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We discuss the role of deformation of the target nucleus in the fusion reaction of the 15C + 232Th system at
energies around the Coulomb barrier, in which 15C is a well-known one-neutron halo nucleus. To this end, we
construct the potential between 15C and 232Th with the double folding procedure, assuming that the projectile
nucleus is composed of the core nucleus, 14C, and a valence neutron. In addition, we also take into account the
coupling to the one-neutron transfer process to the 14C + 233Th configuration. We show that such calculation
simultaneously reproduces the fusion cross sections for the 14C + 232Th and the 15C + 232Th systems, implying
an important role of the transfer coupling in fusion of neutron-rich nuclei.
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I. INTRODUCTION

One of the most important discoveries in nuclei near the
neutron drip line is the halo phenomenon [1,2]. It is character-
ized by a spatially extended density distribution, originating
from the weakly bound property of neutron-rich nuclei. Start-
ing from 11Li [2], several other halo nuclei have also been
observed successively. For example, 6He, 14Be, and 17B are
regarded as two-neutron halo nuclei, while 11Be, 15C, and 19C
are categorized as one-neutron halo nuclei [3,4]. Recently,
heavier halo nuclei, such as 19C [5], 22C [6], 31Ne [7], and
37Mg [8] have also been found at the Radioactive Ion Beam
Facility (RIBF) in RIKEN.

Fusion reactions of halo nuclei have attracted lots of atten-
tion [9–19]. It is generally known that fusion cross sections
at energies around the Coulomb barrier are sensitive to the
structure of colliding nuclei [20–24], and it is thus likely
that the halo structure significantly affects fusion reactions,
in both static and dynamical ways. With the development of
radioisotope technology, a large number of experimental data
for fusion of halo nuclei have been accumulated. For instance,
fusion cross sections for the 11Li + 208Pb [25], 6He + 238U
[26], 6He + 209Bi [27,28], 11Be + 209Bi [29], and 15C + 232Th
[30] systems have been reported.

Interestingly, it has been reported that fusion cross sections
for the 6He + 238U system [26] do not show any significant
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influence of the halo structure of 6He even though 6He is a
well-known halo nucleus. This is in contrast to fusion cross
sections for the 11Li + 208Pb [25] system, which show an
enhancement with respect to the fusion cross sections for
the 9Li + 208Pb system. The 6He + 209Bi system also shows
a similar trend as in the 11Li + 208Pb system [28]. In the case
of one-neutron halo nuclei, cross sections for the 11Be + 209Bi
system are reported to be similar to those for the 10Be + 209Bi
system [29]. Origins for this apparent difference among these
systems are not yet understood completely, even though the
fissile nature of the 238U may play some role.

In this regard, it is interesting to notice that 238U is a well-
deformed nucleus while 208Pb and 209Bi are spherical nuclei.
The aim of this paper is to investigate the role of deformation
of the target nucleus in fusion of a halo nucleus. To this end,
we shall discuss the fusion reaction of the 15C + 232Th system.
The 15C nucleus is a one-neutron halo nucleus [4], and its
structure is much simpler than the structure of the two-neutron
halo nuclei 11Li and 6He. The 15C + 232Th system thus pro-
vides an ideal opportunity to disentangle the deformation and
the halo effects. Moreover, 15C is heavier than 11Li and 6He,
and more significant effects of the target deformation can
be expected for the 15C + 232Th system as compared to the
11Li, 6He + 238U systems. Notice that the previous calculation
for this system used a very simple spectator model and did
not take into account the halo structure of 15C [30]. It has
yet to be clarified how much the observed fusion enhance-
ment can be accounted for by taking into account the halo
structure of 15C.
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TABLE I. The depth V0, the radius r0, and the diffuseness
a parameters for the deformed Woods-Saxon potential for the
14C + 232Th reaction. Here, the radius parameter r0 is defined as
R0 = r0(A1/3

P + A1/3
T ), where AP and AT are the mass numbers of

the projectile and the target nuclei, respectively. The resultant barrier
height Vb, the barrier position, Rb, and the barrier curvature h̄� are
also shown.

V0 (MeV) r0 (fm) a (fm) Vb (MeV) Rb (fm) h̄� (MeV)

68.174 1.231 0.548 60.66 12.22 4.96

The paper is organized as follows. In Sec. II, we first ana-
lyze the fusion of the 14C + 232Th system by using a deformed
Woods-Saxon potential. In Sec. III, we analyze the fusion
of the 15C + 232Th system and discuss the role of the halo
structure and the deformation effect. To this end, we construct
the potential between 15C and 232Th with the double folding
formalism accounting for the halo structure of the 15C nucleus.
We finally summarize the paper in Sec. IV

II. FUSION REACTION OF THE 14C + 232Th system

Before we discuss the fusion cross sections for the
15C + 232Th system, we first analyze the 14C + 232Th system.
In order to take into account the deformation effect of the
target nucleus 232Th, we employ a deformed Woods-Saxon
(WS) potential for the relative motion between the target and
the projectile nuclei [22,31,32]:

V14C−T (r, θ ) = − V0

1 + exp
[(

r − R0 − RT
∑

λ βλT Yλ0(θ )
)
/a

] ,

(1)
where V0, R0, and a are the depth, the radius, and the diffuse-
ness parameters, respectively. RT and βλT are the radius and
the deformation parameters of the target nucleus 232Th. The
Coulomb potential also has a deformed form given by [22,31]

VC (r, θ ) = ZPZT e2

r

+ 3ZPZT e2

5

R2
T

r3

(
β2T + 2

7

√
5

π
β2

2T

)
Y20(θ )

+ 3ZPZT e2

9

R4
T

r5

(
β4T + 9

7
√

π
β2

2T

)
Y40(θ ), (2)

with the second order in the quadrupole deformation parame-
ter, β2T , and the first order in the hexadecapole deformation
parameter, β4T . ZP and ZT are the atomic numbers of the
projectile and the target nuclei, respectively. Fusion is sim-
ulated with the incoming wave boundary condition [22,31].
For simplicity, in this paper we assume that 14C is inert.

The fusion cross sections for the 14C + 232Th system so
obtained are presented in Fig. 1. The actual values for the
parameters in the WS potential employed in this calculation
are given in Table I. We use the same values for the radius
and the diffuseness parameters as those of the global type
of Akyüz-Winther (AW) potential [33], while we adjust the
depth parameter, V0 to fit the measured fusion cross sections.
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FIG. 1. Fusion cross sections for the 14C + 232Th system. The
dashed line denotes cross sections in the absence of the deformation
effect of the target nucleus 232Th while the solid line is obtained by
taking into account the deformation effect with a deformed Woods-
Saxon potential. The experimental data are taken from Ref. [30].

For the deformation parameters, we employ β2T = 0.233 and
β4T = 0.0946 [34]. In the figure, the blue dashed line shows
the cross sections in the absence of the deformation effect,
while the black solid line shows the cross sections with the
deformation effect. One can clearly see that the enhancement
of the fusion cross sections below the Coulomb barrier region
can be well accounted for by taking into account the defor-
mation of 232Th. It is apparent that the deformation plays an
important role in this system.

III. FUSION REACTION OF THE 15C + 232Th SYSTEM

A. The internuclear potential

Let us now discuss the fusion reaction of the 15C + 232Th
system. We first construct the potential between 15C and 232Th
taking into account the deformation effect of the target nu-
cleus as well as the halo structure of the projectile. To this
end, we employ the double folding approach and construct
the potential as

V15C−T (r; rd ) =
∫

drp

∫
drT ρp(rp)ρT (rT ; rd )

×VNN (r − rp + rT ), (3)

where VNN is an effective nucleon-nucleon interaction, while
ρp(rp) and ρT (rT ; rd ) are the density profiles for the projec-
tile and the target nuclei, respectively. Here, the density of
the deformed target is defined with respect to the orientation
angle, rd, in the space fixed frame. In this paper, we employ
the deformed Woods-Saxon density given by

ρT (r; rd ) = ρ0

1 + exp
[( r−c(1+∑

λ βλT Yλ0(θrd ))
z

)] , (4)

where θrd is the angle between r and rd, and βλT are the de-
formation parameters. We take c = 6.851 fm, z = 0.518 fm,
and ρ0 = 0.162 fm−3 for the 232Th nucleus [35]. For the
nucleon-nucleon interaction, VNN , we use the M3Y interaction
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[36] given by

VNN (r) = −2134
e−2.5r

2.5r
+ 7999

e−4r

4r
− 275.81δ(r), (5)

where the energy and the length are given in units of MeV and
fm, respectively. Notice that this interaction also includes the
knock-on exchange effect in the zero-range approximation.

To evaluate the double folding potential, the target density
(4) is expanded as

ρT (r; rd ) =
∑

λ

ρT λ(r)Yλ0(θrd ) (6)

=
∑
λ,μ

ρT λ(r)

√
4π

2λ + 1
Yλμ(r̂)Y ∗

λμ(r̂d ). (7)

Substituting this into Eq. (3), one obtains the potential in the
form of

V15C−T (r; rdef ) =
∑
λ,μ

Vλ(r)

√
4π

2λ + 1
Yλμ(r̂)Y ∗

λμ(r̂d ), (8)

with

Vλ(r) =
∫

drp

∫
drT ρn(rp)ρT λ(rT )VNN (r − rp + rT ). (9)

In the isocentrifugal approximation, one then sets r̂d = 0 and
finally obtains [22]

V15C−T (r, θ ) =
∑

λ

Vλ(r)Yλ0(θ ). (10)

We assume that the projectile nucleus 15C takes the two-
body structure, with the spherical core nucleus 14C and
a valence neutron. The density of the projectile is then
given as

ρp(r) = ρc(r) + ρn(r), (11)

where ρc(r) and ρn(r) are the density for the core nucleus and
the valence neutron, respectively. If one uses this density, the
folding potential of Eq. (3) is also separated into two parts:

V15C−T (r, θ ) = V14C−T (r, θ ) + Vn−T (r, θ ). (12)

For simplicity, we replace the interaction between the core and
the target nuclei, V14C−T (r, θ ), by the deformed Woods-Saxon
potential determined in the previous section.

For the density for the valence neutron, we construct
it using a 2s1/2 neutron wave function in a Woods-Saxon
potential as

ρn(r) = 1

4π

[
R2s1/2 (r)

]2
, (13)

where R2s1/2 (r) is the radial part of the wave function. To
this end, we use the Woods-Saxon potential with set C in
Ref. [37], which reproduces the empirical neutron separation
energy for this state, ε2s1/2 = −1.21 MeV. Figure 2 shows the
projectile density thus obtained. The blue dashed line shows
the density for the core nucleus, 14C, while the red dot-dashed
line denotes the valence neutron density. For the description
of the core density, we use the modified harmonic-oscillator
model, whose parameters can be found in Ref. [35]. One can
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FIG. 2. The density distribution of the 15C nucleus (the solid
line). The dashed and the dot-dashed lines denote the contributions
of the core nucleus and the valence neutron, respectively.

see that the valence neutron density has a long tail, reflecting
the halo structure of the 15C nucleus.

The solid lines in Fig. 3 shows the neutron-target poten-
tial obtained with the double folding procedure. The top,
the middle, and the bottom panels show the monopole, the
quadrupole, and the hexadecapole components, respectively.
In order to discuss properties of these potentials, we fit them
with a Woods-Saxon function and its first derivative. That is,

Vλ(r) = −V0

1 + exp [(r − R0)/a]
(λ = 0), (14)

= −V0 exp [(r − R0)/a]

{1 + exp [(r − R0)/a]}2 (λ = 2, 4), (15)

The results of the fitting are shown in Fig. 3 by the dashed
lines (see Table II for the parameters). Since the region around
the position of the Coulomb barrier is most important for
fusion cross sections, the fittings are performed mainly in
the surface region, r > 8 fm. In Fig. 3, one can see that the
folding potential can be well fitted with the Woods-Saxon
function. The hexadecapole component, V4(r), has some devi-
ation from the Woods-Saxon function, but its contribution to
the total potential is much smaller than the monopole and the
quadrupole components. We also find that the contribution of
λ = 6, that is, V6(r), is negligible, with a small depth size of
about −0.1 MeV. Note that the Coulomb barrier parameters,

TABLE II. Parameters for the neutron-target part of the nuclear
potential for the 15C + 232Th system. Those are obtained by fitting the
double folding potential to the Woods-Saxon function and its deriva-
tive. The depth V0, the radius R0, and the diffuseness a parameters
are shown for each multipole component.

Vλ V0 (MeV) R0 (fm) a (fm)

V0(r) 105.923 7.981 1.572
V2(r) 28.756 7.080 1.890
V4(r) 4.398 8.131 1.944
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FIG. 3. The potential between the valence neutron in 15C and
the target nucleus 232Th for the 15C + 232Th reaction. The top, the
middle, and the bottom panels are for V0(r), V2(r), and V4(r) in
Eq. (9), respectively. The black solid lines show the results of the
double folding potential, while the red dashed lines show fits with
the Woods-Saxon function.

obtained by setting the deformation parameters βT λ to be zero
in the folding procedure, are Vb = 58.81 MeV, Rb = 12.33 fm,
and h̄� = 4.10 MeV, which can be compared to those for the
14C + 232Th system listed in Table I. The Coulomb barrier

 40
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FIG. 4. The total potentials (the sum of the nuclear and the
Coulomb potentials) for the 14C + 232Th and 15C + 232Th systems
for θ = 0◦ and θ = 90◦. The solid and the dotted lines are for the
15C + 232Th system, for which the solid line corresponds to θ = 0◦

and the dashed line corresponds to θ = 90◦. The dashed and the
dot-dashed lines are the same as the solid and the dotted lines, but
for the 14C + 232Th system.

height is lowered by 1.53 MeV owing to the weakly bound
valence neutron in 15C.

Figure 4 shows the total potential (that is, the sum of the
nuclear and the Coulomb potentials). The red dashed and the
green dot-dashed lines show the potentials for the 14C + 232Th
reaction at θ = 0◦ and at θ = 90◦, respectively. Note that the
case of θ = 0◦ is referred to as a tip collision while that of
θ = 90◦ is referred to as a side collision. The black solid and
the blue dotted lines show the corresponding potentials for
the 15C + 232Th reaction, obtained with the Woods-Saxon fit
to the double folding potential between the valence neutron
and the core nucleus. For both the cases, the Coulomb barrier
is significantly lowered due to the addition of the valence
neutron in 15C. It is well known that lowering of the Coulomb
barrier leads to an increase of the penetration probability for
fusion cross sections.

B. Fusion cross sections

Let us now calculate fusion cross sections for the
15C + 232Th system using the potential constructed in the pre-
vious subsection. For simplicity, we include up to λ = 4 in the
multipole expansion of the double folding potential between
the valence neutron in 15C and the target nucleus.

Figure 5 presents a comparison between the calculated
fusion cross sections and the experimental data. The red cir-
cles and the blue stars show the experimental data for the
15C + 232Th and 14C + 232Th systems, respectively. The violet
dashed curve shows the results for the 14C + 232Th system,
which is the same as the solid line in Fig. 1. The coral dot-
dashed curve shows the results for the 15C + 232Th system,
obtained using the potential which is simply scaled from
that for the 14C + 232Th system. That is, the radius parameter
in the Woods-Saxon potential for the 14C + 232Th system is
changed from r0(141/3 + 2321/3) to r0(151/3 + 2321/3). This
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FIG. 5. Fusion cross sections for the 15C + 232Th system. The
dot-dashed line shows fusion cross sections obtained by scaling the
potential for the 14C + 232Th system with the mass number of the
colliding nuclei. The dotted line shows fusion cross sections with the
double folding potential, which takes into account the halo structure
of the 15C nucleus, while the solid line shows the result of the
coupled-channels calculation with the transfer coupling. For com-
parison, the figure also shows the theoretical fusion cross sections
for the 14C + 232Th system by the dashed line. The experimental data
are taken from Ref. [30].

calculation does not take into account the weakly bound na-
ture of the 15C projectile, and corresponds to the calculation
presented in Ref. [30]. In fact, the dashed and dot-dashed
lines show similar fusion cross sections to each other, as
argued in Ref. [30]. Even though this calculation reproduces
the experimental data at energies above the Coulomb barrier,
Ec.m. � 60 MeV, it considerably underestimates fusion cross
sections in the energy region below the Coulomb barrier.

Fusion cross sections evaluated with the halo nature of the
15C nucleus are shown by the brown dotted line. This result
clearly shows an enhancement of fusion cross sections with
respect to the dot-dashed line, and reproduces the experi-
mental data at the two lowest energies. However, the fusion
cross sections in the region of 60 MeV � Ec.m. � 65 MeV are
clearly overestimated.

In order to investigate a possible origin for the discrepancy,
we follow Ref. [18] and consider a transfer coupling to the
14C + 233Th channel. That is, we consider a transfer to a
single effective channel [38] and solve the coupled-channels
equations [22,31] of

(
K + V1(r, θ ) F1→2(r)

F1→2(r) K + V2(r, θ ) − Q

)(
ψ1(r)
ψ2(r)

)
= E

(
ψ1(r)
ψ2(r)

)
.

(16)

Here, the channels 1 and 2 denote the 15C + 232Th and the
14C + 233Th systems, respectively. K is the kinetic energy
(with the centrifugal potential) and Vi(r, θ ) (i = 1, 2) is the
internucleus potential for each partition. Q is the effective
Q value for the one-neutron transfer process, while F1→2(r)
is the coupling form factor. Notice that the effective transfer

TABLE III. The parameters for the transfer coupling. Here, those
in the coupling form factor, Eq. (17), are determined by fitting the re-
sults of the coupled-channels calculations to the experimental fusion
cross section for the 15C + 232Th system with Q = 0 for the transfer
Q value.

Q (MeV) Ft (MeV fm) Rcoup (fm) acoup (fm)

0 27.5 14.638 0.69

channel may mock up also the breakup channel to some ex-
tent.

In the calculation, we assume that the potential V2(r, θ )
for the 14C + 233Th channel is the same as the potential for
14C + 232Th presented in Table I. For the coupling form factor,
F1→2(r), we employ the derivative form of the Woods-Saxon
potential [39,40] given by

F1→2(r) = Ft
d

dr

(
1

1 + exp[(r − Rcoup)/acoup]

)
. (17)

The parameters are determined by fitting to the experimental
data for fusion cross sections (see Table III). To this end, we
take the transfer Q value to be zero, Q = 0, rather than the
ground-state-to-ground-state Q value, Qgg = +3.568 MeV,
taking into account the Q-value matching condition [38]. The
black solid line in Fig. 5 shows the fusion cross sections so
obtained. One can see that the experimental data are well
reproduced in the whole energy region shown in the figure,
indicating an importance of the dynamical effect on fusion of
the neutron-rich nucleus, 15C.

IV. SUMMARY

We have calculated fusion cross sections for the
15C + 232Th system, for which 15C is a well-known one-
neutron halo nucleus while 232Th is a well-deformed nucleus.
To this end, we have evaluated the cross sections within
the double folding formalism, taking into account the halo
structure of 15C and the deformation of the target nucleus.
In addition, we have also taken into account the coupling to
the one-neutron transfer channel to the 14C + 233Th system
with the coupled-channels formalism. We have shown that
such calculation reproduces simultaneously well the exper-
imental data for the 15C + 232Th and 14C + 232Th systems.
This clearly indicates that all of the halo structure of 15C,
the deformation of 232Th, and the dynamical effects such
as transfer and breakup play an important role in fusion of
the 15C + 232Th system. In this regard, it would be useful
to investigate systematically fusion of a halo nucleus with
deformed target nuclei in order to gain a deeper insight into
the role of deformation of the target in fusion of neutron-
rich nuclei. A comparison of the 15C + 232Th system to the
15C + 238U and 15C + 208Pb systems might also provide useful
information.
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