq�1 ` m�0,

γ 2
1 “ �2

0 “ �2
1 “ 1,

tγ1, �0u “ tγ1, �1u “ t�0, �1u “ 0. (8)

We also assume the anticommutation relation t�0, Ĩu “ 0 to be compatible with the sign change
of the mass term M(x) at x “ 0. The particle–hole and inversion symmetries are written as

ĈHkinkpk̂x, xqĈ´1
“ ´Hkinkp´k̂x, xq, Ĉ2

“ 1,

ÎHkinkpk̂x, xqÎ´1
“ Hkinkp´k̂x, ´xq, Î2

“ 1,

ĈÎ “ ´ÎĈ. (9)

1The 1D winding number w1D of the Hamiltonian (1) for the chiral symmetry operator Ĩ is given by

w1D “
1

4π i

ż 8

´8

dkxtr rĨHpkxq
´1

Bkx Hpkxqs “
´sgnpmq

4π i
tr rγ1�0Ĩs.

The formula (7) gives the difference of the winding numbers when the mass parameter m crosses the zero
from the positive to the negative.
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Here, M(´x) “ ´M(x) is imposed from the inversion symmetry.2 The key observation is the
one-to-one correspondence between the Jackiw–Rebbi low-energy bound states of Hkinkpk̂x, xq

and atomic insulators at the inversion center. The Jackiw–Rebbi Hamiltonian ´iBxγ 1 ` M(x)�1

hosts zero modes localized at the inversion center x “ 0. The uniform mass term m�0 induces
finite energy to those zero modes, resulting in localized modes at x “ 0 with finite positive or
negative energies, which resemble atomic states. (See footnote 3 for the quantitative details.3)

The aforementioned one-to-one correspondence is systematically constructed by dimensional
isomorphic mapping in the K-theory [20]. We denote the classification of atomic insulators at
the inversion center by KAI. The group KAI is represented by a 0D Hamiltonian H0D with the
particle–hole and inversion symmetries,

Ĉ0DH0DĈ´1
0D “ ´H0D, Ĉ2

0D “ 1,

Î0DH0DÎ´1
0D “ H0D, Î2

0D “ 1,

Ĉ0DÎ0D “ ´Î0DĈ0D. (10)

From Ĉ0DÎ0D “ ´Î0DĈ0D, the particle–hole symmetry (PHS) operator Ĉ0D exchanges the pos-
itive and negative eigenvalues of Î0D, meaning that the AZ class for the Hamiltonian H0D is
effectively the A class. Thus, we find that the K-group KAI is KAI “ Z and is generated by
the Hamiltonian H0D “ mσ z with symmetry operators Ĉ0D “ σxK and Î0D “ σz. Given a 0D
Hamiltonian H0D with symmetry operators Ĉ0D and Î0D, the dimensional raising isomorphic
map to the kink Hamiltonian is given by

Hkinkpk̂x, xq :“ ´iBxτy ` Mpxqτx ` H0Dτz, C̃ “ C̃0Dτz, Î “ Î0Dτz. (11)

Notice that the Hamiltonian Hkink and the symmetry operators Ĉ and Î obtained in this way
automatically satisfy the desired symmetry algebra (9). In particular, the generator model of
KAI “ Z is mapped as

Hkinkpk̂x, xq “ ´iBxτy ` Mpxqτx ` mσzτz, Ĉ “ σxτzK, Î “ σzτz. (12)

The final step is to determine which element of the K-group K admits a kink term M(x)�1,
which is given by the homomorphism f: KAI Ñ K defined through the identification of H0D and
Hkinkpk̂x, xq. By setting the kink mass M(x) to zero, the Dirac Hamiltonian (11) is regarded as
one without x-dependence, which defines the homomorphism f. For the generator model (12),
the modified inversion operator is Ĩ “ iγ1Î “ ´τxσz, and the 1D winding number w1D defined

2As long as we are concerned with the bound states localized at the inversion center, the configuration
of M(x) is assumed as M(x) “ x (or M(x) “ ´x). Therefore, the kink term M(x) �1 behaves like an
additional kinetic term of the Dirac Hamiltonian.

3The existence of the localized modes can be understood as follows. For simplicity, we set M(x Ñ 8)
ą 0. For a wave function of the form φpxq “ ηe´

şx Mpx1qdx1
, where η represents the internal degrees of

freedom, the Jackiw –Rebbi Hamiltonian ´i Bx γ 1 ` M(x) �1 hosts the zero modes determined by (i γ 1

` �1) η “ 0. Due to the chiral symmetry { ´ i Bx γ 1, `M(x) �1, �0 } of the Jackiw –Rebbi Hamiltonian,
the zero modes can be chosen as simultaneous eigenstates of �0, �0 η “ ˘ η, called chirality. The chiral
index N is defined as the difference of numbers of chiral zero modes with positive and negative chiralities,
which is given by

N “ tr
„ˆ

1 ` iγ1�1

2

˙

�0

j

“ ´
1
2i

tr rγ1�1�0s P Z,

where (1 ` i γ 1 �1) /2 is the projector onto the subspace of zero modes. We note that only the N chiral
zero modes are stable under the chiral symmetry by �0. The uniform mass m �0 in Eq. (8) gives the
chiral zero modes the finite energy ˘m with the sign determined by the chirality �0 “ ˘1.
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in Eq. (7) is given by

w1DrH̃kinkpk̂x, xq|MpxqÑ0s “
1
2i

tr rτy ˆ σzτz ˆ p´τxσzqs “ ´2. (13)

This means that within the K-group K “ Z, Hamiltonians admitting the kink term belong to
even integers Im f “ 2Z Ă Z, resulting in 2nd-order TSCs (atomic insulators). Let us write the
Abelian group of the 2nd-order TSCs by K

1
:“ Imf. We have the subgroup structure K

1
ĂK and

conclude that the classification of 1st-order TSCs is given by the quotient K{K 1 “ Z{2Z.

3. Formulation
In this section, generalizing the strategy illustrated in the previous section, we formulate how
to compute the Abelian group K of all TIs/TSCs and the Abelian group K

3
composed only of

4th-order TIs/TSCs in three space dimensions. The generalization to any space dimensions is
straightforward.

3.1 The entire K-group K for TIs/TSCs
Let H be a 3D Dirac Hamiltonian with a uniform mass:

Hpkq “ kxγ1 ` k2γ2 ` k3γ3 ` m�0,

tγi, γ ju “ 2δi j, �2
0 “ 1, tγi, �0u “ 0. (14)

Let G be an MPG equipped with the data (Og, φg, cg, zg,h) for g, h P G. The matrix Og P O(3)
represents how the group G acts on the real-space coordinate as x ÞÑ Ogx for g P G. The homo-
morphisms φ, c : G Ñ Z2 “ t˘1u indicate unitary/antiunitary and symmetry/antisymmetry of
the group element g P G, respectively. The symmetry constraint relations are written as

ĝHpkqĝ´1
“ cgHpφgOgkq, ĝiĝ´1

“ φgi, g P G. (15)

The set of U(1) phases zg,h P U(1) for g, h P G specifies the factor system of a projective repre-
sentation:

ĝĥ “ zg,h
pgh, g, h P G. (16)

For gamma matrices γ i and �0, the symmetry (15) is written as

ĝγ ĝ´1
“ φgcgO´1

g γ, ĝ�0ĝ´1
“ cg�0. (17)

For an SO(3) rotation R “ pn, θq with counterclockwise rotation about the n-axis by the angle
θ , we have the key equality

ORγ “ qRγq´1
R , (18)

with qR the unitary operator canonically defined by

qR “ e
θ
2 pn1γ2γ3`n2γ3γ1`n3γ1γ2q (19)

irrespective of representations of the gamma matrices, where n “ pn1, n2, n3q is a unit vector.4

The operator qR can be used to make ĝ onsite [18]. We further introduce a homomorphism
s : G Ñ Z2 “ t˘1u by sg :“ detrOgs P t˘1u specifying if g P G preserves the orientation or not.
Let Rg be the SO(3) part of Og P O(3), i.e., Rg “ Og for sg “ 1, and Rg “ IOg for sg “ ´1, where
I “ diag(´1, ´1, ´1) is the space inversion. We introduce the new symmetry operator g̃ defined

4In generic d space dimensions, for an SO(d) rotation R “ exp
`

i
2θi jLi j

˘

, in which [Lij]kl “ ´i( δik δjl ´ δjk

δil) are the generators of SO(d), a Spin(d) rotation is given by qR “ exp
`

i
2θi j�i j

˘

, where �i j “
´i
4 rγi, γ js

are the generators of Spin(d) rotations.
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by

g̃ :“ pγ1γ2γ3q
p1´sgq{2qRgĝ. (20)

The new operators now represent onsite symmetry:

g̃Hpkqg̃´1
“ cgsgHpφgkq, g̃ig̃´1

“ φgi, g P G. (21)

Equivalently, for gamma matrices,

g̃γ g̃´1
“ cgsgφgγ, g̃�0g̃´1

“ cgsg�0, g P G. (22)

It is to be noted that orientation-reversing symmetry operators (i.e., for operators with φg “ 1,
sg “ ´1, and cg “ 1) behave as chiral symmetry. Also, we note that the new operators g̃ obey
a different factor system from that for the ĝ: From a straightforward calculation, the factor
system z̃g,h of the g̃ defined by g̃h̃ “ z̃g,h

rgh is5

z̃g,h “ z1
g,h ˆ p´1q

1´cgφg
2

1´sh
2 ˆ zg,h, (23)

z1
g,h :“ qRhqRgq

´1
Rgh

P t˘1u. (24)

Here we have introduced the factor system z1
g,hp“ pz1

g,hq´1q of the Spin(3)-rotation matrices qR

with the right group action, which is determined for a fixed choice of SO(3)-rotation parameters
png, θgq for g P G. We will use z1

g,h frequently later.
Since the MPG G is now represented as onsite symmetry, one can apply the Wigner criteria

to symmetry operators tg̃ugPG to get the K-group K classifying the mass term m�0 [21]. We
decompose the group G into subsets as

G “ G0

ž

aG0

ž

bG0

ž

abG0, (25)

where

G0 “ tg P G|φg “ 1, cgsg “ 1u, (26)

Da P G, ´φa “ casa “ 1, (27)

Db P G, ´φb “ ´cbsb “ 1, (28)

Dab P G, φab “ ´cabsab “ 1. (29)

(Here, ab is not necessarily the group product of a and b, but represents a single element of G.)
For an irrep α of G0 with the factor system z̃g,h, the Wigner criteria for the operators ã and b̃
are defined by

W T
α “

1
|G0|

ÿ

gPaG0

z̃g,gχ̃αpg2
q P t0, ˘1u, (30)

W C
α “

1
|G0|

ÿ

gPbG0

z̃g,gχ̃αpg2
q P t0, ˘1u, (31)

where χ̃αpgq is the irreducible character of α. We also introduce an orthogonal test for the
operator rab by

O�
αα “

1
|G0|

ÿ

gPG0

«

z̃g,ab

z̃ab,pabq´1gab
χ̃αppabq

´1gabq

ff˚

χ̃αpgq P t0, 1u. (32)

There are 19 patterns of possible combinations of W T
α ,W C

α , O�
αα, which are shown in Table 1,

5Use the relations qRgpγ1γ2γ3q “ pγ1γ2γ3qqRg and g̃qRh “ qRh g̃.
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Table 1. The relationships between the Wigner criteria W T
α ,W C

α , orthogonal test O�
αα, EAZ classes, and

band structures.
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Table 2. The periodic table of TIs/TSCs.

EAZ class d “ 0 d “ 1 d “ 2 d “ 3 d “ 4 d “ 5 d “ 6 d “ 7

A, AT , AC, A�, AT,C Z 0 Z 0 Z 0 Z 0
AIII, AIIIT 0 Z 0 Z 0 Z 0 Z

AI, AIC Z 0 0 0 2Z 0 Z2 Z2

BDI Z2 Z 0 0 0 2Z 0 Z2

D, DT Z2 Z2 Z 0 0 0 2Z 0
DIII 0 Z2 Z2 Z 0 0 0 2Z
AII, AIIC 2Z 0 Z2 Z2 Z 0 0 0
CII 0 2Z 0 Z2 Z2 Z 0 0
C, CT 0 0 2Z 0 Z2 Z2 Z 0
CI 0 0 0 2Z 0 Z2 Z2 Z

and we name them A, AI, AII, AT, D, C, AC, AIII, A�, AT, C, AIIIT, AIC, BDI, DT, DIII,
AIIC, CII, CT, and CI. We call them the effective AZ (EAZ) class of α. Given an EAZ class,
the topological classification of the mass term m�0 can be read off from the periodic table
of TIs/TSCs [3,4] shown in Table 2. Summing up all the contributions from irreps of G0, the
K-group K of TIs/TSCs is determined.

3.2 Higher-order TIs/TSCs
Not every element of the K-group K hosts a gapless surface state since some elements of K
may be compatible with spatially varying masses, which we call defect mass terms, that induce
a finite energy gap to the surface state. The relationship between the K-group K and surface
states is best described by the structure of subgroups [8,9]

0 Ă K3
Ă K2

Ă K 1
Ă K (33)

for three space dimensions, where K(n) denotes the Abelian group composed of Dirac Hamil-
tonians that admit at least n additional defect mass terms [9,14] as in

Hpk̂, rq “ ´iγ ¨ B ` m�0 `
řn

j“1 Mjpxq� j, (34)

tγi, γ ju “ 2δi j, t�i, � ju “ 2δi j, tγi, � ju “ 0. (35)

Here, we have introduced k̂ “ ´iB. The additional defect mass terms Mjpxq� j decrease the
dimensionality of the surface Dirac fermion. By design, the quotient group K(n ´ 1)/K(n) rep-
resents Dirac Hamiltonians that admit at most n defect masses, which means that the surface
Dirac fermion is constrained on a (3 ´ n)-dimensional subregion, and such phases are called
nth-order TIs/TSCs. In particular, the group K

3
of 4th-order TIs/TSCs, which are composed

of Dirac Hamiltonians with 3 defect masses, represents no surface states but a bound state
localized at the point group center (i.e., r “ 0).6

See Ref. [9] for explicit subgroups (33) for an additional order-two MPG symmetry for the
tenfold AZ symmetry classes. For generic MPG symmetry, it is not yet known how to compute
all the subgroups in Eq. (33). Nevertheless, in addition to the entire K-group K, one can compute
the group K

3
of 4th-order TIs/TSCs in a canonical way, as developed in the rest of this section.

Therefore, we have the quotient group K/K
3

, the topological classification of surface states.

6Any point group has at least one fixed point under the action of the corresponding symmetry opera-
tion, and we call the fixed point the point group center.
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3.3 Dirac Hamiltonian with a hedgehog mass
Let KAI be the Abelian group generated by atomic insulators exactly at the point group cen-
ter. The group KAI is nothing but the Abelian group generated by 0D Hamiltonians with the
symmetry group G with the homomorphisms φg, cg and the factor system zg,h. To compute
the group K

3
, we first construct the homomorphism from the group KAI to the group K of

TIs/TSCs as follows. There is an isomorphism between the group KAI and the group of 3D
Dirac Hamiltonians with a hedgehog-mass potential,

Hpk̂, rq “

3
ÿ

μ“1

´iBμγμ ` m�0 `

3
ÿ

μ“1

Mμprq�μ, (36)

with a unit winding number
1

8π

ż

|r|Ñ8

dSεi jεμνρM̂μprqBiM̂νprqB jM̂ρprq “ 1, (37)

where M̂μprq “ Mμprq{|Mprq|. Here, the amplitude |Mprq| of the mass vector Mprq “

pM1prq, M2prq, M3prqq is supposed to be finite at the infinity |r| Ñ 8 so that Hpk̂, rq hosts an
exponentially localized bound state around the point group center. This relationship is, in fact,
an isomorphism: As we will see shortly, given an atomic insulator H0D with symmetry con-
strained by G, one can construct the 3D Dirac Hamiltonian with a hedgehog mass in the form
(36). Conversely, a 3D Dirac Hamiltonian with a hedgehog mass with a unit winding number,
we have a 0D bound state that is symmetric under the group G.

Neglecting mass vectors by setting Mprq ” 0 defines the homomorphism f: KAI Ñ K. It
should be noted that not every atomic insulator of KAI is pinned at the point group center
since some sets of atomic orbitals of KAI can go far away without breaking the G symmetry,
and such combinations of atomic orbitals should be zero in the target group K.7 Thus, the
group K

3
representing bound states pinned at the point group center is given by the image of

f, K
3

:“ Im[f: KAI Ñ K]ĂK.
As far as the topological classification is concerned, the hedgehog-mass vector with a unit

winding number can be set as Mμprq “ rμ. In doing so, the Hamiltonian becomes a Dirac
Hamiltonian with six kinetic-like parameters pk, rq as

H3Dpk, rq “ k ¨ γ ` r ¨ � ` m�0. (38)

The symmetry constraint is written as

ĝH3Dpk, rqĝ´1
“ cgH3DpφgOgk, Ogrq. ĝĥ “ zg,h

pgh. (39)

Equivalently, for gamma matrices,

ĝγ ĝ´1
“ φgcgO´1

g γ, ĝ�ĝ´1
“ cgO´1

g �, ĝ�0ĝ´1
“ cg�0. (40)

As we did in Section 3.1, we introduce new point group operators ǧ as

ǧ :“ piγ1γ2γ3�1�2�3q
1´sg

2 ˆ qRg ˆ QRg ˆ ĝ, (41)

qR “ e
θ
2 pn1γ2γ3`n2γ3γ1`n3γ1γ2q, (42)

QR “ e
θ
2 pn1�2�3`n2�3�1`n3�1�2q, (43)

7This is because nonzero elements of K represent either a surface state (i.e., a 1st, 2nd, or 3rd-order
TI/TSC) of the 3D ball or a bound state (i.e., a 4th-order TI/TSC) localized and pinned at the point
group center.
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so that ǧ acts on the Hamiltonian as onsite symmetry:

ǧH3Dpk, rqǧ´1
“ cgH3Dpφgk, rq. (44)

From a straightforward calculation, we find that ǧȟ “ zg,h
qgh, i.e., the factor system of the ǧ is

the same as zg,h for the ĝ, as expected.
Since there exist the same number of “k-type” and “r-type” coordinates, the topological clas-

sification of the mass term m�0 is recast as that for 0D Hamiltonians H0D with the same sym-
metry class, which is dubbed “a defect gapless state as a boundary state” [20]. The explicit
construction of the dimensional raising isomorphism is as follows. Let

G “ GAI
0

ž

aGAI
0

ž

bGAI
0

ž

abGAI
0 (45)

be the decomposition of the group G associated with the homomorphisms φg, cg. Namely,

GAI
0 “ tg P G|φg “ cg “ 1u, (46)

Da P G, ´φa “ ca “ 1, (47)

Db P G, ´φb “ ´cb “ 1, (48)

Dab P G, ´φab “ ´cab “ 1. (49)

Let β be an irrep of GAI
0 with the factor system zg,h. The Wigner criteria and the orthogonal

test for the irrep β are defined as

W T
β “

1

|GAI
0 |

ÿ

gPaGAI
0

zg,gχβpg2
q P t0, ˘1u, (50)

W C
β “

1

|GAI
0 |

ÿ

gPbGAI
0

zg,gχβpg2
q P t0, ˘1u, (51)

O�
ββ “

1

|GAI
0 |

ÿ

gPGAI
0

«

zg,ab

zab,pabq´1gab
χβppabq

´1gabq

ff˚

χβpgq P t0, 1u. (52)

Here, χβ(g) is the irreducible character of β. The triple pW T
β ,W C

β , O�
ββq determines the EAZ

class as β. Let Dβ(g) for g P GAI
0 be the representation matrices of the irrep β. We introduce the

mapped representation of β by h P G as

Dhpβqpg P GAI
0 q :“

zg,h

zh,h´1gh
ˆ

#

Dβph´1ghq pφh “ 1q,

Dβph´1ghq˚ pφh “ ´1q.
(53)
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With this, the symmetry operators ǧp0Dq for the 0D Hamiltonian H0D are given as, for elements
with φg “ cg “ 1,

ǧp0Dq
|φg“cg“1 “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

Dβpgq for A, AI,
Dβpgq ‘ Dapβqpgq for AII, AT ,
˜

Dβpgq

Dbpβqpgq

¸

τ

for D, C, AC, AIC, BDI, CI,
˜

Dβpgq

Dabpβqpgq

¸

τ

for AIII, A�,

˜

Dβpgq ‘ Dapβqpgq

Dbpβqpgq ‘ Dabpβqpgq

¸

τ

for AT.C, AIIIT , DT ,

DIII, AIIC, CII, CT .

(54)

For other combinations of φg and cg, there are proper expressions of the ǧp0Dq, which we do not
use later. Here, the subscript τ means the matrix of the particle–hole space. A representative
0D Hamiltonian H0D is given by H0D “ 1 when the group G does not include an element g with
cg “ ´1, or H0D “ 1bτ z when the group G includes an element g with cg “ ´1; we denote the
two cases as

H0D “

#

1 pcg “ 1, @g P Gq,

1 b τz pcg “ ´1, Dg P Gq.
(55)

By design, H0D satisfies the symmetry constraints

ǧp0DqH0Dpǧp0Dq
q

´1
“ cgH0D, ǧp0Dqȟp0Dq

“ zg,h
qgh

p0Dq
(56)

for g, h P G. Starting from the 0D Hamiltonian, we have the dimensional raising isomorphisms:
$

&

%

H1Dpk1, r1q :“ k1σy ` r1σx ` H0Dσz, ǧp1Dq “ ǧp0Dqσ
1´cg

2
z ,

ǧp1DqHpk1, r1qpǧp1Dqq´1 “ cgHpφgk1, r1q, ǧp1Dqȟp1Dq “ zg,h
qgh

p1Dq
,

(57)

$

&

%

H2Dpk1, k2, r1, r2q :“ k2sy ` r2sx ` H1Dpk1, r1qsz, ǧp2Dq “ ǧp1Dqs
1´cg

2
z ,

ǧp2DqHpk1, k2, r1, r2qpǧp2Dqq´1 “ cgHpφgk1, φgk2, r1, r2q, ǧp2Dqȟp2Dq “ zg,h
qgh

p2Dq
,

(58)

$

&

%

H3Dpk, rq “ k3μy ` r3μx ` H2Dpk1, k2, r1, r2qμz, ǧp3Dq “ ǧp2Dqμ
1´cg

2
z ,

ǧp3DqHpk, rqpǧp3Dqq´1 “ cgHpφgk, rq, ǧp3Dqȟp3Dq “ zg,h
qgh

p3Dq
.

(59)

Here, σ, s, μ are Pauli matrices, and we have abbreviated (k1, k2, k3, r1, r2, r3) by pk, rq. We
eventually have the mapped 3D Hamiltonian H3Dpk, rq with the hedgehog-mass term with a
unit winding number,

H3Dpk, rq “ k ¨ γ ` r ¨ � ` H0D�0, ǧp3Dq
“ �

1´cg
2

0 ǧp0Dq, (60)

with gamma matrices

pγ, �, �0q “ pσyszμz, syμz, μy, σxszμz, sxμz, μx, σzszμzq. (61)

To have the original MPG operators ĝ for the symmetry (39), performing the inverse transfor-
mation of Eq. (41), we have the symmetry operators

ĝ “ Q´1
Rg

ˆ q´1
Rg

ˆ p´i�3�2�1γ3γ2γ1q
1´sg

2 ˆ �
1´cg

2
0 ˆ ǧp0Dq. (62)
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This establishes the isomorphism between the group KAI of atomic insulators at the point group
center and the group of 3D Dirac Hamiltonians with the hedgehog mass with a unit winding
number.

3.4 Homomorphism f: KAI Ñ K
Following the previous section, we introduce the operator g̃ acting only on the real space by

g̃ :“ Q´1
Rg

ˆ p´i�3�2�1q
1´sg

2 ˆ �
1´cg

2
0 ˆ ǧp0Dq, (63)

g̃H3Dpk, rqg̃´1
“ sgcgH

`

φgk, O´1
g r

˘

. (64)

From a straightforward calculation, we see that the factor system of the g̃ matches z̃g,h intro-
duced in Eq. (23). Neglecting the hedgehog-mass term r ¨ �, we have a Dirac Hamiltonian with
a uniform mass

H 1
3Dpkq :“ k ¨ γ ` H0D�0,

g̃H 1
3Dpkqg̃´1

“ sgcgHpφgkq, g̃h̃ “ z̃g,h
rgh. (65)

The Hamiltonian H 1
3Dpkq belongs to the K-group K and may be reducible. Thus, H 1

3Dpkq is a
direct sum of generators of K.

Computing the homomorphism f: KAI Ñ K is to establish the character formula for the irre-
ducible decomposition of the 3D Dirac Hamiltonians. Let α be an irrep of G0 “ {g P G|φg “

cgsg “ 1} with the modified factor system z̃g,h. When the EAZ class of α is either AIII, AIIIT,
DIII, or CI, the irrep α̃ contributes to the K-group K as the free Abelian group Z characterized
by the 3D winding number w3D. When the EAZ class of α is either AII, AIIC, or CII, the irrep
α contributes to the K-group K as the Abelian group Z2 characterized by the Z2 number ν3D. In
the rest of this subsection, we derive the character formulas to give the matrix element f|β Ñ α:
KAI|β Ñ K|α of the homomorphism f from a given irrep β for KAI to an irrep α for K.

The homomorphism f: KAI Ñ K takes the form of f : Zn
ˆ Zm

2 Ñ Zk
ˆ Zl

2. In Appendix C,
we summarize how to compute the cokernel of f of this type.

3.4.1 Z invariant w3D for chiral class. Given an irrep α of G0, if the chiral operator ab exists
and preserves the irrep α, namely O�

αα “ 1, there exists an irrep α` of G0
š

abG0 “ {g P G|φg

“ 1} whose restriction on G0 is α (see Appendix A). By using the irreducible character χα` of
α`, the 3D winding number of the Dirac Hamiltonian Hpkq “ k ¨ γ ` H0D�0 with the sym-
metry operators g̃ is given by (see Appendix B for details)

w3D “ p´1q ˆ
1
4

ˆ
1

|G0|

ÿ

gPabG0

χα`pgq
˚tr

«

γ1γ2γ3

#

�0 pcg “ 1, @g P Gq

�0τz pcg “ ´1, Dg P Gq

+

g̃

ff

. (66)

The prefactor (´1) was introduced to make the formula simple. Plugging the expression (63)
of g̃ into the above formula, we see that, for g P abG0,

γ1γ2γ3�0g̃ “ γ1γ2γ3�0 ˆ Q´1
Rg

ˆ p´i�3�2�1q
1´sg

2 ˆ �
1´cg

2
0 ˆ ǧp0Dq

“

#

´Q´1
Rg

ǧp0Dq pcg “ 1q,

γ1γ2γ3Q´1
Rg

ǧp0Dq pcg “ ´1q.
(67)

We have used γ 1γ 2γ 3�0�3�2�1 “ ´i for the gamma matrices (61). Therefore, for the Dirac
Hamiltonian (65) obtained by the irrep β of GAI

0 , the 3D winding number w3D|β Ñ α of the
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irrep α is

w3D|βÑα “ p´1q ˆ
1
4

ˆ
1

|G0|

ÿ

gPabG0

χα`pgq
˚δcg,1p´1q ˆ

#

tr rQ´1
Rg

ǧp0Dqs pcg “ 1, @g P Gq,

tr rQ´1
Rg

τzǧp0Dqs pcg “ ´1, Dg P Gq,

“
1

|G0|

ÿ

gPG,

φg“cg“´sg“1

χα`pgq
˚

ˆ 2 cos
θg

2
ˆ

#

tr rǧp0Dqs pcg “ 1, @g P Gq,

tr rτzǧp0Dqs pcg “ ´1, Dg P Gq,
(68)

where we have used Q´1
Rg

“ cos θg

2 ´ sin θg

2 ng ¨ � and tr rγ1γ2γ3QRgs “ 0. The last coefficient is
given as
#

tr rǧp0Dqs pcg “ 1, @g P Gq,

tr rτzǧp0Dqs pcg “ ´1, Dg P Gq,

“

$

’

’

’

’

’

&

’

’

’

’

’

%

χβpgq for A, AI,
χβpgq ` χapβqpgq for AII, AT ,

χβpgq ´ χbpβqpgq for D, C, AC, AIC, BDI, CI,
χβpgq ´ χabpβqpgq for AIII, A�,

χβpgq ` χapβqpgq ´ χbpβqpgq ´ χabpβqpgq for AT.C, AIIIT , DT , DIII, AIIC, CII, CT .

(69)

The matrix element f |βÑα : Z Ñ Z is eventually given as

f |βÑαp1q “

#

w3D|βÑα pfor AIII, DIIIq,
1
2 ˆ w3D|βÑα pfor CIIq.

(70)

Here, the factor 1
2 for class CII is needed because the 3D winding number of class CII takes an

even integer.

3.4.2 Z2 invariant ν3D for classes AII and CII. For an irrep of G0 whose EAZ class is either
AII, AIIC, or CII, the mass term is classified by Z2. Given a Dirac Hamiltonian Hpkq “ k ¨ γ `

m�0 with the symmetry operator g̃, the Z2 invariant ν3D for the irrep α is given by

ν3D “

#

1
4 ˆ #pα-irrepsq pmod 2q for AII, AIIC,
1
8 ˆ #pα-irrepsq pmod 2q for CII.

(71)

Here, the number of α-irreps, denoted by #pα-irrepsq, is given by the irreducible decomposition

#pα-irrepsq “
1

|G0|

ÿ

gPG0

χαpgqtr rg̃s. (72)

In particular, for the symmetry operators g̃ given by Eq. (63), noticing that φg “ 1 and cgsg “

1 for g P G0, we have

#pα-irrepsq “
1

|G0|

ÿ

gPG0

χαpgqtr
”

Q´1
Rg

ˆ p´i�3�2�1q
1´sg

2 ˆ �
1´cg

2
0 ˆ ǧp0Dq

ı

“ 4 ˆ
1

|G0|

ÿ

gPG,

φg“cg“sg“1

χαpgq
˚

ˆ 2 cos
θg

2
ˆ tr rǧp0Dq

s. (73)
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Here, we have used tr rQ´1
Rg

�3�2�1�0s “ 0. The last factor is given as

tr rǧp0Dq
s “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

χβpgq for A, AI,
χβpgq ` χapβqpgq for AII, AT ,

χβpgq ` χbpβqpgq for D, C, AC, AIC, BDI, CI,
χβpgq ` χabpβqpgq for AIII, A�,

χβpgq ` χapβqpgq ` χbpβqpgq ` χabpβqpgq for AT.C, AIIIT , DT , DIII, AIIC,

CII, CT .

(74)

This establishes the formula of the matrix element f |βÑα : Z or Z2 Ñ Z2:

f |βÑαp1q “ ν3D|βÑα

“

#

1 for AII, AIIC,
1
2 for CII.

+

ˆ
1

|G0|

ÿ

gPG,

φg“cg“pg“1

χαpgq
˚

ˆ 2 cos
θg

2
ˆ tr rǧp0Dq

s mod 2.

(75)

4. Classification of surface states of TIs and TSCs
In this section, we apply the irreducible character formulas of the homomorphism f: KAI Ñ K
developed in Section 3 to TIs and TSCs with crystallographic MPGs.

The factor system zg,h for MPGs can be arbitrary in general; however, in this paper we concern
ourselves with spinless or spinful electrons, where the factor system is given by

zg,h “

#

1 for spinless electrons,

p´1q
1´φg

2
1´φh

2 ˆ z1
g,h for spinful electrons,

(76)

with z1
g,h P t˘1u being the factor system of the Spin(3) rotations introduced in Eq. (24). The

sign p´1q
1´φg

2
1´φh

2 comes from the time-reversal square T̂ 2 “ ´1 for spinful electrons.

4.1 Insulators
Let G be an MPG. The group element that is unitary or antiunitary is specified by the homo-
morphism φ: G Ñ { ˘ 1}. For insulators, cg are identically unity. Let G0 “ {g P G|φg “ sg “ 1}
be the group of orientation-preserving unitary elements and T, P, and Pt P G be representatives
such that

´φT “ sT “ 1, φP “ ´sP “ 1, φPt “ sPt “ ´1, (77)

respectively. The group G splits as

G “ G0

ž

T G0

ž

PtG0

ž

PG0. (78)

For irreps α of G0 with the modified factor system z̃g,h defined by Eq. (23), the Wigner criteria
(30), (31) and the orthogonal test (32) determine the EAZ classes. The results are summarized
in Table D1 for spinless electrons and Table D2 for spinful electrons. This extends the previous
results for some point groups in spinful electrons [18,22]. From the EAZ classes, K-groups K are
fixed according to the periodic table (Table 2). For example, MPG 4/m’mm for spinful electrons
has the EAZ classes {DIII2,AIIC}, meaning that, in three space dimensions, the K-group, the
classification of uniform mass terms, is given by K “ Zˆ2

ˆ Z2.
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Let GAI
0 “ Ker φ “ tg P G|φg “ 1u be the group composed of unitary symmetries. The group

G splits as

G “ GAI
0

ž

aGAI
0 , φa “ ´1, (79)

with a a representative of antiunitary symmetry. For an irrep β of GAI
0 with the factor system

zg, h, the Wigner criteria (50), (51) and the orthogonal test (52) determine the EAZ class of β

and the K-group KAI of atomic insulators at the point group center. The formulas (70) and (75)
give us the homomorphism f: KAI Ñ K. The Abelian group K

3
of 4th-order TIs is given by K

3

“ Imf, and the classification of surface states reads as the quotient group K/K
3

. The groups
K/K

3
are summarized in Table D3 for spinless electrons and Table D4 for spinful electrons.

For example, the surface states compatible with the MPG 1̄1’ composed of time-reversal and
inversion symmetries are classified by K{K3 “ Z4 in spinful electrons [17], where it is known
that odd integers of Z4 “ t0, 1, 2, 3u correspond to 1st-order TIs, and 2 P Z4 is the 2nd-order
TI that hosts a helical hinge state.

Some comments are in order. (1) No 1D building-block states exist for the classes AI and
AII. Therefore, each element of the group K/K

3
represents either a 1st- or 2nd-order TI. (2)

For MPGs having the ordinary TRS, whose MPG name includes 1’, in spinless electrons, we
see that no surface states K/K

3
“ 0. This is compatible with the lack of building-block states for

1D, 2D, and 3D in class AI. (3) The 1st-order TI appears if and only if the system is in spinful
electrons and the MPG includes the ordinary TRS. The “only if” part is due to the 3D TI being
compatible with Op3q ˆ ZT

2 symmetry.8 For other cases, the quotient group K/K
3

represents
2nd-order TIs in spinful electrons.

4.2 Superconductors
Let G be an MPG equipped with the homomorphism φg P { ˘ 1} and the factor system zg,h.
We assume that the normal part hpkq of the Bogoliubov–de Gennes (BdG) Hamiltonian is
symmetric under the MPG G,

ughpkqu´1
g “ hpφgOgkq, uguh “ zg,hugh, (80)

where ug P G represent the transformations for internal degrees of freedom. We as-
sume that the superconducting gap function �pkq obeys a 1D representation eiθg P U p1q

8The 1st-order 3D TI is represented by the 3D Dirac Hamiltonian

Hpkq “ k ¨ στz ` mτx,

where σ is the spin of the electron and τμ are the Pauli matrices for the orbital degree of freedom. On
this basis, the ordinary TRS is given by T “ iσyK (K is the complex conjugation), the SO(3) rotation by
the θ -angle around the n-axis is e´iθn¨σ{2, and the inversion is I “ diag(´1, ´1, ´1), which constitutes
the Op3q ˆ Z

T
2 symmetry operations.
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of G,9

�pgkq “ eiθg ˆ

#

ug�pkquT
g pφg “ 1q,

ug�pkq˚uT
g pφg “ ´1q,

(81)

with the trivial factor system eiθgeiφgθh “ eiθgh .10 When G involves an antiunitary element pos-
sible 1D irreps can be listed in the following manner. Let Gu “ KerφĂG be a subgroup com-
posed only of unitary elements and a P G a representative for antiunitary symmetry such that
G “ Gu

š

aGu. Given a 1D irrep α1D of Gu, we have the Wigner criterion W T
α1D

of the irrep
α1D with the trivial factor system. If W T

α1D
‰ 1, the induced representation of G is not 1D.

Thus, W T
α1D

must be 1. Namely, the set of 1D irreps of G is the set of irreps of Gu with the
Wigner criterion W T

α “ 1. For elements g P aGu, the induced representation of G is given by
e´iθa´1g.

For the BdG Hamiltonian

Hpkq “

˜

hpkq �pkq

�pkq: ´hp´kqT

¸

τ

, (82)

the total symmetry group becomes G ˆ ZC
2 , where ZC

2 is generated by PHS Ĉ “ τxK with K the
complex conjugation. It should be noted that the symmetry operators ĝ for g P G depend on
the 1D irrep of the gap function as

ĝ “

$

’

’

’

’

&

’

’

’

’

%

˜

ug

eiθgu˚
g

¸

pφg “ 1q,

˜

ug

eiθgu˚
g

¸

ˆ K pφg “ ´1q.

(83)

Let us fix a factor system for the total symmetry group G ˆ ZC
2 . We define the operators involv-

ing Ĉ by xCg “ xgC :“ Ĉĝ for g P G. With this choice, by using the equality

ĝĈ “ eiθgĈĝ, g P G, (84)

the factor system is determined as

zCg,h “ z´1
g,h , zg,Ch “ eiθgz´1

g,h , zCg,Ch “ e´iθgzg,h, (85)

for g, h P G. In accordance with the general recipe in Section 3.1, we introduce the modified
operators

g̃ “ pγ1γ2γ3q
1´sg

2 qRgĝ, g P G ˆ ZC
2 (86)

9When the gap function �pkq obeys an N-dimensional irrep D α of G, there is a representation basis
t� jpkquN

j“1 of the vector space in which the gap function lives satisfying

�ipφggkq “ rDαpgqsi j ˆ

"

ug� jpkquT
g pφg “ 1q,

ug� jpkq˚uT
g pφg “ ´1q.

The gap function �pkq is specified by a vector η “ pη1, . . . , ηNq P C
N so that �pkq “

řN
j“1 η j� jpkq.

When the irrep D α is not a trivial one (namely, an unconventional superconductor), the bare MPG
symmetry G is spontaneously broken. Using the U(1)-phase rotation of complex fermions by the amount
of e´iθg{2, we can recover the symmetry of g P G only when D α(g) is a pure phase Dαpgq “ eiθg ˆ 1.
Therefore, we focus only on gap functions obeying 1D irreps of G.

10The symmetry constraint (81) implies that eiθgeiφgθh pzg,hq2 “ eiθgh . Therefore, for spinless electrons (zg,h

” 1) and spinful electrons (zg,h P { ˘ 1 }), the set of U(1) phases teiθgugPG is a 1D linear representation
of G.
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with the modified factor system

z̃g,h “ p´1q
1´cgφg

2
1´sh

2 ˆ z1
g,h ˆ zg,h, g, h P G ˆ ZC

2 . (87)

Note that z1
Cg,h “ z1

g,Ch “ z1
Cg,Ch “ z1

g,h for g, h P G.
It is useful to introduce the the subgroup G˚ :“ {g P G|φg “ sg “ 1}ĂG composed of

orientation-preserving unitary elements and representatives T, P, Pt P G satisfying Eq. (77).
The total symmetry group G ˆ ZC

2 is then decomposed as

G ˆ ZC
2 “ pG˚

ž

CPtG˚q
loooooooomoooooooon

G0

š

pT G˚

ž

CPG˚q
looooooooomooooooooon

aG0

š

pPtG˚

ž

CG˚q
loooooooomoooooooon

bG0

š

pPG˚

ž

CT G˚q
looooooooomooooooooon

abG0

. (88)

Given an irrep α of the group (G˚

š

CPtG˚) with the factor system z̃g,h, we get the EAZ class of
α from the Wigner criteria (30), (31) and the orthogonal test (32). The results are summarized
in Table D5 for spinless electrons and Table D6 for spinful electrons.

The groups KAI, K/K
3

are given in the same way as in Section 4.1. Let GAI
0 “ tg P G|φg “ 1u Ă

G be a subgroup composed of unitary symmetries and a P G be a representative of antiunitary
symmetry. The total group G ˆ ZC

2 splits as

G ˆ ZC
2 “ GAI

0

ž

aGAI
0

ž

CGAI
0

ž

aCGAI
0 . (89)

For an irrep β of GAI
0 with the factor system zg,h, the Wigner criteria (50), (51) and the orthog-

onal test (52) determine the EAZ class of β and the K-group KAI. The formulas (70) and (75)
give the homomorphism f: KAI Ñ K. The Abelian group K

3
of 4th-order TSCs is given by K

3

“ Imf, and the classification of surface states is given by the quotient K/K
3

. The results of
the quotient groups K/K

3
are summarized in Table D7 for spinless electrons and Table D8 for

spinful electrons. See Table D9 for the character tables of 1D irreps of the gap functions that
we used.

In spinful systems, there may exist a 1st-order TSC if the MPG G includes the ordinary TRS
T. Let us write such an MPG by G “ Gnm ˆ ZT

2 with Gnm the point group of G. We first note
that the set of 1D irreps of Gnm ˆ ZT

2 with the trivial factor system is the set of real 1D irreps
of Gnm since eiθg “ eiθT gT “ eiθT peiθgeiθT q˚ “ e´iθg for g P Gnm. For the 3D Dirac Hamiltonian H
“ k1γ 1 ` k2γ 2 ` k3γ 3 ` m�0, the 3D winding number detecting the 1st-order TSC is written
as

w1st
3D “ ´

1
4

tr rγ1γ2γ3�0piĈT̂ qs. (90)

From Eqs. (17), (84) and ĝT̂ “ T̂ ĝ, the winding number w1st
3D changes as

w1st
3D ÝÑ

g
sg ˆ eiθg ˆ w1st

3D (91)

under a nonmagnetic point group g P Gnm. Recall that sg “ detrOgs and eiθg P t˘1u for G “

Gnm ˆ ZT
2 . We conclude that 1st-order TSCs survive if and only if the gap function �pkq is

even under orientation-preserving symmetries and odd under orientation-reversing symme-
tries for g P Gnm. In Table D8, the appearance of the 1st-order TSC is highlighted by bold red
characters.

5. Summary and outlook
In this paper, we have developed a way to compare the group KAI of atomic insulators with the
bulk K-group K in the presence of MPG symmetry in three space dimensions. As an application,
we computed the quotient groups K/K

3
of the bulk K-group K and the group K

3
of 4th-order

TIs/TSCs for all the 122 MPGs and 1D representations of the superconducting gap function,
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which gives an exhaustive classification of the surface states of 3D TIs and TSCs. The main
results are summarized in Tables D1–D8.

Let us close by mentioning future directions.

� The formulation developed in Section 3 is applied only to TIs/TSCs without translation
invariance. To apply our method to magnetic space groups that include a lattice translation,
we need to properly glue local building-block Dirac Hamiltonians near high-symmetric
points together in the whole real space. This can be systematically done by the Atiyah–
Hirzebruch spectral sequence based on the dual cell decomposition of the real space, which
provides an E8-page complementary to the Atiyah–Hirzebruch spectral sequence based
on the usual cell decomposition discussed in Refs. [10,16]. We leave this problem for future
work.

� Our formalism can also be applied to the classification of stable superconducting nodal
structures in the Brillouin zone. For example, a point node at the wave number k0 on a
high-symmetry line along the kz-direction is written as a 3D gapless Dirac Hamiltonian
Hpnpkx, ky, kzq “ pk ´ k0q ¨ γ in the vicinity of k0. On the one hand, any nodal structures,
including point, line, and surface nodes, with the nodal point at k0, are described by a gap-
less 1D Dirac Hamiltonian Hn(kz) “ (kz ´ kz0)γ z on the high-symmetric line. Both types
of Hamiltonians Hpnpkq, Hnpkzq are classified and constructed according to the formalism
in Section 3. Comparing Hpnpkq and Hn(kz), one can find whether a nodal point measured
on the high-symmetric line is a point node or not.

� In this paper, we focus on three space dimensions. It would be interesting to generalize our
character formulas (68), (75) to other space dimensions.
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No. JPMJPR18L4).

Appendix A. An extension of irreducible representations
Let G be a finite group equipped with the factor system ĝĥ “ zg,h

pgh. Suppose that the group
G sits in the short exact sequence G0 Ñ G Ñ {e, ab}. For an irrep α of G0, whether the
mapped representation ab(α) is unitary equivalent to α or not is determined by the orthogonal
test:

O�
αα “

1
|G0|

ÿ

gPG0

«

zg,ab

zab,pabq´1gab
χαppabq

´1gabq

ff˚

χαpgq P t0, 1u. (A1)

Here χα(g P G0) is the irreducible character of α. Let Dα(g) be a matrix representation of α.
When O�

αα “ 1, there exists a unitary matrix U such that the relations
zg,ab

zab,pabq´1gab
Dαppabq

´1gabq “ U :DαpgqU, g P G0, (A2)

hold true. From a straightforward calculation, we find that [U, Dα((ab)2)] “ 0 and [Dα(g),
Dα((ab)2)U´2] “ 0 for g P G0. The latter implies, from Schur’s lemma, U2 “ λDα((ab)2) with a
U(1) phase λ. We fix the U(1) phase by demanding U2 “ zab,abDα((ab)2), i.e., λ “ ˘

?
zab,ab. Pick-

ing up a sign of the square root, we set Dα `(ab) :“ U. For the representation matrices for other
elements g P abG0, we define Dα`pgpabqq :“ z´1

g,abDαpgqU “ z´1
ab,pabq´1gpabq

U Dαppabq´1gpabqq for
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g P G0. One can show that the set of matrices tDα`pgqugPG0
š

abG0
obeys a projective rep-

resentation of G0
š

abG0 with the factor system zg,h. We note that Dα ` should be irre-
ducible as a representation of G0

š

abG0, because the restricted one Dα on G0 of Dα ` is
irreducible.

The alternative choice Dα ´(ab) :“ ´U gives another inequivalent irrep of G0
š

abG0. In fact,
using the equality

Dα´pgq “

#

Dα`pgq pg P G0q,

´Dα`pgq pg P abG0q,
(A3)

we have
1

|G0
š

abG0|

ÿ

gPpG0
š

abG0q

rD̃α`pgq
˚
si jrD̃α´pgqskl

“
1

2|G0|

ÿ

gPG0

rDα`pgq
˚
si jrDα`pgqskl ´ rDα`pgsq

˚
si jrDα`pgsqskl s

“
1

2|G0|

ÿ

gPG0

”

rDαpgq
˚
si jrDαpgqskl ´ rDαpgq

˚
simU ˚

m jrDαpgqsknUnl

ı

“ 0. (A4)

Here, we have used the orthogonality relation between irreps:

1
|G0|

ÿ

gPG0

rDαpgq
˚
si jrDβpgqskl “

1
dimpαq

δαβδikδ jl . (A5)

Appendix B. The 3D winding number for Dirac Hamiltonians
Before going on to construct the 3D winding number w3D for generic cases, we first consider the
cases where the chiral symmetry � is the only symmetry of the system, i.e., AIII of the AZ class.
For the Dirac Hamiltonian Hpkq “ k ¨ γ ` m�0 with chiral symmetry �Hpkq�´1 “ ´Hpkq,
the 3D winding number w3D is given by

w3D “ ´
1
4

tr rγ1γ2γ3�0�s. (B1)

Actually, the minimal 4 by 4 model Hpkq “ k ¨ σμx ` mμy, � “ μz has w3D “ 1. We should
suitably generalize this formula to generic cases.

Let us consider a 3D Dirac Hamiltonian Hpkq “ k ¨ γ ` m�0 with unitary antisymmetry:

g̃Hpkqg̃´1
“ cgsgHpkq, g P G0

ž

abG0. (B2)

Let α be an irrep with the orthogonal test O�
αα “ 1 so that the 3D winding number w3D is well

defined. The integer w3D counts how many times the “irreducible” 3D Dirac Hamiltonians
made from the irrep α occur in Hpkq. A subtle point is that the g̃ square for g P abG0 is not
proportional to the identity operator in general, which spoils the formula (B1). Instead, we
employ the extended irreps Dα` and Dα´ introduced in Appendix A. The irreps Dα` and Dα´

play the roles of the positive and negative chiralities. To apply the orthogonality relation of the
irreducible character, we introduce new operators ρ(g) for g P G0

š

abG0 with the same factor
system z̃g,h as

ρpgq :“ p´γ1γ2γ3�0q
1´cgsg

2 g̃, g P G0

ž

abG0, ρpgqρphq “ z̃g,hρpghq, (B3)
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so that ρ(g) displays unitary symmetry:

ρpgqHpkqρpgq
´1

“ Hpkq, g P G0

ž

abG0. (B4)

Then, given a 3D Dirac Hamiltonian Hpkq and symmetry operators g̃, w3D is given as

w3D “
1
4

r#pα ` -irreps in ρq ´ #pα-irreps in ρqs

“
1
4

ˆ
1

|G0
š

abG0|

ÿ

gPG0
š

abG0

tχα`pgq ´ χα´pgqu
˚

ˆ tr rρpgqs

“ ´
1
4

ˆ
1

|G0|

ÿ

gPabG0

χα`pgq
˚

ˆ tr rγ1γ2γ3�0g̃s. (B5)

Appendix C. The cokernel of f : KAI Ñ K
In this appendix, we formulate how to compute the cokernel of the homomorphism between
Abelian groups involving Z and Z2. Let us consider a homomorphism

f : Z‘n
‘ Z‘m

2 Ñ Z‘k
‘ Z‘l

2 . (C1)

Let txju
n
j“1, ty ju

m
j“1, tz ju

k
j“1, twju

l
j“1 be bases of Z‘n, Z‘m

2 , Z‘k, Z‘l
2 , respectively. The repre-

sentative matrix M, which is defined by

f px1, . . . , xn; y1, . . . , ymq “ pz1, . . . , zk; w1, . . . , wl qM, (C2)

is written as

M “

«

A O
B C

ff

, A P MatkˆnpZq, B P MatlˆnpZ2q, C P MatlˆmpZ2q. (C3)

Applying the Smith decomposition to C, we have

uCv “

«

1p O
O O

ff

(C4)

with u, v unimodular matrices. Then, M is written as

M “

«

1n O
O u´1

ff

»

—

–

A O

uB
1p O
O O

fi

ffi

fl

«

1n O
O v´1

ff

“

«

1n O
O u´1

ff

»

—

–

A O
O

ruBseven

1p O
O O

fi

ffi

fl

»

—

–

1n O
ruBsodd

O
v´1

fi

ffi

fl
. (C5)

Here, we have introduced the notation of submatrices:

uB “

»

—

—

—

—

—

—

—

—

—

–

ruBs1,1 ¨ ¨ ¨ ruBs1,n
...

...
ruBsp,1 ¨ ¨ ¨ ruBsp,n

ruBsp`1,1 ¨ ¨ ¨ ruBsp`1,n
...

...
ruBsl,1 ¨ ¨ ¨ ruBsl,n

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“:

«

ruBsodd

ruBseven

ff

. (C6)

The problem to compute the cokernel of f is recast as that of the restricted homomorphism

f 1 : Z‘n
Ñ Z‘m

‘ Z‘pl´pq

2 (C7)
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with the representation matrix

M 1
“

«

A
ruBseven

ff

. (C8)

This can be done by embedding Z2 into Z, and taking the quotient of the homomorphism Z
2

ÝÑ

Z. The cokernel of f 1 is the same as that of the homomorphism f 2 : Z‘pn`l´pq
Ñ Z‘pm`l´pq

with the representation matrix

M2
“

«

A O
ruBseven 2l´p

ff

. (C9)

Applying the Smith decomposition to M
2
, we have

u1M2v1
“

»

—

—

—

—

—

—

–

d1

d2
. . .

dq

O

Om`l´p´q,q O

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(C10)

with dj(j “ 1, …, q) nonnegative integers. The cokernel of f is eventually given by

coker f – Z‘pm`l´p´qq
‘

q
à

j“1

Zd j . (C11)

Appendix D. Classification tables
This appendix summarizes the classification tables. Tables D1 and D2 show EAZ classes for
spinless and spinful electrons, respectively. Tables D3 and D4 show the classification of surface
states of 3D TIs for spinless and spinful electrons, respectively. Tables D5 and D6 show EAZ
classes for superconductors of spinless and spinful electrons, respectively. Tables D7 and D8
show the classification of surface states of 3D TSCs of spinless and spinful electrons, respec-
tively. In Tables D3, D4, D7, and D8, “Free” and “Tor” stand for the free and torsion parts
of the quotient group K/K

3
, respectively. Table D9 is the character tables for one-dimensional

representations of 3D crystallographic point groups which are used to specify the symmetry of
the gap function in Tables D5, D6, D7, and D8.
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Table D1. EAZ classes for spinless electrons with crystallographic MPG symmetry.

MPG EAZ MPG EAZ MPG EAZ

1 {A} 4’22’ {AII} 6/m1’ {AIIIT
3}

11’ {AI} 42’2’ {AII4} 6’/m {AIIIT, CII}
1̄ {AIII} 4mm

�

A�
2
(

6/m’ {AC
3}

1̄1’ {CI} 4mm1’ {DT
2} 6’/m’ {AIIIT, DIII}

1̄1 {C} 4’m’m {DT} 622 {A3}
2 {A2} 4m’m’ {D4} 6221’ {AII3}
21’ {AT} 4̄2m {AIII} 6’22’ {AII3}
2’ {AII} 4̄2m1’ {DIII} 62’2’ {AII6}
m {AIII} 4̄’2’m {AIIC} 6mm

�

A�
3
(

m1’ {BDI} 4̄’2m’ {D} 6mm1’ {DT
3}

m’ {D} 4̄2’m’ {DIII2} 6’mm’ {DT, DIII}
2/m {AIII2} 4/mmm {AIII2} 6m’m’ {D6}
2/m1’ {AIIIT} 4/mmm1’ {DIII2} 6̄m2 tAIII, A�u

2’/m {CII} 4/m’mm {AIIC
2} 6̄m21’ {DT, DIII}

2/m’ {AC} 4’/mm’m {DIII} 6̄’m’2 {D3}
2’/m’ {DIII} 4’/m’m’m {DIII} 6̄’m2’ {DIII, AIIC}
222 {A} 4/mm’m’ {DIII4} 6̄m’2’ {DIII3}
2221’ {AII} 4/m’m’m’ {D2} 6/mmm {AIII3}
2’2’2 {AII2} 3 {A3} 6/mmm1’ {DIII3}
mm2 tA�u 31’ {AI, AT} 6/m’mm {AIIC

3}
mm21’ {DT} 3̄ {AIII3} 6’/mmm’ {DIII, AIIC}
m’m2’ {DIII} 3̄1’ {AIIIT, CI} 6’/m’mm’ {DIII3}
m’m’2 {D2} 3̄1 {C, AC} 6/mm’m’ {DIII6}
mmm {AIII} 32 {A3} 6/m’m’m’ {D3}
mmm1’ {DIII} 321’ {AII, AT} 23 {A3}
m’mm {AIIC} 32’ {AII3} 231’ {AII, AT}
m’m’m {DIII2} 3m tAIII, A�u m3̄ {AIII3}
m’m’m’ {D} 3m1’ {BDI, DT} m3̄1’ {AIIIT, DIII}
4 {A4} 3m’ {D3} m’3̄1 {D, AC}
41’ {AT

2} 3̄m {AIII3} 432 {A3}
4’ {AT} 3̄m1’ {AIIIT, DIII} 4321’ {AII3}
4̄ {AIII2} 3̄’m {AIIC, CII} 4’32’ {AII3}
4̄1’ {AIIIT} 3̄’m’ {D, AC} 4̄3m tAIII, A�u

4̄1 {AC} 3̄m’ {DIII3} 4̄3m1’ {DT, DIII}
4/m {AIII4} 6 {A6} 4̄’3m’ {D3}
4/m1’ {AIIIT

2} 61’ {AT
3} m3̄m {AIII3}

4’/m {AIIIT} 6’ {AII, AT} m3̄m1’ {DIII3}
4/m’ {AC

2} 6̄ {AIII3} m’3̄’m {DIII, AIIC}
4’/m’ {AIIIT} 6̄1’ {AIIIT, BDI} m3̄m’ {DIII3}
422 {A2} 6̄1 {D, AC} m’3̄’m’ {D3}
4221’ {AII2} 6/m {AIII6}
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Table D2. EAZ classes for spinful electrons with crystallographic MPG symmetry.

MPG EAZ MPG EAZ MPG EAZ

1 {A} 4’22’ {AII2, AT} 6/m1’ {AIIIT
2, DIII2}

11’ {AII} 42’2’ {AII4} 6’/m {AIIIT, DIII}
1̄ {AIII} 4mm tAIII2

, A�u 6/m’ {D2, AC
2}

1̄1’ {DIII} 4mm1’ {DT, DIII2} 6’/m’ {AIIIT, DIII}
1̄1 {D} 4’m’m {BDI, DIII} 622 {A6}
2 {A2} 4m’m’ {D4} 6221’ {AII6}
21’ {AII2} 4̄2m tAIII2

, A�u 6’22’ {AII3}
2’ {AII} 4̄2m1’ {DIII2, AIIC} 62’2’ {AII6}
m {AIII} 4̄’2’m {DIII, CII} 6mm tAIII2

, A�
2u

m1’ {DIII} 4̄’2m’ {D2, AC} 6mm1’ {DT
2, DIII2}

m’ {D} 4̄2’m’ {DIII2} 6’mm’ {DT, DIII}
2/m {AIII2} 4/mmm {AIII5} 6m’m’ {D6}
2/m1’ {DIII2} 4/mmm1’ {DIII5} 6̄m2 {AIII3}
2’/m {DIII} 4/m’mm {DIII2, AIIC} 6̄m21’ {DIII3}
2/m’ {D2} 4’/mm’m {AIIIT, DIII2} 6̄’m’2 {D3}
2’/m’ {DIII} 4’/m’m’m {DT, DIII2} 6̄’m2’ {DIII, AIIC}
222 {A4} 4/mm’m’ {DIII4} 6̄m’2’ {DIII3}
2221’ {AII4} 4/m’m’m’ {D5} 6/mmm {AIII6}
2’2’2 {AII2} 3 {A3} 6/mmm1’ {DIII6}
mm2 {AIII2} 31’ {AII, AT} 6/m’mm {DIII2, AIIC

2}
mm21’ {DIII2} 3̄ {AIII3} 6’/mmm’ {DIII3}
m’m2’ {DIII} 3̄1’ {AIIIT, DIII} 6’/m’mm’ {DIII3}
m’m’2 {D2} 3̄1 {D, AC} 6/mm’m’ {DIII6}
mmm {AIII4} 32 {A3} 6/m’m’m’ {D6}
mmm1’ {DIII4} 321’ {AII3} 23 {A4}
m’mm {DIII2} 32’ {AII3} 231’ {AII2, AT}
m’m’m {DIII2} 3m tAIII, A�u m3̄ {AIII4}
m’m’m’ {D4} 3m1’ {DT, DIII} m3̄1’ {AIIIT, DIII2}
4 {A4} 3m’ {D3} m’3̄1 {D2, AC}
41’ {AII2, AT} 3̄m {AIII3} 432 {A5}
4’ {AI, AII} 3̄m1’ {DIII3} 4321’ {AII5}
4̄ {AIII2} 3̄’m {DIII, AIIC} 4’32’ {AII4}
4̄1’ {DIII, CII} 3̄’m’ {D3} 4̄3m tAIII2

, A�u

4̄1 {D, C} 3̄m’ {DIII3} 4̄3m1’ {DT, DIII2}
4/m {AIII4} 6 {A6} 4̄’3m’ {D4}
4/m1’ {AIIIT, DIII2} 61’ {AII2, AT

2} m3̄m {AIII5}
4’/m {DIII, CI} 6’ {AII, AT} m3̄m1’ {DIII5}
4/m’ {D2, AC} 6̄ {AIII3} m’3̄’m {DIII2, AIIC}
4’/m’ {BDI, DIII} 6̄1’ {AIIIT, DIII} m3̄m’ {DIII4}
422 {A5} 6̄1 {D, AC} m’3̄’m’ {D5}
4221’ {AII5} 6/m {AIII6}
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Table D3. The classification of surface states of 3D TIs of spinless electrons with crystallographic MPG
symmetry.

MPG Free Tor MPG Free Tor MPG Free Tor

1 0 {} 4’22’ 0 {} 6/m1’ 0 {}
11’ 0 {} 42’2’ 0 {2} 6’/m 0 {}
1̄ 0 {2} 4mm 0 {} 6/m’ 0 {}
1̄1’ 0 {} 4mm1’ 0 {} 6’/m’ 0 {2}
1̄1 0 {} 4’m’m 0 {} 622 0 {}
2 0 {} 4m’m’ 0 {} 6221’ 0 {}
21’ 0 {} 4̄2m 0 {} 6’22’ 0 {2}
2’ 0 {2} 4̄2m1’ 0 {} 62’2’ 0 {2}
m 1 {} 4̄’2’m 0 {} 6mm 0 {}
m1’ 0 {} 4̄’2m’ 0 {} 6mm1’ 0 {}
m’ 0 {} 4̄2’m’ 0 {2} 6’mm’ 1 {}
2/m 1 {} 4/mmm 0 {} 6m’m’ 0 {}
2/m1’ 0 {} 4/mmm1’ 0 {} 6̄m2 0 {}
2’/m 0 {} 4/m’mm 0 {} 6̄m21’ 0 {}
2/m’ 0 {} 4’/mm’m 0 {} 6̄’m’2 0 {}
2’/m’ 0 {2} 4’/m’m’m 0 {} 6̄’m2’ 1 {}
222 0 {} 4/mm’m’ 1 {} 6̄m’2’ 1 {}
2221’ 0 {} 4/m’m’m’ 0 {} 6/mmm 0 {}
2’2’2 0 {2} 3 0 {} 6/mmm1’ 0 {}
mm2 0 {} 31’ 0 {} 6/m’mm 0 {}
mm21’ 0 {} 3̄ 0 {2} 6’/mmm’ 0 {}
m’m2’ 1 {} 3̄1’ 0 {} 6’/m’mm’ 1 {}
m’m’2 0 {} 3̄1 0 {} 6/mm’m’ 1 {}
mmm 0 {} 32 0 {} 6/m’m’m’ 0 {}
mmm1’ 0 {} 321’ 0 {} 23 0 {}
m’mm 0 {} 32’ 0 {2} 231’ 0 {}
m’m’m 1 {} 3m 1 {} m3̄ 0 {}
m’m’m’ 0 {} 3m1’ 0 {} m3̄1’ 0 {}
4 0 {} 3m’ 0 {} m’3̄1 0 {}
41’ 0 {} 3̄m 1 {} 432 0 {}
4’ 0 {} 3̄m1’ 0 {} 4321’ 0 {}
4̄ 0 {2} 3̄’m 0 {} 4’32’ 0 {}
4̄1’ 0 {} 3̄’m’ 0 {} 4̄3m 0 {}
4̄1 0 {} 3̄m’ 0 {2} 4̄3m1’ 0 {}
4/m 1 {} 6 0 {} 4̄’3m’ 0 {}
4/m1’ 0 {} 61’ 0 {} m3̄m 0 {}
4’/m 0 {} 6’ 0 {2} m3̄m1’ 0 {}
4/m’ 0 {} 6̄ 1 {} m’3̄’m 0 {}
4’/m’ 0 {} 6̄1’ 0 {} m3̄m’ 0 {}
422 0 {} 6̄1 0 {} m’3̄’m’ 0 {}
4221’ 0 {} 6/m 1 {}
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Table D4. The classification of surface states of 3D TIs of spinful electrons with crystallographic MPG
symmetry.

MPG Free Tor MPG Free Tor MPG Free Tor

1 0 {} 4’22’ 0 {2} 6/m1’ 1 {2}
11’ 0 {2} 42’2’ 0 {2} 6’/m 1 {}
1̄ 0 {2} 4mm 2 {} 6/m’ 0 {}
1̄1’ 0 {4} 4mm1’ 2 {} 6’/m’ 0 {2}
1̄1 0 {} 4’m’m 1 {} 622 0 {}
2 0 {} 4m’m’ 0 {} 6221’ 0 {2, 2, 2}
21’ 0 {2, 2} 4̄2m 1 {} 6’22’ 0 {2}
2’ 0 {2} 4̄2m1’ 1 {2} 62’2’ 0 {2}
m 1 {} 4̄’2’m 1 {} 6mm 2 {}
m1’ 1 {} 4̄’2m’ 0 {} 6mm1’ 2 {}
m’ 0 {} 4̄2’m’ 0 {2} 6’mm’ 1 {}
2/m 1 {} 4/mmm 3 {} 6m’m’ 0 {}
2/m1’ 1 {2} 4/mmm1’ 3 {} 6̄m2 2 {}
2’/m 1 {} 4/m’mm 2 {} 6̄m21’ 2 {}
2/m’ 0 {} 4’/mm’m 2 {} 6̄’m’2 0 {}
2’/m’ 0 {2} 4’/m’m’m 1 {} 6̄’m2’ 1 {}
222 0 {} 4/mm’m’ 1 {} 6̄m’2’ 1 {}
2221’ 0 {2, 2, 2} 4/m’m’m’ 0 {} 6/mmm 3 {}
2’2’2 0 {2} 3 0 {} 6/mmm1’ 3 {}
mm2 2 {} 31’ 0 {2} 6/m’mm 2 {}
mm21’ 2 {} 3̄ 0 {2} 6’/mmm’ 2 {}
m’m2’ 1 {} 3̄1’ 0 {4} 6’/m’mm’ 1 {}
m’m’2 0 {} 3̄1 0 {} 6/mm’m’ 1 {}
mmm 3 {} 32 0 {} 6/m’m’m’ 0 {}
mmm1’ 3 {} 321’ 0 {2, 2} 23 0 {}
m’mm 2 {} 32’ 0 {2} 231’ 0 {2}
m’m’m 1 {} 3m 1 {} m3̄ 1 {}
m’m’m’ 0 {} 3m1’ 1 {} m3̄1’ 1 {}
4 0 {} 3m’ 0 {} m’3̄1 0 {}
41’ 0 {2, 2} 3̄m 1 {} 432 0 {}
4’ 0 {2} 3̄m1’ 1 {2} 4321’ 0 {2, 2}
4̄ 0 {2} 3̄’m 1 {} 4’32’ 0 {2}
4̄1’ 0 {4} 3̄’m’ 0 {} 4̄3m 1 {}
4̄1 0 {} 3̄m’ 0 {2} 4̄3m1’ 1 {}
4/m 1 {} 6 0 {} 4̄’3m’ 0 {}
4/m1’ 1 {2} 61’ 0 {2, 2} m3̄m 2 {}
4’/m 1 {} 6’ 0 {2} m3̄m1’ 2 {}
4/m’ 0 {} 6̄ 1 {} m’3̄’m 1 {}
4’/m’ 0 {2} 6̄1’ 1 {} m3̄m’ 1 {}
422 0 {} 6̄1 0 {} m’3̄’m’ 0 {}
4221’ 0 {2, 2, 2} 6/m 1 {}
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