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Abstract

The present paper is devoted to the numerical approximation of an abstract stochastic nonlin-
ear evolution equation in a separable Hilbert space H. Examples of equations which fall into our
framework include the GOY and Sabra shell models and a class of nonlinear heat equations. The
space-time numerical scheme is defined in terms of a Galerkin approximation in space and a semi-
implicit Euler-Maruyama scheme in time. We prove the convergence in probability of our scheme
by means of an estimate of the error on a localized set of arbitrary large probability. Our error esti-
mate is shown to hold in a more regular space Vg < H with g € [0, 1) and that the explicit rate of
convergence of our scheme depends on this parameter j.

Keywords: Goy and Sabra shell model, nonlinear heat equation, Galerkin approximation, time
discretization, fully implicit scheme, semi-implicit scheme, convergence in probability

1. Introduction

Throughout this paper we fix a complete filtered probability space 4 = (Q), #,F,P) with the
filtration F = {%#;;t > 0} satisfying the usual conditions. We also fix a separable Hilbert space
H equipped with a scalar product (-, -) with the associated norm | - | and another separable Hilbert
space . In this paper, we analyze numerical approximations for an abstract stochastic evolution
equation of the form

{ du = —[Au + B(u,u)]dt + G(u)dW, t € [0, T], (1.1)
) )

(0) = uy,

where hereafter T > 0 is a fixed number and A is a self-adjoint positive operators on H. The
operators B and G are nonlinear maps satisfying several technical assumptions to be specified later
and W = {W(t);0 < t < T} is a #-valued Wiener process.

The abstract equation (1.1) can describe several problems from different fields including math-
ematical finance, electromagnetism, and fluid dynamic. Stochastic models have been widely used
to describe small fluctuations or perturbations which arise in nature. For a more exhaustive in-
troduction to the importance of stochastic models and the analysis of stochastic partial differential
equations, we refer the reader to [18, 32, 37, 40, 42].

Numerical analysis for stochastic partial differential equations (SPDEs) has known a strong inter-
est in the past decades. Many algorithms which are based on either finite difference or finite element
methods or spectral Galerkin methods (for the space discretization) and on either Euler schemes or
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Crank-Nicholson or Runge-Kutta schemes (for the temporal discretization) have been introduced
for both the linear and nonlinear cases and their rate of convergence have been investigated widely.
Here we should note that the orders of convergence that are frequently analyzed are the weak and
strong orders of convergence. The literature on numerical analysis for SPDEs is now very extensive.
Without being exhaustive, we only cite amongst other the recent papers [38, 16, 24, 1, 15], the excel-
lent review paper [33] and references therein. Most of the literature deals with the stochastic heat
equations with globally Lipschitz nonlinearities, but there are also several papers that treat abstract
stochastic evolution equations. For example, Gyongy and Millet in [31] investigated a general evo-
lution equation with an operator that has the strong monotone and global Lipschitz properties. They
were able to implement a space-time discretization and showed a rate of convergence in mean under
appropriate assumptions. Similar rate of convergence have been obtained by Bessaih and Schurz
in [8] for an equation with globally Lipschitz nonlinearities. When a system of SPDEs with non-
globally Lipschitz nonlinearities, such as the stochastic Navier-Stokes equations, is considered the
story is completely different. Indeed, in this case the rate of convergence obtained is generally only
in probability. This kind of convergence was introduced for the first time by Printems in [41] and
is well suited for SPDEs with locally Lipschitz coefficients. When the stochastic perturbation is in
an additive form (additive noise), then using a path wise argument one can prove a convergence in
mean, we refer to Breckner in [10]. Let us mention that in this case, no rate of convergence can be
deduced.

Recent literature involving nonlinear models with nonlinearities which are locally Lipschitz are
[28,17,11, 5] and references therein. In [11] martingale solutions to the incompressible Navier-Stokes
equations with Gaussian multiplicative noise are constructed from a finite element based space-time
discretizations. The authors of [17] proved the convergence in probability with rates of an explicit
and an implicit numerical schemes by means of a Gronwall argument. The main issue when the
term B is not globally Lipschitz lies on its interplay with the stochastic forcing, which prevents a
Gronwall argument in the context of expectations. This issue is for example solved in [10, 14] by the
introduction of a weight, which when carefully chosen contributes in removing unwanted terms and
allows to use Gronwall lemma. In [17], the authors use different approach by computing the error
estimates on a sample subset () < () with large probability. In particular, the set () is carefully
chosen so that the random variables || Vu'||;2 are bounded as long as the events are taken in (), and
limy o P(Q\Q) = 0. The result is then obtained using standard arguments based on the Gronwall
lemma. Other kinds of numerical algorithms have been used in [5] for a 2D stochastic Navier-Stokes
equations. There, a splitting up method has been used and a rate of convergence in probability is
obtained. A blending of a splitting scheme and the method of cubature on Wiener space applied to a
spectral Galerkin discretisation of degree N is used in [28] to approximate the marginal distribution
of the solution of the stochastic Navier- Stokes equations on the two-dimensional torus and rates of
convergence are also given. For the numerical analysis of other kind of stochastic nonlinear models
that enjoy the local Lipschitz condition, without being exhaustive, we refer to [25, 26, 9, 20] and
references therein. They include the stochastic Schrodinder, Burgers and KDV equations.

In the present paper, we are interested in the numerical treatment of the abstract stochastic evo-
lution equations (1.1). We first give a simple and short proof of the existence and uniqueness of a
mild solution and study the regularity of this solution. The result about the existence of solution is
based on a fixed point argument recently developed in [12]. Then, we discretize (1.1) using a coupled
Galerkin method and (semi-)implicit Euler scheme and show convergence in probability with rates
inVp:= D(AP). Regarding our approach it is similar to [17] and [41], however, the results are differ-
ent. Indeed, while [17] and [41] establish their rates of convergence in the space H where the solution
lives, we establish our rate of convergence in Vg = H where g € [0, %) is arbitrary. Hence, our result
does not follow from the papers [17] and [41]. In contrast to the nonlinear term of Navier—Stokes
equations with periodic boundary condition treated in [17], our nonlinear term does not satisfy the
property (B(u, u), Au) = 0 which plays a crucial role in the analysis in [17]. We should also point out
that our model does not fall into the general framework of the papers [31] and [8], see Remark 2.2.

Examples of semilinear equations which fall into our framework include the GOY and Sabra shell
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models. These toy models are used to mimic some features of turbulent flows. It seems that our work
is the first one rigorously addressing the numerical approximation of such models. Our result also
confirm that, in term of numerical analysis, shell models behave far better than the Navier-Stokes
equations. On the theoretical point of view, we provide a new and simple proof of the existence of
solutions to stochastic shell models driven by Gaussian multiplicative noise. On the physical point
of view, it is also worth mentioning that shell models of turbulence are toy models which consist
of infinitely many nonlinear differential equations having a structure similar to the Fourier repre-
sentation of the Navier-Stokes equations, see [27]. Moreover, they capture quite well the statistical
properties of three dimensional Navier-Stokes equations, like the Kolmogorov energy spectrum and
the intermittency scaling exponents for the high-order structure functions, see [27] and [29]. Due to
their success in the study of turbulence, new shell models have been derived by several prominent
physicists for the investigation of the turbulence in magnetohydrodynamics, see for instance [39].

Another example of system of equations which falls into our framework is a class of nonlinear
heat equations described in Section 5. We do not know whether our results can cover the numeri-
cal analysis of 1D stochastic nonlinear heat equations driven by additive space-time noise. Despite
this fact we believe that our paper is still interesting as we are able to treat a class of 2D stochastic
nonlinear heat equations with locally Lipschitz coefficients and we are not aware of results similar
to ours. In fact, most of results related to stochastic heat equations are either about 1D model, or
d-dimensional, d € {1,2,3}, models with globally Lipschitz coefficients and deal with weak conver-
gence or convergence in weaker norm, see for instance [38, 16, 24, 1].

This paper is organized as follows: in Section 2, we introduce the necessary notations and the
standing assumptions that will be used in the present work. In Section 3, we present our numerical
scheme and also discuss the stability and existence of solution at each time step. The convergence of
the proposed method is presented in Section 4. In Section 5 we present the stochastic shell models
for turbulence and a class of stochastic nonlinear heat equations as motivating examples.

2. Notations, assumptions, preliminary results and the main theorem

In this section we introduce the necessary notations and the standing assumptions that will be
used in the present work. We will also introduce our numerical scheme and state our main result.

2.1. Assumptions and notations

Throughout this paper we fix a separable Hilbert space H with norm | - | and a fixed orthonormal
basis {ip,;n € IN}. We assume that we are given a linear operator A : D(A) ¢ H — H whichis a
self-adjoint and positive operator such that the fixed orthonormal basis {,;; n € IN} satisfies

{pn;ne N} < D(A),  A¢y = Anipn,

for an increasing sequence of positive numbers {A,;n € N} with A, — coasn / co. It is clear that
—A is the infinitesimal generator of an analytic semigroup e f4,¢ > 0, on H. For any « € R the
domain of A* denoted by V, = D(A") is a separable Hilbert space when equipped with the scalar

product
0

((u,v)y = Z Ai“ukvk, foru, veV,. 2.1)
k=1
The norm associated to this scalar product will be denoted by |lulx, u € V,. In what follows we set
V= D(A2).
Next, we consider a nonlinear map B(-,-) : V x V — V* satisfying the following set of assump-
tions, where hereafter V* denotes the dual of the Banach space V.



(B1) There exists a constant Cy > 0 such that for any 6 € [0, %) and v € (0, %) satisfying 68 + v € (0, %],

we have

Collu = X1y oy IVl + 1¥l) + IV = ¥l (10l _gp0y + X3 py)

forany u,xeV and v,y € V,,
[B(u,v) ~B(x,y)| ¢ < YT S a(r) SEEY 5 T
Collully +Ixl) v =yl1 g1y + e =xl1 (VI _ oy + Y11 64))

forany v,y € V%—(e-w) and u,x € V,,.
(2.2)
Due to the continuous embedding V_4 c V_ 1 6 € [0, %), (2.2) holds with 6 and % -0+

respectively replaced by % and % — ¥ where 7y > 0 is arbitrary.

In addition to the above, we assume that for any € > 0 there exists a constant C > 0 such that

|B(u,v)| < Clu]| HV||%+€, foranyue H,ve V%H. (2.3)
(B2) We also assume that for any u,ve V
(Av +B(u,v),v) > ||VH2% . (24
(B3) We assume that for any u € H we have
B(0,u) = B(u,0) = 0. (2.5)

Note that Assumptions (B1) and (B3) imply

(B1)" There exists a constant Cy > 0 such that for any numbers 6 € [0, %) and v € (0, %) satisfying
0+vye(0, %], we have

||uH%_(9+7)HV||7 foranyue V%—(9+7) andveV,, 26)

||uH7||VH%_(9+7) for anyveV%_ ,andueV,.

(6+7)

IB(u,v)| -6 < Co {

If6 = %, then (2.6) holds with % — (8 + 7¥) replaced by % — v where ¢ > 0 is arbitrary.

Let {w;; j € N} be a sequence of mutually independent and identically distributed standard Brow-
nian motions on 4. Let J# be separable Hilbert space and .77 (5¢) be the space of all trace class
operators on 7. Recall that if Q € () is a symmetric, positive operator and {¢;;j € IN} is an
orthonormal basis of .57 consisting of eigenvectors of Q, then the series

W(t) = ) Jawi(te;, te[0,T],
j=1

where {g;; j € IN} are the eigenvalues of Q, converges in L2(Qy; C([0, T]; #)) and it defines an .-
valued Wiener process with covariance operator Q. Furthermore, for any positive integer £ > 0 there
exists a constant Cy > 0 such that

E|W(t) - W(s)|3 < Colt —s|* (Tr Q)" (2.7)

forany t,s > 0 with t # 0. Before proceeding further we recall few facts about stochastic integral. Let
K be a separable Hilbert space, .2 (.7, K) be the space of all bounded linear K-valued operators de-
fined on 7, .#2(K) be the space of all equivalence classes of F-progressively measurable processes
Y : Q) x [0, T] — K satisfying

T
]EJ [¥(s) s < oo.
0



If Q € A() is a symmetric, positive and trace class operator then Q% € () and for any
¥ ¢ .Z(#,K) we have ¥ 0 Q2 € .%(#,K), where % (#,K) (with % () 1= L(H, H)) is the
Hilbert space of all operators ¥ € (¢, K) satisfying

o0
¥k = 2 [¥oil% < o
j=1

Furthermore, from the theory of stochastic integration on infinite dimensional Hilbert space, see [21],
for any .Z (¢, K)-valued process ¥ such that ¥ o Q2 ¢ ME(L(A,K)) the process M defined by

M(t) = fo t‘I’(s)dW(s),t e [0,T],

is a K-valued martingale. Moreover, we have the following Itd’s isometry

t 2 t
E (HJO Y (s)dW(s) K) =E (L |‘{’(S)Q%||f%(%’l<)ds>,\1t €[0,T], (2.8)
and the Burkholder-Davis-Gundy inequality
S q t X 1
]E( sup J ¥(1)dW(7) ) <CE (J PE(s)QHI2, %,K)ds) Ve[0T Vge (Lw).  (29)
0<s<tlJo K 0

Now, we impose the following set of conditions on the nonlinear term G(-) and the Wiener process
W.

(N) Let sZ be a separable Hilbert space. We assume that the driving noise W is a 7#-valued Wiener
process with a positive and symmetric covariance operator Q € .7 (5¢).

(G) We assume that the nonlinear function G : H — £ (¢, V1) is measurable and that there exists
4
a constant C; > 0 such that for any u € H, v e H we have

IG(w) = Gl 2 v,) < Crlu—vl.
4

Remark 2.1.

(a) Note that the above assumption implies that G : H — £ (¢, H) is globally Lipschitz and of at
most linear growth, i.e, there exists a constant C; > 0 such that

[G(u) = GV)| (e m) < Colu—v],
IG(u)[ < Co(1 + |u]),

forany u, ve H.
(b) There also exists a number C3 > 0 such that
|G(w) = COV)l.zev,) < Clu—vl,
4

IG(Wzev,) <G+ ul1),
4
foranyu, ve V.
4

(c) Owing to item (a) of the present remark, if u € .#2(H), then G(u) o Q% € ME( L (A, H)) and
the stochastic integral Sé G(u(s))dW(s) is a well defined H-valued martingale.

To close the current subsection we formulate the following remark.
5



Remark 2.2. Our assumptions on our problem do not imply the assumptions in either [31] or [8]. To
justify this claim assume that the coefficient of the noise G of our paper and those of [31] and [8] are
both zero. Let us now set

A(t,u) = —Au — B(u, u),
which basically corresponds to the drift in both [31] and [8]. For the sake of simplicity we take 6 = 0
and v = % in our assumption (B1). The spaces H and V in [31] and [8] are respectively Vo and V 1 in
our framework. The map A(f, u) defined above satisfies

(At 1) = A(t0), 1= 0y < —[u =02 + Colu—oll|u = olly (Ilully +1lolly)

This implies that our assumptions does not imply either [31, Assumptions 2.1(i) and (2.2)(1)] or [8,
Assumption (H2)].

2.2. Preliminary results

In this subsection we recall and derive some results that will be used in the remaining part of the
paper. To this end, we first define the notion of solution of (1.1).

Definition 2.3. An [F-adapted process u is called a weak solution of (1.1) (in the sense of PDEs) if the
following conditions are satisfied

(i) uel2(0,T;V)nC([0,T;H) [P-as.,
(ii) foreveryte [0, T] we have P-a.s.

t

t
(u(t), $) = (ug, ¢) j (CAu(s) + B(u(s), u(s)), ¢)) ds + jo<4>, Glu(s)dW(s),  (210)

0

forany ¢ € V.

Definition 2.4. An F-adapted process u € C([0, T]; H) P-a.s. is called a mild solution to (1.1) if for
every t € [0, T],

e (IAB(u(r), u(r))dr + f e TIAG(u(r)dW (r), P-as. (211)
0

t
u(t) = e Ay —l—f

0
Remark 2.5. Observe that if u € L?(0,T;V) n C([0, T],H) is a mild solution to (1.1), then for any
t>s2>=0,

e~ DAB(u(r), u(r))dr + f t e UIAG(u(r)dW(r), P-ass.

S

u(t) = e ("9%q(s) + f t

S

In fact, we have

u(t) =e (=9)A <eSAu0 + f e~ CIAB(u(r), u(r))dr + f i e(S’)AG(u(r))dW(r)>
0 0

t t
+ | e =IRB (), u(r)ar + [ e =DAG ()W ()

e (=AY () + J te_(t_’)AG(u(r))dW(r), IP-a.s.

S

t
e~ =DAB(u(r), u(r))dr + f

S

This remark is used later to prove a very important lemma for our analysis, see Lemma 4.1.
Next, we state and give a short proof of the following results.



Proposition 2.6. If the assumptions (B1) to (B3) hold and (G) is satisfied with V1 replaced by H and ug €
4

Lz(Q,H), then the problem (1.1) has a unique global mild, which is also a weak, solution u. Moreover, if
ug € L2P(Q), H) for any real number p € [2,8), then there exists a constant C > 0 such that

T
E sup [u(t)” + E J lu(s) PP 2| Abu(s)Pds < C(1 + Eluo ), 2.12)
t€[0,T] 0

and .
T
]E(J |A%u(s)|2ds> < C(1+ E[ug|?). (2.13)
0

If, in addition, Assumption (G) is satisfied and ug € LP(Q),V
C > 0 such that

1) with p € [2,8)], then there exists a constant
1

T P

E sup [u(t)] +E (J IIU(S)stS> < C(1+EJuoll; + (Eluo[*)?). (2.14)
te[0,T] 4 0 4 4

Proof. Let us first prove the existence of a local mild solution. For this purpose, we study the prop-

erties of B in order to apply a contraction principle as in [12, Theorem 3.15]. Let B(-) be the mapping

defined by B(x) = B(x, x) for any x € V4. Let B € (0, 1). Using Assumptions (B1) with § = 1 — B,

¥ = B, we derive that

[BO) = B(y)lls_1 < Colx = yl(Ixlp +lyls) + Clx =yl (Ix| +[y]), (2.15)

forany x,y € V. Since, by [43, Theorem 1.18.10, pp 141], Vg coincides with the complex interpolation
[H, D(A% )]2p, we infer from the interpolation inequality [43, Theorem 1.9.3, pp 59] and (2.15) that

_ 2 _ 2 2 —
IB(x) = B(y)lls_y < Colx —yl(Ix/ Zﬁnxnjﬂyﬂ ZﬁnyH;)+C||x—yuj|x—y|1 26(1x| + ly), (2.16)

for any x,y € V. Now, we denote by X the Banach space C([0, T]; H) n L?(0, T; V) endowed with
the norm

r ;
Il = sup (x0]+ ([ IxOar)

te[0,T]
We recall the following classical result, see [22, Theorem 3, pp 520].

The linear map A : L2(0, T; V*) 5 f — x(-) = J e_('_r)Af(r)dr € Xr is continuous. (2.17)
0

Thus, thanks to (2.16), (2.17) and Assumption (G) we can apply [12, Theorem 3.15] to infer the exis-
tence of a unique local mild solution u with lifespan 7 of (1.1) (we refer to [12, Definition 3.1] for the
definition of local solution). Let {7j; j € IN} be an increasing sequence of stopping times converging
almost surely to the lifespan 7. Using the equivalence lemma in [21, Proposition 6.5] we can easily
prove that the local mild solution is also a local weak solution satisfying (2.10) with t replaced by
t A Tj, j € N. Now, we can prove by arguing as in [13, Appendix A] or [14, Proof of Theorem 4.4]
that the local solution u satisfies (2.12) uniformly w.r.t. j € IN. With this observation along with an
argument similar to [12, Proof of Theorem 2.10] we conclude that (1.1) admits a global solution (i.e.,
T = T a.s.) u satisfying (2.12) and u € X7 almost-surely.

As mentioned earlier the proof follows a similar argument as in [13, Appendix A], but for the
sake of completeness we sketch the proof of (2.12). We apply It6’s formula first to | - | and the process
u(- A 7;) and then to the map x — x¥  p > 2 and the process [u(- A 7)) . Then, using the assumption
(B2) and (G) we infer that there exists a constant C > 0 such that for any j € N

T T
sup [u(t A )| + j lu(s)? 2| Abu(s) Pds < CE[ug|? +C j s A7) 2|1+ [u(s A 1) P)ds
te[0,T] 0 0
tAT;
+2p sup | [u(s)PPXu(s), Glu(s))dW(s)).
te[0,7] YO



Using the Burkholder-Holder-Davis inequality we deduce that

f/\T/' T 1/2 T 1/2
E sup NGW“%GW®LM$MW®<E[<JUMWWM“*) +<Jﬂwwwm“*%> l
0 0

te[o,T] YO

Using Young’s inequality, we infer that for any € € (0, J) there exists a constant C(e) > 0 such that

1/2

T T
E (J (Ju(s A rj)|4ﬁds> <e€E sup |u(t A1) + C(e)]EJ sup |u(s A T;)[*Pdt.
0 t€[0,T] 0 sefo,t]

For the second integral, we need to use Holder’s inequality and then Young’s inequality and the
previous calculations

T 1/2 T
E (J (lu(s A T]»)|4p_2ds) < €E sup |u(t A Tj))|2p + C(e)]EJ sup |u(s A T]-)|2Pdt + T%.
0 te[0,T] 0 sefo,t]

Now collecting all the estimates we get that

T T
(1-2€e)E sup |u(t A Tj))|2P —|—J IE|u(s)|2P*2|A%u(s)|2ds < C(1+E|up)?) + CIEJ sup |u(s A Tj)|27"dt.
t€[0,T] 0 0 sefo,t]

Now, choosing € = 1, applying Gronwall’s lemma and passing to the limit as j — o0 complete the
proof of (2.12). The estimate (2.13) easily follows from (2.12), so we omit its proof.
We shall now prove the inequality (2.14). To start with we will apply It6’s formula to ¢(u) = [[u|3.

4
Note that thanks to the estimates (2.12) and (2.13), Assumptions (B1) and (G) we readily check that
there exists a constant C > 0 such that

T
]EL [||Au+B(u,u)|2_% + |G(u)||§/(f,vl)](t)dt <C.
4

Hence the general It6’s formula in [36, Section 3] is applicable to (1.1) and the functional ¢(u)(f) =
[u(#)|3. Thus, an application of It&’s formula to the functional ¢(u)(f A 7j) = |lu(t A T])Hz1 gives
1 1

tAT;

EnTj j

¢/(u(s))du(s) + : Tr (9" (u(s))G(u(s))Q(Gu(s))*) ds,
2

0

¢muAn»=¢mm»+f

0

which along with the inequality % [¢”(u)| < 1, where the norm is understood as the norm of a bilinear
map, implies

EAT) 1
futt a3 +2 ] (MO +2ATu(E), Blu(s), u(e))) ds
(2.18)

tAT; EAT;

<lwoll} +2 | (Abu(s), GEMW(E) +CTrQ | IGMO) iy, s

i
0
Since the embedding V% 4 C Vy, is continuous for any « € [0, %], we can use Assumptions (B1)’ and
the Cauchy inequality to infer that

tAt tAT;
f (Atu(s), B(u(s), u(s)))ds <CJ; ()l [Bu(s), u(s))lds,

0

]

1 EAT; ) t/\‘r/- ) )
<3 J lu(s)[3ds +C f la(s)s_, luls)l5ds,
0 4 0 2
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for some 7y € (0, 1). From an application of a complex interpolation inequality, see [43, Theorem 1.9.3,
pp 591, we infer that

T
% 2 2
L<A u(s), B(u(s), u(s)))ds| <o j ()3 ds+f u(E)P a3 ds.

Plugging the latter inequality into (2.18), using the assumption on G we obtain

3 t/\T
Ju(t A )3 +§j Ju(s) 3ds < () +C sup Ju(s)P j a3 ds
4 0 4 s€[0,T]
(2.19)

T tAT
+CT + cf [u(s)[2ds + 2U " (Aku(s), Ak G(u(s))dW(s)}‘.
0 1 0
Taking the supremum over t € [0, T|, then raising both sides of the resulting inequality to the power

p/2, taking the mathematical expectation, and finally using the Burkholder-Davis-Gundy inequality
yield

tAT p/2 tAT 5
E sup Ju(s a )l +26 ([ luto)as) - (CIEu<0>|ﬁ’ vt CE| [ luo)as) )
0 1 0 4

s€[0,]

1

leag o) ([ )

s€[0,T]

EAT; 1 2 g
+20E( [ A MOPIGWE v, s

4
(2.20)

Here we have used the fact that for any integer £ and n we can find a constant C;,, such that

n n l n
Z af < (Z ai> <Cpp Z af (2.21)
i=1 j

i=1
for a sequence of non-negative numbers {a;; i =1,2,...,n}.
Using the assumptions on G and Young’s inequality we infer that there exists a constant C > 0
such that for any j € IN

t/\T]— 1 ) ) p 1 9 t/\T 5 g
]E(f |A%u(s)] ||G(u(s))||$( 1)ds> < - E sup |[u(s A 7)) || +CE [J [lu(s) ||1ds] +CT,
0 3 se[0,4] 0 4

,p

which along with (2.20), (2.12) and (2.13) implies

14

t/\T 7 t/\T

E sup Ju(s A )1{ +2E U u(s )%ds> < E[u(0)[? +C2(1 + Elup|*)? + CT + E U
se[0,t] 0 4 4 0

fu(s) 3 s |

Now, we infer from the interpolation inequality [43, Theorem 1.9.3, pp 59], (2.12) and (2.13) that there
exists a constant C > 0 such that for any j € IN

t/\T g » v
lEU ||u<>%ds] <T5E | sup Ju(s)|? f Ju(s ||2ds
0 4 SEOT

< CT.

Hence,
E sup |u(s A7)} < Cr(1+E[u(0)[; + (E[ug|*)?)
se[0,t] 4 1

from which along with a passage to the limit we readily complete the proof of the proposition.
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2.3. The numerical scheme and the main result

Let N be a positive integer, Hy < H the linear space spanned by {¢,; n = 1,...,N}, and 7y :
H — Hy the orthogonal projection of H onto the finite dimensional subspace Hy. The projection of

u by 7y is denoted by
N

uN = u = ) (Y, w) gy, (2.22)

n=1

for u € H. The Galerkin approximation of the SPDEs (1.1) reads
dul = [ryAuY + yB(ul, uM)]dt + iy G(uN)dW(t), uN(0) = yu. (2.23)

Due to the assumptions (B1)-(B3) and (G), we can use Proposition 2.6 to prove that (2.23) has a global
weak solution.

To derive an approximation of the exact solution u of (1.1) we construct an approximation U/
of the Galerkin solution uV. To this end, let M be a positive integer and Ip; = ([t, th])%:o an
equidistant grid of mesh-size k = t,,, 41 — t;, covering [0, T]. Now, for any j € {0,..., M — 1} we look
for a sequence of F-adapted random variables U/ € Hy, j=0,1,..., Msuch that forany w € V

U = tyu ,
{ N (2.24)

U U + k[ AU + g B(U, UMY, w) = (o, inG(U) A W),
where Aj (1 W := W(tj 1) — W(t),j € {0,...,M -1}, is an independent and identically distributed
random variables. We will justify in the following proposition that for a given Uy = myug the
numerical scheme (2.24) admits at least one solution U/ € Hy;, j € {1,... M} and that (2.24) is stable

in Hand D(A1).

Proposition 2.7. Let the assumptions (B1)-(B3) and (G) hold. Let N and M be two fixed positive integers and
up € L% (Q; H) for any integer p € [2,4). Then, for any j € {1,..., M} there exists at least a Fi-measurable
random variable Ul € Hy satisfying (2.24). Moreover, there exists a constant C > 0 (depending only on T
and Tr Q ) such that

M—1 M
E |2 1 _17/12 i12 < 2 '
Ogng 1 + Z U Ul| +2k]EZHU 1} < C(Bluol* +1), (2.25)
j=0 j=1
p M p—1 p—1
E |2 i1 i | < 2p= ‘
[ max 0" +kSIUE U | < c+ Elu ), 2.26)
j=1 1
M ) or—1
E[e RV | <cas B, 02
j=1

1
2

Furthermore, if ug € 1L3(Q), D(A% )), then there exists a constant C > 0 such that

M—1 M
E "2 j+1 1372 72 < .
1gﬂa<xMHU H%HE Z (18} U H%JrkIEZIIU H% C, (2.28)
j=0 =1
M-1 ‘ 2 M ‘ 2
E U™|* +E Ut U3 ) +KE Ul3) <cC 2.29
| max I II% ];) I H% jzzlll H% (2.29)

Proof. The detailed proofs of the existence, measurability and the estimates (2.28) and (2.29) will be
given in Section 3. Thanks to the assumption (B2), the proof of the inequalities (2.25)-(2.27) is very
similar to the proof of [17], so we omit it. O

10



We should note that the estimates (2.28) and (2.29) hold even if uy € L*(Q, D(A %)) but for the

sake of consistency we take ug € L3(Q), D(A% ).
Now, we proceed to the statement of the main result of this paper.

Theorem 2.8. Let the assumptions (B1)-(B3) and (G) hold and assume that ug € L'®(Q; H) n L8(Q); V

Then for any B € [0, 411)' there exists a constant kg > 0 such that for any small number e > 0 we have

).

1
4

M

in2 2 —2e2(1— —-2(;—B)
max (10, lu(ty) — U[3) + 24E <1ij=21u(tj)—w%+ﬁ) < kok~2[2GF) 1 A 257D 2.30)

where the set Y, is defined by
Q= {we Q: sup ||u(t,w ||1 < logk™, max ||U/(w)|3 < logk_g}.
te[0,T] OsjsM E
Proof. The proof of this theorem will be given in Section 4. O

Remark 2.9. Note that owing to (2.14) and (2.29) and the Markov inequality it is not difficult to prove
that the set Q) satisfies

lim P[O\O] = 0.

lim PO\(Y]

Corollary 2.10. If all the assumptions of Theorem 2.8 are satisfied, then the solution {UJ; j =1,2,..., M}
of the numerical scheme (2.24) converges in probability in the Hilbert space Vi, B € [0, 1)- More precisely, for

any small number ¢ > 0, any 0y € (O,% —B— 8) and 6, € (O,% — B) we have

M %
. . . N 1T 1 N 1112 9, —6; _
@l% %1{1(1) I\}I/I'noo 12}1);4]1’ <|u(t]) Ul|g + k2 (]:Z:l |u(t;)) —U ;+ﬁ> > O™ + Ay ]) =0. (2.31)

Proof. To shorten notation let us set e/ := u(t i) — U/ and
Py ={wey; ||ef||ﬁ+kZHef||1+ﬁ Ok + Ay},

for any positive numbers M and k. Let () be as in the statement of Theorem 2.8. Owing to (2.30),
(2.14), (2.29) and the Chebychev-Markov inequality, we can find a constant Cs > 0 such that

P (0fy) = POy 0 Q) + POy 0 OF)
<SPOPy N ) + ()

ko 2(}—B)—2e—26, Ko, —2e,—2(3-B)+264 Cs
@k - k A +10gk_€'

Letting N /' oo, then k \ 0 and finally ® ' o in the last line we easily conclude the proof of the
corollary. O

To close this section let us make some few remarks. Instead of the scheme (2.24) we could also
use a fully-implicit scheme. More precisely, for any j € {0,..., M — 1} we look for a F},-measurable

random variable U/ € Hy such that for any w € V

{Z/[O = 7ty Uy,

) ) , , ) . 2.32
WU U + k[N AW + g BT U], w) = (w, inGU) A WD, (2:52)

where Aj W := W(tj 1) — W(t),j € 1{0,..., M — 1}. We have the following theorem:
11



Theorem 2.11. Let the assumptions (B1)-(B3) and (G) hold and assume that ug € L'1®(Q; H) n L8 (Q; V
Let N and M be two fixed positive integers. Then,

).

ST

(a) forany j € {0,..., M —1} there exists a unique JFy-measurable random variable Ul € Hy satisfying
(2.32) and the estimates (2.25) and (2.29).

(b) Forany B € [0, }) there exists a constant ko > 0 such that for any small number e > 0 we have

M
Ny Ny 2er2(1-p) , 1 —2(1-B)
T E (1Qk||u(t]) w|\ﬁ)+2k113 (]lgk;u(t]) L{]%+ﬁ><kok PP AT,
(2.33)
where

QO = : t,w)|? <logk &, Ul(w)|? <logk Y.
k {w tes[té}:;]I\u( w)II% og 02}1’34” (w)ll% og }

(c) Moreover, for any small number € > 0, any 6y € (0, T-B- e) and 01 € (0,1 — B)

NI—

M
. . . N 7412 o ph N 24012 6 =617 | =
o, i 2y P | 1) =2 44 (Zu“ﬂ “w) > Ot A1 | <o

j=1
(2.34)

Proof. The arguments for the proof of this theorem are very similar to those of the proofs of Proposi-
tion 2.7, Theorem 2.8 and Corollary 2.10, thus we omit them. O

3. Existence and stability analysis of the scheme: Proof of Proposition 2.7

In this section we will show that for any j € {0,..., M — 1} the numerical scheme (2.24) admits at

least one solution U/ € Hy. We will also show that (2.24) is stable in D(A% ), see Proposition 2.7 for
more precision.

Proof of Proposition 2.7. As we mentioned in Subsection 2.3 we will only prove the existence, measur-
ability and the estimates (2.28) and (2.29). The proof of the inequalities (2.25)-(2.27) will be omitted
because it is very similar to the proof of [17] (see also [11]).

Proof of the existence. We first establish that for any j € {0,... M — 1} there exists U/ € Hy satisfying
the numerical scheme (2.24). To this end, let us fix w € () and for a given U/ € Hy consider the map

A{U : Hy — Hpy defined by
(A(v), 9 = (v = Ul (@), ) + KAV + TyB(U (@), V), ) — (, TnG(U () A1 W(w))

for any ¢ € Hy. Note that since Hy < D(A) the map A{U is well-defined. From assumptions (B1) and

(G) and the linearity of A it is clear that for given Ul the map A{U is continuous. Furthermore, using
Holder’s inequality, the fact that A |g|? < ||%, ¥ € V and assumptions (B2) and (G) we derive that
2

k

. j 2
(AL, vy 3|V (Alk o ) LGy

1
5 (1 18 W@ ) = 51871 W(w) %3

2

>y|v* = Th.

Since k < 1, and by Assumption (N), [A;11 W||2%) < oo, the constant vy is positive and y; = «/% <
whenever [U/|> < co. Thus, we have <A{Uv,v> > 0forany v € H]N(w) == {¢ € Hy, [¢| = Ry}
12



where R > 1 is an arbitrary constant. Since U’ = myuy is given, we can conclude from the above
observations and Brouwer fixed point theorem that there exists at least one U! € Hy satisfying

A% (UY) = 0and [U'| < Rug.
In a similar way, assuming that U’ € Hy, we infer that there exists at least one U/*! € Hy such that
AL(UM) = 0and |U| < Ry;.

Therefore, we have to prove by induction that given U° € Hy and a ##-valued Wiener process W,
for each j, there exists a sequence {U/; j = 1,..., M} c Hy satisfying the algorithm (2.24).

Proof of the measurability. In order to prove the J;-measurability of U/ it is sufficient to show that
for each j € {1,..., M} one can find a Borel measurable map &; : Hy x 2# — Hy such that U/ =
éa]-(Uj LA jW). In fact, if such claim is true then by exploiting the /4 -measurability of AjW one can
argue by induction and show that if U0 is Fy-measurable then é”j(Uf *1,A]‘W) is ]-'t],-measurable,
hence U/ is F}-measurable. Thus, it remains to prove the existence of &;. For this purpose we will
S

closely follow [23]. Let P(Hy) be the set of subsets of Hy and consider a multivalued map éa] 2

Hy x ¢ — P(Hy) such that for each (U/, 1j+1), é”}SH(U]', 11j+1) denotes the set of solutions Uil
of (2.24). From the existence result above we deduce that @@]il maps Hy x S to nonempty closed
subsets of Hy. Furthermore, since we are in the finite dimensional space Hy;, we can prove, by using
the assumptions (B1) and (G) and the sequential characterization of the closed graph theorem, that

the graph of é”]il is closed. From these last two facts and [4, Theorem 3.1] we can find a univocal map

&iv1: Hy x 2 — Hy such that co@j(Uj, i+1) € é”jil(Uj, 11j+1) and &; is measurable when Hy x ¢ and

Hy are equipped with their respective Borel o-algebra. This completes the proof of the measurability
of the solutions of (2.24).

Proof of (2.25)-(2.27). Thanks to the assumption (B2), the proof of the inequalities (2.25)-(2.27) is
very similar to the proof of [17], so we omit it and we directly proceed to the proof of the estimates
(2.28) and (2.29).

Proof of (2.28). Taking w = 2A2U/ in (2.24), using the Cauchy-Schwarz inequality and the
identity

(v —x,2v)) = [v|* = [x||* + v — x|?, (v,x are elements of a Hilbert space with norm ||-||) (3.1)
yield
U1~ U + U~ U + 26073
< 2|y B(UT, U [UM ] + 2]y G(UNA L W, U - U]

+2ATU, Al iy G(UT)A 1 W)
Using the fact that || 7T || # (1,1, < 1, we obtain

U1~ UG + U — U2+ 2k 07+ 2

< 2k[B(U, UM [[UFH |y + 2\|G(Uj)Aj+1WH% [t — Uj||% 3.2)

+ 2(ATU, Ad iy G(UT)Aj W),

Using Assumption (B1), the complex interpolation inequality in [43, Theorem 1.9.3, pp 59], the
Young inequality, and the continuous embedding V 1c V1 we obtain
4

2[B(U, U H[[UH |y < CIUPHIUTYR + U3 (33)
4 4

< CIURUHE + U3,
2 4

13



which implies that

[UHHE = U3 + 51U = U3 + 2k U3 < 2CK|[UT U + 4(G(U) A WA
2 ]

i i i 1 2 1 (34)

+2(ATU, AL Ty G(UI A 4 W).

Since U/ is a constant, adapted and hence progressively measurable process, it is not difficult to prove
that L ‘
2E(ATU/, Ai iy G(U)Aj (W) = 0.

Using (2.26) and (2.27) with p = 2 and p = 3 respectively, we easily prove that there exists a constant
C > 0, depending only on T, such that

1 M 2. 1
(Z Ui ||Uf+”> (B max 0"F)" (E(k 2 IUR) ) <ca+Eml . 635
=

=0 <m<M

Now, since U/ is F; S -measurable and A j+1Wis independent of F; 1, We infer that there exists a constant
C > O such that forany j e {0,..., M —1}

E (160081 W13) < B (E (160N v I8aWIEA7 ) )
4

— mE (G(Ufn@(f,vl)m (A]-Hwn?yflft,.))
4

k (trQ)

NI—=

(1+E[UR), 6

where (2.7) and Assumption (G) along with Remark 2.1-(b) were used to derive the last line of the
above chain of inequalities.

Now taking the mathematical expectation in (3.4), summing both sides of the resulting equations
from j = 0 to m — 1 and using the last three observations imply

M—1
1
]EU’"Z ]E Uit — U72 2kE Uf2
,max U™I1 + <]§OII I7 )+ ]Elll I5

M
<CT+E[ugl} +CTr Ok 5. max E[U/|3,
1 mzlléjém 1

from which along with the discrete Gronwall lemma we infer that there exists a constant C > 0 such
that

1
m|2 j+1 _171/112 712 2 812
 max E[U"[ + 1E<]§0 Uit —Ui3 >+2k]E]§1U 3 < CO+Elu|l3 + [EluolF).  (37)

Note that from (3.4) we can derive that there exists a constant C > 0 such that

M—1
m||2 2 ] j+112 ] 2
E max [[U"[] <Eluo|] + CkE Z U/|*|lu I +E D IGU) AWl
j=0 j=0
m—1
2E A4 G(U)HA W, A4U]
+ 152<MJZE)< nnG(U)Aj 11 >

Arguing as in [11, proof of (3.9)] we can establish that
14



M-—1
1
L 113\|uo||2 + IE | max ||Um||2 +Ck ). IE|\U]||
j=0

which altogether with (3.7) yields that

1
I, <-E mM|WﬂF+C1+Hmﬂ2
2 1<m

Using the same idea as in the proof of (3.6) and using (3.7) we infer that
I < C(1+Euo|})

Using these two estimates and the inequality (3.5) we derive that there exists a constant C > 0 such
that
E max [|U"[]3 < C(1+E|uol3 + [E|uo[*]?
max [U" [} < C(1+ E|luol} + [EluolP)

which along with (3.7) completes the proof of (2.28).
Now, we continue with the derivation of an estimate of max; <<y E|[U™||4. Multiplying (3.2) by
1

|[U/*1]|3 and using identity (3.1) and then summing both sides of the resulting equation from j = 0
1

tom — 1 implies

1 1 m—1 ) ) 2
EIIU’”II‘i + [UHE = U3 + Z ||U’“|| ot - Ufll2 + 2k Z IIUJHII2 ||U]“||2
1 0 1 1 =0 =0
m—1
fHuoH‘* +Ck Y [B(U/, U IIU]“HZIIU]“II2
j=0

2Tl v Al ey sawy Ut C9

j=0

+2 2 (ASUI, A%ty G(UY) ,+1W>||Uf“||2
] =0

1
= E”W)Hilll +J1+J2 +]Js.

Thanks to the estimate (3.3) we can estimate J; as follows

M1 M—1
EJ; < CKE ) [U/|* ||U]+1||4 +kE ) [[U* |2 HU]HHZ =tJi1 +J12
j=0 j=0

Since the second term J; » can be absorbed in the LHS later on, we will focus on estimating the second
term J; 1. We have

M-1
Ji1 <Ck Y [UH[UTP ||Uf“|!2
j=0
1

2
<C<1E max [[U/B|UI*14) ) (]E[kZHU]HZ])
0<j<M— 1
<C(E [Ui |12 : E kM||Uf\|2 )
(e, e 10171) (e o] )

<C(1+E[up['®),
15



where (2.26) and (2.27) are used to obtain the last line. Hence,

M—1

. 1 .
Eh < O+ Elwl™) + Bk Y (U - HIUH13)
j=0 '
Now we estimate J, as follows
M—1 M-1
) ) 1
EJ, <CE ). [G(U)A ]+1W||2 (lIU’“H2 U3 + HU]HZ;) +-E Y U - U]||2||U]+1||2
j=0 * ' j=0
M—1 M—1 2
<CE )’ |G(U)A W||4 +CE ) |G(U)A WHZIIU]H2 + 11E Z IIUJHII2 /|3
]+1 ]+1 %
j=0 j=0 j=0
1 kS 12 (A2
+5E Z o= = U IO

As long as J3 is concerned we have

EJ; = 2E Z<A4Uf AFNG(UN)A W)U +2E b AU ale) AWy (U3 = VIR
4
j=0 j=0

_28' S (AT, ATy G(U) AWy (U3 — U )
4

j=0
M-1 1 M-1
<CE ), [ATGUNAWIR U/ +ZE Y
j=0 j=0

2

[0 = Uil

because for any j
E(ATU), ATy G(U) A WU = o.
1

By a similar idea as used to derive (3.6) we can prove that

M—1 M—1 M_1
CE 3. [GU)AmWI§ +CE 3} [GUNAWIE VR < C+ChE 3 U3
j=0 j=0 =0
Thus,
S s 1 192 NS = 1 2
E[J> +]J3] < C+ CkE Z HU]H + ]E 2 ||U]+ || ||UJH + ]E Z ||U]+ U]H ||U]+1H
j=0 j=0 j=0

Taking the mathematical expectation in (3.8) and by plugging the information about J;, i = 1,2,3 in
the resulting equation yield

1 2
IIlX ,]EU —
aM2 ” H

R -V
i !

M-1
+11E > IIU’“IIZIIU]+1 U]||2 +k1EZHU]|| IIUJII2
j=0 j=1
M-—1
C(1+E[uo|"* + [luo[[}) + CKE > HU7||
j=0

which along with the Gronwall inequality yields

1
“E|U™ |4 < C(1+Eug|™? 1
15111;2(]\42 || ||% 12 + ‘u0| +||u0||%)



The latter inequality is used in the former one to derive that

1 1 M-1 2 1 M—1
- m||4 - j+12 7112 - j+112 j+1 171112
(max SE[U”|4+ 3B 3 [UME U] +5E 3 (U0 - U3
j=0 j=0
" (3.9)
+KE Y UIR U113 < C1+ Euo|™ + fluo ).
j=1

Now we continue our analysis with the estimation of IE max;<j<um||U/[|$. To start with this analysis,
1
we easily derive from (3.8) the following inequality
1 M=1 ' '
SEIUMI < Ck 35 U U u R
j=0

maX
1<m<M 2

M—1
+C Y (IeWhaalt +I6Whaza R IUR)
j=0

j—1
1 1
+ AU ATy GUYA, WU = 1 + o + ]5.
0<I].15\2<71€§=0< NGU)AWIIUTIT = i+ T2+ T

Arguing as in the proof of (3.6) and using (3.9), the mathematical expectation of J; + J» can be esti-
mated as follows
E(J1 + J) < CE(1 + |up|*® + H%Hi)-

The same idea as used in the proof of [11, inequality (3.15)] yields

M-1
1 .
< = m (|4 4 714
EJ; < 41E1<mm2(MHU H% +C1E||u0||% + CKE ]zo |U ||%,

from which altogether with (3.9) we infer that
1
< 16 4 - m||4
EJs < CE(L+ |uo|™® + Juo[1) + 7 max [U™];.

Thus, summing up we have shown that there exists a constant C > 0 such that
my4 < 16 4
E max [[U"[] < CE(1+ |uo|™ + [luol}). (3.10)
Now, we estimate IE (Zf/fol Ui+t — Ui ||E> +E (kZ]-Ail |UJ|E> . To do this we first observe
that from (3.4) we infer that

1 M1 2 M—1 2 M—1 2
- Ut — /)3 2k uitl)2 <Clk Ul4 Ui+ 12
(2 j;)ll 1) + j;ol Iy j;)l IO
(3.11)

M-—1 2 M-1 2
+c< > ||G(U])A]-+1W||21> +c< > <A1Uf,AinNG(U/)A]-+1W>> .
j=0 * =0

Then, using the same strategies to estimate the J;-s (or J; ), the sum of the three terms in the right
hand side of the above quality can be bounded from above by

116 % A 12 4% ZM 14 A 14
E U/ E [k U/ + CMk E|U/ |5 +Ck » E|U|3,
eI ML ] 2L EIUI} +k SEIUY
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which along with the estimate for IE maxj << |/ U™||4 and the inequalities (2.26) and (2.27) implies
1
that

(M=l N2 M=1 2
(3 DI -UR) + (2 D IUHE) <E@+lw+l}). 1)
j=0 j=0

The last estimate along with (3.10) completes the proof of (2.29) and hence the whole proposition. [

4. Error analysis of the numerical scheme (2.24): Proof of Theorem 2.8

This section is devoted to the analysis of the error e; = u(t;) — U/ at the time t; between the
exact solution u of (1.1) and the approximate solution given by (2.24). Since the precise statement of
the convergence rate is already given in Theorem 2.8, we proceed directly to the promised proof of
Theorem 2.8.

Before giving the proof of Theorem 2.8 we state and prove the following important result.

Lemma 4.1. Let 3 be as in Theorem 2.8. Then,

(i) there exists a constant C7 > 0 such that
Ellu(t) - u(s)|3 < Cr[(t —)27% + (£ = 5)2G7F) 1 (¢ —5)), (4.1)
forany t,s > 0andt #s.

(ii) There also exists a positive constant Cg such that
t
E | Ju(t) - u)f} pr < Co (=92 (1= 9209 1 092, @2)
s 2

foranyt >s > 0.

Proof of Lemma 4.1. As in the statement of the lemma we divide the proof into two parts.
Proof of item (i). Let t,s € [0, T] such that t # s. Without loss of generality we assume that ¢ > s.
Thanks to (2.11) of Remark 2.5 we have

2

t
[u(t) - u(s)[3 < CIAP= i (1 — e~ (=4 Atu(s) 2 + C f APe=(=DAB(u(r), u(r))dr

2

+C f APe=(E=DAG (u(r))dW(r)

Before proceeding further we recall that there exists a constant C > 0 such that for any ¢ > 0 and
t > 0, we have

JA=T (1= e | gqu) < CET.
Applying this inequality, the Holder inequality, Assumption (B1)’, the It isometry and Assumption
(G) imply

t
E (Ju(t) -~ u(s)|}) <c<t—s>u~:(js (t =P lu [l 1dr)

t
+C(t -2 PEJu(s) |} +E f e UIAAPG(u(r))2dr
4 s

)

+C[(t—s2GP) 4 (t—s)]E <sup ||u<r>||%> ,
re(s,t] 4
18

<C(t—s)*PE (Sup [} sup Ju()l_
refs,t] 4 refsf] 2
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from which along with (2.14) we easily infer that

E (J[u(t) — u(s)3) < Cl(t—5)> 2 + (£ =GP 4 (t—3))

Thus, we have just finished the proof of the first part of the lemma.
Proof of item (ii). Let t > s > 0. Using (2.11) of Remark 2.5, it is not difficult to see that

f |u(t) 1+ﬁdr <cf U |A2 B (-DAB(u(T),u (T))|dT)2dr

2
l+ﬁe—<'f—f>A[A%c;(u(lr))]alvxz(r) dr
t
+C J AP} (e (DA 1y Adu(s)2dr,
S
from which and the assumption on B we infer that
t t 1 2
[ 1w gir <¢ sap (o) [[( [#-0-itac) o
0<t<T 4 2 4 s r
10 1B —(t—1)Ap L ?
Pe [A1G(u(T))]dW(T)| dr

t
e j (£ — )2 u(s) | dr.
s 1

Taking the mathematical expectation and using (2.14) yield

<1tmf|u Gl ><C(t T+ C(t =) J“u M
t
jA%ﬂ%*(f*ﬂAAiG(u(T))dW(T)

S ()]

2
> dr.
Owing to the It6 isometry, the assumption (G) and (2.14), we obtain

(J [u(t) ||2 > <E ( sup (14 [u(0)]?) >J J (t—7)"22Pdrdr
0<t<T 4

+(t—s)2 2P 4 (t— 5)2(%’/3),

from which altogether with (2.14) we infer that there exists a constant C > 0 such that

(f u(®) 1+;sdr) <Ct—s)2 2P+ C(t -5 P 4 C(t—s5)3 2,

forany ¢t > s > 0. O
We now give the promised proof of Theorem 2.8.

Proof of Theorem 2.8. Since the embedding V4 < H is continuous for any B € (0, 1), it is sufficient to

prove the main theorem for § € (0, 411)

Note that the numerical scheme (2.24) is equivalent to

1 tit1 i1 i . tit1 .
(U, w) + f (AU 4 7y B(UL, UML), whds — (U7, w) + f (o, INGUNAW(s))  (4.3)
kj tj
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foranyj e {1,...,M} and w € V. Integrating (1.1) and subtracting the resulting equation and the
identity (4.3) term by term yield

(&1 — o), w) + f T At 4 Afu(s) u(tj+1)) +B(u(s), u(s)) — mnB(U, UY), wds
t,

j . | (4.4)
= | @IG(u() = mnGUNJAW(s)).

Observe that if v e D(A2+%) with a > B, then A%Pv e D(A2+% ) « D(A2~%), Av € D(A*2) and
the duality product (Av, A%Pv) is meaningful. Thus, we are permitted to take w = 2A%Pe/ ! in (4.4)
and derive that

. ) ) ) . v g )
[ E —le/l5 + e/ —e/[F + ZkHe]HHZ%JFﬁ - Zﬁ |A2+P (u(s) - u(tj+1))H%WHeJHH%wdS

j
tj+1
<2
t:

(AP~ 2[B(u(s), u(s)) — myB(UI, UIt1)], A2 HPeit1)| ds

+2 th+l<A2ﬂei+l, [G(u(s)) — TN G(UNIAW(s)),
fj

where we have used the identity (v —x,2A%Pv) = HVHIZg - ”X||125 +||v— x||/23 Now, by using the identity
v = (niy + [I — 7tn])v, the fact that

B(u(s), u(s)) — myB(U/, UI*) = B(u(s), u(s)) — mxB(u(t), u(tiy1) + myB(u(t)), u(tjsr) ~ BUL, U,

the Cauchy-Schwarz inequality, the Cauchy inequality ab < ‘2—2 +b?,a,b > 0 and Assumption (B1)
we obtain

o u ol i - ,
e 5 — e/l + ™" — e/l + Kle™ 1, ; < 2£;+16Cg

5
i=

N+ 2H, (4.5)
1

where for each j € {0,..., M — 1} the symbols Cj, /17,{, i=1,...,5 and 7/] are defined by

tit1 )
£yi= [ ) —utti
i+ 2 (T2 2
i |17 uGs) = wt ) BTG + (o)),
]

tivr . .
= [ 1O + o s

tj

2

tian ‘
- f lu(s) - u(t]-)Hf;(IU]“F + [u(s)[?)ds,

tj

B iR 2
v [T 1RO + uo)Pas
i

X

2

b
5= [ 10— moBue), uE) s,

j
t]'+1 . .
W= ﬁ (APel*1,[G(u(s)) — myG(U)]AW(s)).
j
Let m € [1, M] an arbitrary integer. Summing (4.5) from j = 0 to m — 1, multiplying by 1q,,
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taking the mathematical expectation, and ﬁnally taking the maximum over m € [1, M] imply

max E |1, e"|3] + Z E [10,1e/* —eif3] +kZ]E [ﬂnkHefH1+;a]

1<m<M )
M—-1 5 M— m—1
<E[e5+16CF >, D E [l Z [10,Li]+2 max ) E [10,%].
j=0 i=1 j=0 =

Invoking the two items of Lemma 4.1 and the fact that Hu(s)HlZ3 + maxogj<m HU]||/28 < f(k) on the set
Oy we infer that

M-1
m +1
_max E [1o,Je"[}] + ]Zolﬁ[nnkuef —ef||]+k]211E[an||e|l+ﬁ]

M-
< E|e’|; +16C5kf (k) 2 (1o, 1713 + [€/13]) + 2Cs fOMK¥ (k) + K27 (46)

M-—1
+64C5Ca[f (k) |*MK[¥ (k) + k] +16C5 >\ Aj5+2 max Z E [10,7],

<m<M
=0 1<m<

where (k) := k272F + K2G=P). Now, thanks to Assumption (B1)’ we have

tiv1
Io, j (1= o) Bu(s), w(s) 2 yds = T, j S A2 B, (u(s), u(s)) s
j n=N-+1
<A f 1o, 2 1B, (u(s), u(s))|2ds
t

J

<A [ o, Bt uisp s
J

< CAY 'k sup Ju(s)]}.
s€[0,T]

Hence, owing to (2.14) we find a constant C > 0 such that
tit1 281
Eio, | 10 moBu(s), )} _yds < Ak
j
Notice also that

M-1 '
S e B OUH + u(s)12)
j=0
M-1
U — U+ U —u(t)) +u(ty) —ultip) [0 + [uls)]3)
j=0
M—1
<3 %, (107 UL + e + (k) — (el (max U715 + Ju(s)).
j=0 e
Therefore,
M-1 M—
E [ 1o, ZE) [ FUUHE + u(s — Cf(k) Z le/ |5 + f(k)Calp(k) + k]
] :

Nl—

IIE)
M—1 )
<C|E jutt - U’II2 1E max [U|lg +E sup [u(s)]
]ZO Og]gM ﬁ SE[O,T] ﬁ
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As long as the initial data is concerned, we have

E|le?) = [[7n + (1 — 7in)Juo — 7enuo|[ (4.7)
o0
2(=1) .1
S AN ug (4.8)
n= N+1
AP D2, (4.9)

From all the above observations, (4.6), Assumption (B1)’, (2.25)-(2.27) and (2.29) we infer that there
exists a constant C9 > 0 such that

M—1 M
max E[1o,le"[3| + X E[1nfe/ —¢/|3| +k 3 E [ﬂokl\ef\\§+ﬁ]

1<m<M

=0 j=1
m—1
< Cof (R)[¥(K) +KIF37P]+ Cof () (k) + K]+ Cy (AR +A2P1)) 42 Jmax 3 E (10,7

M—
+Cokf (k) Z max IE[ILQ Hefuﬁ]+16cgkf() mez(MlE[ILQkHemH%].
(4.10)

Now we deal with the term containing %;. After subtracting from %} the martingale My with
mean zero defined by

My = | AP, AP[G(u(s)) — my GUNAW(s),

f
then taking the mathematical expectation, using the Young inequality and the It isometry give

2

tiv1 . 1 ) .
Eln,#; < CElq, f " [G(u(s)) - TnG(U)]AW(s) ot 1Elo, [l —e/|I3

tj

ti+1 ; 1 ; ;
<C j Eto, |G(u(s)) —~ iy G(U) [ v,y ds + 3 Edgy e/ — o]

3
1
Z Lo, 7] + 4IE]10 ||e]Jr1 _e]Hﬁ
where the first two symbols %] ;, i € {1,2} satisfy the following equalities and inequalities
tiv1
Ello, 2] = C | B, ImyGu() = myGu(t) v,y
i

2 (1 2
< CC3I Ellu(s) — u(tj)||ﬂds

tj

< CC2C2K[K22 + K2—P) 1 k],
tis
Elto 2] = C | Bl lnGlu(t) - ey G Iy v,y
i
< CC3kElq, ||e/|[3,
where Lemma 4.1 was used to get the last line.
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The third term %/ 5 satisfies

tiv1
Elto 2l = | 7 E (Lo, 0= m) Gy o y) 4
j
tiy1 © 1y 1
:JJ+ ]E(]]_Qk Z )Li(ﬁ 4))\% sup |Gn(u(s))h|2> ds
b n=N+1 he A || e <1

|Gn(u(s))h|2> ds

_1y (h+ X1
</\i](ﬁ 1) fj E <]10k Z A2 sup
ki n=1  hest,|h| <

_1
</\i](ﬁ 4)k]E (ﬂﬂk sup G(u(S))”fg(%’,Vﬂ) ’
s€[0,T] *

Now, using Assumption (G) and the estimate (2.14) we infer that

E[1q, #5] < CCAF ¥k,

for any j € [0, M]. Thus, summing up we have obtained that

m—1
2(8—1)
2, max E 1, %] < CC3CT[(k) + k] + CC3TAY
M—-1 1 M—
s 2 (1o, lem ! —e"[3).

+CC3k 2 max E[lq, le/I3] +
sjs

By plugging this last estimate into (4.6), we find a constant C1y > 0 such that

M—1

max ]E[]lgkne’”Hﬁ] Z ]E[]leHeJH—eJHZ]+2kZ]E[]le||e ||1+ﬁ]
j=1

Crof (k)[¥( )+k+k”f* 1+ Crof (O[¥ (k) + K] + CroA 281 4 Cpon2P=)
M—1

+Ciok[f(k) +1] Z m]a<xIE[]lQ Hefuﬁ]

1<j<m

Now, an application of the discrete Gronwall lemma yields
M~—1 M
m| 2 j+1 _ Lj)2 j
max E [10,e" 3]+ ]_20 |10, e — e/ ] +2k]21nz [tael} 4]

<Clof( V() + kK B] 4 Coof(R)[F (k) + k] + CoA28 ! 4 Cppa 2 4>) CTIf (k) +1],

Since
_1 _ _1
min{k?~26, k1438 2Pk} = k2G=F) and min{A2 P9, 221 2 )20

for any B € [0,1), and kéf (k) = kflogk~® < 1, then forany k > Oand € € (0,2(% [3)) we derive

that there exists a constant C > 0 such that

M-—1
my2 j+1
I, B (o] + 3 E 1oyl el

= 4.11)

M
) ~ . ,
+2kz E []lﬂk||e]”2%+ﬁ] < Ck 2€[k2(4 ) +)\N (3 ,5)].

This estimate completes the proof of the Theorem 2.8
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5. Motivating Examples

In this section we give two examples of evolution equations to which we can apply our abstract
result.

5.1. Stochastic GOY and Sabra shell models

The first examples we can take is the GOY and Sabra shell models. To describe this model let us
denote by C the field of complex numbers, CN the set of all C-valued sequences, and we set

e o]
H= {u = (uy)pen < C; Z lug|? < oo}.

n=1

Let kg be a positive number and A, = k2" be a sequence of positive numbers. The space H is a
separable Hilbert space when endowed with the scalar product defined by

o]
{u,v)y = Z w v, foru, veH,
k=1

where Z denotes the conjugate of any complex number z.
We define a linear map A with domain

e 0}
D(A) = {ue H; )] Ap|u,|* < oo},

n=1

by setting
Au = (A2u,),en, forue D(A).

It is not hard to check that A is a self-adjoint and strictly positive operator. Moreover, the embedding
D(A") c D(A""¢) is compact for any a« € R and ¢ > 0. Thanks to this observation we can and will
assume that there exists an orthonormal basis {i,; # € IN} of H such that

A¢’n = /\n 1,[«771 .

We can characterize the spaces D(A"), « € R as follow

e
D(A") = {u = (un)yen = C; Z A%zalun‘z < oo},

n=1

For any « € R the space V, = D(A%) is a separable Hilbert space when equipped with the scalar

product
oe}

(0, v))a = Z A vy, foru, ve V. (5.1)
k=1
The norm associated to this scalar product will be denoted by |lu|s, u € V,. In what follows we set
V = D(A?).
Now, let p > % and {w;; j € IN} be a sequence of mutually independent and identically dis-
tributed standard Brownian motions on filtered complete probability space {4 = (Q),.%, F, P) satisfy-
ing the usual condition. We set

W(t) = D7 An "o (t)ipn.
n=0

The process W defines a H-valued process with covariance A~2% which is of trace class. We also
consider a Lipschitz map g : [0,0) — R such that |g(0)| < c. We defineamap G: H — .Z(H,V%)
defined by
G(u)h = g(||u||o)h, forany u € H,h € H.
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This map satisfies Assumption (G).
With the above notation, the stochastic evolution equation describing our randomly perturbed
GOY and Sabra shell models is given by

{du = [Au + B(u, u)]dt + G(u)dW, (5.2)

u(0) = uy,

where B(-, ) is a bilinear map defined on V x V taking values in the dual space V*. More precisely,
we assume that the nonlinear term

B:CN xcN - N,
(u,v) » B(u,v) = (bi(w,v),..., by(u,v),...)
for the GOY shell model (see [30]) is defined by

bu(u,v) := (B(u,v))

n

. 1_ _ 1 _ _ 1 _
= iAy Zvn—lun-i-l ) (Un410n+2 +Tpp1lin42) + gun—lvn—z ’

and for the Sabra shell model, it is defined by

i _ _
bu(u,v) :=(B(u,v)), := g/\nﬂ [Tna1ttprn + 20, 1 10442]

i _ _
+ g}\n [”n—lvn—i-l - vn—l”n—i—l]
i
+ g)\n—l [2uy 10y 2 + Uy 20,_1],
forany u = (uy,...,Up,...) € CNandv = (vi,-.-,0n,...) € CN.

Lemma5.1.  (a) For any non-negative numbers a and B such that a + B € (0, 1], there exists a constant
co > 0 such that

B(u, v)a < co 4 13-tV JoramyueVy_ g ve Ve (5.3)
||uHﬁHv||%7(“+ﬁ) forany v e V%i(wﬁ),u € V.
(b) Foranyue H,veV
(B(u,v),v)=0. (5.4)

Proof. The item (b) was proved in [19, Proposition 1], thus we omit its proof.

Item (a) can be viewed as a generalization of [19, Proposition 1]. We will just prove the latter item
for the Sabra shell model since the proofs for the two models are very similar. Letu € V 1 (arpy
v € Vg, and w € V, such that [w|, < 1. We have

[(B(w, v), W)l =[ D bu(u, v)Wu| < D7 [bu(u, v)|[wal
n=1 n=1

< Mgt (w1 | - [Vagal + [Wasa] - [Vig1]) [wal

+
W= ﬂM8
D18

3
Il
—_

B

An (|un71| AV | + lag ] - |anl|) |WH|

An—1 (|un71| | Vp—a| + [uy 2] - |anl|) |Wn|

3
Il
—_

_l’_
+ Wi~
D18

N
flrg)
en
+
&

25



For the term I; we have

0 Q0

1 1
I <3 D Al - Vil [wal + 3 D Awrlwagal - [Vagal[wal
n=1 n=1
<Il,1 + 11,2.

We will treat the term I 1. By Holder’s inequality we have

ko2AY 2wy g | - [ Vi |AZY W

18

1
Il,1$§
n=1

2 (B e \ b o }
—4(w
< 3ko (2 ko2 ﬁ|un+1|2Af|vn+z|2) (Z Aiﬁ"‘lwnF) -
n=1 n=1

Since [w|y < 1and Ayyp = kg2p Ay we can find a constant C > 0 depending only on &, B and kg such
that

2-4(a+p) 18 :
—4(u 2 2
Lp<C <rkr£\>f)\n+1 w1 ) DAVl
n=1
1
2 1
2

: AL —(a+)] 2\ (4
<C Z/\HH w41 Z)\n+2|vn| ,
n=1 n=1

from which we easily derive that
By < Cluly_ g IVl

One can use an analogous argument to show that

B < Cluly gVl
Hence,

B < Cluly_ ) l¥l5

Using a similar argument we can also prove that for any non-negative numbers « and B satisfying
a+Be (0, %] there exists a constant C > 0 such that

L+1I3< CH“H%_(H@HV”/S/

for any u € V%—(lx +B) and v € Vg. Therefore, for any non-negative numbers a and p satisfying

& + B € (0, 3] we can find a constant C > 0 such that
B, v)| « < Clluly_ (¥l

foranyu e V 1 and v € Vg. Interchanging the role of u and v we obtain that for any two

a+B)
numbers « and 8 as above there exists a positive constant C such that

IB(w, )| < CIVl; gyl

forany v e V L_(a4) and u € Vg. Thus, we have just completed the proof of the lemma for the

Sabra shell model. As we mentioned earlier, the case of the GOY model can be dealt with a similar
argument. O

For more mathematical results related to shell models we refer to [3], [6], [7], and references

therein.
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5.2. Stochastic nonlinear heat equation

Let & be a bounded domain of R?, d = 1,2. We assume that its boundary 00 is of class C®.
Throughout this section we will denote by H?(¢), 8 € IR, the (fractional) Sobolev spaces as defined in
[43] and H}(©) be the space of functions u € H! such that v, = 0. In particular, we set H = L2(0)
and we denote its scalar product by (-, ).

We define a continuous bilinear map a : H{(¢) x H}(¢) — R by setting

a(u,v) = (Vu, Vv),

for any u, v € H}(&). Thanks to the Riesz representation there exists a densely linear map A with
domain D(A) c H such that
(Av,u) = a(v, u),

for any u, v € H}(0). It is well known that A is a self-adjoint and definite positive and its eigenfunc-
tions {,;n € N} < C®(0) form an orthonormal basis of H. The family of eigenvalues associated to
{¢y; n € N} is denoted by {A,,;n € N}. Observe that the asymptotic behaviour of the eigenvalues is
givenby A, ~ Aln%. For any « € R we set V, = D(A"), in particular we put V := D(A% ). We always
understand that the norm in V,, is denoted by |-||o.

Now, let ap > ‘{%1 and {r;; j € IN} be a sequence of mutually independent and identically
distributed standard Brownian motions on filtered complete probability space il = (Q), %, F,P) sat-

isfying the usual condition. We set

W(t) = D7 Ay O (t) .
n=0

The process W defines a H-valued with covariance A=2% which is of trace class. We also consider a
Lipschitz map g : [0,0) — R such that [g(0)| < o0. We defineamap G: H — .Z(H,V%) defined by

G(u)h = g(||ul|o)h, forany u e H,h € H.

This map satisfies Assumption (G).
The second example we can treat is the stochastic nonlinear heat equation

du — [u— [ufuldt = g(]|ullo)dW, (5.5)
u=00ndo, (5.5b)
u(0,x)=ug x€e0. (5.5¢)

This stochastic system can be rewritten as an abstract stochastic evolution equation
du+ [Au + B(u,u)]dt = G(u)dW, u(0) =upeH,

where A and G are defined as above and the D(A™2)-valued nonlinear map B is defined on H x
D(A%) or D(A%) x H by setting
B(u,v) = |ulv,

for any (u,v) € H x D(A%) or (u,v)D(A%) x H. It is clear that

(Av +B(u,v),v) > Hv||2% , (5.6)

for any u, v € V. Here we should note that thanks to the solution of Kato’s square root problem in [2,
Theorem 1], see also [34, Section 7], we have [luf; = [Vu| forany u e H}(0),ie, V = H}(0).

Now we claim that for any numbers a € [0, 1) and f € (0, 3) such that a + B € (0, 1), there exists
a constant ¢y > 0 such that

u v foranyueV ,VEV
||B<u,v)_a<co{” -1l PR ey (5.7)

[alglvly oop) foranyveVy (., ueVg,
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and
\|B(u,v)||_% < coHu||% ||V||% forany ve V%,u € V%. (5.8)

To prove these inequalities, let § > 0 such that o + B < % Since
1 1 1
<2—(x> + <2—1+2(1x+,3)> + (2—5) =1,

Klulv, w)| < Cofu|[r[[v]eswlLa, (5.9)

we have

where the constants ¢, r, s are defined through

1 1 1 1 1
6—5-“, g—lx"‘ﬁ, ;_E_ﬁ

Recall that V, ¢ H?* < L9 with 1 = % —wifa e (0, %) and g € [2,0) arbitrary if & = % Then, we
derive from (5.9) that the second inequality in (5.7) holds. By interchanging the role of » and s we
derive that the first inequality in (5.7) also holds. One can establish (5.8) with the same argument.
The estimates (5.7) and (5.8) easily imply (2.2) and (2.6).

Now we need to check that B(:, -) satisfies (2.3). For this purpose we observe that there exists a
constant C > 0 such that

B, v)| < Cllullo][v]lL=,

which with the continuous embedding V 1, C L® for any & > 0 implies (2.3).
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