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We present the exhaustive classification of surface states of topological insulators and su-
perconductors protected by crystallographic magnetic point group symmetry in three spa-
tial dimensions. Recently, Cornfeld and Chapman [Phys. Rev. B 99, 075105 (2019)] pointed
out that the topological classification of mass terms of the Dirac Hamiltonian with point
group symmetry is recast as an extension problem of the Clifford algebra, and we use their
results extensively. Comparing two types of Dirac Hamiltonians with and without the mass-
hedgehog potential, we establish an irreducible character formula to read off which Hamil-
tonian in the whole K-group belongs to 4th-order topological phases in three spatial dimen-
sions, which are equivalent to atomic insulators consisting of atoms localized at the point
group center.

Subject Index 168, 190

1. Introduction

Topological insulators (TIs) and topological superconductors (TSCs) are topological classes
of gapped Hamiltonians of free fermions [1,2]. Two gapped Hamiltonians are said to belong
to the same topological phases if there exists a continuous path of Hamiltonians interpolat-
ing between them that preserves both symmetry and the energy gap. For TIs/TSCs protected
solely by onsite symmetry, symmetry groups composed of transformations that keep the spatial
position invariant, the classification problem is recast as an extension problem of the Clifford
algebra [3-7], and it is shown that a nontrivial TI/TSC exhibits a robust gapless state on its
boundary.

With crystalline symmetry, which involves a group element that changes its spatial position,
the relationship between TIs/TSCs and gapless boundary states is more involved. This is be-
cause atomic insulators, which are occupied states of localized atomic orbitals, contribute to
the topological classification while they are irrelevant to boundary gapless states. The best way
to think of the structure of the bulk—boundary correspondence in the presence of crystalline
symmetry is the filtration ---c K cK cK for the classification of TIs/TSCs with respect to the
space dimension on which the TI/TSC is defined [8-10]. Precisely, for d space dimensions, let
K be the Abelian group composed of TIs/TSCs that are adiabatically connected to TIs/TSCs
supported on a subspace with dimension less than or equal to (d — p). The quotient group
K?P/K?+ D captures TIs/TSCs supported exactly on a (d — p)-dimensional real-space subman-
ifold, which are called (p + 1)th-order TIs/TSCs[11-13], and such phases host gapless boundary
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states if p < d. In particular, the group K, the (d + 1)th-order TIs/TSCs, represents atomic
insulators. Therefore, the quotient group K/K provides the classification of TIs/TSCs with a
gapless boundary state. See Refs. [14-16] for the classification of surface states of time-reversal
(TR) symmetric TIs in spinful electrons with the connection to the symmetry-based indica-
tor [17].

Recently, Cornfeld and Chapman have pointed out that for arbitrary point group symmetry
(namely, a subgroup of the orthogonal group keeping a crystal structure), symmetry operators
can be onsite with keeping the topological classification, resulting in the possibility that the
Abelian group K of the classification of TIs/TSCs can be computed by the extension problem
of the Clifford algebra as well as the classification of TIs/TSCs with onsite symmetry [18].

In this paper, for magnetic point group symmetry, we show that in addition to the group K of
the entire classification, the group K of dth-order TIs/TSCs can also be computed in a canon-
ical way as a subgroup of K. Taking the quotient of K by K, one can get the classification of
TIs/TSCs hosting a gapless boundary state.

Throughout this paper, the classification of band structures means that in the sense of the
K-theory. Every classification is an Abelian group, measures the formal difference between two
TIs/TSCs, and is stable under adding a common TI/TSC. Except for Section 2, we consider
TIs/TSCs in three space dimensions. The same approach works for generic space dimensions.

The plan of this paper is as follows. In Section 2, we illustrate how the entire group K and the
group K of atomic insulators are computed for a simple example in 1D. Section 3 is devoted
to establishing the irreducible character formulas to compute the groups K and K" for generic
magnetic point group (MPG) symmetry. In Section 3.1, we reformulate Cornfeld and Chap-
man’s prescription so that it can be applied to generic MPG symmetry with arbitrary factor
systems. In Section 4, we apply our formalism to insulators and superconductors in three space
dimensions to get the complete classification of the gapless surface states. The classification
tables are summarized in Tables D1-DS8 in Appendix D. We summarize this paper and suggest
future directions in Section 3.

2. Simple example

Before moving on to the formulation applied to any MPGs for TIs and TSCs, we give a simple
example to show what we want to do in this paper. In this section, o), — ¢, and 7, —o,.-
represent 2 by 2 Pauli matrices.

Let us consider 1D time-reversal symmetry (TRS)-broken odd-parity superconductors (SCs),
i.e., SCs in which the inversion transformation keeps the normal states invariant but flips the
sign of the gap functions. The topological nature of the bulk is described by the Dirac Hamil-
tonian
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H(ky) = —idcy; + mTy, yi=T% =1, {yi,To} =0, (1)

where k, = —idy, and m is a mass parameter. The symbols y; and 'y are gamma matrices with
the anticommutation relation. The particle-hole and inversion symmetries are written as

CH(k,)C™' = —H(~k,), C*=1,
TH(k)I™" = H(=ky), > =1,
Ci =-IcC. )
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Here, ] is the unitary inversion operator, and C is the antiunitary particle-hole operator. The
anticommutation relation between € and [ is from the assumption of the odd parity of the
superconducting gap function (see Section 4.2 for details). Note that the following algebraic
relations hold:

CyiC =y,  Ini =y,
CryC ! = Ty, IToI™" =T,. (3)

To carry out the topological classification of the mass term mI"y, we introduce the modified
operator I = iy, 1 that behaves as an onsite chiral symmetry

IH( )" = —H(k,), P=1, 4
with the algebra among symmetry operators
=1, cI=IC. (5)

The operators C and I compose the BDI class in the Altland-Zirnbauer (AZ) symmetry
classes [19]. Thus, the mass terms mI" are classified by integers, where we denote the K-group
by K = 7 [3,4]. The generator model is given by

H(fcx) = —i0,T, + mt., C =1k, I=r,. (6)

Here, K is the complex conjugation. Given a Dirac Hamiltonian with the modified inversion
symmetry 7, the Z index is given by the 1D winding number

wip[H (ky)] = %tr [y o], (7)

which we will use later.!

Not every integer of the K-group K represents a 1st-order TSC, the Kitaev chain. As is shown
shortly, even integers of K are 2nd-order TSCs; i.e., they are equivalent to atomic insulators
localized at the inversion center. To see this, we add a symmetry-allowed Jackiw—Rebbi kink
term M(x)I'; to Eq. (1) as in

~

Hkink(kx, x) = —idy1 + M(X)Fl + mlIy,

yi=T5=Ti=1,
{ri.To} = {n, I} = {To, I'1} = 0. ®)

We also assume the anticommutation relation {I'g, I} = 0 to be compatible with the sign change
of the mass term M(x) at x = 0. The particle-hole and inversion symmetries are written as

CA’HkinkU@m x>é_1 = _Hkink(_i{x, x), éz =1,
[ Hyin (ko x)I ™" = Hignie(—kv, —x), =1,
Cl=-IC. ©)
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'The 1D winding number w;p of the Hamiltonian (1) for the chiral symmetry operator 7 is given by

—sgn(m)

tr [y Tol].
= [nTol]

1 * ~
Wip = —— J dicotr [TH (k)= o H (k)] =
4mi J_ o ’

The formula (7) gives the difference of the winding numbers when the mass parameter m crosses the zero
from the positive to the negative.
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Here, M(—x) = —M(x) is imposed from the inversion symmetry.”> The key observation is the
one-to-one correspondence between the Jackiw—Rebbi low-energy bound states of Hink (l%x, X)
and atomic insulators at the inversion center. The Jackiw—Rebbi Hamiltonian —id,y | + M(x)T";
hosts zero modes localized at the inversion center x = 0. The uniform mass term mI"y induces
finite energy to those zero modes, resulting in localized modes at x = 0 with finite positive or
negative energies, which resemble atomic states. (See footnote 3 for the quantitative details.?)

The aforementioned one-to-one correspondence is systematically constructed by dimensional
isomorphic mapping in the K-theory [20]. We denote the classification of atomic insulators at
the inversion center by Kaj. The group K is represented by a 0D Hamiltonian Hyp with the
particle-hole and inversion symmetries,

CODHODé(;]gl = —Hop, Gy =1,

IopHoplyy = Hop, Il =1,
Condop = —IpCop. (10)
From C'ODfOD = —fODC'OD, the particle-hole symmetry (PHS) operator C'OD exchanges the pos-

itive and negative eigenvalues of Ip, meaning that the AZ class for the Hamiltonian Hyp is
effectively the A class. Thus, we find that the K-group Kaj is Ka; = Z and is generated by
the Hamiltonian Hyp = mo . with symmetry operators C’OD = 0,K and Iyp = o.. Given a 0D
Hamiltonian Hyp with symmetry operators Cop and Iop, the dimensional raising isomorphic
map to the kink Hamiltonian is given by

Hkink(i(x» x) = —l@xfy + M(x)‘[x + Hopt,, é = éo])fz, f = jODTz- (11)

Notice that the Hamiltonian Hyny and the symmetry operators C and / obtained in this way
automatically satisfy the desired symmetry algebra (9). In particular, the generator model of
Ka1 = 7 is mapped as

Hkink(icx, X) = —i0yT, + M (X))t + mo-1., C = o,1.K, I=o.1.. (12)

The final step is to determine which element of the K-group K admits a kink term M(x)I";,
which is given by the homomorphism f: Ka; — K defined through the identification of Hyp and
Hkink(fo, x). By setting the kink mass M(x) to zero, the Dirac Hamiltonian (11) is regarded as
one without x-dependence, which defines the homomorphism f. For the generator model (12),
the modified inversion operator is I= z'ylf = —1,0;, and the 1D winding number wp defined

2As long as we are concerned with the bound states localized at the inversion center, the configuration
of M(x) is assumed as M(x) = x (or M(x) = —x). Therefore, the kink term M(x) I'; behaves like an
additional kinetic term of the Dirac Hamiltonian.

3The existence of the localized modes can be understood as follows. For simplicity, we set M(x — c0)
> 0. For a wave function of the form ¢(x) = ne™ §M(dY' | where n represents the internal degrees of
freedom, the Jackiw —Rebbi Hamiltonian —i 0, 1 + M(x) I'; hosts the zero modes determined by (i v
+ I"1) n = 0. Due to the chiral symmetry { — i, y1, + M(x) "1, Iy } of the Jackiw —Rebbi Hamiltonian,
the zero modes can be chosen as simultaneous eigenstates of 'y, I'g n = + n, called chirality. The chiral
index N is defined as the difference of numbers of chiral zero modes with positive and negative chiralities,

which is given by
1 +inC 1
N =tr [(%) Fo] = —?tr [ylrlro] € 7,
i

where (1 + i y1 ') /2 is the projector onto the subspace of zero modes. We note that only the N chiral
zero modes are stable under the chiral symmetry by I'g. The uniform mass m 'y in Eq. (8) gives the
chiral zero modes the finite energy +m with the sign determined by the chirality I'y = £1.
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in Eq. (7) is given by
N ~ 1
wip [Hyink (Kx, X) |y (x)—0] = Ztr [1y X 0.T. X (—1402)] = =2. (13)
This means that within the K-group K = Z, Hamiltonians admitting the kink term belong to
even integers Im f = 27 < 7, resulting in 2nd-order TSCs (atomic insulators). Let us write the
Abelian group of the 2nd-order TSCs by K := Imf. We have the subgroup structure K cK and
conclude that the classification of 1st-order TSCs is given by the quotient K/K' = 7/27.

3. Formulation

In this section, generalizing the strategy illustrated in the previous section, we formulate how
to compute the Abelian group K of all TIs/TSCs and the Abelian group K composed only of
4th-order TIs/TSCs in three space dimensions. The generalization to any space dimensions is
straightforward.

3.1 The entire K-group K for TIs/TSCs
Let H be a 3D Dirac Hamiltonian with a uniform mass:

H (k) = kyyi + kays + kyys + mDy,

{)/l', )/j} = 23,']', F% = 1, {)/,', F()} = 0 (14)
Let G be an MPG equipped with the data (O,, ¢g, ¢;, z, ) for g, h € G. The matrix O, € O(3)
represents how the group G acts on the real-space coordinate as x — O,x for g € G. The homo-
morphisms ¢, ¢ : G — Z, = {£1} indicate unitary/antiunitary and symmetry/antisymmetry of
the group element g € G, respectively. The symmetry constraint relations are written as

GH(KE = cH($0k). &g =¢d.  geG. (15)

The set of U(1) phases z,;, € U(1) for g, h € G specifies the factor system of a projective repre-
sentation:

gh=zgugh, g heG. (16)

For gamma matrices y; and I'y, the symmetry (15) is written as

éyé_l = ¢gcg0g_l}’: grog_l = ¢qlo. (17)
For an SO(3) rotation R = (n, 0) with counterclockwise rotation about the n-axis by the angle
0, we have the key equality

Ory = qryqy' (18)

with g the unitary operator canonically defined by

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

gr = e%("1V2V3+n2V3V1+n3V1V2) (19)

irrespective of representations of the gamma matrices, where n = (ny, ny, n3) is a unit vector.*
The operator gz can be used to make g onsite [18]. We further introduce a homomorphism
s: G — 7, = {£1} bys, := det[O,] € {£1} specifying if g G preserves the orientation or not.
Let R, be the SO(3) part of O, € O(3),1.e., Ry = O, for s, = 1, and R, = 10, for s, = —1, where
I =diag(—1, —1, —1) is the space inversion. We introduce the new symmetry operator g defined

*In generic d space dimensions, for an SO(d) rotation R = exp (46;;L;;), in which [Ljly = —i( 8ix 81 — 8
81) are the generators of SO(d), a Spin(d) rotation is given by gz = exp (46;;%;;), where =i = [y, v/]
are the generators of Spin(d) rotations.
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g:= (nyays) ' 7 qp 8. (20)
The new operators now represent onsite symmetry:
SH(k)g ' = cos,H(pgk), gig ™ = ¢, geG. (21)
Equivalently, for gamma matrices,
gyg_l = Cgsg(pg)” grog—l = CgSgFOa g € G (22)
It is to be noted that orientation-reversing symmetry operators (i.e., for operators with ¢, = 1
sg = —1, and ¢, = 1) behave as chiral symmetry. Also, we note that the new operators g obey

a different factor system from that for the g: From a straightforward calculation, the factor
system Z,, of the g defined by gh = Z, ,gh is’

I —cgpg 15,
Zgn = Z;,’h x (=1 T Zghs (23)

Zoh = ARR AR, € {£1}. (24)
Here we have introduced the factor system z;, , (= (z}, )" 1) of the Spin(3)-rotation matrices g
with the right group action, which is determined for a fixed choice of SO(3)-rotation parameters
(ng, 6,) for g€ G. We will use z’g , frequently later.
Since the MPG G is now represented as onsite symmetry, one can apply the Wigner criteria
to symmetry operators {g}.¢ to get the K-group K classifying the mass term mI'g [21]. We
decompose the group G into subsets as

G =G| [aGy] [Go] [ abG. (25)
where
Gy = {g€ Glog = 1, cg5¢ = 1}, (26)
Jae G —¢y=cusa=1, (27)
beG, —¢p=—cpsp =1, (28)
Elab € Ga ¢ab = —CabpSab = 1. (29)

(Here, ab is not necessarily the group product of @ and b, but represents a single element of G.)
For an irrep a of Gy with the factor system Z, , the Wigner criteria for the operators d and b

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

are defined by
W, G Z Zpefa(&) € {0, £1}, (30)
\ e
W, \G | Z ZggXa e {0, +1}, (31
gebGy

where x,(g) is the irreducible character of «. We also introduce an orthogonal test for the
operator ab by

*

Z _ T 5 ((ab) gab) | Ralg) € (0.1}, (32)

ge Go ab (ab)—'gab

There are 19 patterns of possible combinations of W1, WS, OL . which are shown in Table 1,

oo’

>Use the relations gr, (y17273) = (v1v23)4r, and gqr, = qr,&-
6/52
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Table 1. The relationships between the Wigner criteria W,T, W€, orthogonal test OF , EAZ classes, and

oo
band structures.

EAZ Band str. wI w¢ OL, EAZ Band str.
b ab
0 0 0 Arc
A a
« 8 v )
(83
0 0 1 AL ab /
wI EAZ Band str. T
a @)
g
« 8 3
o
1 Al a
D”‘ N / 2
1 0 0 c =
(a3
a,C S
o B g
o
-1 AII 2
D 5
b( Q
o 1 1 1 BDI D” g
3.
o o
o
[=
0 Ap . £
D b( y g
o 3 0 1 0 T 3
’ g
o B 5
w& EAZ Band str. (_:"-
o
-1 1 1 DI b( S
N
} a N
. ik . :
e o
=
“ =
; 2
-1 0 0 Alles S
b CLC N
-1 C N
e’ s =
- g
o
ci b( ®
-1 -1 1 X
0 A T Da Z
o
e o
c
« B %
ab, o
0 -1 0 Cr b( / S
oL, EAZ Band str. — N
[
c
[ 8 s
N
1 Al )”r” S
b( ~
1 -1 1 CI
a :)a
[0
ab
0 Ar
et I}
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Table 2. The periodic table of TIs/TSCs.

EAZ class d=0 d=1 d=2 d=3 d=4 d=5 d=6 d="17
A, Ar, Ac, Ar, Arc VA 0 VA 0 Zz 0 VA 0
AIIIL, Al 1 0 A 0 Z 0 VA 0 Zz
Al Al A 0 0 0 27 0 7, 7,
BDI 7, VA 0 0 0 27 0 7,
D, D7 7, 7, Zz 0 0 0 27 0
DIII 0 7, 7, 7 0 0 0 27
All, All¢ 27 0 7, Z, VA 0 0 0
CII 0 27 0 7, 7, VA 0 0
C, Cr 0 0 27 0 7, 7, VA 0
CI 0 0 0 27 0 7, VA VA

and we name them A, AL, AIl, Ay, D, C, A¢, Alll, Ar, Az ¢, Allly, Ale, BDI, Dy, DIII,
Alle, CII, Cr, and CI. We call them the effective AZ (EAZ) class of «. Given an EAZ class,
the topological classification of the mass term mI'y can be read off from the periodic table
of TIs/TSCs [3,4] shown in Table 2. Summing up all the contributions from irreps of Gy, the
K-group K of TIs/TSCs is determined.

3.2 Higher-order TIsITSCs

Not every element of the K-group K hosts a gapless surface state since some elements of K
may be compatible with spatially varying masses, which we call defect mass terms, that induce
a finite energy gap to the surface state. The relationship between the K-group K and surface
states is best described by the structure of subgroups [8,9]

0cK"cK'cK cK (33)

for three space dimensions, where K denotes the Abelian group composed of Dirac Hamil-
tonians that admit at least n additional defect mass terms [9,14] as in

H(k,r) = —iy -0 +mDo+ Y'_| M;(x)T;, (34)
{vioyit =28, {TiTj} =285  {v.T;}=0. (35)
Here, we have introduced k = —id. The additional defect mass terms M;(x)I"; decrease the

dimensionality of the surface Dirac fermion. By design, the quotient group K"~ V/K®™ rep-
resents Dirac Hamiltonians that admit at most 7 defect masses, which means that the surface
Dirac fermion is constrained on a (3 — n)-dimensional subregion, and such phases are called
nth-order TIs/TSCs. In particular, the group K~ of 4th-order TIs/TSCs, which are composed
of Dirac Hamiltonians with 3 defect masses, represents no surface states but a bound state
localized at the point group center (i.e., r = 0).°

See Ref. [9] for explicit subgroups (33) for an additional order-two MPG symmetry for the
tenfold AZ symmetry classes. For generic MPG symmetry, it is not yet known how to compute
all the subgroups in Eq. (33). Nevertheless, in addition to the entire K-group K, one can compute
the group K" of 4th-order TIs/TSCs in a canonical way, as developed in the rest of this section.
Therefore, we have the quotient group K/K ", the topological classification of surface states.

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

®Any point group has at least one fixed point under the action of the corresponding symmetry opera-
tion, and we call the fixed point the point group center.
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3.3 Dirac Hamiltonian with a hedgehog mass

Let Ka1 be the Abelian group generated by atomic insulators exactly at the point group cen-
ter. The group Kyp is nothing but the Abelian group generated by 0D Hamiltonians with the
symmetry group G with the homomorphisms ¢,, ¢, and the factor system z, ;. To compute
the group K, we first construct the homomorphism from the group Kap to the group K of
TIs/TSCs as follows. There is an isomorphism between the group Ka; and the group of 3D
Dirac Hamiltonians with a hedgehog-mass potential,

3 3
H(k,r) =) —iduy, +mlo+ Y My (r)T,, (36)
pn=1 u=1
with a unit winding number
1 ~ - -
—J dSe;j€ oM, (r)0:M,(r)0;M,(r) =1, (37)
8 [r|—>00 ’ ’

where M, (r) = M, (r)/|M(r)|. Here, the amplitude |[M(r)| of the mass vector M(r) =
(M, (r), Ma(r), Ms(r)) is supposed to be finite at the infinity |r| — oo so that H (k, ) hosts an
exponentially localized bound state around the point group center. This relationship is, in fact,
an isomorphism: As we will see shortly, given an atomic insulator Hyp with symmetry con-
strained by G, one can construct the 3D Dirac Hamiltonian with a hedgehog mass in the form
(36). Conversely, a 3D Dirac Hamiltonian with a hedgehog mass with a unit winding number,
we have a 0D bound state that is symmetric under the group G.

Neglecting mass vectors by setting M(r) = 0 defines the homomorphism f: Ka; — K. It
should be noted that not every atomic insulator of Kuy is pinned at the point group center
since some sets of atomic orbitals of Kaj can go far away without breaking the G symmetry,
and such combinations of atomic orbitals should be zero in the target group K.” Thus, the
group K" representing bound states pinned at the point group center is given by the image of
f. K" = Im[f: Ka; — K]cK.

As far as the topological classification is concerned, the hedgehog-mass vector with a unit
winding number can be set as M, (r) = r,. In doing so, the Hamiltonian becomes a Dirac
Hamiltonian with six kinetic-like parameters (k, r) as

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

Hip(k,v) =k-y+r-T + mDy. (38)
The symmetry constraint is written as
SHip(k, ¥)g~" = ciHap(¢,05k, Ogr).  §h = z,gh. (39)
Equivalently, for gamma matrices,
grg ' = ¢, Oy, T = ¢, 0T, g = ¢T. (40)
As we did in Section 3.1, we introduce new point group operators g as
1—s,
g:= (inyyMils) = x qr, X Or, X &, (41)
qr = e%(”l)/273+”2)/371+"3)’172), (42)
Or = e%(n1F2F3+nzF3F1+”31"11"2), (43)

"This is because nonzero elements of K represent either a surface state (i.e., a 1st, 2nd, or 3rd-order
TI/TSC) of the 3D ball or a bound state (i.e., a 4th-order TI/TSC) localized and pinned at the point
group center.
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so that ¢ acts on the Hamiltonian as onsite symmetry:

gHap(k, 1) " = coHap(dok. 1). (44)

From a straightforward calculation, we find that giz = Zg,;,é?/l, i.e., the factor system of the g is
the same as z,, for the g, as expected.

Since there exist the same number of “k-type” and “r-type” coordinates, the topological clas-
sification of the mass term mI' is recast as that for 0D Hamiltonians Hyp with the same sym-
metry class, which is dubbed “a defect gapless state as a boundary state” [20]. The explicit
construction of the dimensional raising isomorphism is as follows. Let

G = Gy'[ [aGy' | [ 6Go' | [ abGy! (45)

be the decomposition of the group G associated with the homomorphisms ¢, ¢,. Namely,

Gyl = {g€ Glgg = ¢, = 1}, (46)
Jae G, —¢p, = ca =1, 47)
he G, —p = —cp =1, (48)
Jab € G, —Pup = —Cap = 1. (49)

Let 8 be an irrep of Gg‘l with the factor system z, ;. The Wigner criteria and the orthogonal
test for the irrep S are defined as

1
Z; = Al Z Zg,gXﬂ(gz) € {0’ il}a (50)

G |g€zG{,“

1

WG =—= > zgexp(g’) € {0, £1}, (51)

|GO |g€bG6\I

1 N *
Zg ab _

Ops = — 8 xs((ab)'gab) | xp(g) € {0, 1}. (52)

S g(%l [Zabxab)'gab

Here, yx(g) is the irreducible character of . The triple (Zg Kg Qg 5) determines the EAZ
classas B. Let Dg(g) for g e G()“ be the representation matrices of the irrep 8. We introduce the
mapped representation of 8 by he G as

_1 o
Dy (g€ G = _feh {Dﬁ(h gh)  (¢n=1), )

Dy(h~'gh)* (¢ = —1).

10/52
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(0D)

With this, the symmetry operators g\"*’ for the 0D Hamiltonian Hyp are given as, for elements

with ¢y = ¢, =1,

rDﬁ (g) for A, Al,
Dg(g) ® Dy (8) for AIL, Ay,
Dy(2) for D, C, A, Ale, BDL CI,
Dys)(8))

g(OD)|¢g:Cg:1 = D,B (g) for AIII AF (54)
Dup)(8) ) .

<Dﬁ(g) ® Dy(p)(8) for Arc., Allly, Dy,

Dyg)(2) ® Dab(ﬂ)(g)) .

DIIL, All, CII Cj.

\

For other combinations of ¢, and ¢,, there are proper expressions of the #P) which we do not
use later. Here, the subscript © means the matrix of the particle-hole space. A representative
0D Hamiltonian Hyp is given by Hyp = 1 when the group G does not include an element g with

¢g = —1, or Hyp = 1®t. when the group G includes an element g with ¢, = —1; we denote the
two cases as
1 (c,=1,g€ G)
Hop = g ’ ' 55
P {1®rz (cg=—1,%g€ G). (53)
By design, Hyp satisfies the symmetry constraints

. y _ L(OD) 3, ~ (0D)

g(OD)HOD(g(OD)) 1 _ ceHop, g(OD)h(OD) = Zongh (56)

for g, h € G. Starting from the 0D Hamiltonian, we have the dimensional raising isomorphisms:

I—ce
Hip(ki, 1) == kioy, + riox + Hopo:, gIb) = g0D)g =" (57)
PV H (k1) (@) = coH (gekrr),  EDROP) = 2"

l—cg
Hop (ki ka, 11, 12) 1= kasy + rasy + Hip(k1, r1)s:, g0 = gID)s = (58)
N . _ . y ~ (2D)
OOV H (ky, ko, 11, 12) (8PP 7Y = ¢ H (dok1, doka, 11, 12), gOPIRCD) = 7 ol ™

I—¢g
Hip(k, r) = ks, + r3px + Hop(ki, ka, 11, r2) i, g0P) = D)y > (59)
. y _ .(3D)} ~ (3D)
g(3D)H(k, r) (g(SD)) = ceH (¢ok, r), gB3PIRED) — Zgngh
Here, o, s, p are Pauli matrices, and we have abbreviated (k, k», ks, r1, 12, 13) by (k,r). We
eventually have the mapped 3D Hamiltonian Hip(k, r) with the hedgehog-mass term with a

unit winding number,
ﬂ
Hip(k,r) =k-y+r-T + Hply, g0 =1,7 D), (60)
with gamma matrices
()’, T, FO) = (O'ySzMZa Syzs Ly, OxSz[hzs SxMzs Ux, O'zszllbz)- (61)

To have the original MPG operators g for the symmetry (39), performing the inverse transfor-
mation of Eq. (41), we have the symmetry operators

1—s. l—cg

&= 0g! x gz x (—=iTsMaTiyspayn) = x Ty

x $(0D) (62)
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This establishes the isomorphism between the group K of atomic insulators at the point group
center and the group of 3D Dirac Hamiltonians with the hedgehog mass with a unit winding
number.

3.4  Homomorphism f: Ka; — K
Following the previous section, we introduce the operator g acting only on the real space by

g:= QI;; X (—iFngrl)Tg x Iy 2 X g’(OD), (63)

gHip (k. 1)3~" = sgc.H ¢k, O 'r). (64)

From a straightforward calculation, we see that the factor system of the g matches Z, ; intro-
duced in Eq. (23). Neglecting the hedgehog-mass term r - ', we have a Dirac Hamiltonian with
a uniform mass

HéD(k) =k- y + HODF(),

GHip (G = secoH (D). &h = Zengh (65)
The Hamiltonian Hjp (k) belongs to the K-group K and may be reducible. Thus, H; (k) is a
direct sum of generators of K.

Computing the homomorphism f: Kao; — K is to establish the character formula for the irre-
ducible decomposition of the 3D Dirac Hamiltonians. Let « be an irrep of Gy = {g € G|¢, =
cgsy = 1} with the modified factor system Z, ,. When the EAZ class of « is either AIII, Alll,
DIII, or CI, the irrep & contributes to the K-group K as the free Abelian group Z characterized
by the 3D winding number wsp. When the EAZ class of « is either All, All¢, or CII, the irrep
« contributes to the K-group K as the Abelian group 7, characterized by the 7, number v3p. In
the rest of this subsection, we derive the character formulas to give the matrix element f|g _, o:
Kailg — K]o of the homomorphism f from a given irrep § for Kup to an irrep o for K.

The homomorphism f: Kx; — K takes the form of f : 72" x 75" — 7% x Zé. In Appendix C,
we summarize how to compute the cokernel of f of this type.

3.4.1 7 invariant wip for chiral class. Given an irrep o of Gy, if the chiral operator ab exists
and preserves the irrep o, namely O! , = 1, there exists an irrep a+ of Go] [abGy = {g € G|¢,
= 1} whose restriction on Gy is « (see Appendix A). By using the irreducible character x, of
a+, the 3D winding number of the Dirac Hamiltonian H (k) = k - y + HypI'¢ with the sym-
metry operators g is given by (see Appendix B for details)

1 1 Iy (cg=1"¢€G) .
= (-1 - X — " *t § ’ . 66
wip = (—1) x 1 X Gl gE%:GOX +(g)"tr [Vlh%{rofz (cg _ —l,age G) g (66)

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

The prefactor (—1) was introduced to make the formula simple. Plugging the expression (63)
of ginto the above formula, we see that, for g € abGy,

1—sg I—cg

nv2vslog = vivayslo x QRT: x (—i[30h00) 27 x Iy x $)
_ ! V(OD) Cco = 1 ,
_ QRgg O v(()D) ( g ) (67)
Vy2v3Qp, & (cg=—1).
We have used yy,y3oI3'N = —i for the gamma matrices (61). Therefore, for the Dirac

Hamiltonian (65) obtained by the irrep 8 of G{)“, the 3D winding number wsp|g —, o Of the
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irrep « is
11 tr[0x'&)]  (¢g=1,"ge G),
w e = (1) x = X — Xa *80, —1) x T
3D‘ﬂ ( ) 4 |G()|g€§GO +(g) g1< ) {tr[QRngZg(OD)] (Cg: _l’ﬂge G)’
1 . 6 tr[gP)] (e, =1,"¢€ G)
= — " 2 = g ’ ’ 68
G A (el x2eosy {tr[rzé@m] (--1°¢cq, @
pg=cg=—sg=1

where we have used Q;Q; = cos%g — sin %gng -T and tr [y1y2y30r,] = 0. The last coefficient is

given as

x5(8) for A, Al,
xp(8) + Xa(p)(8) for AIL, Ay,
=1 x5(8) — xp(8)(8) for D, C, A, Al¢, BDI, CI, (69)
x6(8) — Xar(p)(8) for AL, Ar,
x8(8) + Xa(p)(8) — Xn(p)(8) — Xar(p)(g) for Arc, Allly, Dy, DIIIL, All, CII, Cr.

The matrix element f|z_., : Z — Z is eventually given as

flp—a(l) = (70)

1

W3D|pa (for AIIL, DIII),
5 X W3D’ﬁ—>a (for CH)

Here, the factor % for class CII is needed because the 3D winding number of class CII takes an
even integer.

3.4.2 7, invariant vsp for classes AIl and CII. For an irrep of Gy whose EAZ class is either
All, Allg, or CII, the mass term is classified by Z,. Given a Dirac Hamiltonian H (k) = k- y +
mI"y with the symmetry operator g, the 7, invariant v3p for the irrep « is given by

V3D—{

Here, the number of a-irreps, denoted by #(«-irreps), is given by the irreducible decomposition

x #(a-irreps) (mod 2) for All, All,

71
x #(a-irreps) (mod 2) for CII. 70

O] — | —

#(a-irreps) = —— > xa(g)tr[2]. (72)

1
Gol 22

In particular, for the symmetry operators g given by Eq. (63), noticing that ¢, = 1 and ¢,s, =
1 for g € Gy, we have

: 1 - . Iy e
#(a-irreps) = Gol Z Xa(Q)tr [QR; x (—i[30hl) ™7 x T2 x g(OD)]
g€l
=4 x 1 Z Xa(2)" x 2005% x tr [g(P)] (73)
G| & ™ 2 '
¢g:cg:5g:l
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Here, we have used tr [Q;:I‘g LI Ty] = 0. The last factor is given as

(x5(2) for A, Al,
(&) + Xa(p)(8) for AIL, Ar,
r [#0P)] — 4 xp(8) + xp(p)(8) for D, C, Ac, Al¢, BDI, CI,
() + Xar(p)(8) for AIIL, Ar,
xp(8) + Xa(p)(8) + Xp(p)(&) + Xar(p)(g) for Ar.c, Alllr, Dy, DIII, Allg,
| CII, Cr.

(74)
This establishes the formula of the matrix element f|g_,, : Z or Z; — Z5:

f|134’0l(1) = ‘)3D|ﬂ—>a

I for AIL Allg, | 1 . o
— s b . 2 Oy (OD) 2
{% for CII. } X |Go Z Xa(g)" x 2cos ;X [£7] mod

geG,
bg=cg=pg=1

(75)

4. Classification of surface states of TIs and TSCs
In this section, we apply the irreducible character formulas of the homomorphism f: Kx; — K
developed in Section 3 to TIs and TSCs with crystallographic MPGs.

The factor system z, , for MPGs can be arbitrary in general; however, in this paper we concern
ourselves with spinless or spinful electrons, where the factor system is given by

1 for spinless electrons, (76)
Z 1 — —“h .
& (—1)%1 b o z; , for spinful electrons,
with Z/g, , € {1} being the factor system of the Spin(3) rotations introduced in Eq. (24). The
1
sign (fl)TqS " comes from the time-reversal square 72 = —1 for spinful electrons.

4.1 Insulators

Let G be an MPG. The group element that is unitary or antiunitary is specified by the homo-
morphism ¢: G — { £ 1}. For insulators, ¢, are identically unity. Let Gy = {g € G|¢p, = s, = 1}
be the group of orientation-preserving unitary elements and 7', P, and P; € G be representatives
such that

—¢r = st =1, ¢p = —sp =1, ¢p, = sp = —1, (77)

respectively. The group G splits as

G=G[[TG]][PG]]PG. (78)

For irreps o of Gy with the modified factor system Z, ;, defined by Eq. (23), the Wigner criteria
(30), (31) and the orthogonal test (32) determine the EAZ classes. The results are summarized
in Table D1 for spinless electrons and Table D2 for spinful electrons. This extends the previous
results for some point groups in spinful electrons [18,22]. From the EAZ classes, K-groups K are
fixed according to the periodic table (Table 2). For example, MPG 4/m’mm for spinful electrons
has the EAZ classes {DIII>,All¢}, meaning that, in three space dimensions, the K-group, the
classification of uniform mass terms, is given by K = 7*? x Z,.
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Let G(/)*I = Ker ¢ = {g € G|¢, = 1} be the group composed of unitary symmetries. The group
G splits as

G=Gy'][aGy,  da=-1, (79)

with a a representative of antiunitary symmetry. For an irrep 8 of G{)“ with the factor system
Zg, h» the Wigner criteria (50), (51) and the orthogonal test (52) determine the EAZ class of
and the K-group K, of atomic insulators at the point group center. The formulas (70) and (75)
give us the homomorphism f: Koy — K. The Abelian group K of 4th-order Tls is given by K
— Imf, and the classification of surface states reads as the quotient group K/K". The groups
K/K" are summarized in Table D3 for spinless electrons and Table D4 for spinful electrons.
For example, the surface states compatible with the MPG 11’ composed of time-reversal and
inversion symmetries are classified by K/K” = Z4 in spinful electrons [17], where it is known
that odd integers of Z4 = {0, 1, 2, 3} correspond to Ist-order TIs, and 2 € Z4 is the 2nd-order
TT that hosts a helical hinge state.

Some comments are in order. (1) No 1D building-block states exist for the classes Al and
AII. Therefore, each element of the group K/K" represents either a 1st- or 2nd-order TI. (2)
For MPGs having the ordinary TRS, whose MPG name includes 1’, in spinless electrons, we
see that no surface states K/K~ = 0. This is compatible with the lack of building-block states for
1D, 2D, and 3D in class Al. (3) The 1st-order TI appears if and only if the system is in spinful
electrons and the MPG includes the ordinary TRS. The “only if” part is due to the 3D TI being
compatible with O(3) x ZI symmetry.® For other cases, the quotient group K/K" represents
2nd-order TIs in spinful electrons.

4.2 Superconductors

Let G be an MPG equipped with the homomorphism ¢, € { + 1} and the factor system z ;.
We assume that the normal part i(k) of the Bogoliubov—de Gennes (BdG) Hamiltonian is
symmetric under the MPG G,

ugh(k)uy ' = h(¢,0ck),  uguy = Zgpitgh, (80)

where ugzc represent the transformations for internal degrees of freedom. We as-
sume that the superconducting gap function A(k) obeys a 1D representation ¢ e U(1)

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

8The 1st-order 3D TI is represented by the 3D Dirac Hamiltonian
H(k) =k - o1, + mt,,

where o is the spin of the electron and t, are the Pauli matrices for the orbital degree of freedom. On
this basis, the ordinary TRS is given by T = io,, K (K is the complex conjugation), the SO(3) rotation by
the 6-angle around the n-axis is e/, and the inversion is / = diag(—1, —1, —1), which constitutes
the O(3) x ZI symmetry operations.
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of G,

A(gk) _ eieg % {“gA(k)”gT (¢g = 1)’ (81)

ugA (k) ug (g = —1),

with the trivial factor system e % — ¢ 10 When G involves an antiunitary element pos-
sible 1D irreps can be listed in the following manner. Let G, = Ker¢ <G be a subgroup com-
posed only of unitary elements and a € G a representative for antiunitary symmetry such that
G = G,] [aG,. Given a 1D irrep ap of G,, we have the Wigner criterion WaTD of the irrep
ap with the trivial factor system. If WT # 1, the induced representation of G is not 1D.
Thus, WT must be 1. Namely, the set of 1D irreps of G is the set of irreps of G, with the
Wigner criterion W[ = 1. For elements g € aG,, the induced representation of G is given by
—if, 1,

For the BdAG Hamiltonian

e

_ [ h(K) A(k)
H(k)_<A(k)T —h(—k)T)T’ (82)

the total symmetry group becomes G x Z$, where ch is generated by PHS C = 7.k with K the
complex conjugation. It should be noted that the symmetry operators g for g € G depend on
the 1D irrep of the gap function as

u
¢ oy (¢g = 1)’
A g
£=9 /. (83)

Let us fix al factor system for the total symmetry group G x ZC We define the operators involv-
ing C by Cg g = gC Cg for g € G. With this choice, by using the equality

8C = %3, g€ G, (84)

the factor system is determined as

—1 i, —1 —if
ZCg,h = Zg,h’ Zg,Ch =e€ ngyh, ZCg,Ch =e g'Zg,h’ (85)

for g, h € G. In accordance with the general recipe in Section 3.1, we introduce the modified
operators

1—sg

§=0nry) ® qré g€ Gx 1§ (86)

9When the gap function A (k) obeys an N-dimensional irrep D, of G, there is a representation basis
{A;(k )}N , of the vector space in which the gap function lives satisfying

Adwak) = [Du(ey ¢ { e (9215

The gap function A(k) is specified by a vector 5 = (n1,...,ny) € CV so that A(k) = ZIIV (A (k).
When the irrep D, is not a trivial one (namely, an unconventional superconductor), the bare MPG
symmetry G is spontaneously broken. Using the U(1)-phase rotation of complex fermions by the amount
of e~%/2, we can recover the symmetry of g € G only when D ,(g) is a pure phase D,(g) = ¢ x 1.
Therefore, we focus only on gap functions obeying 1D irreps of G.

10The symmetry constraint (81) implies that e e'®% (z, ,)> = ¢ Therefore, for spinless electrons (z,,
= 1) and spinful electrons (z,;, € { £ 1 }), the set of U(1) phases {€%},¢ is a 1D linear representation
of G.
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with the modified factor system

l—cgpg 1—sp

Zon=(=1)"2" T Xz X Zgn, g heGx17Z§. (87)
Note that z’cg’h = z;’Ch = z’Cg’Ch = Z;;,h forg, he G.
It is useful to introduce the the subgroup G, := {g € G|¢; = s, = 1} G composed of
orientation-preserving unitary elements and representatives 7, P, P, € G satisfying Eq. (77).
The total symmetry group G x Z$ is then decomposed as

Gx 75 = (G« | [CRG) (TG | [CPG) I (PG | [CG.) [T (PG| [CTG.). (88)

Go aGy bGy abGy

Given an irrep « of the group (G| [ CP,G,) with the factor system Z, ,, we get the EAZ class of
a from the Wigner criteria (30), (31) and the orthogonal test (32). The results are summarized
in Table D5 for spinless electrons and Table D6 for spinful electrons.

The groups Ka1, K/K" are given in the same way as in Section4.1. Let G = {g e G|p, = 1} =
G be a subgroup composed of unitary symmetries and a € G be a representative of antiunitary
symmetry. The total group G x ZZC splits as

Gx 2§ =G| [aGy' [ [CG' | [aC Gy (89)

For an irrep 8 of G()“ with the factor system z, j, the Wigner criteria (50), (51) and the orthog-
onal test (52) determine the EAZ class of 8 and the K-group Ka;. The formulas (70) and (75)
give the homomorphism f: Kx; — K. The Abelian group K" of 4th-order TSCs is given by K~
= Imf, and the classification of surface states is given by the quotient K/K". The results of
the quotient groups K/K" are summarized in Table D7 for spinless electrons and Table D8 for
spinful electrons. See Table D9 for the character tables of 1D irreps of the gap functions that
we used.

In spinful systems, there may exist a Ist-order TSC if the MPG G includes the ordinary TRS
T. Let us write such an MPG by G = Gy, X ZzT with Gy, the point group of G. We first note
that the set of 1D irreps of Guy x Z2 with the trivial factor system is the set of real 1D irreps
of Gy since e = 11 = %7 (¢%e"1)* = ¢~ for g € Gyy. For the 3D Dirac Hamiltonian H
=kiy1 + kaya + k3ys + mDy, the 3D winding number detecting the 1st-order TSC is written
as

Wit = —%tr [v1 y2y3F0(iéT)]. (90)
From Eqs. (17), (84) and ¢7 = T'$, the winding number wist changes as
Wb > 8 % € X w3 1)
under a nonmagnetic point group g € Gym. Recall that s, = det[O,] and ¢ € {+1} for G =
Gam % Z3. We conclude that 1st-order TSCs survive if and only if the gap function A (k) is
even under orientation-preserving symmetries and odd under orientation-reversing symme-
tries for g € Gp. In Table DS, the appearance of the 1st-order TSC is highlighted by bold red
characters.

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

5. Summary and outlook

In this paper, we have developed a way to compare the group K of atomic insulators with the
bulk K-group Kin the presence of MPG symmetry in three space dimensions. As an application,
we computed the quotient groups K/K" of the bulk K-group K and the group K~ of 4th-order
TIs/TSCs for all the 122 MPGs and 1D representations of the superconducting gap function,
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which gives an exhaustive classification of the surface states of 3D TIs and TSCs. The main
results are summarized in Tables D1-DS.
Let us close by mentioning future directions.

e The formulation developed in Section 3 is applied only to TIs/TSCs without translation
invariance. To apply our method to magnetic space groups that include a lattice translation,
we need to properly glue local building-block Dirac Hamiltonians near high-symmetric
points together in the whole real space. This can be systematically done by the Atiyah—
Hirzebruch spectral sequence based on the dual cell decomposition of the real space, which
provides an E,-page complementary to the Atiyah—Hirzebruch spectral sequence based
on the usual cell decomposition discussed in Refs. [10,16]. We leave this problem for future
work.

e Our formalism can also be applied to the classification of stable superconducting nodal
structures in the Brillouin zone. For example, a point node at the wave number ko on a
high-symmetry line along the k.-direction is written as a 3D gapless Dirac Hamiltonian
Hpyo(ky, ky, k-) = (k — ko) - p in the vicinity of ky. On the one hand, any nodal structures,
including point, line, and surface nodes, with the nodal point at kg, are described by a gap-
less 1D Dirac Hamiltonian H,(k.) = (k. — k.o)y . on the high-symmetric line. Both types
of Hamiltonians Hp,(k), Hy(k-) are classified and constructed according to the formalism
in Section 3. Comparing Hp, (k) and H,(k-), one can find whether a nodal point measured
on the high-symmetric line is a point node or not.

* In this paper, we focus on three space dimensions. It would be interesting to generalize our
character formulas (68), (75) to other space dimensions.
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Appendix A. An extension of irreducible representations

Let G be a finite group equipped with the factor system giz = zg,thh. Suppose that the group
G sits in the short exact sequence Gy — G — {e, ab}. For an irrep « of Gy, whether the
mapped representation ab(«) is unitary equivalent to « or not is determined by the orthogonal

test:
*

1 V4 ab _
O = 1G] 2 | oy Xe((ab) ™ gab) | xalg) € 10,1} (A1)
ab,(av) =" ga

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

Here x,(g € Gy) is the irreducible character of «. Let D,(g) be a matrix representation of «.
When O!, = 1, there exists a unitary matrix U such that the relations

DD, ((ab)"'gab) = U'Dy(9U, g€ G, (A2)

Zab,(ab)~1gab
hold true. From a straightforward calculation, we find that [U, D,((ab)?)] = 0 and [D,(g),
D.((ab)*)U~?] = 0 for g € Gy. The latter implies, from Schur’s lemma, U? = AD,((ab)?) with a
U(1) phase 1. We fix the U(1) phase by demanding U? = z . D ((ab)?), i.€., . = +/Zab,ab- Pick-
ing up a sign of the square root, we set D, 1 (ab) := U. For the representation matrices for other

elements g € abGy, we define D, (g(ab)) := z;ibDa (U = Z;bl(ab)—‘g(ab) UD,((ab)~'g(ab)) for
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g € Go. One can show that the set of matrices {Dy+(8)}eeq,]avG, ObEYS @ projective rep-
resentation of Go| [abGy with the factor system z,;,. We note that D, should be irre-
ducible as a representation of Gy[ [abGy, because the restricted one D, on Gy of D,  is

irreducible.
The alternative choice D, —(ab) := — U gives another inequivalent irrep of Gy [abGy. In fact,
using the equality
Dyi(g) (g€ Go).
D, (g) = (A3)
¥ {—Da+(g) (g € abGy),
we have
1 N N
———— > [Dur(9)*]ij[Da-(us
|Go 1T abGo g€(Go [ [ abGy)
1
= Z [Dol+ (g>*]ij [Dot+ (g)]kl - [Doz+ (gs)*]ij [DOH- (gs)]kl]
2| Go
g€Gy
1
= 56 2 |[Pe(@" 1@kt = [Pe(8)"linU (D) nl|
gelp
= 0. (A4)
Here, we have used the orthogonality relation between irreps:
1 1
— D,(2)*];;[D = ———68480i0 /. AS
Gol g;o[ (8)*1i[Dp (&)l dim(a) Jer i (AS)

Appendix B. The 3D winding number for Dirac Hamiltonians

Before going on to construct the 3D winding number w;p for generic cases, we first consider the
cases where the chiral symmetry I' is the only symmetry of the system, i.e., AIII of the AZ class.
For the Dirac Hamiltonian H (k) = k - y + mI'y with chiral symmetry T H (k)I' ™! = —H (k),
the 3D winding number wsp is given by

1
W3p = _é_ltr [Y1y2v3T0l]. (B1)

Actually, the minimal 4 by 4 model H (k) = k - o, +mpu,, I' = p. has wsp = 1. We should
suitably generalize this formula to generic cases.
Let us consider a 3D Dirac Hamiltonian H (k) = k - y + m['y with unitary antisymmetry:

GH(K)E " = cosH(k).  ge G| [abGy. (B2)

zz0z Aine 20 uo Jesn 00061280 AQ L 1L2¥ZS9/v01LV0/v/220Z/e0nle/deid/woo dnoolwepeoe//:sdiy woly peapeojumoq

Let o be an irrep with the orthogonal test O', = 1 so that the 3D winding number wip is well
defined. The integer wsp counts how many times the “irreducible” 3D Dirac Hamiltonians
made from the irrep & occur in H (k). A subtle point is that the g square for g € abGj is not
proportional to the identity operator in general, which spoils the formula (B1). Instead, we
employ the extended irreps D, and D, _ introduced in Appendix A. The irreps D, and D,
play the roles of the positive and negative chiralities. To apply the orthogonality relation of the
irreducible character, we introduce new operators p(g) for g € Gy[ [abGy with the same factor
system Z, , as

1 —cgsg

p(g) == (—nryslo) * &  ge G| [abGy. p(@p(h) = Zgnp(gh), (B3)
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so that p(g) displays unitary symmetry:
p(@QH(k)p(e)™' = H(k),  ge G| [abGy. (B4)

Then, given a 3D Dirac Hamiltonian H (k) and symmetry operators g, w3p is given as

1
wip = — [#(a + -irreps in p) — #(«-irreps in p)]

4
l>< 1 Z {(Xar (2) (g} x tr[p(g)]
= — —_——— Xa+\8) = Xa—\& P\E
4 |Go[]abGol cGo ] | abGo
1 1 5
= =5 X — > Xat(®)* x tr[ny2y3Todl. (B5)
4 |Gy
gEabGo

Appendix C. The cokernel of f: Kx; — K
In this appendix, we formulate how to compute the cokernel of the homomorphism between
Abelian groups involving Z and Z,. Let us consider a homomorphism

[ ey - 1% 07y (C1)

Let {xj}’}:l, {yj};”:l, {Zj}/j‘.:l, {Wj}i':l be bases of Z®", Zg’)’”, 7%k Zgal, respectively. The repre-
sentative matrix M, which is defined by

SXt ooy X V1 e Vm) = (21, Zi WL e, W) M (C2)

1s written as
A|O
M = B , Ae Mathn(Z), Be Mat[Xn<Zz), Ce Mat[Xm(Zz). (C3)

Applying the Smith decomposition to C, we have

1,|0
uCv = |2 (C4)
0|0
with u, v unimodular matrices. Then, M is written as
_ -1 4l o _
1,| O 1,| O
M=o | | uBl 2 | | o T
L 1 olo|L
- 1 4 0 | 1, |o
1| O n |
= | 5T O (1|0 | | [uBloaa| - |- (C5)
L 1| [uBleven | OO | 0
Here, we have introduced the notation of submatrices:
[ [uB]l,l s [MB]L,, |
B oo [uB],n Bl,
uB = [u ]P»l [14 ]Ps —- [u ] dd . (C6)
[MB]erl,l te [”B]erl,n [uB]even
L [uB];yl s [uB]g,,, ]
The problem to compute the cokernel of f'is recast as that of the restricted homomorphism
[ 7% - 70" @ 780 (C7)
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with the representation matrix

M= [[u;]l ] . (C8)

This can be done by embedding 7, into Z, and taking the quotient of the homomorphism 7 2
Z. The cokernel of /7 is the same as that of the homomorphism f” : Z®0H+=r) _, 7&0n+l=p)
with the representation matrix

" A 0
M" = [[”B]even Zl—p_ (C9)
Applying the Smith decomposition to M, we have
Cd .
d»
WM"Y = © (C10)
dy

with d;(j = 1, ..., ¢) nonnegative integers. The cokernel of fis eventually given by

coker f = 7@+ —r=1) g (-qD 2y, (C11)
j=1

Appendix D. Classification tables

This appendix summarizes the classification tables. Tables D1 and D2 show EAZ classes for
spinless and spinful electrons, respectively. Tables D3 and D4 show the classification of surface
states of 3D TIs for spinless and spinful electrons, respectively. Tables D5 and D6 show EAZ
classes for superconductors of spinless and spinful electrons, respectively. Tables D7 and D8
show the classification of surface states of 3D TSCs of spinless and spinful electrons, respec-
tively. In Tables D3, D4, D7, and DS, “Free” and “Tor” stand for the free and torsion parts
of the quotient group K/K", respectively. Table D9 is the character tables for one-dimensional
representations of 3D crystallographic point groups which are used to specify the symmetry of
the gap function in Tables D5, D6, D7, and DS.
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Table D1. EAZ classes for spinless electrons with crystallographic MPG symmetry.

MPG EAZ MPG EAZ MPG EAZ
1 {A} 422 {AIl} 6/ml’ (AT}

1 {AI} 4272 {AIT*} 6’/m {AIll;, CII}

1 {AIII} 4mm {Ar?} 6/m’ (A}

i {CI} 4mm1’ (DA} 6’/m’ {AIll, DIIT}

I {C} 4m’'m (D7} 622 (A3}

2 (A2} 4m’m’ (D%} 6221° {AII?}

21 {A7} 42m {AIIT} 622’ (AT}

2 {AII} 42ml’ {DIII} 6272’ {AII®} 5
m (AT} ¥2rm (AT} 6mm {Ar?} 5
ml’ {BDI} 42m’ (D} 6mm1’ (D7} 2
m’ (D} im (DI} 6'mm’ {Dy, DIII} 8
2/m {AIII%} 4/mmm {AIII?} 6m’m’ {D°} S
2/ml’ {AIll7} 4/mmm]1’ {DIII?} 6m?2 {AIIL, Ar} =
2’/m {CII} 4/m’mm {AIL2} 6m21° {Dy, DIII} @
2/m’ {Ac) 4/mm’m {DIII} 6'm’2 (D%} g
2y’ {DIII} 4#/m'm’m {DIII} 6'm2’ {DIII, All¢} S
222 {A} 4/mm’m’ {DIII*} 6m’2’ (DIII?} 2
2221° {AIL} 4/m’m’'m’ {D?} 6/mmm {AII}} 2
2272 (AT} 3 {A%} 6/mmm1’ (DI} g
mm2 {Ar} 31 (AL, Ar} 6/m’mm NI 2
mm?21’ (D7} 3 {AII} 6’/mmm’ {DIII, All¢} 3
m'm2’ {DIII} 31 {Alll7, CI} 6’/m’mm’ (DI} o)
m’'m’2 {D?} 3 {C, A} 6/mm’m’ {DIII®} o
mmm {AILL} 32 (A3} 6/m’'m’'m’ (D3} S
mmm]’ {DIII} 320 {AIL A7} 23 (A% N
m’mm {All¢} 32 {AI%} 231’ {AIL A7} S
m’'m’'m {DIII?} 3m {AIIL, Ar} m3 (AT} 2
m'm'm’ {D} 3ml’ {BDI, D} m31° {Alll, DIIT} £
4 {A%} 3m’ (D3 m’3’ (D, Ac} S
41’ (A7} 3m NI 432 {A3} R
& (A1} 3ml’ {AIll, DIIT} 4321° (AT} c
4 {AIII?} 3m {All¢, CII} 432 {AII}} 8
ar (AT} Im (D, Ac} 43m {AIIL Ar} I
¥ {Ac) 3m’ {DII} 43ml’ {Dy, DIII} 3
4/m {AIIT*} 6 {A%} 43m’ {D3} &
4im1’ (AL} 61’ (A7) m3m {AIIP} S
4/m {AIII;} 6 {AIL, A7} m3ml’ {DIII}} o
4/ (A%} 6 (AR} m’3'm {DIII, AIl¢} ;
4/’ {AIll 7} 61’ {AIll;, BDI} m3m’ {DIIT3} N
422 {A?} % {D, Ac} m3’m’ {D3} S
4221’ {AII%} 6/m {AIII%}

22/52



A Self-archived copy in
Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp

= 55l A8 K o

RBAFFHER)FD b ?‘I
KYOTO UNIVERSITY !

KURENAI

Research Information Repository.

PTEP 2022, 04A104 K. Shiozaki

Table D2. EAZ classes for spinful electrons with crystallographic MPG symmetry.

MPG EAZ MPG EAZ MPG EAZ

1 {A} 422 {AII%, A7} 6/ml’ {AIII/2, DIII?}

1 {AII} 42 {AII%} 6’/m {AIll7, DIIT}

1 {AIII} 4mm {AIII?, Ar} 6/m’ {D?, A%}

% {DIII} 4mm1’ {D7, DIII%} 6’/m’ {AlIll7, DIIIT}

il {D} 4m’m {BDI, DIII} 622 {AS}

2 (A2} 4m’m’ {D*} 6221° {AII®}

21 NI 42m {AIII?, Ar} 622’ {AI%}

2 {AII} 42m1’ {DIII?, All¢} 622’ {AII®} §
m {AIII} 42'm {DIII, CII} 6mm {AIII?, A2} 3
ml’ {DIII} 4o’ (D2, Ac} 6mm1’ {D;2, DIII?} &
m’ {D} 2'm’ {DIII?} 6'mm’ {Dr, DIII} 2
2/m {AIIT?} 4/mmm {AIIP} 6m’'m’ {D®} S
2/ml’ {DIII?} 4/mmm]1’ {DIII®} 6m2 {AIII?} =
2’/m {DIII} 4/m’'mm {DIII?, All¢} 6m21’ {DIII*} E
2/m’ {D?} 4/mm’m {AIll, DIII?} 6'm’2 (D3} 8
2’/m’ {DIII} 4/m’m’m {D7, DIII%} 6'm2’ {DIII, All} &
222 {A%) 4/mm’m’ {DIIT*} 6m’2’ (DI} 2
2221° {AIT*} 4/m’m’'m’ {D% 6/mmm {AIII®} 2
2272 {AII%} 3 (A3 6/mmm1’ {DIII®} 3
mm?2 {AIII?} 31 {AIL A7} 6/m’mm {DIII%, AIl?} El
mm?21’ {DIII?} 3 {AII} 6’/mmm’ {DIII*} g
m’m2’ {DIII} 3r {Alll, DIIT} 6’/m'mm’ {DIII*} o)
m’'m’2 {D?} 3 (D, Ac} 6/mm’m’ {DIII®} &
mmm {AIIT*} 32 {A%Y 6/m’m’m’ {D%} §
mmm1’ {DIII*} 321’ {AII}} 23 (A% N
m’mm {DIII?} 32 {AI%} 231° {AII%, A7} S
m’'m’'m {DIII?} 3m {AIIL Ar} m3 {AIIT*} 2
m'm'm’ {D*} 3ml’ {D, DIII} m31° {AIll, DIII?} s
4 (A% 3m’ (D3} m’3 (D2, Ac} S
41’ {AII2, A7} 3m {AIIT?} 432 (A3} =
& {AI, AII} 3ml’ {DIII?} 4321’ (AT} g
4 {AIII?} 3m {DIII, All¢} 432 {AIT*} g
41’ {DIII, CII} 3m’ (D% 43m {AII%, Ar} &
¥ (D, C} 3m’ (DI} A3ml’ {Dy, DIII2} S
4/m {AIIT*} 6 {A%} 43m’ (D%} &
4/ml’ {AIll, DIII%} 61’ {AIT%, A2} m3m {AIIP} °
4/m {DIII, CI} 6 {AIL, A7} m3m1’ {DIII®} %
4/’ (D%, A¢c} 6 (AR} m’3’'m {DIII?, All¢} s
&/’ {BDI, DIII} 61° {AIll, DIIT} m3m’ {DIIIT*} N
422 {AS} 6 (D, Ac} m3m’ (D%} S
4221° {AIIS} 6/m {AIII%}
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Table D3. The classification of surface states of 3D TIs of spinless electrons with crystallographic MPG

symmetry.

MPG Free Tor MPG Free Tor MPG Free Tor

1 0 0 422 0 0 6/m1’° 0 0

1 0 0 422 0 {2} 6’/m 0 0

1 0 {2} 4mm 0 { 6/m’ 0 {

1 0 {} 4mm1’ 0 { 6’/m’ 0 {2}

I 0 {} 4’m’m 0 { 622 0 {

2 0 0 4m’m’ 0 0 6221° 0 0

21 0 { 42m 0 { 622’ 0 {2} 9
2 0 {2} 42m1’ 0 0 6272’ 0 {2} §
m 1 {} 42’m 0 {} 6mm 0 {} 2
ml’ 0 {1 22m’ 0 {} 6mm1’ 0 ! 8
m’ 0 it 42m 0 {2} 6'mm’ 1 { S
2/m 1 {} 4/mmm 0 {} 6m’m’ 0 {} =
2/ml’ 0 {} 4/mmm1’ 0 { 6m2 0 { @
2’/m 0 { 4/m’mm 0 { 6m21’ 0 { g
2/m’ 0 { 4/mm’m 0 0 6'm’2 0 O 2
2y’ 0 {2} 4/m’m’m 0 0 6'm2’ 1 0 2
222 0 { 4/mm’m’ 1 0 6m’2’ 1 0 g
2221° 0 0 4/m'm'm’ 0 0 6/mmm 0 0 5
2272 0 {2 3 0 0 6/mmm1’ 0 0 El
mm2 0 {} 3_1’ 0 {} 6/m’mm 0 {} 3
mm21° 0 { 3 0 {2} 6’/mmm’ 0 { )
m'm2’ 1 { 3r 0 0 6’/m'mm’ 1 O S
m'm’2 0 0 3/ 0 ! 6/mm’m’ 1 ! N
mmm 0 { 32 0 { 6/m’m’m’ 0 ! R
mmm1’ 0 { 321’ 0 0 23 0 0 S
m’mm 0 { 32 0 {2} 231 0 { >
m’'m’'m 1 { 3m 1 { m3 0 { E
m'm'm’ 0 {} 3ml’ 0 {} m3_1’ 0 {} §
4 0 0 3m’ 0 0 m’3 0 3! N
41’ 0 ! 3m 1 0 432 0 ! g
& 0 { 3ml’ 0 0 4321° 0 0 S
4 0 {2} 3m 0 0 432 0 { 2
ar 0 3! Im’ 0 ! 43m 0 0 8
4 0 { 3m’ 0 {2} 43ml’ 0 O <
4/m 1 { 6 0 0 43m’ 0 0 S
4/m1’ 0 { 61° 0 0 m3m 0 0 2
4/m 0 0 6 0 {2} m3ml’ 0 0 <
4/’ 0 {3 6 1 { m’3’m 0 { <
4/’ 0 { or 0 0 m3m’ 0 0 S
422 0 0 6 0 0 m’3’m’ 0 0

4221 0 0 6/m 1 0
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Table D4. The classification of surface states of 3D TIs of spinful electrons with crystallographic MPG

symmetry.

MPG Free Tor MPG Free Tor MPG Free Tor

1 0 0 422 0 (2} 6/m1’ 1 (2}

1 0 2} 422 0 {2} 6’/m 1 0

1 0 {2} 4mm 2 { 6/m’ 0 {

1 0 {4} 4mm1’ 2 O 6’/m’ 0 {2}

il 0 { 4'm'm 1 {} 622 0 {

2 0 0 4m’m’ 0 0 6221° 0 {2,2,2}

21 0 {2, 2} 42m 1 { 622’ 0 {2} 9
2 0 (2} 42mr’ 1 (2} 622’ 0 {2} §
m 1 {} 42’m 1 {} 6mm 2 {} 2
ml’ 1 ! #m’ 0 ! 6mm1’ 2 ! 8
m’ 0 {3 42m 0 {2} 6'mm’ 1 { S
2/m 1 {} 4/mmm 3 {} 6m’m’ 0 {} =
2/ml’ 1 {2} 4/mmm1’ 3 {} 6m?2 2 { @
2’/m 1 { 4/m'mm 2 { 6m21’ 2 { g
2/m’ 0 O 4/mm’'m 2 O 6'm’2 0 O 2
2y 0 (2} 4/m’m’m 1 0 6'm2’ 1 0 2
222 0 0 4/mm’'m’ 1 0 6m’2’ 1 0 g
2221 0 {2,2,2})  4m'mm’ 0 0 6/mmm 3 0 5
2272 0 (2} 3 0 0 6/mmm1’ 3 0 2
mm?2 2 {} 3_1’ 0 {2} 6/m’mm 2 {} 3
mm?21’ 2 { 3 0 {2} 6’/mmm’ 2 { )
m'm2’ 1 0 31 0 {4} 6’/m’mm’ 1 O S
m'm’2 0 0 3 0 (O 6/mm’m’ 1 0 N
mmm 3 { 32 0 { 6/m’m’m’ 0 { R
mmm1’ 3 ! 320 0 2,2} 23 0 0 S
m’'mm 2 ! 32 0 {2} 231’ 0 {2} >
m’'m’m I & 3m I { m3 I { E
m’'m’'m’ 0 {} 3ml’ 1 {} m31 ’ 1 {} §
4 0 0 3m’ 0 0 m’3 0 3! N
41° 0 2,2} 3m 1 0 432 0 ! g
4 0 (2} 3ml’ 1 (2} 4321° 0 {2,2} S
4 0 {2} 3m 1 O 432 0 {2} 2
ar 0 {4} Im’ 0 0 43m 1 0 8
q 0 O 3m’ 0 {2} 43ml’ 1 0 <
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