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ARTICLE INFO ABSTRACT
Keywords: The direction normal to the Earth spherical (or ellipsoidal) surface is not vertical (called deflected
True gravity vertical) since the vertical direction is along the true gravity g (= ig;+ jg,+ kg;). Here, (4, ¢, 2) are

Standard gravity
Deflected-vertical
Ekman spiral
Ekman transport
E-number

(longitude, latitude, depth), and (i, j, k) are the corresponding unit vectors. The spherical (or
ellipsoidal) surfaces are not horizontal surfaces (called deflected-horizontal surfaces). The most
important body force g (true gravity) has been greatly simplified without justification in
oceanography to the standard gravity (-gok) with go = 9.81 m/s2. Impact of such simplification on
ocean dynamics is investigated in this paper using the Ekman layer model. In the classical Ekman
layer dynamic equation, the standard gravity (-gok) is replaced by the true gravity g(4, ¢, z) with
a constant eddy viscosity and a depth-dependent-only density p(z) represented by an e-folding
near-inertial buoyancy frequency. New Ekman spiral and in turn new formulae for the Ekman
transport are obtained for ocean with and without bottom. With the gravity data from the global
static gravity model EIGEN-6C4 and the surface wind stress data from the Comprehensive Ocean-
Atmosphere Data Set (COADS), large difference is found in the Ekman transport using the true
gravity and standard gravity.

1. Introduction

If the Earth is assumed to be a rigid sphere with uniform mass distribution and without rotation, the gravity exerted on the ocean
particle from this spherical Earth is a single-directional vector

g = —gok, go =9.81ms™’ @

where g is called the standard gravity; k is the unit vector perpendicular to the spherical surface (upward positive). The corresponding
standard geopotential (i.e., negation of the standard gravity potential) (®g) is given by

aa,

dz (2)

Po(z) = goz, &= —
Usually the polar spherical coordinate system (4, ¢, 2) is used with the standard gravity with A the longitude, ¢ the latitude, and z
the depth.
If the uniform spherical Earth rotates, it becomes an ellipsoid. The theoretical Earth is this ellipsoid with the same total Earth mass
and angular velocity, as well as coinciding its minor axis with the Earth’s mean rotation (Vanicek and Krakiwsky, 1986). The gravity
exerted on the ocean particle from this theoretical Earth is also a single-directional vector
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gy = —8(p)K 3)

where gy is the sum of the gravitational and centrifugal accelerations, and called the theoretical/normal gravity in geodetic com-
munity (Cassinis, 1930) and the effective gravity in meteorological and oceanographic community (Vallis, 2006); K is the unit vector
perpendicular to the ellipsoidal surface (upward positive). Its intensity g(¢) is called the normal gravity and determined analytically.
For example, the World Geodetic System 1984 uses the Somiglina equation (National Geospatial-Intelligence Agency, 1984) to
represent g(¢)

1 4 ksin’¢ } E a* — b? bg, — ag.

= 8e , K= 4
g(p) g{m 2 K @

age
where (a, b) are the equatorial and polar semi-axes; a is used for the Earth radius, R = a = 6.3781364 x 10%° m; b = 6.3567523 x 10°
m; e is the spheroid’s eccentricity; g, = 9.780 m/s?, is the gravity at the equator; and & = 9.832 m/s? is the gravity at the poles. The
corresponding normal geopotential (®y) is given by

a

b,
Dy(z) = g(@)z, gy = _a—zNK 5)

Usually the oblate spheroid coordinate system is used with the normal gravity. It shares the same longitude (1) with the polar
spherical coordinate system but different latitude (¢,p) and radial coordinate (representing the deflected vertical) (z,5). Note that the
maximum error between using the oblate spheroid and polar spherical coordinates is about 0.17% (Gill, 1982). However, the
dynamical error may be larger (Vallis, 2006). The polar spherical coordinate system is generally used in oceanography as well in
geodesy, i.e., the unit vector K is represented approximately by k. Both standard gravity gs and normal gravity gy don’t have lat-
itudinal and longitudinal components.

With rotation and non-uniform mass distribution, the gravity exerted on the ocean particle from the true Earth, called the true
gravity (g), is a three-dimensional vector field,

g4, 9,2) = —g(p)k +8(4,9,2) (6)
where 6g is the gravity disturbance (Hackney and Featherstone, 2003). The corresponding potential of the gravity disturbance (called
the disturbing gravity potential) is given by

8g = V3T (4, 0,2) @

where

1 0 10 0
R A N 8
Rcosrp()/1+JR0<p+ 0z ®

=i

is the three-dimensional vector differential operator; and R = 6.3781364 x 10° m, is the Earth radius. Substitution of (7) into (6) leads
to

oT
84 ¢.2) =g +ek, 8 =(81.8)=VT, g.=75 ~s) ©
where V = im +j %ﬂ is the two-dimensional vector differential operator; gj, is the latitudinal (g,) and longitudinal (g;) gravity

component; and gk is the component in the direction of k. Since the deviation of the deflected-vertical component of the gravity (g;) to
the constant (-gp) is around 4 orders of magnitude smaller than gy, it leads to

8:~ —& (10)
Substitution of (10) into (9) leads to
g(4,0,2) ~ g, — gk a1

for oceanography.
The spherical expansion of the disturbing static gravity potential (T) in the polar spherical coordinates outside the Earth masses is
given by (Kostelecky et al., 2015)

!

o !
T (ﬂ, @, z) — (RGfZ) E E (RLjrz) [(C,,m - Cf"ﬂ])cos mA+ S, sin m/l] P (sin qo) s (12)

=2 m=0

where M = 5.9736 x 10%* kg, is the mass of the Earth; G = 6.674 x 1071 m? kg’1 s72, is the gravitational constant; (Clﬁm,Cle‘lm,Sl?m) are
the harmonic geopotential coefficients with Cle‘lmbelonging to the reference ellipsoid; and P;,(sin ¢)are the Legendre associated
functions with (I, m) the degree and order of the harmonic expansion. According to (12), the ratio between T(4, ¢, 2) to T(4, ¢, 0)
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through the water column can be roughly estimated by

’ T(%9,2)
T(Z,,0)

~ ~1, 0>z>-H( ) (13)

where H is the water depth. Since the Earth radius (R) is more than 3 orders of magnitude larger than the water depth H, the surface
disturbing gravity potential T(4, ¢, 0) is used for the whole water column,

T(h9,2) = T(2,9,0),0 > 2> —H(,¢) (14
Also, the surface disturbing gravity potential T(4, ¢, 0) is related to the geoid height (N) by the Bruns’ formula (Sandwell and Smith,
1997)
T(4,,0)
N(dg) =002 (15)
8o

Substitution of (14) into the second equation in (9) and use of (15) lead to

2,(4,9,2) = VT(4,9,0) = ggVN (16)

which shows the independence of g, on z for the whole water column. With approximations (11) and (14), the true geopotential is
given by (Vanicek and Krakiwsky, 1986)

@ =@y —T ~ Py — goN(x,y)

which hasn’t been recognized in the oceanographic community.

The Earth true gravity (g) represents the vertical direction. The true geopotential surfaces such as the geoid surface are the hor-
izontal surfaces. The angle between (-k) and g is called the vertical deflection. The ocean dynamics has been established with the
deflected-vertical coordinate system using the standard gravity (mostly) and the normal gravity (very few) and never using the true
gravity g(4, ¢, 2).

The seminal paper by Ekman (1905) laid the foundation for the modern oceanography through modeling the turbulent mixing in
upper ocean as a diffusion process similar to molecular diffusion, with an eddy viscosity K, which was taken as a constant with many
orders of magnitude larger than the molecular viscosity. The Ekman theory was established using the standard gravity (-gok). The
turbulent mixing generates ageostrophic component of the upper ocean currents (called the Ekman spiral), decaying by an e-folding
over a depth as the current vector rotate to the right (left) in the northern (southern) hemisphere through one radian. Along with the
Ekman spiral, the Ekman transport was identified. Recent research (Chu, 2021) show that the latitudinal-longitudinal true gravity
component gy (= g;i + g,j) is comparable to the horizontal pressure gradient force, Coriolis force, and surface wind stress. Thus, the
feasibility to neglect g, in the ocean Ekman layer dynamics needs to be investigated. In this study, the additional forcing g is added to
the classical Ekman dynamic equation and new formulas for the Ekman spiral and transport are obtained.

The rest of the paper are outlined as follows. Section 2 presents the basic equation with the true gravity g(4, ¢, 2) for the Ekman
dynamics. Section 3 lists the model parameters. Sections 4-5 show the Ekman spiral and transport with the true gravity. Section 6
describes the two datasets used for this study. Sections 7-8 present the global Ekman transport without and with bottom. The non-
dimensional E and E*numbers are calculated from the geoid and surface wind stress data and show the importance of gp. Section 9
depicts the difference between the true-vertical and deflected-vertical coordinate systems. Section 10 presents the conclusions.

2. Dynamic equation with the true gravity
Steady-state large-scale ocean dynamic equation with the Boussinesq approximation (replacing density p by a constant pg except p
being multiplied by the gravity) is given by
Po12Q x U] = — V3p+pg+poF a7
if the pressure gradient force, gravity, and friction are the only real forces (Chu, 2021). Here, U = (u;, u,), is the two-dimensional
velocity vector; Q = Q(j cos ¢ + ksin ¢), is the Earth rotation vector with Q = 21/(86,164 s) the Earth rotation rate; p is the den-

sity; po = 1028 kg/ms, is the characteristic density; p is the pressure; F is turbulent diffusive force due to the Earth radial shear
represented by

0 ( dU
F=—|K— 18
0z ( 0z) (18)
Traditionally, the deflected-horizontal velocity U is decomposed into geostrophic and Ekman (ageostrophic) velocities,
U=U, +Ug p[2Q xU,] =-Vp 19)

where Ug = (ug, vg) is the Ekman velocity vector. After substitution of (11), (18), and (19) into (17), the deflected-horizontal
component of (17) is represented by
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0 ou 0 ou
po2Q x Ug] = pg, +Pog, (K a—;) +P0, (Ka—;) (20)

Baroclinicity (i.e., non-zero deflected-horizontal density gradient) and spatially varying eddy viscosity K affect the Ekman layer
dynamics (Chu, 2015). To limit the study on the effect of g only, the eddy viscosity K is assumed constant and the density varies in the
z-direction only, i.e., there is no deflected-vertical shear of the geostrophic current

U, [0z = 0. 1)

Furthermore, a special density stratification is selected for this study as the e-folding near-inertial buoyancy frequency (Garrett,
2001),

_ 2 o= o ®
6(z) = Gpexp (d) S@= - (22a)
where p is the density anomaly relative to po; and d is the e-folding depth of ©(z), which represents the dependence of the density with

2. The second formula in (22a) becomes

2 2

~ d ,.

ds(z) / dz= — %el’/fﬂ s(z) = 1+p / po=1- %ez‘/" (22b)
0 0

Substitution of (21) and (22b) into (20) leads to the Ekman dynamic equation including gy

Uz

2Q x Ug = 5(2)g, +KTZZ

(23)

which shows that gj, can also generate deflected-vertical shear (i.e., the Ekman spiral) without surface winds if the density varies with
z.
Let the deflected-horizontal gravity component (gp), Ekman velocity (Ug) be represented in complex variables

Gy =g +i8y, U=ug+ivg,i=v-1 (24)

The Ekman Eq. (23) is converted into the complex form

;U f Gy
072 lKU _?S

(2)- (25)
The turbulent momentum flux should be continuous at the ocean surface (z = 0),
where (rflw) 7ﬂ:g‘“)) are the surface wind stress components. Two types of the Ekman velocity are considered. The first one is the typical
Ekman spiral with no bottom. Its lower boundary condition is given as,
[U| -0 asz > —o0 (27a)

The second one is with bottom (z = -H). Its lower boundary condition is given by,

oUx

K—
Po aZ

oy =7+ (27b)

where (Tﬁb ) ,Tg” )are the bottom frictional stress components; H (= 4000 m) is the water depth. The purpose to introduce the second type

is to show the effect of bottom friction on the Ekman velocity. The linear relation is used for the bottom frictional stress

o) +itl) = —ypyU s (—H) (28)

A

where v is the bottom friction coefficient. Integration with respect to z of U (or U*) from -co (-H) to O leads to the two types of the
Ekman transport

) 0
M= /’0/ Udz, Mx = /’o/ U xdz (29
- H

3. Model parameters

This Ekman model has four parameters with (0o, d) for the density stratification, y for the bottom friction coefficient, and K for the
eddy viscosity. Let
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Fig. 1. Horizontal gravity components (unit: mGal) at z = 0 from the EIGEN-6C4 geoid height (N): (a) digital data of N with 1°x 1°, computed online at the
website http://icgem.gfz-potsdam.de/home, (b) longitudinal component (g;), (c) latitudinal component (g,), (d) contour plot of |gs|, and (e) histogram of |gs|
(from Figs. 1 and 2 in Chu, 2021, https://www.nature.com/articles/s41598-021-82882-1).
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2k Dy +2K]If] vDg Po@.D;
Dp=my|— y=—=+—7"—,A=—,B=—""2—"—~ 30
EETY AT 7 d Tk T ay +) (30)

Here, Dg is the Ekman layer depth; y is proportion to the ratio between the Ekman layer depth (Dg) and the e-folding depth (d) of the
buoyancy frequency; A is the ratio between the bottom friction coefficient and eddy viscosity; B represents the strength of the
deflected-horizontal gravity component on the Ekman flow. The eddy viscosity K was estimated from observations varying from
0.054 m? s~ ! in the western Sargasso Sea (34°N, 70°W) during the summer of 1982 (Price et al., 1987), to 0.006 m? s~1 in the Strait of
Georgia, British Columbia (Stacey et al., 1986). The smaller value (0.006 m?s™) may be treated as a lower bound of the eddy viscosity
(Price et al., 1987). The other three parameters are given by

0y =256x10"s"!, d =1.3km, y =4 x 10" °ms™! (3D

where the parameter @y is estimated from (King et al., 2012). The parameter d is obtained from (Garrett, 2001). The parameter y is
determined as 2.34 x 107> m s~! for the Hudson Bay from SEASAT-ALT data (Moon and Tang, 1987). The area-integrated dissipations
for various regions of the global oceans show that the Hudson Bay has the maximum value (>250 GW), which is around 5-6 times as
large as the other areas (see Fig. 2 in Egbert and Ray, 2000). Thus, y is taken as 4 x 10"%m s~ in this study. With the larger value of K
= 0.054 m? 571, the Ekman layer thickness Dg, ratio A, and parameter y are estimated by

_0.06582 d, 4= V2K /[fI _ 0.02095 Ao 1.425 x 1073
Vsing] d Jhingl N
Here, Dg varies from 289 m at ¢ = 5° (N or S) to 86 m at ¢ = 90° (N or S); the parameter y varies from 0.071 at ¢ = 5° (N or S) to

0.021 at ¢ = 90° (N or S); and A varies from 4.827 x 103 at @=5"(NorS)to 1.42510 3 at @ = 90° (N or S). The maximum values of
A, y*and y*(at ¢ = 5° S or N) are small

(32)

A <4827 x 1073, y* <0.5036 x 1072, y* < 0.2536 x 107* (33)
which are even smaller if the value of K smaller than 0.054 m? s~ .

4. Ekman solution in complex form

Eq. (25) with the boundary conditions (26) and (27a) has the exact solution

U(z) D {(z: +7,) +i(t, —7:) — BG, [(2r* + 1) —i(2* — 1)] pel /e

- 2mp, K
BdGy(, ,  \ 2 (34)
+W (2}( + z) e~
and the corresponding Ekman transport without bottom is given by
M =p, /f ) Udz = } (t, —ity) — Bf" (1-i22°) +dzflfh (2;(2 + i) (35)
Similarly, Eq. (25) with the boundary conditions (26) and (27b) has the exact solution
Ux(z) = 275:; A ) i) = 57) —BG (27 +1) —i(2r - 1)] fel I
D : BdG, . G; (30)
_zﬂpiK[(Tﬁb) + Tg)b)) + i(T‘(pb) _ Tﬁb))}e—(lﬂ)n(zﬁ»H)/DE + W(ZZZ + i) X _ iTr
where the following inequalities are used
e (1HImHPE| 1, o724 (37)
Evaluation of (36) at the ocean bottom (z = -H) and use of (37) give
U (—H) - _Zzﬁ[(f%fgﬁ)ﬂ(fgu o] —i% 38)
Substitution of (38) into (28) leads to
Tﬁb) + iz'((ﬂw = yzD—E [(Tib) +Tfﬂb)) + i(r{(ﬂb) — Tﬁb))} + iypoﬂ (39)
K f

which is re-arranged as a set of two linear algebraic equations
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Fig. 2. Climatological annual mean Ekman transport due to surface wind stress M,, (unit: kg m~'s™!) calculated using the COADS data: (a) vector
plot of M, (b) contour plot of |M,,|, and (c) histogram of |M,,|.

A (rﬁ“ + f&“) -7 = %”0&0 (40)
A(,L,g)b) _ ;b)> _Tg(ob) = —@gz 41D
I
Since A < 4.827 x 10~3[see (33)], Egs. (40) and (41) can be simplified further into
® _ _YPo b _ YPo
T = —Tgwr‘w) = 781 (42)

Substitution of (42) into (36) and use of (33) [i.e., small parameter ;(2] lead to

Dpg , S W . z/Dy
U @) = g (17 +07) i) = o{7) = BG[(1 -+ )] e 97
0
(43)
Dg v ; it/ BACh, ppa O
K fll 8o T &) Hilgitgyle TN
where B is simplified as
o807
B=—"—+ 44
o 44

The last term in (43), -iGy/f, represents the effect of g on the currents, but does not vary with z. We may not consider it as part of the
Ekman spiral. Integration of (43) with respect to z from -H to 0 without the term (-iGp/f) leads to the complex form of the Ekman
transport with bottom

0
G 1 ‘ :
M« = p, / (U + i—,") dz = [10) — i} — BG,] {1 - e’(H')”H/DE]
-H

f f
(45)
2
PoY ~(1+i)aH/De _ d°BGy, | — p-2H/d
+V|th{e + 4Kl e
which is simplified after using (37) and (44)
Liwy o P 0’K PO
Mo =~ [t — izl —%( +=2 )G,—i—l 02 G (46)
A A A T

With @ = 2.56 x 1073s"!,andK = 0.054m?s!, the term @gK/go(: 3.61 x10°8 ms™!) is two orders of magnitude smaller than y
4 %x10% m s’l) and therefore can be neglected. Thus, Eq. (46) becomes
1

Mx = 7 [zh) — i}

Pt . | PO
—2G, +i
" afg

G (47)

5. New formulae for the Ekman transports

The Ekman transports (35) and (47) are transformed back into the vector forms

T p()@gcﬂ) NN S
M:—k><—,+< s kxg —2 g (48)
f 4fzo " flflgo "

which shows the contribution of gy to the Ekman transport without bottom, and

T 1)0@(2)‘12) Pot
Msx = —Kkx -+ k xg,——— (49)
7 ( afge ) BT

which shows the contribution of gj to the Ekman transport with bottom. Let the Ekman transports M and M* be separated into two
parts

M = My, + Mg, Mx = My, + M, (50)

with
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My = —kx~ (51)
f
due to the surface wind stress 7 (i.e., classical Ekman transport), and
L (py&5d ) PoOK
Mg =k x- g, | — ‘g (52a)
¢ f < 4g0 ") flfleo™
due to g with no bottom, and
1 (py&5d > PoY
M, =k x - g, | — ==& (52b)
¢ f < g0 ') ST

due to g, with bottom. Both Mg and Mghave along and across g, components.
The ratio between the two components for Mg is given by

|Along g,|  [p0@:K/(fIf1g0) ] K 4

_ X 53
[Across g,|  [(po©@5d?)/(4fs0) |&n  4d*If| 8 < o

where (33) is used. Eq. (52a) becomes

1 (p,@rd? )
M~k x — ' (54
R < 4g,
Substitution of (16) into (54) and (52) leads to
2 12
Mg =k x jl <p wOyd VN>, M, = Mg — pjﬁﬁyvz\/ (55)

Nondimensional E and E * numbers are defined by

Mg| . _ M,
My | (M|

E=

(56)

to represent the relative importance of g, versus surface wind stress (t) on the Ekman transport. Note that both E and E*numbers are
independent on the eddy viscosity K, but dependent on @2d?, VN, and |t|. In addition, E* depends on y too.

6. Data sources

Two datasets were used to identify importance of g, on the Ekman layer dynamics are: (a) global static geoid undulation (N) dataset
from the EIGEN-6C4 model (Kostelecky et al., 2015) (http://icgem.gfz-potsdam.de/home) for computing the deflected-horizontal
gravity component g, and (b) climatological annual mean surface wind stress (7;, 7,) data from the Comprehensive
Ocean-Atmosphere Data Set (COADS) (da Silva et al., 1994) (http://iridl.ldeo.columbia.edu/SOURCES/. DASILVA/. SMD94/.
climatology/).

Fig. 1a shows the global geoid height N(4, ¢) with 1°x 1° resolution from the EIGEN-6C4 model (Chu, 2021). With the geoid height
data (N) obtained from the EIGEN-6C4, N(4, ¢), the deflected-horizontal gravity components g, and g, are computed using Eq. (16), as
shown in Fig. 1b and c. The magnitude of the deflected-horizontal gravity vector |gn| is shown in Fig. 1d. The histogram of |gp|
(Figurele) indicates a positively skewed distribution with a long tail extending to values larger than 100 mGal (1 mGal = 10~> ms~2).
The statistical characteristics of |gp| are 20.84 mGal as the mean, 15.89 mGal as the standard deviation, 3.11 as the skewness, and
21.63 as the kurtosis. The statistical estimate of the mean intensity of |gx| (20.84 mGal) is coherent with the simple calculation of |gx|ap
between points A and B (20.45 mGal).

With these two datasets, the climatological annual mean Ekman transport is calculated by (51) due to the surface wind stress (My),
by (52a) due to g with no bottom (Mg), and by (52b) due to g, with bottom (M) for the global oceans except for the equatorial region
(5°S — 5°N) where the geostrophic balance does not exist. In addition, the global E- and E*-numbers are also computed by (56).

7. Global Ekman transport with no bottom

The calculated global Ekman transport has different patterns due to wind stress My, (Fig. 2a) and due to g, with no bottom (Mg)
(Fig. 3a). The intensities of the Ekman transport components |My| (Fig. 2b) and |Mg| (Fig. 3b) have different deflected-horizontal
distributions and strengths. The histogram of |My/| (Fig. 2¢) shows near Gamma distribution with the shape parameter of 1 and
scale parameter of 2, and with the mean and standard deviation (946.8, 993.9) kg m~!s™!. However, the histogram of |Mg| (Fig. 3¢)
shows near Weibull distribution with the shape parameter of 1.5 and scale parameter of 10, and with the mean and standard deviation
(4098, 5836) kg m s~ L.

Much larger Ekman transport due to g, with no bottom (|Mg|) than due to the surface wind stress |[My/| is shown in the world ocean
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Fig. 3. Climatological annual mean Ekman transport due to g, with no bottom (M) (unit: kg m~*s™?) calculated using the EIGEN-6C4 geoid height
(N) data: (a) vector plot of Mg, (b) contour plot of |[Mg|, and (c) histogram of |[Mg|.
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Fig. 4. Climatological annual mean non-dimensional E-number calculated using the COADS annual mean surface wind stress and the EIGEN-6C4
geoid undulation (N) data: (a) contour plot of E, (b) histogram of E.
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Fig. 5. Climatological annual mean Ekman transport due to g, with bottom (M) (unit: kg m~'s™?) calculated using the EIGEN-6C4 geoid height (N)
data: (a) vector plot of Mg, (b) contour plot of [Mg|, and (c) histogram of |Mg|.
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Fig. 6. Climatological annual mean non-dimensional E*-number calculated using the COADS annual mean surface wind stress and the EIGEN-6C4
geoid undulation (N) data: (a) contour plot of E¥, (b) histogram of E*.
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distribution of E values (Fig. 4a). The histogram of E (Fig. 4b) indicates a positively skewed distribution with a long tail extending to
values larger than 10. The statistical characteristics of E are 3.222 as the mean, 2.295 as the standard deviation, 0.9958 as the
skewness, and 3.256 as the kurtosis.

8. Global Ekman transport with bottom

The bottom friction is a major damping mechanism on the effect of gy to the Ekman transport [see (52b)]. With a linear relation of
bottom velocity to estimate the friction [see (28)], a constant coefficient (y =4 x 10 °ms~!) is used [see (31)]. This coefficient might
be appropriate for the basin-wide, deep, flat and open seas, but too weak for the shallow seas. Since the e-folding depth (d) of the
buoyancy frequency is assumed 1.3 km [see (22a), (31)], the regions with water depth shallower than 1.3 km are excluded from the
computation.

The calculated global Ekman transport has different patterns due to the surface wind stress My, (Fig. 2a) and due to due to g, with
bottom (M) (Fig. 5a). The intensities of the Ekman transport components |My/| (Figure2b) and |Mg (Fig. 5b) have different spatial

distributions and strengths. The histogram of |My| (Fig. 2c) shows near Gamma distribution. However, the histogram of }Mg| (Fig. 5¢)

shows near Weibull distribution with the shape parameter of 1.5 and scale parameter of 10, and with the mean and standard deviation
(1118, 1705) kg m~1s7L.

Importance of g, on the Ekman transport with bottom is also shown in the world ocean distribution of E* values (Fig. 6a). The
histogram of E* (Fig. 6b) indicates a positively skewed distribution with a long tail extending to values larger than 10. The statistical
characteristics of E* are 1.298 as the mean, 1.680 as the standard deviation, 3.529 as the skewness, and 19.57 as the kurtosis. the global
mean Ekman transport is nearly the same order of magnitude due to g with bottom (|M|) as due to the surface wind stress |My|.
Thus, g, cannot be neglected in comparison to the surface wind stress in the Ekman layer dynamics.

Note that high value bands of E number (Fig. 4a) and E*number (Fig. 6a) are located along 30°S, 30°N, and coast of Antarctic. This
is due to the existence of low intensity bands of the traditional Ekman transport (i.e. due to wind stress) |My]| in these locations
(Fig. 2b). Also, the global mean is much smaller for E*(1.298) than for E (3.222), which indicates the bottom friction damps the Ekman
transport due to gp.

9. True-vertical coordinate versus deflected-vertical coordinate

As mentioned in the Introduction section, the true vertical direction n (upward positive) is with the true gravity g,

g(ﬂ,(/hZ) = - |g(/1~,(/171)|n(1-,¢~,1) (57)

The true horizonal surfaces are the equipotential surfaces of the true gravity. The geoid is one of them. On a true horizontal surface,
the orthogonal unit vectors are represented by [e; (1,¢,2), e2(4,¢,2)], but not (i, j). With such a true-vertical coordinate, the true gravity
g has the vertical component only and no true-horizontal component. This treatment seems attractive to oceanography. However, it is
not feasible at all since the unit vectors [e; (1,9,2), e2(4,9,2),n(4,¢,2)] vary at each point inside the oceans, and it is almost impossible to
convert any ocean model (theoretical or numerical) with the standard gravity (-gok) into the model with the true gravity g using the
reference coordinates with the unit vectors [e; (4,¢,2), e2(4,9,2),n(4,9,2)]. The alternative treatment is to keep the deflected-vertical
direction k and deflected-horizontal surface (i, j) as the same as the oceanographic tradition. With this treatment, the unit vectors (i, j,
k) are independent on (4, ¢, 2). It is easy to replace the standard gravity (-gok) by the true gravity g (= g -gok) in any ocean models.
Besides, the deflected-vertical coordinate system such as the polar spherical coordinate system (4, ¢, 2) is widely used in all disciplines
of geosciences such as the representation of the gravity model in geodesy.

10. Conclusion

The true gravity has latitudinal and longitudinal (i.e., deflected-horizontal) components (gp). Importance of g, in the ocean Ekman
transport with and without bottom is demonstrated in this study using the dynamic equation with the true gravity g(4, ¢, 2). With the
constant eddy viscosity K and the e-folding type depth-dependent buoyancy frequency (no deflected-horizontal density gradient), new
formulae have been derived for the Ekman spiral and Ekman transport. The Ekman transports due to the surface wind stress (M,,), due
to gp with no bottom (Mg), and due to g, with bottom (M) are identified using the two independent datasets: COADS for the surface
wind stress (1), and EIGEN-6C4 geoid height (N) for gp. The global mean of the ratio is estimated as 3.222 between |Mg| and |M,,| (with
no bottom) and as 1.298 between |Mg| and |M,,| (with bottom). Note that this result is only for the special conditions (constant K and
e-folding near-inertial buoyancy frequency), not for the eddy viscosity and density in the real ocean. However, it demonstrates that the
deflected-horizontal gravity component (gp) is an important forcing term in addition to the surface wind stress (t) in the ocean Ekman
layer dynamics. Since the Ekman dynamics or any ocean dynamics aim to describe and predict the real ocean, the deflected-horizontal
gravity component (gy) needs to be included in numerical models for real oceans.

Finally, if the oceanographic community wants to keep the traditional terminology about the vertical (normal to the Earth sphere/
ellipsoid) and horizontal (Earth spherical/ellipsoidal surface), the direction along the gravity vector g (= igi+ jg,+ kg;) should be
called the true vertical; and the equipotential surface such as the geoid should be called the true horizontal.
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